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Nonlocal gluon condensates are vacuum expectations of the product of gluon field strength tensors.
Short-distance expansions of two-, three-, and four-gluon condensates are presented up to dimension-eight
local operators. We propose a method for calculating the Wilson coefficients based on the presented
expansions and the Feynman diagram technique in the background field approach. The method is
demonstrated using the glueball current correlators as examples. Methodological aspects of the background
field approach are discussed in relation to glueball studies within QCD sum rules. We confirm the results
for operator product expansion of the two-gluon 0�þ glueball current correlators and calculate additional
contributions coming from dimension-six four-quark condensate and dimension-eight mixed quark-gluon
condensates. The operator product expansions used in QCD sum rules for three-gluon 0�þ glueballs are
revisited up to dimension-six order.
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I. INTRODUCTION

A practical method to evaluate quantitatively the physi-
cal characteristics of hadrons from the QCD is provided by
an approach called the QCD sum rules (SRs) [1–3]. This
approach gives a the direct correspondence between the
hadron parameters and Wilson’s operator-product expan-
sion (OPE) [4] of correlation functions. The correspon-
dence arises from the dispersion relations. Various aspects
and reviews of QCD SRs applications can be found in
Refs. [5–27], for recent development of QCD SR in
medium, see [28–30]. Sum rules are useful beyond the
Standard Model in application for bounds on new physics
effects [31–33].
The OPE terms are given as a product of the coefficient

function and the vacuum condensate that reflect the sepa-
ration of short and large distance effects, respectively. The
approaches to calculate the coefficient functions include the
method of projectors [34,35], Schwinger’s operator method
[36] and its branch based on the Fock-Schwinger gauge, and
the background field approach, see references in [9].
The technical details of calculating the coefficient function

are usually omitted due to complexity. A consistent pro-
cedure for such calculations was elaborated in [9] and further
developed in [37]. The presented study can be considered as a

continuation of [9,37]. We propose a method for calculating
the coefficient function based on the nonlocal condensates
(NLCs) [38–40] and Feynman diagram technique in the
framework of the background field approach. Nonlocal
gluon condensates are vacuum expectations of the product
of gluon field strength tensors. For example, the two-gluon
nonlocal condensate has a dimension of four in energy units
and can be defined as a “physical vacuum” expectation of the
normal product h0j∶GμνðxÞ½x; y�GαβðyÞ∶j0i, where Gμν is
the gluon field strength tensor and ½x; y� is a Wilson line, see
details in Sec. II A.
The methodological aspects of QCD SR are often

considered for the case of quark current correlators, see
[41], while the glueball currents correlators have particu-
larities left unattended. Therefore, applications of the
proposed approach are given by the examples of the glueball
currents correlators used in QCD SRs studies [42–45].
Glueballs are an exotic state that contains only gluons

and no valence quarks. This type of state has candidates
among observations [46–51] and is included in the running
and projected large-scale experiments: Belle (Japan),
BESIII (Beijing, China), LHC (CERN), GlueX (JLAB,
USA), NICA (Dubna, Russia), HIAF (China), and FAIR
(GSI, Germany). Electron ion colliders have potential for
glueball state observations [52]. There is an open discus-
sion, whether the C-odd glueball bound state was seen in
the observation of the Odderon [50,53,54] by TOTEM and
D0 [55,56]. The reviews of glueball physics can be found in
[47,57,58]. There are many applications of QCD SR to
glueball states [7,42–45,59–86]. Here we shortly discuss
some of them. The first QCD SR study [42] of glueballs
considered a pseudoscalar 0−þ state with an obtained mass
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of ∼1 GeV, where a two-gluon current was used. Later
QCD SR was applied [43] to a scalar 0þþ glueball state,
where the glueball mass was estimated to be ∼0.7 GeV.
The OPE used in SRs for the scalar and pseudoscalar
glueballs was extended [73–75,87] by including the direct
instanton contribution, the two loop radiative corrections
[88,89] to the perturbative term, and the one loop radiative
correction [90] to dimension-four term (dimension of the
considered condensate is four in energy units). Three-gluon
glueballs were first studied in [44] for a 0þþ state. Then,
QCD SRs for three-gluon glueballs was extended [45] to
the 0−þ scalar, vector, and tensor states [70].
Here we study the technical aspects of the calculation of

OPE coefficients up to dimension-eight order and suggest a
new way to organize and perform calculations using NLCs
[38–40]. Applying the algorithms formulated in [37] for
calculating higher power corrections, we extend the results
of [37] to a full set of gluon NLCs needed for calculations
of OPE up to dimension-eight terms without considering
the radiative corrections to the coefficient functions, see
Sec. II. The three-loop coefficient functions of two-gluon
NLC OPE was obtained in [91] for the leading dimension-
four term. We develop and obtain expansions of NLCs for
two- and three-gluon condensate up to dimension-eight,
where terms of expansions are given employing local
condensates. Vacuum expectation of normal product of
local operators are usually called condensate but here we
use phrase “local condensate” to distinguish between local
and nonlocal condensate. The result for four-gluon con-
densate expansion includes only the leading dimension-
eight term. Coordinate dependence of higher dimension
terms is also discussed using permutation symmetries of
gluon fields strength tensor in condensate. Our result is in
agreement with the two-gluon condensate expansions that
were first obtained in [92] in dimension-six order and then
in [37] up to dimension-eight term.
The number of terms that need to be evaluated is growing

with the mass dimension (dimension in energy units) of
OPE order. We propose [79–81] to use the so-called
nonlocal condensates, which help to systematize the con-
tributions and simplify calculations. We consider NLCs in
the form of their truncated expansions given in terms of
local condensates. As a result, each NLC-based OPE
contribution is represented in this work through a finite
set of the OPE terms given by the local condensates of
various dimensions starting from the mass dimension of the
original NLC. In other words, we use NLCs only as
intermediate while the final results for OPEs are given
through local condensates. Originally, NLCs were used
differently in QCD SR—for resumming an infinite series of
local condensates by modeling of the long-range depend-
ence [93] of NLCs. One of the models for the two-gluon
NLC could be found in [94]. The NLCs were successfully
applied in studies of the hadron structures (distribution
amplitudes, form factors) [40,92,93,95–103].

The idea of using a truncated series of NLCs for OPE
was first applied in [79–81] for studying C-odd 0�− three-
gluon glueball states in QCD SR. Although, we focus here
on the gluon condensates and glueball state, the considered
ideas can be applied to other states within QCD SR and
beyond. Recent applications of gluon condensates beyond
QCD SR include studies of heavy quarkonium within
potential nonrelativistic QCD [104,105], the rapidity
anomalous dimension or Collins-Soper kernel [106], see
references in [91].
The suggested method to calculate OPE using a trun-

cated series of NLCs is demonstrated for correlators that
represent the two-gluon and three-gluon 0�þ glueball states
in QCD SRs. The demonstrations lead to the following
results: (i) for the two-gluon current cases we obtained
additional dimension-eight terms that were not considered
in [42,43]; (ii) for the three-gluon current cases [44,45] the
OPE for correllators are revisited in dimension-six order
and compared with [44,45].
The paper is organized as follows. In the next section, the

explicit expressions for tensor and Taylor expansions of
gluon NLCs are presented in terms of local condensates.
Then, in Sec. III, we apply these expansions to correlators
of glueball currents. In Sec. III, we also discuss aspects of
the background field approach, especially those that are
relevant to glueball studies within QCD SR. In Sec. IV, we
summarize our observations and results. In the Appendices,
we provide the Feynman rules and a detailed example of
their application.

II. GLUON CONDENSATES

In this section, we present the expansion of two-, three-,
and four-gluon NLCs in terms of local condensates. The
expansions are obtained by the method formulated in [37].
The coefficient functions and operators in OPE are gauge
invariant; therefore, the choice of gauge is a matter of
convenience. The expansion of NLCs is performed in the
FS (Fock-Schwinger) gauge [107]:

ðxμ − zμÞAa
μðxÞ ¼ 0; ð1Þ

with the gauge-fixing point zμ ¼ 0. In the FS gauge the
Taylor expansion for the gluon field strength tensor Ga

μðxÞ
can be written in gauge-covariant form [9]:

Ga
μνðxÞ ¼ Ga

μνð0Þ þ
1

1!
xαDαGa

μνð0Þ

þ 1

2!
xβxαDβDαGa

μνð0Þ þOðx3Þ: ð2Þ

Here we use the covariant derivative DμGa
ρσ ¼ ð∂μδab þ

gfacbAc
μÞGb

ρσ in the adjoint representation. The advantage
of FS gauge is that, due to Eq. (1), the gluon field can be
expressed via the field strength tensor:
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Aa
νðxÞ ¼ zμ

Z
1

0

dt t Ga
μνðtxÞ: ð3Þ

Taylor’s expansion of the gluon field can be obtained from
Eqs. (3) and (2). Using the above Eqs. (2) and (3), one can
expand gluon NLCs in terms of local condensates.
The reader may be familiar with the following nota-

tion for local condensates: [108] one dimension-four
condensate hαSG2i≡ hαSGa

μνGa
μνi, two dimension-six

condensates hgG3i≡ hgfabcGa
μνGb

νρGc
ρμi, hJ2i≡ hJaμJaμi,

and two dimension-eight condensates hðfabcGb
μνGc

αβÞ2i,
hðfabcGb

μνGc
νρÞ2i, where g is the coupling constant of

strong interaction with αS ¼ g2=ð4πÞ and the quark current
Jaμ ¼

P
q̄γμtaq. We use a different notation for local gluon

condensates suggested in [37,109] that includes more
condensates at dimension-eight order. Gluon condensate
of dimension-four and condensates of dimension-six are
defined as follows:

G4 ¼ hTrGμνGμνi; G6
1 ¼ ihTrGλμGμνGνλi;

G6
2 ¼ hTr JμJμi; ð4Þ

where we use compact matrix notationGμν ≡ gGa
μνð0Þta for

the gluon field strength tensor and Jμ ≡ gJaμta for the quark
current. A set of independent dimension-eight gluon con-
densates was found in [110]. Here we use the notation
introduced in [109,111]:

G8
1 ¼ hTrGμνGμνGαβGαβi;

G8
2 ¼ hTrGμνGαβGμνGαβi;

G8
3 ¼ hTrGμαGανGνβGβμi;

G8
4 ¼ hTrGμαGανGμβGβνi;

G8
5 ¼ ihTr JμGμνJνi;

G8
6 ¼ ihTr Jλ½DλGμν; Gμν�i;

G8
7 ¼ hTr JμD2Jμi; ð5Þ

where the condensate G8
7 is defined in a different way as

suggested in [37]. The notation Gi
j specifies the local

condensate of dimension i. The trace is taken in the
fundamental representation with the covariant derivative
Dμ ¼ ∂μ − iAμ and Aμ ¼ gAa

μta.
Applying the expansion Eq. (2) in calculation of OPE

truncated at dimension-eight order, one may encounter 70
tensor condensates formed by the gluon field strength
tensor and its derivatives, e.g., a rank-eight tensor
hTrGμ1μ2Dμ3Gμ4μ5Dμ6Gμ7μ8i. These tensor condensates
can be expressed by 11 scalar local condensates given in
Eqs. (4) and (5) and the various combinations of the metric
tensors. Instead of considering an expansions for various
tensor local condensates, we expand two-, three-, and four-
gluon nonlocal condensates and observe that the 15 out of

21 dimension-eight coefficients, gathered in Tables III–V,
are expressed only by four linear combinations of seven
condensates G8

i (i ¼ 1;…; 7):

G8
12 ¼ G8

1 −G8
2; G8

34 ¼ G8
3 −G8

4;

G8
56 ¼ 4G8

5 −G8
6; G8

67 ¼ 6G8
7 −G8

6: ð6Þ

The remaining dimension-eight terms of gluon NLC
expansions depend on the same seven condensates, see
Eq. (5), in linear combinations different from those given
in Eq. (6).
There are the following relations with common notations:

G4
1 ¼ 2πhαSG2i;

G6
1 ¼ −g2hgG3i=4; G6

2 ¼ g2hJ2i=2;
G8

12 ¼ g4hðfabcGb
μνGc

αβÞ2i=4;
G8

34 ¼ g4hðfabcGb
μνGc

νρÞ2i=4: ð7Þ

The combinationsG8
56,G

8
67 have no commonly used notation.

As we will see in the next subsection, the expansion of
gluon fields provides for NLCs up to dimension eight not
only the gluon condensates G4, G6

1, G
8
12, G

8
34 but also the

four-quark condensate G6
2 and mixed quark-gluon con-

densates G8
5, G

8
6, G

8
7. The quark and mixed quark-gluon

condensates have not been considered in glueball studies,
including [42,43]. In instanton models, these condensates
are equal to zero due to the self-duality of the vacuum gluon
field strength tensor. One may expect that the condensates
G6

2, G
8
5, G

8
6, G

8
7 could give a numerically minor correction

compared to the pure gluon condensates G6
1, G

8
12, G

8
34. In

the general case, these condensates should be included in
the OPE as they could be enhanced by the coefficient
function.
In the next subsection, we present expansions of non-

local gluon condensates in terms of local condensates.
Expanding NLCs at dimension-eight order requires tedious
calculation described in [37]. The obtained expansions are
one of the important results of this work.

A. Two-gluon NLC

The two-gluon NLC expansion was first presented in
dimension-six order [92], where only the collinear part of
the condensate was considered. Later, expansion in the
noncollinear case was obtained in [37] up to dimension-
eight term. The result obtained here is in agreement with
the expansion given in [37]. We suggest using the following
form for two-gluon NLCs:

hTrGμ1ν1ðxÞ½x;y�Gμ2ν2ðyÞ½y;x�i

¼ 1

dðd−1ÞAðμ1;ν1ÞAðμ2;ν2Þ
X8
k¼0

Γkðx;yÞMkðx;yÞ; ð8Þ
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where d is the space dimension, and Wilson’s line ½x; y�
ensures gauge invariance and is defined by the P-ordered
exponent:

½x; y� ¼ P exp

�
ig
Z
Pðx;yÞ

dωμ AμðωÞ
�
:

Here and below we use the operator Aðμ; νÞ for anti-
symmetrization:Aðμ; νÞtμν ≡ tμν − tνμ. The suggested form
of expansion, Eq. (8), is more appropriate for modeling
scalar functions than the one given in [37] and explicitly
displays the symmetries of the condensate with respect to
the Lorentz indices of strength tensors and with respect
to the transformation μ1 ↔ μ2, ν1 ↔ ν2, and x ↔ y related
to the symmetry of gluons field strength tensor permuta-
tions in the condensate.
The new basis leads to simpler expansions of the scalar

functions Mk that are easier for modeling long distance
behavior of NLC. The path Pðx; yÞ is chosen to be a broken
line with apexes at the points x; 0; y; therefore, the links can
be omitted ½x; y� ¼ ½x; 0�½0; y� ¼ 1 due to the gauge con-
dition Eq. (1). The same path will be applied to three-gluon
and four-gluon condensates. The operators of asymmetri-
zaton Aðμ1; ν1Þ allow one to introduce a brief notation for
master tensors:

Γ0ðx; yÞ ¼ gμ1μ2gν1ν2=2;

Γ1ðx; yÞ ¼ ðx − yÞμ1ðx − yÞμ2gν1ν2ðdþ 4Þ−1;
Γ2ðx; yÞ ¼ ðxμ1yμ2 − yμ1xμ2Þgν1ν2 ;
Γ3ðx; yÞ ¼ ðxμ1yμ2 þ yμ1xμ2Þgν1ν2 ;
Γ4ðx; yÞ ¼ Δ · Γ0ðx; yÞ; Δ ¼ x2y2 − ðxyÞ2;
Γ5ðx; yÞ ¼ ðx2yμ1yμ2 þ y2xμ1xμ2

− xyðxμ1yμ2 þ yμ1xμ2ÞÞgν1ν2 ;
Γ6ðx; yÞ ¼ xμ1yν1xμ2yν2 ;

Γ7ðx; yÞ ¼ ðy2Þ2xμ1xμ2gν1ν2 ;
Γ8ðx; yÞ ¼ ðx2Þ2yμ1yμ2gν1ν2 : ð9Þ

The tensor basis, Eq. (9), is sufficient in all orders of
expansion. It has been constructed to have simple expan-
sions for the scalar functionsMiðx; yÞ. The properties of the
introduced tensors Γn are collected in Table I. The table
includes the leading dimension of the corresponding
condensate and the specification of which of the tensors
contributes when one of the gluon coordinates coincides
with the gauge fixing point, x ¼ 0 or y ¼ 0, and when the
coordinates x and y lie on one line with the gauge fixing
point x ¼ ty (collinearity condition). The three tensors Γ0,
Γ1, and Γ6 are the same as in [37]. At dimension-six order,
the tensor Γ2 is the addition to the Γ0, Γ1 tensors considered
in [92]. The tensor Γ4 is introduced to separate the Δ term.
The remaining tensors Γ3 and Γ5 are chosen so that an

expansion of the corresponding scalar functions start from
dimension-eight condensates. The special form of the
tensor Γ5 comes from the gluon field strength tensor
exchange symmetry in the condensate.
The expansions for the introduced scalar functions are

defined in the following way:

M0ðx; yÞ ¼ G4
1 þ

ðx − yÞ2
ðd − 2Þðdþ 2Þ

�
k6;20 þ k6;21

dþ 4

þ
�
k8;20;1 þ

k8;21;1

2ðdþ 4Þ
� ðx − yÞ2

4!

�
þ…; ð10Þ

Miðx; yÞ ¼
1

ðd− 2Þðdþ 2Þ
�
k6;2i þ k8;2i;1 ðx− yÞ2 þ 2k8;2i;2 xy

4!

�

þ…; for i ¼ 1;2;

M3ðx; yÞ ¼
k8;23;1ðx− yÞ2

4!ðd− 2Þðdþ 2Þ þ…;

Miðx; yÞ ¼
2k8;2i;1

4!ðd− 2Þðdþ 2Þðd− 3Þðdþ 1Þ þ…;

for i ¼ 4;5;6; ð11Þ

where the dimension-six coefficients k6;2i and dimension-
eight coefficients k8;2i;j are given in Tables II and III, respec-
tively. The expansion is given for space dimension d.

TABLE I. The properties of the tensors Γnðx; yÞ for the ex-
pansion of the two-gluon NLC. The first row specifies the tensor.
The second row gives the leading dimension of the condensate that
contributes to the tensor. The third row tells us which of the tensors
contribute in the case when one of the gluon coordinates coincides
with the gauge fixing point, e.g., x ¼ 0 or y ¼ 0. The fourth row
demonstrates which of the tensors is nonzero in the collinear case
when the coordinates x and y lying on one line with the gauge
fixing point x ¼ ty.

n 0 1 2 3 4 5 6 7

Dimension 4 6 6 8 8 8 8 8
x ¼ 0 ≠ 0 ≠ 0 0 0 0 0 0 0
x ¼ ty ≠ 0 ≠ 0 0 ≠ 0 0 0 0 0

TABLE II. The dimension-six coefficients k6;2i of two-gluon
scalar function expansions, Eqs. (10) and (11), are given in the
second column with the subscripts i defined in the first column.
The third column presents the coefficients in the case of the space
dimension d ¼ 4.

i k6;2i d ¼ 4

0 −ðdþ 2ÞG6
1 −6G6

1

1 ðdþ 4Þ½−ðd − 4ÞG6
1 − ðd − 2ÞG6

2� −16G6
2

2 −ðdþ 2ÞG6
1 −6G6

1
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The expansions forM7ðx; yÞ,M8ðx; yÞ start from the dimen-
sion-10 condensates. Due to the symmetry concerning gluon
field strength tensor exchange, the following scalar functions
are related M8ðx; yÞ ¼ M7ðy; xÞ.
Note that the two-gluon NLC expansion violates transla-

tional invariance in the FS gauge, since the expansion
depends on the coordinate of the gauge fixing point. The
contributionof the tensorΓ2 starts in dimension-sixorder that
is the leading order (LO) where violation of translational
invariance occurs. The translational invariance of correlators
is restored when all contributions to the coefficient function
of a given dimension are taken into account [92,112].
The main result of Sec. II is NLC expansions. The

expansions are defined by the Lorentz tensors and scalar
functions. The latter are presented in the form of expansion
whose coefficients are linear combinations of the local
condensates. For clarity of expansions, we accumulated the
coefficients in Tables II–V.

B. Three-gluon NLC

The result of the three-gluon nonlocal condensate
expansion up to dimension-eight can be presented by the
rank-six Lorentz tensor and depends on three coordinates:

ihTrGμ1ν1ðx1Þ½x1; x2�Gμ2ν2ðx2Þ½x2; x3�Gμ3ν3ðx3Þ½x3; x1�i

¼ Γðd− 2Þ
Γðdþ 1Þ

�Y3
j

Aðμj; νjÞ
�
1

2

X7
i¼0

AΓðabcÞ
i Miðxa; xb; xcÞ

þ…; ð12Þ

where the index ðabcÞ could be one of the six permutations
of (123) and is used to denote permutations of three sets.
Each of the sets includes two Lorentz indices and one
coordinate: (μ1, ν1, x1), (μ2, ν2, x2), and (μ3, ν3, x3). The
scalar functions are denoted by Mi. The dependence of the

rank-six master Lorentz tensor ΓðabcÞ
i on three coordinates

x1, x2, x3 is implied:

ΓðabcÞ
i Miðxa; xb; xcÞ ¼ Tμaνaμbνbμcνcðxa; xb; xcÞ ¼ TðabcÞ;

where TðabcÞ is short for the rank-six tensor. The operatorA
is introduced to shorten the expression and restore asym-
metry of the condensate with respect to permutations of the
gluon field strength tensors. The operator is defined by the
following antisymmetrization with respect to permutations
of three sets:

ATðabcÞ ¼Tð123Þ−Tð132Þ þTð231Þ−Tð213Þ þTð312Þ−Tð321Þ;

To shorten the expression, we also define the operator of
symmetrization S:

STðabcÞ ¼Tð123Þ þTð132Þ þTð231Þ þTð213Þ þTð312Þ þTð321Þ;

Using the operators S and A makes the expressions eye-
readable and simplifies calculations of OPE. The master

tensors ΓðabcÞ
0 are given as follows: [113]

ΓðabcÞ
0 ¼ gνcμagνaμbgνbμc=3;

ΓðabcÞ
1 ¼ 1

dþ 1
½ðSrðabcÞA Þ þ ðSrðabcÞB =2Þ�ðxcÞρðxaÞσ;

ΓðabcÞ
2 ¼ ½ðxcÞρðxaÞσ − ðxcÞσðxaÞρ�rðabcÞA ;

ΓðabcÞ
3 ¼ ðxcÞρðxaÞσrðabcÞB ;

ΓðabcÞ
4 ¼ ½ðArðabcÞA Þ − ðSrðabcÞB =2Þ�ðxcÞρðxaÞσ;

ΓðabcÞ
5 ¼ ½ðxcÞρðxaÞσ þ ðxcÞσðxaÞρ�rðabcÞA ;

ΓðabcÞ
6 ¼ ðxbÞρðxbÞσrðabcÞA ;

ΓðabcÞ
7 ¼ ½ðxaÞρðxaÞσ þ ðxbÞρðxbÞσ þ ðxcÞρðxcÞσ�rðabcÞA ;

rðabcÞA ¼ gνcρgσμagνaμbgνbμc ;

rðabcÞB ¼ gμaμcgνaνcgμbρgνbσ: ð13Þ

TABLE III. Expressions for the dimension-eight coefficients k8;2i;j of two-gluon condensate expansions are given in
the second column with the subscripts i, j given in the first column. In the third column, the coefficients in the case
of gluodynamics in space dimension d ¼ 4 are given. The last column presents the coefficients when the vacuum
gluon field strength tensor is (anti-)self-dual G̃a

μν ≡ iϵμναβGaαβ=2 ¼ �Ga
μν.

i, j k8;2i;j d ¼ 4, J ¼ 0 Self-dual

0,1 2G8
12 þ 11G8

34 − 3G8
56 2G8

12 þ 11G8
34 15G8

34

1,1 2ððd − 6ÞG8
12 þ ð13d − 48ÞG8

34 − 6ðd − 3ÞG8
56 − ðd − 2ÞG8

67Þ −4ðG8
12 − 2G8

34Þ 0
1,2 ðdþ 4ÞðG8

12 − 2G8
34 þ G8

56Þ 8ðG8
12 − 2G8

34Þ 0
2,1 3G8

12 þ 24G8
34 − 7G8

56 3ðG8
12 þ 8G8

34Þ 30G8
34

2,2 3G8
34 − G8

56 3G8
34 3G8

34

3,1 −G8
12 þ 2G8

34 − G8
56 2G8

34 −G8
12 0

4,1 2ðd − 3Þðd − 2ÞG8
6 þ ð7 − 3dÞdG8

12 þ 4ðdþ 3ÞG8
34 −4ð5G8

12 − 7G8
34Þ −12G8

34

5,1 2ðd − 3Þðd − 2ÞG8
6 − ððd − 6Þdþ 3ÞG8

12 − ðdðdþ 6Þ − 3ÞG8
34 5G8

12 − 37G8
34 −27G8

34

6,1 6ððd − 1Þ2G8
34 þ ðd − 3Þðd − 2ÞG8

6 þ ðd − 4ÞG8
12Þ 54G8

34 54G8
34
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The choice for the tensors has been motivated by the
simplicity of the scalar function expansions considered up
to dimension-eight order:

M0ðx; y; zÞ ¼ G6
1 þ

k8;30

8ðd − 3Þðdþ 2Þ

·
ðy − xÞ2 þ ðx − zÞ2 þ ðz − yÞ2

4
þ…;

Miðx; y; zÞ ¼
k8;3i

8ðd − 3Þðdþ 2Þ þ…; for i ≥ 1; ð14Þ

where the coefficients k8;3i are collected in Table IV. The
same as in the two-gluon case, the gauge link path is a
broken line with apex at the gauge fixing point; therefore,
the link can be omitted ½x; y� ¼ ½x; 0�½0; y� ¼ 1 due to the
gauge condition, Eq. (1). Note that only the C-even part
contributes in Eq. (12):

hTrGμ1ν1ðxÞGμ2ν2ðyÞGμ3ν3ðzÞi

¼ 1

2
hTrGμ1ν1ðxÞ½Gμ2ν2ðyÞ; Gμ3ν3ðzÞ�i;

while the C-odd contribution is equal to zero

hTrGμ1ν1ðxÞfGμ2ν2ðyÞ; Gμ3ν3ðzÞgi ¼ 0;

which is explicitly confirmed by the obtained expansion,
Eq. (12), up to dimension-eight order. The C-parity causes
antisymmetrization of the condensate with respect to
permutations of the gluon field strength tensors in three-
gluon NLC.

C. Four-gluon NLC

We present the four-gluon condensate in the following
form [114]:

hTr ðGμ1ν1ðx1ÞGμ2ν2ðx2ÞGμ3ν3ðx3ÞGμ4ν4ðx4ÞÞi

¼ Γðd − 3Þ
Γðdþ 3Þ

�Y4
n¼1

Aðμn; νnÞ
�

×
X4
m¼1

ΓmMmðx1; x2; x3; x4Þ þ…; ð15Þ

where Mm are the scalar functions and Γm are the Lorentz
tensors that contribute starting with the leading dimension-
eight order. The four-gluon condensate is symmetric with
respect to cyclic permutations of the gluon field strength
tensors and the reflection of their order in the trace. To
respect these symmetries, the scalar functions Mm should
be invariant to cyclic permutations of the arguments
ðx1; x2; x3; x4Þ and the reflection of their order:

Mmðx1; x2;x3; x4Þ ¼ k8;4m þamðx21þ x22þ x23þ x24Þ
þbmðx1 · x2þ x2 · x3þ x3 · x4þ x4 · x1Þ
þ cmðx1 · x3þ x2 · x4Þþ � � � :

The leading order terms k8;4m are given in Table V in terms of
the dimension-eight local condensates. The dimension-10
order coefficients am, bm, and cm are not considered here,
as we work in dimension-eight order. The Lorentz tensors
respect the discussed symmetry due to antisymmetrization
of four pairs of indices μnνn, n ¼ 1, 2, 3, 4:

Γ1 ¼ rð1234ÞA ; Γ2 ¼ rð1234ÞA þ rð2314ÞA þ rð3124ÞA ;

Γ3 ¼ rð1234ÞB ; Γ4 ¼ rð1234ÞB þ rð2314ÞB þ rð3124ÞB ;

rðijklÞA ¼ gνkμlgνlμigνiμjgνjμk ;

rðijklÞB ¼ gμiμkgνiνkgμjμlgνjνl=4: ð16Þ

The considered vacuum expectation corresponds to
the general case hGa1

μ1ν1G
a2
μ2ν2G

a3
μ3ν3G

a4
μ4ν4i condensate that

TABLE IV. Expressions for the dimension-eight coefficients k8;3i of the three-gluon condensate expansions are
given in the second column with the subscript i given in the first column. In the third column, the coefficients in the
case of gluodynamics in space dimension d ¼ 4 are given. The last column presents the coefficients when the
vacuum gluon field strength tensor is (anti-)self-dual G̃a

μν ≡ iϵμναβGaαβ=2 ¼ �Ga
μν.

i k8;3i d ¼ 4, J ¼ 0 Self-dual

0 4ðG8
12 − 4ðd − 2ÞG8

34 þ ðd − 3ÞG8
56Þ 4ðG8

12 − 8G8
34Þ −24G8

34

1 −2ðd − 3Þðd − 2ÞG8
6 þ ðd − 4Þðd − 1ÞG8

12 þ 4ðd − 1ÞG8
34 12G8

34 12G8
34

2 4G8
12 − 4ðdþ 1ÞG8

34 4ðG8
12 − 5G8

34Þ −12G8
34

3 2ðd − 2ÞG8
12 − 8G8

34 4ðG8
12 − 2G8

34Þ 0
4 ðd − 2ÞG8

12 − 4G8
34 2ðG8

12 − 2G8
34Þ 0

5 −2ðd − 3ÞðG8
12 − 2G8

34 þ G8
56Þ −2ðG8

12 − 2G8
34Þ 0

6 −2ðd − 3ÞðG8
12 − 2G8

34 þ G8
56Þ −2ðG8

12 − 2G8
34Þ 0

7 −2ð2ðd − 5ÞG8
34 − ðd − 3ÞG8

56 þ G8
12Þ −2ðG8

12 − 2G8
34Þ 0
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is contracted with the color tensor Tr ta1ta2ta3ta4, where ai
are the color labels (i.e., group index) of the gluon field
strength tensors. This expansion can be used for calculating
OPE of the quark fields correlators. From the obtained
expression (15) we can extract the expansion of the four-
gluon condensate hGa1

μ1ν1G
a2
μ2ν2G

a3
μ3ν3G

a4
μ4ν4i contracted with

the color tensor fba1a2fba3a4, which is useful for OPE
calculations related to glueball states:

hTr ð½Gμ1ν1 ; Gμ2ν2 �½Gμ3ν3 ; Gμ4ν4 �Þi

¼ Γðd − 3Þ
Γðdþ 3Þ

�Y4
j¼1

Aðμj; νjÞ
�X2

i¼1

Γ̃iM̃i;

Γ̃1 ¼ ðrð1234ÞA − rð3124ÞA Þ; Γ̃2 ¼ ðrð1234ÞB − rð3124ÞB Þ;
M̃1 ¼ 2k8;41 ; M̃2 ¼ 2k8;43 ; ð17Þ

where Gμν ≡ gGa
μνð0Þta, the tensors rAi , r

B
i are defined in

(16), and the coefficients k8;41 and k8;43 are given in Table V.
The expansion (17) coincides with the one given in [45].

III. USAGE OF GLUON NLC EXPANSIONS

In the previous section, we obtained two-, three-, and
four-gluon NLC expansions in the FS gauge. This section is
dedicated to a discussion of the practical importance of the
obtained expansions. The usual way of OPE calculations
includes applying the Taylor expansion of vacuum fields,
see Eq. (2). In the case of gluon condensates, the Taylor
expansion in mass dimension-D order leads to intermediate
expressions in the form of the rang-D tensor. In dimension-
eight order of OPE, there are 70 tensor condensates formed
by the gluon field strength tensor and its derivatives, e.g.,
hTrGμ1μ2Dμ3Gμ4μ5Dμ6Gμ7μ8i. The tensor expansion of these
condensates leads to an expression defined by 11 scalar
local condensates given in Eqs. (4) and (5).
Using NLC expansions causes a significant reduction of

computational work by jumping over the Taylor and tensor
expansions. As we will see in the next subsection, the
application of NLC expansions is especially efficient in the
OPE of a vacuum correlator for the currents with the gluon
field strength tensor, such as currents of glueball and hybrid
states [54,115–132].

In the QCD SR approach, the correlator OPE serves as a
source of information on hadron parameters. The OPE of
vacuum correlator Π based on the dimension-D truncated
NLC expansions is the same as OPE defined by the local
condensates up to dimension-D order:

Π ¼ Πpert þ
XND

i¼1

ΠNLC−i ¼ Πpert þ
XD
j¼3

Πj; ð18Þ

where Πpert is the perturbative contribution, Πj is the
nonperturbative contribution [133] of dimension j, and
ΠNLC−i is the ith NLC contribution. The number of NLC-
based diagrams that contribute to dimension D is denoted
by ND. Equation (18) reflects the idea of the OPE
rearrangement in terms of NLCs.
The NLC expansion can be widely applied due to its

universality. The usage of NLC expansions is demonstrated
by the vacuum correlators of two-gluon and three-gluon
glueball currents with quantum numbers 0�þ. The dis-
cussion below is given in general terms, while the technical
details are placed in the Appendices. In particular, the
full set of Feynman rules needed for such calculations is
presented in Appendix A, while Appendix B provides the
detailed calculation of one of the contributions to OPE of
the glueball current correlators.
Before considering these applications, we want to refresh

some aspects of OPE calculations [9,37] in the next
subsection. We cover aspects of the background approach
[134–136] related to glueball studies and the gluon propa-
gator and its precalculated expansions in the background
gluon field.

A. Background field approach

In the background field approach, the total gluon field is
considered as a compound of two fields Āa

μ ¼ Aa
μ þ aaμ: the

perturbative quantum gluon field aaμ and background field
Aa
μ. To keep the gluon propagator of the quantum field aaμ in

Feynman gauge form, one should add the generalization
gauge fixing term ðDμaaμÞ2=ð−2Þ to the Lagrangian that
causes modification of the interaction between background
and quantum fields. In Fig. 7, we provide the Feynman
rules for vertices of quantum gluon field interaction with

TABLE V. Expressions for the dimension-eight coefficients k8;4i of the four-gluon condensate expansion are given
in the second column with the subscript i given in the first column. In the third column, the coefficients in the case of
gluodynamics in space dimension d ¼ 4 are given. The last column presents the coefficients when the vacuum gluon
field strength tensor is (anti-)self-dual G̃a

μν ≡ iϵμναβGaαβ=2 ¼ �Ga
μν.

i k8;4i d ¼ 4, J ¼ 0 Self-dual

1 ðdþ 1Þ½ðdþ 1ÞG8
34 − G8

12� −5ðG8
12 − 5G8

34Þ 15G8
34

2 ðd2 þ 3ÞG8
4 þ ð1 − dÞG8

1 − dG8
2 þ ð1 − dÞG8

3 −3G8
1 − 4G8

2 − 3G8
3 þ 19G8

4 −3ðG8
1 þ G8

34Þ
3 −ðdþ 1Þ½ðd − 2ÞG8

12 − 4G8
34� −10ðG8

12 − 2G8
34Þ 0

4 ðd2 − dþ 2ÞG8
1 − 4dG8

3 − 4ðd − 1ÞG8
4 þ 2G8

2 2ð7G8
1 þG8

2 − 8G8
3 − 6G8

4Þ 9G8
1 − 6G8

34
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background fields for the case of three- and four-gluon
vertices where two fields are quantum and the rest are
background fields. Using these rules, one obtains expan-
sion of the gluon propagator D in the external field up to
dimension-four order:

−iDðpÞ ¼ −iD0 þ ð−iÞ2D0V1D0

þ 2

2!
ð−iÞ3D0V1D0V1D0

þ ð−iÞ2D0V2D0 þ…;

where D0 is the free propagator, V1 and V2 are the vertices
of interaction between quantum field and background field.
Definitions and graphical notations of vertices are given in
Fig. 7. The gluon propagator can be expressed by four
terms given in graphical form in Fig. 1:

DαβðpÞ ¼ i
Z

d4 x eipxhTfaαðxÞaβð0Þgi;

¼ D0αβ þD1αβ þD21αβ þD22αβ þ…: ð19Þ

Note that there is an additional diagram for the third term
D21 that gives combinatoric factor of 2. The gluon
propagator expansion was obtained in [137] (see also
[9,37]). For reader’s convenience, we present the result
for each term

D0αβ ¼
1

p2
δαβ;

D1αβ ¼
2Gαβ

p4
þ 1

p6

�
2

3
ipμJμδαβ þ 4ipλDλGαβ

�

þ 1

p8
½−2pλDλpμJμδαβ − 2ð4ðpλDλÞ2−p2D2ÞGαβ�

þΔD1αβ;

D21αβ ¼
4

p6
GαλGλβ;

D22αβ ¼
δαβ
2p8

ðp2GμνGμνþ 4pμGμλGλνpνÞ−ΔD1αβ;

ΔD1αβ ¼
1

p8
ðp2½Gαμ;Gμβ� þ 2pμpν½Gαμ;Gβν�Þ; ð20Þ

where we use compact matrix notation for the field strength
tensorG¼Gac¼gfabcGb and the current J¼Jac¼gfabcJb.

The glueball and hybrid state currents include the gluon
field strength tensor. For such currents, the correlator OPE
has terms that depend on the modified propagator with
fields derivatives:

Dαβ;μνðpÞ¼ i
Z

d4xeipxhTf∂μaαðxÞ∂νaβð0Þgi;

¼gαβqμqν
q2

þ2qμqνGαβ

q4
−
gαβqμqρGνρ

q4
þ…: ð21Þ

The first two terms can be easily obtained from propa-
gator’s expansion given in Eq. (19), while the third term is
additional and related to the derivative of the quantum
field aβð0Þ. Therefore, in glueball and hybrid-related
studies within QCD SR, one needs to calculate additional
background field corrections compared to those given
in Eq. (19).
The usage of NLCs truncated series allows the calcu-

lation of all background field corrections to the final
expression for the correlator OPE without applying the
gluon propagator expansion. This approach to perform
OPE appears especially useful for C-odd glueball studies
[79–81], where the glueball currents include high deriva-
tives of the gluon field strength tensor. The suggested
approach can be widely applied due to the universality of
NLC expansions. In the next subsections, we demonstrate
the application of the approach to OPE of glueball current
correlators.

B. Two-gluon 0�+ glueballs

QCD SR for glueballs were first considered in [42,43] by
evaluating the correlator

ΠPðqÞ ¼ i
Z

d4 x eiqxhTfJP2 ð0ÞJP†2 ðxÞgi ð22Þ

of the two-gluon current for the scalar 0þþ and pseudo-
scalar 0−þ glueball states:

JP2 ðxÞ ¼ αSδ
a1a2TP

μ1ν1μ2ν2G
a1
μ1ν1ðxÞGa2

μ2ν2ðxÞ; ð23Þ

where rank-4 Lorentz tensors Tþ
μ1ν1μ2ν2 ≡ gμ1μ2gν1ν2 and

T−
μ1ν1μ2ν2 ≡ iϵμ1ν1μ2ν2=2 specify the parity P ¼ �. The

OPE of the correlator can be presented as

ΠPðqÞ ¼ ΠP
LO þ ΠP

4 þ ΠP
6 þ ΠP

8 þ � � � ; ð24Þ

FIG. 1. Contributions to the gluon propagator in the external fields, Eq. (19).
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where ΠP
LO is the leading order perturbative contibution,

and the nonperturbative corrections ΠP
n include only con-

densates with even dimension if we do not consider a
radiative correction. This OPE was calculated in [42,43] up
to dimension-eight where only gluon condensates were
taken into account. The radiative correction to the dimen-
sion-four and dimension-six gluon condensate terms was
obtained in [88–90].
We rearrange the contributions to OPE in Eq. (24), by

collecting terms arising from one NLC and a specific hard
part of the diagram

ΠPðqÞ ¼ ΠP
LO þ

X5
i¼0

ΠP
NLC−i þ � � � ; ð25Þ

where ΠP
NLC−i is one of the six NLC groups of OPE

contributions to ΠPðqÞ that provide contribution to the
dimension-eight condensates or lower dimension terms.
Each group ΠP

NLC−i is depicted by one diagram in Figs. 2
and 3. The NLCs that have dimensions higher than eight are
not considered in our work. The crosses on the figures
specify the background field and the blob around the
crosses denotes NLC. There are two types of lines: the
single line represents gluon fields; the double line depicts
the gluon field strength tensor. The red color and the cross
at the end of the line denote the soft part that forms a
vacuum condensate. The blue color of the line denotes the

hard part of the diagram. For condensates with a gluon
fields (single red line with the cross at the end), we apply
Eq. (3) to express the term through obtained NLCs
expansions. The Feynman rules for the diagrams are given
in Appendix A.
The first diagram in Fig. 2 is the LO perturbative

contribution, while the second diagram could contribute
from dimension-four to higher dimensions. The OPE for
the third and fourth diagrams in Fig. 2 starts from
dimension-six terms. The diagrams that contribute starting
from dimension-eight condensates are presented in Fig. 3.
Since we do not consider higher dimension, the diagrams in
Fig. 3 could be considered in both forms: either as local
condensates or as NLCwhere only the leading term is taken
into account. In any case, using the leading terms of the
expansion, Eq. (15), is useful, as it is presented in the form
of the product of local scalar condensates and Lorentz
tensors.
We use the NLCs and their expansions to obtain non-

perturbative contributions to OPE:

Π�
4 ¼ �4αShαSG2i;

Π�
6 ¼ 8α2S

Q2

�
�hgG3i þ 1

3
hJ2i

�
;

Π�
8 ¼ 2αS

πQ4
ð2G8

34 −G8
12 � 12G8

34 �G8
56Þ; ð26Þ

(a) (b) (c) (d)

FIG. 2. Diagrams for the LO perturbative term (the first diagram) and nonperturbative contributions to the correlator. The expansions
of the depicted terms start from dimension-four condensate (hG2i for the second diagram) and dimension-six (hG3i for the third and the
fourth diagrams). NLC is represented by crosses that denote vacuum gluon fields (single line) or vacuum gluon field strength tensors
(double line). The Feynman rules for the elements of the diagrams are given in Appendix A.

(e) (f) (g)

FIG. 3. Diagrammatic representation of three groups of nonperturbative contributions to the correlator ΠPðqÞ OPE that starts from
dimension-eight order. The Feynman rules for the elements of the diagrams are given in Appendix A.
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where the notation for dimension-eight condensates G8
i can

be found in Eqs. (5) and (6), and Q2 ¼ −q2. Our result
agrees with [42,43] and provides additional contributions:
dimension-six four-quark condensate hJ2i and dimension-
eight mixed quark-gluon condensates G8

56. They were
omitted in earlier studies [42,43] as they were expected
to give a minor contribution. The details and procedures of
calculation can be found in Appendices A and B. There, the
contributions from each diagram are given for dimension-
six and dimension-eight orders. The case of applying the
NLC expansion is discussed in detail in Appendix B using
the example of Fig. 2(d).

C. Three-gluon 0�+ glueballs

Here we revisit OPE of the correlator used for QCD SR
for the three-gluon 0�þ glueballs [44,45]:

Π̃�ðqÞ ¼ i
Z

d4 x eiqxhTfJ�3 ðxÞJ†�3 ð0Þgi;

¼ Π̃LOðQ2Þ þ
X5
k¼1

Π̃�
k ðQ2Þ þ � � � ; ð27Þ

where the subscript k numerates the NLC-based terms Π̃�
k

and the currents are defined as follows:

Jþ3 ðxÞ ¼ g3sfabcGa
μνðxÞGb

νρðxÞGc
ρμðxÞ;

J−3 ðxÞ ¼ g3sfabcG̃
a
μνðxÞG̃b

νρðxÞG̃c
ρμðxÞ; ð28Þ

where the dual tensor G̃a
μν ¼ iϵμναβGa

αβ=2. We suggest
another identical expression for a negative parity current
that is easier in use:

J−3 ðxÞ ¼ g3sfabcGa
μνðxÞGb

νρðxÞG̃c
ρμðxÞ: ð29Þ

Note that any other similar construction of gluon field
strength tensors and dual tensors will be identical to J�3 , see
discussion in [79], where the currents were constructed
using helicity formalism. We recalculated the leading
perturbative term, the dimension-four and the dimension-
six terms of OPE for two current correlators. The leading
perturbative term Π̃LOðQ2Þ is depicted by the first diagram

in Fig. 4, the dimension-four term comes only from the
second diagram in Fig. 4. Apart from the first diagram, all
diagrams presented in Fig. 4 contribute to the dimension-
six terms and terms of higher dimensions. Using expan-
sions of NLCs, we got the following result for contributions
to OPE in dimension-six order:

Π̃LOðQ2Þ ¼ −
N2

cCF

5 · 8
α3sQ8 ln

Q2

μ2
;

Π̃�
1 ðQ2Þ ¼ �6πNcα

2
sQ4hαsG2i

− 6πNfCFα
3
shq̄qi2Q2 ln

Q2

μ2
;

Π̃�
2 ðQ2Þ ¼ ∓ð9=4ÞNcα

2
shg3G3iQ2;

Π̃�
3 ðQ2Þ ¼ �5ð9=4ÞNcα

2
shg3G3iQ2;

Π̃�
4 ðQ2Þ ¼ ∓9Ncα

2
shg3G3iQ2 ln

Q2

μ2
;

Π̃�
5 ðQ2Þ ¼ −Π̃�

4 ðQ2Þ; ð30Þ

where μ is the renormalization scale, Nc is the number of
colors, Nf is the number of flavors, and CF is the Casimir
operator in the fundamental representation. Our result has
the same properties as the results in [42,43,81]. Namely, the
dimension-four and dimension-six gluon condensate terms
have the same absolute value for both parities but different
signs. The dimension-eight terms are expected to have the
same property but only for the case of (anti-)self-dual gluon
fields that can also be observed in the results for other
glueball states [42,43,79].
For the three-gluon 0þþ glueball, our expression for the

dimension-four term hαsG2i agrees with [44]; the dimen-
sion-six term, however, differs from [44]. In the case of the
0−þ glueball, our result for the dimension-four contribution
is the same in absolute value but has the opposite sign
compared to [45]. The dimension-six terms have partial
correspondence and partial agreement with the terms given
in [45]. Note that we take into account not only the first
term of expansion but all necessary terms, Eq. (2), for
the gluon field and its strength tensor; this causes a
difference for the Π̃−

1 contribution. The difference for the
Π̃−

3 term, denoted by diagram (d) in Fig. 4, arises from the

(a) (b) (c) (d) (e) (f)

FIG. 4. The diagrams representing the LO perturbative term, dimension-four and dimension-six contributions to the correlator OPE of
three-gluon currents. Each term is given by Π̃�

k where k is the number given below the diagram. The Feynman rules for the elements of
the diagrams are given in Appendix A.
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gauge-fixing term that makes the background field vertex
different from the quantum three-gluon vertex, see Fig. 7.
The diagram (f) term Π̃−

5 seems to be omitted in [45]. The
Π̃−

2 and Π̃−
4 contributions are the same as in [45].

IV. CONCLUSIONS

In this work, we have developed a new scheme to
calculate OPE of vacuum correlators. We suggest using
precalculated expansions for NLC as intermediate to
simplify calculations, where the final results for OPE are
given by truncated series that include only local conden-
sates up to dimension eight. This way of using NLCs is
different from the standard applications [38–40], where
condensates are considered in nonlocal form and correla-
tor’s OPE is partially resummed. Using the procedures
elaborated in [9,37], we have obtained the full set of NLC
expansions needed for calculations of gluon condensate
contributions to correlators OPE up to dimension-eight
order.
The background field approach is revisited for OPE of

glueball correlators. We discuss some calculation issues
which are crucial for hadron parameter evaluation within
QCD SR: (i) one of the issues is the misusing of
perturbative gluon vertices that differ from the vertices
for interaction of the vacuum gluon with the quantum gluon
field due to the gauge fixing term; (ii) another problem
could be caused by using the incomplete Taylor expansion,
Eq. (2)—all vacuum gluon fields and vacuum gluon field
strength tensors should be expanded up to the order that
could contribute to the final expression of OPE in goal
dimension order; (iii) the third issue is related to the gluon
propagator expansion in the background field. The pre-
calculated expressions for propagator in momentum space,
Eq. (19), could not give a full answer when the calculation
of the coefficient function requires a derivative of the
propagator in the configuration space, as in the case of
glueball current correlators [9]. In the light of discussed
issues and obtained results, the glueball QCD SRs need
reconsideration.
The usage of NLC expansions avoids the above prob-

lems and can be a good alternative to using precalculated
expansion of the propagator in the background field. The
derived NLC expansions are universal and can be used in
various applications. Although, only gluon condensates
and their applications are considered here, the same scheme
is applicable for quark and quark-gluon NLCs. We provide
the scheme for applying the NLC expansions and demon-
strate it on four correlators used in glueball state studies.
Using NLC expansions, we confirm OPEs [42,43] for two-
gluon 0�þ glueball currents and calculate additional con-
tributions coming from the dimension-six four-quark
condensate hJ2i and dimension-eight mixed quark-gluon
condensates hTr JμGμνJνi and hTr Jλ½DλGμν; Gμν�i. The
OPE used for the three-gluon 0�þ glueballs [44,45] are

revisited up to dimension-6 order, and the corrected
expressions are provided.
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APPENDIX A: FEYNMAN RULES

In this appendix, the mathematical notation for the
diagrams depicted in Sec. III are given. The right and left
shaded blobs in the diagrams shown in Figs. 2–4 represent
the glueball currents with the Feynman rules provided in
Fig. 6. The gluon field strength tensor Ḡa

μν in the glueball
currents has contributions from two components of the
gluon field Āa

μ ¼ Aa
μ þ aaμ, the perturbative quantum gluon

field aaμ, and the background field Aa
μ:

Ḡa
μνðxÞ ¼ Ga

μνðxÞ þ gfabcðAb
μðxÞacνðxÞ − Ab

νðxÞacμðxÞÞ
þ gfabcabμðxÞacνðxÞ þ ð∂μaaνðxÞ − ∂νaaμðxÞÞ;

where Ga
μνðxÞ is the vacuum gluon field strength tensor.

The graphical notation for these contributions is shown in
Fig. 5. There are two types of lines: the single line
represents gluon fields; the double line depicts the gluon
field strength tensor. The red color and the cross at the end
of the line denote the soft part that forms a vacuum
condensate. The blue color of the line denotes the hard
part of the diagram. The non-Abelian part of the gluon field
strength tensor contributes to Figs. 2(c) and 3(e), where one
of the gluon fields goes to the vacuum and the other field
becomes part of the gluon propagator.
The graphic notation and definitions for the vertices of

the quantum field and background field interactions are
provided in Fig. 7. The vertices are given in terms of the
operators of the vacuum gluon field and its strength tensor
at the point of interaction. These operators become part of
NLCs. Otherwise, these operators need to be expanded to
the Taylor series, Eq. (2).
Calculation in the configuration space requires integra-

tion over the coordinates of interaction points, see, for
example, Figs. 3(e)–3(g). We consider differentiating easier
than integrating; therefore, we work in the momentum

FIG. 5. The diagrammatic representation for the terms of the
gluon field strength tensor in the glueball current. The double red
line is used for the vacuum gluon field strength tensor Ga

μν. The
single red line with the cross at the end denotes the vacuum gluon
field. The single blue line denotes the quantum gluon field. The
blue lines are part of the coefficient function and the red lines
form a condensate.
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representation with the following definition for the coor-
dinates that appear in the obtained expansion of nonlocal
condensates. For the coordinate x, where one of the
currents in the correlator is located, we have

xρ1xρ2…xρn →
∂

i∂qρ1

∂

i∂qρ2
…

∂

i∂qρn
: ðA1Þ

For any arbitrary coordinate y in NLC expansion differing
from x we apply

yρ1yρ2…yρk →
Z

d4 le−ily
�

∂

i∂lρ1

∂

i∂lρ2
…

∂

i∂lρk
δ4ðlÞ

�
; ðA2Þ

where additional coordinate y is a point of interaction with
the background field and l is auxiliary momentum running
from point 0 to y.
The general procedure for OPE calculation in our

approach is the following. Using Wick’s theorem, we obtain
all possible contributions and depict the corresponding
Feynman diagrams. We do not perform Taylor and tensor

expansions of the vacuum fields, but use NLC expansions to
get a truncated OPE. As the next step, we apply the
following Feynman rules and expressions to the background
field vertices, Fig. 7; current vertices for the two-gluon
glueball, Fig. 6; two-gluon NLC expansion, Eq. (8); three-
gluon NLC expansion, Eq. (12); four-gluon NLC expan-
sion, Esq. (15) and (17); coordinates from NLC expansions,
Eqs. (A1) and (A2); and free gluon propagator (without
background field corrections).

APPENDIX B: EXAMPLE OF
NLC-BASED CALCULATION

In this section, we provide the technical details of the
OPE calculation of the glueball current correlator ΠPðqÞ,
Eq. (22), based on grouping the contributions in NLCs and
using precalculated expressions for NLC expansions. As an
example, the Π�

NLC−2 term depicted in Fig. 2(d) is consid-
ered. Applying the Feynman rules given in Appendix A,
we have

FIG. 6. The Feynman rules for contributions to glueball current vertices in the momentum representation. The single line represents
the gluon field, while the double line depicts the gluon field strength tensor. The cross at the end of the single or double line tells that the
given gluon field goes to vacuum and the field is part of a condensate. The explicit expression for short notation of rank-four Lorentz
tensor TP

μ1ν1μ2ν2 can be found below in the text, see also discussion in Sec. III B.

FIG. 7. The Feynman rules for the background field vertices. We use the following matrix notation for the vacuum gluon field
Aab
μ ¼ gfacbAc

μðyÞ and its strength tensor Gab
μν ¼ gfacbGc

μνðyÞ, where y is the interaction point.
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Π�
NLC−2 ¼ i4hGa2

μ2ν2ð0ÞVc1c2
1ρ1ρ2

ðyÞGb2
α2β2

ðxÞi

·
gν̄1ρ2δ

a1c2

iðq − lÞ2 ·
gβ̄1ρ1δ

c1b1

iq2

· αSδa1a2T�
μνAðμ1; ν1Þiðq − lÞμ1gν1ν̄1

· αSδb1b2T�
αβAðα1; β1Þið−qα1Þgβ1β̄1 ; ðB1Þ

where expression is given in the form of the product of
NLC, two propagators and two glueball vertices. The
tensors Tþ

μν ≡ gμ1μ2gν1ν2 , and T−
μν ≡ iϵμ1ν1μ2ν2=2 define the

glueball current.
The expression for the correlator is given in the

momentum space where the coordinates x and y are
considered as differential operators defined in Eqs. (A1)
and (A2). Next, we consider the example of the application
of these operators. The condensate part is given by

hGa
μ2ν2ð0ÞAb

ρ3ðyÞGc
α2β2

ðxÞi

¼ yρ0

Z
1

0

dt thGa
μ2ν2ð0ÞGb

ρ0ρ3ðtyÞGc
α2β2

ðxÞi;

¼ yρ0
2

hGa
μ2ν2ð0ÞGb

ρ0ρ3ð0ÞGc
α2β2

ð0Þi þ…; ðB2Þ

where, in the third line, we keep only the leading term in the
expansion of the gluon field to demonstrate the calculation
of the dimension-six term. Then, for leading order, we
replace the condensate by its expansion, Eq. (12), and
replace the coordinates by their representations in the
momentum space, Eq. (A2), which takes a shorter form
here

yρ →
Z

d4 l e−ily
∂

i∂lρ
δ4ðlÞ: ðB3Þ

To consider the next term that has dimension-8, we apply
the three-gluon NLC expansion given in Eq. (12). One
could choose not to use the NLC expansion, then one
should take the first three terms of Taylor expansion, see
Eq. (2), for all gluon field strength tensors in Eq. (B2).
Applying Eq. (3) and the expansion of the three-gluon

NLC given in Eq. (12), one gets

Π�
NLC−2 ¼

−αS
6π

T�
μ1ν1μ2ν2T

�
α1β1α2β2

Aðμ1;ν1ÞAðμ2;ν2Þ
×Aðα1;β1ÞAðα2;β2ÞAðρ0;ρ3Þ

×
Z

1

0

dt

�
1

2
A
X7
i¼0

ΓðabcÞ
i Miðxa; xb; xcÞ

�

· ð−ityρ0V1β1ν1ρ3ð−q;q− l; lÞ− gρ0β1gρ3ν1δðt− 1ÞÞ

·
qα1ðq− lÞμ1
q2ðq− lÞ2 ; ðB4Þ

where part of the background field vertex is given by

V1α1α2α3ðk1; k2; k3Þ ¼ gα1α2ðk1 − k2Þα3 − gα1α3ðk1 − k2Þα2
þ gα2α3ðk1 − k2Þα1 ; ðB5Þ

and the coordinates of the scalar functions and tensors are
x1 ¼ 0, x2 ¼ yt, x3 ¼ x. The master tensors Γi carry the
Lorentz indices μ2ν2α2β2ρ0ρ3, see Eq. (13). From Eq. (B4)
one gets

Π�
NLC−2¼�12α2ShgG3i

Q2

þ 2αS
3πQ4

ð∓12G8
34�3G8

56þ2G8
34−G8

12Þ: ðB6Þ

The OPE of the scalar and pseudoscalar glueballs current
correlator Π�, defined in Eq. (22), is given by the sum of
NLC-based terms Π�

NLC−k depicted in Figs. 2 and 3. We
denote the dimension-n contribution of the given NLC-
based diagram by Π�

nk and consider the contributions up to
dimension-eight order:

Π�
NLC−k ¼

X8
n¼dk

Π�
nk; ðB7Þ

where dk is the dimension of the kth NLC-based term. Only
diagram (b) in Fig. 2 contributes to leading dimension four:

Π�
4 ¼ Π�

40 ¼ �4αShαSG2i: ðB8Þ

There are three diagrams that contribute to dimension-six
order:

TABLE VI. The dimension-eight contribution to each diagram
Π�

8k, where k is number of the diagram, as depicted in Figs. 2 and
3, see Eq. (B10).

k Πþ
8k Π−

8k

0 Oðd − 4Þ Oðd − 4Þ
1 Oðd − 4Þ Oðd − 4Þ
2 − 1

3
ðG8

12 þ 10G8
34 − 3G8

56Þ − 1
3
ðG8

12 − 14G8
34 þ 3G8

56Þ
3 Oðd − 4Þ Oðd − 4Þ
4 18G8

34 −G8
12 − 16G8

34

5 −2ðG8
12 þG8

34Þ=3 ðG8
12 þ 4G8

34Þ=3
Sum 14G8

34 − G8
12 þG8

56 −ð10G8
34 þ G8

12 þ G8
56Þ
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Π�
6 ¼

X2
k¼0

Π�
6k ¼

8α2S
Q2

�
�hgG3i þ 1

3
hJ2i

�
;

Π�
60 ¼

8α2S
3Q2

hJ2i; Π�
61 ¼ ∓ 4α2ShgG3i

Q2
;

Π�
62 ¼ � 12α2ShgG3i

Q2
: ðB9Þ

All considered diagrams can contribute to dimension-eight
order:

Π�
8 ¼ 2αS

πQ4

X5
k¼0

Π�
8k;

¼ 2αS
πQ4

ð2G8
34 −G8

12 � 12G8
34 � G8

56Þ; ðB10Þ

where the kth diagram contribution is denoted by Π�
8k and

given in Table VI by local condensates. Diagrams (b), (c),
and (e) in Fig. 2 give a zero contribution for the space
dimension d ¼ 4.
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