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Classical and quantum annealing are computing paradigms that have been proposed to solve a wide
range of optimization problems. In this paper, we aim to enhance the performance of annealing algorithms
by introducing the technique of degeneracy engineering, through which the relative degeneracy of the
ground state is increased by modifying a subset of terms in the objective Hamiltonian. We illustrate this
novel approach by applying it to the example of #j-norm regularization for sparse linear regression, which
is, in general, an NP-hard optimization problem. Specifically, we show how to cast £y-norm regularization
as a quadratic unconstrained binary optimization (QUBO) problem, suitable for implementation on
annealing platforms. As a case study, we apply this QUBO formulation to energy flow polynomials in high-
energy collider physics, finding that degeneracy engineering substantially improves the annealing
performance. Our results motivate the application of degeneracy engineering to a variety of regularized

optimization problems.
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I. INTRODUCTION

Quantum annealing [1-3] is a computing paradigm for
solving optimization problems, with applications ranging
across computer science problems [4], machine learning [5],
quantum chemistry [6], protein folding [7], and beyond.
Such optimization problems often require minimizing a cost
function, which can be reformulated as finding the ground
state of a classical Ising Hamiltonian [8]. Many problems
of practical importance, however, have cost functions over
exponentially many spin configurations, reminiscent of
classical spin glasses [9—11]. These characteristics make
it extremely difficult for classical algorithms, including
classical annealing, to find the ground state of the classical
Ising Hamiltonian [3].

Quantum annealing was conceived as an alternative to
solve this task, where one elevates the classical Ising
Hamiltonian to a quantum spin Hamiltonian to take
advantage of tunneling in the optimization landscape [3].
Since the first quantum annealing device became commer-
cially available in 2011 [12], a large number of proof-of-
principle demonstrations have been performed (see, e.g.,
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Refs. [13-18]). Quantum annealing still faces several
conceptual and hardware challenges, however—in particu-
lar, the inability to outperform classical annealing algo-
rithms in many applications (see Ref. [19] for a review).

In this paper, we introduce the technique of degeneracy
engineering in order to enhance the performance of
classical and quantum annealing. We show that for some
applications, one can bias the spectral landscape toward
more optimal solutions, dramatically improving both
classical and quantum annealing performance on these
problems. We illustrate this novel concept by applying it to
¢o-norm regularization for sparse linear regression, which
is a nonconvex optimization problem that is, in general,
NP-hard [20]. Specifically, we first show how to cast
£p-norm regularization as a quadratic unconstrained binary
optimization (QUBO) problem, suitable for implementa-
tion on (quantum) annealing platforms. The key insight is
to use a redundant (qu)bit encoding scheme for the linear fit
coefficients, which allows the £j-norm penalty term to be
written in quadratic form. The smallest redundant encoding
scheme requires only one extra (qu)bit per coefficient. By
using a higher degree of redundancy, though, one is able to
increase the relative degeneracy of the desired ground-state
configuration to the first excited state of the regularizer,
which, in practice, yields better annealing performance on
the full problem.

Sparse linear regression is a topic of general interest,
but here we focus on a case study in high-energy collider
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physics. Energy flow polynomials (EFPs) are a linear basis
of collider observables [21], which can be used to accom-
plish a broad range of classification and regression tasks
in collider physics. Most EFP studies to date have used
standard linear regression with a subset of O(1000) EFPs
[22,23], but it is likely that many collider tasks could be
accomplished to the desired accuracy using only a handful
of EFPs. This is a natural venue to explore sparse linear
regression, but there are known cases where the two most
popular sparse linear regression approaches—ridge regres-
sion using £,-norm regularization [24] and lasso regression
using #;-norm regularization [25]—yield unsatisfactory
results [21,26]. While the £,-norm penalty is expected
to yield better performance in such cases, it is computa-
tionally daunting to implement. These considerations make
this problem an ideal test bed for exploring the performance
of degeneracy engineering.

In detailed numerical simulations, we assess the potential
gains from quantum annealing by comparing standard
simulated annealing [27] to path integral Monte Carlo
(PIMC) [28]. While PIMC is a classical annealing strategy,
it is a useful proxy for quantum annealing [29], and it is
exact in the long equilibration time limit. We compare five
different regularization methods, including the standard
¢5-, €1-, and £-norm regularizations, as well as two novel
heuristics. Focusing on ¢j-norm regularization, we then
compare two different encoding schemes with different
degrees of redundancy, thus examining the potential
benefits of degeneracy engineering. Our case study is
based on EFP sparse regression tasks with known analytic
solutions, so we have an absolute performance benchmark.
Using our QUBO implementation with the smallest redun-
dant encoding scheme, we find relatively poor regression
performance. Going to a higher degree of redundancy,
though, we achieve significantly better performance.
This motivates further studies of degeneracy engineering
for other optimization problems beyond sparse linear
regression.

The remainder of this paper is organized as follows. In
Sec. II, we review ¢ ,-norm-regularized linear regression
and its binary encoding on quantum or classical computers,
followed by a derivation of Zy-norm regularization in
QUBO form. In Sec. IIlI, we introduce the concept of
degeneracy engineering, which improves the annealing
performance by increasing the relative degeneracy of the
ground-state configuration. In Sec. IV, we outline different
optimization strategies, including a review of classical
annealing and PIMC, a proposal of novel heuristics, and
considerations for quantum annealing. In Sec. V, we review
EFPs, including a detailed overview of the observables and
data sets used in our case study. In Sec. VI, we present the
numerical results of our case study, comparing the smallest
redundant encoding scheme to the scheme with two
redundant qubits, comparing the £j-norm regularization
to its Z;- and £,-norm counterparts, and comparing

simulated annealing to PIMC. We conclude in Sec. VII,
including a broader discussion of the role of redundant
encoding schemes for classical and quantum annealing.

II. SPARSE LINEAR REGRESSION
AS A QUBO PROBLEM

A. Review of ¢,-norm regularization

For generic regression problems, the goal is to find a
function h: R" — R that approximates the mapping of
inputs X to outputs y seen in a training data set S. One way
to achieve this is by minimizing the mean squared error
(MSE) loss function:

Lysg = Z(ys - h(fs))z (1)

seS

For linear regression, one chooses a set of K functions
h,(X) and real fit coefficients c,, such that

h(¥;{ca}) = anha(f)- (2)

To avoid overfitting, one is often interested in finding a
sparse, approximate minimizer of the MSE. To achieve this
in practice, one introduces a regulator R that penalizes
nonzero values of c,:

L = Lysg + 1R, (3)

where A controls the strength of the regularization. For
¢ ,-norm regularization, the regularization term is

RV = lcg

K
R(P) — ZRE[’), P, (4)

a=1

where |-| is the absolute value. When p = 0, we define the
limit as

hngp) _ {0 Cq = 0 (5)
p—0 1 ¢, #0,

such that the £,-norm penalty depends only on whether ¢,
is nonzero, independent of its magnitude. Since £j-norm
regularized regression is computationally challenging to
implement, this problem is well suited for exploring the
performance of degeneracy engineering.

B. Redundant binary encodings

To formulate a quadratic representation of the £,-norm
regularizer, we first consider binary encodings of the real fit
coefficients c,. For an M-bit representation, we have
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M .
- Zgibgll)7 (6)
i=1

where g; are fixed real numbers, and the binary coefficients
b take values of 0 or 1.

For a nonredundant encoding, one typically chooses a
standard binary encoding, such as g; = 2/. More generally,
though, ¢; can take any desired fixed value, including a
negative value, at the expense of having multiple binary
representations for the same real number [30]. As a
concrete example, consider a four-bit encoding, where

§={-2,-1,1,2}. (7)

For a fixed a, there are 2% =

values of bg,i), but only 7 unique values of c,, namely

16 possible choices for the

c, €{-3,-2,-1,0,1,2,3}. (8)
In the context of annealing, these redundant encodings are
irrelevant for the ground state if the corresponding values of
the loss function are the same or higher than for the default
encoding. We will exploit this freedom in implementing
¢y-norm regularization.

C. Quadratic loss for Zj-norm penalty

When inserting the binary representation for the fit
coefficients ¢, in Eq. (6) into the MSE loss function in
Eq. (1), we see that the dependence on the binary

coefficients b,(li) is at most quadratic. Thus, standard linear
regression can be cast as a QUBO problem.
A QUBO problem consists of finding a vector

x* = arg minQ(x) 9)

xeB”

that is minimal with respect to a quadratic polynomial
Q: B" - R over binary variables x; € B for B = {0, 1}
and i € [n],

ZZJ,]x X (10)

i=1 j=

Here, the coefficients J; i € Rsatisfy 1 < j <i < n,and [n]
is the set of strictly positive integers less than or equal to n.

When adding the £ ,-norm regularization in Eq. (4), we
still have a QUBO form for p = 2, but not for any other
value of p. To understand the role of redundant encodings
in this context, it is instructive to first consider the p = 1
case. Because of the absolute value signs in Eq. (4), this is
not of QUBO form, but it is “almost QUBO” since one

could remove the absolute value sign if one knew that a
given ¢, was either always positive or always negative.
Taking inspiration from this observation, consider a redun-
dant encoding of ¢, where there are both positive and
negative values of g;, such as in Eq. (7). In that case, we
have the following inequality:

M
leal < lgilb. (11)
i=1

This would be an equality if bEf) were only nonzero when g;
was positive, or when g; was negative, but not both. From
the perspective of mmlmlzmg Eq. (3), though, cases with

nonzero values of b, @ for mixed signs of g; are irrelevant, as
long as there is another encoding of ¢, that only uses all
positive or all negative values of g; [and therefore satisfies
Eq. (11) as an equality]. This is indeed the case for the
example in Egs. (7) and (8). Therefore, without changing
the solution of the sparse regression problem, we can use a
modified #;-norm regulator:

1 mod)

Z|gz|ba , (12)

which is now of QUBO form.
We can do something similar for the #,-norm regulator:

R((lO—mod) _ Z bai), (13)

which is again of QUBO form. Here, though, for an N-bit
binary encoding, there are only N + 1 values of ¢, that
have the correct regulator, namely all of the individual g;
values (which get a penalty of 1) and the value O (which
gets a penalty of 0). Ideally, we would want a large fraction

of achievable ¢, values to have at least one bg') configu-
ration with the right penalty. This can be achieved by
leveraging a redundant encoding using ancilla bits, as we
explain next.

D. Single ancilla bit encoding

The first example of a redundant encoding involves just a
single ancilla bit per fit coefficient. This ancilla bit r, plays
no role in determining the value of c¢,, but it appears in the
Zp-norm regulator as follows:

(0—single)

R b, (14)

M:

(1-r,)
i=1

This single ancilla bit encoding (ABE) is shown graphically
in Fig. 1(a), where to match Eq. (17) below, we have
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FIG. 1.

(b)

Graphical representation of the #j-norm regularizer with (a) single ABE and (b) double ABE. Circles correspond to a penalty

(i)

of +1 for the ancilla bits r, and ¢, (blue) and positive contributions p,’ (green) and negative contributions ngf) (orange) to the fit
coefficients. Lines correspond to penalties of —1 (single solid blue), —2 (double solid green), and 42 (double dashed orange).

separated out bg) into positive ( p,(j)) and negative (ng)) fit
coefficients.

In the context of annealing, we care about the lowest
energy configuration. Minimizing Eq. (14) over the ancilla

bit r,, we find that

. 0 =0
min R\0Sele) { Ca (15)
Ta 1 ¢, #0,

which is precisely the desired £y-norm regulator.

We note that an approximate formulation of £j-norm
regularization as an optimization problem has recently been
proposed in Ref. [31]. This approach, however, is based on
the general expression of k-local problems as QUBO
problems, which requires potentially inefficient gadgetiza-
tion techniques [32-34].

III. DEGENERACY ENGINEERING

A. General principles

The key idea behind degeneracy engineering is to
increase the relative ground-state to excited-state degener-
acies of a tractable subset of terms in a given problem
Hamiltonian via the addition of ancilla (qu)bits. More
specifically, this technique changes the relative degener-
acies (but not the values) associated with this subset of
Hamiltonian terms, which in our case is the £j-norm
regularizer. Consequently, if one were to optimize the
problem Hamiltonian, the success probability of finding
the true ground-state energy would be enhanced.
Heuristically, the success probability of finding the true
ground-state energy of the full Hamiltonian is also
enhanced. Degeneracy engineering is motivated by similar
techniques in variational quantum simulation, where it has
been shown that a strong over-parametrization of quantum
circuits improves the chance of finding a good approxi-
mation of the true solution [35-38].

As we demonstrate in the next subsection, the concept
of degeneracy engineering is particularly well suited for
Hamiltonians including a penalty term. While ground-state
energies of generic Hamiltonians can be negative, penalty
terms employ absolute values and thus vanish under
minimization. This feature makes penalty terms the ideal
candidates for degeneracy engineering. While it is gen-
erally hard to engineer multiple negative values for
generic ground-state energies, one can straightforwardly
engineer multiple zero values for the ground-state energy of
a penalty term. In particular, this can be achieved by
exploiting cancellations of positive and negative contribu-
tions to the ground-state energy, as we will exemplify
in Eq. (18) below. Thus, degeneracy engineering could
provide advantages for any optimization problem contain-
ing a penalty term, including penalty terms enforcing
physical symmetries.

B. Double ancilla bit encoding

To illustrate the concept of degeneracy engineering, we
apply it to the example of £,-norm regularization for sparse
linear regression.

The Zy-norm regulator in Eq. (14) has a single minimum,
min, RO _ ) where r, =0 and p) = 0. However,
the regulator also has an exponentially large degeneracy of
the first excited state, min,_ RO _ 1 where r, = 1.
Thus, in practice, the optimization using the single ABE is
expected to perform poorly.

To mitigate this problem, we want to modify the relative
degeneracy of the states under consideration. Our goal is to
match the degeneracy levels of the minimum and the first
excited state, without changing the energy values. To this
end, we consider a double ancilla bit encoding (double
ABE) of the £-norm loss function.

For concreteness, consider the binary encoding:
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Next, we introduce a redundant encoding where the Zero fit
coefficient has multiple representations:

M
co=> gt —nd). (17)
i=0

Here, p. (n') are binary coefficients that yield positive
(negative) contributions to the fit coefficients.

For the double ABE, we add two ancilla bits (g, and r,)
per fit coefficient:

M
Rgo—double) =q,+ 1 +2q,-r,) ZPE’Z)

i=1

M
+ra+(1+2ra_Qa)anll)
i=1
M . .
—ZZpg)nEJ), (18)
i=1

as shown graphically in Fig. 1(b). Minimizing Eq. (18) over
the ancilla bits r, and g,, we recover the desired £j-norm
regulator in Eq. (15), but with a higher relative ground-state
degeneracy; we now describe in more detail why this is so.

C. Comparing the encodings

The graphical illustrations in Fig. 1 can help build
intuition about the differing behaviors of the single ABE
in Eq. (14) and the double ABE in Eq. (18). Here, the
ancilla bits r, and ¢, are depicted as blue nodes, the

positive contributions pgf) to the fit coefficients are shown

as green nodes, and the negative contributions n,(;) are
shown as orange nodes. Turning on any of the nodes is
associated with a penalty of +1. Solid blue edges corre-
spond to a pairwise penalty of —1, which comes from
Eq. (14) and from the first two lines of Eq. (18). Double
dashed orange edges correspond to a pairwise penalty of
+2 from the first two lines of Eq. (18), while double solid
green edges correspond to a pairwise penalty of —2 from
the third line of Eq. (18).

For the single ABE, the only configuration with zero
penalty is the one with all nodes turned off, corresponding
to ¢, = 0. The configurations with penalty +1 arise from
connected graphs, where the connection is enabled by
turning on the ancilla bits r,. Thus, there is only one
ground-state configuration with ¢, =0 and a slew of
excited-state configurations for ¢, # 0.

For the double ABE, by contrast, there are a large
number of configurations with zero penalty and c, = 0,
particularly the 2™ configurations associated with turning
on pairs of nodes connected by double solid green edges.
The configurations with penalty 41 and ¢, # 0 arise from

connected graphs that do not involve any double solid
green edges, of which there are 2. Thus, there is a balance
between the number of ¢, = 0 and ¢, # 0 configurations
and therefore an improved loss landscape for our Zj-norm
regularizer.

It is instructive to compare the single and double ABE in
the simplest case of M = 1, with two binary fit coefficients
p, and n,. For the single ABE, we have one ancilla bit r,.

There are four different ways to encode ¢, = 0, of which

the lowest lying state with R "¢

following:
(i) turning off all bits.
There are two different ways to encode ¢, = 1, which are

the lowest lying states with R\ ") = 1:

(i) turning on just p,; and

(ii) turning on just p, and r,.
Thus, the relative degeneracy of the lowest lying ¢, = 0
and ¢, = | configurations is 1:2.

For the double ABE, we have two ancilla bits r, and ¢,.

There are now eight different ways to encode ¢, = 0, of

which the two lowest lying states with Rgo_double> =0 are

(i) turning off all bits, just as for the single ABE; and
(ii) turning on just p, and n,.
Similarly, we can encode ¢, = 1 in four different ways, of

which the two lowest lying states with R0double) _

arise from

(i) turning on just p,; and

(i1) turning on just p, and r,.

Thus, the relative degeneracy between the lowest lying
¢, =0 and ¢, = 1 configurations is 1:1.

In this way, we have used the double ABE to success-
fully engineer a larger ground-state degeneracy without
changing the lowest lying energy levels of the system. This
general principle of exponentially increasing the ground-
state degeneracy of the regularizer can be generalized to
M > 1 in a straightforward fashion, by turning on various
combinations of pairs of ( pg), nEP).

There is some freedom in Eq. (18) that could be
exploited for practical applications. We chose a penalty
of 42 in Eq. (18) (i.e., the dotted orange edges between ¢,

and pfj) and between r, and nfj)) to reduce the degeneracy
of the first excited states. With a penalty of +1 instead, one
could take a connected configuration with total penalty +1
and turn on additional p(ai) and n(gi) pairs without additional
costs. As long as it is greater than 41, the precise value of
this penalty term could be adjusted to optimize the loss

landscape.

= 0 arises from the

D. Possible generalizations

For concreteness, we perform our case studies using just
the two example encodings described above. There is,
however, a whole family of related redundant encodings
that might be relevant for practical applications.
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As one extreme example, it is possible to avoid highly
connected ancilla bits and instead implement tree graph
structures, where each node has penalty +1 and each edge
has penalty —1. In this encoding, there are separate graphs
for positive and negative coefficients. In each graph, the
g; = 1 node is directly connected to the g; =2 node,
instead of being indirectly connected via the ancilla bit.
Then, g; =2 is directly connected to g; =4, which is
directly connected to g; = 8, and so on. Meanwhile, g; = 4
is connected to an additional g; = 1 bit, g; = 8 is con-
nected to additional g; = 1 and g; = 2 bits, and so on.
However, such an encoding not only requires a large
overhead of additional bits, but the only configuration
with ¢, =0 and zero penalty is the one with all nodes
turned off." Thus, even though such tree graph structures
might be advantageous for specific tasks, the double ABE
encoding discussed above is, in general, more efficiently
implementable. We leave to future work a study combining
these redundant tree graphs with partially connected
ancilla bits.

IV. OPTIMIZATION STRATEGIES

The results in Sec. VI are based on three different
optimization strategies—classical annealing, PIMC, and
sparse regularization heuristics—which we describe in this
section. While we do not perform quantum annealing on a
quantum computer, we review why PIMC is a useful proxy
for studying quantum optimization, and we discuss some
general considerations when implementing sparse regres-
sion on physical quantum devices.

A. Review of classical annealing

As a representative measure of the performance of
traditional classical optimization algorithms, we perform
population annealing [27]. For this, we consider a family
of canonical distributions parametrized by the inverse
temperature f3,

1
pp(x) = gﬁe_ﬂm)’ (19)

where E(x) is the energy of the state x and Z; is the
partition function. As an alternative to the traditional
simulated annealing method of optimization, population
annealing considers a population of R, replicas of the
state x. This population is initialized randomly (i.e., infinite
temperature), the first annealing step is performed at
temperature 1/f,, and then the system is cooled to some
finite temperature 1/f, by an annealing schedule of ¢
steps. Unlike simply performing simulated annealing R,
times, however, with each cooling step, replicas are

'We used powers of 2 for simplicity, but there are ways to
optimize the coefficients to reduce the size of the required graph.

duplicated or deleted based on an estimate of their relative
Boltzmann weights. At each cooling step, the population is
reequilibrated according to some Monte Carlo algorithm.
As a representative classical method, we equilibrate using
Metropolis-Hastings [39].

B. Path integral Monte Carlo as a proxy
for quantum annealing

As a representative measure of the performance of
quantum optimization algorithms, we consider a proxy
for quantum annealing called the PIMC method. In most
stoquastic formulations of quantum annealing, one con-
siders the following parametrized quantum Hamiltonian:

H(s) = (1 — $)H; + sH; = T(s) zN: of+J(s)L.  (20)
i=1

1

where H; is the initial Hamiltonian and H/ is the final
Hamiltonian, called the problem Hamiltonian. The
annealing parameter s = t/¢, € [0, 1] is given by the ratio
of the time 7 and the total annealing time 7, thus linearly
increasing from O to 1. Here, L is the operator form of the
loss function L from Eq. (3) encoded in the ¢° basis.

To numerically simulate the performance of quantum
annealing, we use PIMC. This method employs the Trotter-
Suzuki mapping of the quantum annealing Hamiltonian in
Eq. (20) to a classical energy function with an extra
imaginary time dimension, which is discretized into M
imaginary time slices [40]. This well-known mapping
from a d-dimensional quantum Ising system to a (d + 1)-
dimensional classical Ising system can be straightforwardly
derived using the Trotter breakup formula and spin-1/2
algebra; see Appendix A for details. We then perform
Monte Carlo sampling using the Swendsen-Wang cluster
update algorithm [41] with the population annealing update
heuristic [27], forming clusters only in the imaginary
time direction on the mapped set of spins [42]. PIMC
has been numerically found to accurately simulate quantum
annealing in many stoquastic systems [29].

C. Refined regression as novel heuristics

To assess the performance of annealing strategies for
¢ p-norm regression, we study two novel heuristics: refined
Z1-norm regression and refined £,-norm regression.

Regression with #;-norm regularization is often used
as a proxy for regression with £j-norm regularization
due to the efficiency of the former. Because the #;-norm
penalty has constant absolute slope everywhere except
the origin, it leads to sparse solutions, just like the
Zo-norm case. We take this a step further and consider
refined #;-norm regression. In this strategy, coefficients
¢, that are set to zero by the initial #;-norm regularized
regression are clamped to zero. Then, ordinary linear
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regression is performed on the remaining coefficients to
minimize the MSE loss function of Eq. (1). The solution
found via this heuristic performs at least as well as the
originally found solution in terms of sparsity and MSE
loss, though not necessarily in terms of the regular-
ized loss.

We use a similar heuristic to postprocess the results of
our annealing strategies for £y-norm regularized linear
regression. In refined Z,-norm regression, coefficients set
to zero by the annealing process are clamped to zero, and
ordinary linear regression is performed on the remaining
coefficients. Here, the solution found via this heuristic
performs at least as well as the annealed ¢-regularized
solution on all performance measures. Given the low
computational overhead of unregularized linear regression,
we implement this refinement step when presenting our
baseline annealing results.

D. Considerations for quantum annealing

General adiabatic quantum computation is known to be
equivalent to the gate model of quantum computation [2].
Due to experimental considerations, however, most current
implementations of quantum annealing platforms use time-
dependent stoquastic Hamiltonians of the form of Eq. (20),
yielding a model of computation that is not believed to be
as powerful as general quantum computation. Recently, it
was shown that even under a restriction to stoquastic
Hamiltonians, there exist oracle separations between quan-
tum annealing and classical algorithms for certain classes
of problems [43].

Outside of these specific classes of problems, however, it
has been numerically shown that for many QUBO prob-
lems, PIMC—a classical algorithm—performs essentially
as well as quantum annealing [29]. For this reason, we
consider PIMC to serve as a good proxy for quantum
annealing in our study.

As we will emphasize in Sec. VII, the concept of
degeneracy engineering has important implications for
both classical and quantum annealing, beyond just
QUBO problems. When solving any optimization problem
that employs penalty terms, one can try to engineer multiple
zero values for the lowest-energy contribution to the
penalty. Extrapolating from the construction in Fig. 1, it
appears that degeneracy engineering generally requires
ancilla qubit(s) that employ a large degree of connectivity
to the other qubits on the platform. Our results therefore
stress the importance of good qubit connectivity in quan-
tum annealing platforms.

V. CASE STUDY WITH ENERGY FLOW
POLYNOMIALS

The results in Sec. VI are based on a case study in
collider physics, where we apply our QUBO formulation of
¢p-norm regularization to EFPs. In this section, we briefly

review the key properties of EFPs and introduce the
observable relations and data sets used in our study.

A. Review of energy flow polynomials

EFPs were introduced in Ref. [21] to accomplish a wide
range of jet analysis tasks in high-energy collider physics.
EFPs form a discrete linear basis for all infrared- and
collinear-safe observables, and many common jet observ-
ables are exact linear combinations of EFPs. Many collider
tasks can be accomplished using only a handful of EFPs,
which makes them an ideal candidate to explore sparse
linear regression.

To visualize and calculate the EFPs, Ref. [21] established
a one-to-one correspondence between EFPs and loopless
multigraphs. For an M-particle jet and a multigraph G with
N vertices and d edges (k,I) € G, the corresponding
functional expression for the EFP reads

ZM: 2 Ly H 9{'};[,’ (21)

(k.))eG

EFP; =)

M
=0 iy=0
where £ is an angular weighting factor (not to be confused
with inverse annealing temperature). For our numerical
studies, we take f = 2. In our case study, the energy
fraction z; carried by particle i and the angular distance 6;;
between particles i and j are defined as

=2 and 0, = (A} +Ad%)2 (22)
> jPTj
Here, py; is the transverse momentum of particle i, and we
use the definitions Ay;; =y; —y; and A¢;; = ¢; — ¢;,
where y; and ¢; are the rapidity and the azimuthal angle

of particle i.

There are a rich variety of linear relations between
different jet observables and EFPs [21,26], a few of which
we study in this paper. Even for fixed f, the set of all EFPs
is an overcomplete basis and therefore needs to be explored
using regularized linear regression. This motivates the
application of ¢j-norm regression to study these linear
relations.

For our numerical study, we use the EnergyFlow module,
which is based on Ref. [21]. This PYTHON package provides
all the necessary tools to compute EFPs on collider events,
as well as tools to download, read, and manipulate the data
sets described in Sec. VC. In our study, we test twelve
different linear relations between collider observables and
EFPs, which are described in Sec. V B and summarized in
Table 1.

B. Testing relations between observables

Many common jet observables, including the jet mass,
energy correlation functions [44], and angularities [45,46],
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TABLE I. Labels and names of the twelve observable relations used in our EFP case study. The third column indicates possible
restrictions on their range of applicability, where M is the number of particles in the jet and n is the number of spatial dimensions. The
fourth column gives the corresponding multigraph representations of the linear EFP relations and represents Egs. (1) and (2), where y,
corresponds to the observable on the left-hand side, 4, corresponds to the EFPs on the right-hand side, and ¢, corresponds to the
coefficients to be determined.

[N
X

Label Name of observable Restriction Multigraph representation of linear EFP relation
(a) Angularity a =2 None
A =1 x
(b) Angularity a = 4 None
A =1 x A -3x
(c) Angularity a = 6 None
A© éx/I\.gx/\ + 2 x
(d) Determinant C None
detC' = x —1x
(e) Triple dumbbell M <2
=92 % A
® Triple dumbbell (approximate) None
~ 2 X A
(2) Lollipop M<2
VAT
(h) Lollipop (approximate) None
VAT
(1) Five dots M<3
= {I\ + % X — % X 0—C<I
)] Five dots (approximate) None
~ {k + % X — % X .—‘<I
(k) Planar event n<?2
A I
2 2 3
6 4
)] Planar event (approximate) None
1 1 1
~ 5 X + 5 X + g X A

|
NG
X
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are exact finite linear combinations of EFPs. This makes
them useful targets for our annealing studies since there
is a ground truth definition of successful regularized
regression. We consider twelve different linear relations
between collider observables and EFPs, which have
been extensively studied in Refs. [21,26]. These twelve
relations, summarized in Table I, will serve as benchmarks
for testing our QUBO formulation of £,-norm regression.
In Table I, the fourth column represents Eqs. (1) and (2),
where y, corresponds to the observable on the left-hand
side, h, corresponds to the EFPs on the right-hand side, and
¢, corresponds to the coefficients to be determined, which
optimally match the numbers given in the table.

The first set of observables is given by the infrared- and
collinear-safe jet angularities [45,46] defined as

M
(@) — Zzigg, (23)
i=1

where @ > 0 is an angular exponent and 6; denotes the
distance of particle i to the pp-weighted centroid axis
(v, ;) of the jet located at

M M
Y= ZZij» ;= ZZj¢j- (24)
j=1 j=1

Using Eq. (24), the angularities in Eq. (23) can be
expressed in terms of pairwise distances as

al2
Zzzlzzu ,2,3> . (25)

12 liz=

M M
— E E 2
B Zil < Zizeillz
i=1 =1

where 6,; = (Ay,zj + Aqﬁ?j)l/z.

For even a, the parenthetical in Eq. (25) can be expanded
and identified to be a linear combination of EFPs with
N = aand d = a [47]. Focusing on the cases a € {2,4, 6}
and using the multigraph representation of Eq. (21), we
can write down the following linear relations for the jet

angularities:

x |, (26)

—
w

A4 = =

[\
=~

® ® 6 °
[ ]
RO 1 3 5
—2><. ! .—2>< +8><
¢ e [ e o o
(28)

In these three multigraph representations, each edge (k, /)
corresponds to a term 6, ; in Eq. (25), and each vertex j
corresponds to a summation Zﬁ‘;’zl Zi,.

Next, we consider a jet observable based on the two-

dimensional geometric moment tensor of the energy dis-
tribution in the (y, ¢) plane [47,48]:

=L+l

(i =) (yi—ys)
(i = ¢s)?

(i —y1)?
¢J)(yl )

’

(29)

where the distances are measured with respect to the
pr-weighted centroid axis (y;, ¢,) of the jet in Eq. (24).
Both the trace and the determinant of this matrix can be
expressed as a linear combination of EFPs. The trace is
related to the @ =2 angularity, while the determinant
satisfies [21]

det C = x| . (30)

pM>—~

In Ref. [26], a variety of relations were derived from cutting
the graph nodes. These relations only hold for a limited
number of particles, and they can be derived from the fact
that antisymmetrizing L indices of a tensor in M dimen-
sions yields zero for L > M. A useful organizational
scheme for the EFPs is by the number of edges d in the
associated multigraph. We consider two linear relations at
d = 3, called “triple dumbbell” and “lollipop,” which are
valid only for events containing M < 2 particles [26]:

(31)

M§2 = —|—. o (32)

We consider one example at d = 4, called “five dots,” for
events containing M < 3 particles [26]:
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.—}X' L !

1
°o—¢ o o+§><o 1

(33)

As the last example, we consider a linear relation called
“planar event,” which is subject to a spatial constraint on
the event. In particular, this relation is only applicable
to planar events with two (or fewer) spatial degrees of
freedom [26]:

[ ] [ ] [ ] [ ] °
1
n<2: ¢ ®&=_x¢ &4+ _x + - X
3 [ 2 . ]
[ ] [ ] [} o [ ]
° ® ° [ ]
1 1
—éx —Zx
[ . ] ® @ ® ¥

(34)

A summary of these linear relations is given in Table I,
along with the restrictions that constrain their range of
applicability. Additionally, we list “approximate” linear
relations, where we consider exact linear relations outside
of their range of applicability. This allows us to test the
performance of sparse linear regression in regimes where
we expect to find good, but not perfect, solutions. In total,
we have four exact relations that always hold, four exact
relations that hold only with restrictions, and four approxi-
mate relations, which yields twelve linear relations that are
tested in our numerical study.

C. Data sets

For our numerical study, we use a data set from the
CMS Open Data Portal [49,50] in the MOD HDF5
Format [51], which was created for jet-based studies.
These dijet events are generated in PYTHIA 6.4.25 [52],
and we do not consider any detector simulation effects. In
our study, we use 100,000 shower-generated events with
pr € [475,525] GeV and absolute values of the rapidity
ly| < 1.9. Even though the event samples are weighted, for
simplicity we treat the events as having equal weights.2

For most of the observables in Sec. V B, we can use
generic events to test the given functional relations. In
specific cases, however, we need to constrain the data to
incorporate the specific conditions listed in Table I.
For example, some of the linear relations are only appli-
cable to planar events or to events with a specific number
of particles. To generate planar events, we constrain
the particle motion to two spatial dimensions, which is

*Event weights could be straightforwardly incorporated by
generalizing the MSE loss function.

accomplished by setting the azimuthal angles of all
particles to zero, ¢; = 0. To generate events with a fixed
particle number, we consider events with larger particle
numbers and sequentially delete random particles until
reaching the required number. In this process, we preserve
the total transverse momentum py of the jet by rescaling the
transverse momenta of the remaining particles.

As mentioned above, we only apply this preprocessing
when testing the “exact” linear relations that are subject to
constraints. When testing the “approximate” versions of
these linear relations, we leave the data unmodified.

VI. NUMERICAL RESULTS

We now present the results of our numerical study, in
which we apply sparse regression to test the twelve linear
EFP relations in Table 1. Since we have two different
annealing encoding schemes, five different optimization
strategies, and twelve observable relations to test, we only
present selected results to highlight the main points of our
study; we present some additional results in Appendix B.

First, we demonstrate the advantage of degeneracy
engineering by comparing the baseline encoding from
Sec. IID to the degeneracy-engineered encoding in
Sec. III B. Second, we demonstrate the advantage of the
refinement approach introduced in Sec. IV C, showing that
refined £,-norm regression performs better than its unre-
fined version. Third, we demonstrate the advantage of
Zp-norm regularization, by showing that it yields a better
sparsity/performance trade-off than #;- or £,-norm regu-
larization. Finally, we assess the potential gains from
quantum computing by comparing classical annealing to
PIMC, finding no dramatic difference in performance.

A. Advantage of degeneracy engineering

To evaluate the performance of degeneracy engineering
from Sec. III, we compare the performance of the single
ABE in Eq. (14) versus the double ABE in Eq. (18). For
both encodings, we use the same classical annealing
algorithm with the same training parameters for each
observable. As described in Sec. IVA, this optimization
algorithm is based on classical population annealing with a
geometric annealing schedule, with inverse temperature at
annealing step i given by

B: = Po (;Z) (35)

The population is initialized at the temperature S, =
1/Ty =10 and then cooled to the temperature f, =
1/T; = 10'° by an annealing schedule of # = 2!# steps.
For the #-norm coefficient A, we study a range that spans 4
orders of magnitude, 4 € [1073, 10].

In Fig. 2, we show the number of nonzero fit coefficients
as a function of 4, comparing the single ABE (light blue) to
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FIG. 2. Number of nonzero fit coefficients as a function of the #;-norm coefficient 1, comparing single ABE (light blue) with double
ABE (dark blue) on classical annealing. The twelve observable relations and their (a)—(I) labels are given in Table 1.
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the double ABE (dark blue). The twelve plots in this figure
correspond to the twelve different relations in Table I. The
results are averaged over ten independent runs, with the
standard deviation shown as error bars. For all observables,
we find that the degeneracy-engineered version with double
ABE performs either equally well or better in terms of
the number of identified nonzero fit coefficients. In Fig. 6
of Appendix B, we plot the loss function versus 4 as an
alternative way to highlight the improved behavior of the
double ABE.

For all nonapproximate relations in Table I, we can
analytically compute the best-case theoretical expectation
by considering all possible combinations of nonzero
coefficients given by a particular analytical relation. In
Fig. 2, this analytical result is displayed as the black-dashed
“Expected” line. Interestingly, for the lollipop observable in
Fig. 2(g), our original theoretical expectation from Eq. (32)
was outperformed by the double ABE algorithm. Indeed,
the corresponding black-dashed line (“Expected before”)
has more nonzero coefficients than we found numerically.
This inspired us to find a different analytic relation for the
lollipop observable, which yielded an improved black-
dotted line (“Expected after””) with a smaller loss function:

M<2: ==x ||. (36)

Amusingly, this is just the reversed triple dumbbell relation
from Eq. (31).

B. Advantage of refinement

We now evaluate the refinement approach given by the
two novel heuristics introduced in Sec. IV C. For this, we
use the degeneracy-engineered classical annealing with
double ABE, employing the same annealing parameters,
annealing schedule, and observables as in Sec. VI A.

When studying the performance of the two novel
heuristics, we have to account for the fact that £;-norm
and Z;-norm regression have different loss functions; see
Eq. (3). This requires us to choose an alternative presen-
tation compared to Fig. 2 since the meaning of A differs. We
choose to plot the median of the unregularized MSE loss
function in Eq. (1) as a function of the mean number of
nonzero fit coefficients since both of these quantities have
meaning for any regularization scheme. To compute the
error bars for the MSE, we take the 25% and 75% quantiles
from ten distinct runs. To compute the mean number and
the corresponding error bars of the nonzero fit coefficients,
we average over these ten distinct runs.

In Fig. 3, we compare the standard #j-norm regression
(blue) to the two novel heuristics: refined £j-norm regres-
sion (red) and refined #;-norm regression (orange). As
explained in Sec. IV C, we use unregularized regression to
refine the nonzero coefficient values while clamping
coefficients that were set to zero in the original regularized
regression. Refinement improves the MSE performance of
standard - and #;-norm regression with only moderate
computational overhead.

The large fluctuations in the median MSE in Fig. 3 are due
to the fact that even after refinement, single bit flips in the
solution can yield large changes in the model. This makes
it somewhat difficult to interpret these plots, but we can
draw two general lessons. First, there is a tradeoff between
lowering the number of relevant nonzero fit coefficients—
implicitly via making A larger—and increasing the MSE. As
the number of nonzero coefficients decreases, the accuracy of
the regression solution worsens as expected. Second, the
refined £)-norm regression and the refined #-norm regres-
sion perform similarly well for all twelve observables we
studied. For a fixed number of nonzero coefficients, both
refined heuristics yield substantially lower MSE compared to
unrefined £,-norm regression.

C. Advantage of £ -norm regularization

The key premise of our analysis is that £,-norm
regularization should yield sparser solutions to EFP regres-
sion problems than #;- and £,-norm regularization. To test
this, we compare the refined version of ¢j-norm regulari-
zation to the standard versions of /- and &,-norm
regression. As in Sec. VIB, we plot the median MSE
loss as a function of the mean number of nonzero fit
coefficients.

Results are shown in Fig. 4, for refined £j-norm
regression (red), £;-norm regression (orange), and £,-norm
regression (green). Because #,-norm regression does not
yield a sparse solution for any value of 4, the green line is
vertical on these plots. For specific observables, including
the lollipop observable in Fig. 4(g), only refined £,-norm
regression manages to consistently find the exact solution,
independently of the number of nonzero coefficients. This
can be seen from comparing the very small MSE values
for the £y-norm case to the large MSE values obtained for
?1- and £,-norm regression. Thus, the heuristic of refined
Zp-norm regression manages to minimize the number of
nonzero coefficients as effectively as #;-norm regression,
while also finding an exact solution. For all observables,
only refined £j-norm regression manages to consistently
find a nearly exact solution (as measured by MSE), when
the number of nonzero coefficients is large.
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FIG. 3. Median MSE loss function in Eq. (1) as a function of the mean number of nonzero coefficients, comparing £,-norm regression
(blue) with refined ¢,-norm (red) and ¢;-norm (orange) regression. The same twelve observables from Table I with (a)—(1) labels

are shown.
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FIG.5. Same as Fig. 2, but comparing classical annealing (solid blue) to PIMC (dashed blue) as a proxy for quantum annealing, using
the double ABE. As discussed in footnote, panel (1) has been replaced by a burnt charger. The (a)—(l) are defined in Table I.
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D. Challenges for quantum annealing

As our final numerical study, we assess the potential
gains from quantum computing by comparing classical
annealing to PIMC. Recall from Sec. IV B that PIMC
serves as a proxy for quantum annealing. We use the same
observables as Sec. VI A, but a different annealing schedule
to attempt an apples-to-apples comparison. For classical
annealing, the distributions are initialized at the inverse
temperature f, = 1/T, = 10 and then cooled to the inverse
temperature f, = 1/T, = 10® by a geometric annealing
schedule of # = 2048 steps. For PIMC, J(s) increases
geometrically from 10 to 10%, while T'(s) decreases
geometrically from I'=1 to I' =0, once again over
¢ = 2048 annealing steps. We use double ABE for both
methods.

In Fig. 5, we plot the number of nonzero coefficients as a
function of the £j-norm coefficient 4. We compare the
performance of classical annealing (solid blue) with PIMC
(dashed blue). As in Fig. 2, the error bars are computed
by averaging the results over ten distinct runs, and we plot
the best-case analytical expectation (black dashed) for all
nonapproximate relations. In Fig. 7 of Appendix B, we plot
the loss as a function of 4 as an alternative way to assess the
potential gains from quantum computing.

For the lollipop observable in Fig. 5(g), we again observe
that our original theoretical expectation was outperformed
by both classical annealing and PIMC. PIMC is actually
able to do a better job in the vicinity of A~0.1, though
classical annealing does slightly better at smaller A. For all
observables, we find that the performance of classical
annealing and PIMC are similar, both with respect to the
number of nonzero coefficients and with respect to the
loss function; see Fig. 7. The main difference between
classical annealing and PIMC is the significantly higher
(classical) computation cost of the latter.”

These results demonstrate the robustness of the regres-
sion performance with respect to changing the annealing
method. On the other hand, these findings suggest that true
quantum annealing may not yield performance gains for
this particular optimization problem.

VII. CONCLUSIONS

In this paper, we introduced the technique of degeneracy
engineering, which is a strategy to improve the perfor-
mance of both classical and quantum annealing algorithms
by increasing the relative degeneracy of the ground state by
manipulating a subset of terms in the problem Hamiltonian.
We applied this new concept to the NP-hard problem of

*When trying to perform PIMC on the twelfth observable
“Planar event (approximate),” we burnt out a laptop power
supply, as illustrated in Fig. 5(1). We decided against tempting
fate to test this observable on a high-performance computer.

Zp-norm regularization for sparse linear regression, focus-
ing on a case study in high-energy collider physics.

The key theoretical insights of this paper are twofold.
First, we discovered an efficient representation of £y-norm
regularization as a QUBO problem, which opens up the
possibility to study this problem with quantum annealing
without relying on potentially inefficient gadgetization
[32]. Second, we found that the relative degeneracy of
the ground state of the £ regularizer can be increased by
increasing the degree of redundancy in the qubit encoding
scheme for the linear fit coefficients. In practice, our
numerical simulations suggest that this changes the spec-
trum of the total problem Hamiltonian to a spectrum that is
more amenable to annealing strategies.

In detailed numerical experiments, we demonstrated the
advantages of using £j-norm regularization for sparse
linear regression and of employing degeneracy engineer-
ing. In a case study on EFPs in collider physics, we
compared five different regularization methods, including
the standard #,-, -, and £-norm regularization, as well as
two novel heuristics that refine £j-norm regularization. We
found an advantage of £j-norm regularization compared to
?1- and £,-norm regularization, with the best performance
obtained using the two refinement heuristics. We also
compared standard simulated annealing to the PIMC as
a proxy for quantum annealing, where we found similar
performances for both approaches. Most importantly, we
compared different encoding schemes with different
degrees of redundancy, finding significantly better perfor-
mance from the degeneracy-engineered QUBO implemen-
tation with a higher degree of redundancy.

What are the prospects, limitations, and requirements of
degeneracy engineering? The concept of degeneracy engi-
neering potentially has wide-range applicability, in par-
ticular, for Hamiltonians containing a penalty term that is
easy to study analytically. Penalty terms are ubiquitous in
optimization problems and beyond, ranging from £,-norm
regularization terms to penalty terms enforcing physical
constraints or symmetries (see Ref. [53] for an example
of penalty terms in particle track reconstruction). While
ground-state energies of generic Hamiltonians can be
negative, penalty terms employ absolute values and thus
vanish under minimization. This feature makes penalty
terms the ideal candidates for degeneracy engineering, as
one can potentially engineer multiple zero values for the
ground-state energy of a penalty term. As we exemplified
in Eq. (18), this can be achieved by exploiting cancellations
of positive and negative contributions to the ground-state
energy. Quantum annealing platforms could substantially
benefit from this concept but would require a large degree
of connectivity for the ancilla qubit(s), as illustrated
in Fig. 1.

Our results motivate studies of degeneracy engineering
for optimization problems beyond sparse linear regression.
We also expect degeneracy engineering to be applicable to
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optimization methods beyond classical and quantum
annealing, including variational quantum simulations on
digital quantum computers [54,55] and classical optimiza-
tion methods like tensor-network methods [56]. If a task is
aimed at finding the ground-state energy of a Hamiltonian,
then it will likely benefit from engineering more ground-
state configurations.
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APPENDIX A: TECHNICAL DETAILS
OF PATH INTEGRAL MONTE CARLO

In this appendix, we review some technical details [57]
of deriving the path-integral representation of the Ising
model used to simulate quantum annealing. We start with
the transverse Ising Hamiltonian in Eq. (20),

H= ;Jijafaj + rz;a;, (A1)
ij i=

where J;; are couplings between nearest-neighbor sites and
I' is the transverse field. The latter does not commute with
the classical Ising term and therefore turns the Ising model
from classical to quantum.

To derive the path-integral representation of the quantum
Hamiltonian in Eq. (A1), we first split this Hamiltonian into
its kinetic energy term K and its potential energy term U
given by

U=> Jjoic, (A2)
(i)

such that H = K + U and [K, U] # 0.
Then, we write down the partition function Z at the
temperature 7 = 1/f as

Z = Tre PH
— Tr(ePK+UPYP

= Z . .Z(sl |e‘ﬂ<K+U)/P|s2>
5! sP

% <s2|e_ﬂ(K+U)/P...|sP><sP|e_ﬁ(K+U>/P|sl>, (A3)
where we inserted the identity operator T = ) .. [s")(s"|
in the last equality and denoted s™ = {s”"} as a configu-
ration of all spins in the mth Trotter slice.

Next, we turn the exact expression for the partition
function in Eq. (A3) into an approximate expression,

ZxZp= ZH.Z@ |ePK/P g=PU/P|52)
s! sP

X <s2|e_/}K/Pe_/}U/P. . |sP> <SP|e—/5K/Pe—/}U/P|sl >’ (A4)
by using the Trotter breakup formula,
e PKFU)/P oy o=BK/P g=pU/P (AS)

which neglects nonzero commutators of K and U. The
expression for Zp in Eq. (A4) approximates the original
partition function Z in Eq. (A3) with an error that is
proportional to (Af)?, where At = /P is the so-called
Trotter breakup time.

As a next step, we observe that the potential energy U is
diagonal in the chosen spin basis. Thus, the only nontrivial
term in Eq. (A4) is the average of the kinetic term K
between two Trotter slices,

(s |e~PKIP g=PU/P|gm1y

_ <sm|e_ﬁK/P|sm+l>e_ﬂU(Sm+l>/P. (A6)

The kinetic part of this equation contains a sum over the
spin sites in the exponential, which can be expressed as a
product of expectation values,
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F N
<Sm|e—ﬂK/P|Sm+1> (s™| exp ( FZG;C) |Sm+1

i=1
N
T
— [T lexo (<S5t )l )
i=1

because spin operators at different sites k and k+ 1
commute. Here, N is the number of lattice sites.

The most crucial step of the derivation, which turns the
model from quantum into classical, is the following. In the
case of spin-1/2, one can show that

(e 1) = (e
(e [4) = (4]ew
which implies that one can rewrite the transversal-field

(quantum) term as an Ising-like (classical) interaction
between different spins s and s” with ss’ = +1,

1) = cosh(a),
1) = sinh(a),

(A8)

<S|€‘m" (1/2)1In tanh(a)ss’

sy =4/ (1/2) sinh(2a)e”
= Cebs . (A9)
Combining Egs. (A6), (A7), and (A9), we find

<Sm|e—ﬂK/Pe—ﬁU/P‘sm+1>

= CNexp (IJJTZ m ’"+1> exp <PTZJ'/ ; 1>

(A10)
where we have defined
PT r
JJ_ = 71Htﬁﬂh<ﬁ> > 0,
1 2r
C? = Esmh(ﬁ) (A11)

Thus, the J, term in Eq. (A10) yields a ferromagnetic
Ising-like coupling between the spins s} and s’“Jrl which
are nearest neighbors along the Trotter dlmensmn.

Finally, we can express the partition function of the
d-dimensional quantum system in Eq. (A4) as a partition
function of a (d 4 1)-dimensional classical system,

ZrZp=CNPY "y eTHan/PT,
st sP

where the (d + 1)-dimensional classical Hamiltonian is
given by

Hy = mf: (Z] 5)sts

(A12)

JTZS’" '"“). (A13)

Here, s™ = {s7"} denotes a configuration of all the spins in
the mth Trotter slice, where M + 1 is identified with m and
JT is the uniform coupling along the extra (imaginary time)
direction.

APPENDIX B: ADDITIONAL PLOTS

In this appendix, we present additional plots to comple-
ment the discussion in Sec. VI

In Fig. 6, we give an alternative comparison of double
ABE versus single ABE. The advantage of using double
ABE was already shown in Fig. 2 in terms of the number
of identified nonzero fit coefficients as a function of the
?o-norm coefficient A. Here, we plot the £,-norm regular-
ized loss from Eq. (3) as a function of A, comparing the
single ABE (light blue) to the double ABE (dark blue). For
all observables, we find that the degeneracy-engineered
version with double ABE performs equally well or better in
terms of lowering the loss function.

In Fig. 7, we give an alternative comparison of classical
annealing and PIMC. Like for Fig. 5, we use the degen-
eracy-engineered encoding with double ABE, but now
plotting the ¢j-norm regularized loss as a function of A.
Comparing classical annealing (solid blue) to PIMC
(dashed blue), we find similar performance across the
twelve relations.
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FIG. 6. Same as Fig. 2, but plotting the #y-norm regularized loss function in Eq. (3) as a function of the #j-norm coefficient 1. The
(a)—(1) are defined in Table I.
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