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Kinetics of hydrodynamic pions in chiral perturbation theory
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We determine the kinetic coefficients of ultrasoft pions using chiral perturbation theory at finite
temperature close to the chiral limit. This is used to compute the axial charge diffusion and damping
coefficients in the hydrodynamic effective theory for these pion waves. We show that to provide a leading
order answer for these coefficients one needs to explore the dynamics of hard, soft, and ultrasoft pion

modes, which are represented microscopically by the appropriate kinetic and hydrodynamic descriptions.
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I. INTRODUCTION

The thermodynamic state of quantum chromodynamics
(QCD) at low temperatures and zero quark mass is
characterized by a broken chiral symmetry. Specifically,
in the limit of two massless flavors the O(4) ~ SU, (2) x
SUR(2) symmetry is spontaneously broken to SUy(2).
Since the associated Goldstone bosons (the pions) have
arbitrarily long wavelength, they should be included into
the hydrodynamic description of the microscopic theory.
We denote these “hydrodynamic pions,” as opposed to hard
modes which, after coarse graining, become part of the
conserved hydrodynamic fields. The resulting ideal equa-
tions of motion with the broken symmetry resemble a non-
Abelian O(4) superfluid [1].

At first order in the hydrodynamic gradient expansion,
when the coupling between the pions and the conserved
O(4) currents is retained, but the coupling to the energy-
momentum tensor 7# is neglected, the superfluid theory
has two dissipative coefficients, which characterize the
damping of the soft pion waves in the effective theory
[2-4]. Our immediate goal is mainly theoretical: we wish to
compute these dissipative coefficients in a microscopic
theory, which realizes the broken chiral symmetry and has a
calculable chiral limit. For this purpose we will work with
finite temperature chiral perturbation theory (yPT), with an
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arbitrarily small pion mass, and show how these dissipative
coefficients can be computed. We hope that the concrete
computation of the dissipative coefficients in this case will
clarify the physical content of the O(4) superfluid theory
more generally.

When the quark mass is small, but finite, the pion acquires
a small mass m with a Compton wavelength A ~ fic/m. At
very large distances L >> %, the appropriate effective theory
is ordinary hydrodynamics, while at shorter distances L ~ %,
the pions need to be explicitly propagated as hydrodynamic
degrees of freedom [1,5]. For the pion hydrodynamic picture
to be valid, the Compton wavelength % should be large
compared to the typical mean free path of the system,
A > ¢\ When the soft (or superfluid) degrees of freedom
are further integrated to find an effective theory L > 7%, these
soft pions give finite and computable contributions to the
transport coefficients of the ordinary hydrodynamic theory.
These contributions are expressed in terms of the dissipative
parameters of the superfluid effective theory [4]. In particu-
lar, for the ordinary isospin conductivity o;, this superfluid
contribution is in fact the dominant one and is inversely
proportional to the pion mass [4].

Thus, by finding the dissipative parameters of the
superfluid pion effective theory, we will, as a by-product,
determine the isospin conductivity in chiral perturbation
theory to leading order in the pion mass. Similarly, we will
also be able to determine the leading contribution to the
ordinary bulk viscosity in a specific temperature range,
which is sensitive to the soft pion modes [4] (as we will see,
when arbitrarily soft pions are allowed the effective 1 — 3
vertices become kinematically allowed and play a role in
determining the bulk viscosity). For the shear viscosity #,
the superfluid theory determines the leading dependence of
n on the pion mass.
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There exist several previous calculations of the kinetics
of yPT. In most of the literature the connection with the
underlying superfluid theory was poorly understood; these
connections were made explicit later by Son [1] and Son
and Stephanov [2,3]. In ideal superfluid hydrodynamics,
the pion velocity at zero momentum v3(7) = f2/y, in the
chiral limit plays an important role [3] (f is the pion decay
constant and y, the axial susceptibility). v3(T) has been
calculated in an early insightful paper by Schenk [6] and
later elaborated on by Toublan [7].

Previous computations of transport coefficients in yPT
have tacitly assumed that the pion Compton wavelength
is short compared to the mean free path, 2 < &y =
T-'(f/T)* [8-15]. In this regime of thermal yPT the
pion momentum, the pion mass,’ and the temperature
are the same order of magnitude

p.m~T, (1)

and all of them need to be much smaller than the chiral
scale,

A, =4zf~1 GeV. (2)

In this regime one naturally has

A T3
— = x1. 3
fmfp mf4 ( )

Indeed in this regime, classical kinetics with massive
particles is appropriate and the transport computations
are conceptually straightforward, either solving the
Boltzmann-Uehling-Uhlenbeck equation or via the Green-
Kubo approach.

In this work we will consider the small mass limit,
requiring that the mass is smaller than the collision rate,
A g, orm < T(T/f)* Taking the small mass limit
does not invalidate yPT of course, and one can still use
the chiral Lagrangian in a microscopic analysis of the
kinetics [9]. However, having 2/ Cmpp > 1 leads to a rich
interplay of scales; infrared divergences are not simply cut
off by the pion mass, and an interesting resummation is
required to determine the damping rates of soft pions. This
resummation was been anticipated by Smilga, who esti-
mated the damping rate at leading log in T/f [16].
However, a detailed analysis of the kinetics of the soft
pion fields (which is required to find the coefficient under
the log) has never been given.

The regime of yPT with 4 > ¢, is certainly quite far
from the real world. However, at experimentally relevant

'In this case the explicit chiral symmetry breaking term in the
chiral Lagrangian is proportional to m?> and is already included at
leading order.

temperatures (with 7 approaching the crossover temper-
ature), the pion Compton wavelength in the hadron
resonance gas (HRG) is becoming comparable to the
spacing between hadrons, A 2 Z\. In an idealization of
this regime, the emergent physical picture consists of hard
hadron modes moving in a background of ultrasoft pion
fields, which are described by the dissipative superfluid
dynamics. Similarly, in yPT for 2 > ¢, the hard pion
modes with p ~ T propagate in a background field of soft
pions [17,18]. By calculating the dissipation rates of the
soft pion fields within the yPT context we hope to provide
guidance to the much more complicated HRG. Indeed, it
should be possible to extend our results to the interacting
HRG at higher temperatures by using experimental inputs
on the cross sections of hadrons and by enforcing chiral
constraints on the interactions of soft pions and hard
hadronic modes. In addition, the possibility to continuously
take the chiral limit is of much interest for studying the
O(4) transition, as it has been done in recent lattice-QCD
calculations [19,20], with a pion mass less than half of its
physical value, where the condition (3) can be met.

While this paper is primarily of theoretical interest, let us
briefly describe the phenomenological motivations for this
work. Collisions of heavy ions at the Relativistic Heavy Ion
Collider and Large Hadron Collider are remarkably well
described by viscous hydrodynamics, which predicts the
measured flow harmonics and their correlations in exquisite
detail [21,22]. Current hydrodynamic simulations in this
regime are based on a theory of ordinary hydrodynamics,
which ignores chiral symmetry breaking at low temperatures
and the associated superfluid dynamics. This is reasonable,
since the quark mass is finite in the real world and chiral
symmetry is always explicitly broken. Nevertheless, if the
quark mass is small, one would expect that the pattern of
chiral symmetry breaking could provide a useful organizing
principle for hydrodynamics, increasing its predictive power.
Indeed, in the small mass limit the system passes close to the
O(4) critical point of the system [23]. The critical O(4)
dynamics then matches smoothly below T, with the super-
fluid theory described here. Experimentally, it is found that
the soft pion yields are enhanced relative to the predictions of
ordinary hydrodynamics (see, for example, [24]). It is hoped
that critical O(4) dynamics can describe both the enhanced
pion yields and the still-to-be-measured correlations among
the soft pions.

An outline of the paper is as follows. First we review the
superfluid theory of ultrasoft pions in Sec. II, in order to
precisely define the dissipative coefficients which we wish
to compute from the microscopic Lagrangian. Next in
Sec. III we review finite temperature yPT close to the chiral
limit. In Sec. III A we review some results on pion velocity
and damping rate for hard modes. In Sec. III B we will also
introduce the soft and ultrasoft (or hydrodynamic) scales,
which will give structure to the subsequent computations in
Sec. IV. In Sec. IVA we determine the contribution of the
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hard modes to the damping rate of hydrodynamic pion
waves. Even the after including the quasiparticle width on
the hard lines (which is essential to a correct treatment),
the hard contribution is infrared divergent, indicating a
sensitivity to the soft sector. Thus in Sec. IV B the soft
contribution to the damping rate is analyzed. The analysis is
greatly simplified by using a sum rule familiar from high
temperature QCD plasmas [25,26]. When the hard and soft
contributions are combined in Sec. IV C the final result for
the damping rate is independent of the separation scale
dividing these two descriptions. Finally, a summary and
outlook is presented in Sec. V.

II. HYDRODYNAMIC EQUATIONS CLOSE
TO THE CHIRAL LIMIT

In this section we summarize the hydrodynamic equa-
tions of motion for a pion wave, in order to properly define
the relevant kinetic coefficients. The two coefficients which
will be computed in this work are the “axial charge
diffusion coefficient” D, and the “axial damping coeffi-
cient” D,,. The pion wave propagates with an ultrasoft
(or hydrodynamic) momentum, i.e., its wavelength is long
compared to the typical mean free path. We follow the
notation and conventions of Ref. [4].

We consider the partially conserved axial current
(PCAC) relation,”

03 +V - Jy = fPme, (4)

where f and m are the pion decay constant and screening
mass (we reserve F' and M for the parameters of the yPT
Lagrangian). At ideal order the components of the axial
current are related to the pion field ¢ as

Jg:)(A:uAv (5)

Ja :fZV(P» (6)

where y, is the axial charge susceptibility, and the relation
between u, and ¢ is given by the Josephson constraint,
which in the ideal case reads —d,p = 4.

We assume that the PCAC relation also holds in the
dissipative case [3.4], which amounts to a choice of a
hydrodynamic frame.’ Then, we accommodate the effects

*Notice that J% = (J4)kt* where 1 are the generators of the
SU(2) algebra, normalized to Tr[t*f*] = T 6%, with T = 1/2.
The current in question is the isoaxial current (J 4 Yo = (@y*y ty).

“This choice was made by Son and Stephanov whom we follow
[3]. The operator equation in QCD is d,(J,)** =2im py’t“y.
Inserting the equilibrium chiral condensate (@), and using
the equilibrium Gell-Mann-Oakes—Renner relation fZm? =
—m, (y), we define the field ¢ = —2ipy’ t*y/ (fy). With this
definition there are no dissipative corrections to the right hand side
of the PCAC relation.

of dissipation into the Josephson relation and the con-
stitutive relation for the current

0,0 = —pp + CP A (V2 — mPp), (7)
Ja= f2V§0 — 04 Viig, (8)

where the two transport coefficients ((®) and o,) are
introduced upon the expansion in powers of gradient
and pion mass.” Inserting this equation into the PCAC
relation (4) we get

a0t — V2 0+ fPmPp—2,V?0,0+ 4,m*0,0=0,  (9)

where we have defined A4 =Dyy, and 1, =D, x4,
with [4]

Dy =oy/ya+ ¢, (10)

D,, = fX®, (11)
Equation (9) can be interpreted as the equation of motion
for ultrasoft pions in the presence of dissipation. Clearly
the coefficients 4,4, 4,, cause a damping of the propagating
pion wave. Assuming the latter in the following form
@ ~exp(—iwt + iq -x) we find the following dispersion
relation:

- + v§(lg]* + m*) —iwl, =0, (12)

where we have defined I'y = D,|q|* + D,,m* and intro-
duced the pion velocity v3 = f2/x4 [4]. Notice that for
terms to be of the same order we have m,® ~ O(|q|) and
vy ~ O(1). In particular, the mass is considered to be an
ultrasoft scale (see the general discussion in Sec. I).

The dissipative coefficients are computed through the

medium modifications of the retarded pion propagator,
which should match with the hydrodynamic prediction

1 1
GR w, - )
(@.4) x4 —@* + wé —iol,

(13)

where @7 = v}(|g|* + m?). After matching to the generic

form including the pion self-energy,

*While in Ref. [3] two independent dissipative coefficients
were introduced in the Josephson relation (7) in front of V2 and
m?, in [4] it is shown that the positive entropy production
constraint requires them to be equal. See also the recent works
[27,28] and references therein for discussions on this result in
other systems. The latest authors find an additional parameter
characterizing the residue of the pion pole. Here we are focused
on the pole position which is determined by the two kinetic
coefficients described here.
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1
G (w, , 14
(@ q)(x—a)z—l-a)é—ZR(w,q) (14)
one can identify in the small-g limit
1 R
r,= EImZ (w,q) >0, (15)

where the external w is evaluated on shell, w = w,. We
have chosen to extract the parameters of the hydrodynamic
theory from the correlations of the Goldstone fields, but we
could have equally extracted them from the correlations of
axial current. Indeed these quantities are related by Eq. (6)
and this leads to simple relations between the correlators
of the axial charge and the Goldstone fields [see Eqgs. (70)
and (71) in Ref. [29] ].

Therefore the kinetic coefficients D, and D,, can be
computed from the imaginary part of the self-energy when
the external momentum is ultrasoft. In particular, the
axial charge diffusion can be computed in the chiral limit
limit m = 0,

1
D, = lim ——ImXf(w, q . 16
A lg|—0 |q|2w ( )| ( )

w=10q
Taking the mass finite, but ultrasoft, the coefficient D,, can
be determined from the self-energy as

1
D,, = lim ——ImZF(w, q)] ) (17)

lg|—=0 mza) w=vym

The calculation of D, and D,, is performed in Sec. IV.
In practice, we will compute the Wightman self-energy
>>(Q), which is related to the imaginary part of the
retarded self-energy through the fluctuation-dissipation
theorem (FDT),

ImX*(w.q) %7 (@.q)
1) 2T

, (18)

and has a convenient set of cutting rules [30].

The pion velocity v3 is determined from the real part of
the pion self-energy and has been computed previously as
described in the next section [6,7]. There we will review
¥PT at finite temperature more generally and define the
hard, soft, and ultrasoft scales more precisely.

III. yPT AT FINITE TEMPERATURE
AND SEPARATION OF SCALES

A. Scattering and dispersion relation of hard pions:
A conflict with hydrodynamics

According to the previous section our main task is to
evaluate the imaginary part of the pion self-energy at
asymptotically small momentum ¢. Before doing that, in
this section we will evaluate the pion self-energy for hard

on-shell external momentum, P = (p°,p) with p® = |p|~T.
This will set the notation and allow us to extract some
quantities which will be needed for the main calculation.
We will also see that the external momentum p cannot be
naively extrapolated to zero to find the transport coeffi-
cients in the ultrasoft limit.

The microscopic Lagrangian of massless yPT at next-to-
leading order (NLO) is [31]

F2
£ = =7 Trg,UdU"] + L, (Trlo, U U"))?
+ L,Tr[0,Ua, U Tr[0* U UT). (19)

The low-energy coefficients (LECs) L; and L, will be
unimportant for the computation of the dissipation rates,
but they do affect the velocity vy, which deviates from unity
only at NLO [6,7]. As emphasized in the Introduction, we
are working asymptotically close to the chiral limit, so the
mass term in the chiral Lagrangian has been neglected for
the moment. The parameter in the Lagrangian F is equal to
the spatial decay constant f introduced in the previous
section at lowest order, but deviates at higher orders [7].

A typical pion at finite temperature has momentum
p ~ T and we will refer to this momentum scale as hard.
The relevant properties of these hard quasiparticles can be
found by evaluating the retarded self-energy, which deter-
mines the scattering rate and the dispersion curve. The
scattering rate of an on-shell pion with momentum p is
defined as

Im2* (p)

PR (20)

V
S|
Il

and the leading contribution to the imaginary part is given
by the two-loop graph of Fig. 1 [6,32], where here and
below the solid blue lines denote hard pions. We give

P
NN
v/

Py

FIG. 1. Two-loop self-energy of hard pions (denoted in solid
blue line). This gives the main contribution to the scattering rate
(imaginary part) and a correction to the pion dispersion relation
(real part).
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FIG. 2. Quasiparticle properties, velocity, and damping rate, for
hard pion modes of order T in SU(2) yPT.

details of this and other computations in Appendix A and
here just summarize the relevant features of the result.

The scattering rate is determined by the squared
Weinberg amplitude and is of order

T\ 4

A straightforward numerical evaluation of y,, is shown in
Fig. 2 by the dashed line. For later use we define the
d3
Sy

average scattering rate [16,32]
T5
= 2.33 (—)
P & 4/
[E

where n, is the Bose-Einstein distribution function,
and the coefficient 2.33 is the outcome of the numerical
calculation.

At small momentum the scattering rate of pions is
reduced due to their Goldstone character, and evaluating
the imaginary part for p < T (but still hard) we find

(21)

(22)

273
im (23)

. p°T T
p}T_}()yp = OnF log <1.56 p>’
where the coefficient 1.56 is determined numerically.
As emphasized by Smilga [16], the logarithm in
Eq. (23) is inconsistent with the hydrodynamic expectation
which predicts that y, o« p?. In the hydrodynamic limit,
when p becomes ultrasoft, the scattering rate should turn
into I'; defined in Eq. (12). Indeed, a naive application of
Eq. (16) would lead to a logarithmically momentum-
dependent diffusion coefficient D, instead of a constant.
As anticipated by Smilga—but not fully calculated—the
solution to this problem is to cut off the momentum in the

logarithm when it becomes comparable to the scattering
rate. This leads to an estimate for D4 of order [16]

T3 T

The remaining sections will discuss how to regulate the
logarithm and how to determine the constant under the log
consistently, as well as addressing D,, in a similar manner.

Now we turn to the real part of the self-energy which
determines the velocity of the hard pions in the medium.
The full evaluation of this self-energy follows Schenk [6]
and is discussed in Appendix A. The dispersion curve of
the hard pions can be written

(25)

At small momentum the Goldstone character of the modes
dictates that the dispersion curve should (in the chiral limit)
take the form
E, = vyp, (26)
where vj = f?/y, is a constant that is determined by the
equilibrium properties of the medium [3]. In contrast to
the imaginary part of self-energy, there is no obstacle in
extrapolating the real part to zero momentum, and the
resulting limiting velocity v, will be recorded in the next
paragraph. The difference v(p) — v, is independent of the
low-energy constants L; and L,, and results solely from
the two-loop graph shown in Fig. 1. Indeed, dispersion
relations relate v(p) — v, to the imaginary part of the self-
energy which also is determined only by Fig. 1 at leading
order. The solid line in Fig. 2 records v(p) — v, which is
the same order of magnitude as the collisional width.
Both y,, and the dispersion v(p) — v, will be important
in the computations below. Although we will not need the
limiting velocity v, here, we will record its value, since it
provides a good check of our numerical work and is of
considerable interest. Schenk [6] and Toublan [7] evaluated
vy with different methods and found

T A
2=1-———log(=2), 27
K 27F* °g< T @7
where log A, is a specific combination of LECs
A 19272
fog(52) = P L0 + 20400 + 054, 28)

and Li(u) and L5(u) are the conventional dimensionally
regularized LECs [7,31],

Li=Li(u) +7ik, (29)
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Py >0
e
_
I —
<0
P2 pﬂ>0

FIG. 3. Splitting of a hard pion into two almost collinear pions,
when one of the incoming pions (in red wavy line) is ultrasoft.

with Y1 = 1/12, Y2 = 1/6, and

,Ltd_4 2
=2 (- —log(4 —1). 30
b (g roem + 1) (0

The constant 0.54 in Eq. (28) is consistent with our
numerical work. Many years ago Toublan made a rough
estimate of A, ~ 1.8 GeV by using the measured low-
energy constants L] and L}. He then estimated the chiral
phase transition temperature as 7'~ 160 MeV by extrapo-
lating v, to zero [7]. This estimate is roughly consistent
with current lattice-QCD measurements of the chiral cross-
over temperature of 7, = 151(3)(3) MeV [33].

B. Hard, soft, and ultrasoft:
The need for a resummation

Consider the binary scattering of two pions with incom-
ing momenta Q and P, and outgoing P; and P,. Assume
that all momenta are hard (~7) except for Q which is taken
as an ultrasoft (or hydrodynamic) pion. The meaning of
ultrasoft will be defined below. The collision is depicted in
Fig. 3 (together with the sign conventions), and the ultrasoft
pion is represented by a red wavy line. As Q < P,, P3, P,
this diagram corresponds to an effective 1 — 2 splitting

process, and the three hard pions are nearly collinear. The

momentum along the collinear axis is notated pl.‘, with a

negative p;

that pﬁ +p! +pﬂ =0.

The energy difference of the process gives an estimate of
the inverse collision duration,

indicating a particle in the initial state such

(a) (b)

FIG. 4.
a 2 — 4 scattering process captured by (a).

OF = E3 + E4 - EQ —E2 ~ (U3 - Uz)p! + (U4 - Uz)pﬂ,
(31)

where we have used the dispersion relation at lowest order,

E; ~ vipl-‘ with v; = »(] pl.‘|). The ultrasoft momentum Q
has been dropped, since (as discussed further below) it is
parametrically small compared to the difference OF =
E; + E4 — E,. Numerical results for the velocity differences
v(p) — vy were presented in Fig. 2 and are of order

T4
v(pi) = vo = O(ﬁ)- (32)
We see that the “off shellness” (or inverse collision duration)
of the splitting process is of order

T4
OF ~ TF’ (33)
which is the same order as the collisional rate of the hard
pions, cf. Eq. (22). Thus, the hard pions involved in the
process need to be dressed by their on-shell self-energies.
Hard pion propagators, with the collisional width incorpo-
rated, will be diagrammed as a wider blue line as in Fig. 4.
We can now clarify our terminology for hard, soft, and
ultrasoft momenta, which we typically denote with P, K,
and Q, respectively. Pions with momentum P ~ 7T are
called hard, those with momentum of order the collisional
width K ~ T(T/F)* are called soft, and those with momen-
tum Q < T(T/F)* are called ultrasoft or hydrodynamic.
Because the ultrasoft momentum played no role in the
energy budget described by Eq. (31), the ultrasoft pion can
be either in the initial state, as depicted in Fig. 3, or in the
final state, as depicted in Fig. 4(a). Physically this graph
represents an almost on-shell pion decaying into two hard
collinear pions, while increasing the amplitude of a back-
ground ultrasoft wave. More concretely Fig. 4(a) represents,
for example, a hard 2 <> 2 collision in the past producing an
almost on-shell quasiparticle, which ultimately splits into
two collinear pions, as depicted in Fig. 4(b).
In the next section we will analyze the self-energy of
ultrasoft pions in detail, and adhere to this discussion by
including the collisional width of the hard lines.

~

(a) An approximately on-shell pion decaying into two nearly on-shell collinear pions and an ultrasoft mode. (b) An example of
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IV. THE PION SELF-ENERGY AND THE KINETIC
COEFFICIENTS

Having completed some preliminary remarks about chiral
perturbation theory at finite temperature in Sec. III, in this
section we will evaluate the pion self-energy when the
external momentum is hydrodynamic and determine the
kinetic coefficients D, and D,,. In Sec. IVA, we will first
evaluate this self-energy when all of the internal lines are
hard, P ~ T, including the collisional width as explained in
Sec. III B. The result is infrared divergent, indicating a
sensitivity to the soft sector, when one of internal lines
becomes soft, K ~ T(T/F)*. In Sec. IV B we compute the
self-energy in this soft kinematic regime, exploiting a
sum-rule technique familiar from QCD plasmas at high
temperature [25,26]. The sum of the two partial results for
the self-energy is presented in Sec. IV C and is independent
of the cutoff separating the two scales. This result realizes the
resummation anticipated by Smilga [16].

A. The resummed self-energy:
Contribution from hard modes

We start with the self-energy diagram of Fig. 5, where
all internal momenta are hard, and all momenta are flowing
|

1 / d*pP, d*py d'P,

20 =51 | oat o) 20

N

Py

Py Q

_— > <
T ~—

Py

FIG. 5. Two-loop self-energy of an ultrasoft pion. The internal

lines are hard and dressed by their on-shell self-energies.

into the first vertex. As discussed in Sec. IVA, this is
effectively a 1 — 2 splitting process and its inverse
(a2 — 1 joining process) in an ultrasoft pion background.
The splitting and joining rates depend on 6E/y, where y is
the collisional width of the hard lines. Our goal in this
section is to derive Eq. (43) which makes this interpretation
explicit.
The self-energy X, (Q) reads

(2”)45<4)(Q + P2 + P3 + P4) Z iMaaz,a3a4(iMbaz.a3a4)*G>(P2)G>(P3)G>(P4)’

where a, b are isospin indices, and the invariant scattering amplitude for the usual SU(2) case is

i

lMal aaza; — ﬁ

In terms of the average scattering amplitude squared (see
Appendix A for details), we have

Z iMaaz,a3a4(iMba2,a3a4>* = 5ab|M 2’ (36)

aj.as,dy

with

— 1 va 2
MP = D7 IMEEP = (5 + 2 +u). (37)

A ajaxasay

where d4, = 3 (number of pions species) for two flavors.
The Mandelstam variables are s = (Q + P,)?, t=
(P3+ Q)% and u = (P, + Q)*.

We note in passing that the Weinberg amplitude for
massive pions in the general SU(N) case reads (see details
in Appendix D)

[5a1a25a3a4(_2Q : P2> + 5a1a35a2a4(_2Q : PS) + 5a1a45a2a3 (_ZQ : P4)]

a.as.ay
(34)
(35)
|
1 aja
|M|2:ﬁ > IMazP
a|aasay
2+ +u? _N*+2N?—6m*
:N2s+ +u _9 + m (38)

2F* N2 F*

where the dependence on the mass arises from the
—F?m?Tr(U + U")/4 portion of the chiral Lagrangian.
Equation (38) reduces to the well-known result for
N =2 [31,34]

2(s*+ 2 +u?) —9m*
F* ’

IMJ? = (39)

It is important to note that the explicit mass term
of Eq. (38) is of order m*, while the remaining terms
are lower order, e.g., s> ~ Q>T?. Here and below we will
leave Q = (w, q) arbitrary but ultrasoft, and only at the end
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will we set w?(q) = v3(|g|* + m?). Indeed, the leading mass dependence of the damping rate comes from the frequency
dependence of 2~ (@, q) = ¢ @ + ¢,|q|* and the on-shell dispersion relation for @(g). All other mass corrections (e.g., on
internal lines and vertices) are necessarily higher order.

Then, we define X7, (Q) = 6,27 (Q) and compute below

() (2)*8W(Q + Py + P3 + P4)(=2Q - P,)°G™(Py)G™ (P3)G™ (Py),  (40)

N / d*P, d*Py d*P,
C4F* ) (27)* (22)* (2n)*

for the SU(N) case.

The Wightman function for each of the hard pions reads

G™(P) = [1+ n(p°)]p(P)

1 5Tp
=it n(po)];E <(p° = sE,)* + (Vp/2)2>’
(41)

where p(P) denotes the spectral function, and the correc-
tion to the dispersion relation

¥ (0) =

Here the pll are components of the collinear momenta of the
1 < 2 splitting and joining processes along their common

axis. A negative pl indicates a particle in the initial

state. n; = n(py) are the Bose-Einstein functions, with

n(—p) = —=1—n(p). The sign s,34 is plus for joining
processes and minus for splitting processes, and balances

the signs from the Bose-Einstein functions to make a

positive integrand. Thus for negative pg and positive p!

and pﬂ, we have a splitting process with population factors

s234(1+n2)(14+n3)(1+ny) =ny(14+n3)(1+ny).  (44)

OF is the energy difference (or inverse formation time)
discussed above [see also Eq. (B10)] and y =y, +y3 + 74
is sum of the collisional widths. As anticipated in Sec. [IVA
the splitting and joining rates in the soft background
depend on the ratio of SE to the collisional width.

The energy difference J0F is related to the dispersion
v(p) — vg by Eq. (31) and must be evaluated numerically,
as well as the collisional width y(p). Using the numerical
results for these quantities presented in Fig. 2, the remain-
ing numerical integrations are straightforward and yield
after Appendix B,

N2, 1\ [redp)
T62F (“’ +3ldl )/m 271/

2 (14 m)(1 4 13) (1 + 1) 52342 E%m—l (2‘57’?)} (43)

2
E, = o(p)lp| (1 n 2’;) (“2)

is obtained in Sec. Il A by computing the two-loop
modification of the real part of the hard pion self-energy.

After performing some integrations and reducing the
integrand as indicated in Appendix B one arrives to a
compact result which precisely encodes the 1 <> 2 splitting
rates in the ultrasoft background field,

I I
todpy [Feodpy 2 [
N /_0o b p275(p) + pl + pl)

> (Q)= 2121 17:4 <w2+%|q|2> {log (%) +o.37] (hard).
(45)

The coefficient in front of the logarithm coincides with the
result quoted in Ref. [16]. Examining this result we see that
the damping rate of ultrasoft pions by hard splitting and

joining processes is logarithmically sensitive to an infrared

cutoff A, which excises the p! and pﬂ integrations in the IR.

We will address this soft kinematic region in the next section.

Finally, we note that apart from the global N? factor of
Eq. (45) the calculation of the coefficient under the
logarithm makes an implicit use of the SU(2) case, through
the quantities appearing in Fig. 2. Therefore a subleading N
dependence has been neglected in the result of Eq. (45).
However, a full complete calculation for arbitrary SU(N)) is
beyond the scope of this work.

B. The resummed self-energy:
A sum rule for soft modes

In the previous section we found that the dissipation of
ultrasoft pion waves by hard modes is logarithmically
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(@) P (b)
/2\( Gk k)
NG
P, = P3+Q K+Q
FIG. 6. (a) The ultrasoft pion self-energy X~ (Q) when the

internal momentum K = P, — P; and the green line are becom-
ing soft. (b) In the overlap region, T(T/F)* < K < T, the
contribution of two hard lines in (a) can be recognized as the
isovector current-current correlation function (double blue line).

sensitive to an integration region when one of the internal
pion lines becomes soft.

Examine Fig. 6(a) and consider K = P, — P5 to be much
smaller than 7', but still large compared to 7(T/F)*, i.e., at
the boundary of applicability of the hard analysis of the
previous section. We need to analyze the kinematics of the
two-loop diagram shown in Fig. 6(a), where the hard pion
lines already incorporate the collisional width, but one
internal propagator is becoming soft (represented by the
wavy green line). Because the external momentum is ultra-
soft, the combined momenta of the two hard lines should be
soft, to compensate the remaining soft line (P; should be
almost opposed to P,). In this limit it is convenient to
recognize that the pair of hard lines is the isovector current-
current correlator evaluated at the soft momentum K, as
shown in Fig. 6(b), where the double solid blue line
represents this correlator. For K large compared to the
scattering rate, but small compared to 7', this current-current
correlator can be evaluated using free kinetic theory, which is
equivalent to a diagrammatic evaluation of the hard blue loop
in Fig. 6(a). The result is given in Appendix C.

Now consider K to be fully soft ~7(7T/F)*. Figure 6(b)
describes the soft contribution to the ultrasoft damping rate
and can be evaluated provided the isovector current-current
correlator is known. This isovector correlator can be evalu-
ated from straightforward kinetic theory, but this evaluation
should now incorporate collisions, since K is of order the
typical scattering rate. As we will see, however, this
evaluation is unnecessary due to a marvelous light-cone
sum rule familiar from high temperature QCD plasmas
[25,26]. Indeed, the graph in Fig. 6 evaluates to an integral
over the current-current correlator on the light cone, which in
turn is the isospin susceptibility, up to a contact term that
precisely matches with the logarithm of the previous section.
The next subsections make this explicit. The final results of
these steps are presented in Eq. (70).

1. Preliminaries

We first express Fig. 6(b) as an integral over the isovector
current-current correlator. The result is presented in

Eq. (55), where G; and Gy are the longitudinal and
transverse components of the isovector current-current
correlator.

The isovector current reads, from the effective chiral
Lagrangian,

J44(X) = (T)20,my(X) 7 (X), (40)

where (T¢)% = f¢, and the symmetric correlation func-
tion is

Grrsym(X.Y) =5 ({J(X). J*(Y)}). (47)

| =

The single diagram in Fig. 6(b) reads

%0 - [ (‘gﬁt [—i(f;? 20+ K)ﬂ]

(T,)¢ v,
< 158 0 + K] (0067 (4 K).
(48)
We can use the FDT relations at small momenta
Gy77 (K) = G ym(K), (49)
- T
G™(Q + K) = 5p(K), (50)

to obtain the following expression:

£ (0) = tr(TaTh)/ d’K

, T
F4 (271.)4 Q#QUGgf.sym(K)@p(K)'

(51)

The soft pion spectral weight takes a simple quasiparticle
form

2
2’Uok

p(K) =~ [S(K° — vok) — 8(K° + vok)],  (52)

with k = |k|. The width is small at small k, due to the
Goldstone character of the modes, and can be neglected.
Taking the trace tr(7,T),) = 7 46,5 and writing X7, (Q) =
552 (0Q) as in Sec. IVA, we find’

>For clarity, the trace of the adjoint representation 7 , is kept
explicit throughout Sec. IV B. In the calculation of Sec. IV A we
have used the scattering amplitude for pions in SUy(N) with
T 4 = N. This notational difference should be remembered when
combining the hard and soft results.
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> (Q) =

ko
2 F4

1 w — (HY
The symmetric correlator G* = Gy i\,

is decomposed as

QMQD G{IlJysym(UOk’ k) + G?fsym( UOkv k))} (53)

2
G = (lf ) G848 + Gy (: ) (Spk" + 85k") + GLR R + G (8 = k'R), (54)

where k* = (O,I:’,) and &" = &V for spatial indices, and zero otherwise. Finally, this decomposition allows us to write the
graph in Fig. 6 as an integral over the longitudinal and transverse parts of the isovector current-current correlator

> (w,

- TAl/dk ,
- 2z F* 27 | \?

2. Longitudinal and transverse responses

Now we will analyze the longitudinal and transverse
isovector current-current correlators,

o dk

I = / A Gy (vok, ), (56)
oo 2T
dk

1= [T Gk (57)

as they appear in Eq. (55). For both we are going to exploit
the light-cone sum rule presented in Refs. [26,35], derived
for the first time in Ref. [25]. These integrals over the
current-current correlation functions evaluate to the isospin
susceptibilities up to a contact term. The results are
presented in Egs. (67) and (69).

We will first show how to derive the sum rules for the
longitudinal response, by exploiting light-cone causality
[25]. Using the relation between the symmetric and R/A
propagators,

G = Gumi (K) = =i [GE(K) ~ GA(K)). (59)

we can split /; into retarded and advanced pieces
I, = IF+ I, with

@) Im k

'y

N

—00 “+00

| 2
3 |¢I|2> Gy (vok, k) + 3 g Gr(vok, k)} - (55)
|

dk T
I’ = —l/ kGR(ka k), (59a)

2]

dk T

A A

=i / S Gl ik ). (59b)

Note that the apparent pole at the origin is actually
ephemeral since at k ~ 0 we can use the diffusion expres-
sion for the correlator, Egs. (C9) and (C10), to see that the
integrand is finite at the origin.

As the retarded correlator is analytic in the upper
complex plane, we can close the integration contour [see
Fig. 7(a)], and replace the integral by (minus) the one along
the upper arc 'y,

dk T
— GR(vok. k). (60)
Iy 277.' Uk

IR =i
It is understood that the arc at infinity is at the boundary of
the soft regime, T(T/F)* <k < T. To evaluate the
retarded correlator on the boundary arc we can use the
free kinetic theory as detailed in Eq. (C5) of Appendix C,

Ty [dpp?
GR(K) :7/0 By n,(1+n,)

(9} k9cos?6
Rl B3
dr —k° + v,k* cos 0, — ie

(b)
Im k Re k

—00 % K +00

'y

FIG. 7. Contours for the evaluation of functions /; and /y: (a) the contour I';; is for the retarded correlators, which are analytic in the
upper complex plane; (b) the contour I'; is for the advanced correlators, which are analytic in the lower complex plane.
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or by evaluating the hard blue loop in Fig. 6(a). Free kinetic
theory is appropriate because on the arc £ is soft compared
to the temperature, but much larger than the collision rate.
We note that the isovector susceptibility of a free gas of
pions is

T, [~dpp? T?
X1 :7 o 272 n17(1 +np) = TAF? (62)

which is reflected in the leading factor of Eq. (61). With
K = vok and vy, v, ~ 1, GF(K) has a divergence due to
cancellation in the denominator. Expanding close to
cos@), ~ 1, we need to incorporate the collisional width
of the hard lines,

1 1

—vok + vykcos 6, — iy
1

~ —k+kcos8, —iy,’

_)
—vok + vpkcos 8, — ie

(63)

where we used k(v, — vy) <y, ~T(T/F)* at the boun-
dary of the soft regime. Thus on the arc where k >y, the
retarded propagator takes the form

T, [©dpp® 1 (ir,
TA 2—7[21117(1—'—}’11,) 1+ IOg 2%

(64)
The last integration needs to be performed numerically
using the function y,, obtained in Sec. IIl A, and G{(K) on
the arc can be conveniently written as

GR(’U()k k)

GR(K) = ;(,[l—i— log<;]z>—0.39], (65)

where we introduced the average thermal width 7, of
Eq. (22), and the remaining factor is the result of the
numerical integration.

Inserting this result into Eq. (60) and parametrizing the
arc T'y as k= Ae®, 6 € (0, ) we find

%ido 1 7
IR =T — =1 P je=i0 0.61
L ’”’A 2ﬂ{20g<2/\ >+ ]

Ty, [1. [2A
= g (22) — 061
5 {2 0g<}_/p) 06], (66)

where the modulus of & (fixed along the arc) is set equal to
A, which serves as an UV cutoff for the soft momentum,
regularizing the integral.

For the advanced contribution we repeat the same steps
but make use of the lower arc k = Ae™®, shown in
Fig. 7(b). We obtain the same result as the retarded one,
and the two are combined to give the total contribution,

I = % [log (yﬁ) - 0.53] . (67)

p

One observes that the longitudinal component of the
correlation function presents an explicit dependence on
A, the scale separating soft and hard domains. Thanks to
the light-cone sum rule, only the value of the propagator at
large k is needed when computing the (almost) lightlike
integral, and in this regime the free kinetic approximation
in Eq. (61) is sufficient.

The transverse part is computed analogously, but there is
no divergence due to the transverse nature of the correlator.
Again we write I = I® + I4 as in Eq. (60) and deform the
contours to infinity. The transverse propagator on the arc
[analogous to Eq. (61)] is written in Eq. (C4), and on the
light cone this reduces reduces to

1

dQ. 1
GR(vok., k) ~ __11/4_,;(1 +cost,) = 541 (68)
/1

which should be compared to Eq. (65).

The retarded and advanced integrals over the arcs yield
IR = 4 = Ty, /4, and the sum of the two finally yields a
finite contribution to the self-energy (55),

1

3. Total contribution in the soft limit

We have been evaluating Fig. 6(b), which reflects how
the soft pions together with isovector current response
dissipate ultrasoft pion waves. Equation (55) expresses the
damping rate in terms of an integral over the isovector
current-current correlator on the light cone; Eqs. (69)
and (67) determine these integrals as defined in Eq. (59)
by exploiting causality. Substituting these expressions,
together with isospin susceptibility in Eq. (62), gives the
contribution of soft pions to the ultrasoft damping rate

NPT (51, A 2
== - log( ) -0.53| +>g? b
s (#1130 [ (7 ) 0] 3

(70)

7 (Q)

The first and second terms are from the longitudinal and
transverse current-current response, respectively. The
global factor 7% has been replaced by N? for the
SUy(N) case in the adjoint representation. Thus the N
scaling precisely matches with the hard contribution
in Eq. (45).

C. Final results

In this section we collect the previous results to provide a
final expression for the kinetic coefficients D, and D,,.
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Combining the dissipation rates from the hard and soft
modes, Egs. (45) and (70), respectively, the cutoff A
cancels, and we find the dissipation rate for ultrasoft pion
waves to be

1= @ la)) _ = (o, ]q|)
0] 2T
N2T3 , L 0.867\ 2
_ - 1 Zlq?|. (71
o | (745107 ) roe (225) + Suap | )

If the ultrasoft wave is on shell, ? = v3(¢* + m?), with
vy ~ 1, we have

2 (w, |q|)

Im
0]

P =03(g +m?)

NT? 1417\, , N°T? 0.86T\ ,
log > lg)° + log - m?.

= V) - _
36xF* » 48w F* »

(72)

From this result we can read off the kinetic coefficients D4
and D,, by comparison with the hydrodynamic expression
I', = D,|q|* + D,,m* or by the Kubo relations, Egs. (16)
and (17), yielding

N2T* 1.41T

TD, = 7log( — , (73)
36nF Yp
N?T* 0.86T

TD,, = slog( — . (74)
487 F »

Finally, we remind the reader that the coefficients o4 and
¢, introduced in Egs. (7) and (8), are related to D, and
D,, via Eq. (10). Further discussion of the result is given in
the next section.

V. CONCLUSIONS AND OUTLOOK

As emphasized in the Introduction, the chiral limit of
¥PT at finite temperature is distinctly different from its
massive counterpart, since the Goldstone modes must be
included as additional hydrodynamic degrees of freedom
[1,2]. In this limit the long wavelength hydrodynamic
effective theory is a kind of non-Abelian superfluid, rather
than ordinary hydrodynamics. The goal of this work was to
compute the transport (or kinetic) coefficients of this
superfluid theory using yPT. The relevant Kubo formulas
express the kinetic coefficients of this theory in terms of
the imaginary part of the pion self-energy XR(w,q) for
®,q — 0. There are only two coefficients: D,,, a mass
related axial damping coefficient, and D, the axial charge
diffusion coefficient [4]. A brief summary of the linearized
pion effective theory is provided in Sec. II.

As explained in Sec. III B, computing the self-energy
with ultrasoft (or hydrodynamic) kinematics, requires a
significant resummation. For instance, 1 — 3 processes,
which are normally forbidden by kinematics, turn out to be
allowed if one of the external lines is ultrasoft. This is
because the energy violation in the scattering process is
small compared to the thermal width of the outgoing hard
lines. Similarly, a naive analysis of the scattering rate of soft
pions leads to a chiral logarithm, which is (normally) cut off
by the mass. However, when the mass is smaller than
the inverse mean free path (as is the case in this work) the
natural cutoff is the thermal width y,, and finding the
coefficient under the logarithm requires a detailed analysis
of the divergence. We were able to analyze the soft sector
by exploiting the light-cone sum rules of Caron-Huot® [25].
Our final results for the two kinetic coefficients 7D, and
TD,, in SUy(N = 2) are given by

T4 1.41T
TDA = —410g — s (75)
OnF Yp
T 0.86T
TD,, = 7log( — (76)
12zF Yp

and are of order the typical scattering rate up to the
logarithm of the temperature and thermal width. In these
expressions, F is the coefficient in the chiral Lagrangian,
Eq. (19), and 7, = 2.33(T°/27F*) is the mean collisional
rate for hard pions, Eq. (22).

The ratio of the two coefficients is

, D, 3
D, 4

r (77)
to logarithmic accuracy, and this ratio has a simple
interpretation. Indeed, the factor of 3/4 is of geometric
origin and reflects how ultrasoft fields with four momentum
Q can interact via derivative couplings with a randomly
oriented sample of lightlike particles v, = (1,p),

d< laf? 4
P 02 — o2 ~m? 42 lal?,
[ w02 =0+ Lo  JlaP. (78)

The ratio between the m? and |g|* terms ultimately

determines the ratio of D,, to D4 to leading log.

In the limit where the pion mass is much smaller than
thermal width, but still finite, a hierarchy of effective field
theories is appropriate. At moderate distances, the super-
fluid theory of the Goldstone bosons is operative, while at
longer distances the system transitions to ordinary hydro-
dynamics. The physics of the soft pion modes is then
reflected in the transport coefficients of the ordinary

%The technical steps are quite similar to the analysis of the soft
fermion contribution to the photon emission rate in hot quark-
gluon plasma [26,35].
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hydrodynamic theory at long distance. For instance soft
pion contribution to the isospin conductivity gives the
leading result and reads [4]

T 1+2r
= \ 79
o1 12zmD 4 {(1 + r)z] (79)

where r = \/D,,/D4 ~ +/3/4. Thus a by-product of our

computation of D, and D,, is the leading order isospin
conductivity at small pion mass. Similar superfluid correc-
tions to the shear and bulk viscosities of ordinary hydro-
dynamics in terms of D, and D,, are discussed in Ref. [29].
Directly computing with isospin conductivity or other
corrections from kinetic theory without a sojourn through
the superfluid effective theory would be almost hopeless.
We have worked at low temperatures (far from the chiral
transition) where the pion velocity is unity up to small
corrections. As the system approaches the transition the
pion velocity becomes small and the superfluid pion modes
become increasingly entangled with the normal modes. It
would be interesting to work out the kinetics in this regime
even in the large-N limit.
|

Oa d3p2
)ig (P)ab = 7

d3p3 d3p4
(27[)32E2 (271')32E3 (27[)32E4

IMP(27)*6W (P + Py + P3 + Py)ny(1 + n3)(1 + ny).
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APPENDIX A: HARD PION SELF-ENERGY
CORRECTION

In this appendix we provide details on the calculation of
the hard pion self-energy at finite temperature using yPT.
The calculation is based on several (old) calculations
[6,32], especially Ref. [6]. We focus on the self-energy
diagram of Fig. 1 for hard pions with typical momentum
p~T. We will first discuss the Wightman self-energy,
which is related to the imaginary part of the retarded self-
energy discussed next. The Wightman self-energy is

(A1)

where the Weinberg amplitude for massless pions with all momentum flowing in is

i

ZMH1020304 = ﬁ

and the squared Weinberg amplitude summed over isospin
for ay, a,, as, a4 is given in Eq. (37).
The fluctuation-dissipation theorem relates the emission
rate X<(p)/2E, to the absorption rate
25(p) = P15 (p), (A3)
and the difference in these rates determines the mean
damping rate

Im=*(p) =7 (p) - Z<(p)
p 2E '

Vp (A4)

p
The numerical evaluation of y,, is straightforward and the

details will not be given. We find the following limits at this
order:

273
. _pT Z
p}lTn_l)pr byl log <1.56 p>’ (A5a)
T*p [« T
li =—F|—=+0013—, ASb
17/;']1}007/]7 F4 <108+ p) ( )

[6a|a25a3u4(_2P . PZ) + 6a1a36u2a4(_2p . P3) + 6a|u45a2a3(_2P : P4)L

(A2)

|

where the coefficient under the log in the first expression has
been extracted from our numerical data, as has the sub-
asymptotic term at large momenta. The mean rate evaluates to

_ T’

which is consistent with previous calculations [32].

The real part is significantly more complicated and is
treated by Schenk [6]. The thermal correction to the hard on-
shell self-energy at two-loop order is given by a scattering
expansion :

(A6)

R(P) = ZR(P) + ZRA)(P)
d3f]1 1 d3611
p— —_— T —_ —
/ (27)2q; " ””“”2/ (27)°24,

d36]2
X/(ziz_)—gzqznanTJISﬂn(P7 01, 0,). (A7)

"Here and in the remainder of this section all momenta are
hard. In the rest of the manuscript K and Q denote soft and
ultrasoft momenta, respectively.
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Here T,,(s) is the two pion time-ordered forward scattering
amplitude in vacuum, and T® (P, Q,, Q) is the three pion
retarded forward scattering amplitude as described below.

The vacuum scattering amplitude in yPT to one loop
is [31]

165>
Tn(s) = 2 (L50) + 2150
552 u? b4 252
Y og(B) 4 if 4 25 (A8
e {Og(s> +’2} Foppe (A8)
with s = —(P + Q). Both P and Q are on shell, P> =

Q? = 0. The renormalized coupling L’ (u) and L5(u) are
given in Eq. (29), and under a change of renormalization
point u — u’ we have

L) =L - Loe(%). (a9

with y; = 1/12 and y, = 1/6. This leaves the amplitude
T ., unchanged. Using elementary integrals such as

d3q1 5 471'2T4p2
73111_9 =,
(271') qu 45

l((Po-

(A10)

V(Py, Py, P3) = Py)- (P, —Py))?

+ ((Pg = Py) - (Py = P3))* + ((P,

”%“”mw+uwn

TR 45
1 T i 0.0225.  (All)
54 108

The numerical constant can be expressed analytically, but we
did not find this useful. The factor iz/108 determines the
asymptotic form of the imaginary part given in Eq. (AS5).

The three pion retarded forward scattering amplitude
TR .(P\, P, P3) takes the form [6]

P,,P,, P V(P;,—P,,P
TR (P, Py, Ps) = V(P P, 3)2 (P1. =Py 3)2
(P1+Py+P3)" (P —Py+P3)
V(PI’PZa_P:ﬁ) V(P]?_PZ’_PBB)
(P1+Py=P3)*  (Py=Py=Py)
(A12)
Here P} = P2 = P3 =0 and pY = |p;|. The vertex struc-
ture is

—Py)-(Py -

Py, (Al3)

where Py + P, + P, + P; = 0. It is understood that the timelike component in these expressions is retarded, e.g.,

1

1

(P1+P2+P3)2:

—(pY + P+ P +ie)* + (p1 +p2+p3)*

(Al14)

The three pion scattering amplitude contribution to X® can be compactly written

4 4 4
O pp) = [ G O T L afSP+ Q)+ 0s+ QP01 02 05250245 G s .

(2n)* (2m)* (2m)*

where n; = n(|q,]).
The numerical integration is not completely straightfor-
ward, and therefore we will indicate the steps when
=|q| and ¢3=|q5|, leaving the case when ¢ = —|q,|
to the reader. The goal is to choose a coordinate system,
which is well adapted to the singular denominator Q5. The
phase space is

L ///m (02)275.(03)

(2z)*8(P + Q1 + 02 + 03), (A15)

where ||
define k,

= fd4Q1/(27T)4 and 5+(P2) = a(po)é(Pz
=p+4q, and k, = k; + ¢, so that

). We

3

1 1
— = . Al6
07 -(p+aqi+aq+ie)+k (A16)

We take p on the z axis and use the azimuthal invariance to
place ¢, in the xz plane. We then parametrize the angle
between p and ¢; with the magnitude of k; = |k|,

1 /1 +a1 kdk
/ dcosé?pq :/p il L
2J4 p-ail 2P

Similarly, we parametrize the angles of g, with respect
to the k; axis, i.e., cosy, ,, and ¢,, by the magnitude of
= |k

(A17)
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1 1 ki+a> kydk
—/ dcos@quzz/ *hdl (A18)
2J4 ki—aa] 2K142
With this parametrization we find
I A A
s 647zp dq, q2 ] 1
+ d
x/‘ * kzdkz/ 92 (A19)
k1= 27[

The advantage of this parametrization is that the integral
over k, and ¢, can be done analytically (with computer
algebra) giving a logarithmic dependence. This logarithm
is evaluated correctly by including a finite ie and using
complex arithmetic with € ~ 107!°. The remaining integrals
over ¢y, ¢, and k; are done via Monte Carlo integration,
which gracefully handles the sharp boundaries and loga-
rithmic singularities imposed by the ie prescription.
Ultimately all of the vectors are explicitly needed to
evaluate V. If k; is taken along the Z axis, then we have
the vectors

p = (psinéy ,,0, pcosby ,), (A20a)

q = <Q1 sin 9qu1 ,0, ¢, cos 9k1q, ), (A20b)

q> = (g2 5in Oy 4, COS ), g, SN Oy 4, sinhy, g5 COS Oy ),
(A20c)

and the angles can be worked out, e.g., cos@ , =
(kf + p* = q7)/2pk,.

When ¢9 = —|q,| and ¢5 = |g,| a slightly modified
parametrization is necessary. In this case we define
k, =p —q, and k, = k; + ¢», but otherwise make similar
steps. A very good check of the integration procedure is that
the imaginary part, which is computed in the same go as the
real part, is in agreement with the elementary evaluation
described above. In addition, our numerical results for v
are in agreement by Toublan who used a completely
different parametrization [7].

The real part of the self-energy determines the velocity

The value at p — 0O gives

T A
vi=1(p=0)=1 —ﬁlog<TA>, (A22)

with

A T 19272
g (52) = =tog () + P2 ) + 20500 + 054

(A23)

The numerical result for v(p)—wv, for all values of
momenta are plotted in Fig. 2.

APPENDIX B: OFF-SHELL REGULARIZATION
OF THE ULTRASOFT PION SELF-ENERGY

In this appendix we review the calculation of the two-
loop self-energy with an ultrasoft external momentum Q,
introducing corrections due to collisional widths to the
previous result of Ref. [16], which are valid to logarithmic
accuracy.

In the derivation initiated in Sec. IV A we arrived to the
expression (40) for £~ (Q), where the Wightman functions
appearing in the integrand incorporate the thermal widths
in a quasiparticle approximation. These are detailed in
Eq. (41). To simplify those expressions we introduce
parallel and perpendicular momenta, p; = (p|,PL1)
according to a preferred direction marked by p,. Then,
conservation of momentum reads

P+ ph+ph =0, (B1)

py +pi =0.

After a trivial integration of p$, the integrations in p9, p3
can also be made explicitly for small y;. Notice that in
the numerator we have a term that depends on pg:

(<20 - P,)* = 4(wp§ - q! ph)*. We use

73 Y4

ReXR(p
v (p) =1 —%. (A21)
|
dpydpy  sys354 72
2597 Awp? — gl ph)2
2% 27 FEDEQE, \@P2 T4 ) (D)= 52E2)? +

$§28384

+ (72/2)* (P — 53 E3)*
(y2+ 73 +74)

+ (73/2)* (—=pY — P} — s4E4)* +

+ O(y?).

= 4(ws3E5 — quQ)

2E,2E32E, (5:F) + 533 + s4Eq)* + (2 + 73 +74)? /4
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With this result, the pion self-energy is seen to be
dominated by the kinematic regime where
$2Ey + 53E3 + s4Ey ~y (B3)

where y =y, 4+ 73 + 74. The integration over remaining

momenta can be performed taking into account the appro-
priate signs (s factor) appearing in Eq. (B2). One can use

2
P
S,-E Uplpl‘ + 2LHZ

i

(B4)

to write the combination

p p
S,Ey 4 s3E5 +S4E4_l)2pg—|—1}3p +U4PH+LH3+;|‘|‘
I PQPZU
= Z Uipi ” I (BS)
=234 2ps3py

where Eq. (B1) has been used.
Denoting by @ the angle between g and p,, and €, the
solid angle subtended by p, we find

> N2 211 Q °°dP2 H2 d’p. 3 dPL4
w0 o [ [T [ [ [
L+ n(ph) 1+ n(ph) 1+ n(p,
. 2p(” ) 2(” P coso)
x (206%) (ps +p1a)285(ph + ph -+ ) PR (B6)
(L ivip) ﬁ) +7°/4

The integral over p | 4 is trivially performed. Now we focus
on the term in the denominator,

(S -55)

- <S234Z”p ' H AP >2 (B7)
Il

where 5,34 = sign(p, p3p,4) can take two values depending
on the physical kinematic process,

+1 joining (pll,pL| < O'pH > 0),
§234 =

(B8)
—1 splitting (pl,p] > 0; p <0),

where i, j, k label the three different pions. In the joining
process two incoming pions (with negative momentum)

(a)
I
<0
\p:”) pl >0
4>
—_
py<0

FIG. 8.
self-energy.

produce a single final pion (with positive momentum),
whereas in the splitting process a single incoming pion

gives two outgoing pions. These processes are depicted in

Fig. 8 for the case where the isolated pion is pH

In both cases one has

$234 E zP,

where p, and p;, are the two smaller momenta. It is
computed from the real part of the self-energy correction in
Sec. IIT A,

a+b_Ea_Eb55E(pa7pb)’ (B9)

OE = Ea+b _Ea _Eb

Ua)l’a + (Utl+b - Ub>pb >0, (BIO)

= (Uaer -

where v, are the velocities of the pions. We remind the
reader that 0F is soft, and therefore the same order as y.

(b)

Py <0 ol

Joining (a) and splitting (b) effective 1 <> 3 processes which can take place with the kinematic constraints of the ultrasoft pion
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I
Doing a change of variables one can perform the integration over p | ;. Defining u = |ﬁ | pzlj, the pion self-energy
3Py

2(0) =MoL [, oo [T [0 [0 g )l

LLn(ph) 1+ n(p ”)1+n(p4 Sl

reads

o[ (B11)
2p) ZPH 2p) P3P4 27 6E—u 24247
where the last integral gives
© du 14 1 1 | [20E
— =—+—tan™' [ — ). B12
A 27 (u—SE)? + y*/4 2—|—ﬂan <y> (B12)

Performing also the trivial angular integration we find

Ton F4< *I |2>/ / / dp} 22250k + ol 4 pl)

x (14 ny)(14n3)(1+ n4)s2342[2 +;ta <2(;E>]

27(Q) =

where we called n; = n(p H)
We can now cons1der explicitly the cases where each of the three momenta are maximal. First one distinguishes the case

in which pH is maximal with either sign—i.e., positive for joining and negative for splitting processes. Calling this
contribution the s-channel, we eventually find

y N2 1 pi2ap) b2 dp) 1 1 [26E
> (Q)|S:4F4 (CO +_| |2)[) 27[2 /) §n2(1+n3)(1+n4)2[§+;tan 1(7)], (B13)

and after performing the final integrations obtain

N2T* 1 T
2 (Q)l, = 45 <w2 +3 |q|2> {log (A) +0.63 + 0.34] . (B14)

Here the first term gives the IR divergence behavior, the second term gives the finite coefficient of the divergent term, and

the last term the finite contribution of the tan™' term.

When p! or pl are maximal momenta (with either sign), the contributions are similar. We call these ¢ and u contributions,

respectively. Combining these two, we find

124

= (Ol = g (w2 5008) [7% /”"’2 PR (1 Fngly b (25)) (eis

which finally gives

N2T* 1 T
2 (0)] o = T <w2 +3 |q|2> [Iog <K> —0.46 + 0.23] : (B16)

The total contribution from the internal hard pions reads

N2T* 1 T
2 (0) =2 (O + 2 (@hvs = gy (0 +3 107 ) og (7 ) +037). (B17)
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where the coefficient of the logarithm coincides with the
result quoted in Ref. [16]. In addition, we provide the
complete result for the coefficient under the logarithm.

From this result, it is clear that a kinetic treatment in the
soft sector is then needed to match the IR logarithmic
divergence of (B17) caused by the softening of the internal
pion momentum. If the pion mass had been taken to be
large compared to T(T/F)*—like in the usual yPT power
counting—then the mass would directly regulate the IR
divergence. However, here the mass is ultrasoft and we
need to carefully analyze the soft sector to regulate the
divergence with the quasiparticle width.

APPENDIX C: SOFT AND ULTRASOFT
ISOVECTOR CURRENT-CURRENT
CORRELATORS

We consider the retarded/advanced current-current cor-
relation function,

Gy (K)
= +i / d*X e KN ([ (X), IV (Y)])O(£(X0 — Y0)).
(C1)

Let us first consider the momentum K as soft, which
is related to the kinetic scale. For high momentum,
T(T/F)* < K < T, the correlator can be obtained via
kinetic theory. When collisions are not yet relevant for such
modes a hard-thermal-loop approach is possible [18,36].
The spatial components read

y T, [dpp? dQ, koviv)
R/AG(K) =~ A 1 2 p°p
G (K) TA 272 np(1+7,) 4z v,-K Fie’

(C2)

where v, = (1,v,) is lightlike. Incidentally, if v, does not
depend on p, then one can identify the isovector suscep-
tibility y;, defined in Eq. (62), and write

dQ, K'viv,

GRIA (K — 5, | &% K0
(K) =21 4z v, K 7 ie

(softK).  (C3)

In the general case, one can identify the transverse and
longitudinal components,

1 . y
G?A(K) ) (6 — kikj)GR/A'U(K)
T, [~dpp’
=ar )y 22 )

/de Ko(1 = cos?d,)
x [ —2£ .
4 —k® + v,k cos 6, F ic

(C4)

G/ (K) = kik,GR/A(K)

Ty [~dpp®
=7y 2 U

/ dQ, Kocos?,
X b
dr —k0 + v,k* cos 0, F ie

(C5)

where we have chosen the vector k pointing along the Z
axis, and k' = k/|k|.

When the external K is ultrasoft, then one needs to
evaluate the correlation function in the full hydrodynamic
limit, incorporating all the effects of collisions. In this limit
the retarded correlator is [5,37]

21D |k[?

GRO(R0 ) = A1 ltrasoft K), (C6
( ) —ik0+D1|k|2 (u raso ) ( )
: D;Kk| -,

GROI(R0 ) = L1210 KL ltrasoft K),  (C7
( ) —iko +D1|k|2 (u raso ) ( )

GRI (kO k) = (87 — k'K )iy; DK

XDk

AR FR O (ultrasoft K), (C8
—ikO + Dy [k]? (ultrasoft K),  (C8)

where D is the isovector diffusion coefficient. From here
we can obtain in particular,

GR(KO, k) = k'K GR (K0, k)

XDk
= Itrasoft K), ()
S0 DyRp (lsoftk). - (C9)
1, .. o~ .
GE (K, k) = 5 (57 — RV GR(K)
=iy D;k°  (ultrasoftK). (C10)

APPENDIX D: GOLDSTONE BOSON
SCATTERING IN SU(N)

In Eq. (37) we have presented the well-known formula
for the pion-pion average scattering amplitude square for
N = 2 flavors in the massless case [31,34]. In this appendix
we generalize this result for massive pions living in the
adjoint representation of SUy (N) with N > 2. The scatter-
ing amplitude iM,, ., 4., (With indices a; = 1,...,N? — 1)
is taken from the results of Ref. [38]. For arbitrary N,
several structures appear,

Ma]az,a3u4 = 5a|a26a3a4A(s’ t, Lt) +6a|u35a2a4A(tvs’ M)
+6a1a45a2a3A(u7 I,S) +dala2hda3a4bB(S’ L I/t)

+da]a3bda2a4bB(t’s’ u) +da]a4bda2a3bB(u’ L S),
(D1)
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where only the first three terms survive in the usual N = 2
case. The two scalar functions A(s, ¢, u) and B(s, 1, u) are
obtained in yPT at leading order,

2 s —m?
A(s, tu) = ———— D2
(s.00) = (D2)
s —m?
B(s,t,u) = 7 (D3)

In Eq. (D1) d,. are the totally symmetric d-symbols of
SU(N), and a sum over repeated indices is understood. The
average scattering amplitude square is defined in Eq. (37),

— 1
MP = > IMaEP,

aja,asay

(D4)

which is normalized by the factor d, = N> — 1. Replacing
the scattering amplitudes, and after a series of algebraic
steps, we arrive to the simplified result

2+ +u*? _N*+2N?>—6m*
N2s+ +u _» + m- (D5)

2F* N? F*

IMJ? =

Notice that the mass-independent term gets a simple N?
factor, while the term proportional to m* carries a nontrivial
dependence with N. We stress that—as explained in
Sec. IV A—this second term plays no role in the ultrasoft
pion self-energy at the order we are working on, as the
leading mass dependence (O(m?) comes from the
dispersion relation of the external pion. Finally, notice that
for N = 2 the expression in Eq. (D5) reduces to the well-
known result (39) for the pion-pion scattering in SU(2).
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