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We discuss a reformulation of QED in which matter and gauge fields are integrated out explicitly,
resulting in a many-body Lorentz covariant theory of 0þ 1-dimensional worldlines describing superpairs
of spinning charges interacting through Lorentz forces. This provides a powerful, string inspired definition
of amplitudes to all-loop orders. In particular, one obtains a more general formulation of Wilson loops and
lines, with exponentiated dynamical fields and spin precession contributions, and worldline contour
averages exactly defined through first quantized path integrals. We discuss in detail the attractive features of
this formalism for high order perturbative computations. We show that worldline S-matrix elements, to all-
loop orders in perturbation theory, can be constructed to be manifestly free of soft singularities, with
infrared (IR) divergences captured and removed by endpoint photon exchanges at infinity that are
equivalent to the soft coherent dressings of the Dyson S-matrix proposed by Faddeev and Kulish. We
discuss these IR structures and make connections with soft theorems, the Abelian exponentiation of IR
divergences and cusp anomalous dimensions. Follow-up papers will discuss the efficient computation of
cusp anomalous dimensions and universal features of soft theorems.
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I. INTRODUCTION

The infrared (IR) and ultraviolet (UV) divergences that
appear in perturbative computations of amplitudes in gauge
theories and gravity are essential to understanding the
fundamental structure of quantum field theories. While the
UV structure of amplitudes in the standard model and
gravity are the primary focus of attention due to their
sensitivity to novel physics, IR divergences are also
fascinating because of their importance in understanding
the overall consistency of the respective quantum field
theories and the possible existence of universal features and
emergent dynamics that they may share.
The IR structure of amplitudes in QCD and gravity have

a number of features that are not fully understood and are a
subject of active research. In the Bjorken asymptotics of
QCD, understanding the absorption of IR divergences into

universal nonperturbative structures are key to active
work on factorization theorems that are essential to the
predictive power of amplitudes [1]. In the Regge limit of
the theory, a “reggeization” of amplitudes is seen to occur,
with the emergent Reggeon and Pomeron degrees of
freedom capturing the leading IR dynamics of amplitudes
[2]. A further striking feature is the phenomenon of
gluon saturation, where an emergent semihard saturation
scale characterizes the maximal close packing of soft
gluons [3,4]. In gravity, as in QED, soft theorems govern
the structure of perturbative scattering amplitudes [5].
However, unlike QED, the self-interactions of soft grav-
itons produced in trans-Planckian scattering can also lead to
reggeization [6,7] and novel emergent structures, an exam-
ple of which are a description of black holes as over-
occupied self-bound gravitons [8], in close correspondence
with gluon saturation [9]. Further, it has been argued that
the existence of black holes is sufficient for the UV
completion of gravity [10], directly relating the UV to
the IR, and signaling the breakdown of effective field
theory [11,12].
In contrast, the IR structure of QED is much simpler and

does not pose any practical problem for the computation of
scattering amplitudes. Nevertheless, there are nagging con-
ceptual issues, a clearer understanding ofwhichmayprovide
deeper insight into their more challenging counterparts in
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QCD and gravity. One formulation of the IR problem [13]
states that an infinite number of real gauge bosons, with
arbitrarily low energies, accompany the in and out states in
any process. Hence it is not possible to precisely define, in
the Fock sense, the interacting state of a system of charged
particles. Moreover, virtual IR divergences in any scattering
transition set the corresponding S-matrix elements to
zero [14].
In Abelian theories, the spectrum of real and virtual IR

quanta agrees with the classical expectation: it is indepen-
dent of the spin dimension of matter fields and dominated
by long wavelength bosons of small momenta kμ that are
sensitive only to large spacetime regions xμ of the inter-
action, kμxμ ∼ 1. The amplitude for the emission or
absorption of IR quanta can therefore be computed without
precise knowledge of the physics inside the region xμ [15].
Its momenta are peaked along the momenta of the charged
incoming and outgoing particles at the boundaries of that
region, and its contribution to the amplitude can be isolated
as an overall soft factor, order-by-order in perturbation
theory, from the amplitude without the IR bosons attached
[5]. In non-Abelian theories, the self-interactions of gauge
bosons make isolating such soft factors a much more
involved problem in general.
The solution to the stated IR problem in QED is usually

understood to come from the unitarity of scattering ampli-
tudes. Bloch and Nordsieck [14] showed that transitions to
final states containing an arbitrary number of soft photons
are given by the exponentiation of the single photon
emission cross section, which diverges logarithmically as
∼dωk=ωk in the IR. When virtual photons are also attached,
and one sums over all possible configurations with real and
virtual quanta above the IR cutoff, the IR divergences
cancel.1 Hence the total cross section evolves depending
only on the residual UV cutoff Λ to some power aðγijÞ.
This function depends on the initial and final momenta of
the charges through geometrical factors γij known as cusp
anomalous dimensions.
The radiative cross sections are thus renormalizable: for

any other Λ0, they scale by a factor ðΛ0=ΛÞa, independently
of the physics of the IR. For instance, if one wishes to
represent the radiative cross section in terms of the non-
radiative one, one can choose as Λ the mass of the charges
in the interaction [5]. Hence through renormalization,
radiative cross sections are finite, with the relevant scales
set by the cross section without real or virtual bosons. This
cancellation of IR singularities was proved to all orders by
Jauch and Rohrlich [20,21] and by Yennie, Frautschi, and
Suura [22]. The modern treatment demonstrating the
classical features of soft factors in Abelian gauge theories

is due to Weinberg [5]. In particular, he showed that this
behavior is universal to gravity even though gravitons can
themselves emit softer gravitons; this is because the
effective coupling of soft gravitons is proportional to their
energy, and therefore vanishes in the IR limit.2

The remarkable thing about this cancellation of IR
singularities in the cross section is that it does not naturally
occur at the amplitude level. IR singularities perturbatively
are still infinite order by order, or if summed to all orders,
set all S-matrix elements to zero. So despite powerful
proofs of consistency, the ubiquitous cancellation of IR
divergences raises the question of why observables are
always found IR finite in nature but this finiteness is not
manifest at the amplitude level. In perturbative calculations,
interactions are typically switched off at very late and early
times relative to the timescales of the process under
consideration. However because softer and softer virtual
and real bosons can be attached to the process under
consideration, no practical definition of the in and out states
can be accomplished without taking into account these
interactions at asymptotic times.
Building on the work of Dollard [23], Chung [24], and

Kibble [25–28], Faddeev and Kulish (FK) [29] realized3

that when the in and out states are suitably dressed to take
into account asymptotic interactions, IR divergences can be
systematically absorbed in these dressed states, order-to-
order in perturbation theory. Specifically, in this FK picture,
the wave functions of the incoming and outgoing charged
particles are dressed with coherent states corresponding to a
cloud of infinite numbers of soft photons. The correspond-
ing S-matrices of the dressed states are infrared finite.
The handling of IR singularities in many practical

circumstances should benefit from the definition of IR
finite S-matrix elements. As wewill discuss at length in this
paper, and in follow-up work, both vacuummatrix elements
of operators and scattering matrix elements can be
expressed in an exact worldline formulation of QED as
expectation values of so-called Wilson loops, and lines,
respectively, to all orders in perturbation theory. The cusp
anomalous dimensions we mentioned previously in the
context of total cross sections have a natural interpretation
at the amplitude level in terms of the IR and UV properties
of Wilson lines, which can be shown explicitly to be IR
finite to all orders in perturbation theory. Thus scattering
cross sections can be understood in QED entirely in terms

1Most generally, as argued by Kinoshita, Lee, and Nauenberg
(KLN), for theories with massless charged particles, this requires
a summation over both initial and final degenerate energy states
[16,17]. For recent discussions of this KLN theorem, see [18,19].

2This is not true for gluons emitting softer gluons, for which
case, as Weinberg states, “[the] elimination of such complicated
interlocking infrared divergences would certainly be a Herculean
task, and might even not be possible.” This is the problem of
reggeization and gluon saturation in QCD alluded to previously;
while much progress has been made, the treatment of IR
divergences is still by no means fully understood.

3Followed by Zwanzinger in [30]. See also [31,32] for modern
treatments of the problem.
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of these IR finite structures, with all nontrivial information
contained in their UV behavior, as sketched previously.
Besides the intrinsic interest in such a manifestly IR

finite formulation of amplitudes in QED, the Wilson line is
also a fundamental object in Yang-Mills theories [33,34],
where their UV and IR properties can be formulated in
terms of evolution equations for the cusp anomalous
dimensions [35,36]. The Wilson line defined as such can
be employed to derive the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) and Balitsky-Fadin-Kuraev-
Lipatov (BFKL) evolution equations for parton distribu-
tions [37–39], the low energy behavior of form factors [1],
Drell-Yan processes and Higgs production, or the re-
summation of large Sudakov logarithms [40,41]; for recent
work on computing cusp anomalous dimensions to high
orders in QED, QCD, and N ¼ 4 supersymmetric Yang-
Mills theory, see [42–46]. There is likewise work in parallel
on understanding the cusp anomalous dimensions of
gravity amplitudes [7,47,48] and possible color-kinematics
dualities between such infrared structures in QCD and
gravity [49], which show great potential in simplifying
computations of gravitational radiation amplitudes [50].
In addition to their key role in precision computations,

the resurgence of interest in soft theorems and FK
dressings in gauge theories arose independently motivated
by developments in the context of gravity. It was shown
around the same time as Weinberg’s work by Bondi,
Metzner, Van der Burg, and by Sachs [51,52] (BMS) that
degenerate vacua in gravity separated by differing numbers
of soft gravitons are connected by supertranslations cor-
responding to spontaneously broken symmetries of the
infinite dimensional BMS group of asymptotic spacetime
symmetries.4 More recently, it was shown by Strominger
and collaborators that Weinberg’s soft graviton theorem
could be understood as the Ward identity corresponding to
BMS invariance of gravitational amplitudes [54,55]. They
showed subsequently that the Weinberg formula is equiv-
alent to that of gravitational displacement (or memory)
experienced by two inertial detectors following the pas-
sage of a pulse of gravitational radiation [56]. This
“triangle” of connections between asymptotic symmetries,
soft theorems, and memory has been conjectured by
Strominger to be a universal feature of the infrared
behavior of gauge theories and gravity [57].
Indeed, it was shown in [54] that scattering amplitudes in

QED can be understood to satisfy an infinite dimensional
symmetry group of large Uð1Þ gauge transformations that
approach angle dependent constants on the celestial sphere
at null infinity. As with the BMS group in gravity, the
spontaneous breaking of this symmetry by the QED
vacuum results in an infinite number of degenerate vacua
characterized by differing numbers of soft photons, which

are Goldstone modes on the celestial sphere. The Ward
identity [58–60] corresponding to the QED BMS-like
symmetries is the soft photon theorem [5,15]. Completing
the triangle is the QED memory effect [61,62].
This approach reimagines our conventional understand-

ing of infrared divergences in the language of symmetries
of the S-matrix of charged particles. Specifically, the usual
S-matrix vanishes for the emission of ultrasoft photons
precisely because it does not allow for vacuum transitions
between the degenerate vacua which are allowed by the
BMS-like symmetry. Likewise, the FK dressed states are
coherent states of Fock vacua that are eigenstates of the
BMS charges at null infinity. The FK cancellations of
infrared divergences of the S-matrix by the soft photon
dressings of the incoming and outgoing charges is simply
reinterpreted as the statement that matrix elements of the
S-matrix between the dressed eigenstates is finite [60,63–
65]. This FK phase is the previously noted Goldstone mode
of large gauge transformations satisfying a two-dimen-
sional current algebra on the celestial sphere at null infinity
[66]. A further intriguing prospect is the possibility of a
clear dictionary between this language of asymptotic
symmetries and that of Wilson lines and cusp anomalous
dimensions [67], and that of a duality between soft
theorems and field correlators in a Coulomb gas [68].
A question that one can ask about this program of

constructing and exploring infrared finite amplitudes is
their validity to all orders in perturbation theory and, as a
corollary, its relative efficacy compared to conventional
approaches in the computation of cross sections for
physical processes. As indicated earlier, we will show here
that this question can be cleanly formulated and addressed
within the worldline formulation of QED, which is exact.
While this framework for computing cross sections in terms
of manifestly IR safe structures is robust, its advantage
remains to be established, though, as we will discuss, there
are good reasons to believe that this may be the case.
The formulation of QED as a theory of first quantized

0þ 1-dimensional worldlines can be traced back to the
original work of Feynman and Schwinger [69–71].
However a complete treatment of spin (and color) in terms
of Grassmann worldlines was only developed in the 1970s
[72–78]. The modern treatment of worldlines in gauge
theories, following Polyakov’s pioneering work [34], is due
to Strassler [79], who also showed its equivalence to the
powerful string amplitude formalism of Bern, Dixon,
Dunbar, and Kosower [80–83] for multileg-loop ampli-
tudes. A classic review of the subject is due to Schubert
[84]; for a recent update, see [85].
In the worldline formulation of QED, matter and gauge

fields can be integrated out explicitly, resulting in a many-
body theory of point particle bosonic and Grassmann
worldlines, with the multiplicity of the closed worldlines
growing with each loop order and with the external
particles described by a fixed number of open worldlines.

4For a nice review of the BMS group, and subtleties in
interpretations in infrared effects in gravity, see [53].
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The proper-time variable controls the evolution of these
first quantized worldlines; UV and IR scales are encoded
respectively in the short and long time behavior of the
Abelian classical Coulomb interaction, that emerges nat-
urally exponentiated.
The UV singularities found in these worldline inter-

actions can be mapped on to the UV divergences found
order by order in perturbation theory and treated with
standard renormalization methods. The striking feature of
S-matrix elements, when expressed as worldlines, is that
they can be constructed to be manifestly free of soft
singularities, with IR divergences captured and removed
by endpoint photon exchanges at infinity. As we will see,
these asymptotic contributions exactly match the soft
coherent dressings of the Dyson S-matrix proposed by
Faddeev and Kulish [29] to define IR finite amplitudes.
It can be argued that the Faddeev-Kulish dressings

only reshuffle IR divergences from the amplitudes to the
states–see [32] for a nice discussion. However the same
conceptual issue can be raised for any renormalization
procedure eliminating singularities, be they IR or UV.
Worldline amplitudes offer a covariant proper-time method
to introduce IR andUV cutoffs in perturbation theory, with a
transparent physical interpretation: the possibility of further
interpretation in the language of symmetries makes it all the
more attractive. In the worldline approach, both self-energy
corrections to individual worldlines and virtual exchanges
between different worldlines are treated on a common
footing. As noted in [86], the improper treatment of these
leaves the cancellation of IR divergences incomplete.
Worldline methods in QED have been employed pre-

viously to compute the Schwinger pair production rate in
background fields [87], utilizing the method of worldline
“instantons” (in proper time) to extend the computation to
arbitrary coupling strengths when the background fields are
weak [88,89]. Worldline instanton methods have also been
applied in the nonlocal worldline formulation of scalar
QED (sQED) [90–93], where the gauge fields are explicitly
integrated out. Besides such semiclassical approaches,
there have also been significant developments in worldline
numerical Monte Carlo techniques [94–96]. Though these
were previously applied primarily for studies of pair
production in background fields, applying these techniques
to compute high order contributions scattering amplitudes
in the formalism we will develop is worthy of further
exploration.
The formulation of QED (in particular its IR structure) as

a many-body theory of worldlines may find an important
application in quantum computing where such methods
were previously discussed in the context of a systematic
mapping of the Wigner-Weyl-Moyal formalism [97,98] for
the phase space distributions we discussed earlier to the full
set of Clifford gates. Similar single particle digitization
frameworks have since been developed for scattering in a
ϕ4 scalar field theory [99] and a hybrid framework for

deeply inelastic scattering in Regge asymptotics [100].
Our many-body framework allows one to extend these
ideas to QED; for earlier work in this direction, see [101].
Nonperturbative worldline approaches [102] are also under
active study in the context of quantum computing. Relating
these approaches to our discussion offers a possible path
towards quantum computation of scattering amplitudes.
Another attractive feature of this formalism is its

immediate generalization to Yang-Mills theories, allowing
one to treat on common footing the exponentiation of
spinor, helicity, as well as color degrees of freedom through
the use of Grassmann variables [74,103,104]. In particular,
the fact that colored Wilson lines can also be expressed in
terms of the Grassmannian counterparts [36,105–108] of
the spin degrees of freedom does not appear to be widely
appreciated. The Grassmann framework also admits an
elegant semiclassical interpretation5 in terms of spinning,
colored particles in background fields [76,77,116,117]; a
canonical coordinate transformation of these variables to
Grassmann bilinears representing semiclassical spin vector
and color charges allows one to construct, from first
principles, extended phase space distributions including
these so-called6 Darboux variables [98].
While a detailed discussion is beyond the scope of our

discussion here, we note that the worldline representation
of colored Wilson lines in terms of a path integral over a
local one-dimensional Grassmann action presents potential
advantages in a wide range of practical QCD computations
ranging from a chiral kinetic theory of the quark-gluon
plasma [119,120], to deeply inelastic scattering in the
Regge limit [121], to the role of the chiral anomaly in
the proton’s spin [122,123]. For computations of IR soft
factors for the problems we mentioned earlier, unlike the
QED case, one does not have an exact exponentiation in
QCD [33,124,125], with IR factorization requiring a
systematic eikonal and next-to-eikonal exponentiation of
so-called web connected diagrams [126–129]. The web
structure of non-Abelian exponentiation is reproduced in a
generating functional formalism which allows for matrix
exponentiation of the products of Wilson lines [130]. The
representation of Wilson lines in terms of a local
Grassmann action suggests that our framework can aid
in simplifying such computations.
We envisage this paper as the first of several that will

explore in some depth the infrared structure of QED as a
many-body theory of worldlines. We will develop the

5These are the Bargmann-Michel-Telegdi (BMT) [109] equa-
tions in QED (discussed at length in Appendix D) and Wong’s
equations in QCD [110]. In gravity, their worldline counterparts
[111] are the Papapetrou-Mathisson-Dixon equations [112–114];
for a recent discussion and development of the latter in the language
of effective field theories, we refer the reader to [115].

6Reference [98] established the equivalence of the semiclass-
ical limit of the worldline formalism to the Darboux phase space
approach of Alekseev, Faddeev, and Shatashvili [118].
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formalism in this paper and outline some of the key features
that are relevant for the IR issues we have noted. Paper II
will discuss at length the computation of real soft infrared
divergences and present a detailed and efficient computa-
tion of the two-loop cusp anomalous dimension. Future
papers will discuss the extensions of this formalism to
higher orders and to QCD. An intriguing offshoot of this
work that we noted, and will pursue separately, is in the
application of nonperturbative worldline methods to quan-
tum computing.
The paper is structured as follows. In Secs. II and III,

we will present a formal derivation of worldline amplitudes
in QED to all orders in perturbation theory. In Sec. II,
we show that the QED path integral, involving closed
vacuum loops to all orders, can equivalently be expressed
in terms of first-quantized generalized Wilson loops of
“superpairs” of pointlike boson and Grassmann variables.
This framework is then extended in Sec. III to consider
general scattering processes, which can be formulated
exactly, to all orders, as first-quantized pointlike boson
and Grassmann generalized Wilson lines and loops. In
Sec. IV, we will take these results to familiar ground by
reinterpreting them in the language of conventional
Feynman diagrams. We will first show in Sec. IVA how
the worldine structures obtained in the previous sections
lead to universal “master” expressions for generalized
polarization tensors that allow one to construct compactly
QED amplitudes order-by-order in perturbation theory.
This allows, in principle, efficient computations of QED
processes at higher loops, where the factorial growth in the
number of diagrams with each loop order in conventional
perturbation theory significantly hinders the quest for
precision. In Sec. IV B, our results are expressed equiv-
alently in terms of a generating functional for arbitrary
background fields. As we will discuss, this approach is
useful in strong field settings and potentially, in the use of
worldline Monte Carlo methods in high order computa-
tions. Section V examines the IR structure of the QED
Dyson S-matrix in the worldline formalism. We demon-
strate in Sec. VA a formal proof of the IR finiteness of the
Faddeev-Kulish S-matrix to all orders in perturbation
theory. The proof follows fundamentally from the simple
asymptotic classical structure of the first-quantized
worldline currents. Our result is illustrated for the case
of Möller scattering in Sec. V B. In particular, we show
how the asymptotic real and virtual contributions of the FK
S-matrix arise in this approach, and can be expressed
naturally in the first-quantized language of cusps in world-
line currents. In Sec. V C, we connect our discussion
of IR safety in QED to recent discussions and alternative
approaches to this problem. In Sec. VI, we recover the well-
known result for the one-loop QED cusp anomalous
dimension, and discuss its computation to higher orders.
As noted earlier, a further detailed discussion will be the
subject of Paper II. We briefly summarize our conclusions

in Sec. VII, and provide an outlook on extensions and
applications of our work.
The paper contains five appendices. In Appendix A, we

state the conventions that are used in this work. Appendix B
provides a detailed derivation of the all-order dressed spin-
1=2 propagator, which clarified subtle features of a pre-
vious computation by Fradkin and Gitman [131]. The
compact worldline result for nth rank polarization tensors is
derived in Appendix C. As a limiting case of these general
results, as previously shown by Strassler [79], one recovers
the Bern-Kosower expression for the one-loop polarization
tensor with arbitrary numbers of external photon legs [81].
Appendix D discusses the classical worldline equations of
motion which, for homogeneous backgrounds, reduce to
the well-known Bargmann-Michel-Telegdi equations [109]
for spinning charges in background electromagnetic fields.
The semiclassical worldline instanton method for arbitrary
background fields is also outlined in this appendix. Finally,
Appendix E provides details of key aspects of the deriva-
tion of the IR dressings in Sec. V B.

II. THE QED VACUUM AS A MANY-BODY
THEORY OF CLOSED WORLDLINES

Following pioneering work on the worldline description
of quantum field theory [79], there have been a number of
significant advances in this framework, which are nicely
summarized in [84,85]. However the fact that QED can be
expressed exactly as a many-body theory of open and
closed first-quantized worldlines is not widely appreciated,
though, as noted, this possibility was already considered in
Feynman and Schwinger’s classic papers [69–71]. In this
section, we will systematically develop the many-body
worldline framework for the QED vacuum-vacuum ampli-
tude. This will be extended to scattering processes in the
next section. Our approach is pedagogical, requiring for the
most part only basic familiarity with quantum field theory.
Consider the vacuum-vacuum matrix element Z ¼ h0j0i

in QED, encoding the dynamics of an infinite sea of virtual
particles,

Z ¼
Z

DADΨ̄DΨ exp

�
−
1

4

Z
d4xF2

μν −
1

2ζ

Z
d4xð∂μAμÞ2

−
Z

d4xΨ̄ð=DþmÞΨ
�
: ð1Þ

Here g ¼ �e, ζ is the gauge-fixing parameter, =D ¼ Dμγ
μ

with Dμ ¼ ∂μ − igAμðxÞ, and ½Dμ; Dν� ¼ −igFμνðxÞ. We
will work in Euclidean spacetime, wherein this nonpertur-
bative amplitude is well defined. Perturbative amplitudes
can be Wick rotated back to Minkowski spacetime using
the conventions given in Appendix A.
To express Z entirely in terms of worldlines, we must

integrate out the AμðxÞ and ΨðxÞ fields. Integrating out the
matter fields first, we get
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Z ¼
Z

DA exp

�
−
1

4

Z
d4xF2

μν −
1

2ζ

Z
d4xð∂μAμÞ2

þ ln detð=DþmÞ
�
: ð2Þ

Before integrating out the gauge fields AμðxÞ, we will first
write the fermion determinant in worldline form. To do so,
we use the identity,7

detð=DþmÞ ¼ fdetðDμγ
μ þmÞ detð−Dμγ

μ þmÞg1
2

¼ fdetðm2 − =D2Þg1
2 ð3Þ

with

=D2 ¼DμγμDνγν¼D2−
g
2
σμνFμν; σμν ¼

i
2
½γμ;γν�: ð4Þ

The fermion determinant term in the path integral then
becomes8

ln det ð=DþmÞ ¼ 1

2
Tr ln ðm2 − =D2Þ

¼ 1

2
Tr ln

�
m2 −D2 þ g

2
σμνFμν

�
: ð5Þ

As is customary, to compute the trace of this operator, we
introduce the Schwinger proper-time parameter ε0 and
noting that

∂

∂z

Z
∞

0

dε0
ε0

e−ε0z ¼ −
1

z
; ð6Þ

(valid for Rez > 0), we integrate both sides between z ¼ 1
and z ¼ a to obtain

lnðaÞ ¼
Z

∞

0

dε0
ε0

fe−ε0 − e−ε0ag: ð7Þ

The square of the Hermitian operator =Dþm is positive,
and the previous heat-kernel regularization method can be
applied. The functional trace in Eq. (5) becomes

1

2
Tr ln

�
m2 −D2 þ g

2
σμνFμν

�

¼ 1

2
Tr

Z
∞

0

dε0
ε0

e−ε0 −
1

2
Tr

Z
∞

0

dε0
ε0

e−Ĥ; ð8Þ

allowing one to reduce the problem of computing the
fermion determinant to one of finding the matrix elements
of a first-quantized fermion traversing a loop in the back-
ground AμðxÞ, governed by the Hamiltonian operator

Ĥ ¼ ε0

�
m2 − D̂2 þ g

2
σ̂μνF̂μν

�

¼ ε0

�
ðp̂μ þ gAμðx̂ÞÞ2 þm2 þ g

2
σ̂μνFμνðx̂Þ

�
; ð9Þ

where we identified p̂μ ¼ i∂μ. The first term in the right-
hand side of Eq. (8) acts as the required UV cutoff of the
effective action, renormalizing the genuine UV divergence
of the zero-point energy of the vacuum. The vacuum-
vacuum amplitude now reads

Z ¼
Z

DA exp

�
−
1

4

Z
d4xF2

μν −
1

2ζ

Z
d4xð∂μAμÞ2

þ 1

2
Tr

Z
∞

0

dε0
ε0

e−ε0 −
1

2
Tr

Z
∞

0

dε0
ε0

e−Ĥ
�
: ð10Þ

To perform the trace in the expression above, the matrix
elements of e−Ĥ can be expressed as point particle boson and
fermion path integrals [70,79,84,104,131,133–136]. The
eigenfunctions of the fermion operator σ̂μν ¼ i½γμ; γν�=2 can
be treated on equal footing with the particle 4-position x̂ and
4-momentum p̂ bosonic operators [74,103]:

x̂μ → xμðτÞ; p̂μ ¼ i∂μ →pμðτÞ; σ̂μν→ σμνðτÞ; ð11Þ

spanning the space of intermediate states of worldlines
propagating in proper time τ in the gauge field back-
ground AμðxÞ.
Our starting point is the result in [79], which can be

expressed in general as

Tre−Ĥ ¼
Z
P
D4x

Z
AP

D4ψ exp

�
−ϵ0m2 −

1

4ε0

Z
1

0

dτ _x2μðτÞ

−
1

4

Z
1

0

dτψμðτÞ _ψμðτÞ þ ig
Z

1

0

dτ _xμðτÞAμðxðτÞÞ

− i
gε0
2

Z
1

0

dτψμðτÞψνðτÞFμνðxðτÞÞ
�
; ð12Þ

where we gauge-fixed the einbein ε0 so that τ ∈ ½0; 1�. The
0þ 1-dimensional bosonic commuting worldline xμðτÞ
encodes the particle 4-position and its fermion anticom-
muting worldline counterpart ψμðτÞ encodes spin preces-
sion. The latter inherits the anticommutation properties of
the Dirac matrices and their action on a single particle state.
The two currents coupling to AμðxÞ are respectively, (i)
of the standard form g_xμðτÞ in the Wilson loop/line
formulation of gauge theories (denoting the Lorentz force
of a scalar charge in a background gauge field), and (ii) the

7In the first step, we introduced γ25 ¼ 1 and then used
fγ5; γμg ¼ 0.

8We will not consider here the QED axial-vector current
anomaly, which can be obtained straightforwardly from the
imaginary part of the one-loop worldline effective action
[104,132].
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coupling of the local spin tensor σμνðτÞ ¼ i½ψμðτÞ;ψνðτÞ�=2
to the local magnetic and (boosted) electric components
in FμνðxÞ.
If we impose periodic boundary conditions (P) xμð1Þ ¼

xμð0Þ and antiperiodic boundary conditions (AP) ψμð1Þ ¼
−ψμð0Þ respectively on the boson and fermion

worldline trajectories in Eq. (12), they describe the
sum over all possible configurations in proper
time of worldlines representing the dynamics of virtual
spin-1=2 charges in an arbitrary background AμðxÞ.
Inserting Eq. (12) in Eq. (10), and expanding in loops,
one obtains

Z¼ exp

�
1

2
Tr

Z
∞

0

dε0
ε0

e−ε0
�X∞

l¼0

ð−1Þl
l!

Yl
i¼1

�Z
∞

0

dεi0
2εi0

Z
P
D4xi

Z
AP

D4ψ iexp

�
−m2εi0−

1

4εi0

Z
1

0

dτ _x2i ðτÞ−
1

4

Z
1

0

dτψ i
μðτÞ _ψ i

μðτÞ
��

×
Z

DAexp

�
−
1

4

Z
d4xF2

μνðxÞ−
1

2ζ

Z
d4xð∂μAμðxÞÞ2

þ ig
Xl
i¼1

Z
1

0

dτ _xiμðτÞAμðxiðτÞÞ− i
g
2

Xl
i¼1

εi0

Z
1

0

dτψ i
μðτÞψ i

νðτÞFμνðxiðτÞÞ
�
: ð13Þ

To perform the remaining integration in AμðxÞ, we express the free Maxwell action as

−
1

4

Z
d4xF2

μνðxÞ −
1

2ζ

Z
d4xð∂μAμðxÞÞ2 ¼ −

1

2

Z
d4x

Z
d4yAμðxÞðDB

μνÞ−1ðx − yÞAνðyÞ; ð14Þ

where we integrated by parts to find the inverse of the gauge-unfixed Euclidean photon propagator, with the matrix elements

ðDB
μνÞ−1ðxÞ ¼

�
−ημν∂2 þ

�
1 −

1

ζ

�
∂μ∂ν

�
δ4ðxÞ: ð15Þ

Taking its Fourier transform, and inverting the result, the propagator in d dimensions is given by

DB
μνðxÞ ¼

Z
ddk
ð2πÞd e

−ik·xD̃B
μνðkÞ; D̃B

μνðkÞ ¼
1

k2

�
ημν − ð1 − ζÞ kμkν

k2

�
: ð16Þ

Finally, performing the momentum integrals for arbitrary values of the gauge parameter, its coordinate space counterpart is

DB
μνðxÞ ¼

1

4πd=2
Γ
�
d − 2

2

�
1

ðx2Þd2−1
�
1þ ζ

2
ημν þ ðd − 2Þ 1 − ζ

2

xμxν
x2

�
: ð17Þ

We shall also express the worldline currents as 4-densities to integrate out the gauge field. Equation (13) can be cast as

g
Xl
i¼1

Z
1

0

dτ _xiμðτÞAμðxiðτÞÞ −
g
2

Xl
i¼1

εi0

Z
1

0

dτ ψ i
μðτÞψ i

νðτÞFμνðxiðτÞÞ ¼
Z

d4xJðlÞμ ðxÞAμðxÞ; ð18Þ

where we express the sum over the currents of the l virtual charges as

JðlÞμ ðxÞ ¼
Xl
i¼1

JiμðxÞ ¼
Xl
i¼1

ðjiμðxÞ þ hiμðxÞÞ; ð19Þ

with the charged scalar and fermion current densities, respectively,

jiμðxÞ ¼ g
Z

1

0

dτ _xiμðτÞδ4ðx − xiðτÞÞ; hiμðxÞ ¼ −gεi0

Z
1

0

dτψ i
μðτÞψ i

νðτÞ
∂

∂xν
δ4ðx − xiðτÞÞ: ð20Þ

Thus with the help of Eqs. (14) and (19), the vacuum-vacuum amplitude in Eq. (13) can be reexpressed as
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Z ¼ exp

�
1

2
Tr

Z
∞

0

dε0
ε0

e−ε0
�X∞

l¼0

ð−1Þl
l!

×
Yl
i¼1

�Z
∞

0

dεi0
2εi0

Z
P
D4xi

Z
AP

D4ψ i exp

�
−m2εi0 −

1

4εi0

Z
1

0

dτ _x2i ðτÞ −
1

4

Z
1

0

dτψ i
μðτÞ _ψ i

μðτÞ
��

×
Z

DA exp

�
−
1

2

Z
d4x

Z
d4yAμðxÞðDB

μνÞ−1ðx − yÞAνðyÞ þ i
Z

d4xAμðxÞJðlÞμ ðyÞ
�
: ð21Þ

We can now integrate over AμðxÞ and write this expression (normalizing with respect to the pure gauge vacuum sea of
disconnected photon loops),

Z
ZMW

¼
X∞
l¼0

ZðlÞ ¼
X∞
l¼0

ð−1Þl
l!

WðlÞ; Z−1
MW ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detD−1

B

q
: ð22Þ

The lth contribution (WðlÞ) in this loop expansion is the amplitude for finding the QED vacuum in a configuration with l
virtual charged particles. It can be represented as the sum over all possible worldline paths xiμðτÞ and ψ i

μðτÞ with periodic
and antiperiodic boundary conditions, respectively, of l virtual worldlines describing loops in proper-time εi0, summed over
all possible proper times, and takes the form

WðlÞ ¼ exp

�
1

2
Tr

Z
∞

0

dε0
ε0

e−ε0
�Yl

i¼1

�Z
∞

0

dεi0
2εi0

Z
P
D4xi

Z
AP

D4ψ i exp

�
−

1

4εi0

Z
1

0

dτ _x2i ðτÞ −m2εi0 −
1

4

Z
1

0

dτψ i
μðτÞ _ψ i

μðτÞ
��

× exp

�
−
1

2

Z
d4x

Z
d4yJðlÞμ ðxÞDB

μνðx − yÞJðlÞν ðyÞ
�
: ð23Þ

The dynamics of these l virtual fermions are encoded in the exponentiation of the photon exchanges between the l-loop
currents in Eq. (19), functionals of the set of l superpairs of virtual worldlines fxμðτÞ;ψμðτÞg. Using the right-hand side of
Eq. (19) one may express the exponential as that of the sum of contributions due to the exchanges between pairs of
worldline currents i and j:

exp

�
−
1

2

Z
d4x

Z
d4yJðlÞμ ðxÞDB

μνðx − yÞJðlÞν ðyÞ
�

¼ exp

�
−
1

2

Xl
i;j¼1

Z
d4x

Z
d4yðjiμðxÞ þ hiμðxÞÞDB

μνðx − yÞðjjνðyÞ þ hjνðyÞÞ
�
: ð24Þ

Represented thus, one observes that the worldline dynamics
includes the exponentiation of both the self-energy sub-
graphs i ¼ j and the nondiagonal exchanges i ≠ j on equal
footing, consisting of the Lorentz forces between two
spinning charges i and j. This will be important to note
for future reference when we discuss in Sec. V the FK
dressings of worldlines.
Even though we “got rid” of the gauge fields, we can

reintroduce them in a purely first quantized interpretation of
the lth-loop contribution to the QED vacuum-vacuum
transition amplitude as a many-body theory of worldlines.
Specifically, with Eq. (20), the boson-boson coupling
between the coordinate space currents can be rewritten as

Z
d4x

Z
d4yjiμðxÞDB

μνðx−yÞjjνðyÞ¼ g
Z

1

0

dτ
dxiμ
dτ

A
xj
μ ðxiðτÞÞ;

ð25Þ

where (for ζ ¼ 1 in d ¼ 4) using Eqs. (16) and (20),

A
xj
μ ðxÞ ¼

Z
d4yDB

μνðx − yÞjjνðyÞ

¼ g
4π2

Z
1

0

dτ
1

ðx − xjðτÞÞ2
dxjμ
dτ

: ð26Þ

Here A
xj
μ ðxÞ is the field at point x created by the coordinate

space current g_xjμðτÞ of the jth charge moving along xjμðτÞ.
Likewise, the spin precession of the ith worldline couples

independently to the magnetic and (boosted) electric com-
ponents of the field created by the scalar current g_xjμðτÞ:Z

d4xhiμðxÞ
Z

d4yDB
μνðx − yÞjjνðyÞ

¼ i
gεi0
2

Z
1

0

dτσiμνðτÞFxj
μνðxiðτÞÞ; ð27Þ
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where we used Eq. (20), integrated by parts, and antisym-
metrized to define the local spin tensor of the ith virtual
charge σiμνðτÞ ¼ i½ψ i

μðτÞ;ψ i
νðτÞ�=2. The field strength tensor

created by the vector current xjðτÞ refers to

F
xj
μνðxÞ ¼ ∂μA

xj
ν ðxÞ − ∂νA

xj
μ ðxÞ; ð28Þ

with A
xj
μ ðxÞ given in Eq. (26).

The couplings of the spin of worldline j with the field
emerging from the spatial current of i can be rewritten using
Eq. (20) as

Z
d4xjiμðxÞ

Z
d4yDB

μνðx − yÞhjνðyÞ

¼ g
Z

1

0

dτ
dxiμ
dτ

A
ψ j
μ ðxiðτÞÞ; ð29Þ

where the field created by the spin precession of j is

A
ψ j
μ ðxÞ ¼

Z
d4yDB

μνðx − yÞhjνðyÞ

¼ −
igεj0
4π2

Z
1

0

dτσjμνðτÞ ∂

∂xν

1

ðx − xjðτÞÞ2
: ð30Þ

We used here Eq. (16) with ζ ¼ 1 and d ¼ 4.
Lastly, the pure spin-spin interaction of the worldlines,

using Eq. (20) again, can be written asZ
d4xhiμðxÞ

Z
d4yDB

μνðx − yÞhjνðyÞ

¼ i
gεi0
2

Z
1

0

dτσiμνðτÞFψ j
μνðxiðτÞÞ; ð31Þ

where the field strength tensor created by the spin pre-
cession of worldline j at the point x is

F
ψ j
μνðxÞ ¼ ∂μA

ψ j
ν ðxÞ − ∂νA

ψj
μ ðxÞ; ð32Þ

with A
ψ j
μ ðxÞ given in Eq. (30).

Putting together the contributions from Eqs. (25), (27),
(29), and (31), the interaction functional in Eq. (23) can
now be rearranged as a more general Wilson loop describ-
ing the dynamics of particle i:

WðlÞ ¼ exp

�
1

2
Tr

Z
∞

0

dε0
ε0

e−ε0
�Yl

i¼1

�Z
∞

0

dεi0
2εi0

Z
P
D4xi

Z
AP

D4ψ i exp

�
−m2εi0 −

1

4εi0

Z
1

0

dτ _x2i ðτÞ −
1

4

Z
1

0

dτψ i
μðτÞ _ψ i

μðτÞ

−
g
2

Z
1

0

dτ
dxiμ
dτ

Xl
j¼1

ðAxj
μ ðxiðτÞÞ þ A

ψj
μ ðxiðτÞÞÞ − i

gεi0
4

Z
1

0

dτσiμνðτÞ
Xl
j¼1

ðFxj
μνðxiðτÞÞ þ F

ψ j
μνðxiðτÞÞÞ

��
: ð33Þ

It is important to note that in this generalized Wilson loop9

the background gauge fields in Eqs. (26) and (30) are
replaced by dynamical fields. They include the self-inter-
action terms i ¼ j, the spin precession is exponentiated on
the same footing as the dynamical fields, and worldline
contour averages exactly defined through path integrals.
These features are not accessible in the conventional
Wilson loop formulation of gauge theories.
Using Eqs. (26) and (30), with Feynman gauge ζ ¼ 1 and

d ¼ 4, the generalized Wilson loop takes the elegant form

WðlÞ ¼
	
exp

�
−

g2

8π2
Xl
i;j¼1

Z
1

0

dτi

�
dxiμ
dτi

− iεi0σ
i
μρðτiÞ

∂

∂xiρ

�

×
Z

1

0

dτj

�
dxjμ
dτj

− iεj0σ
j
μηðτjÞ

∂

∂xjη

�
1

ðxiðτiÞ−xjðτjÞÞ2
�


;

ð34Þ

where the structure of the Wilson loop is that
of a normalized expectation value hOðlÞi of a
many-body functional OðlÞ of the l superpairs of
worldlines fxμðτÞ;ψμðτÞg, with the expectation value
defined as

hOðlÞ½fxμðτÞ;ψμðτÞg�i

¼ exp
�
1

2
Tr

Z
∞

0

dε0
ε0

e−ε0
�Yl

i¼1

�Z
∞

0

dεi0
2εi0

Z
P
D4xi

Z
AP

D4ψ i

×exp

�
−

1

4εi0

Z
1

0

dτ _x2i ðτÞ−m2εi0−
1

4

Z
1

0

dτψ i
μðτÞ _ψ i

μðτÞ
�

×OðlÞ½fxμðτÞ;ψμðτÞg�: ð35Þ

This allows us to write the QED partition function
[with the shorthand xiμ ¼ xiμðτiÞ and σiμν ¼ σiμνðτiÞ] in the
following compact and suggestive form:

9Note that the generalizedWilson loop and lines (which wewill
soon discuss) defined here are, despite some similarities, qualita-
tively different from those discussed in [137–139]. This is because
we have integrated out the fundamental gauge fields explicitly.
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Z
ZMW

¼
X∞
l¼0

ð−1Þl
l!

×

	
exp

�
−

g2

8π2
Xl
i;j¼1

Z
1

0

dτi

�
_xiμ − iεi0σ

i
μρ

∂

∂xiρ

�

×
Z

1

0

dτj

�
_xjμ − iεj0σ

j
μη

∂

∂xjη

�
1

ðxiμ − xjμÞ2
�


: ð36Þ

Equation (36) is the central result10 of this section. It
expresses the QED vacuum as a many-body theory of
pointlike 0þ 1-dimensional particles represented by “super-
pairs” of closed boson and fermion worldlines11

ðxiμðτÞ;ψ i
μðτÞÞ with typical virtualities 1=εi0. Equation (36)

is exact and generalizes the notion of a Wilson loop to
spinning, precessing particles in fully dynamical back-
grounds, with the field of the ith worldline sourced by
self-interactions as well as those generated by the other
particles at any given order in the loop expansion. An
illustrative representation of one of these amplitudes is
depicted in Fig. 1.
While it is perilous to claim anything novel in such a

highly developed field, we have not, to the best of our
knowledge, seen the explicit and compact many-body
worldline representation given in Eq. (36) elsewhere in

the literature. In the next section, we will extend this
framework to open worldlines, thereby enabling one to
compute many-body scattering processes.

III. S-MATRIX IN THEMANY-BODYWORLDLINE
FORMALISM

We will consider here the scattering amplitudes for
transitions between in and out charged states via the
emission of virtual photons.12

We denote ni and no (n̄i and n̄o) to be the number of
incoming and outgoing charged particles (antiparticles) and
Ni ¼ ni þ n̄i and No ¼ no þ n̄o the total number of in and
out charges. We also identify a pair of external particles
with indices n andm, with n;m ¼ 1;…; r, with r ¼ ðNo þ
NiÞ=2 being the number of real worldlines in the scattering
process. A pair of virtual particles is identified with indices
i and j with i; j ¼ 1;…;l, where l represents the number
of virtual worldlines.
The Dyson S-matrix element for the transition amplitude

i → f is defined as

Sfi ¼ hpno
f ; snof ;…; p1

f; s
1
f; p̄

n̄o
f ; s̄n̄of ;…; p̄1

f; s̄
1
f;

tfjpni
i ; s

ni
i ;…; p1

i ; s
1
i ; p̄

n̄i
i ; s̄

n̄i
i ;…; p̄1

i ; s̄
1
i ; tii; ð37Þ

and the limits tf → þ∞ and ti → −∞ are assumed. Here
jp; si and jp̄; s̄i are single particle and antiparticle states of
momentum p and s. The vacuum-vacuum amplitude
calculated in Sec. II corresponds to the particular case
r ¼ 0 in Eq. (37) with jini ¼ j0i and houtj ¼ h0j.
Our strategy here is to continue working in Euclidean

spacetime to construct the nonperturbative building blocks,
which can then be Wick rotated to Minkowski spacetime,
as needed, to compute scattering amplitudes to a given
order in perturbation theory. Our starting point is the
Euclidean QED path integral

Z½η̄; η� ¼
Z

DADΨ̄DΨ

× exp

�
−
1

4

Z
d4xF2

μν −
1

2ζ

Z
d4xð∂μAμÞ2

−
Z

d4xΨ̄ð=DþmÞΨþ
Z

d4xη̄Ψ
Z

d4xΨ̄η
�
;

ð38Þ

where η̄ðxÞ and ηðxÞ are anticommuting external sources.
Proceeding along the same lines as in the previous section,
and first integrating out the Dirac fields, we get

FIG. 1. A three fermion worldline loop (l ¼ 3) contribution to
Zð3Þ in Eq. (36) for the vacuum-vacuum amplitude. Each of these
0þ 1-dimensional point particles are fully described by a super-
pair fxμi ðτÞ;ψμ

i ðτÞg of closed worldlines in proper time, created at
τ ¼ 0 and destroyed at τ ¼ 1; these emit, reabsorb, and exchange
an arbitrary number of photons that transmit the Lorentz forces
between spin-1=2 charges.

10We will not discuss here UV renormalization in the sense of
mass and charge renormalization. Worldline perturbation theory,
as we will discuss in Sec. IV, consists of explicit computations of
generalized polarization tensors. Employing dimensional regu-
larization in this framework, one can identify the corresponding
UV divergences as the usual ones extracted from Feynman
diagram computations [84]. Renormalization of generalized
Wilson lines [34] will be discussed in Sec. VI.

11Note that the QED worldline Lagrangian satisfies an N ¼ 1
SUSY algebra [119,140].

12Transitions involving the emission of real photons and
corresponding soft theorems will be addressed later in the paper
and in greater detail in Paper II.
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Z½η̄; η� ¼
Z

DA exp

�
−
1

4

Z
d4xF2

μν −
1

2ζ

Z
d4xð∂μAμÞ2 þ ln detð=DþmÞ þ

Z
d4x

Z
d4yη̄ðxÞDA

Fðx; yÞηðyÞ
�
: ð39Þ

The dressed Euclidean fermion Green’s function DA
Fðx; yÞ satisfies

ð=DþmÞDA
Fðx; yÞ ¼ δð4Þðx − yÞ; with Dμ ¼ ∂μ − igAμðxÞ: ð40Þ

We shall now construct dressedN-point Green’s functions and normalize the amplitudes for these with respect to the infinite
sea of virtual loops in Z ¼ h0j0i≡ Z½0; 0�. The 2-point function is given by

1

Z
δZ½η̄; η�

δηðx1i Þδη̄ðx1fÞ
����
η̄¼0
η¼0

¼ hDA
Fðx1f; x1i ÞiA; ð41Þ

where the right-hand side, defined as

hDA
Fðx1f; x1i ÞiA ¼ 1

Z

Z
DA exp

�
−
1

4

Z
d4xF2

μν −
1

2ζ

Z
d4xð∂μAμÞ2 þ ln detð=DþmÞ

�
DA

Fðx1f; x1i Þ; ð42Þ

corresponds to the propagator for a single real fermion
to go from position x1i to x1f while coupled to a fully
dynamical gauge field. It contains arbitrary photon inser-
tions and fermion loops, the latter arising from the fermion
determinant.
Higher order N-point functions describe the interacting

problem of r ¼ ðNi þ NoÞ=2 real spinning charges. (Odd
N-point functions vanish.) The 4-point function gives

1

Z
δZ½η̄;η�

δηðxi1Þδηðxi2Þδη̄ðxf2Þδη̄ðxf1Þ

����
η̄¼0
η¼0

¼hDA
Fðxf2 ;xi2ÞDA

Fðxf1 ;xi1ÞiA− hDA
Fðxf1 ;xi2ÞDA

Fðxf2 ;xi1ÞiA:
ð43Þ

The relative sign between the two terms follows from
functional differentiation, yielding the odd symmetry factor
of the final state under the interchange of single final
states. Likewise, higher N-point functions and their matrix
elements can be built as functional averages of products
of 2-point functions givenbyDA

Fðxf; xiÞ. Thus to computeN-
point amplitudes in theworldline formalism, it is sufficient to
expressDA

Fðxf; xiÞ in terms of worldlines, and subsequently
perform the functional average over the gauge fields.
Our starting point here is a result first obtained by

Fradkin and Gitman [131], which we will rederive in
Appendix B to clarify some aspects of the derivation.13

This result [Eq. (B23) of the Appendix B] gives the
amplitude for the propagation of a spinning charge from
xi to xf in the presence of AμðxÞ to be [defining
D̄A

Fðxf; xiÞ ¼ DA
Fðxf; xiÞγ5]

D̄A
Fðxf; xiÞ ¼

1

N5

exp

�
γ̄λ

∂

∂θλ

�Z
∞

0

dε0
Z

dχ0
Z

Dε
Dπ

2π

×
Z

DχDν

Z
D4x

Z
D5ψ

× exp

�
−SR;0 þ ig

Z
1

0

dτ _xμðτÞAμðxðτÞÞ

− i
g
2

Z
1

0

dτεðτÞψμðτÞψνðτÞFμνðxðτÞÞ
�����

θ¼0

:

ð44Þ

The various terms and fields in the above expression
demand a detailed explanation, which is given below.
(See also Appendix B for further details.) The propagation
of the real fermion is described by the superpair
ðxμðτÞ;ψμðτÞÞ of commuting and anticommuting world-
lines, respectively, with the dimensions of the fermion
degrees of freedom specified by five Grassmannian fields
labeled by λ ¼ 1, 2, 3, 4, 5, with the fifth necessary to
account for the helicity-momentum constraint.14

Importantly, one requires open boundary conditions of
their path integrals, which satisfy

xμð0Þ¼ xiμ; xμð1Þ¼ xfμ; ψλð1Þ¼−ψλð0Þþ2θλ; ð45Þ

where θλ are five anticommuting auxiliary sources, which
are eventually set to zero. We also define γ̄μ ¼ −iγ5γμ and
γ̄5¼γ5, with γ5¼γ1γ2γ3γ4; they obey the identity fγ̄λ; γ̄ξg¼
2δλξ. These two objects anticommute (fθλ; γ̄λg ¼ 0), which
allows us to generate the correct tensor structure of the

13The open worldline formalism is also discussed at length in
[84,133–136,141].

14For virtual particles, this extra fermion d.o.f. in the Green’s
function can be omitted since one takes a trace over them.
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Green’s function in the fermion degrees of freedom. The
normalization of the odd path integral in five dimensions is
denoted by N5.
Further in Eq. (44), Aμ-independent terms are collected

in the (supergauge-unfixed) free worldline action of a real
spinning charge

SR;0¼
1

4
ψλð1Þψλð0Þþ

Z
1

0

dτ

�
iπðτÞ_εðτÞþνðτÞ_χðτÞ

þ εðτÞm2þ _x2μðτÞ
4εðτÞ ð46Þ

þ1

4
ψλðτÞ _ψλðτÞ−χðτÞ

�
mψ5ðτÞþ

i
2ϵðτÞ _x

μðτÞψμðτÞ
��

:

ð47Þ

We leave manifest the time reparametrization invariance of
the worldlines as a gauge symmetry, keeping the einbeins
unfixed: besides the superpair of worldlines ðxμðτÞ;ψμðτÞÞ,
we introduced a new superpair of commuting and anti-
commuting einbeins denoted εðτÞ and χðτÞ, respectively,
with trivial dynamics. Their conjugate partners are denoted
πðτÞ and νðτÞ. The first two terms in the curly brackets of
Eq. (46) fix the gauge in the reparametrization invariance

of the worldlines. The next two terms in the curly brackets
of Eq. (46) enforce the energy-momentum constraint on the
worldline, while the terms in the parentheses in Eq. (47)
impose the helicity-momentum constraint [119,140].
The zero modes of the new boson and fermion einbeins

are denoted as

ε0 ¼ εð0Þ; χ0 ¼ χð0Þ; τ ∈ ½0; 1�; ð48Þ

and correspond to conventional commuting and anticom-
muting Schwinger parameters, respectively, in Feynman
diagram language. The terms πðτÞ_εðτÞ and νðτÞ_χðτÞ in
Eq. (47) act as supergauge-fixing terms.
With all the terms specified as above, Eq. (44) is exact. It

sums all possible worldline paths connecting the open
boundary endpoints specified in Eq. (45) to construct the
dressed quantum amplitude for a spin-1=2 particle to go
from xi to xf in the presence of an Abelian background
gauge field, to all orders in the coupling. It also contains the
semiclassical limit of the action of a charged spinning
particle in an Abelian background gauge field, proposed
previously in [72,77,142].
For a single charge r ¼ 1, plugging Eq. (44) into

Eq. (42) gives the dressed fermion propagator

hD̄A
Fðx1f; x1i ÞiA ¼ 1

N5

exp

�
γ̄λ

∂

∂θ1λ

�Z
∞

0

dε01

Z
dχ01

Z
Dε1

Dπ1
2π

Z
Dχ1Dν1

Z
Dx1Dψ1e

−S1R;0

×
1

Z

Z
DA detð=DþmÞ exp

�
−
1

4

Z
d4xF2

μν −
1

2ζ

Z
d4xð∂μAμÞ2 þ i

Z
d4xJ1R;μAμ

�����
θ1¼0

; ð49Þ

with the real particle charged current density defined [with the einbein εðτÞ unfixed] to be

J1R;μðxÞ ¼ g
Z

1

0

dτ _x1μðτÞδ4ðx − x1ðτÞÞ − g
Z

1

0

dτε1ðτÞψ1
μðτÞψ1

νðτÞ
∂

∂xν
δ4ðx − x1ðτÞÞ: ð50Þ

Further expressing the fermion loop contributions as functional traces in worldline form, and expanding in loops, precisely
as in the previous section, we then get

detð=DþmÞ ¼
X∞
l¼0

ð−1Þl
l!

exp

�
1

2
Tr

Z
∞

0

dε0
ε0

e−ε0
�

×
Yl
i¼1

Z
∞

0

dε0i
2ε0i

Z
Dεi

Z
Dπi
2π

Z
P
D4xi

Z
AP

D4ψ i exp

�
−SiV;0 þ i

Z
d4xJiV;μAμ

�
; ð51Þ

with xμi ð1Þ ¼ xμi ð0Þ (P) and ψμ
i ð0Þ ¼ −ψμ

i ð1Þ (AP). The charged current densities of the virtual fermions are defined
identically

JiV;μðxÞ ¼ g
Z

1

0

dτ _xiμðτÞδ4ðx − xiðτÞÞ − g
Z

1

0

dτεiðτÞψ i
μðτÞψ i

νðτÞ
∂

∂xν
δ4ðx − xiðτÞÞ; ð52Þ

and the corresponding free worldline action is given by
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SiV;0 ¼
Z

1

0

dτ

�
iπiðτÞ_εiðτÞ þ εiðτÞm2 þ _x2i ðτÞ

4εiðτÞ
þ 1

4
ψ i
μðτÞ _ψ i

μðτÞ
�
: ð53Þ

Substituting Eq. (51) into Eq. (49), we get

hD̄A
Fðx1f; x1i ÞiA ¼ 1

N5

exp

�
γ̄λ

∂

∂θ1λ

�Z
∞

0

dε01

Z
dχ01

Z
Dε1

Dπ1
2π

Z
Dχ1Dν1

Z
D4x1D5ψ1

·
X∞
l¼0

ð−1Þl
l!

exp

�
1

2
Tr

Z
∞

0

dε0
ε0

e−ε0
��Yl

i¼1

Z
∞

0

dε0i
2ε0i

Z
Dεi

Dπi
2π

Z
P
D4xi

Z
AP

D4ψ i

�
e−S

ð1;lÞ
0

·
1

Z

Z
DA exp

�
−
1

2

Z
d4x

Z
d4yAμðxÞðDB

μνÞ−1ðx − yÞAνðyÞ þ i
Z

d4xAμðxÞJð1;lÞμ ðxÞ
�����

θ1¼0

: ð54Þ

Note that the gauge functional average differs from the one in the vacuum-vacuum amplitude in Eq. (21) only due to the
presence of the charged current of the real particle. Since currents and actions are additive for each virtual and real particle
present, we defined

Sðr;lÞ0 ¼
Xr
n¼1

SnR;0 þ
Xl
i¼1

SiV;0; Jðr;lÞμ ðxÞ ¼
Xr

n¼1

JnR;μðxÞ þ
Xl
i¼1

JiV;μðxÞ: ð55Þ

Upon integrating over the gauge field, as previously, we finally obtain the dressed propagator for the propagation of a real
spinning charge from x1i to x1f, which can be expressed as

hD̄F
Aðx1f; x1i ÞiA ¼ ZMW

Z
exp

�
γ̄λ

∂

∂θ1λ

�X∞
l¼0

ð−1Þl
l!

Wð1;lÞðx1f; x1i ; θ1Þjθ1¼0; ð56Þ

and where, in analogy with the vacuum-vacuum amplitude, we can define a more general Wilson line containing l virtual
fermion loops as

Wð1;lÞðx1f; x1i ; θ1Þ ¼
	
exp

�
−
1

2

Z
d4x

Z
d4yJð1;lÞμ ðxÞDB

μνðx − yÞJð1;lÞν ðyÞ
�


: ð57Þ

The structure of Wilson lines and loops are that of the normalized expectation value hOðr;lÞi of many-body functionals
Oðr;lÞ of the set of r and l superpairs of fermionic and bosonic worldlines fxμðτÞ;ψμðτÞg, with boundary conditions in
Eq. (45) for the r real charges and P and AP for the l virtual charges,

hOðr;lÞ½fxμðτÞ;ψμðτÞg�i ¼
Yr
n¼1

�
1

N5

Z
∞

0

dε0n

Z
dχ0n

Z
Dεn

Dπn
2π

Z
DχnDνn

Z
D4xnD5ψn

�

× exp

�
1

2
Tr

Z
∞

0

dε0
ε0

e−ε0
�Yl

i¼1

�Z
∞

0

dε0i
2ε0i

Z
Dεi

Dπi
2π

Z
P
D4xi

Z
AP

D4ψ i

�

× expf−Sðr;lÞ0 gOðr;lÞ½fxμðτÞ;ψμðτÞg�: ð58Þ

Equation (56) then expresses the functional average over
fields in the left-hand side, as a 0þ 1-dimensional field
theory in the right-hand side, with normalized expectation
values Wð1;lÞðxf; xi; θÞ given by the path integrals in
Eq. (58). Note that in the above expression the subindices
i and n denote different and independent (virtual and real,
respectively) worldlines.

We can now write down the precise form of the 2r point
function, encoding the amplitude of propagation of a system
of r real particles15 from fxiμg at τ ¼ 0 to fxfμg at τ ¼ 1

15Here we only consider particles (No ¼ Ni). The general case
including antiparticles will be discussed shortly.
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1

Z½0; 0�
δ2rZ½η̄; η�

δηðxNi
i Þ � � � δηðx1i Þδη̄ðx1fÞ � � � δη̄ðxNo

f Þ

¼
X
perm

ϵNo…1

	Yr
n¼1

DA
Fðxnf; xni Þ



A
; ð59Þ

where ϵNo…1 is the totally antisymmetric symbol and the
sum runs over all permutations of the final points of the
dressed Euclidean Green’s functions, encoding the parity of
the out many-body wave function under permutations of
final single particle states. Following the same steps as for
the r ¼ 1 case we get

	Yr
n¼1

D̄A
Fðxnf;xni Þ



A

¼ZMW

Z

Yr
n¼1

�
exp

�
γ̄λ

∂

∂θnλ

��

×
X∞
l¼0

ð−1Þl
l!

Wðr;lÞðxrf;xri ;θr;…;x1f;x
1
i ;θ

1Þjθn¼0; ð60Þ

where

Wðr;lÞðxrf;xri ;θr;…;x1f;x
1
i ;θ

1Þ

¼
	
exp

�
−
1

2

Z
d4x

Z
d4yJðr;lÞμ ðxÞDB

μνðx−yÞJðr;lÞν ðyÞ
�


:

ð61Þ

This functional contains the exponentiation of all tree-level
photon exchanges in the self-interactions of the charged
fermions as well as of the virtual photon exchanges between
them. It further includes the fermion loops arising from the
couplings of the real particles with the polarized virtual
fermions of the sea and photon exchanges between the
disconnected loops of the sea. These last are removed order-
to-order in perturbation theory by ðZ=ZMWÞ−1 in Eq. (60),
calculated in Sec. II.
With the input from the above expression, Eq. (60) is

exact just as was the case for Eq. (44). It provides the 2r-
point correlator of r spin-1=2 fields between xni to xnf to all
orders in perturbation theory. It can be interpreted as a sum
over worldline contours of the interactions of r pointlike
spinning charges in the field created by themselves and
those induced by l virtual particles at each loop order.
Note that the tree-level l ¼ 0 case of a single field r ¼ 1

in Eq. (56) should be understood as the generalization (with
full spin corrections, backreaction, helicity-momentum,
and energy-momentum constraints, and well-defined
worldline expectation values) of a Wilson loop operator

between x1i to x1f. For l > 1, we note that the exponentia-
tion of genuine fermion loops, as shown, cannot be
obtained in the conventional Wilson loop picture.
We will now provide the explicit form of the Euclidean

interaction functional of QED in general d dimensions,
arbitrary gauge parameter ζ and general einbein εðτÞ. Using
Eq. (55), we can reexpress the argument of the exponential
in Eq. (61) as

−
1

2

Z
d4x

Z
d4yJðr;lÞμ ðxÞDB

μνðx − yÞJðr;lÞν ðyÞ ¼
Xrþl

a;b¼1

Sab;

ð62Þ

where Sab denotes the contribution to the action of the pair
of worldlines a and b in the many-body system comprising
the complete set of interactions in the amplitude. We can
write it as

Sab ¼ SBBab þ SBFab þ SFBab þ SFFab; ð63Þ

where the labels (B) and (F) denote the boson and fermion
currents, respectively, of a and b attached to the photon.
Dimensionally regularizing Eq. (17), absorbing the mass
dimensions of the coupling in μ, and further using Eq. (20),
we obtain the following individual contributions:

SBBab ¼ −
g2μ4−d

8π
d
2

Γ
�
d − 2

2

��
1þ ζ

2

�Z
1

0

dτa

×
Z

1

0

dτb
_xaμ _xbμ

½ðxaμ − xbμÞ2�d2−1

−
g2μ4−d

8π
d
2

Γ
�
d
2

�
ð1 − ζÞ

Z
1

0

dτa

×
Z

1

0

dτb
_xaμðxaμ − xbμÞ_xbνðxaν − xbνÞ

½ðxaμ − xbμÞ2�d2
; ð64Þ

which is the classical interaction appearing in aWilson loop
between two scalar charges. We use as a shorthand
xaμ ≡ xaμðτaÞ, ψa

μ ≡ ψa
μðτaÞ, and ϵa ≡ ϵaðτaÞ. We observe

that the nondiagonal gauge-dependent terms in the second
line of Eq. (64) can be cast as a total double derivative with
respect to particles a and b proper times τa and τb. Thus in
the worldline formalism, gauge transformations correspond
to the addition of boundary terms to the action [84], but
only in the scalar interactions, as we will see next.
The coupling of the scalar current of a charge a, in the

magnetic and boosted electric field created by the spin
precession of b, generates
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SBFab ¼ −
g2μ4−d

4π
d
2

Γ
�
d
2

�Z
1

0

dτa

Z
1

0

dτbεb
_xaμψb

μψ
b
νðxaν − xbνÞ

½ðxaμ − xbμÞ2�d2

−
g2μ4−d

4π
d
2

Γ
�
d
2
þ 1

�
ð1 − ζÞ

Z
1

0

dτa

Z
1

0

dτbεb
_xaμðxaμ − xbμÞψb

νðxaν − xbνÞψb
ρðxaρ − xbρÞ

½ðxaμ − xbμÞ2�d2þ1
; ð65Þ

and its mirror image (setting a ↔ b), coming from the coupling of the spin precession of a in the field created by the scalar
current of b,

SFBab ¼ þ g2μ4−d

4π
d
2

Γ
�
d
2

�Z
1

0

dτaεa

Z
1

0

dτb
_xbμψa

μψ
a
νðxaν − xbνÞ

½ðxaμ − xbμÞ2�d2

þ g2μ4−d

4π
d
2

Γ
�
d
2
þ 1

�
ð1 − ζÞ

Z
1

0

dτaεa

Z
1

0

dτb
_xbμðxaμ − xbμÞψa

νðxaν − xbνÞψa
ρðxaρ − xbρÞ

½ðxaμ − xbμÞ2�d2þ1
: ð66Þ

The final term is the pure fermion-fermion contribution corresponding to the interaction induced by the precession of the
spin of one worldline on that of the other:

SFFab ¼ −
g2μ4−d

4π
d
2

Γ
�
d
2

�Z
1

0

dτaεa

Z
1

0

dτbεb
ψa
μψ

a
νψ

b
μψ

b
ν

½ðxaμ − xbμÞ2�d2

−
g2μ4−d

2π
d
2

Γ
�
d
2
þ 1

�Z
1

0

dτaεa

Z
1

0

dτbεb
ψa
μψ

a
νðxaν − xbνÞψb

ρðxaρ − xbρÞψb
μ

½ðxaμ − xbμÞ2�d2þ1

þ g2μ4−d

2π
d
2

Γ
�
d
2
þ 2

�
ð1 − ζÞ

Z
1

0

dτaεa

Z
1

0

dτbεb
½ψa

μðxaμ − xbμÞ�2½ψb
νðxaν − xbνÞ�2

½ðxaμ − xbμÞ2�d2þ2
: ð67Þ

Note that due to the global supersymmetry of the QED
worldline Lagrangian [whose explicit form can be found in
Eq. (B24) of Appendix B], the action between any two
charges Sab in QED can be generated through the appli-
cation of the 0þ 1-dimensional N ¼ 1 SUSY algebra to
the scalar QED term SBBab [143,144]. For d ¼ 4, after fixing
Feynman gauge ζ ¼ 1 and the einbein, these individual
contributions can be put together in a compact expression
as previously shown in Eq. (34) for the vacuum-vacuum
amplitude. This can be seen by substituting Eqs. (64)–(67)
into Eq. (62), and then into Eq. (61).
Having obtained explicit expressions for all the elements

necessary to compute Wðr;lÞ in Eq. (61), we will now relate
this to to the Dyson S-matrix element in Eq. (37). We start
by evaluating the r ¼ 1 case, describing the creation of a
free particle at past infinity and its subsequent evolution via
the QED Hamiltonian up to plus infinity. For a positive
energy charge propagating from past infinity, one can
represent the fermion dressed self-energy in terms of a
Dyson S-matrix element, given by16

Sfi ¼ lim
x0
f
→þ∞

x0
i
→−∞

hpf; sf; x0fjpi; si; x0i i

¼ lim
x0
f
→þ∞

x0
i
→−∞

Z
d3xf

Z
d3xiΨ

ðþÞ†
f;β ðxfÞΨðþÞ

i;α ðxiÞγ0γα
1

Z

�
1

i

�
2

×
δ2Z½η; η̄�

δηγðxiÞδη̄βðxfÞ
����
η̄¼0
η¼0

; ð68Þ

where α, β, and γ are spin indices, and we introduced
the following shorthand for positive energy plane-wave
functions:

ΨðþÞ
f;β ðxfÞ¼uβðpf;sfÞe−ipf ·xf ; ΨðþÞ

i;α ðxiÞ¼uαðpi;siÞe−ipi·xi :

ð69Þ

The QED generating functional Z½η̄; η� in physical time is
given in Eq. (A1) of Appendix B. The S-matrix can be
reexpressed as

Sð1Þ
fi ¼ lim

x0
f
→þ∞

x0
i
→−∞

i
Z

d3xf

Z
d3xiΨ

ðþÞ†
f;β ðxfÞ

× hDF;A
βγ ðxf; xiÞiAγ0γαΨðþÞ

i;α ðxiÞ; ð70Þ

16The external lines are created by imposing the limits x0f → ∞
and x0i → −∞ in the dressed N-point Green’s functions, which is
equivalent to the standard Lehmann-Symanzik-Zimmermann
(LSZ) reduction [86]. The consequences of this truncation will
be very relevant for the discussion in Sec. Von the IR behavior of
the S-matrix.
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which involves replacing the dressed Euclidean Green’s
function in Eq. (60) with its Minkowski counterpart
D̄A

Fðxf; xiÞ in Eq. (B25) of Appendix B multiplied by a
factor of i. The integration of the dressed Green’s function
over the gauge field configurations produces

hD̄A
Fðxf; xiÞiA ¼ i

ZMW

Z
exp

�
γ̄λ

∂

∂θ1λ

�

×
X∞
l¼0

ð−1Þl
l!

Wð1;lÞðxf; xi; θÞjθ¼0; ð71Þ

with Wð1;lÞðxf; xi; θÞ the Wick rotation to Minkowski time
of the normalized worldline expectation value in Eq. (61).
Plugging Eq. (71) into (70), noticing γ25 ¼ −1 in the
Minkowski case, and identifying γ̄0 ¼ γ5γ0, one gets the
loop expansion

Sfi ¼
X∞
l¼0

Sð1;lÞ
fi ; ð72Þ

analogous to the one in Eq. (22) for the vacuum-vacuum
amplitude, with the l-loop contribution given by

Sð1;lÞ
fi ¼ ZMW

Z
ð−1Þl
l!

lim
x0
f
→þ∞

x0
i
→−∞

Z
d3xf

Z
d3xiΨ

ðþÞ†
f ðxfÞ

× exp

�
γ̄λ

∂

∂θλ

�
γ̄0Ψ

ðþÞ
i ðxiÞWð1;lÞðxf; xi; θÞjθ¼0:

The first term l ¼ 0 contains the tree-level self-energy
graphs attached to a single charge to all orders in pertur-
bation theory. The l ≠ 0 terms encode self-energy con-
tributions, also to all orders in perturbation theory, with a
fixed number l of virtual fermions. As discussed before,
the disconnected vacuum polarization graphs are removed
by the vacuum-vacuum terms in Z=ZMW.
Similarly, for an antiparticle created at past infinity,

introducing the shorthand for negative energy plane-wave
solutions

Ψð−Þ
f;β ðx̄fÞ ¼ vβðp̄f; s̄fÞe−ip̄f ·x̄f ;

Ψð−Þ
i;α ðx̄iÞ ¼ vαðp̄i; s̄iÞe−ip̄i·x̄i ; ð73Þ

the Dyson S-matrix element reads

Sð1Þ
fi ¼ lim

x0
f
→þ∞

x0
i
→−∞

hp̄f; s̄f; x0fjp̄i; s̄i; x0i i

¼ lim
x̄0
f
→þ∞

x̄0
i
→−∞

− i
Z

d3x̄f

Z
d3x̄iΨ

ð−Þ†
i;α ðx̄iÞ

× hDF;A
αγ ðx̄i; x̄fÞiAγ0γβΨð−Þ

f;β ðx̄fÞ; ð74Þ
which can be thought of as the dressed Green’s function of
a positive energy particle propagating backwards in time

from x̄f to x̄i, and multiplied by a factor of −1. Using
Eq. (71), it can be rewritten as the loop expansion

Sð1Þ
fi ¼

X∞
l¼0

Sð1;lÞ
fi ; Sð1;lÞ

fi ¼−
ZMW

Z
ð−1Þl
l!

× lim
x̄0
f
→þ∞

x̄0
i
→−∞

Z
d3x̄f

Z
d3x̄iΨ

ð−Þ†
i ðx̄iÞ

×exp
�
γ̄λ

∂

∂θλ

�
γ̄0Ψ

ð−Þ
f ðx̄fÞWð1;lÞðx̄i; x̄f;θÞjθ¼0: ð75Þ

Turning now to the many-body scattering problem with r
real particles, the calculation of the S-matrix elements
involves just the reduction of the 2r-point Green’s func-
tions to products of the (r ¼ 1) 2-point functions above, as
emphasized previously. We begin by computing explicitly
the worldline Dyson S-matrix elements for the r ¼ 2 case,
depicted schematically in Fig. 2. In particular, Möller
scattering (e−e− → e−e−) between two fermions is given
by the expression

Sð2Þ
fi ¼ lim

x0
f;2

→þ∞

x0
i;2

→−∞

lim
x0
f;1

→þ∞

x0
i;1

→−∞

Z
d3x1f

Z
d3x1iΨ

ðþÞ†
f1;β1

ðx1fÞγ0γ1α1ΨðþÞ
i1;α1

ðx1i Þ

×
Z

d3x2f

Z
d3x2iΨ

ðþÞ†
f2;β2

ðx2fÞγ0γ2α2ΨðþÞ
i2;α2

ðx2i Þ
1

Z

�
1

i

�
4

×
δ4Z

δηγ2ðx2i Þδηγ1ðx1i Þδη̄β1ðx1fÞδη̄β2ðx2fÞ
����
η̄¼0
η¼0

:

FIG. 2. The 2 ↔ 2 scattering amplitude for r ¼ 2 real particles

and l ¼ 3 virtual loops, corresponding to Sð2;3Þ
fi in Eq. (84). The

real charges n ¼ 1, 2 are described by a superpair fxμnðτÞ;ψλ
nðτÞg

of worldlines in proper time with open boundary conditions; the
virtual loops of charged wordlines i ¼ 3, 4, 5 by fxμi ðτÞ;ψμ

i ðτÞg
with periodic and antiperiodic boundary conditions respectively.
The real and virtual 0þ 1-dimensional pointlike charges interact
in proper time on equal footing through their Lorentz forces.
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Proceeding along the same lines and using Eq. (71), this gives two contributions, related to the one possible permutation of
the single particle states in a final state with two fermions,

Sð2Þ
fi ¼ Sð2Þ

fi;1 þ Sð2Þ
fi;2 ¼

X∞
l¼0

Sð2;lÞ
fi;1 þ

X∞
l¼0

Sð2;lÞ
fi;2 ; ð76Þ

where the l-loop contributions are

Sð2;lÞ
fi;1 ¼ ZMW

Z
ð−1Þl
l!

lim
x0
f;1

→þ∞

x0
i;1

→−∞

Z
d3x1f

Z
d3x1iΨ

ðþÞ†
f1

ðx1fÞ exp
�
γ̄λ

∂

∂θ1λ

�
γ̄0Ψ

ðþÞ
i1

ðx1i Þ

× lim
x0
f;2

→þ∞

x0
i;2

→−∞

Z
d3x2f

Z
d3x2iΨ

ðþÞ†
f2

ðx2fÞ exp
�
γ̄λ

∂

∂θ2λ

�
γ̄0Ψ

ðþÞ
i2

ðx2i ÞWð2;lÞðx1f; x1i ; θ1; x2f; x2i ; θ2Þ; ð77Þ

and

Sð2;lÞ
fi;2 ¼ −

ZMW

Z
ð−1Þl
l!

lim
x0
f;1

→þ∞

x0
i;2

→−∞

Z
d3x2f

Z
d3x1iΨ

ðþÞ†
f2

ðx2fÞ exp
�
γ̄λ

∂

∂θ1λ

�
γ̄0Ψ

ðþÞ
i1

ðx1i Þ

× lim
x0
f;2

→þ∞

x0
i;1

→−∞

Z
d3x1f

Z
d3x2iΨ

ðþÞ†
f1

ðx1fÞ exp
�
γ̄λ

∂

∂θ2λ

�
γ̄0Ψ

ðþÞ
i2

ðx2i ÞWð2;lÞðx2f; x1i ; θ1; x1f; x2i ; θ2Þ: ð78Þ

Along the same lines, Bhabha scattering case (e−eþ → e−eþ) in the worldline formalism is given by the Dyson S-matrix
element,

Sð2Þ
fi ¼ lim

x0
f;1

→þ∞

x0
i;1

→−∞

Z
d3x1f

Z
d3x1iΨ

ðþÞ†
f1;β1

ðx1fÞγ0γ1α1ΨðþÞ
i1;α1

ðx1i Þ lim
x0
f;2

→þ∞

x0
i;2

→−∞

Z
d3x̄2f

Z
d3x̄2i

×Ψð−Þ
f2;β2

ðx̄2fÞγ0γ2β2Ψ
ð−Þ†
i2;α2

ðx̄2i Þ
1

Z

�
1

i

�
4 δ4Z
δηα2ðx̄2i Þδηγ1ðx1i Þδη̄β1ðx1fÞδη̄γ2ðx̄2fÞ

����
η̄¼0
η¼0

; ð79Þ

and contains two contributions

Sð2Þ
fi ¼ Sð2Þ

fi;1 þ Sð2Þ
fi;2 ¼

X∞
l¼0

Sð2;lÞ
fi;1 þ

X∞
l¼0

Sð2;lÞ
fi;2 : ð80Þ

The first contribution yields the amplitude for the scattering of the particle and antiparticle pair in the in state to the out state,
to all orders in perturbation theory:

Sð2;lÞ
fi;1 ¼ −

ZMW

Z
ð−1Þl
l!

lim
x0
f;1

→þ∞

x0
i;1

→−∞

Z
d3x1f

Z
d3x1iΨ

ðþÞ†
f1

ðx1fÞ exp
�
γ̄λ

∂

∂θ1λ

�
γ̄0Ψ

ðþÞ
i1

ðx1i Þ

× lim
x̄0
f;2

→þ∞

x̄0
i;2

→−∞

Z
d3x̄2f

Z
d3x̄2iΨ

ð−Þ†
i2

ðx̄2i Þ exp
�
γ̄λ

∂

∂θ2λ

�
γ̄0Ψ

ð−Þ
f2

ðx̄2fÞWð2;lÞðx1f; x1i ; θ1; x̄2i ; x̄2f; θ2Þ: ð81Þ

The second contribution, the annihilation of the real pair in the in state to produce a different real pair in the out state, is
given by

Sð2;lÞ
fi;2 ¼ þZMW

Z
ð−1Þl
l!

lim
x0
f;1

→þ∞

x̄0
f;2

→þ∞

Z
d3x1f

Z
d3x̄2fΨ

ðþÞ†
f1

ðx1fÞ exp
�
γ̄λ

∂

∂θ1λ

�
γ̄0Ψ

ð−Þ
f2

ðx̄2fÞ

× lim
x̄0
i;2

→−∞

x0
i;1

→−∞

Z
d3x̄2i

Z
d3x2iΨ

ð−Þ†
i2

ðx̄2i Þ exp
�
γ̄λ

∂

∂θ1λ

�
γ̄0Ψ

ðþÞ
i1

ðx1i ÞWð2;lÞðx̄2i ; x1i ; θ1; x1f; x̄2f; θ2Þ: ð82Þ
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These expressions can be generalized to scattering
processes involving an arbitrary number of real charges
r. For example, an in state with initial ni positive energy
particles and an out state with nf ¼ ni ¼ r positive energy
particles has the Dyson S-matrix element,

SðrÞ
fi ¼

X∞
l¼0

Sðr;lÞ
fi ; ð83Þ

where the l-loop contribution is given by

Sðr;lÞ
fi ¼ ZMW

Z
ð−1Þl
l!

Yr
n¼1

�
lim

x0
f;n

→þ∞

x0
i;n

→−∞

Z
d3xnf

Z
d3xniΨ

ðþÞ†
fn

ðxnfÞ exp
�
γ̄λ

∂

∂θnλ

�
γ̄0Ψ

ðþÞ
in

ðxni Þ
�

×Wðr;lÞðxrf; xri ; θr;…; x1f; x
1
i ; θ

1Þ þ final state permutations: ð84Þ

Equation (84) is the central result of this section. It
provides a closed form expression for the matrix element
for any α → β transition between r real fermions to all-
loop orders. It can be reinterpreted as the sum over first-
quantized many-body worldline configurations of real and
virtual pointlike spinning charges whose numbers grow
with each order in the loop expansion. We observe that it
exponentiates the hard and soft interactions of a many-
body system, including the spin degrees of freedom, and
defines the expectation value corresponding to averages
over worldline trajectories that are seen explicitly to obey
energy-momentum and helicity-momentum constraints.
In the next section, we will flesh out the perturbative

framework obtained that follows from the formal expres-
sions for the amplitudes derived in this section and in
Sec. II. We will specifically point to its advantages relative
to the conventional Feynman diagram framework for
computing amplitudes.

IV. QED PERTURBATION THEORY WITHOUT
FEYNMAN DIAGRAMS

The central results of Secs. II and III, Eqs. (22) and (84),
respectively, are valid to all orders in perturbation theory,
providing a first-quantized many-body description, sum-
marized in the latter equation, of an arbitrary number of
photon exchanges between l virtual and r real worldlines.
To provide a familiar context in which to interpret these
findings, we will connect our results to the conventional
language of Feynman diagrams, and thereby examine in
detail the perturbative expansion in the coupling of the
worldline amplitudes found in Secs. II and III. We note that
by considering general multiloop and multi-open world-
lines we are here going beyond the well-known one-loop
approach to QFT without Feynman diagrams pioneered by
Bern and Kosower, [81] and further elucidated by Strassler
[79], albeit discussed here in the limited context of QED.

A. Multiloop diagrams in the QED vacuum

We begin by recalling Eq. (23):

Z
ZMW

¼
X∞
l¼0

ZðlÞ ¼
X∞
l¼0

ð−1Þl
l!

WðlÞ ð85Þ

with

WðlÞ ¼
	
exp

�
1

2

Z
d4k
ð2πÞ4 iJ̃

ðlÞ
μ ð−qÞD̃B

μνðqÞiJ̃ðlÞν ðþqÞ
�


;

ð86Þ

where the photon propagator is the expression in Eq. (16)
and the Fourier transforms of the l virtual fermion currents
in Eq. (19) are

J̃ðlÞμ ðqÞ ¼
Xl
i¼1

J̃iμðqÞ ¼ g
Xl
i¼1

Z
1

0

dτeþiq·xiðτÞð_xiμðτÞ

þ iε0i qνψ
i
μðτÞψ i

νðτÞÞ: ð87Þ

Because the required normalized expectation value in
Eq. (86) is separable, loop-by-loop, to the product of one-
loop normalized expectation values, one can alternately
rewrite this expression as

Z
ZMW

¼
X∞
n;l¼0

ZðlÞ
ðnÞ; ZðlÞ

ðnÞ ¼
ð−1Þl
l!

1

2n
1

n!

	�Xl
i;j¼1

Sij
�

n


;

ð88Þ

whose building block is the interaction functional repre-
senting a single photon exchange between a pair of virtual
fermion loops i and j,

Sij ¼
Z

d4q
ð2πÞ4 iJ̃

i
μð−qÞD̃B

μνðqÞiJ̃jνðþqÞ; ð89Þ

and ZðlÞ
ðnÞ represents the vacuum subgraphs with n photon

lines connecting in all possible ways l fermion loops; in

other words, ZðlÞ
ðnÞ is built from l-loop n-photon polarization

tensors.
Thus the perturbation expansion in the coupling of the

vacuum-vacuum amplitude can be expressed as
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1

Zð0Þ
Z

ZMW
¼1þ ðZð1Þ

ð0ÞþZð1Þ
ð1Þþ���Þ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

multiphoton; 1-fermionloops

þ ðZð2Þ
ð0ÞþZð2Þ

ð1Þþ���Þ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
multiphoton; 2-fermionloops

þ ðZð3Þ
ð0ÞþZð3Þ

ð1Þþ���Þ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
multiphoton; 3-fermionloops

þ���: ð90Þ

Note that here we have factored out the zero-point energy of
the vacuum from all diagrams,17

Zð0Þ ¼ exp

�
1

2
Tr

Z
∞

0

dε0
ε0

e−ε0
�
: ð91Þ

To compute in full generality terms in this expansion at
arbitrary order, we first observe that

�Xl
i;j¼1

Sij

�
n
¼
�
S11þ

�Xl
i;j¼1

Sij−S11

��
n

¼
Xn
n11¼0

n!
ðn−n11Þ!n11!

Sn1111

�Xl
i;j¼1

Sij−S11

�
n−n11

;

ð92Þ

where n11 is the number of photon lines attached at both
ends to the i ¼ 1-loop fermion. Repeating the procedure
recursively for the remaining term in brackets in the right-
hand side thus gives

�Xl
i;j¼1

Sij

�
n
¼ n!

X
n11þn12þ���þnll¼n

�Yl
i;j¼1

S
nij
ij

nij!

�
; ð93Þ

where nij (nji) are the number of virtual photon lines
flowing from the fermion loop j to i (i to j). Inserting t4his
back into Eq. (88), the n! out in front cancels, and one gets

ZðlÞ
ðnÞ ¼

ð−1Þl
l!

X
n11þn12þ���þnll¼n

	�Yl
i;j¼1

S
nij
ij

2nijnij!

�

: ð94Þ

Using now Eq. (89), collecting the currents of each virtual
fermion i, and noticing the normalized expectation values
are independent, the terms in the coupling expansion of the
vacuum-vacuum amplitude of QED are given by

ZðlÞ
ðnÞ ¼

1

l!

X
n11þn12þ���þnll¼n

×
Yl
i;j¼1

�
1

2nij
1

nij!

Ynij
k¼1

�Z
d4qijk
ð2πÞ4 D̃

B
μijk ν

ij
k

ðqijk Þ
��

×
Yl
i¼1

�
−
	Yl

j¼1

Ynij
k¼1

ðiJμijk ð−q
ij
k ÞÞ

Ynji
k¼1

ðiJνjik ðþqjik ÞÞ

�

:

ð95Þ

Through these formal manipulations, we now see that the
general l-loop, n-photon amplitudes are reduced to com-
puting a product of l one-loop, nith ¼ Pl

j¼1ðnij þ njiÞ
rank, vacuum polarization tensors.
In the worldline framework, these reduce to evaluating

the normalized expectation value of a product of ni
currents, specifically, the terms in brackets in the second
line of Eq. (95). Here, each k of the nij photon lines of

momentum qijk are attached at both ends to the i and j
virtual fermions. The signs in the arguments of the currents
−qijk and þqjik indicate, respectively, the absorption and
emission of the momentum of the photon by the fermion
line. Because there are nij! ways of attaching the two ends
of nij virtual photon lines and two momentum flow
directions for each of the photons, the subgraph is nor-
malized by the factors nij! and 2nij . We absorbed the l − 1

parity factors in each vacuum polarization tensor, and the
1=l! accounts for the l! identical permutations. The
detailed computation of the worldline path integrals in
these general nth rank tensors is spelled out in Appendix C.
To understand how the perturbative expansion works, let

us first consider the fermion one-loop graphs (l ¼ 1)
depicted in Fig. 3. Beginning with the simplest graph,
setting n ¼ 0 in Eq. (95), the noninteracting single free
fermion loop diagram can be expressed as

Zð1Þ
ð0Þ ¼ Π ¼ −2ð2πÞ4δð4Þð0Þ

Z
∞

0

dε0
ε0

Z
d4p
ð2πÞ4 e

−ε0ðm2þp2Þ;

ð96Þ

where the infinite volume phase space factor V ¼
ð2πÞ4δð4Þð0Þ is a consequence of translational invariance,
and where we used in the right-hand side the result Eq. (C5)

FIG. 3. Perturbative expansion of the one-loop fermion con-
tribution l ¼ 1 to the QED vacuum, shown here up to three loops
n ¼ 1; 2; 3;… in the number of photons.

17We omit in what follows the phase common to all diagrams.
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derived in Appendix C. The remaining integral in ε0 is UV
divergent. However, one must pair this amplitude of finding
a free one-loop in the vacuum with the corresponding
counterterm in the zero-point energy of the vacuum, whose
series will produce

Zð0Þ ¼ exp

�
1

2
Tr

Z
∞

0

dε0
ε0

e−ε0
�

¼ 1þ 1

2
Tr

Z
∞

0

dε0
ε0

e−ε0 þ � � � : ð97Þ

The UV divergence 1=ε0 is then removed, leaving the
mass-shell branch point

1

2
Tr

Z
∞

0

dε0
ε0

e−ε0 þ Zð0Þ
ð1Þ

¼ 2ð2πÞ4δð0Þð0Þ
Z

d4p
ð2πÞ4 lnðp

2 þm2Þ: ð98Þ

In the absence of real photons, there are no diagrams
involving tadpole subgraphs in the one-loop contributions
l ¼ 1. They will appear however in multiloop diagrams
with l > 1. Since ΠμðkÞ ¼ 0, as seen from the derivation
following Eq. (C14) of Appendix C, those containing
tadpoles vanish as required.
The first correction, in Zð1Þ, is the amplitude for finding

the vacuum contribution from a single fermion loop with
the internal exchange of a photon. Setting n ¼ 1 in the
expression in Eq. (95), we get

Zð1Þ
ð1Þ ¼

1

2

Z
d4q
ð2πÞ4 D̃

B
μνðqÞΠμνð−q;þqÞ

¼ ð2πÞ4δð4Þð0Þ2g2
Z

d4q
ð2πÞ4

Z
d4p
ð2πÞ4

ημν
q2

×
ημνðp2þp ·qþm2Þ−pμðpνþqνÞ−pνðpμþqμÞ

ðp2þm2ÞððpþqÞ2þm2Þ ;

ð99Þ

where we used Eq. (C26) in Appendix C.
Higher order contributions are systematically obtained

by substituting Eq. (C27) from Appendix C in Eq. (95). For
instance, the amplitude for finding the vacuum in a
configuration with a single fermion loop exchanging two
photons,

Zð1Þ
ð2Þ ¼

1

2 · 4

Z
d4q1
ð2πÞ4

Z
d4q2
ð2πÞ4 D̃

B
μνðq1ÞD̃B

ρσðq2Þ

× Πμνρσð−q1;þq1;−q2;þq2Þ; ð100Þ

where Πμνρσðq1; q2; q3; q4Þ is the light-by-light scattering
graph that can be obtained from precisely the same master
equation [Eq. (C27) in Appendix C] as the vacuum

polarization tensor. The one-loop diagrams Eqs. (96),
(99), and (100) are depicted in Fig. 3. Order-by-order in
perturbation theory, the one-loop amplitudes obtained in

Euclidean time in Eqs. (98)–(100), as well as any ZðlÞ
ðnÞ, can

be Wick rotated back to Minkowski times following the
transformations given in Appendix A.
The two-loop fermion configurations are obtained in the

same vein. The vacuum contribution reads, using Eq. (95),

Zð2Þ
ð0Þ ¼

1

2!
ðΠÞ2 ¼ 1

2
ðZð1Þ

ð0ÞÞ2: ð101Þ

It corresponds to graph (a) in Fig. 4.
More generally, all the free loop amplitudes satisfy

ZðlÞ
ð0Þ ¼ ðZð1Þ

ð0ÞÞl=l!; using Eq. (97), they can be collected,

resummed, and UV regularized as

Zð0Þ
�
1þ

X∞
l¼1

ZðlÞ
ð0Þ

�
¼ Zð0Þ expfZð1Þ

ð0Þg

¼ exp

�
2ð2πÞ4δð4Þð0Þ

Z
d4p
ð2πÞ4 lnðp

2 þm2Þ
�
: ð102Þ

From Eq. (95), for the two-loop graphs [graphs (b), (c), and
(d)] with one photon exchange, we get

Zð2Þ
ð1Þ ¼

1

2
Π
Z

d4q
ð2πÞ4 D̃

B
μνðqÞΠμνð−q;þqÞ

þ 1

2

Z
d4q
ð2πÞ4 D̃

B
μνðqÞΠμð−qÞΠνðþqÞ: ð103Þ

The first term corresponds to graphs (b) and (c) in Fig. 4,
and the second term to graph (d). Since iΠμðqÞ ¼ 0, this
last diagram does not contribute, and we can express the
result as

Zð2Þ
ð1Þ ¼ Zð1Þ

ð0ÞZ
ð1Þ
ð1Þ; ð104Þ

where Zð1Þ
ð1Þ is defined in Eq. (99).

The vacuum-vacuum amplitude for two fermion loops
with two photon internal lines, illustrated in Fig. 4 graphs

FIG. 4. Perturbative expansion of the two-loop fermion con-
figurations l ¼ 2 in the QED vacuum up to two photon loops
n ¼ 1; 2;….
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(e)–(h), can be read from Eq. (95) to be [dropping the
diagrams with tadpole subgraphs (e) and (f) in Fig. 4]

Zð2Þ
ð2Þ ¼ Zð1Þ

ð0ÞZ
ð1Þ
ð2Þ þ

1

2
ðZð1Þ

ð1ÞÞ2

þ 1

4

Z
d4q1
ð2πÞ4

Z
d4q2
ð2πÞ4 D̃

B
μνðq1ÞD̃B

ρσðq2Þ

× Πμρð−q1;−q2ÞΠνσðq1; q2Þ: ð105Þ

The first contribution corresponds to graph (g) in Fig. 4, the
second term corresponds to the square of the second
diagram in Fig. 3, and the final term is depicted in graph
(h) of Fig. 4.
The above exercise is very suggestive of the efficacy of

the worldline framework for high order perturbative com-
putations. Their advantage can be summarized as follows.
Firstly, from the examples we considered, we can deduce
that all multiloop diagrams, to any level of complexity, can
be universally generated from the master equation—
Eq. (95). The explicit, yet compact, elements for their
computation are given by Eq. (C27) in Appendix C. In
general d dimensions, the results of applying this procedure
to the calculation of amplitudes to fixed order are worldline
diagrams that can be equivalently represented in terms of
Schwinger/Feynman parameters, with their genuine UV
loop divergences then regularized as in conventional
perturbation theory.
Secondly, while each Feynman graph in the latter

corresponds to one particular permutation of the photon
insertions in ZðlÞ

ðnÞ, in contrast, Eq. (95) represents them all at
once, automatically encoding the factorial growth of dia-

grams in perturbation theory. For instance, Zð1Þ
ð2Þ, shown in

Fig. 3, is given by the integral in Eq. (C27) of Appendix C.
In the usual perturbative calculation, it requires the evalu-
ation of two Feynman graphs, corresponding to the
dressing of the fermion loop with the two photons crossed
or uncrossed, respectively. At large n in perturbation
theory, the situation becomes more complex, with the
number of diagrams exploding factorially.
A fundamental question then arises as to whether

Eq. (C27) grows factorially with the increasing number
of diagrams in the large n photon limit, or if cancellations
do in fact occur between diagrams and reduce the scaling of
Eq. (C27) at large n from the naive estimate of the number
of diagrams involved. For instance, Cvitanovic and
Kinoshita [145] showed that in calculations of the higher
order corrections to the electron anomalous magnetic
moment [145–147] large cancellations occur at higher
orders within certain gauge invariant sets of diagrams.
Given that the number of diagrams inside these sets is very
large (∼ hundreds to sixth-order in perturbation theory for
g − 2) this led Cvitanovic to conjecture [145] that g − 2
may not satisfy an asymptotic expansion [at least in the
quenched contributions with no virtual fermion loops

(l ¼ 0)] as anticipated [148], and that instead the series
is rendered convergent by extensive cancellations between
graphs in perturbation theory.
A gauge invariant set of diagrams contributing to g − 2

consists of all one-particle irreducible graphs with a fixed
number n of virtual photons dressing the electron vertex
and no virtual fermion loops. For the further case of the
dressings of a closed fermion loop, all the diagrams in a
gauge set are then encoded in the single integral in
Eq. (C27) of Appendix C. This “quenched convergence”
in the large n photon limit has been addressed previously
for loop diagrams within the worldline formulation of
sQED and QED using Borel analysis [149–152].
Finally, we emphasize that in the conventional Wilson

loop approach to gauge theories, genuine fermion loop
contributions are not included within the framework
itself, but are introduced “by hand.” As a specific
example, the computation of the expectation value of
the Wilson loop that appears in cusp anomalous dimen-
sions (which we shall discuss further in Sec. VI) in
standard perturbative Wilson-loop computations includes
only the boson-boson contributions in Eq. (63) but not the
boson-fermion and fermion-fermion contributions con-
tained in the worldline computation. These have to be
added separately, adding to the complexity of the com-
putation. We will illustrate this point in detail in Paper II
by performing an explicit computation of the two-loop
cusp anomalous dimension in the worldline approach and
comparing it to the prior computation in standard per-
turbation theory [36].

B. Resumming the loop expansion

The multiplicity of virtual worldlines in Eq. (22) suggest
that the sum in the number of closed loops l can be
performed formally for any amplitude. Equivalently,
Eq. (84) suggests that these loop-resummed amplitudes
can also be summed in the number r of real particles. This
would then produce a “field-free” worldline generating
functional, depending on a external boson source, which
makes it suitable for the evaluation of amplitudes using
semiclassical expansions.
To perform the sum in the number of loops l, we

introduce an external gauge boson source BμðxÞ that can be
regarded as a dummy gauge background field, and define
the functional operator

G
�
δ

δB

�
¼ exp

�
1

2

Z
d4x

Z
d4y

δ

δBμðxÞ
DB

μνðx−yÞ δ

δBνðyÞ
�
:

ð106Þ

This generating functional connects virtual photon lines to
all orders in perturbation theory. We can thus rewrite the
interaction term in Eq. (23) as
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exp

�
1

2

Z
d4x

Z
d4yiJðlÞμ ðxÞDB

μνðx − yÞiJðlÞν ðyÞ
�

¼ G
�
δ

δB

�
exp

�
i
Z

d4xJðlÞμ ðxÞBμðxÞ
�����

B¼0

: ð107Þ

With this, the sum in Eq. (22) over all vacuum-vacuum diagrams becomes

Z
ZMW

¼ G
�
δ

δB

�
exp

�
1

2
Tr

Z
∞

0

dε0
ε0

e−ε0
�X∞

l¼0

ð−1Þl
l!

�Z
∞

0

dε0
2ε0

Z
P
D4x

Z
AP

D4ψ

× exp

�
−m2ε0 −

1

4ε0

Z
1

0

dτ _x2μðτÞ −
1

4

Z
1

0

dτψμðτÞ _ψμðτÞ þ i
Z

d4xJμðxÞBμðxÞÞ
��

l
����
B¼0

; ð108Þ

where we used the fact that the currents can be decomposed into the sum of individual currents, as in Eq. (19). Summing in
l and using Eq. (20), we can reexpress this result as

Z
ZMW

¼ G
�
δ

δB

�
expfΓ½B�gjB¼0; ð109Þ

where Γ½B� is the one-loop (l ¼ 1) effective action in the presence of the background gauge field BμðxÞ,

Γ½B� ¼ 1

2
Tr

Z
∞

0

dε0
ε0

e−ε0 −
1

2

Z
∞

0

dε0
ε0

Z
P
D4x

Z
AP

D4ψ exp

�
−m2ε0 −

1

4ε0

Z
1

0

dτ _x2μðτÞ

−
1

4

Z
1

0

dτψμðτÞ _ψμðτÞ þ ig
Z

1

0

dτ _xμðτÞBμðxðτÞÞ − i
gε0
2

Z
1

0

dτψμðτÞψνðτÞFμνðxðτÞÞ
�
: ð110Þ

One has thus reduced the multi- (infinite-)loop problem
of the QED vacuum to that of computing the one-loop
worldline effective action in an arbitrary dummy back-
ground field. Indeed, since Eq. (109) is valid for any choice
of BμðxÞ, one could look for gauge configurations for
which one could obtain a nonperturbative result for Γ½B�.
Specifically, one can look at configurations that minimize
the action, allowing one to perform a semiclassical expan-
sion around this value. For instance, for a constant electric
field BμðxÞ ∝ xμ, Eq. (110) can be expanded in so-called
worldline instanton configurations [88–90]. Note that this
form of the “dummy” background field gives the rate for
eþe− pair production in strong external (not dummy)
electric fields.

The generating functional technique for amplitudes
with real particles is analogous. We can similarly rewrite
Eq. (61) as

Wðr;lÞðxrf;xri ;θr;…;x1f;x
1
i ;θ

1Þ

¼G
�
δ

δB

�	
exp

�
þi

Z
d4xJðr;lÞμ ðxÞBμðxÞ

�
����
B¼0

: ð111Þ

We consider first the case of a single real particle r ¼ 1.
The gauge functional average of the dressed 2-point
function in Eq. (71) then becomes

hD̄F
Aðx1f; x1i ÞiA ¼ i

ZMW

Z
G
�
δ

δB

�
exp

�
γ̄1λ

∂

∂θ1λ

�X∞
l¼0

ð−1Þl
l!

	
exp

�
þi

Z
d4xJð1;lÞμ ðxÞBμðxÞ

�
����
θ1¼0
B¼0

: ð112Þ

Since the currents and actions are additive sums of their single-particle counterparts, the path integrals of the r external and
the l virtual particles can be separated. Using Eq. (58), we get

hD̄F
Aðxf; xiÞiA ¼ ZMW

Z
G
�
δ

δB

��
i
N5

exp

�
γ̄λ

∂

∂θ1λ

�Z
∞

0

dε01

Z
dχ01

Z
Dε1

Dπ1
2π

Z
Dχ1Dν1

×
Z

Dx1Dψ1 exp

�
−iSR þ i

Z
d4xJR;μðxÞBμðxÞ

�����
θ1¼0

�
exp

�
1

2
Tr

Z
∞

0

dε0
ε0

eiε0
�

×
X∞
l¼0

ð−1Þl
l!

�Z
∞

0

dε0
2ε0

Z
Dε

Dπ

2π

Z
P
Dx

Z
AP

Dψ exp

�
−iSV þ i

Z
d4xJV;μðxÞBμðxÞ

��
l
����
B¼0

:
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The first quantity in brackets (in the first two lines) is the
amplitude for a real fermion to propagate from x1i to x1f in
BμðxÞ. The quantity in brackets in the third line above is the
amplitude for a single virtual fermion loop in the presence
of BμðxÞ. Polarized virtual fermions from the vacuum and
real particles are connected by the action of G. Summing
this expression to all orders in l,

hDF
Aðx1f;x1i Þγ5iA ¼

ZMW

Z
G
h δ

δB

i
DF

Bðx1f;x1i Þγ5 expfΓ½B�gjB¼0:

ð113Þ

The functional average over gauge fields on the left-hand
side is replaced on the right-hand side by the action of G on
the product of a single real particle’s dressed Green’s
function DF

Bðx1f; x1i Þ times a one-loop effective action Γ½B�,
with B being set finally to zero.
To sum in r, we introduce two dummy anticommuting

sources η̄ðxÞ and ηðxÞ and define the quantity

ð−iÞr
r!

	Yr
n¼1

Z
d4xnf

Z
d4xni η̄ðxnfÞDA

Fðxnf; xni Þηðxni Þ



A

¼ ZMW

Z
G
�
δ

δB

�
expfΓ½B�g ð−iÞ

r

r!

×
Yr
n¼1

�Z
d4xnf

Z
d4xni η̄ðxnfÞDB

Fðxnf; xni Þηðxni Þ
�����

B¼0

:

ð114Þ

From Eqs. (41) and (42), the left-hand side is the definition
of the QED generating functional Z½η̄; η� normalized by
Z ¼ Z½0; 0�. On the right-hand side, we find the exponential
of the transition amplitude for a real fermion from the
dummy state ηðxÞ to η̄ðxÞ in the presence of BμðxÞ.
Summing this in r,

Z½η̄; η�
ZMW

¼ G
�
δ

δB

�
expfΓ½B�g

× exp

�
−i

Z
d4x

Z
d4yη̄ðxÞDF

Bðx; yÞηðyÞ
�����

B¼0

:

ð115Þ

For no real fermions η̄ðxÞ¼ ηðxÞ¼ 0, we recover Eq. (109).
Equation (115) contains the factorization of three fun-

damental elements in QED: (i) the exponentiated amplitude
of a virtual fermion to describe a loop, given by Γ½B�,
(ii) the exponentiated amplitude for a a single fermion to
propagate in an open configuration DF

Bðx; yÞ, and (iii) the
multiple insertions of the virtual photon line operator
G½δ=δB� connecting them. Note also that we factor out
the infinite sea of disconnected photon loops ZMW.

In Sec. IVA, we discussed in detail the efficiency of
worldline calculations order-by-order in perturbation
theory. Some comments are now in order regarding
possible strategies to extend these calculations to all
orders by using expressions like Eqs. (109) and (115) in
this subsection.
The formal expressions we obtained as the principal

results of Secs. II and III for QED amplitudes require the
computation of many-body path integrals describing the
interactions between many pointlike currents, with their
multiplicity growing with the loop order l in the expansion.
Monte Carlo Euclidean techniques for the computation of
these path integrals for scalar theories have been addressed
in [94,95], and more recently in [153]. These have thus far
only been in the quenched approximation.
Here we have instead reduced the previous quantum

many-body problem to the one of solving the quantum
dynamics of a single spin-1=2 particle in a given external
gauge field, that is later set to zero. This has some
advantages. The number of particles is fixed, one must
only compute the path integral of a single fermion in an
external field and without backreaction, as it is the case of
Eq. (109). Further, the dummy field can be chosen
conveniently so as to perform a semiclassical expansion
of the worldline action around the corresponding instanton
configuration.
This worldline action is given by Eq. (D19) of

Appendix D, where the semiclassical expansion is also
discussed at length. We see that replacing the fields sourced
by the other particles in the loop expansion, A

xj
μ ðxÞ and

A
Ψj
μ ðxÞ, by an arbitrary BμðxÞ reduces the complexity of the

calculation.

V. IR STRUCTURE OF QED WORLDLINE
AMPLITUDES

To summarize where we are in the paper, we provided
in Secs. II and III compact expressions to compute
amplitudes in QED, to all loop orders in perturbation
theory, in a formalism in which matter and gauge fields are
integrated out explicitly and replaced by superpairs of
0þ 1-dimensional worldlines that represent on equal foot-
ing real (external) and virtual (loop) particle proper-time
trajectories in position and spin. In this first-quantized
approach to QED, the quantum degrees of freedom of the
theory are exactly accounted for as 0þ 1-dimensional
boson and Grassmann path integrals over all possible
worldline trajectories.
As noted, the computation of the required path integrals

in these amplitudes is a difficult task. One approach is
an l-loop, n-photon, perturbative expansion; another is via
a semiclassical expansion about so-called worldline instan-
tons using Monte Carlo methods. The efficiency of each of
these approaches, respectively, was discussed in Secs. IVA
and IV B.
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We will now discuss in this framework the problem of
the IR safety of the S-matrix outlined in the introduction to
the paper. As we will show, the worldline formalism has
significant advantages in tackling this problem. The inter-
actions between real and virtual worldlines, to all orders in
perturbation theory, are given by the expressions in
Eqs. (64)–(67), representing in the IR the long-range
classical Coulomb dynamics of pairwise interactions of
charged worldline superpairs. This will allow us to examine
clearly the IR divergences of the scattering amplitudes, and
construct IR safe amplitudes to all orders in perturbation
theory.

A. Curing the IR divergences of the Dyson S-matrix

To study the IR structure of QED, we first consider the
Dyson S-matrix element for r positive energy particles18 in
Eq. (84):

SðrÞ
fi ¼ ZMW

Z

Yr
n¼1

�
lim
tn
f
→þ∞

tn
i
→−∞

Z
d3xnf

Z
d3xni u

†
snf
ðpn

fÞeþipn
f ·x

n
f

× exp

�
γ̄λ

∂

∂θnλ

�
γ̄0usni ðpn

i Þe−ipn
i ·x

n
i

�

×
X∞
l¼0

ð−1Þl
l!

Wðr;lÞðxrf; xri ; θr;…; x1f; x
1
i ; θ

1Þjθ¼0

þ final state permutations: ð116Þ

Recall that Wðr;lÞðxrf; xri ; θr;…; x1f; x
1
i ; θ

1Þ encodes the
amplitude for the propagation of the r particles from points
placed on the celestial sphere at minus infinity to final
points placed on the celestial sphere at plus infinity,

xnf ¼ ðtnf; xnfÞ; xni ¼ ðtni ; xni Þ;
tnf → þ∞; tni → −∞; n ¼ 1;…; r: ð117Þ

It also contains l virtual fermions attached to the r real
particles, and has the structure of a normalized worldline
expectation value of the path integrals in Eq. (58) over the r
worldline trajectories connecting the points at past and
future infinity in Eq. (117),

Wðr;lÞðxrf; xri ; θr;…; x1f; x
1
i ; θ

1Þ ¼
	
exp

�
−i

Xrþl

a;b¼1

Sab
�


;

ð118Þ

and over the l closed worldline trajectories of the virtual
fermions. Here Sab denotes the interaction of worldline a
with worldline b, and is given by the Wick rotation to
Minkowski spacetime of the Lorentz forces in Eq. (63). The
indices a; b ¼ 1;…; rþ l run over real and virtual
particles.
To explore the IR asymptotics of the S-matrix, and to

translate the previous results to the language of Feynman
diagrams, we express the Fourier transform of Sab in
Eq. (63) as (d ¼ 4 and ζ ¼ 1)

Sab ¼ −
1

2

Z
d4k
ð2πÞ4 J̃

a
μð−kÞ

gμν
k2 þ iϵ

J̃bνðþkÞ; ð119Þ

where k is the 4-momentum of the virtual photon, and the
currents in momentum space and Minkowski time are

J̃aμðkÞ¼ g
Z

1

0

dτð_xaμðτÞþ εa0k
νψa

μðτÞψa
νðτÞÞeþik·xaðτÞ: ð120Þ

The problem of the IR structure of the S-matrix is therefore
reduced to that of examining the low energy behavior
(k → 0) of a theory of worldline currents.
In momentum space, a contribution to Sab will be IR

divergent when both currents entering Eq. (119) contain
1=k terms that survive when k → 0. In this k → 0 limit, the
fermion component of the current in Eq. (120) is sublead-
ing relative to the bosonic contribution and need not be
considered further in this context. For the scalar component
of the current, we can sample N points of the worldline
xμðτκÞ ¼ xμκ for κ ¼ 1;…; N, and connect pairs of points
separated by a 4-distance δxμκ ¼ xμκþ1 − xμκ with a straight
line path for the propagation of the particle in a time
δτκ ¼ τκþ1 − τκ,

xμðτÞ ¼ xμκ þ δxμκ
δτκ

ðτ − τκÞ; τ ∈ ðτκþ1; τκÞ; ð121Þ

with τ1 ¼ 0 and τN ¼ 1, as shown in Fig. 5 for the
worldline of a particle starting at xμ1 and ending at xμN .
As emphasized before, the worldline has a closed path
(xμN ¼ xμ1) for a virtual particle. For a real particle, these

FIG. 5. Discretized representation of a bosonic worldline xμðτÞ accounting for one possible configuration of a particle’s trajectory in
the path integral.

18The discussion here can be extended straightforwardly to
scattering amplitudes involving particles and antiparticles.
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points are external and placed at plus and minus infinity,
following Eq. (117). In this discretized form, the path
integral over worldline configurations in Eq. (58) reduces
to the sum over all possible positions of the intermediate
points in the trajectory xμκ.
In the soft limit k → 0, the total current gives, using

Eq. (121),

J̃μðkÞ ≃ g
Z

1

0

dτ
dxμ

dτ
eþik·xðτÞ

¼ g
XN−1

κ¼1

Z
τkþ1

τk

dτ
dxμ

dτ
eþik·xðτÞ

¼ g
i

XN−1

κ¼1

δxμκ
k · δxκ

ðeik·xκþ1 − eik·xκÞ: ð122Þ

The form of the current above, within a discrete interval,
holds the key to understanding the emergence of IR
singularities in the Dyson S-matrix and how to cure them.

For fixed xμκ and x
μ
κþ1, the term in the parentheses is of order

OðkÞ and cancels the 1=k in the denominator when k → 0.
It follows that a worldline configuration with all points
fixed—a particle confined to a finite 4-volume—does not
introduce 1=k poles in Sab leading to IR divergences in the
S-matrix.
However, if the real or virtual particle explores infinity in

some step xμκ → �∞, which is a contribution accounted for
by the path integral, as the one shown in Fig. 6, the
corresponding term eik·xκ in Eq. (122) should be dropped
due to the rapid oscillations in the phase in the asymptotic
region. The remaining term in parentheses in Eq. (122) is
then left unpaired, and contains a 1=k contribution in k → 0

that introduces an IR divergence in Sab.
To examine the k → 0 behavior of these particular

configurations, we will distinguish between internal and
external points placed at infinity. If the κth point at infinity
is internal, like the one in Fig. 6, it will appear twice in the
sum in Eq. (122), which one can then reorganize as

J̃μðkÞ ¼ g
i

XN−1

η¼κþ1

δxμη
k · δxη

ðeik·xηþ1 − eik·xηÞ þ g
i

δxμκ
k · δxκ

ðeik·xκþ1 − eik·xκÞ

þ g
i

δxκ−1
k · δxκ−1

ðeik·xκ − eik·xκ−1Þ þ g
i

Xκ−2
η¼1

δxμη
k · δxη

ðeik·xηþ1 − eik·xηÞ: ð123Þ

Noticing δxμκ=k · δxκ ¼ δxμκ−1=k · δxκ−1 as xμκ → ∞, and
pairing the κ þ 1 and κ − 1 terms left unpaired when xμκ →
∞ thus gives

J̃μðkÞ ¼ g
i

XN−1

η¼κþ1

δxμη
k · δxη

ðeik·xηþ1 − eik·xηÞ

þ g
i

δxμκ
k · δxκ

ðeik·xκþ1 − eik·xκ−1Þ

þ g
i

Xκ−2
η¼1

δxμη
k · δxη

ðeik·xηþ1 − eik·xηÞ; ð124Þ

which has no 1=k terms when k → 0. Hence contributions
within internal intervals of the currents can never introduce

1=k terms leading to IR divergences in Sab, even if the
particle trajectory propagates to infinity at intermediate
times δxμκ → ∞.
Since for virtual loop particles it is further verified that

all points are internal (xμN ¼ xμ1), it follows from the
previous observation that none of the l virtual particles
in the lth order of the S-matrix loop expansion can
introduce 1=k terms in Sab leading to IR divergences.
We thus conclude for any virtual fermion i participating in
the process

lim
k→0

J̃μi ðkÞ¼ constþOðkÞ; i¼ rþ1;…; rþl: ð125Þ

The only remaining terms potentially introducing 1=k
contributions in the k → 0 limit to Sab are the elementary

FIG. 6. Discretized configuration of a bosonic worldline xμðτÞwith an internal point at infinity. A dashed line is drawn to indicate that
the fermion line extends to infinity and becomes external as a result.
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contributions in Eq. (122) containing the external points
xμN ¼ xμf and xμ1 ¼ xμi of the r real particles. A worldline
configuration for a real particle is shown in Fig. 7. The
external points, unlike internal ones, appear only once in
the sum in Eq. (122) and are further placed at infinity by the
boundary conditions in Eq. (117). Proceeding as previ-
ously, reorganizing the sum in Eq. (122) we get

J̃μðkÞ ¼ g
i

δxμN−1
k · δxN−1

ðeik·xN − eik·xN−1Þ

þ g
i

XN−2

η¼2

δxμη
k · δxη

ðeik·xηþ1 − eik·xηÞ

þ g
i

δxμ1
k · δx1

ðeik·x2 − eik·x1Þ: ð126Þ

In the x0N → ∞ and x01 → ∞ limits we then find

J̃μðkÞ¼−
g
i
δxμN−1

k ·δxN−1
eik·xN−1 þg

i

XN−2

η¼2

δxμη
k ·δxη

ðeik·xηþ1 −eik·xηÞ

þg
i
δxμ1
k ·δx1

eik·x2 : ð127Þ

Then in the k → 0 limit there are two nonvanishing 1=k
contributions, encoding the attachment of an IR virtual
photon line to the two external legs of the real particle,

lim
k→0

J̃μnðkÞ¼ g
i

�
δxμ1

k ·δx1;n
−

δxμN−1
k ·δxN−1;n

�
; n¼ 1;…;r; ð128Þ

and where we neglected the phases in the k → 0 limit.
Owing to the fact that the bosonic worldline currents are
time reparametrization invariant, dividing and multiplying
numerator and denominators above by the particle’s proper
time s and mass m, respectively, produces

lim
x0N→þ∞

m
δxμN−1
δsN−1

¼pμ
f; lim

x0N→þ∞
m
k ·δxN−1

δsN−1
¼ k ·pμ

f; ð129Þ

and

lim
x0
1
→−∞

m
δxμ1
δs1

¼ pμ
i ; lim

x0
1
→−∞

m
k · δx1
δs1

¼ k · pμ
i ; ð130Þ

where pμ
f and p

μ
i are the worldline momenta of the external

legs. We can therefore rewrite

lim
k→0

J̃μnðkÞ ¼ g
i

�
pμ
i;n

k · pi;n
−

pμ
f;n

k · pf;n

�
; n ¼ 1;…; r: ð131Þ

Finally, the QED worldline interaction functional has the
IR structure (d ¼ 4 and ζ ¼ 1)

Xrþl

a;b¼1

Sab ¼−
g2

2

Xr

n;m¼1

Z
Λ

0

d4k
ð2πÞ4

gμν
k2þ iϵ

�
pμ
i;n

k ·pi;n
−

pμ
f;n

k ·pf;n

�

×

�
pν
i;m

k ·pi;m
−

pν
f;m

k ·pf;m

�
þ IR finite; ð132Þ

where the sum runs only over the real particles, contains
only the external lines of these real particles, and Λ denotes
the IR region in which the previous soft approximations
hold. The above statements are nothing but a worldline
reformulation, to all orders in perturbation theory, of Low’s
soft theorem19 [15].
We turn now to the cure of the IR problem stated above.

In standard perturbation theory, the virtual IR divergences
are canceled in the cross section by real IR photons attached
to the squared S-matrix element. As we noted above, the
origin of the virtual IR divergences can be directly traced
back to dropping the asymptotic currents in Eq. (126),
when the x0N;n ¼ tfn → ∞ and x01;n ¼ tin → −∞ limits are
imposed by the standard S-matrix construction in
Eq. (117). However, as implicit in the discussion of
Faddeev and Kulish [29] (building on previous work by
Dollard [23], Chung [24] and Kibble [25–28]), the order of
limits matters.
We can therefore, following Faddeev and Kulish, define

as an alternative to the Dyson S-matrix, the equivalent
worldline FK S-matrix:

FIG. 7. Discretized configuration of a bosonic worldline xμðτÞ with the external points placed at infinity. A dashed line is drawn to
indicate that the fermion lines extend to infinity and become external as a result.

19Tests of Low’s soft theorem by several experimental analyses
to date show excellent agreement between Low’s prediction and
soft photon data in QED processes. On the other hand, a
significant excess of soft photons is observed for a wide variety
of processes involving hadron final states; these so-called
“anomalous soft photons,” provide a phenomenological handle
to study the interplay of QED and QCD sources of photon
production. For a recent discussion, see [154].
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S̄ðrÞ
fi ¼ ZMW

Z

Yr
n¼1

�Z
d3xnf

Z
d3xni u

†
snf
ðpn

fÞeþipn
f ·x

n
f exp

�
γ̄λ

∂

∂θnλ

�
γ̄0usni ðpn

i Þe−ipn
i ·x

n
i

�

×
X∞
l¼0

ð−1Þl
l!

Wðr;lÞðxrf; xri ; θr;…; x1f; x
1
i ; θ

1Þjθ¼0 þ final state permutations; ð133Þ

with the limits tnf;i → �∞ taken only after all the IR
divergences of the diagrams generated by this new S-matrix

are canceled in the k → 0 limit. S̄ðrÞ
fi has the structure of a

dressed 2r-point Green’s function with no truncated legs
since time is kept finite until after k → 0. It is therefore IR
finite, by construction, to any order in perturbation theory.
This is seen clearly by keeping the asymptotic charged
currents that consist of terms entering with phases k · xN
and k · x1 in Eq. (126),

J̃μnðkÞ ¼ g
i

pμ
f;n

k · pf;n
eik·xN

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
Final asymptotic current

−
g
i

pμ
f;n

k · pf;n
eik·xN−1 þ ð� � �Þ þ g

i

pμ
i;n

k · pi;n
eik·x2

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Current in the Dyson S-matrix

−
g
i

pμ
i;n

k · pi;n
eik·x1

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
Initial asymptotic current

; ð134Þ

instead of Eq. (131). The three terms above are all of order
Oð1=kÞ. However, after taking the k → 0 limit, they cancel
exactly amongst each other and there are no 1=k contri-
butions left in Sab. We conclude therefore that there are no

IR divergences in the FK S-matrix S̄ðrÞ
fi , to all orders in

perturbation theory.

B. An example: Möller scattering

Wewill now discuss as a specific example of the previous
general discussion, Möller scattering (e−e−→e−e−), which
is illustrated in Fig. 8. We will first analyze the IR
divergences arising from the standard Dyson S-matrix,
and subsequently contrast the resulting expressions with
those of the FK S-Matrix.
We begin by writing the pair-wise worldline interac-

tions as

Sab ¼ SabIR þ SabUV; ð135Þ

where the soft and hard contributions are defined as

SabIR ¼ −
1

2

Z
Λ

0

d4k
ð2πÞ4 J̃

a
μð−kÞ

gμν

k2 þ iϵ
J̃bνðþkÞ;

SabUV ¼ −
1

2

Z
∞

Λ

d4k
ð2πÞ4 J̃

a
μð−kÞ

gμν

k2 þ iϵ
J̃bνðþkÞ; ð136Þ

where Λ delimits the separation between the IR and UV
regions.
We first consider the Dyson S-Matrix. SabUV is IR finite by

construction. Following the previous discussion, the 1=k
terms responsible for IR divergences in SabIR are introduced
by the tf → þ∞ and ti → −∞ legs of the scalar compo-
nents of the worldline currents of the two real electrons.
The virtual fermion contributions, as we discussed pre-
viously, are IR finite. Thus in the infrared, the sum over all
real and virtual worldlines to any loop order l, can be
approximated by a sum over the real worldlines20:

X2þl

a;b¼1

SabIR ≃
X2
n;m¼1

SnmIR ≃ −
1

2

X2
n;m¼1

Z
Λ

0

d4k
ð2πÞ4 J̃

n
μ;IRð−kÞ

×
gμν

k2 þ iϵ
J̃mν;IRðþkÞ: ð137Þ

FIG. 8. Worldlines of a pair of electrons n,m ¼ 1, 2 with initial
and final velocities β1;2i;f without cusps, in gray, and two world-
lines, in black, with cusps at xcn;m and same initial and final
velocities. In the soft photon limit they both have the same IR
divergent contributions to the Dyson S-matrix.

20We only consider here the leading 1=k contributions to the IR
divergences. Keeping the virtual fermion loop contributions in the
analysis that follows does not add further complications in the IR
in this worldline picture. The underlying reason for this follows
from the discussion around Eq. (125) in Sec. VA.
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Further, for sufficiently small Λ, virtual photons in SnmIR
attach to the asymptotic regions of the worldlines corre-
sponding to tf → þ∞ and ti → −∞. In these limits, the
weakly interacting worldlines approach asymptotically the
trajectories of free particles in J̃nμ;IR (or equivalently, J̃mμ;IR),
with initial and final velocities βni and βnf,

xnμðtÞ ¼ xni;μ þ βni;μðt − tni Þ; t ∈ ðtni ; tncÞ;
xnμðtÞ ¼ xnc;μ þ βnf;μðt − tncÞ; t ∈ ðtnc; tnfÞ: ð138Þ

As shown in Fig. 8, any arbitrary configuration of world-
lines at short distances, indicated by the cusps at xnc , are
accounted for in SabUV. Using Eq. (138), the scalar currents in
the IR region split into two parts,

J̃nμ;IRðkÞ ¼ g
Z

tnc

tni

dt_xnμðtÞeþik·xnðtÞ−ϵðtnc−tÞ

þ g
Z

tnf

tnc

dt_xnμðtÞeþik·xnðtÞ−ϵðt−tncÞ; ð139Þ

where we introduced an iϵ prescription to kill the incoming
and outgoing currents at infinity. Performing the time
integrals, and taking tni → −∞, tnf → þ∞, this gives

J̃nμ;IRðkÞ ¼
g
i

�
βni;μ

k · βni − iϵ
−

βnf;μ
k · βnf þ iϵ

�
eþik·xnc : ð140Þ

For sufficiently low Λ, the phase in the above expression, of
order 1þOðkÞ, can be replaced by unity. The interactions
in the IR region are then given by

SnmIR ≃
1

2

Z
Λ

0

d4k
ð2πÞ4

1

k2 þ iϵ

�
βni;μ

−k · βni − iϵ
−

βnf;μ
−k · βnf þ iϵ

�

×

�
βmi;μ

k · βmi − iϵ
−

βmf;μ
k · βmf þ iϵ

�
: ð141Þ

Because for weak long distance interactions (represented
by the above expression in the asymptotics Λ → 0) the n
and m worldline paths are well approximated by free
classical trajectories, they can be factorized out of the path
integral in Eq. (118). This gives

Wð2;lÞðx2f;x2i ;θ2;x1f;x1i ;θ1Þ

≃exp

�
−i

X2
n;m¼1

SnmIR

�	
exp

�
−i

X2þl

a;b¼1

SabUV

�


¼ exp

�
−i

X2
n;m¼1

SnmIR

�
Wð2;lÞ

UV ðx2f;x2i ;θ2;x1f;x1i ;θ1Þ; ð142Þ

where we defined Wð2;lÞ
UV ð� � �Þ as the normalized worldline

interaction functional of two real particles (r ¼ 2) with l

virtual fermions and an arbitrary number of virtual photons
with energies above Λ. Introducing this expression in the
Dyson S-matrix in Eq. (116), one obtains

Sð2Þ
fi ≃ exp

�
−i

X2
n;m¼1

SnmIR

�
Sð2Þ
fi;UV: ð143Þ

Note that the S-matrix element for virtual photons with
k ≥ Λ is IR finite by construction and given by

Sð2Þ
fi;UV¼

ZMW

Z

Y2
n¼1

�
lim
tn
f
→þ∞

tn
i
→−∞

Z
d3xnfe

þipn
f ·x

n
f

Z
d3xni e

−ipn
i ·x

n
i u†snfðp

n
fÞ

×exp
�
γ̄λ

∂

∂θnλ

�
γ̄0usni ðpn

i Þ
�

×
X∞
l¼0

ð−1Þl
l!

Wð2;lÞ
UV ðx2f;x2i ;θ2;x1f;x1i ;θ1Þ

����
θ¼0

þðx1f↔x2fÞ: ð144Þ

Equation (143) corresponds to Weinberg’s exponentia-
tion of virtual Abelian IR divergences [5]. It depends only
on the directions of the charges at infinity, is independent of
their spin dimensions, and encodes their interactions at late
times with their self-generated classical gauge fields. This
IR factor dresses the hard S-matrix Sð2Þ

fi;UV containing
photons with k ≥ Λ outside the IR region. Note that this
separation of scales is also assumed implicitly in [5].
To evaluate the diagrams with these IR divergent dress-

ings we keep the phases of the currents in Eq. (140),
depending on the cusp positions, and finally take the soft
photon k → 0 limits. The diagrams in Eq. (141) are shown in
Fig. 9 and denoted

SnmIR ¼ Sðβni ; xnc; βmi ; xmc Þ þ Sðβnf; xnc; βmf ; xmc Þ
þ Sðβni ; xnc; βmf ; xmc Þ þ Sðβnf; xnc; βmi ; xmc Þ; ð145Þ

where

Sðβn;xn;βm;xmÞ

¼g2

2

Z
d4k
ð2πÞ4

gμν
k2þ iϵ

ηnβnμ
−k ·βn− iηnϵ

ηmβmν
k ·βm− iηmϵ

e−ik·ðxn−xmÞ;

ð146Þ

and ηn ¼ þ1 or ηn ¼ −1 for a charged current incoming to
or outgoing from the point xn.
The diagonal terms n ¼ m correspond to IR self-energy

dressings of the S-matrix occurring at asymptotic times.
The nondiagonal n ≠ m, to virtual IR photons exchanged
by the two electrons. Consider the initial-initial photon
exchange diagram, for which ηn ¼ þ1 and ηm ¼ þ1, and
given by
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Sðβni ; xnc; βmi ; xmc Þ ¼
g2

2
βni · β

m
i

Z
d4k
ð2πÞ4

1

k2 þ iϵ
1

−k · βni − iϵ
1

k · βmi − iϵ
e−ik·ðxnc−xmc Þ: ð147Þ

Defining ω2
k ¼ k2, the integration in the virtual photon energy k0, as shown in Fig. 10, has poles at

k0 ¼ ωk − iϵ; k0 ¼ −ωk þ iϵ; k0 ¼ k · βni − iϵ; k0 ¼ k · βmi þ iϵ: ð148Þ

The integration contour is determined by the sign of tnc − tmc . For tnc > tmc , the clockwise contour Cþ in Fig. 10 should be
chosen. The residue of the pole at k0 ¼ þωk − iϵ encodes the interaction of the electron n in the radiative mode of the gauge
field of the electron m, created by the overall change in the in and out directions. The residue of the pole at k0 ¼ kβni − iϵ
corresponds to the Coulomb mode in the interaction of one electron in the Liénard-Wiechert field of the other. This gives

−iSðβni ; xnc; βmi ; xmc Þ ¼
g2

2

Z
Λ

λ

d3k
ð2πÞ3

1

2ωk

βni
k · βni

·
βmi

k · βmi
e−ik·ðxnðtncÞ−xmðtmc ÞÞ

þ ig2lim
ϵ→0

Im
Z

Λ

λ

d3k
ð2πÞ3

1

2ωk

βni
k · βni

·
βmi

k · ðβmi − βni Þ þ iϵ
eþik·ðxnðtmc Þ−xmðtmc ÞÞ; ð149Þ

where we introduced an IR cutoff λ to capture the
logarithmic IR divergence in the resulting integrals.
For tnc < tmc , the counterclockwise integration contour C−

should be chosen instead, with the residues corresponding
now to the response of the electron m in the radiative and
Coulomb fields of n. In the IR k → 0 limit, the long
distance interactions accounted for in SnmIR are however
independent of the relative placement of the cusps of Fig. 8,
and more generally, of the particular short distance con-
figurations of the actual electron worldlines contributing to
the path integral.
Following the same procedure for the rest of diagrams, it

can be shown that the IR divergent, long distance inter-
actions between any two particles n and m in SnmIR can be
always split, following Weinberg [5] and Faddeev and
Kulish [29], into a real and an imaginary contribution

−iSnmIR ¼ Rnm þ iΦnm; ð150Þ

where

Rnm¼ g2

2

Z
Λ

λ

d3k
ð2πÞ3

1

2ωk

�
βmf

k ·βmf
−

βmi
k ·βmi

�
·

�
βnf

k ·βnf
−

βni
k ·βni

�
;

ð151Þ

FIG. 9. Diagrams Sðβnf; xnc; βmf ; xmc Þ, Sðβni ; xnc; βmi ; xmc Þ, Sðβni ; xnc; βmf ; xmc Þ, and Sðβnf; xnc; βmi ; xmc Þ in Eq. (141) representing all possible IR
photon exchanges between two cusped worldlines.

FIG. 10. Poles and integration contour in the self-energy virtual
photon graph attached to the initial leg, corresponding to one of
the contributions in Snnc .
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and

Φnm ¼ lim
ϵ→0

�
g2Im

Z
Λ

λ

d3k
ð2πÞ3

1

2ωk

βmf
k · βmf

·
βnf

k · ðβnf − βmf Þ þ iϵ

þ g2Im
Z

Λ

λ

d3k
ð2πÞ3

1

2ωk

βni
k · βni

·
βmi

k · ðβmi − βni Þ þ iϵ

�
:

ð152Þ

Performing then the remaining integrals, using Eqs. (E3)
and (E10) of Appendix E, this gives

−i
X2
n;m¼1

SnmIR ¼ g2

8π2
X
n0;m0

ηn
0
ηm

0
γn

0m0
coth γn

0m0
log

Λ
λ

− i
g2

8π

X
n0;m0

0ηn0ηm0
coth γn

0m0
log

Λ
λ
; ð153Þ

with the cusp angles between external legs of the charged-
particle worldlines defined by

cosh γnm ≔
βn · βmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβnÞ2ðβmÞ2

p : ð154Þ

Recall further that η ¼ þ1 and η ¼ −1 for an incoming and
outgoing external charged-particle leg. The indices n0; m0 in
the right-hand side indicate an in or an out leg of the
real worldlines, and the pairs ðn0; m0Þ and ðm0; n0Þ are
counted separately. The prime in the imaginary part sum
indicates that the sum runs only over the out-out and in-in
pairings [5] since the Liénard-Wiechert or Coulomb modes
in all crossed diagrams, namely Sðβni ; xnc; βmf ; xmc Þ and
Sðβnf; xnc; βmi ; xmc Þ, vanish in the soft limit.
We turn now to analyze the IR behavior of the FK

S-matrix S̄ðrÞ
fi in Eq. (133). The currents at long distances

are well approximated again by the cusped worldlines of
Fig. 8. Using Eq. (138) and keeping tnf;i finite, the currents
give

J̃nμ;IRðkÞ ¼
g
i

βnf;μ
k · βnf þ iϵ

eik·x
n
f

|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
final asymptotic current

−
g
i

�
βnf;μ

k · βnf þ iϵ
−

βni;μ
k · βni − iϵ

�
eik·x

n
c

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
current at the cusp

−
g
i

βni;μ
k · βni − iϵ

eik·x
n
i

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
initial asymptotic current

: ð155Þ

As observed previously in Sec. VA, in the standard
approach [5], the first and the last terms in Eq. (155) are
dropped due to the rapid oscillations in the phases occur-
ring at asymptotic times. This would give back Eq. (140).
As is implicit in Faddeev and Kulish’s discussion on
infrared safety [29] the order of limits matters. For any
fixed large xf;i, the phases go to unity as k → 0, and the
asymptotic contributions cancel with that from the cusps in
this limit.
In the standard construction, these new terms correspond

to the ðp� kÞ2 ¼ m2 poles not accounted for by the LSZ
truncation of the amplitude, order-by-order in perturbation
theory. The asymptotic currents encode virtual photons
pinched to the xμf and xμi points, and they can be regarded
then as IR dressings of the in and out states in the gauge
field to all orders in perturbation theory.
With the aid of the asymptotic currents in Eq. (155), the

new Lorentz-covariant worldline interaction functional
includes photon exchanges at infinity that capture and
remove IR singularities to any order in perturbation theory.
This can be confirmed explicitly by plugging Eq. (155) into
Eq. (136), and finding it to be free of IR singularities in

d ¼ 4. Indeed, in the FK S-matrix S̄ðrÞ
fi , the IR dressings in

Eq. (141) become

S̄nmIR ¼ SnmIR þ Snmas ; ð156Þ

where SnmIR are the standard diagrams in Eq. (145) and the
new asymptotic diagrams Snmas include a virtual photon
attached in at least one of its ends to one of the asymptotic
boundaries (ti → −∞ and tf → þ∞)

Snmas ¼ Sðβfn; xfn; βfm; xfmÞ þ Sðβfn; xfn; βfm; xcmÞ þ Sðβfn; xfn; βim; xcmÞ þ Sðβfn; xfn; βim; ximÞ
þ Sðβfn; xcn; βfm; xfmÞ þ Sðβin; xcn; βfm; xfmÞ þ Sðβfn; xcn; βim; ximÞ þ Sðβin; xcn; βim; ximÞ
þ Sðβin; xin; βfm; xfmÞ þ Sðβin; xin; βfm; xcmÞ þ Sðβin; xin; βim; xcmÞ þ Sðβin; xin; βim; ximÞ; ð157Þ

where each diagram Sðβn; xn; βm; xmÞ is also given by Eq. (146). A subset of these asymptotic diagrams are displayed in
Figs. 11 and 12.
The evaluation of the asymptotic diagrams follows the same procedure as for the diagrams discussed previously, and also

lead to real and imaginary contributions from the asymptotic regions,
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−iSnmas ¼ Rnm
as þ iΦnm

as ð158Þ

with

Rnm
as ¼ 1

2
g2

Z
Λ0

λ

d3k
ð2πÞ3

1

2ωk

βnf
k · βnf

·
βmi

k · βmi
þ 1

2
g2

Z
Λ0

λ

d3k
ð2πÞ3

1

2ωk

βni
k · βni

·
βmf

k · βmf

−
1

2
g2

Z
Λ0

λ

d3k
ð2πÞ3

1

2ωk

βnf
k · βnf

·
βmf

k · βmf
−
1

2
g2

Z
Λ0

λ

d3k
ð2πÞ3

1

2ωk

βni
k · βni

·
βmi

k · βmi
; ð159Þ

where Λ0 denotes the IR region of the asymptotic interactions, and

Φnm
as ¼ −lim

ϵ→0

�
g2

Z
Λ0

λ

d3k
ð2πÞ3

1

2ωk

βmf
k · βmf

·
βnf

k · ðβmf − βnfÞ þ iϵ
þ g2Im

Z
Λ0

λ

d3k
ð2πÞ3

1

2ωk

βni
k · βni

·
βmi

k · ðβmi − βni Þ þ iϵ

�
: ð160Þ

Performing the remaining integrals using Eqs. (E3) and (E10) in Appendix E, the result of adding the diagrams of the
asymptotic region Snmas to the conventional IR divergent diagrams in SnmIR is

−i
X2
n;m¼1

S̄nmIR ¼ g2

8π2
X
n0m0

ηn
0
ηm

0
γn

0m0
coth γn

0m0
log

Λ
Λ0 − i

g2

8π

X
n0m0

0ηn0ηm0
coth γn

0m0
log

Λ
Λ0 ; ð161Þ

which is independent of the IR cutoff λ. Our result in Eq. (161) therefore proves that the FK S-matrix S̄ðrÞ
fi in QED is IR finite

to all orders in perturbation theory.

FIG. 11. Subset of asymptotic diagrams in Snmas of Eq. (157) corresponding to pure asymptotic interactions. The dots indicate the
asymptotic points xn;mf and xn;mi within the charged currents. Only the out-out and in-in exchanges (represented by the middle two
figures) contain imaginary Coulomb modes that cancel the corresponding imaginary IR divergences in SnmIR .

FIG. 12. Subset of asymptotic diagrams in Snmas in Eq. (157) representing interactions between the cusped and asymptotic regions.
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A few remarks on the cancellation of the IR divergences
in Eq. (161) are now in order. Firstly, because the
cancellation of these IR divergences in the conventional
Dyson S-matrix approach occurs between virtual and real
photon IR divergences in the cross section, one might ask if
virtual IR photon diagrams becoming IR finite when
asymptotic interactions are included means that real IR
divergences they canceled previously now survive in the
cross section. This is fortunately not the case because
diagrams with the emission of real photons are also
accompanied by corresponding asymptotic diagrams,
which similarly lead to IR finite cross sections. Real
photon emissions will be considered in detail in Paper II.
Secondly, in the Dyson S-matrix the imaginary Coulomb

phase iΦ exists at the amplitude level, and becomes
manifest in the calculation of the Dyson S-matrix element
itself starting at next-to-leading order in the coupling g. It
should therefore not be ignored in the context of our
previous discussion of the IR finite FK S-matrix.21

Further, we have included the n ¼ m terms both in the
conventional IR divergent Dyson and IR finite FK S-
matrices. These Coulomb IR divergences in external lines
(wherein the photon is attached to the same external
charged-particle worldline) are rarely discussed because it
is presumed that they are included in the counterterms
corresponding to wavefunction renormalization of the
external currents. However as noted by Weinberg [86],
this is not the case because the presumed counterterms are
themselves canceled by counterterms arising from the
internal lines and vertices. Therefore these n ¼ m IR
Coulomb terms that are manifest in the worldline formal-
ism should be kept. In the conventional approach, their
IR divergences will cancel with the IR divergences of the
real photons attached to the cross section; in the FK
approach, their IR divergences are removed by the
corresponding counterterms, as is manifest in the result
obtained in Eq. (161).
Finally, as also previously observed in [36], there is a

subtle point regarding the expressions surviving the can-
cellation of the IR divergences in Eq. (161). The Coulomb
phase is ill defined for the cases in which γn0m0 ¼ 0. For the
case of the long distance interactions between different
charged particles (n0 ≠ m0), this would correspond to the
scenario in which the relative velocity of a charged particle
in the rest frame of the another, defined by the invariant

relative rapidity vðβn0 ; βm0 Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2n0β

2
m0=ðβn0 · βm0 Þ2

q
,

vanishes in the in and/or out state, reflecting a singularity
of the scattering amplitude. For photons attached to the

same external line of a charged particle, it is always true
that γn

0n0 ¼ 0. This divergence corresponds to the inter-
action of a charge in uniform motion in its own Liénard-
Wiechert field. In the Lorentz frame of the particle at rest,
this is just the divergence of a Coulomb field at short
distances and will not impact scattering matrices at any
finite relative velocity.

C. Relating asymptotic worldlines to
Faddeev-Kulish soft factors

We will now relate our construction of IR finite ampli-
tudes in the worldline formalism to the Faddeev-Kulish S-
matrix in their original Hamiltonian approach [29], and to
the recent discussion in the modern language of Wilson
lines by Schwartz and Hannesdottir [32]. The fundamental
issue noted in [29] is that to construct an IR finite S-matrix
operator, the evolution of the states in the far past and future
have to account for contributions from long-range inter-
actions that are neglected in the Dyson S-matrix.
We begin with the discussion in [32], where

lim
tf→þ∞

Uðtf; tÞjΨi ¼ lim
tf→þ∞

Uasðtf; tÞjΨouti;

lim
ti→−∞

Uðti; tÞjΨi ¼ lim
ti→−∞

Uasðti; tÞjΨini; ð162Þ

where i∂tUasðt; t0Þ ¼ HasðtÞUasðt; t0Þ and HasðtÞ is the
QED Hamiltonian in the asymptotic soft photon limit. In
the traditional construction of the Dyson S-matrix, it is
assumed that this asymptotic dynamics is well approxi-
mated by U0ðt; t0Þ, with i∂tU0ðt; t0Þ ¼ H0ðtÞU0ðt; t0Þ, with
H0ðtÞ being the free QED Hamiltonian. The previous
equation can be rewritten as

jΨi ¼ lim
tf→þ∞

U†ðtf; tÞUasðtf; tÞjΨouti;

jΨi ¼ lim
ti→−∞

U†ðti; tÞUasðti; tÞjΨini: ð163Þ

The operator relating the out and in states defines the FK S-
matrix:

jΨouti¼ lim
tf;i→�∞

U†
asðtf; tÞUðtf; tiÞUasðti; tÞjΨini≡ S̄jΨini;

ð164Þ
where the relations U†ðti;tÞ¼Uðt;tiÞ and Uðtf; tÞUðt; tiÞ ¼
Uðtf; tiÞ were employed.
Equivalently, for the Dyson S-matrix, one must replace

the above Uasðt; t0Þ with U0ðt; t0Þ:

S ¼ lim
tf;i→�∞

U†
0ðtf; tÞUðtf; tiÞU0ðti; tÞ: ð165Þ

Thus one finds the former can be expressed in terms of the
latter as

21Note that this phase can also be recovered in the eikonal
expansion of the S-matrix [155]. The resummation of ladder
diagrams [156] through Wilson lines, and the resummation of the
resulting eikonal series thereafter for arbitrary momentum trans-
fers away from zero, are of particular importance in the study of
the Regge asymptotic behavior of QCD [37,157] and gravity [7].
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S̄ ¼ lim
tf;i→�∞

U†
asðtf; tÞU0ðtf; tÞSU†

0ðti; tÞUasðti; tÞ: ð166Þ

In the FK S-matrix (referred to as the “hard” S-matrix in
[32]), an in state is dressed by asymptotic interactions from
t to ti ¼ −∞, subsequently evolves and scatters in the
central region from ti ¼ −∞ to t and from t to tf ¼ þ∞ as
per the Dyson prescription, and returns to t dressed
analogously by final asymptotic interactions, with t ¼ 0
chosen in [32]. Feynman rules for the leading IR divergent
diagrams, including contributions from the asymptotic
regions, are shown explicitly to cancel with the IR
divergences generated by the Feynman graphs correspond-
ing to the Dyson S-matrix in the central region.
In the original FK S-matrix discussion in [29], the

asymptotic amplitudes likewise enter as conjugated to
the ones in the central region, but with phases at tf → þ∞
and ti → −∞ instead of t ¼ 0 in [32]. Since the role of the
asymptotic interactions is to transform a free state at t ¼ 0
to dressed in and out states at tf → þ∞ and ti → −∞,
respectively, the matrix elements of the hard S-matrix [32]
are equivalent to the FK form in [29].
The expression in Eq. (166) was further reexpressed by

Faddeev and Kulish as

S̄¼ expf−RðtfÞ− iΦðtfÞgS expfþiΦðtiÞþRðtiÞg; ð167Þ

where the real and imaginary parts of the IR divergences of
the diagrams from the asymptotic regions are encoded in
the action of the operators

RðtÞ ¼ e
X
λ

Z
d3p
ð2πÞ3 ρp

Z
d3k
ð2πÞ3

1

2ωk

pμ

k · p
faλ;†k ϵλ;�k;μe

ik·pt=p0

− aλkϵ
λ
k;μe

−ik·pt=p0g; ð168Þ

and

ΦðtÞ¼ e2

8π2

Z
d3p1
ð2πÞ3

Z
d3p2
ð2πÞ3∶ρp1

ρp2
∶

p1 ·p2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1 ·p2Þ2−m4

p lnjtj;

ð169Þ

on the in and out states. Here ρp ¼ P
sðbs;†p bsp − ds;†p dspÞ is

the fermion number operator of the charges in the in and out
states, bsp (dsp) and bs;†p (ds;†p ), annihilation and creation
operators respectively, of a fermion (antifermion) with
momentum p and spin s, aλk and aλ;†k are annihilation
and creation operators of a photon of momentum k and
polarization λ. The properties of these operators were
considered in some detail in the original Faddeev and
Kulish paper, where R is a coherent state operator spanning
the Hilbert space of asymptotic charged particle states.
However as noted in [29], and further emphasized in [32],
these states, dressed with clouds of soft photons, can never

be thought of as direct products of similarly dressed single
particle states. As also noted previously, the phase ΦðtÞ is
the relativistic generalization of the Coulomb (or Eikonal)
phase,22 which is crucial in cancelling the infinite phase
factors that arise in the Dyson S-matrix.
In our worldline formulation of scattering amplitudes,

we integrated out the gauge and matter fields explicitly,
giving rise to nonlocal interaction functionals quadratic in
the fermion currents, as in Eq. (119). This prevents us from
defining a FK S-matrix in the same way as in Eq. (167),
where the asymptotic dressings are linear in the gauge field,
interactions are local, and currents can be factorized out
from interactions in the central region to dress either the
traditional S-matrix, or the in and out states, as desired.
In the operator formulation, however, it is clear that the

action of RðtÞ—more generally, the action of RðtÞ in
conjunction with terms coming from the central region
in the Dyson S-matrix S, order-by-order in perturbation
theory—will introduce the radiative modes of the asymp-
totic interactions that, once exponentiated, will lead pre-
cisely to the Rnm

as terms we found in Eq. (159). Likewise, the
action of ΦðtÞ on the asymptotic Coulomb modes, once
exponentiated, will lead to the Φnm

as contributions we found
in Eq. (160).
It is worth noting that each charged worldline in this

framework is not separately dressed into an individual
cloud, but this cloud depends on the rest of charges: the
dressings involve photon exchanges between different
charges in the asymptotic region, and also photon
exchanges between the central and the asymptotic regions.
As discussed previously, these features are crucial to
completely cancelling the IR divergences in S̄. Thus the
identification of charged worldlines with charged particles,
while a useful mnemonic, is not fully robust.
Our form of the IR finite FK S-matrix S̄ presents

potential advantages. In the usual FK formulation
[29,32], the S-matrix elements are only defined perturba-
tively, and the IR finiteness of amplitudes can only be
proven order-by-order in perturbation theory. In the world-
line approach, the amplitudes are defined to all orders in
perturbation theory, with an arbitrary number of virtual
photon and fermion loops attached. In particular, we
showed that the exponentiation of IR divergences obtained
from perturbation theory [5] appears naturally, with the
added intuition of a theory of classical currents of nearly
free first-quantized particles as they approach the far past
and future.23 More importantly, the emergence of the IR
dressings of the central and asymptotic regions as nonlocal
worldline interaction functionals between classical electro-
magnetic currents is transparent. This allowed us to derive

22For a nice discussion of this phase in the parton model
formulation of QED at high energies, we refer the reader to [158].

23Along the same lines, we note that the IR finiteness of the S-
matrix in a QED model of classical currents was recently
investigated in [159].
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an all order proof of the IR finiteness of the FK S-matrix
of QED.
Another potential advantage presented by the worldline

framework, as discussed in Sec. IV, is its efficiency in high
order perturbative calculations. Each order in perturbation
theory can be generated in the worldline from a single one-
loop (l ¼ 1) master expression, which contains n-factorial
combinations of Feynman graphs corresponding to differ-
ent permutations of photon insertions into the fermion
lines. We will discuss this further in the next section in the
context of perturbative computations of the anomalous
dimension of a cusped Wilson loop.
An interesting recent development is the interpretation of

the asymptotic interactions encoded in the FK S-matrix in
the language of symmetries. It was pointed out very early
by Weinberg [160] that the universal features of soft
theorems in Abelian theories [5] might arise directly from
conservation laws of some fundamental symmetry. In his
interpretation, the form of soft theorems is dictated from
Lorentz invariance to simply enforce charge conservation
and the principle of equivalence. More recently, Low’s
theorem has been shown to be equivalent to theWard identity
[58–60] of an asymptotic symmetry of the amplitudes
generated by the group of largeUð1Þ gauge transformations
acting over the in and out states with angle-dependent
constants at null infinity [54]. In gravity, Weinberg’s soft
graviton theorem can be understood as the Ward identity
[54,55] of the BMS group of asymptotically flat spacetime
symmetries [51,52].
The invariance of amplitudes under large gauge trans-

formations implies that any scattering process is accom-
panied by a transition between degenerate vacua containing
a differing number of IR photons. These shifts between
different vacua have been found [60] to be implemented
precisely by the same asymptotic interactions encoded in
the dressings of the Dyson S-matrix proposed by Faddev
and Kulish in [29]. In the conventional construction of
amplitudes through the Dyson S-matrix, the in and out
states are assumed to be free charged-particle states, and
then the vacuum of the theory is assumed to be unique.
Because this would violate the conservation law, the Dyson
S-matrix has to be identically zero. The emergence of IR
divergences in the form of Low’s soft photon theorem,
order-by-order in perturbation theory, can be therefore
interpreted as a necessary condition to avoid spoiling the
BMS-charge conservation laws associated to the BMS-like
symmetry of the theory.
As emphasized before, since we have integrated out the

gauge field completely, the FK S-matrix in the worldline
form of Eq. (133) prevents us from disentangling the
dressings in the gauge field of the charged-particle states
in the in and out states at plus and minus infinity, from the
interactions of these charges with the gauge field occurring
at intermediate times in the central region. This indeed has
to be the case, since the interaction of these charges to all

orders in perturbation theory is encoded in a nonlocal
interaction functional of all charged-particle currents. In
this worldline framework then, the vacuum transitions
mentioned previously are automatically implemented
within the definition of the scattering amplitude itself,
by means of the asymptotic currents corresponding to the
terms with phases k · xN and k · x1 in Eq. (126). We plan to
return to the discussion of asymptotic symmetries in the
worldline context in future work.

VI. CUSP ANOMALOUS DIMENSION FROM
WORLDLINES

The fundamental objects in the worldline formulation of
QED are normalized expectation values of nonlocal inter-
action functionals of charged currents created by superpairs
of scalar xμðτÞ and Grassmann ψμðτÞ worldlines. These
expectation values are expressed as generalized Wilson
loops, containing the nonlocal dynamics of pointlike
superpairs of particles. Worldlines therefore provide a
natural framework to examine the renormalization proper-
ties of Wilson loops in QED.24 In particular, we will show
how an efficient calculation of the cusp anomalous dimen-
sion can be carried out in the worldline formulation, with all
the diagrams generated, to any order in perturbation theory,
from the master formula discussed in Sec. IV.
To dress a cusped worldline to all orders in perturbation

theory, we consider the interactions of a single real
charged-particle (r ¼ 1) and an arbitrary number of virtual
fermions l. This reduces to evaluating normalized world-
line expectation values of interaction functionals of their
respective currents, which are given by Eq. (55) to be

Jð1;lÞμ ðxÞ ¼ J1R;μðxÞ þ
Xl
i¼1

JiV;μðxÞ: ð170Þ

The asymptotic behavior of a real charged particle is
dominated by its scalar degrees of freedom, and the
evolution of its worldline xμðtÞ is well approximated by
a classical trajectory xclμ ðtÞ possessing a cusp. Following
Eq. (50), this is

J1R;μðxÞ≃Jclμ ðxÞ¼ gμ2−d=2
Z þ∞

−∞
dt_xclμ ðtÞδ4ðx−xclðtÞÞ;

ð171Þ

where d ¼ 4 − 2ϵ and we absorbed the mass dimension of
the coupling in a parameter μ with mass dimension unity,
and

24Early works on the renormalization of Wilson loops
include [33,34,36,106,161,162]. For more recent impressive
progress in computing cusp anomalous dimensions to high
orders in QED, QCD, and N ¼ 4 supersymmetric Yang-Mills
theory, see [42–46].
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xclμ ðtÞ¼βiμt for t<0; xclμ ðtÞ¼βfμt for t>0; ð172Þ

where, as previously, βi and βf are the initial and final
velocities. The cusp is placed at xclμ ð0Þ ¼ 0 without loss of
generality.
The dressings of this scalar charged-particle’s Wilson

line in the Abelian gauge field are encoded, to all orders in
perturbation theory, in the dressed 2-point function of
Eq. (71), with the spin degrees of freedom and the path
integration over the real worldline configurations omitted.
We define the amplitude W accordingly as

W ¼ ZMW

Z

X∞
l¼0

ð−1Þl
l!

Wð1;lÞðxf; xiÞ; ð173Þ

where xf ¼ xclðtfÞ and xi ¼ xclðtiÞ as tf;i → �∞, and the
lth contribution in the loop expansion is given by the
normalized worldline expectation value taken only over
the worldline configurations of the l virtual fermions

Wð1;lÞðxf; xiÞ ¼
	
exp

�
−
i
2

Z
ddx

Z
ddyðJðlÞμ ðxÞ

þ Jclμ ðxÞÞDB
μνðx − yÞðJðlÞν ðyÞ þ Jclν ðyÞÞ

�

:

ð174Þ

Further expanding Eq. (173) in powers of g, precisely in the
sameway as discussed in Sec. IVA for the vacuum-vacuum
amplitude, gives the series

W¼
�X∞

l¼0

X∞
n¼0

ZðlÞ
ðnÞ

�
−1X∞

l¼0

X∞
n¼0

ð−1Þl
l!

1

2nn!

×
	Yn

i¼1

Z
ddxi

Z
ddyiðiJðlÞμi ðxiÞ

þ iJclμiðxiÞÞiDμiνi
B ðxi−yiÞðiJðlÞνi ðyiÞþ iJclνiðyiÞÞ



: ð175Þ

Here the disconnected fermion loop graphs are removed by

the corresponding terms ZðlÞ
ðnÞ in the loop expansion of the

vacuum-vacuum amplitude. The resulting nth and lth term
in the power expansion is of order αn and contains n virtual
photons and l virtual fermions attached to the cusped
charged-particle worldline.
To one-loop order (n ¼ 1 and l ¼ 0), Eq. (175) gives

W ¼ 1 −
g2

8π2
ðμ2πÞϵΓð1 − ϵÞ lim

δ→∞

Z þδ

−δ
dt1

×
Z þδ

−δ
dt2

_xclðt1Þ · _xclðt2Þ
ðxclðt1Þ − xclðt2ÞÞ2−2ϵ

þ � � � ; ð176Þ

where we used the photon propagator in Eq. (17) in d ¼
4 − 2ϵ dimensions and Minkowski signature,

Dμν
B ðxÞ ¼ igμν

4πd=2
Γ
�
d − 2

2

�
1

ðixÞd−2 : ð177Þ

This one-loop contribution contains UV divergences from
virtual photons attached to equal points in the worldline
xclðt1Þ ¼ xclðt2Þ, and IR divergences coming from the
virtual photons attached to the far past and future δ → ∞.
Using Eq. (172) the integral can be split into four

contributions, their corresponding diagrams shown in
Fig. 13, giving

W ¼ 1 −
g2

8π2
ðμ2πÞϵΓð1 − ϵÞfIðβf; βiÞ þ Iðβi; βfÞ

− Iðβf;−βfÞ − Ið−βi; βiÞg þ � � � ; ð178Þ

where the required integrals Iðβf; βiÞ are defined as

Iðβf; βiÞ ¼ lim
δ→∞

Z
δ

0

dt1

Z
δ

0

dt2
βf · βi

ðβft1 þ βit2Þ2

¼
Z

∞

0

dt
1

t1−2ϵ

Z
1

0

ds
βf · βi

ðβfsþ ð1 − sÞβiÞ2
: ð179Þ

The Schwinger parameters t ¼ t1 þ t2 and s ¼ t1=t are
introduced in the second equality. The scaleless t integral
receives both the t → 0 (UV) divergence and the t → ∞
(IR) divergence from photons attached to equal and very
distant points in the worldline, respectively, in Eq. (176). To
capture the IR divergence, we regulate the integral over t as

Z
∞

0

dt
t1−2ϵ

e−λt ¼ 1

λ2ϵ
Γð2ϵÞ: ð180Þ

The s integral remains finite. Setting ϵ ¼ 0 then yields the
geometrical factor

FIG. 13. One-loop diagrams (n ¼ 1 and l ¼ 0) in Eq. (176)
contributing to the dressing of the cusped current Jclμ . Note that
the ðβf; βiÞ and ðβi; βfÞ contributions in Eq. (179) are counted
separately.
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Z
1

0

ds
βf ·βi

ðβfsþð1− sÞβiÞ2

¼ βf ·βiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβf ·βiÞ2−β2fβ

2
i

q Atanh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβf ·βiÞ2−β2fβ

2
i

q
βf ·βi

�
;

ð181Þ

where one identifies the 4-dimensional cusp angle
between the final f and initial i directions as γfi, as shown
previously Fig. 13,

coshγfi ¼
βf ·βiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβfÞ2ðβni Þ2

q → tanhγfi¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβf ·βiÞ2−β2fβ

2
i

q
βf ·βi

;

ð182Þ

allowing us to write Eq. (181) asZ
1

0

ds
βf · βi

ðβfsþ ð1 − sÞβiÞ2
¼ γfi coth γfi: ð183Þ

The diagrams with initial-initial and final-final photon
loops are given by the expressions −Ið−βi; βiÞ and
−Iðβf;−βfÞ, corresponding to the substitutions γff ¼ 0

and γii ¼ 0 in the equation above.25 Collecting all the terms
in ϵ in Eq. (176), and expanding around ϵ ¼ 0, gives

�
μ2π

λ2

�
ϵ

Γð2ϵÞ ¼ 1

2ϵ
þ 1

2
log

�
μ2π

λ2

�
− γE þ ð� � �Þ; ð184Þ

where γE is the Euler-Mascheroni constant. Plugging all
these results into Eq. (176) gives, to one loop,

W ¼ 1 −
g2

4π2

�
1

2ϵ
þ 1

2
log

�
μ2π

λ2
e−2γE

��

× ðγfi coth γfi − 1Þ þ � � � : ð185Þ

Equation (185) contains both the cusp IR ∼ logð1=λÞ and
UV ∼ 1=ϵ divergences. The former corresponds precisely
to the self-energy contributions (n ¼ m) in the IR dressings
of a scattering amplitude found in Eq. (153). It can
therefore be canceled following the Faddeev and Kulish
procedure discussed in Sec. V B, leading to Eq. (161).
To renormalize the UV divergences in W, we follow the

procedure in [162]. In Eq. (185), the prefactor of the UV
divergence 1=ϵ has a dependence on the cusp angle related
to the short-time integration in the vicinity of the cusp. The
required renormalization factor Zðγfi; g; ϵÞ is then also
angle dependent. This suggests, following [162],

WRðγfi; gR; μ=λÞ ¼ Zðγfi; g; ϵÞWðγfi; g; μ=λ; ϵÞjg¼gðgR;μ;ϵÞ
ð186Þ

where gR is the renormalized coupling and the renormal-
ized amplitudeWR (encoding the dressings of the classical
cusped scalar worldline) satisfies the renormalization group
equation (RGE)

�
μ
∂

∂μ
þ βðgRÞ

∂

∂gR
þ Γðγ; gRÞ

�
WR ¼ 0;

Γðγfi; gRÞ ¼ −
d lnZ
d ln μ

; ð187Þ

with the anomalous dimension Γðγfi; gRÞ introduced by the
cusp. The QED β-function is defined by (d ¼ 4 − 2ϵ)

μ
dα
dμ

¼ −2α
�
ϵþ α

4π
β0 þ

�
α

4π

�
2

β1 þ � � �
�
; ð188Þ

where α ¼ g2R=4π. Expanding Z in powers of gR and
matching, to subtract to one-loop order, the 1=2ϵ UV
divergence of W gives

Zðγfi; g; ϵÞ ¼ 1þ
X∞
n¼1

g2nR Zn

¼ 1þ α

π

1

2ϵ
ðγfi coth γfi − 1Þ þ � � � : ð189Þ

Hence the one-loop cusp anomalous dimension is then

Γðγfi; gRÞ ¼
α

π
ðγfi coth γfi − 1Þ þOðα2Þ: ð190Þ

The previous computation can be extended to higher
orders. We first note that all tree-level dressings (l ¼ 0) in
Eq. (175) exponentiate, as anticipated, by setting l ¼ 0
in Eq. (173) and avoiding therefore the power expansion in
Eq. (175). One thus obtains

W¼ exp

�
−

g2

4π2

�
1

2ϵ
þ1

2
log

�
μ2π

λ2
e−2γE

��
ðγfi cothγfi−1Þ

�

þ��� ; ð191Þ

where the ellipses indicate that the l ≠ 0 contributions
coming from the attachment of virtual fermion loops
remain to be included. The corresponding graphs for these
in W are generated in exactly the same way, as the l ¼ 0
term by the compact expression in Eq. (175). The building
blocks required of this computation, for arbitrary n and l,
are given by the multiloop worldline polarization tensors of
Eq. (C27) in Appendix C.
For instance, at two-loop order (n ¼ 2 and l ¼ 1), the

first finite correction to the tree-level graphs in Eq. (191)
using Eq. (175) contains as its building block the expression

25We omit here the divergent imaginary contribution that is
related to shifts of the cusp angle γfi � iπ.
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1

2

Z
ddk1
ð2πÞd iD

μ1ν1ðk1Þ

×
Z

ddk
ð2πÞd iD

μ2ν2ðk2ÞiJclμ1ðþk1ÞiΠμ1ν1ðþk1;−k2ÞiJclμ2ð−k2Þ;

ð192Þ

where the polarization tensor Πμνðk1; k2Þ is given by
Eq. (C27), as shown in Appendix C. As we discussed in
Sec. IVA, automatically encoded in a single and compact
expression are multiloop diagrams with many virtual fer-
mions contributing to the cusp anomalous dimension at
higher orders. In contrast, in the standard computations of
the two-loop cusp anomalous dimension [163], the exact
form of a contribution like the one in Eq. (192) has to be
obtained separately from the corresponding Feynman
graphs that in the UV limit include the spin structure of
fermion loops. The efficient computation of higher order
loop contributions to the cusp anomalous dimension in the
worldline formulation of QED will be addressed in detail in
Paper II.

VII. CONCLUSIONS AND OUTLOOK

We developed in this paper a reformulation of QED as a
fully covariant, first-quantized, many-body theory of 0þ 1-
dimensional superpairs of bosonic and Grassmann world-
lines. In particular, the QED path integral can be expressed
as a power series expansion in generalized Wilson loops,
where the Wilson loop at a given lth order (corresponding
to l virtual worldlines describing loops in proper time)
contains a path integral over all possible paths of pointlike
boson and fermion superpairs. The dynamics of the l
virtual fermions in this path integral is encoded in the
exponentiated photon exchanges between the l loop
currents that are functionals of the boson and fermion
superpairs.
We further extended our formalism to construct

scattering amplitudes for charged wordlines interacting
via the exchange of arbitrary numbers of virtual
photons and charged fermion loops. One can similarly
express the amplitude for the scattering of r worldlines to
lth loop order in terms of a generalized Wilson line/loop
structure corresponding to the path integral over first-
quantized, many-body worldline configurations of the r
real worldlines and l virtual worldlines. As previously,
the dynamics of their interactions is contained in the
exponentiated photon exchanges between the real
and virtual currents, with additional energy-momentum
and helicity-momentum constraints imposed on the real
worldlines.
We outlined the usefulness of this formalism for high

order perturbative computations by showing that terms to
arbitrary order in a loop expansion of the vacuum-vacuum
amplitude can be generated from a compact expression for

multiloop polarization tensors. This master formula can
further be applied to efficiently perform higher order
calculations of any given QED process, automatically
encoding the factorial growth of diagrams in conventional
perturbation theory. We also demonstrated that all-order
worldline results can be extracted from the generating
functional for the QED one-loop worldline effective action
in a background field. This suggests that the nonperturba-
tive structure of worldline amplitudes (an example being
Schwinger pair production in strong electromagnetic fields)
can alternatively be explored by the use of semiclassical
expansions in appropriate background fields.
We also showed that the worldline formalism provides a

powerful framework to explore the infrared structure of
QED. By examining the classical long-range interactions of
the charged-particle worldline currents, we showed that
virtual IR divergences and Abelian exponentiation theo-
rems naturally emerge in the worldline expressions as soft
dressings of the Dyson S-matrix. We showed that these soft
dressings that set the Dyson S-matrix to zero can be
subtracted by interaction terms with the exchange of soft
photons between charged currents, with at least of one
them in the asymptotic region of very early or late times
governed by the Coulomb dynamics of classical currents.
This observation allowed us to construct a Faddeev-Kulish
worldline S-matrix including these asymptotic contribu-
tions and prove it to be free of IR singularities to all orders
in perturbation theory. We illustrated our general argument
for the more specialized case of Möller scattering and
discussed the mapping of our worldline results to the
original Faddeev-Kulish results and more recent discus-
sions in the literature.
We finally addressed the renormalization of cusped

Wilson lines which naturally correspond to worldline cusps
in our framework. We showed how the one-loop cusp
anomalous dimension is recovered in this framework and
outlined how this formalism enables efficient computation
of cusp anomalous dimensions to higher orders.
Indeed in Paper II, we will discuss an explicit compu-

tation of the QED two-loop cusp anomalous dimension and
compare and contrast this with previous computations in
the literature. We will also discuss in Paper II the extension
of the computation of scattering amplitudes with all order
virtual exchanges discussed here to that of amplitudes
involving the emission of real photons. This will complete
our proof of the infrared safety of the worldline Faddeev-
Kulish S-matrix.
It would also be interesting to understand if the infrared

behavior of the worldline Faddeev-Kulish S-matrix can be
recast in the universal language of asymptotic symmetries
of gauge theories. In particular, since QED can be exactly
rewritten in this first-quantized albeit nonlocal formalism,
how does one interpret the nonlocal FK dressings as
Goldstone bosons of spontaneously broken asymptotic
symmetries? We plan to pursue such questions in fol-
low-up work.
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A further application of our work is to explore whether
worldline Monte Carlo methods can be employed specifi-
cally to compute the lth loop, n photon polarization tensors
that we identified as building blocks of perturbative
computations in this framework. If so, this would have
immediate applications in precision QED tests for a wide
range of observables.
Further important extensions of our work are to QCD

and gravity, where semiclassical worldline formulations
have been known for decades. In the case of QCD, we
noted that the powerful string amplitude and worldline
formalisms have been shown to be equivalent. However it is
not known whether the procedure followed in this paper
can be extended to QCD with the necessary systematic
approximations. This problem has a correspondence in the
well-known language of non-Abelian exponentiation. A
specific goal would be to extend our methods to compute
high order cusp anomalous dimensions in QED to QCD.
Another would be to apply these ideas to the Regge regime,
where worldline computations in the presence of semi-
classical background fields is promising both in precision
computations and in achieving deeper insight into infrared
phenomena such as color memory [164,165]. With regard
to the former, as we noted briefly, plans are underway to
study puzzling apparent violations of Low’s theorem at
the LHC.
Finally, looking towards the longer term, the fact that

QED can be formulated in full generality as a many-body
theory of first-quantized worldlines may have powerful
implications for quantum computing. Since Grassmann
worldlines are natural qubits, it would be interesting to
explore whether the supersymmetry between Grassmann
and boson superpairs can be exploited to simplify digitiza-
tion of the large Hilbert space occupied by bosonic
worldlines.
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APPENDIX A: CONVENTIONS

The QED generating functional in d ¼ 3þ 1Minkowski
spacetime is defined as

Z½J ; η̄; η� ¼
Z

DAMDΨ̄MDΨM exp

�
−
i
4

Z
d4xMFM

μνF
μν
M −

i
2ζ

Z
d4xMð∂Mμ Aμ

MÞ2

þ i
Z

d4xMJ μA
μ
M þ i

Z
d4xMΨ̄Mði=DM −mÞΨM þ i

Z
d4xMη̄ΨM þ i

Z
d4xMΨ̄Mη

�
; ðA1Þ

with μ ¼ 0, 1, 2, 3. Here the label M represents fields in Minkowski spacetime. Further =DM ¼ γMμ D
μ
M DM

μ ¼ ∂
M
μ − igAM

μ ,
and gμν ¼ diagðþ1;−1;−1;−1Þ. Defining ½p̂M

μ ; x̂Mν � ¼ igμν,

p̂M
μ ¼ i∂Mμ ¼ i∂=∂xμM; hxjpi ¼ e−ip

M
μ x

μ
M : ðA2Þ

The Dirac matrices are defined as

fγMμ ; γMν g ¼ 2gμν; γM5 ¼ γM0 γ
M
1 γ

M
2 γ

M
3 ; ðγM5 Þ2 ¼ −1; fγM5 ; γMμ g ¼ 0: ðA3Þ

The analytic continuation of Eq. (A1) to d ¼ 4 Euclidean space is defined by the Wick rotation to imaginary times

xM0 ¼ −ixE4 ; xMi ¼ xEi : ðA4Þ

FEAL, TARASOV, and VENUGOPALAN PHYS. REV. D 106, 056009 (2022)

056009-38



The canonical commutation relation in Eq. (A2) and gauge invariance determines the rest:

pM
0 ¼ þipE

4 ; pM
i ¼ −pE

i ; AM
0 ¼ þiAE

0 ; AM
i ¼ −AE

i JM
0 ¼ −iJ E

4 ; JM
i ¼ J E

i ; ðA5Þ

with ημν ¼ diagðþ1;þ1;þ1;þ1Þ, μ ¼ 1, 2, 3, 4. It follows that, from the relations above,

xMμ x
μ
M ¼ −xEμxEμ ¼ −x2E; pM

μ p
μ
M ¼ −pE

μpE
μ ¼ −p2

E; xMμ p
μ
M ¼ þxEμpE

μ ¼ þxE · pE; ðA6Þ

and

FM
μνF

μν
M ¼ þFE

μνFE
μν; ∂

M
μ A

μ
M ¼ −∂EμAE

μ ;

with FM
ij ¼ FE

ij and FM
0j ¼ −iFE

4j and FE
μν an antisymmetric tensor.

While not affected by the Wick rotation, it will be convenient for us to define Hermitian Euclidean Dirac matrices
ðγEμ Þ† ¼ γEμ and ðγE5 Þ† ¼ γE5—so that ðγEμ Þ2 ¼ 1, ðγE5 Þ2 ¼ 1, and the squares of Dirac operators are positive operators, where
=pE ¼ pE

μ γ
E
μ . This requires

γM0 ¼ γE4 ; γMi ¼ þiγEi ; fγEμ ; γEν g ¼ 2ημν; γE5 ¼ γE4 γ
E
1 γ

E
2 γ

E
3 ; fγE5 ; γEμg ¼ 0: ðA7Þ

For the purposes of the discussion in the main text, it will be
also convenient for us to introduce the Hermitian matrices

γ̄Eμ ¼ þiγE5 γ
E
μ ; ðγ̄Eμ Þ† ¼ γ̄Eμ : ðA8Þ

One can verify that fγE5 ; γ̄Eμg ¼ 0 and fγ̄Eμ ; γ̄Eν g ¼ 2ημν.
Since ðγE5 Þ2 ¼ 1, the algebra can be completed by

fγ̄λ; γ̄κg ¼ 2ηλκ; λ ¼ μ; 5: ðA9Þ

The Euclidean representation of spinors and their Wick
rotation is subtle; for a nice discussion, see [166]. Since we
are primarily interested in Minkowski scattering ampli-
tudes, we will employ for spin the definitions

σMμν ¼
i
2
½γMμ ;γMν �; σEμν ¼

i
2
½γEμ ;γEν �; σ̄Eμν¼

i
2
½γ̄Eμ ; γ̄Eν � ¼ σEμν:

ðA10Þ

It follows that

i=DM ¼ −DE
μ γ

E
μ ¼ −=DE; σMμνF

μν
M ¼ −σEμνFE

μν: ðA11Þ

In the rest of the paper, we will drop the superscripts in
fields and coordinates, unless explicitly required. All
amplitudes in physical time or imaginary time can be
recovered by the replacements in Eqs. (A4), (A5), and
(A7). In particular, the starting point for our discussion, the
Euclidean vacuum-vacuum amplitude in Eq. (1), can be
obtained in this way from Eq. (A1) and setting the external
sources to zero.

APPENDIX B: WORLDLINE PATH INTEGRAL
FOR THE DRESSED FERMION PROPAGATOR

We will present here the derivation of the dressed spin-
1=2 propagator in the worldline formalism. This approach
can be straightforwardly extended to higher-point correla-
tors. We will follow the logic of the previous computation
by Fradkin and Gitman [131] but shall further clarify
some subtle features as well as adapt the derivation to our
conventions.
We begin with the equations of motion of the Euclidean

dressed fermion propagator in the gauge background field,

ð=DþmÞDA
Fðx; yÞ ¼ ð∂μγμ − igAμγμ þmÞDA

Fðx; yÞ
¼ δð4Þðx − yÞ; ðB1Þ

and seek to represent DA
Fðx; yÞ as a sum over worldline

trajectories connecting x and y. Following [131], to
explicitly account for the helicity-momentum constraint
that the worldlines must satisfy, one considers alternatively
D̄A

Fðx; yÞ ¼ DA
Fðx; yÞγ5, with γ5 ¼ γ0γ1γ2γ3. Multiplying

both sides of Eq. (B1) with iγ5, this modified propagator
satisfies

−ðiγ5=Dþ iγ5mÞiD̄A
Fðx; yÞ ¼ δð4Þðx − yÞ: ðB2Þ

It will be also convenient for us to define the Hermitian
matrices γ̄μ ¼ þiγ5γμ and complete the algebra fγ̄λ; γ̄κg ¼
2ηλκ with λ ¼ μ; 5 and γ̄5 ¼ γ5 [Eqs. (A8) and (A9) of
Appendix A]. Inverting Eq. (B2), the problem reduces
to computing D̄A

Fðx; yÞ ¼ hxjD̄A
Fjyi with the operator

defined as
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D̄A
F ¼ i

γ̄μDμ þ iγ5m

¼
Z

∞

0

dεeεðγ̄μDμþiγ5mÞ2
Z

dχeiχðγ̄μDμþiγ5mÞ: ðB3Þ

The operator has been decomposed into a bosonic piece
ðγ̄μDμ þ iγ5mÞ2 and a fermionic piece γ̄μDμ þ iγ5m. The
former can be reexpressed as the integral on the right-hand
side in terms of the commuting proper-time variable ε. The
latter can be represented, as shown, by the Grassmann
integral in the anticommuting proper-time variable χ.
Identifying p̂μ ¼ i∂μ, the bosonic contribution to the
propagator yields

−ðγ̄μDμþ iγ5mÞ2¼m2þðp̂μþgAμðx̂ÞÞ2þ i
g
2
γ̄μγ̄νFμνðx̂Þ:

ðB4Þ
Further, since the quantity above is bosonic, we can
interchange the order of integrands and write the dressed
propagator as

D̄A
Fðxf;xiÞ¼ hxfjD̄A

Fjxii¼
Z

∞

0

dε
Z

dχhxfje−Ĥjxii; ðB5Þ

where the Hamiltonian operator including the proper-time
superpair ðε; χÞ is given by

Ĥ ¼ Hðp̂μ; x̂μ; γ̄n; ε; χÞ

¼ ε

�
m2 þ ðp̂μ þ gAμðx̂ÞÞ2 þ i

g
2
Fμνðx̂Þγ̄μγ̄ν

�

þ χfγ̄μðp̂μ þ gAμðx̂ÞÞ − γ5mg: ðB6Þ

The first bracket represents themass-shell constraint satisfied
by the worldlines, which becomes apparent after antisym-
metrizing iγ̄μγ̄ν into the spin tensor σ̄μν, while the second
bracket corresponds to the helicity-momentum constraint.26

To obtain the path integral representation of the dressed
propagator, one needs to discretize this matrix element in n
steps. We will however first generalize the parameters ε and
χ to commuting εðτÞ and anticommuting χðτÞ functions of
the worldline parameter τ, on equal footing with xμðτÞ and
pμðτÞ. This implies that ε̂ and χ̂ can be represented by
operators (albeit with trivial dynamics) acting on states, just
as for x̂μ and p̂μ. We define π̂ as the operator conjugate to ε̂,
and ν̂ as the corresponding conjugate of χ̂. With these
modifications, we obtain

½p̂μ; x̂ν� ¼ igμν; ½π̂; ε̂� ¼ i; fν̂; χ̂g¼ 0;

hxjpi¼ e−ipμxμ ; hεjπi¼ e−iπε; hχjνi¼ e−χν: ðB7Þ

This then allows us to write the expectation value as

hxnje−Ĥjx0i ¼
�Yn−1

k¼1

Z
d4xk

��Yn−1
k¼0

Z
d4pk

ð2πÞ4
��Yn−1

k¼0

Z
dεk

Z
dπk
ð2πÞ

��Yn−1
k¼0

Z
dχk

Z
dνk

�

×

�Yn−1
k¼0

hxkþ1; εkþ1; χkþ1jpk; πk; νkihpk; πk; νkje−Hðp̂;x̂;γ̄;ε̂;χ̂Þ=njxk; εk; χki
�
; ðB8Þ

with the boundary conditions εn ¼ ε and χn ¼ χ. Upon the trivial action of the Hamiltonian on the states, and using
Eq. (B7), we get

hxnje−Ĥjx0i ¼
�Yn−1

k¼1

Z
d4xk

��Yn−1
k¼0

Z
d4pk

ð2πÞ4
��Yn−1

k¼0

Z
dεk

Z
dπk
ð2πÞ

��Yn−1
k¼0

Z
dχk

Z
dνk

�

× T exp

�
−i

Xn−1
k¼0

�
πk

δεk
δτk

δτk þ iνk
δχk
δτk

δτk þ pk
μ
δxkμ
δτk

�
−
Xn−1
k¼0

Hðpk; xk; γ̄; εk; xkÞδτk
�
; ðB9Þ

with δak ¼ akþ1 − ak, and we divided and multiplied by 1=n ¼ δτk to take the continuum limit. By integrating in πk and νk
we obtain n commuting and n anticommuting Dirac deltas that set all the εk ¼ ε and χk ¼ χ to the constant conventional
Schwinger parameters, which can be understood to be the zero modes of these einbeins. Taking δτk → 0, the gauge-unfixed
path integral in Eq. (B5) is given by

D̄A
Fðxf; xiÞ ¼

Z
∞

0

dε
Z

dχ
Z

xð1Þ¼xf

xð0Þ¼xi

Dx
Z

Dp
ð2πÞ4

Z
Dε

Dπ

2π

Z
DχDνT exp

�Z
1

0

dτνðτÞ_χðτÞ

− i
Z

1

0

dτπðτÞ_εðτÞ − i
Z

1

0

dτpμðτÞ_xμðτÞ −
Z

1

0

dτHðpμðτÞ; xμðτÞ; γ̄λ; εðτÞ; χðτÞÞ
�
: ðB10Þ

26For a recent discussion of this constraint for massless fermions, see [98] and references therein.
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This exponentiation is still incomplete since the path integral involves the time ordered exponential of an operator Ĥ
containing Dirac matrices. To get rid of the time ordering and exponentiate spin dynamics, Fradkin and Gitman suggested
introducing five auxiliary anticommuting sources fρλðτÞ; ρκðτÞg ¼ 0, which also anticommute with γ̄λ. Then Eq. (B10) can
be rewritten as

D̄A
Fðxf; xiÞ ¼

Z
∞

0

dε
Z

dχ
Z

xð1Þ¼xf

xð0Þ¼xi

Dx
Z

Dp
ð2πÞ4

Z
Dε

Dπ

2π

Z
DχDν

× exp

�Z
1

0

dτνðτÞ_χðτÞ − i
Z

1

0

dτπðτÞ_εðτÞ − i
Z

1

0

dτpμðτÞ_xμðτÞ
�

× exp

�
−
Z

1

0

dτH

�
pμðτÞ; xμðτÞ;

δ

δρλðτÞ
; εðτÞ; χðτÞ

��
T exp

�Z
1

0

dτρλðτÞγ̄λðτÞ
�
: ðB11Þ

Now using the Baker-Campbell-Hausdorff relation recursively, we get the following Magnus expansion:

Tef
R

1

0
dτρλðτÞγ̄λg ¼ ef

R
1

0
dτρλðτÞγ̄λþ1

2

R
1

0
dτ1

R
τ1
0

dτ2½ρλðτ2Þγ̄λ;ρκðτ1Þγ̄κ �þ���g; ðB12Þ

where the ellipsis denotes a series of higher order nested commutators. However since

½ρλðτ2Þγ̄λ; ρκðτ1Þγ̄κ� ¼ −2ρλðτ2Þρλðτ1Þ ðB13Þ

forms a bosonic subalgebra, it commutes with ρλðτÞγ̄λ. The higher order nested commutators in Eq. (B12) therefore vanish
and we get

T exp

�Z
1

0

dτρλðτÞγ̄λ
�

¼ exp

�Z
1

0

dτρλðτÞγ̄λ −
Z

1

0

dτ1

Z
τ1

0

dτ2ρλðτ2Þρλðτ1Þ
�
: ðB14Þ

Symmetrizing the double integral to make τ2 run from 0 to 1, and using the fact that fρλðτ2Þ; ρλðτ1Þg ¼ 0, we get for the
second term on the right-hand side of Eq. (B14):

Z
1

0

dτ1

Z
τ1

0

dτ2ρλðτ2Þρλðτ1Þ ¼
1

2

Z
1

0

dτ1

Z
1

0

dτ2½θðτ2 − τ1Þ − θðτ1 − τ2Þ�ρλðτ2Þρλðτ1Þ

¼ 1

2

Z
1

0

dτ1

Z
1

0

dτ2signðτ2 − τ1Þρλðτ2Þρλðτ1Þ: ðB15Þ

Noting that hτ2jðd=dτÞ−1jτ1i ¼ 1
2
signðτ2 − τ1Þ, the above scalar product of ρλðtÞ can be cast into a path integral over an

anticommuting worldline ζλðtÞ

exp

�
−
1

2

Z
1

0

dτ1

Z
1

0

dτ2signðτ2 − τ1Þρλðτ2Þρλðτ1Þ
�

¼ 1

N5

Z
D5ζðτÞ exp

�
−
1

4

Z
1

0

dτζλðτÞ_ζλðτÞ þ
Z

1

0

dτρλðτÞζλðτÞ
�
;

ðB16Þ

with the normalization27 given by the path integral in absence of sources (ρλðτÞ ¼ 0):

N5 ¼
Z

D5ζðtÞ exp
�
−
1

4

Z
1

0

dτζλðτÞ_ζλðτÞ
�
: ðB17Þ

Antiperiodic boundary conditions in the Grassmanian path integral are assumed [ζλð1Þ ¼ −ζλð0Þ] to make it invariant under
shifts of the worldlines. The other term on the right-hand side of Eq. (B14) can be written as

27This ill-defined factor in front of the Green’s function is dropped in [131]. We shall keep it since it does not depend on the
interaction and is eliminated in perturbation theory as an overall normalization.
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exp

�Z
1

0

dτρλðτÞγ̄λ
�

¼ exp

�
γ̄λ

∂

∂θλ

�
exp

�Z
1

0

dτρλðτÞθλ
�����

θλ¼0

; ðB18Þ

where θλ, analogously to the ρλ, are five anticommuting auxiliary constant sources anticommuting with the γ̄λ matrices too.
Hence after these manipulations, we obtain for the time ordered exponential Eq. (B14) [which appears in the dressed
propagator in Eq. (B11)] the result

Texp

�Z
1

0

dτρλðτÞγ̄λ
�
¼ 1

N5

exp

�
γ̄λ

∂

∂θλ

�Z
D5ζðτÞexp

�
−
1

4

Z
1

0

dτζλðτÞ_ζλðτÞþ
Z

1

0

dτρλðτÞðζλðτÞþθλÞ
�����

θλ¼0

: ðB19Þ

The form of the interaction term suggests that we can shift the path of integration by ψλðτÞ ¼ ζλðτÞ þ θλ. Since
ζλð1Þ ¼ −ζλð0Þ, we then get ψλð1Þ þ ψλð0Þ ¼ 2θλ. Using this, and the commutation relations, we get

−
1

4

Z
1

0

dτζλðτÞ_ζλðτÞ ¼ −
1

4
ψλð1Þψλð0Þ −

1

4

Z
1

0

dτψλðτÞ _ψλðτÞ: ðB20Þ

Hence in these new variables, Eq. (B19) becomes

Texp

�Z
1

0

dτρλðτÞγ̄λ
�
¼ 1

N5

exp

�
γ̄λ

∂

∂θλ

�Z
D5ψðτÞexp

�
−
1

4
ψλð1Þψλð0Þ−

1

4

Z
1

0

dτψλðτÞ _ψλðτÞþ
Z

1

0

dτρλðτÞψλðτÞ
�����

θλ¼0

:

ðB21Þ

Finally, inserting Eq. (B21) into Eq. (B11), we obtain our result for the dressed propagator,

D̄A
Fðxf; xiÞ ¼

1

N5

exp

�
γ̄λ

∂

∂θλ

�Z
∞

0

dε0

Z
dχ0

Z
Dε

Dπ

2π

Z
DχDν

Z
xð1Þ¼xf

xð0Þ¼xi

D4x
Z

D5ψ

×
Z

D4p
ð2πÞ4 exp

�
−
1

4
ψλð1Þψλð0Þ −

1

4

Z
1

0

dτψλðτÞ _ψλðτÞ þ
Z

1

0

dτνðτÞ_χðτÞ − i
Z

1

0

dτπðτÞ_εðτÞ

− i
Z

1

0

dτpμðτÞ_xμðτÞ −
Z

1

0

dτHðpμðτÞ; xμðτÞ;ψλðτÞ; εðτÞ; χðτÞÞ
�����

θλ¼0

: ðB22Þ

This expression provides the exact worldline Hamiltonian representation of the dressed fermion Green’s function in the
background of an arbitrary Abelian gauge field AμðxÞ. Shifting pμðτÞ þ gAμðxðτÞÞ ¼ p0

μðτÞ, and performing the path
integral in the momentum worldline, we get the equivalent Lagrangian form,

D̄A
Fðxn; x0Þ ¼

1

N5

exp

�
γ̄λ

∂

∂θλ

�Z
∞

0

dε0

Z
dχ0

Z
Dε

Dπ

2π

Z
DχDν

Z
xð1Þ¼xf

xð0Þ¼xi

D4x
Z

D5ψ

× exp

�
−
1

4
ψλð1Þψλð0Þ þ

Z
1

0

dτνðτÞ_χðτÞ − i
Z

1

0

dτπðτÞ_εðτÞ − S
�����

θλ¼0

; ðB23Þ

where the reparametrization and supergauge invariant Euclidean action S ¼ R
1
0 dτLðτÞ of the relativistic spinning particle is

given by the Lagrangian [72,75]

LðτÞ¼m2ϵðτÞþ _x2μðτÞ
4εðτÞþ

1

4
ψλðτÞ _ψλðτÞ−χðτÞ

�
mψ5ðτÞþ

i
2εðτÞ _xμðτÞψμðτÞ

�
−ig_xμðτÞAμðxðτÞÞþi

g
2
ϵðτÞψμðτÞψνðτÞFμνðxðτÞÞ:

ðB24Þ

To obtain the classical equations of motion of a single spinning charge in real time, we now need the Green’s function in
Minkowski spacetime. Implementing in the expression above theWick rotations in Eq. (A4) and Eq. (A7), and replacing the
proper-time einbein εðτÞ → iεðτÞ and its conjugate πðτÞ → −iπðτÞ, we get
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D̄A
Fðxn; x0Þ ¼

i
N5

exp

�
γ̄λ

∂

∂θλ

�Z
∞

0

dε0

Z
dχ0

Z
Dε

Dπ

2π

Z
DχDν

Z
D4x

Z
D5ψ

× exp

�
−
1

4
ψλð1Þψλð0Þ þ

Z
1

0

dτνðτÞ_χðτÞ − i
Z

1

0

dτπðτÞ_εðτÞ − iSM

�����
θλ¼0

; ðB25Þ

the reparametrization and supergauge invariant Minkowski action SM ¼ R
1
0 dτLMðτÞ, and the Langrangian

LMðτÞ ¼ m2εðτÞ þ _x2μðτÞ
4εðτÞ −

i
4
ψλðτÞ _ψλðτÞ þ χðτÞ

�
mψ5ðτÞ −

1

2εðτÞ _xμðτÞψ
μðτÞ

�

− g_xμðτÞAμðxðτÞÞ − i
g
2
ϵðτÞψμðτÞψνðτÞFμνðxðτÞÞ: ðB26Þ

Here Minkowski superscript labels are implicit everywhere on the right-hand side.
The result for closed worldlines can be obtained as a special case of this result for the open worldline. Firstly, from

inspection of Eq. (B3), the fermion determinant in Eq. (8) reduces to the special case of χ ¼ 0 in Eq. (B6). Using Eq. (B22),
the right-hand side of Eq. (8) can be rewritten as

Tr
Z

∞

0

dε0
2ε0

e−Ĥ ¼ 1

N4

Tr exp

�
γμ

∂

∂θμ

�Z
∞

0

dε0
2ε0

Z
Dε

Dπ

2π

Z
D4x

Z
D4p
ð2πÞ4

Z
D4ψ

× exp

�
−
1

4
ψμð1Þψμð0Þ −

1

4

Z
1

0

dτψμðτÞ _ψμðτÞ − i
Z

1

0

dτπðτÞ_εðτÞ

− i
Z

1

0

dτpμðτÞ_xμðτÞ −
Z

1

0

dτHðpμðτÞ; xμðτÞ;ψμðτÞ; εðτÞ; 0Þ
�����

θμ¼0

; ðB27Þ

with μ ¼ 0, 1, 2, 3 now. The trace over the spin degrees of freedom can be expressed as

1

N4

Trγ exp

�
γμ

∂

∂θμ

�
¼ 1

N4

Trγ

�
1þ γμ

∂

∂θμ
þ 1

2
γμ

∂

∂θμ
γν

∂

∂θν
þ � � �

�
¼ 1

N4

Tr1 ¼ 1; ðB28Þ

since θ2 ¼ 0 and N4 ¼ 22. Setting now θμ ¼ 0 in what remains produces in the boundary conditions
ψμð1Þ þ ψμð0Þ ¼ 2θμ ¼ 0; hence the boundary term in the action ψμð1Þψμð0Þ ¼ −ψμð1Þψμð1Þ ¼ 0 cancels. Finally
taking the remaining trace over spatial positions, we get

Tr
Z

∞

0

dε0
2ε0

e−Ĥ ¼
Z

∞

0

dε0
2ε0

Z
Dε

Dπ

2π

Z
P
D4x

Z
AP

D4ψ

Z
D4p
ð2πÞ4 exp

�
−i

Z
1

0

dτπðτÞ_εðτÞ

−
1

4

Z
1

0

dtψμðτÞ _ψμðτÞ − i
Z

1

0

dτpμðτÞ_xμðτÞ þ i
Z

1

0

dτHðpμðτÞ; xμðτÞ;ψμðτÞ; εðτÞ; 0Þ
�
: ðB29Þ

We emphasize that in the normalized open worldline
expectation value open boundary conditions hold and
the Grassmanian worldline has five components corre-
sponding to the action of the five Dirac matrices, ψλ ↔ γ̄λ.
In contrast, in the normalized closed worldline expecta-
tion value of the fermion loop determinant above,
the Grassmann worldline has four components ψμ ↔ γμ.
Integrating over the einbein variables leads to the well-
known reparametrization gauge-fixed closed worldline
form for the fermion loop determinant [79] derived employ-
ing a wide variety of very different methods in the
literature.

APPENDIX C: COMPACT WORLDLINE RESULT
FOR nth-RANK POLARIZATION TENSORS

We reproduce here a derivation of the master formula for
the nth-rank polarization tensor,

Πμ1μ2���μnðk1; k2;…; knÞ ¼ −hiJ̃μ1ðk1ÞiJ̃μ2ðk2Þ � � � iJ̃μnðknÞi;
ðC1Þ

by first considering the kinetic terms in the worldline
fermion loop in Eq. (23):

QED AS A MANY-BODY THEORY OF WORLDLINES: GENERAL … PHYS. REV. D 106, 056009 (2022)

056009-43



Π ¼ −
Z

∞

0

dε0
2ε0

e−ε0m
2

Z
P
Dx exp

�
−

1

4ε0

Z
1

0

dτ _x2μðτÞ
�Z

AP
Dψ exp

�
−
1

4

Z
1

0

dτψμðτÞ _ψμðτÞ
�
: ðC2Þ

The trace over the bosonic path integral, after transforming the path integral to momentum space, gives

Z
d4xð0Þ

Z
xð0Þ

xð0Þ
Dx exp

�
−

1

4ε0

Z
1

0

dτ _x2μðτÞ
�

¼ ð2πÞ4δð4Þð0Þ
Z

d4p
ð2πÞ4 e

−ε0p2

: ðC3Þ

Likewise, the trace over the worldline fermionic degrees of freedom is simply,

Z
−ψð0Þ

ψð0Þ
Dψ exp

�
−
1

4

Z
1

0

dτψμðτÞ _ψμðτÞ
�

¼ Trð14×4Þ ¼ 4: ðC4Þ

Putting together the results of the two path integrals, we get

Π ¼ −2ð2πÞ4δð4Þð0Þ
Z

∞

0

dε0
ε0

Z
d4p
ð2πÞ4 e

−ε0ðm2þp2Þ: ðC5Þ

We will next consider the tadpole tensor Πμðk1Þ corresponding to the expectation value of a single worldline current. It,
like all odd rank polarization tensors, will vanish. Shifting yμðτÞ ¼ xμðτÞ − xμð0Þ, and using Eq. (35), it can be written as

Πμðk1Þ ¼ −ð2πÞ4δð4Þðk1Þ
Z

∞

0

dε0
2ε0

e−ε0m
2

Z
yð1Þ¼0

yð0Þ¼0

Dy exp

�
−

1

4ε0

Z
1

0

dτ _y2μðτÞ
�

×
Z
AP

Dψ exp
�
−
1

4

Z
1

0

dτψμðτÞ _ψμðτÞ
�Z

1

0

dτ1eþik1·yðτ1Þigð_yμðτ1Þ þ iε0ψμðτ1Þψνðτ1Þk1νÞ; ðC6Þ

with the trace over the bosonic zero-modes xμð0Þ yielding the delta function imposing momentum conservation.

We first rewrite

−
1

4ε0

Z
1

0

dτ _y2μðτÞ ¼
1

2ε0

Z
1

0

dτ
Z

1

0

dτ0yμðτÞημνG−1
B ðτ; τ0Þyνðτ0Þ; ðC7Þ

where we integrated by parts and used yð0Þ ¼ yð1Þ. Similarly,

−
1

4

Z
1

0

dτψμðτÞ _ψμðτÞ ¼ −
1

2

Z
1

0

dτ
Z

1

0

dτ0ψμðτÞημνG−1
F ðτ; τ0Þψνðτ0Þ; ðC8Þ

with

G−1
B ðτ; τ0Þ ¼ 1

2

d2

dτ2
δðτ − τ0Þ; G−1

F ðτ; τ0Þ ¼ 1

2

d
dτ

δðτ − τ0Þ; ðC9Þ

satisfying periodic and antiperiodic boundary conditions respectively. The corresponding free boson and fermion worldline
Green’s functions are [79]

GBðτ; τ0Þ ¼ jτ − τ0j − ðτ − τ0Þ2; GFðτ; τ0Þ ¼ signðτ − τ0Þ: ðC10Þ

We will adopt here a strategy slightly different from our previous discussion in [121]. This will allow us to resum the
perturbation series in Eq. (90) and simultaneously get rid of the path integrals in the QED partition function. The vertex at τ1
can be reexponentiated as

ieþik1·yðτ1Þð_yμðτ1Þ þ iε0ψμðτ1Þψνðτ1Þk1νÞ ¼
Z

dθ̄1dθ1 exp

�
i
Z

1

0

dτjB;1μρ ðτÞyρðτÞ −
Z

1

0

dτjF;1μρ ðτÞψρðτÞ
�
; ðC11Þ

FEAL, TARASOV, and VENUGOPALAN PHYS. REV. D 106, 056009 (2022)

056009-44



where θ̄1 and θ1 are a pair of Grassmanian auxiliary variables, and we defined the boson and fermion sources,

jB;1μρ ðτÞ ¼
�
ημρθ1θ̄1

d
dτ1

þ k1ρ

�
δðτ − τ1Þ; jF;1μρ ðτÞ ¼ ðημρθ1 þ ε0k1ρθ̄1Þδðτ − τ1Þ: ðC12Þ

Plugging Eqs. (C7), (C8), and (C11) into Eq. (C6) then gives

Πμ1ðk1Þ ¼ −ð2πÞ4δð4Þðk1Þ
Z

∞

0

dε0
2ε0

e−ε0m
2

Z
dθ̄1dθ1

Z
1

0

dτ1

×
Z

yð1Þ¼0

yð0Þ¼0

Dy exp

�
1

2ε0

Z
1

0

dτ
Z

1

0

dτ0yρðτÞηρσG−1
B ðτ; τ0Þyσðτ0Þ þ i

Z
1

0

dτjB;1μ1ρðτÞyρðτÞ
�

×
Z

−ψð0Þ

ψð0Þ
Dψ exp

�
−
1

2

Z
1

0

dτ
Z

1

0

dτ0ψρðτÞηρσG−1
F ðτ; τ0ÞψσðτÞ −

Z
1

0

dτjF;1μ1ρðτÞψρðtÞ
�
: ðC13Þ

The bosonic and fermionic path integrals are now quadratic and can be performed explicitly. We then get

Πμ1ðk1Þ ¼ −2gð2πÞ4δð4Þðk1Þ
Z

∞

0

dε0
ε0

Z
d4p
ð2πÞ4 e

−ε0ðm2þp2Þ
Z

1

0

dτ1

Z
dθ̄1dθ1 exp

�
ε0
2

Z
1

0

dτ

×
Z

1

0

dτ0jB;1μ1ρðτÞGBðτ; τ0ÞjB;1μ1ρðτ0Þ −
1

2

Z
1

0

dτ
Z

1

0

dτ0jF;1μ1ρðτÞGFðτ; τ0Þjf;1μ1ρðτ0Þ
�
: ðC14Þ

(Note that there is not a summation in μ1 in the above expression, as it corresponds to the component of the polarization
tensor.) Now noting from Eq. (C10),

dGB

dτ
¼ −

dGB

dτ0
; GBðτ1; τ1Þ ¼ 0; ðC15Þ

and θ̄21 ¼ θ21 ¼ 0 we get, for the bosonic phase,

Z
1

0

dτ
Z

1

0

dτ0jB;1μ1ρðτÞGBðτ; τ0ÞjB;1μ1ρðτ0Þ

¼
Z

1

0

dτ
Z

1

0

dτ0
�
k1μ1θ1θ̄1

dGB

dτ0
ðτ; τ0Þ þ k1μ1θ1θ̄1

dGB

dτ
ðτ; τ0Þ þ k21GBðτ; τ0Þ

�
δðτ − τ1Þδðτ0 − τ1Þ ¼ 0: ðC16Þ

Analogously, from Eq. (C10) we have GFðτ; τÞ ¼ 0. Hence

Z
1

0

dτ
Z

1

0

dτ0jF;1μ1ρðτÞGFðτ; τ0ÞjF;1μ1σðτ0Þ ¼ fημ1ρθ1 þ ε0kρθ̄1gGFðτ1; τ1Þfημ1ρθ1 þ ε0kρθ̄1g ¼ 0: ðC17Þ

Thus as anticipated, the tadpole tensor vanishes: Πμ1ðk1Þ ¼ 0.

From Eq. (C1), the vacuum polarization tensor is

Πμ1μ2ðk1; k2Þ ¼ −
Z

dε0
2ε0

e−ε0m
2

Z
P
D4x exp

�
−

1

4ε0

Z
1

0

dτ _x2μðτÞ
�

×
Z
AP

D4ψ exp

�
−
1

4

Z
1

0

dτψμðτÞ _ψμðτÞ
�
ig
Z

1

0

dτ1ð_xμ1ðτ1Þ þ ε0ψμ1ðτ1Þψν1ðτ1Þkν1Þeþik1·xðτ1Þ

× ig
Z

1

0

dτ2ð_xμ2ðτ2Þ þ ε0ψμ2ðτ2Þψν2ðτ2Þkν2Þeþik2·xðτ2Þ: ðC18Þ

Again, performing the shift yμðτÞ ¼ xμðτÞ − xμð0Þ, rewriting the free worldline actions with the help of Eqs. (C7) and (C8),
and using Eq. (C11) to exponentiate the vertices at τ1 and τ2 we get
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Πμ1μ2ðk1; k2Þ ¼ −4g2ð2πÞ4δðk1 þ k2Þ
Z

dε0
2ε0

Z
d4p
ð2πÞ4 e

−ε0ðm2þp2Þ
Z

1

0

dτ1

Z
1

0

dτ2

Z
dθ1dθ1dθ2dθ2

× exp
�
þ ε0

2

Z
1

0

dτ
Z

1

0

dτ0ðjB;1μ1ρðτÞ þ jB;2μ2ρðτÞÞGBðτ; τ0ÞðjB;1μ1ρðτ0Þ þ jB;2μ2ρðτ0ÞÞ
�

× exp

�
−
1

2

Z
0

dτ
Z

1

0

dτ0ðjF;1μ1ρðτÞ þ jF;2μ2ρðτÞÞGFðτ; τ0ÞðjF;1μ1ρðτ0Þ þ jF;2μ2ρðτ0ÞÞ
�
: ðC19Þ

Then performing the τ and τ0 integrals gives

iΠμ1μ2ðk1; k2Þ ¼ −4g2ð2πÞ4δðk1 þ k2Þ
Z

dε0
2ε0

Z
d4p
ð2πÞ4 e

−ε0ðm2þp2Þ
Z

1

0

dτ1

Z
1

0

dτ2

Z
dθ1dθ1dθ2dθ2

× exp

�
þε0ημ1μ2

d2GB

dτ1dτ2
θ1θ̄1θ2θ̄2 þ ε0k2;μ1

dGB

dτ1
θθ̄1 þ ε0k1;μ2

dGB

dτ2
θ2θ̄2 þ ε0k1 · k2GBðτ1; τ2Þ

− ðημ1μ2θ1θ2 þ ε0k2;μ1θ1θ̄2 þ ε0k1;μ2 θ̄1θ2 þ ε20k1 · k2θ̄1θ̄2ÞGFðτ1; τ2Þ
�
: ðC20Þ

For the rank-two polarization tensor, the bosonic vertex contributions and the fermionic contributions do not mix, since the
cross products of the Grassmann variables vanish. Hence the spin and scalar terms in the second-order vacuum polarization
tensor are separable. (Note that in loop graphs with three or more photon insertions, this is no longer true.) Performing the
Grassmanian integrals, we obtain

Πμ1μ2ðk1; k2Þ ¼ ð2πÞ4δð4Þðk1 þ k2ÞðΠB
μ1μ2ðk1Þ þ ΠF

μ1μ2ðk1ÞÞ; ðC21Þ
where the bosonic and fermionic contributions, respectively, are

ΠB
μ1μ2ðkÞ ¼ −4g2

Z
dε0
2ε0

Z
d4p
ð2πÞ4 e

−ε0ðp2þm2Þ
Z

1

0

dτ1

Z
1

0

dτ2

�
ε0ημ1μ2

d2GB

dτ1dτ2
− ε20kμ1kμ2

dGB

dτ1

dGB

dτ2

�
e−ε0k

2GBðτ1;τ2Þ ðC22Þ

and

ΠF
μ1μ2ðkÞ ¼ −4g2

Z
dε0
2ε0

Z
d4p
ð2πÞ4 e

−ε0ðp2þm2Þ
Z

1

0

dτ1

Z
1

0

dτ2ðημ1μ2ε20k2G2
Fðτ1; τ2Þ − ε20kμ1kμ2G

2
Fðτ1; τ2ÞÞe−ε0k2GBðτ1;τ2Þ:

ðC23Þ
Lastly, performing the τ1 and τ2 integrals, and rephrasing the results in terms of Schwinger parameters [121], we can write
the results as

ΠB
μ1μ2ðkÞ ¼ 2g2

Z
d4p
ð2πÞ4

�
2ημ1μ2

p2 þm2
−

ð2pμ1 þ kμ1Þð2pμ2 þ kμ2Þ
ðp2 þm2Þððpþ kÞ2 þm2Þ

�
ðC24Þ

and

ΠF
μ1μ2ðkÞ ¼ 2g2

Z
d4p
ð2πÞ4

kμ1kμ2 − ημ1μ2k
2

ðp2 þm2Þððpþ kÞ2 þm2Þ ; ðC25Þ

which combines to give for the polarization tensor the result

Πμνðq; kÞ ¼ ð2πÞ4δ4ðqþ kÞðΠB
μνðkÞ þ ΠF

μνðkÞÞ

¼ ð2πÞ4δ4ðqþ kÞ4g2
Z

d4p
ð2πÞ4

ημνðp2 þ p · kþm2Þ − pμðpν þ kνÞ − pνðpμ þ kμÞ
ðp2 þm2Þððpþ kÞ2 þm2Þ : ðC26Þ

The structure of these tensors admits an easy generalization to higher orders since in this formalism the currents for each
new photon vertex are additive. Thus to any nth order in perturbation theory, the corresponding polarization tensor of rank n
is given by
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Πμ1…μnðk1;…; knÞ ¼ −2
gn

n!
ð2πÞ4δð4Þ

�Xn
i¼1

ki

�Z
d4p
ð2πÞ4

Z
∞

0

dε0
ε0

e−ε0ðp2þm2Þ

×
Yn
i¼1

�Z
1

0

dτi

Z
dθ̄idθi

�
exp

�
þ ε0

2

Xn
ij¼1

Z
1

0

dτ
Z

1

0

dτ0jB;iμiρðτÞGBðτ; τ0ÞjB;jμjρðτ0Þ

−
1

2

Xn
ij¼1

Z
1

0

dτ
Z

1

0

dτ0jF;iμiρðτÞGFðτ; τ0ÞjF;jμjρðτ0Þ
�
; ðC27Þ

which (up to differences in choice of conventions) recovers
the results in [81] (see also [79]) for the Abelian one-
particle-irreducible fermion loop diagrams with n photon
vertices attached.
In this construction of Abelian loop diagrams, the

integration in proper time of the terms ∼k1 · k2GBðτ1; τ2Þ
in Eq. (C27) containing no Grassmanian structures will
lead to the standard denominator in a scalar loop integral in
Feynman parameters. This piece carries no information on
the spin and color degrees of freedom of the particles
involved. The rest of the terms [involving derivatives of
GBðτ1; τ2Þ and the fermion Green’s functions GFðτ1; τ2Þ,
accompanied always by Grassmanian variables] will con-
tain the numerators of the loop diagrams with all the
relevant information about the spin dependence of the
particles in the loop. It is worth noting that in a conven-
tional construction of these diagrams in Feynman pertur-
bation theory, one has to go through lengthy algebraic
manipulations (of matrix structures and the loop-momen-
tum integrals) to extract spin-dependent pieces of the
diagrams.
The prior discussion can be extended to non-Abelian

gauge theories. In this case, the gluon vertex involves the
extra quadratic term in the gauge field in Fμν, which is
introduced and evaluated in Eq. (C27) through a pinching
procedure [79], whereby different gluons are pinched to the
same point τi ¼ τj in the fermion loop; the extra kinematic
factor in the spin-dependent numerator in Eq. (C27) can be
extracted in a systematic way leading to the well-known
Bern-Kosower rules [80,81] to construct one-particle-irre-
ducible fermion loop diagrams in QCD.

APPENDIX D: GENERALIZED BARGMAN-
MICHEL-TELEGDI EQUATIONS AND QED

WORLDLINE INSTANTONS

The integration of the matter and gauge fields out of the
action formulates QED in terms of many-body first-
quantized spinning charges described by even xðtÞ and
odd ψðtÞ 0þ 1-dimensional worldlines which interact
through the Lorentz forces, plus a set of einbein functions
containing the (super)gauge symmetry constraints of the
worldline action under proper-time reparametrizations.

Quantum dynamics is implemented via the sum of overall
possible worldline paths and einbein configurations.
The classical equations of motion of the spinning

particle [72,74,75,142,167] are recovered as a special
case of the full quantum scenario [131,133]. We briefly
review here the strategies to obtain so-called “worldline
instanton” configurations from variational principles
[88,90,98,119,140,168] and the role of einbeins in setting
the energy-momentum and helicity-momentum constraints.
The steepest descent method applied to the amplitudes we
found yield a slightly more complicated picture than the
case of a spinning particle moving in an arbitrary back-
ground. Gauge fields are fully dynamical now; hence, the
instanton configuration of each particle backreacts on to
the instanton configuration of the others, entangled by the
particular nature of the spin-spin couplings.
To illustrate these points, we begin with the amplitude

for the propagation of an electron from xi to xf in the
presence of AμðxÞ. Following Eq. (B22), the worldline
Lagrangian is

L¼pμ _xμþπ_εþ iν_χ−
i
4
ψn _ψn−Hðp;x;ψ ;ε;νÞ; τ∈ ½0;1�:

ðD1Þ
We look for the instanton configurations with boundary
conditions xð1Þ ¼ xf and xð0Þ ¼ xi, and einbein zero-
modes εð0Þ ¼ ε0 and χð0Þ ¼ χ0. The gauge-unfixed
Hamiltonian reads

H ¼ −ε
�
m2 − ðpμ þ gAμÞ2 − i

g
2
ψμψνFμν

�

þ iχðmψ5 − ðpμ þ gAμÞψμÞ: ðD2Þ
A closed-loop electron is adequately described by the
particular case χ ¼ 0 without loss of generality,

L¼−pμ _xμ−π _εþ i
4
ψμ _ψμþHðp;x;ψ ;ε;0Þ; τ∈ ½0;1�:

ðD3Þ

We consider first the instantons of the fermion determinant
containing the loop electrons with χ ¼ 0. The einbein
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saddle point is trivial; from ∂πH ¼ 0, we find _ε ¼ 0. Thus
ε ¼ ε0 is a constant of motion. It is constant as well for all
worldlines contributing to the amplitude, since the gauge-
fixing term, trivially integrated in π, produces _ε ¼ 0 for all
configurations. From

∂H
∂ε

¼ðpμþgAμÞ2−m2
R ¼ 0; m2

R ¼m2− i
g
2
ψμψνFμν;

ðD4Þ

we get the energy-momentum constraint. Similarly,

∂H
∂pμ

¼ _xμ ¼ 2εðpμ þ gAμÞ → pμ ¼ _xμ

2ε
− gAμ ðD5Þ

allows one to interpret Eq. (D4) as fixing the einbein:

_x2μ
4ε2

¼ m2
R → ε ¼

ffiffiffiffiffi
_x2

p

2mR
¼ 1

2mR

dτ0

dτ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dxμ
dτ0

dxμ
dτ0

r
: ðD6Þ

In the last step above, we changed to arbitrary paramet-
rizations τ0ðτÞ. If τ0 is chosen as the proper-time s then
_x2ðsÞ ¼ 1; substituting Eq. (D6) into Eq. (D3), we recover
the gauge-fixed action in [75],

S ¼
Z

sf

si

ds

�
pμ

dxμ

ds
−
i
4
ψμ

dψμ

ds
−Hcl

�
;

Hcl ¼ −
1

2mR
ðm2

R − ðpμ þ gAμÞ2Þ: ðD7Þ

The gauge-fixed Lagrangian as a function of _xμ can be
obtained now by substituting Eq. (D5) in Eq. (D3), and
substituting the expression for the fixed ε in Eq. (D6). Since
Hcl vanishes when this is imposed, we get

Lcl ¼ pμ _xμ −
i
4
ψμ _ψ

μ

¼ mR

ffiffiffiffiffi
_x2

p
− g_xμAμ −

i
4
ψμ _ψ

μ; τ ∈ ½0; 1�; ðD8Þ

which is the classical Lagrangian for the spinning charge in
a closed loop [75]. Helicity-momentum constraints are not
present since the fermion determinant has been squared
without loss of generality. The gauge-fixed equations of
motion are

d
dτ

�
mR

dxρ

dτ0
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dxμ
dτ0

dxμ

dτ0

r �

¼ g
dxμ
dτ0

Fρμ −
1

2mR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dxμ
dτ0

dxμ

dτ0

r
g
2
σμν

∂Fμν

∂xρ
; ðD9Þ

where we defined σμν ¼ i½ψμ;ψν�=2 and used again an
arbitrary τ0ðτÞ. For the proper time, this simplifies to

d
ds

�
mR

dxρ

ds

�
¼ g

dxμ
ds

Fρμ −
g

4mR
σμν

∂Fμν

∂xρ
; ðD10Þ

and the spin dynamics of the worldlines is described by

dψρ

ds
¼ −

g
mR

ψνFρν: ðD11Þ

For homogeneous backgrounds, Eqs. (D10) and (D11)
reduce to the Bargman-Michel-Telegdi (BMT) equations
[109] in covariant form, with wide applications, an example
being their fundamental importance in describing the
properties of highly relativistic beams of leptons and
hadrons in accelerator physics [169–172]. For arbitrary
backgrounds, Eqs. (D10) and (D11) contain corrections to
the BMTequations. The generalization to colored fields are
the Wong equations [110,111], and in gravity, they are the
Papapetrou-Mathisson-Dixon equations [112–114].
This worldline instanton configuration can be used to

evaluate the action. Since H vanishes for these configura-
tions, the integration in ε0 introduces a trivial (infinite)
normalization to the fermion determinant times a pure
phase factor, with the latter given by the coupling of the
scalar charged current to the background _xμAμ, as expected.
We consider now the instanton configurations of real

electrons (χ ≠ 0),

∂H
∂pμ

¼ 2εðpμ þ gAμÞ − iχψμ ¼ _xμ;

∂H
∂ε

¼ ðpμ þ gAμÞ2 −m2
R ¼ 0: ðD12Þ

Hence in this case,

ε ¼ 1

2mR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð_xμ þ iχψμÞ2

q
: ðD13Þ

Inserting back Eqs. (D13) and (D12) into Eq. (D3), using
∂νH ¼ _π ¼ 0 and noting that the energy-momentum rela-
tion cancels the even ε contribution of the Hamiltonian, we
obtain

L ¼ mR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð_xμ − iχψμÞ2

q
− g_xμAμ −

i
4
ψn _ψ

n − iχmψ5;

ðD14Þ

which is the Lagrangian of a classical spinning charge with
helicity constraints [75]. Further expanding the odd con-
tributions in the Lagrangian in χ, and noting χ2 ¼ 0, we get

Lcl ¼ mR

ffiffiffiffiffi
_x2

p
− g_xμAμ −

i
4
ψn _ψ

n − iχ

�
mψ5 −

mR _xμψμffiffiffiffiffi
_x2

p
�
:

ðD15Þ
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The saddle-point configuration for the odd einbein produ-
ces the constraint

i
∂L
∂χ

¼mψ5−
mR _xμψμffiffiffiffiffi

_x2
p ¼ 0→mψ5−mR

dxμ
ds

ψμ ¼ 0;

ðD16Þ

with sðτÞ proper time, so that the instanton configurations
are those of the Lagrangian in Eq. (D8) supplemented

now with the helicity constraint. The helicity-momentum
constraint, is as expected, modified in the presence of
background fields with magnetic components for which
mR ≠ m.
We address now the most general case in which

the background field is sourced by dynamical world-
lines. The worldline action in the lth loop order
contribution to the functionally averaged n-point func-
tion is

S¼
Xn
α¼1

Z
1

0

dτα

�
πα _εαþεαm2þ _x2α

4εα
þ iνα _χαþ iχα

�
_xαμψ

μ
α

2εα
−mψ5

α

�
−
i
4
ψn
α _ψ

α
n

�
þ

Xnþl

α¼nþ1

Z
1

0

dτα

�
πα _εαþεαm2þ _x2α

4εα
−
i
4
ψα
μ _ψ

μ
α

�

þ1

2

Xnþl

α;β¼1

Z
1

0

dτα

�
g_xαμþ igεαψα

ρψ
α
μ
∂

∂xμρ

�Z
1

0

dτβ

�
g_xβνþ igεβψ

β
σψ

β
ν
∂

∂xβσ

�
Dμν

B ðxα−xβÞ: ðD17Þ

The first term is the free action of the n external particles, the second the free action of the l-loop particles, and the last term
all their Lorentz interactions. The Lagrangian is nonlocal hence the saddle points will be solutions of integral equations.
Expanding the action

S ¼ Sjcl þ δSjcl þ δ2Sjcl þ � � � ðD18Þ
we get to first order

δS¼
Xn
α¼1

Z
1

0

dτ

��
m2

R−
1

4ε2α
ð_xμαþ iχαψ

μ
αÞ2

�
δεαþ i

�
_xαμψ

μ
α

2εα
−mψ5

α

�
δχαþ i

�
χαm−

ψ5
α

2

�
δψα

5 − i

�
_ψρ
α

2
þχα

_xρα
2εα

−gψνF
ρν
all

�
δψα

ρ

−
�
d
dτ

�
1

2εα
ð_xραþ iχαψ

ρ
αÞ
�
−g_xαμF

ρμ
all − i

g
2
εαψ

α
μψ

α
ν
∂Fμν

all

∂xαρ

�
δxαρ

�

þ
Xnþl

α¼nþ1

Z
1

0

dτ

��
m2

R−
_x2α
4ε2α

�
δεα− i

�
_ψρ
α

2
−gψνF

ρν
all

�
δψα

ρ −
�
d
dτ

�
_xρα
2εα

�
−g_xαμF

ρμ
all − i

g
2
εαψ

α
μψ

α
ν
∂Fμν

all

∂xαρ

�
δxαρ

�
ðD19Þ

where the field strength tensor is given recursively in terms of the scalar and spinorial charged currents and the einbeins
Fμν
allðxÞ ≔ ∂

μAν
allðxÞ − ∂

νAμ
allðxÞ with

Aμ
allðxÞ ¼ g

Xnþl

β¼1

Z
1

0

dτDμν
B ðx − xβÞ_xβ þ ig

Xnþl

β¼1

Z
1

0

dτ
∂

∂xβρ
Dμν

B ðx − xβðtÞÞεβψβ
ρψ

β
ν ðD20Þ

and the renormalized mass has been defined as

m2
R ¼ m2 þ ig

Xnþl

β¼1

Z
1

0

dτ
∂

∂xβρ
Dμν

B ðx − xβÞεβψβ
ρψ

β
ν : ðD21Þ

The condition δS ¼ 0 yields the classical equations of
motion satisfied by nþ l spinning charges in interaction
(the ones present in the lth order contribution to the
functionally averaged n-point function) plus the energy-
momentum and helicity-momentum constraints. However,
unlike the case of an external field, in which the interactions
are given for all particles at once, the motion described here
addresses a much more involved scenario. Since the world-
lines themselves—including the classical self-interaction

term β ¼ α—do participate in creating the field at all
retarded and advanced times, the classical equations for
the αth particle worldlines xαðτÞ and ψαðτÞ are given by
integral equations.

APPENDIX E: COMPUTING THE Rnm AND Φnm

DRESSINGS

We will compute here the integrals in the photon
momentum k found in Sec. V B, that are required for
the evaluation of the real and imaginary parts of the IR
dressings, Rnm andΦnm. In Rnm in Eq. (151) and Eq. (159),
the required integrals are of the form
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Iðβp; βqÞ ¼
Z

Λ

λ

d3k
ð2πÞ3

1

2ωk

βp · βq
ðk · βpÞðk · βqÞ

¼
Z

Λ

λ

ω2
kdωk

2π

Z
dΩk

ð2πÞ2
1

2ωk

βp · βq
ðk · βpÞðk · βqÞ

; ðE1Þ

where dΩk ¼ sin θkdθkdϕk, k ¼ ωkð1; k̂Þ, β ¼ ð1; βÞ, and k · β ¼ ωkð1 − k̂ · βÞ. Introducing a Schwinger parameter, the
angular integral can be performed as follows:

Z
dΩk

1

ðk · βqÞðk · βpÞ
¼

Z
dΩk

Z
1

0

dy
ðyk · βq þ ð1 − yÞk · βpÞ2

¼ 2π

ω2
k

Z
1

0

dy
Z þ1

−1

d cos θk
ð1 − cos θkjβqyþ ð1 − yÞβpjÞ2

¼ 4π

ω2
k

Z
1

0

dy
1 − ðβqyþ βpð1 − yÞÞ2 : ðE2Þ

Noticing 1 − ðβqyþ βpð1 − yÞÞ2 ¼ ðβqyþ βpð1 − yÞÞ2 and collecting all the terms, Eq. (E1) gives

Iðβp; βqÞ ¼
1

4π2

Z
Λ

λ

dωk

ωk

Z
1

0

dy
ðβqyþ βpð1 − yÞÞ2

¼ 1

4π2
βq · βpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðβq · βpÞ2 − β2q · β2p
q Atanh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβq · βpÞ2 − β2qβ

2
p

q
βq · βp

�
log

Λ
λ
¼ 1

4π2
γpq cosh γpq log

Λ
λ
; ðE3Þ

where the relative cusp angle between the 4-vectors βp and βq is defined in Eq. (154) of Sec. V B.

On the other hand, the integrals required to compute Φnm in Eqs. (152) and (160) are of the form

Jðβp; βqÞ ¼ lim
ϵ→0

fJϵþðβp; βqÞ − Jϵ−ðβp; βqÞg; ðE4Þ

where

Jϵ�ðβq; βpÞ ¼
Z

Λ

λ

d3k
ð2πÞ3

1

2ωk

1

k · βp

βp · βq
k · ðβp − βqÞ � iϵ

: ðE5Þ

Introducing a Schwinger parameter to perform the angular integration, in the same way as for Eq. (E1), this gives

Jϵ�ðβq; βpÞ ¼
Z

1

0

dy
Z

Λ

λ

d3k
ð2πÞ3

1

2ωk

1

k · βp

βp · βq
ð1 − yÞk · βp þ yk · ðβp − βqÞ � iyϵ

¼ 1

8π2

Z
Λ

λ
dωk

×
Z

1

0

dy
βp · βq

jβp − yβqj
�

1

ð1 − yÞωk − ωkjβp − yβqj � iyϵ
−

1

ð1 − yÞωk þ ωkjβp − yβqj � iyϵ

�
: ðE6Þ

Using that

2πδðqÞ ¼ lim
ϵ→0

Z
∞

0

dte−iqt−ϵt þ
Z

0

−∞
dte−iqtþϵt ¼ lim

ϵ→0

2ϵ

q2 þ ϵ2
; ðE7Þ

then

Jðβp; βqÞ ¼
i

8π2
ðβp · βqÞ

Z
Λ

λ
dωk

Z
1

0

dy
y

1

jβp − yβqj

×

�
2πδ

�
ωk

x
ð1 − yþ jβp − yβqjÞ

�
− 2πδ

�
ωk

x
ð1 − y − jβp − yβqjÞ

��
: ðE8Þ

The first of these two Dirac deltas above does not contribute, since the argument is always positive. The second can be
rewritten as
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2πδ

�
ωk

x
ð1 − y − jβp − yβqjÞ

�
¼
���� y0ð1 − y0Þ
ωk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβp · βqÞ2 − β2pβ

2
q

q
����2πδðy − y0Þ; ðE9Þ

where y0 is the solution of jβp − y0βqj ¼ ð1 − y0Þ. Then finally

Jðβp; βqÞ ¼ −
i
4π

βp · βqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβp · βqÞ2 − β2pβ

2
q

q Z
Λ

λ

dωk

ωk
¼ −

i
4π

coth γpq log
Λ
λ
; ðE10Þ

where the relative cusp angle is the one in Eq. (154) of Sec. V B again.
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