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Grand gauge-Higgs unification of five-dimensional SU(6) gauge theory on an orbifold S1=Z2 with
localized gauge kinetic terms is discussed. The Standard Model (SM) fermions on the boundaries and some
massive bulk fermions coupling to the SM fermions on the boundary are introduced. Taking the power-law
running contributions from the bulk fields into account, perturbative gauge coupling unification is shown to
be realized at around 1014 GeV, which is a few orders smaller than the unification scale of four-dimensional
grand unified theories.
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I. INTRODUCTION

Gauge-Higgs unification (GHU) [1,2] is one of the
physics beyond the Standard Model (SM), which solves
the hierarchy problem by identifying the SM Higgs field
with one of the extra spatial components of the higher
dimensional gauge field. In this scenario, the physical
observables in the Higgs sector are calculable and predict-
able regardless of its nonrenormalizability. For instance, the
quantum corrections to Higgs mass and Higgs potential are
known to be finite at one-loop [3] and two-loop [4] thanks
to the higher dimensional gauge symmetry.
The hierarchy problem originally exists in grand unified

theory (GUT) whether the discrepancy between the
GUT scale and the weak scale are kept and stable under
quantum corrections. Therefore, the extension of GHU to
grand unification is a natural direction to explore. One
of the authors discussed a grand gauge-Higgs unification
(GGHU) [5],1 where the five-dimensional SUð6Þ GGHU
was considered and the SM fermions were embedded into
zero modes of SUð6Þmultiplets in the bulk. This setup was
very attractive because of the minimal matter content
without massless exotic fermions absent in the SM, namely,
an anomaly-free matter content. However, the down-
type Yukawa couplings and the charged lepton Yukawa

couplings in GHU originated from the gauge interaction
cannot be allowed since the left-handed SUð2ÞL doublets
and the right-handed SUð2ÞL singlets are embedded into
different SUð6Þ multiplets. This fact seems to be generic in
any GHUmodels as long as the SM fermions are embedded
into the bulk fermions. Fortunately, alternative approach to
generate Yukawa coupling in a context of GHU has been
known [7,8], in which the SM fermions are introduced on
the boundaries (i.e., fixed point in an orbifold compacti-
fication). We also introduce massive bulk fermions, which
couple to the SM fermions through the mass terms on the
boundary. Integrating out these massive bulk fermions
leads to nonlocal SM fermion masses, which are propor-
tional to the bulk to boundary couplings and exponentially
sensitive to their bulk masses. Then, the SM fermion
mass hierarchy can be obtained by very mild tuning of
bulk masses.
Along this line, we have improved an SUð6Þ grand GHU

model of [5] in [9], where the SM fermion mass hierarchy
except for top quark mass was obtained by introducing
them on the boundary as SUð5Þ multiplets, the four types
of massive bulk fermions in SUð6Þ multiplets coupling to
the SM fermions. Furthermore, we have shown that the
electroweak symmetry breaking and an observed Higgs
mass can be realized by introducing additional bulk
fermions with large dimensional representation. In GHU,
generation of top quark mass is nontrivial since Yukawa
coupling is originally gauge coupling and fermion mass is
at most an order of W boson mass as it stands. As another
known approach [7], introducing the localized gauge
kinetic terms on the boundary is known to have enhance-
ment effects on fermion masses [10]. In Ref. [11], we
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followed this approach in order to realize the SM fermion
mass hierarchy including top quark. There we showed that
the fermion mass hierarchy including top quark mass was
indeed realized by appropriately choosing the bulk mass
parameters and the size of the localized gauge kinetic
terms. The correct pattern of electroweak symmetry break-
ing was obtained by introducing extra bulk fermions as in
our paper [11], but their representations have become
greatly simplified.
The next central issue is the gauge coupling unification,

which should be explored in the context of a GUT scenario.
It is well known that the gauge coupling running in (flat)
large extra dimensions follows the power dependence on
an energy scale, not a logarithmic one [12]. Therefore,
the GUT scale is likely to be very small compared to the
conventional 4D GUT. It is therefore very nontrivial
whether the unified SUð6Þ gauge coupling at the GUT
scale is perturbative since many bulk fields were introduced
in our models [9,11], which might lead to the Landau pole
below the GUT scale. In fact, we saw that the perturbative
gauge coupling unification cannot be realized because the
number of the bulk fermions is too much in the previous
setup [11]. Therefore, we had to reduce the number of the
bulk fermions to avoid such a problem in our model
discussed in our paper [13]. It was shown that this reduction
leads to additional generation mixings in the bulk.
Moreover, since we have changed now the bulk fermions
couple to the SM fermions on the boundaries in our paper
[13], reproducing the SM fermion masses and generation
mixings is nontrivial and their study should be reanalyzed.
We have shown that the SM fermion masses and mixing
can be almost reproduced by mild tuning of bulk masses
and the parameters of the localized gauge kinetic terms.
Our model [13] was expected to overcome this issue. In
fact, we will see in this paper that the perturbative gauge
coupling unification can be realized in our setup [13]. The
unification scale will be found to be around 1014 GeV,
which is a few orders smaller than that of the four-
dimensional grand unified theories [14]. Therefore, our
model will be a good starting point for constructing a
realistic model of GGHU.
This paper is organized as follows. In the next section,

we briefly review the gauge, Higgs, and fermion sectors of
our model. In Sec. III, it is shown that the perturbative
gauge coupling unification can be realized in our model.
The final section is devoted to our conclusions.

II. REVIEW OF OUR MODEL

A. Gauge and Higgs sector

In this subsection, we briefly explain gauge and Higgs
sectors of SUð6Þ GHU model [13]. We consider a five-
dimensional (5D) SUð6Þ gauge theory with an extra space
compactified on an orbifold S1=Z2 with the radius R.
The orbifold has two fixed points at y ¼ 0; πR where

y denotes the fifth coordinate and their Z2 parities are given
as follows:

P ¼ diagðþ;þ;þ;þ;þ;−Þ at y ¼ 0;

P0 ¼ diagðþ;þ;−;−;−;−Þ at y ¼ πR: ð1Þ

The Z2 parity for the gauge field and the scalar field
originated from an extra component of the five-dimensional
gauge field are assigned as Aμð−yÞ ¼PAμðyÞP†, Ayð−yÞ ¼
−PAyðyÞP†, which implies that SUð6Þ gauge symmetry
is broken to SUð3ÞC × SUð2ÞL ×Uð1ÞY ×Uð1ÞX by the
combination of the symmetry breaking pattern at each
boundary,

SUð6Þ → SUð5Þ ×Uð1ÞX at y ¼ 0; ð2Þ

SUð6Þ → SUð2Þ × SUð4Þ ×Uð1Þ0 at y ¼ πR: ð3Þ

The decomposition of the gauge field into the SM gauge
group and their β function are shown in Table I which we
will use for an analysis of the gauge coupling running in
Sec. II. The hypercharge Uð1ÞY is embedded in Georgi-
Glashow SUð5Þ GUT, where the weak mixing angle is
sin2 θW ¼ 3=8 (θW : weak mixing angle) at the unification
scale.
The SM SUð2ÞL Higgs doublet field is identified with

a part of an extra component of gauge field Ay in the
following:

Ay ¼
1ffiffiffi
2

p

0
BBB@

H

H†

1
CCCA: ð4Þ

We suppose that a vacuum expectation value (VEV) of the
Higgs field is taken to be in the 28th generator of SUð6Þ,
hAa

yi ¼ 2α
Rg δ

a28, where g is a 5D SUð6Þ gauge coupling

TABLE I. Gauge field and its β function. r1;2 in ðr1; r2Þa
are SUð3Þ; SUð2Þ representations in the SM, respectively. a is
Uð1ÞY charges.

Gauge field SUð6Þ → SUð3ÞC × SUð2ÞL × Uð1ÞY
35ðþ;þÞ¼ð8;1Þðþ;þÞ

0 ⊕ð1;3Þðþ;þÞ
0 ⊕ð1;1Þðþ;þÞ

0 ⊕ð1;1Þðþ;þÞ
0

⊕ð3;2Þðþ;−Þ
5=6 ⊕ð3�;2Þðþ;−Þ

−5=6 ⊕ð3;1Þð−;þÞ
−1=3 ⊕ð3�;1Þð−;þÞ

1=3 ⊕

ð1;2Þð−;−Þ−1=2 ⊕ð1;2Þð−;−Þ−1=2

β function (b3, b2, b1)

ð3;0;0Þ þ ð0;2;0Þ þ ð0;0;0Þ þ ð0;0;0Þ
þð1; 3

2
; 5
2
Þ þ ð1; 3

2
; 5
2
Þ þ ð1

2
; 3
2
; 1
5
Þ þ ð1

2
; 3
2
; 1
5
Þ þ ð0; 1

2
; 3
10
Þ þ ð0; 1

2
; 3
10
Þ
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constant and α is a dimensionless constant. The VEV of

the Higgs field is given by hHi ¼
ffiffi
2

p
α

Rg . In this setup, the
doublet-triplet splitting problem is solved by the orbifold-
ing since the Z2 parity of the colored Higgs is ðþ;−Þ and it
becomes massive [15].
After the Higgs field has the VEV, the mass eigenvalues

of the 5D bulk fields are given by mnðqαÞ ¼ nþνþqα
R , where

n is the KK mode, ν ¼ 0ð1=2Þ is for a periodic (antiperi-
odic) boundary condition. q is an integer charge determined
by the SUð2Þ representation to which the field coupling to
Higgs field belongs. If the field with coupling to the Higgs
field belongs to Nþ 1 representation of SUð2ÞL, the
integer charge q is equal to N.

B. Localized gauge kinetic term

As mentioned in the introduction, we introduce addi-
tional localized gauge kinetic terms at y ¼ 0 and y ¼ πR to
reproduce a top quark mass. The Lagrangian for the SUð6Þ
gauge field is

Lg ¼ −
1

4
F aMNF a

MN − 2πRc1δðyÞ
1

4
F bμνF b

μν

− 2πRc2δðy − πRÞ 1
4
F cμνF c

μν; ð5Þ

where the first term is the bulk gauge kinetic term with 5D
space-time indicesM;N ¼ 0, 1, 2, 3, 5. The second and the
third terms are gauge kinetic terms with 4D space-time
indices μ, ν ¼ 0, 1, 2, 3 localized at a fixed point. c1;2 are
dimensionless free parameters. The superscript a, b, c
denote the gauge indices for SUð6Þ, SUð5Þ × Uð1Þ,
SUð2Þ × SUð4Þ ×Uð1Þ0. Note that the localized gauge
kinetic terms have only to be invariant under unbroken
symmetries on each fixed point.
Because of the presence of localized gauge kinetic terms,

the mass spectrum of the SM gauge field becomes very
complicated. In particular, their effects for a periodic sector
and an antiperiodic sector are different, where the (anti-)
periodic sector means the fields satisfying a condition
Aðyþ πRÞ ¼ ð−ÞAðyÞ or the fields with parity ðP;P0Þ ¼
ðþ;þÞ; ð−;−Þððþ;−Þ; ð−;þÞÞ. This difference originates
from the boundary conditions for wave functions with a
definite charge q, fnðy;qαÞ. In a basis where 4D gauge
kinetic terms are diagonal, we found them to be fnðyþ
πR; qαÞ ¼ e2iπqαfnðy; qαÞ in the periodic sector and
fnðyþ πR;qαÞ ¼ e2iπðqαþ1=2Þfnðy; qαÞ in antiperiodic sec-
tor. The KK mass spectrum of the SM gauge fields are
obtained from the equation

2ð1− c1c2ðπRmnÞ2Þ sin2ðπRmnÞ
þ ðc1 þ c2ÞπRmn sinð2πRmnÞ − 2 sin2ðπðqαþ νÞÞ ¼ 0;

ð6Þ

where mn is the KK mass. The mass spectrum of the gauge
field are deformed when c ¼ c1 þ c2 ≫ 1. In the case of
introducing only one localized term r≡ c1=ðc1 þ c2Þ ¼ 0
or 1, the mass spectrum tends to be shifted as follows:

nþ νþ α

R
→

nþ ν

R
;

nþ ν

R
;
nþ ν − α

R
→

nþ ν − 1=2
R

; ð7Þ

where ν ¼ 0 or 1=2. Similarly, in the case of
r ¼ c1=ðc1 þ c2Þ ¼ 1=2, the mass spectrum tends to be
shifted,

nþ νþ α

R
→

n
R
;

nþ ν

R
;
nþ ν − α

R
→

n − 1

R
: ð8Þ

C. Fermion sector

In the paper [11], the SM fermions were embedded into
SUð5Þ multiplets localized at the y ¼ 0 boundary, where
three sets of decouplet, antiquintet, and singlet χ10; χ5� ; χ1
were introduced. We also introduced three types of bulk
fermions Ψ and Ψ̃ (referred to as “mirror fermions”) with
opposite Z2 parities of each other per a generation and a
constant mass term such as MΨ̄ Ψ̃ in the bulk to avoid
exotic 4D massless fermions. Without these mirror fer-
mions and mass terms, we necessarily have extra exotic 4D
massless fermions with the SM charges after an orbifold
compactification. In this setup, we have no massless chiral
fermions in the bulk and its mirror fermions. The massless
fermions are only the SM fermions and the gauge anoma-
lies for the SM gauge groups are trivially canceled.

FIG. 1. The SM gauge coupling running in our previous
model [11]. The horizontal axis is an energy scale in GeV,
and the verical axis is an inverse of the fine structure constant of
the gauge coupling. The red dashed, blue dashed, and orange
lines denote the running of SUð3ÞC, SUð2ÞL, and Uð1ÞY gauge
coupling constants, respectively. The compactification scale is
taken to be 10 TeV.
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However, we could not obtain perturbative gauge cou-
pling unification as shown in Fig. 1 because the number of
the bulk fermions was too much in the previous setup as
mentioned in the introduction. As can be seen from Fig. 1,
all of the gauge couplings were not only unified, but also
blown up around 105∼6 GeV, where the compactification
scale is taken to be 10 TeV being a typical scale to realize
125 GeV Higgs mass in the GHU scenario. In order to
avoid such a problem, we have succeeded in reducing the
number of the bulk fermions in this model [13], which also
reproduces the fermion masses, mixing angles and a CP

TABLE II. Representation of bulk fermions and the corre-
sponding mirror fermions. R in Rðþ;þÞ means an SUð6Þ repre-
sentation of the bulk fermion. ri in r1 ⊕ r2 are SUð5Þ
representations.

Bulk fermion SUð6Þ → SUð5Þ Mirror fermion

20ðþ;þÞ ¼ 10 ⊕ 10� 20ð−;−Þ

15ðþ;þÞ ¼ 10 ⊕ 5 15ð−;−Þ

150ðþ;−Þ ¼ 100 ⊕ 50 150ð−;þÞ

6ð−;−Þ ¼ 5 ⊕ 1 6ðþ;þÞ

60ðþ;þÞ ¼ 50 ⊕ 10 60ð−;−Þ

TABLE V. Upper (lower) table shows 6 (60) bulk fermion and their β function. r1;2 in ðr1; r2Þa are SUð3Þ; SUð2Þ
representations in the SM, respectively. a is Uð1ÞY charges.

Bulk fermion SUð5Þ → SUð3ÞC × SUð2ÞL × Uð1ÞY β function (b̃3, b̃2, b̃1)

5 ¼ D6ð3; 1Þð−;þÞ
−1=3 ⊕ L�

6ð1; 2Þð−;−Þ1=2
(1
2
, 0, 1

5
), (0, 1

2
, 3
10
)

1 ¼ N�
6ð1; 1Þðþ;þÞ

0
(0, 0, 0)

Bulk fermion SUð5Þ → SUð3ÞC × SUð2ÞL × Uð1ÞY β function (b̃3, b̃2, b̃1)

50 ¼ D60 ð3; 1Þð−;−Þ−1=3 ⊕ L�
60 ð1; 2Þð−;þÞ

1=2
(1
2
, 0, 1

5
), (0, 1

2
, 3
10
)

10 ¼ N�
60 ð1; 1Þðþ;−Þ

0
(0, 0, 0)

TABLE IV. Upper (lower) table shows 15 (150) bulk fermion and their β function. r1;2 in ðr1; r2Þa are
SUð3Þ; SUð2Þ representations in the SM, respectively. a is Uð1ÞY charges.

Bulk fermion SUð5Þ → SUð3ÞC×
SUð2ÞL × Uð1ÞY β function (b̃3, b̃2, b̃1)

10 ¼ Q15ð3; 2Þðþ;−Þ
1=6 ⊕ U�

15ð3�; 1Þðþ;þÞ
−2=3 ⊕ E�

15ð1; 1Þðþ;þÞ
1

(1, 3
2
, 1
10
), (1

2
, 0, 4

5
), (0, 0, 3

5
)

5 ¼ D15ð3; 1Þð−;þÞ
−1=3 ⊕ L�

15ð1; 2Þð−;−Þ1=2
(1
2
, 0, 1

5
), (0, 1

2
, 3
10
)

Bulk fermion SUð5Þ → SUð3ÞC×
SUð2ÞL × Uð1ÞY β function (b̃3, b̃2, b̃1)

100 ¼ Q150 ð3; 2Þðþ;þÞ
1=6 ⊕ U�

150 ð3�; 1Þðþ;−Þ
−2=3 ⊕ E�

150 ð1; 1Þðþ;−Þ
1

(1, 3
2
, 1
10
), (1

2
, 0, 4

5
), (0, 0, 3

5
)

50 ¼ D150 ð3; 1Þð−;−Þ−1=3 ⊕ L�
150 ð1; 2Þð−;þÞ

1=2
(1
2
, 0, 1

5
), (0, 1

2
, 3
10
)

TABLE III. 20 bulk fermions and their β function. r1;2 in ðr1; r2Þa are SUð3Þ; SUð2Þ representations in the SM,
respectively. a is Uð1ÞY charges.

Bulk fermion SUð5Þ → SUð3ÞC × SUð2ÞL × Uð1ÞY β function (b̃3, b̃2, b̃1)

10 ¼ Q20ð3; 2Þðþ;þÞ
1=6 ⊕ U�

20ð3�; 1Þðþ;−Þ
−2=3 ⊕ E�

20ð1; 1Þðþ;−Þ
1

(1, 3
2
, 1
10
), (1

2
, 0, 4

5
), (0, 0, 3

5
)

10� ¼ Q�
20ð3�; 2Þð−;−Þ−1=6 ⊕ U20ð3; 1Þð−;þÞ

2=3 ⊕ E20ð1; 1Þð−;þÞ
−1 (1, 3

2
, 1
10
), (1

2
, 0, 4

5
), (0, 0, 3

5
)
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phase. From now on, the fermion sector of our model will
be shown briefly.2

In the setup of our model, we introduced five of the bulk
fermions Ψ20;Ψ15;Ψ150 ;Ψ6;Ψ60 and the corresponding
mirror fermions shown in Table II. The SM quarks and
leptons for the first and the second generation were
embedded into SUð5Þ multiplets localized at the y ¼ 0
boundary, which were two sets of decouplet, antiquintet,
and singlet χ10; χ5� ; χ1. On the other hand, those for the
third generation were embedded into SUð3ÞC × SUð2ÞL ×
Uð1ÞY multiplets localized at the y ¼ πR boundary. The
decomposition of the introduced bulk fermions in the 20,
15ð150Þ, and 6ð60Þ representations into the SM gauge group
and their β function are summarized in Tables III–V,
respectively.
Solving the exact KK spectrum of the bulk fermions

from this Lagrangian is a very hard task because of the
complicated bulk and boundary system. We assume in this
paper that the physical mass induced for the boundary
fields is much smaller than the masses of the bulk fields [7].
This is reasonable since the compactfication scale and the
bulk mass mainly determining the KKmass spectrum of the
bulk fields is larger than the mass for the boundary fields
whose typical scale is given by the Higgs VEV. In this case,
the effects of the mixing on the spectrum for the bulk fields
can be negligible and the spectrum m2

n ¼ ð λ
πRÞ2 þmnðqαÞ2

is a good approximation [7].

III. GAUGE COUPLING UNIFICATION

In ordinary 4D field theories, the gauge couplings gi
(i ¼ 1, 2, 3) of the Standard Model are dimensionless. They
evolve as the following one-loop renormalization group
equation (RGE)

d
d ln μ

α−1i ðμÞ ¼ −
bi
2π

; ð9Þ

whose solution is given by

α−1i ðμÞ ¼ α−1i ðMZÞ −
bi
2π

ln
μ

MZ
: ð10Þ

This is the usual logarithmic running of the gauge cou-
plings. Here, αi ≡ g2i =4π, the bi are the one-loop beta-
function coefficients for the Standard Model gauge group

ðb1; b2; b3Þ ¼ ð41=10;−19=6;−7Þ ð11Þ
and we have taken the Z mass MZ ≡ 91.17 GeV as an
arbitrary low-energy reference scale.
These gauge couplings also receive corrections in extra

dimensions, and we can calculate such corrections in the
usual way by evaluating the same one-loop diagrams

(particularly the vacuum polarization diagram) as shown
in [12]. The full one-loop corrected gauge coupling is
given as

α−1i ðΛÞ ¼ α−1i ðμÞ − b̃i
4π

Z π
4
μ−2

π
4
Λ−2

dt
t
PðtÞ; ð12Þ

where b̃i are new beta-function coefficients by bulk fermion
contributions. μ is a renormalization scale and Λ is the cutoff
scale of 5D theory. PðtÞ denotes the contribution from the
bulk fields with KK mass spectrum mn,

PðtÞ≡ X∞
n¼−∞

exp f−tm2
ng: ð13Þ

The results are expressed by the elliptic theta functions
θi (i ¼ 2, 3)

θ2ðv; qÞ ¼ 2q1=4
X∞
n¼0

qnðnþ1Þ cos½ð2nþ 1Þv�; ð14Þ

θ3ðv; qÞ ¼ 1þ 2
X∞
n¼0

qn
2

cos½2nv�: ð15Þ

Note that the results are different depending on whether the
fields are periodic or antiperiodic as can be seen from
Table VI. This means that we should be careful for the
periodicity of the fields listed in Tables I, III, IV, V, and VI
in our analysis. The elliptic theta functions θi (i ¼ 2, 3) can
be approximated to

θið0; exp½−t=R2�Þ ∼ R

ffiffiffi
π

t

r
ð16Þ

in the case of t=R2 ≪ 1 which corresponds to the
assumption that both μ and Λ are much larger than R−1.
After substituting this approximation (16) into (12) and
evaluating the integral over t, RGE (12) becomes the
following expression:

α−1i ðΛÞ ¼ α−1i ðμÞ − bi − b̃ðþÞ
i

4π
ln
Λ
μ
−
b̃ðþÞ
i þ b̃ð−Þi

π
RðΛ − μÞ:

ð17Þ
The third term on the right-hand side shows the power-
law dependence of the gauge coupling on the energy scale.

TABLE VI. The results of evaluation of PðtÞ depending on the
KK mass.

KK mass m2
n PðtÞ

r20δn;0=R
2 exp½−r20t=R2�

fðnþ αÞ2 þ λ2g=R2 θ3ðiαt=R2; exp½−t=R2�Þ
exp½−tðα2 þ λ2Þ=R2�

fðnþ 1=2þ αÞ2 þ λ2g=R2 θ2ðiαt=R2; exp½−t=R2�Þ
exp½−tðα2 þ λ2Þ=R2�

2In [13], we have shown the mechanism generating the SM
masses and the generation mixings based on this setup.
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Hereþð−Þ in b̃ðþð−ÞÞ
i shows that its contribution comes from

the (anti-)periodic fields. Note that the bulk fermion and the
corresponding mirror fermion have the same β function
because they have the same periodicity. Asymptotic freedom
of gauge couplings can be confirmed by the fact that the beta
function for the KK mode b̃ðþÞ þ b̃ð−Þ is negative. It can be
calculated by using information in Tables I, III, IV, and V,

b̃ðþÞ
i þ b̃ð−Þi ¼ −

2

3
< 0: ð18Þ

Therefore, the perturbative gauge coupling unification is
expected in this model, which cannot be realized in the
previous model [11] due to the large number of the intro-
duced bulk fermions. Figure 2 shows energy dependences of
the gauge couplings and differences between each pair of
gauge couplings at c ¼ 80, r ¼ 0, and R−1 ¼ 10 TeV. In
this case, the unification scale MG and unification coupling
α−1G ðgGÞ are identified with the scale where Uð1Þ and
SUð2ÞL couplings are unified and we obtain MG ∼ 2.1 ×
1014 GeV and α−1G ∼ 4.4 × 109, (gG ∼ 5.3 × 10−5). The
difference between the unification coupling and SUð3ÞC

FIG. 2. The perturbative gauge coupling unification in the case of c ¼ 80, r ¼ 0, and R−1 ¼ 10 TeV. The upper figures show the
energy dependence of gauge coupling α−1 (left) and g (right). The lower figures show the energy dependence of differences between
each pair of the gauge couplings α−1i − α−1j (left) and gi − gj (right).

TABLE VII. The results of gauge coupling unification analysis at r ¼ 0. The unification scale MG and the
unification coupling α−1G are identified with the scale where Uð1Þ and SUð2ÞL couplings are unified. jðα−1G −
α−13 Þ=α−1G j is the difference between α−1G and SUð3ÞC coupling atMG. α−13 ðMZÞ is the SUð3Þ coupling at weak scale,
assuming that three gauge couplings are unified to α−1G at MG.

c r R−1 MG α−1G jðα−1G − α−13 Þ=α−1G j α−13 ðMZÞ
80 0 10 TeV 2.1 × 1014 GeV 4.4 × 109 5.26 × 10−10 10.7
80 0 15 TeV 2.2 × 1014 GeV 3.2 × 1010 6.12 × 10−10 10.4
90 0 10 TeV 2.1 × 1014 GeV 4.3 × 109 5.25 × 10−10 10.7
90 0 15 TeV 2.3 × 1014 GeV 3.2 × 109 6.1 × 10−10 10.4
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coupling at MG is jðα−1G − α−13 Þ=α−1G j ∼ 5 × 10−10

(jðgG − g3Þ=gGj ∼ 2.6 × 10−10), therefore three gauge cou-
plings unify with an accuracy of 10−10. Alternatively,
assuming the unification of three couplings αG at MG,
and evolving SUð3Þ coupling down to the weak scale by
RGE, α−13 ðMzÞ ∼ 10.7 (g3 ∼ 1.08) is found, which is larger
(smaller) than the experimental value α3 ∼ 8.4 (g3 ∼ 1.2)
[16].We also analyze r ¼ 1=2 and r ¼ 1 cases. In the former
case, almost the same result as r ¼ 0 case is obtained. In the
latter case, the differences are smaller (∼10−11), unification
scale is larger (MG ∼ 4.1 × 1015), and SUð3Þ coupling at the
weak scale is larger (α3 ∼ 13.2). We analyze the coupling
unification in other parameter cases, ðc; r; R−1Þ ¼
ð80; 0; 15 TeVÞ, ð90; 0; 10 TeVÞ, ð90; 0; 15 TeVÞ shown
in [13] and the results are shown in Table VII. The unifica-
tion scale in our model is comparable to that of four-
dimensional GUT, since the running of the coupling constant
in the t=R2 ≫ 1 region is dominated by the contributions
linearly dependent on the energy scale as in Eq. (17) and their
beta functions [Eq. (18)] are common, then the differences
between each pair of the gauge couplings are dominated by
the logarithmic terms. In each case shown in Table VII, the
theoretical value for SUð3Þ coupling with one-loop correc-
tions at the weak scale are slightly deviated from the
experimental value. However, it is possible that we could
analyze two-loop corrections to obtain more accurate uni-
fication since the difference between the each pair of the
couplings at MG is extremely small.
We further analyze the coupling unification in the case of

the larger compactification scale, which was not analyzed
in the previous paper [13]. Although this case is not
realistic since the Higgs mass is likely to be enhanced,
the SM fermion masses and mixings can be reproduced in
the larger compactification scale. The results are shown in

Table VIII. In the range of R−1 ¼ 200–220 TeV, SUð3Þ
coupling at the weak scale can be within the error range of
the experimental value.

IV. CONCLUSIONS

In this paper, we have discussed SUð6Þ GGHU with
localized gauge kinetic terms. The SM fermions are
introduced on the boundaries. We also introduced massive
bulk fermions in three types of SUð6Þ representations
coupling to the SM fermions on the boundaries. The
number of them has been reduced in order to achieve
perturbative gauge coupling unification which could not be
realized in Refs. [9,11]. It was shown in this paper that the
perturbative gauge coupling unification can be indeed
realized in our model [13]. Remarkably, the unification
scale in our model was found to be 1014 GeV, which is a
few orders smaller than the 4D GUT scale 1015−16 GeV.
This is because the beta functions for the introduced bulk
fermions are common to each gauge coupling running and
the differences between each pair of gauge couplings are
dominated by the logarithmic contributions in RGE. Our
model turned out to be indeed a good starting point for
constructing a realistic model of GGHU.
There is an issue to be explored in a context of the GUT

scenario, namely, a proton decay. In large extra dimension
models such as GHU discussed in this paper, X, Y gauge
boson masses are likely to be light compared to the
conventional GUT scale due to the power law running
of the gauge coupling. Therefore, proton decays very
rapidly and our model is immediately excluded by the
experimental constraints from the Super Kamiokande data
as it stands. Possible dangerous baryon number violating
operators must be forbidden, for instance, by some sym-
metry (see [17] for the UED case) for the proton stability. If
Uð1ÞX in our model is broken to some discrete symmetry
which plays its role, it would be very interesting. It would
be also interesting to investigate the main decay mode of
the proton decay in our model and give predictions for
Hyper Kamiokande experiments.
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