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We calculate the one-loop corrections to dihadron production in deep inelastic scattering (DIS) at
small x using the color glass condensate formalism. We show that all UV and soft singularities cancel
while the collinear divergences are absorbed into quark and antiquark-hadron fragmentation functions.
Rapidity divergences lead to Jalilian-Marian, Iancu, McLerran, Weigert, Leonidov and Kovner
evolution of dipoles and quadrupoles describing multiple scatterings of the quark antiquark dipole
on the target proton/nucleus. The resulting cross section is finite and can be used for phenomenological
studies of dihadron angular correlations at small x in a future Electron-Ion Collider.
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I. INTRODUCTION

Since the experimental observation of the fast rise of
parton (especially gluon) distribution functions at HERA
[1], the phenomenon of gluon saturation [2,3] at small x
has been an active field of study. The color glass
condensate formalism [4–7] is an effective theory of
QCD at small x which provides a robust platform that can
be used to investigate saturation dynamics. Nevertheless
and despite the intense ongoing theoretical and exper-
imental efforts, clear and unambiguous evidence for
gluon saturation remains elusive. There is hope that
the proposed Electron-Ion Collider (EIC) [8] will be
able to unambiguously discover gluon saturation and to
establish the kinematic region in which it is applicable.
Perhaps the most promising process in which to discover
gluon saturation is two-particle angular correlations
which have been extensively studied using leading-order
(LO) expressions obtained in the color glass condensate
formalism [9–52]. There are already strong hints for the
presence of gluon saturation dynamics in the observed
disappearance of away side hadrons in inclusive dihadron
production in deuteron (proton-)gold collisions at RHIC

[53–55]. Nevertheless the EIC will measure dihadrons
with much more accuracy and with much better control
over the range of target x contributing to the process.
Therefore it is essential to go beyond a LO calculation in
order to achieve a reasonable quantitative accuracy.
Toward this end we calculate the one-loop corrections
to inclusive dihadron production in DIS here. As
expected there are several divergences that appear when
going beyond a tree level calculation. We show that all
such divergences either cancel or can be absorbed into
evolution (scale dependence) of physical quantities. Our
conclusion on factorization/cancellation of all singular-
ities are in agreement with recent studies of one-loop
corrections to dijet production in DIS [45,56], never-
theless our treatment of collinear divergences and their
absorption into evolution of hadron fragmentation func-
tions is new. Our final results are completely finite and
can be used to investigate gluon saturation dynamics in
inclusive dihadron production and angular correlations in
DIS at small x.
In the small x limit scattering of a virtual photon on a

target hadron or nucleus can be understood as a two-step
process; first the virtual photon splits into a quark
antiquark pair (a dipole), which then scatters from the
target hadron or nucleus. The total virtual photon-target
scattering probability is expressed as a convolution of the
probability for a photon to split into a quark at transverse
position x1 and an antiquark at position x2, with the
probability for this dipole to scatter from the target. The
leading-order double inclusive production cross section
can be written as
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dσγ
�A→qq̄X

d2pd2qdy1dy2
¼ e2Q2ðz1z2Þ2Nc

ð2πÞ7 δð1− z1 − z2Þ
Z

d8x½S122010 − S12 − S1020 þ 1�

× eip·ðx01−x1Þeiq·ðx02−x2Þ
�
4z1z2K0ðjx12jQ1ÞK0ðjx1020 jQ1Þ þ ðz21 þ z22Þ

x12 · x1020

jx12jjx1020 j
K1ðjx12jQ1ÞK1ðjx1020 jQ1Þ

�
;

ð1Þ

where the first and second terms above correspond to the
contribution of the longitudinal and transverse polar-
izations of the virtual photon. Here lμ is the momentum of
the virtual photon with l2 ¼ −Q2. We set the transverse
momentum of the photon to zero without any loss of
generality. Also pμ (qμ) is the momentum of the outgoing
quark (antiquark) and z1 (z2) is its longitudinal momen-
tum fraction relative to the photon. x1 (x2) is the trans-
verse coordinate of the quark (antiquark), and primed
coordinates are used in the conjugate amplitude. Note that
we write the differential variables on the left side using
quark and antiquark rapidities y1 and y2 which are related
to their momentum fractions z1 and z2 via dyi ¼ dzi=zi.
The electric charge of the quark is written as e, and in
principle one needs to sum over quark flavors. We also
use the following shorthand notations:

Qi ¼ Q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zið1 − ziÞ

p
; xij ¼ xi − xj;

d8x ¼ d2x1d2x2d2x10d2x20 : ð2Þ

All the dynamics of the strong interactions and gluon
saturation are contained in the dipoles Sij and quadrupoles
Sijkl normalized correlation functions of two and four
Wilson lines

Sij ¼
1

Nc
trhViV

†
ji; Sijkl ¼

1

Nc
trhViV

†
jVkV

†
l i; ð3Þ

where the index i refers to the transverse coordinate xi and
the following notation is used for Wilson lines:

Vi ¼ P̂ exp

�
ig
Z

dxþA−ðxþ;xiÞ
�
: ð4Þ

The Wilson lines efficiently resum the multiple scatter-
ings of the quark and antiquark from the target hadron or
nucleus. The angle brackets in Eq. (3) signify color
averaging. It is important to keep in mind that as this is
a classical result the cross section has no nontrivial x
(or rapidity/energy) dependence. It is also easy to check
that if one integrates over the phase space of the quark and
antiquark, one recovers the standard expressions for the
virtual photon-target total cross section at small x.

II. ONE-LOOP CORRECTIONS

One-loop corrections to the LO cross section above
involve radiation of a gluon from either the quark or the
antiquark. The radiated gluon can either be real (radiated in
the amplitude and absorbed in the complex conjugate
amplitude) or virtual (radiated and absorbed in either the
amplitude or the complex conjugate amplitude). The real
contributions were already computed in [57,58], here we
will repeat the calculation and reproduce the previous
results. The virtual corrections have also been computed,
but for a different process, namely inclusive dijets [45,56]
rather than dihadrons. Furthermore we use spinor helicity
methods to evaluate the Dirac algebra which leads to a
tremendous simplification of the calculations. The real
corrections are shown in Fig. 1 and are given by1 for quark
initiated radiation,

iMa
1 ¼ −ieg

Z
d3k1
ð2πÞ3 d

4x
16ðlþÞ2N1taV1V

†
2

k21ðk1 − lÞ2 eik1·ðx1−x2Þe−iðpþkÞ·x1e−iq·x2 ; kþ1 ¼ pþ þ kþ;

iMa
3 ¼ −eg

Z
d3k1
ð2πÞ3

d3k2
ð2πÞ3 d

6x
16ðlþÞ2N3ð2kþÞV1tbV

†
2U

ab
3 eik1·ðx1−x2Þeik2·ðx3−x1Þe−iðp·x1þq·x2þk·x3Þ

k21k
2
2ðk1 − lÞ2ðk1 − k2Þ2

;

kþ1 ¼ pþ þ kþ; kþ2 ¼ kþ: ð5Þ

1We define iMi via iAi ¼ 2πδðlþ − pþ − qþÞiMi.
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Here we use d3k
ð2πÞ3 ¼ dk−

ð2πÞ
d2k
ð2πÞ2 and the Dirac numerators Ni are defined as

N1 ≡ 1

16ðlþÞ2
ūðpÞ=ϵðkÞ�ð=pþ =kÞ=n=k1=ϵðlÞð=k1 − =lÞ=nvðqÞ

ðpþ kÞ2 ;

N3 ≡ 1

16ðlþÞ2 ūðpÞ=nð=k1 − =k2Þγμ=k1=ϵðlÞð=k1 − =lÞ=nvðqÞdμνðk2ÞϵνðkÞ�: ð6Þ

We define the gauge vector nμ in ðþ;−;⊥Þ notation as (0; 1; 0). The antiquark diagrams iM2 and iM4 are related to the
quark diagrams via swapping quark and antiquark momenta (i.e.: p ↔ q and z1 ↔ z2). Note that when a gluon line
multiply scatters from the target one gets a Wilson line in the adjoint representation Uab

j ,

Uab
j ¼ P̂ exp

�
ig
Z

dxþA−
c ðxþ;xjÞTc

�
ab
; where Tc

ab ¼ ifabc: ð7Þ

Virtual diagrams are shown in Fig. 2, and the amplitudes can be written as follows:

iM5 ¼ ieg2
Z

d3k1
ð2πÞ3

d3k2
ð2πÞ3

d4k3
ð2πÞ4 d

6x
N5eik1·ðx3−x2Þeik2·ðx1−x3Þeik3·ðx3−x1Þe−ip·x3e−iq·x2

k21k
2
2k

2
3ðk1 − lÞ2ðk2 − k1Þ2ðk3 − pÞ2 2ðkþ3 − pþÞ

× ta½θðkþ3 ÞV1 − θð−kþ3 ÞV†
1�tbV†

2½θðkþ3 − pþÞUba
3 − θðpþ − kþ3 ÞU†ba

3 �; kþ2 ¼ kþ3 ; kþ1 ¼ pþ: ð8Þ

iM7 ¼ ieg2
Z

d3k1
ð2πÞ3

d3k2
ð2πÞ3

d4k3
ð2πÞ4 d

6x
N7eik3·ðx3−x1Þeik2·ðx2−x3Þeik1·ðx3−x1Þe−ip·x3e−iq·x2

k21k
2
2k

2
3ðl − k1Þ2ðk1 − k2Þ2ðk3 − pÞ2 2ðkþ3 − pþÞ

× ta½θðkþ3 ÞV1 − θð−kþ3 ÞV†
1�tbV†

2½θðkþ3 − pþÞUba
3 − θðpþ − kþ3 ÞU†ba

3 �; kþ2 ¼ qþ; kþ1 ¼ lþ − kþ3 : ð9Þ

iM9 ¼
−eg2

p2

Z
d3k1
ð2πÞ3

d4k2
ð2πÞ4 d

4x
N9tataV1V

†
2e

ik1·ðx1−x2Þe−iðp·x1þq·x2Þ

k21k
2
2ðk1 − lÞ2ðk2 − pÞ2 ; kþ1 ¼ pþ: ð10Þ

FIG. 1. The real corrections iAa
1;…; iAa

4 . The arrows on Fermion lines indicate Fermion number flow, all momenta flow to the right.
The thick solid line indicates interaction with the target.
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iM11 ¼ −eg2
Z

d3k1
ð2πÞ3

d4k2
ð2πÞ4 d

4x
N11V1tataV

†
2e

ik1·ðx1−x2Þe−iðp·x1þq·x2Þ

k41k
2
2ðk1 − lÞ2ðk1 − k2Þ2

; kþ1 ¼ pþ: ð11Þ

iM13 ¼ eg2
Z

d3k1
ð2πÞ3

d4k2
ð2πÞ4 d

4x
N13eik1·x12eik2·x21e−iðp·x1þq·x2Þ

k21k
2
2ðk1 − lÞ2ðk2 þ pÞ2ðk2 − qÞ2

× ta½θðkþ2 þ pþÞV1 − θð−kþ2 − pþÞV†
1�½θðkþ2 − qþÞV2 − θðqþ − kþ2 ÞV†

2�ta; kþ1 ¼ kþ2 þ pþ: ð12Þ

FIG. 2. The ten virtual NLO diagrams iA5;…; iA14. The arrows on fermion lines indicate fermion number flow, all momenta flow to
the right, except for gluon momenta. The thick solid line indicates interaction with the target.

FILIP BERGABO and JAMAL JALILIAN-MARIAN PHYS. REV. D 106, 054035 (2022)

054035-4



iM14 ¼ −eg2
Z

d4k1
ð2πÞ4

d3k2
ð2πÞ3 d

4x
N14V1tataV

†
2e

ik2·ðx1−x2Þe−iðp·x1þq·x2Þ

k21k
2
2ðk1 − lÞ2ðk2 − lÞ2ðk1 − k2Þ2

; kþ2 ¼ pþ: ð13Þ

with the virtual Dirac numerators defined as

N5 ≡ ūðpÞγμ=k3=n=k2γν=k1=ϵðlÞð=k1 − =lÞ=nvðqÞdνσðk2 − k1Þdσμðk3 − pÞ; ð14Þ

N7 ≡ ūðpÞγμ=k3=nð=l − =k1Þ=ϵðlÞ=k1γν=k2=nvðqÞdνσðk2 − k1Þdσμðk3 − pÞ; ð15Þ

N9 ≡ ūðpÞγμð=p − =k2Þγν=p=n=k1=ϵðlÞð=k1 − =lÞ=nvðqÞdμνðk2Þ; ð16Þ

N11 ≡ ūðpÞ=n=k1γμ=k2γν=k1=ϵðlÞð=k1 − =lÞ=nvðqÞdμνðk1 − k2Þ; ð17Þ

N13 ≡ ūðpÞγμð=k2 þ =pÞ=n=k1=ϵðlÞð=k1 − =lÞ=nð=k2 − =qÞγνvðqÞdμνðk2Þ; ð18Þ

N14 ≡ ūðpÞ=n=k2γμ=k1=ϵðlÞð=k1 − =lÞγνð=k2 − =lÞ=nvðqÞdμνðk1 − k2Þ: ð19Þ

Here again the antiquark diagrams (iM6; iM8; iM10; iM12) are related to the corresponding quark diagrams via
swapping quark and antiquark momenta. The tensor dμν is defined as follows:

dμνðpÞ ¼ −gμν þ
pμnν þ pνnμ

n · p
: ð20Þ

In this study, we focus on the contribution from longitudinally polarized photons and we compute the numerators using
the spinor helicity formalism. The necessary real numerators are in Table I and the virtual numerators are in Eqs. (21)–(26).
We also need the Dirac numerators for the virtual diagrams; they are

NL;þ
5 ¼ 25ðlþÞ2Qðz1z2Þ3=2

ðz1−z3Þ2
�
z21

��
k3−

z3
z1
p

�
· ϵ
���

k2−
z3
z1
k1

�
· ϵ�
�
þ z23

��
k3−

z3
z1
p

�
· ϵ�
���

k2−
z3
z1
k1

�
· ϵ
��

; ð21Þ

NL;þ
7 ¼ 25ðlþÞ2Qz3

ffiffiffiffiffiffiffiffiffi
z1z2

p
ðz1 − z3Þ2

�
z1z2

��
k3 −

z3
z1
p

�
· ϵ
�
½ðz2k1 − ð1 − z3Þk2Þ · ϵ��

þ z3ð1 − z3Þ
��

k3 −
z3
z1
p

�
· ϵ�
�
½ðz2k1 − ð1 − z3Þk2Þ · ϵ�

�
; ð22Þ

NL;þ
9 ¼ 24QðlþÞ2ðz1z2Þ3=2

�
k22 þ

ð2z1 − zÞ
z

ðk2 − pÞ2 − ½z21 þ ðz1 − zÞ2�
z1z

p2

�
; ð23Þ

NL;þ
11 ¼ 24ðlþÞ2Qðz1z2Þ3=2

�½ðkþ2 Þ2 þ ðpþÞ2�
pþðkþ2 − pþÞ k21 þ

ðpþ þ kþ2 Þ
ðpþ − kþ2 Þ

k22 þ ðk1 − k2Þ2
�
; ð24Þ

NL;þ
13 ¼ 25QðlþÞ2ðz1 þ z3Þðz2 − z3Þ ffiffiffiffiffiffiffiffiffi

z1z2
p �

z1z3

�
p · ϵ
z1

−
q · ϵ
z2

��
p · ϵ�

z1
−
k2 · ϵ�

z3

�
þ z23

�
k2 · ϵ
z3

−
q · ϵ
z2

��
p · ϵ�

z1
−
k2 · ϵ�

z3

�

− z2z3

�
k2 · ϵ
z3

−
q · ϵ
z2

��
p · ϵ�

z1
−
q · ϵ�

z2

�
− p · q −

ðz1 þ z3Þ
2z3

ðk2 − qÞ2 þ ðz2 − z3Þ
2z3

ðk2 þ pÞ2
�
; ð25Þ

NL;þ
14 ¼ 25QðlþÞ2ðz1z2Þ3=2z3

ðz3 − z1Þ
�
2lþð1 − z3Þðk−1 − k−2 Þ þ

ðz3 − z2Þ
z3

ðk1 · ϵÞðk1 · ϵ�Þ þ
ðz1 − z3Þ

z2
ðk2 · ϵÞðk1 · ϵ�Þ

þ ð1 − z3Þðz1 − z3Þ
z1z3

ðk1 · ϵÞðk2 · ϵ�Þ þ
ðz2 − z3Þð1 − z3Þ

z1z2
ðk2 · ϵÞðk2 · ϵ�Þ

�
: ð26Þ
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In all these virtual numerators, z3 is the momentum
fraction for the remaining internal þ momentum [see
Eqs. (8)–(13)]. We have also defined the transverse vector
ϵ as

ϵ ¼ 1ffiffiffi
2

p ð1; iÞ: ð27Þ

III. RESULTS

To calculate theOðαsÞ corrections to the production cross
section we need to multiply the helicity amplitudes with the

corresponding conjugate amplitudes (real amplitudes need to
be multiplied with each other, virtual amplitudes need to be
multiplied by the leading-order amplitude iM), include the
phase space factors dΦn, and divide by the incident flux F
whichwewill take to be 2lþ.We also relabel and shift (where
necessary) on the remaining z3 integral in each expression so
that the gluon’s momentum fraction is always labeled z. We
will write the real corrections as σi×j for i; j ¼ 1;…; 4 and
the virtual corrections as σi for i ¼ 5;…; 14:

dσLNLO ¼
X4
i;j¼1

dσLi×j þ 2Re
X14
i¼5

dσLi ; ð28Þ

dσLi×j ¼
1

F

Z
z;k

½ðiMa
i ÞðiMa

j Þ�L�dΦð3Þ;

dσLi ¼ 1

F
½ðiMiÞðiMÞ�;L�dΦð2Þ; ð29Þ

dΦð3Þ ¼ 2lþ
d2pd2qd2kdy1dy2dz

ð2πÞ8ð4lþÞ2z δð1 − z1 − z2 − zÞ;

dΦð2Þ ¼ 2lþ
d2pd2qdy1dy2
2ð2πÞ5ð2lþÞ2 δð1 − z1 − z2Þ: ð30Þ

Here the L signifies that we are including contributions only
from longitudinally polarized photons, and imply that we
have summed over all outgoing polarizations. We note that
all real corrections come with a δð1 − z1 − z2 − zÞ whereas
all virtual corrections come with a δð1 − z1 − z2Þ. We omit
these delta functions here for brevity and restore them at the
end. In many cases, it is easiest to write the results in

coordinate space with the radiation kernel Δð3Þ
ij defined as

follows:

Δð3Þ
ij ¼ x3i · x3j

x2
3ix

2
3j

: ð31Þ

The real corrections are

TABLE I. The minimal set of real numerators N1 to N4 in
momentum fraction notation. Complex conjugation results in the
numerator with all helicities flipped (while leaving longitudinal
helicities unchanged), and any numerator where λq ¼ λq̄ is zero.
We have also defined z3 to be the gluon’s momentum fraction
relative to the photon (z3 ¼ kþ=lþ).

Numerator λγ; λq; λg N
λγ ;λq;λg
i

N1 L;þ;þ −Qðz1z2Þ3=2ð1 − z2Þ ½ðz1k−z3pÞ·ϵ�ðz1k−z3pÞ2
L;þ;− −Qðz2Þ3=2 ffiffiffiffiffi

z1
p ð1 − z2Þ2 ½ðz1k−z3pÞ·ϵ�

ðz1k−z3pÞ2

N2 L;þ;þ Qðz1Þ3=2 ffiffiffiffiffi
z2

p ð1 − z1Þ2 ½ðz2k−z3qÞ·ϵ�
ðz2k−z3qÞ2

L;þ;− Qðz1z2Þ3=2ð1 − z1Þ ½ðz2k−z3qÞ·ϵ
��

ðz2k−z3qÞ2

N3 L;þ;þ
Qðz1z2Þ3=2ð1 − z2Þ

�
k2·ϵ
z3

− k1·ϵ
1−z2

�
L;þ;−

Qðz2Þ3=2 ffiffiffiffiffi
z1

p ð1 − z2Þ2
�

k2 ·ϵ�
z3

− k1·ϵ�
1−z2

�

N4 L;þ;þ
−Qðz1Þ3=2 ffiffiffiffiffi

z2
p ð1 − z1Þ2

�
k2 ·ϵ
z3

− k1 ·ϵ
1−z1

�
L;þ;−

−Qðz1z2Þ3=2ð1 − z1Þ
�

k2 ·ϵ�
z3

− k1·ϵ�
1−z1

�

dσL1×1
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cz32ð1 − z2Þ2ðz21 þ ð1 − z2Þ2Þ

ð2πÞ10z1

Z
dz
z

Z
d10xK0ðjx12jQ2ÞK0ðjx1020 jQ2ÞΔð3Þ

110

× ½S122010 − S12 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þei zz1p·ðx01−x1Þ; ð32Þ

dσL2×2
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cz31ð1 − z1Þ2ðz22 þ ð1 − z1Þ2Þ

ð2πÞ10z2

Z
dz
z

Z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1ÞΔð3Þ

220

× ½S122010 − S12 − S1020 þ 1�eiq·ðx02−x2Þeip·ðx01−x1Þei zz2q·ðx02−x2Þ; ð33Þ

dσL1×2
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cz1z2ð1 − z1Þð1 − z2Þðz1ð1 − z1Þ þ z2ð1 − z2ÞÞ

ð2πÞ10
Z

dz
z

Z
d10xK0ðjx12jQ2Þ

× K0ðjx1020 jQ1ÞΔð3Þ
120 ½S12S1020 − S12 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þei zz1p·ðx3−x1Þei zz2q·ðx0

2
−x3Þ; ð34Þ
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dσL3×3
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cz1z32ðz21 þ ð1 − z2Þ2Þ
ð2πÞ10

Z
dz
z

Z
d10xK0ðQXÞK0ðQX0ÞΔð3Þ

110

× ½S110S220 − S13S23 − S103S203 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þ; ð35Þ

dσL4×4
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cz31z2ðz22 þ ð1 − z1Þ2Þ
ð2πÞ10

Z
dz
z

Z
d10xK0ðQXÞK0ðQX0ÞΔð3Þ

220

× ½S110S220 − S13S23 − S103S203 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þ; ð36Þ

dσL3×4
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cz21z

2
2ðz1ð1 − z1Þ þ z2ð1 − z2ÞÞ
ð2πÞ10

Z
dz
z

Z
d10xK0ðQXÞK0ðQX0ÞΔð3Þ

120

× ½S110S220 − S13S23 − S103S203 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þ; ð37Þ

dσL1×3
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cz32ð1 − z2Þðz21 þ ð1 − z2Þ2Þ

ð2πÞ10
Z

dz
z

Z
d10xK0ðjx12jQ2ÞK0ðQX0ÞΔð3Þ

110

× ½S12203S103 − S103S203 − S12 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þei zz1p·ðx3−x1Þ; ð38Þ

dσL1×4
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cz1z22ð1 − z2Þðz1ð1 − z1Þ þ z2ð1 − z2ÞÞ

ð2πÞ10
Z

dz
z

Z
d10xK0ðjx12jQ2ÞK0ðQX0ÞΔð3Þ

120

× ½S12203S103 − S103S203 − S12 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þei zz1p·ðx3−x1Þ; ð39Þ

dσL2×3
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cz21z2ð1 − z1Þðz1ð1 − z1Þ þ z2ð1 − z2ÞÞ

ð2πÞ10
Z

dz
z

Z
d10xK0ðjx12jQ1ÞK0ðQX0ÞΔð3Þ

210

× ½S12310S203 − S103S203 − S12 þ 1�eip·ðx0
1
−x1Þeiq·ðx0

2
−x2Þei

z
z2
q·ðx3−x2Þ; ð40Þ

dσL2×4
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cz31ð1 − z1Þðz22 þ ð1 − z1Þ2Þ

ð2πÞ10
Z

dz
z

Z
d10xK0ðjx12jQ1ÞK0ðQX0ÞΔð3Þ

220

× ½S12310S203 − S103S203 − S12 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þei zz2q·ðx3−x2Þ: ð41Þ

This concludes the real corrections.
Next we have the virtual corrections:

dσL5
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cz32z1

ð2πÞ10
Z

z1

0

dz
z
d10x½S322010S13 − S13S23 − S1020 þ 1�ðz21 þ ðz1 − zÞ2Þ

×
K0ðQX5ÞK0ðjx1020 jQ1Þ

x2
31

eip·ðx01−x1Þeiq·ðx02−x2Þe−i
z
z1
p·ðx3−x1Þ; ð42Þ

dσL6
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cz31z2

ð2πÞ10
Z

z2

0

dz
z
d10x½S132010S23 − S13S23 − S1020 þ 1�ðz22 þ ðz2 − zÞ2Þ

×
K0ðQX6ÞK0ðjx1020 jQ1Þ

x2
32

eip·ðx01−x1Þeiq·ðx02−x2Þe−i
z
z2
q·ðx3−x2Þ; ð43Þ

dσL7
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cz22z1

ð2πÞ10
Z

z1

0

dzðz1 − zÞ
z

d10x½S322010S13 − S13S23 − S1020 þ 1�ðz1z2 þ ðz1 − zÞðz2 þ zÞÞ

× K0ðQX5ÞK0ðjx1020 jQ1ÞΔð3Þ
12 e

ip·ðx0
1
−x1Þeiq·ðx02−x2Þe−i

z
z1
p·ðx3−x1Þ; ð44Þ
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dσL8
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cz21z2

ð2πÞ10
Z

z2

0

dzðz2 − zÞ
z

d10x½S132010S23 − S13S23 − S1020 þ 1�ðz1z2 þ ðz2 − zÞðz1 þ zÞÞ

× K0ðQX6ÞK0ðjx1020 jQ1ÞΔð3Þ
12 e

ip·ðx0
1
−x1Þeiq·ðx02−x2Þe−i

z
z2
q·ðx3−x2Þ; ð45Þ

dσL9
d2pd2qdy1dy2

¼ −e2g2Q2N2
cðz1z2Þ3

ð2πÞ8
Z

d8x½S122010 − S12 − S1020 þ 1�K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ

×
Z

z1

0

dz
z
½z21 þ ðz1 − zÞ2�

z21

Z
d2k2

ð2πÞ2
1

ðk2 − z
z1
pÞ2 ; ð46Þ

dσL10
d2pd2qdy1dy2

¼ −e2g2Q2N2
cðz1z2Þ3

ð2πÞ8
Z

d8x½S122010 − S12 − S1020 þ 1�K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ

×
Z

z2

0

dz
z
½z22 þ ðz2 − zÞ2�

z22

Z
d2k2

ð2πÞ2
1

ðk2 − z
z2
qÞ2 ; ð47Þ

dσL11
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cðz1z2Þ3

ð2πÞ7
Z

d8x½S122010 − S12 − S1020 þ 1�K0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ

×
Z

z1

0

dz
z
½z21 þ ðz1 − zÞ2�

z21

Z
d2k2

ð2πÞ2
Z

d2k1

ð2πÞ2
eik1·ðx1−x2Þ

½k2
1 þQ2

1�
h
ðk2 − z

z1
k1Þ2 þ zðz1−zÞ

z2
1
z2

k2
1 þ z

z1
ðz1 − zÞQ2

i ; ð48Þ

dσL12
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cðz1z2Þ3

ð2πÞ7
Z

d8x½S122010 − S12 − S1020 þ 1�K0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ

×
Z

z2

0

dz
z
½z22 þ ðz2 − zÞ2�

z22

Z
d2k2

ð2πÞ2
Z

d2k1

ð2πÞ2
eik1·ðx1−x2Þ

½k2
1 þQ2

1�
h
ðk2 − z

z2
k1Þ2 þ zðz2−zÞ

z2
2
z1

k2
1 þ z

z2
ðz2 − zÞQ2

i ; ð49Þ

dσL
13ð1Þ

d2pd2qdy1dy2
¼ −e2g2Q2N2

cðz1z2Þ2
ð2πÞ8

Z
z2

0

dz
z
ðz1 þ zÞðz2 − zÞ

Z
d8xK0ðjx12jQ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz1 þ zÞðz2 − zÞ

p
ÞK0ðjx1020 jQ1Þ

× eip·ðx10−x1Þeiq·ðx20−x2Þ½S12S1020 − S12 − S1020 þ 1�

×
Z

d2k
ð2πÞ2

2
64 − zðz2−zÞ½z1z2þðz1þzÞðz2−zÞ�

z2
1
z3
2

ðz2p − z1qÞ2h
ðkþ ðz2 − zÞp − ðz1 þ zÞqÞ2 − ðz1þzÞðz2−zÞ

z1z2
ðz2p − z1qÞ2 − iϵ

i
ðk − z

z2
qÞ2

þ
z½z1ðz1þzÞþz2ðz2−zÞ�

z1z2h
ðkþ ðz2 − zÞp − ðz1 þ zÞqÞ2 − ðz1þzÞðz2−zÞ

z1z2
ðz2p − z1qÞ2 − iϵ

i − ½z1z2þðz1þzÞðz2−zÞ�
z1z2

ðk − z
z2
qÞ2

3
75eik·ðx2−x1Þ; ð50Þ

dσL
13ð2Þ

d2pd2qdy1dy2
¼ −e2g2Q2N2

cðz1z2Þ2
ð2πÞ8

Z
z1

0

dz
z
ðz2 þ zÞðz1 − zÞ

Z
d8xK0ðjx12jQ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz2 þ zÞðz1 − zÞ

p
ÞK0ðjx1020 jQ1Þ

× eip·ðx10−x1Þeiq·ðx20−x2Þ½S12S1020 − S12 − S1020 þ 1�

×
Z

d2k
ð2πÞ2

2
64 − zðz1−zÞ½z1z2þðz2þzÞðz1−zÞ�

z2
2
z3
1

ðz2p − z1qÞ2h
ðkþ ðz1 − zÞq − ðz2 þ zÞpÞ2 − ðz2þzÞðz1−zÞ

z1z2
ðz2p − z1qÞ2 þ iϵ

i
ðk − z

z1
pÞ2

þ
z½z2ðz2þzÞþz1ðz1−zÞ�

z1z2h
ðkþ ðz1 − zÞq − ðz2 þ zÞpÞ2 − ðz2þzÞðz1−zÞ

z1z2
ðz2p − z1qÞ2 þ iϵ

i − ½z1z2þðz2þzÞðz1−zÞ�
z1z2

ðk − z
z1
pÞ2

3
75eik·ðx1−x2Þ: ð51Þ
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Here we have kept the iϵ in the long denominators, since it proves useful for evaluating the k integral:

dσL
14ð1Þ

d2pd2qdy1dy2
¼ e2g2Q2N2

cðz1z2Þ2
ð2πÞ7

Z
d8x½S122010 − S12 − S1020 þ 1�K0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ

×
Z

z1

0

dz
z
d2k1

ð2πÞ2
d2k2

ð2πÞ2 e
ik2·ðx1−x2Þ

2
64 ðz1z2 þ ðz1 − zÞðz2 þ zÞÞ
½k2

2 þQ2
1�
h
ðk1 −

z1−z
z1

k2Þ2 þ zðz1−zÞ
z2z21

k2
2 þ z

z1
ðz1 − zÞQ2

i

þ
ðz1−zÞðz2þzÞ

z1z2
ðz1z2 þ ðz1 − zÞðz2 þ zÞÞ

½k2
1 þ ðz1 − zÞðz2 þ zÞQ2�

h
ðk1 −

z1−z
z1

k2Þ2 þ zðz1−zÞ
z2z21

k2
2 þ z

z1
ðz1 − zÞQ2

i

−
zðz1−zÞ

z1
ðz1z2 þ ðz1 − zÞðz2 þ zÞÞQ2

½k2
1 þ ðz1 − zÞðz2 þ zÞQ2�½k2

2 þQ2
1�
h
ðk1 −

z1−z
z1

k2Þ2 þ zðz1−zÞ
z2z21

k2
2 þ z

z1
ðz1 − zÞQ2

i

−
zðz1ðz1 − zÞ þ z2ðz2 þ zÞÞ

½k2
1 þ ðz1 − zÞðz2 þ zÞQ2�½k2

2 þQ2
1�

3
75; ð52Þ

dσL
14ð2Þ

d2pd2qdy1dy2
¼ e2g2Q2N2

cðz1z2Þ2
ð2πÞ7

Z
d8x½S122010 − S12 − S1020 þ 1�K0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ

×
Z

z2

0

dz
z
d2k1

ð2πÞ2
d2k2

ð2πÞ2 e
ik2·ðx1−x2Þ

2
64 ðz1z2 þ ðz1 þ zÞðz2 − zÞÞ
½k2

2 þQ2
1�
h
ðk1 −

z2−z
z2

k2Þ2 þ zðz2−zÞ
z1z22

k2
2 þ z

z2
ðz2 − zÞQ2

i

þ
ðz1þzÞðz2−zÞ

z1z2
ðz1z2 þ ðz1 þ zÞðz2 − zÞÞ

½k2
1 þ ðz1 þ zÞðz2 − zÞQ2�

h
ðk1 −

z2−z
z2

k2Þ2 þ zðz2−zÞ
z1z22

k2
2 þ z

z2
ðz2 − zÞQ2

i

−
zðz2−zÞ

z2
ðz1z2 þ ðz1 þ zÞðz2 − zÞÞQ2

½k2
1 þ ðz1 þ zÞðz2 − zÞQ2�½k2

2 þQ2
1�
h	

k1 −
z2−z
z2

k2Þ2 þ zðz2−zÞ
z1z22

k2
2 þ z

z2
ðz2 − zÞQ2

i

−
zðz2ðz2 − zÞ þ z1ðz1 þ zÞÞ

½k2
1 þ ðz1 þ zÞðz2 − zÞQ2�½k2

2 þQ2
1�

3
75: ð53Þ

These expressions constitute the full result for the one-loop
corrections to the inclusive quark antiquark production
cross section. We have written these results all in terms of
the dipole and quadrupole functions defined in Eq. (3) in
the large Nc limit and ignored all the subleading Nc terms.
We have also used the following notation for the coordinate
dependence of some of the Bessel functions:

X ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z1z2x2

12 þ z1zx2
13 þ z2zx2

23

q
;

X5 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2ðz1 − zÞx2

12 þ zðz−zÞx2
13 þ z2zx2

23

q
;

X6 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z1ðz2 − zÞx2

12 þ z1zx2
13 þ zðz2 − zÞx2

23

q
: ð54Þ

Note that when z → 0 these all become jx12j ffiffiffiffiffiffiffiffiffiz1z2
p

. The
primed version X0 that appears in some real corrections is
the same as X above but with x1;x2 → x0

1;x
0
2.

IV. DIVERGENCES

The expressions for the one-loop corrections to quark
antiquark inclusive production cross section given above
are formal, i.e. they contain divergences that need to be
regulated and/or eliminated before one obtains a mean-
ingful result. There are four categories of divergences:

(i) Ultraviolet (UV) divergences when loop momentum
k → ∞ or equivalently in coordinate space, when
the transverse coordinate of the radiated gluon
approaches the transverse coordinate xi of either
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quark or antiquarkwhen integrated, i.e.x3 → xi such
that jx3 − xij → 0. We will show that the real correc-
tions are UV finite and that all UV divergences in the
virtual correctionscancelagainst eachother so that the
virtual corrections are also UV finite by themselves.

(ii) Soft divergences when kμ → 0, which in this context
corresponds to both transverse momentum in the
loop k and the radiated gluon momentum fraction z
go to zero simultaneously, k; z → 0. Both the real
and virtual corrections contain soft divergences;
however, all soft divergences cancel between real
and virtual corrections.

(iii) Collinear divergences when the radiated gluon
momentum becomes parallel to either quark or
antiquark momentum, i.e. when the angle θ between
the radiated gluon 3-momentum and its parent quark
(antiquark) 3-momentum goes to zero at finite k and
z (note that finite in this context means that k is
neither zero nor infinite). These appear, for example,
as 1

ðpþkÞ2 ∼
1

ðz1k−zpÞ2 ∼
1

1−cos θ for radiation from a

quark and similarly for radiation from an antiquark
(z1;p → z2;q). These collinear divergences are
absorbed into quark-hadron (antiquark-hadron) frag-
mentation functions which makes the fragmentation
functions scale dependent, i.e. they evolve with the
renormalization scale μ2.

(iv) Rapidity divergences when the momentum fraction
z of the gluon goes to zero while the transverse
momentum k of the gluon remains finite. These
rapidity divergences are absorbed into (x) renorm-
alization of the dipoles and quadrupoles making
them energy/rapidity dependent and evolving
according to the Balitsky-Kovchegov (BK) equa-
tion and Jalilian-Marian, Iancu, McLerran, Wei-
gert, Leonidov and Kovner (JIMWLK) evolution
equations [59–66].

Here we give more details of the divergences and their
cancellation/absorption into renormalized quantities. The
easiest way to see cancellations of divergences is via power
counting which is what we will use in this section. We will
also provide results using dimensional regularization in the
MS scheme which is the more common method. Using
dimensional regularization raises issues when using spinor
helicity methods as one changes the number of spacetime
dimensions from 4 (where spinor helicity methods are
formulated) to 4 − 2ϵ. There are various ways of dealing
with this issue; herewewill use the four-dimensional helicity
(FDH) schemewhich treats both internal and external states in
four dimensions.As expected, the finite terms after regulating
divergences will depend on the regularization scheme.

A. UV divergences

For the real corrections [Eqs. (32)–(41)] all momentum
integrations have been performed and results are given in

terms of a two-dimensional coordinate space integration
d2x3 and an integration over momentum fraction z
[relative to the LO result in Eq. (1)]. In this context
UV divergences manifest themselves as poles when
x3 → x1 or x3 → x2, i.e. when the transverse coordinate
of the radiated gluon x3 approaches that of the quark x1 or
the antiquark x2. We focus on the quark case and consider
the limit x3 → x1. The case of radiation from the
antiquark is identical.
We note that the only possible UV singularity in our

expressions is in the gluon radiation kernel Δð3Þ
ij which

appears in all real corrections. Writing it as

Δð3Þ
ij ¼ x3i · x3j

x2
3ix

2
3j

¼ 1

2

�
1

x2
3i
þ 1

x2
3j
−

x2
ij

x2
3ix

2
3j

�
; ð55Þ

we see that the integral of this kernel over x3 is finite as
x3 → xi due to cancellations between the first and third
terms. Similarly, as x3 → xj there is a cancellation
between the second and third terms. The other factors
appearing in the real corrections are all nonsingular in the
UV limit. We therefore conclude that there are no UV
divergences in the real corrections and that all real
corrections are UV finite.
For the virtual corrections, several of the diagrams are

UV divergent. However when combined they all cancel
each other in the UV limit, specifically

½dσ5 þ dσ11�UV ¼ 0;

½dσ6 þ dσ12�UV ¼ 0;

½dσ9 þ dσ10 þ dσ14ð1Þ þ dσ14ð2Þ�UV ¼ 0: ð56Þ

The remaining virtual diagrams (7,8,13) are all UV finite.
Therefore, all UV divergences are canceled when
adding up all the relevant pieces of the differential
cross section. The UV finiteness of the production cross
section holds for any value of z. We provide more details
in Appendix A.

B. Soft divergences

Soft divergences appear when all components of a loop
momentum go to zero, i.e. kμ → 0 which in this context
means k and z both go to zero (in coordinate space this
becomes x3 → ∞ and z → 0). Soft divergences in the real
corrections generically appear either as

Z
d2k
k2

eik·ðxi−xjÞ or
Z

d2k
k2

ð57Þ

in the virtual corrections (after possibly shifting the trans-
verse momentum). In coordinate space soft divergences are
contained in
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Z
d2x3Δ

ð3Þ
ij ¼ 1

2

Z
d2x3

�
1

ðx3 − xiÞ2
þ 1

ðx3 − xjÞ2

−
ðxi − xjÞ2

ðx3 − xiÞ2ðx3 − xjÞ2
�

ð58Þ

from which it is clear that the first two terms in Δð3Þ
ij are

divergent when x3 → ∞. Adding all the singular parts of
the production cross section we get the following cancel-
lations between the various terms:

½dσ1×1 þ 2dσ9�soft ¼ 0;

½dσ2×2 þ 2dσ10�soft ¼ 0;

½dσ1×2 þ dσ13ð1Þ þ dσ13ð2Þ�soft ¼ 0;

½dσ3×3 þ dσ4×4 þ 2dσ3×4�soft ¼ 0;

½dσ1×3 þ dσ1×4�soft ¼ 0;

½dσ2×3 þ dσ2×4�soft ¼ 0;

½dσ5 þ dσ7�soft ¼ 0;

½dσ6 þ dσ8�soft ¼ 0;

½dσ11 þ dσ14ð1Þ�soft ¼ 0;

½dσ12 þ dσ14ð2Þ�soft ¼ 0: ð59Þ

The necessary relative factors of 2 in these expressions
can be seen from Eq. (28). These cancellations are easiest to
see when the cross section is written in coordinate space in
the soft z limit (Appendix B). It is worth noting that there
are singular terms ∼ 1

z logð1zÞ which can be seen in dimen-
sional regularization of the remaining integrals which

cancel between dσ11;soft and dσ14ð1Þ;soft and similarly
between dσ12;soft and dσ14ð2Þ;soft (this is shown in
Appendix C). Thus there are no soft singularities (both
k; z → 0) left after adding all the real and virtual terms.

C. Rapidity divergences

From Eqs. (32)–(53) it is clear that the production cross
section contains terms which are singular in the

R
dz
z integral

as z → 0. This happens at finite k (or x3) so that rapidity
divergences are different from the soft divergences that
have been shown to cancel among various terms. Following
[45] we introduce a longitudinal momentum fraction
factorization scale zf and divide the z integration into
two regions: z > zf and z < zf (here we write the upper
limit as 1, in our expressions the upper limit is always either
z1 or z2),Z

1

0

dz
z
fðzÞ ¼

�Z
zf

0

dz
z
þ
Z

1

zf

dz
z

�
fðzÞ: ð60Þ

In the region where z > zf there are formally no
divergences left anymore (there are still collinear diver-
gences in this region but they will be absorbed into
fragmentation functions—this is the topic of the next
section) so the cross section is completely finite. On the
other hand in the second region where z < zf we encounter
the familiar rapidity divergence y ¼ logð1=zÞ which we
expect will be absorbed into JIMWLK evolution of the
quadrupoles and dipoles. We now focus on the z → 0 limit
of our expressions while k (or equivalently x3) is kept finite
(see Appendix B),

dσLNLO
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

zf

0

dz
z

Z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·x101eiq·x202δð1 − z1 − z2Þ

×

�
½S122010 − S12 − S1020 þ 1�

�
3

x2
31

þ 3

x2
32

þ 1

x2
310

þ 1

x2
320

−
8

x2
3

− Δ̃110 − Δ̃220 − 2Δ̃12

�

þ ½S12S1020 − S12 − S1020 þ 1�
�

2

x2
32

−
2

x2
320

þ 2Δ̃120 − 2Δ̃12

�

þ ½S110S220 − S13S23 − S103S203 þ 1�
�
−

1

x2
31

þ 1

x2
310

þ 1

x2
32

−
1

x2
320

− Δ̃110 − Δ̃220 þ 2Δ̃120

�

þ ½S12203S103 − S103S203 − S12 þ 1�
�

2

x2
320

−
2

x2
310

þ 2Δ̃110 − 2Δ̃120

�

þ ½S12310S203 − S103S203 − S12 þ 1�
�

2

x2
310

−
2

x2
320

þ 2Δ̃220 − 2Δ̃210

�

þ ½S322010S13 − S13S23 − S1020 þ 1�
�

2

x2
31

−
2

x2
32

þ 2Δ̃12

�

þ ½S132010S23 − S13S23 − S1020 þ 1�
�

2

x2
32

−
2

x2
31

þ 2Δ̃12

��
: ð61Þ
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Here we have defined

Δ̃ij ¼
x2
ij

x2
3ix

2
3j
: ð62Þ

Inside the curly brackets, the first line comes from adding
σ1×1þσ2×2þ2σ9þ2σ10þ2σ11þ2σ12þ2σ14ð1Þ þ2σ14ð2Þ.
The second line is 2σ1×2 þ 2σ13ð1Þ þ 2σ13ð2Þ. The third line

is σ3×3 þ σ4×4 þ 2σ3×4. Fourth line is 2σ1×3 þ 2σ1×4. Fifth
line is 2σ2×3 þ 2σ2×4. Sixth line is 2σ5 þ 2σ7, and the last
line is 2σ6 þ 2σ8. Notice that cross terms have been
doubled since we need to add their complex conjugate.
To simplify the expression we use a combination of shifting
x3 where possible and using symmetry between primed and
unprimed coordinates. We find that everything can be
simplified down to the following expression:

dσLNLO
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10 δð1 − z1 − z2Þ
Z

zf

0

dz
z

Z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

× eip·x101eiq·x202
�
ðΔ̃12 þ Δ̃220 − Δ̃120 ÞS132010S23 þ ðΔ̃1020 þ Δ̃220 − Δ̃210 ÞS10321S203

þ ðΔ̃12 þ Δ̃110 − Δ̃210 ÞS322010S13 þ ðΔ̃1020 þ Δ̃110 − Δ̃120 ÞS32021S103
− ðΔ̃110 þ Δ̃220 þ Δ̃12 þ Δ̃1020 ÞS122010 − ðΔ̃12 þ Δ̃1020 − Δ̃120 − Δ̃210 ÞS12S1020

− ðΔ̃110 þ Δ̃220 − Δ̃120 − Δ̃210 ÞS110S220 − 2Δ̃12ðS13S23 − S12Þ − 2Δ̃1020 ðS103S203 − S1020 Þ
�
: ð63Þ

Here the first seven terms inside the curly bracket give the
JIMWLK evolution of the quadrupole S122010 with the
factorization scale zf [see Eq. (5) in [67]]. The last two
terms correspond to the rapidity evolution of the dipoles S12
and S1020 as given by the BK equation [59,60]. This
demonstrates that the rapidity divergences can be absorbed
into rapidity evolution of the LO cross section. The
contribution of the z integration above the factorization
scale zf is finite and constitutes part of the next-to-leading-
order (NLO) corrections to the leading-order cross section.

D. Collinear divergences

1. Leading order dihadron production

We now focus on the collinear divergences present in
some of the one-loop corrections in Eqs. (32)–(53) and show
that they can absorbed into evolution of quark-hadron and
antiquark-hadron fragmentation functions. As this is com-
pletely new wewill provide the full details of the calculation.
We start by writing the inclusive dihadron production cross
section in terms of the partonic cross section as

dσγ
�A→h1h2X

d2phd2qhdy1dy2
¼
Z

1

0

dzh1

Z
1

0

dzh2
1

z2h1z
2
h2

dσγ
�A→qq̄X

d2pd2qdy1dy2
Dh1=qðzh1ÞDh2=q̄ðzh2Þ; ð64Þ

where p, q are the quark and antiquark transverse momenta while ph, qh are the transverse momenta of the two produced
hadrons. As partons and hadrons are assumed to be massless, their rapidities are the same so that y1 ≡ yp ¼ yh (and
similarly for the antiquark). Hadronization is assumed to be describable in terms of a nonperturbative quark (or antiquark-)
hadron fragmentation function Dh=qðzh1Þ which is then perturbatively renormalized (becomes μ2 dependent) after
absorption of the collinear divergences. The momentum fractions zh1 ; zh2 are defined via pμ

h1
¼ zh1p

μ and qμh2 ¼ zh2q
μ so

that 0 < zhi < 1. Using our leading-order result from Eq. (1) (only the longitudinal part) we can write this as

dσγ
�A→h1h2X
LO

d2phd2qhdy1dy2
¼
Z

1

0

dzh1

Z
1

0

dzh2
4e2Q2ðz1z2Þ3Nc

ð2πÞ7ðzh1zh2Þ2
Z

d8x½S122010 − S12 − S1020 þ 1�

× K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2ÞDh1=qðzh1ÞDh2=q̄ðzh2Þδð1 − z1 − z2Þ; ð65Þ

where z1 and z2 are related to hadronic momentum fractions by

z1 ¼
pþ
h

zh1l
þ ; z2 ¼

qþh
zh2l

þ : ð66Þ
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Anticipating factorization of the one-loop corrections and to make our expression more compact we define the common
factor Hðp;q;x; z1Þ as

Hðp;q;x; z1Þ≡ ½S122010 − S12 − S1020 þ 1�K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ; ð67Þ

with Q2
1 ≡ z1ð1 − z1ÞQ2 so that the common factor implicitly depends on Q2. The leading-order cross section can be then

expressed in the following compact form:

dσγ
�A→h1h2X
LO

d2phd2qhdy1dy2
¼
Z

1

0

dzh1

Z
1

0

dzh2
4e2Q2ðz1z2Þ3Nc

ð2πÞ7ðzh1zh2Þ2
Z

d8xHðp;q;x; z2Þδð1 − z1 − z2ÞDh1=qðzh1ÞDh2=q̄ðzh2Þ: ð68Þ

2. The virtual correction

First we will focus on the fragmentation of the quark into a hadron h1. Treatment of antiquark fragmentation will be
identical. Schematically, the fragmentation function receives corrections from the diagrams in Fig. 3.
In Fig. 3 the first diagram after the equals sign corresponds to the leading-order hadronic cross section computed in the

previous subsection. The two OðαsÞ corrections correspond to our virtual correction σ9 and the real correction σ1×1. So, let
us now compute the hadronic cross section contribution from the virtual correction σ9 [combining Eq. (46) with Eq. (64)],

dσγ
�A→h1h2X
9

d2phd2qhdy1dy2
¼ −

Z
1

0

dzh1

Z
1

0

dzh2
4e2Q2ðz1z2Þ3Nc

ð2πÞ7ðzh1zh2Þ2
Z

d8xHðp;q;x; z2ÞD0
h1=q

ðzh1ÞD0
h2=q̄

ðzh2Þ

× αsCF

Z
z1

0

dz
z

�
z21 þ ðz1 − zÞ2

z21

� Z
d2k
ð2πÞ2

1

ðk − z
z1
pÞ2 δð1 − z1 − z2Þ: ð69Þ

Here we relaxed the large Nc approximation taking one factor of Nc → 2CF, and have also used g2 → 4παs. Let us define a
new variable for the z integration,

ξ ¼ z1 − z
z1

: ð70Þ

This defines ξ to be the fraction of longitudinal momentum that the quark carries after radiating the gluon. In terms of this,
we get

dσγ
�A→h1h2X
9

d2phd2qhdy1dy2
¼ −

Z
1

0

dzh1

Z
1

0

dzh2
4e2Q2ðz1z2Þ3Nc

ð2πÞ7ðzh1zh2Þ2
Z

d8xHðp;q;x; z2ÞD0
h2=q̄

ðzh2ÞD0
h1=q

ðzh1Þ

× αsCF

Z
1

0

dξ
ð1þ ξ2Þ
ð1 − ξÞ

Z
d2k
ð2πÞ2

1

ðk − ð1 − ξÞpÞ2 δð1 − z1 − z2Þ: ð71Þ

FIG. 3. The full fragmentation function Dh1=qðzh1 ; μ2Þ (solid black circle) can be written as the bare fragmentation function (faint gray
circle) plus the OðαsÞ corrections shown. These need to be added at the cross section level, and we will keep terms only up to OðαsÞ.
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This can now be added to the leading-order hadronic cross section. Note that we actually need to add 2σ9 because it appears
twice in the formula since it is a cross term [Eq. (28)].

3. The real correction

Looking at the relevant diagrams in Fig. 3, the last one we need for the OðαsÞ corrections to the quark fragmentation
function is the real correction σ1×1,

dσL1×1
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cz32ð1 − z2Þ2ðz21 þ ð1 − z2Þ2Þ

ð2πÞ8z1

Z
d8xK0ðjx12jQ2ÞK0ðjx1020 jQ2Þ

× ½S122010 − S12 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þ
Z

dz
z

Z
d2k
ð2πÞ2

eik·ðx01−x1Þ

ðk − z
z1
pÞ2 δð1 − z1 − z2 − zÞ: ð72Þ

We have rewritten the integral over the radiation kernel [in Eq. (32)] in momentum space using

ei
z
z1
p·ðx0

1
−x1Þ

Z
d2x3Δ

ð3Þ
110 ¼

Z
d2k

eik·ðx0
1
−x1Þ

ðk − z
z1
pÞ2 : ð73Þ

Looking at Eq. (64) we see that this correction contributes the following expression to the hadronic cross section:

dσγ
�A→h1h2X
1×1

d2phd2qhdy1dy2
¼
Z

1

0

dzh1

Z
1

0

dzh2
2e2g2Q2N2

cz32ð1 − z2Þ2ðz21 þ ð1 − z2Þ2Þ
ð2πÞ8z1ðzh1zh2Þ2

Z
d8xK0ðjx12jQ2Þ

× K0ðjx1020 jQ2Þ½S122010 − S12 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þ

×
Z

dz
z

Z
d2k
ð2πÞ2

eik·ðx01−x1Þ

ðk − z
z1
pÞ2 δð1 − z1 − z2 − zÞD0

h1=q
ðzh1ÞD0

h2=q̄
ðzh2Þ: ð74Þ

Now we will write this usingHðp;q;x; z2Þ defined in Eq. (67) and again relax the large Nc approximation taking one factor
of Nc to 2CF, and also write g2 ¼ 4παs,

dσγ
�A→h1h2X
1×1

d2phd2qhdy1dy2
¼
Z

1

0

dzh1

Z
1

0

dzh2
8e2Q2Ncðz1z2Þ3
ð2πÞ7ðzh1zh2Þ2

Z
d8xHðp;q;x; z2ÞD0

h1=q
ðzh1ÞD0

h2=q̄
ðzh2Þ

× αsCF

Z
dz
z
ðz1 þ zÞ2ðz21 þ ðz1 þ zÞ2Þ

z41
δð1 − z1 − z2 − zÞ

Z
d2k
ð2πÞ2

eik·ðx01−x1Þ

ðk − z
z1
pÞ2 : ð75Þ

We factored out ðz1z2Þ3 to match the leading-order expression and used the delta function to write 1 − z2 as z1 þ z. We then
perform a change of variables in the z integral by defining

ξ ¼ z1
z1 þ z

: ð76Þ

This ξ1 is then the fraction of the outgoing quark’s momentum relative to the parent quark that emitted the gluon (i.e. the
same definition as we used for the virtual correction),

dσγ
�A→h1h2X
1×1

d2phd2qhdy1dy2
¼
Z

1

0

dzh1

Z
1

0

dzh2
8e2Q2Ncðz1z2Þ3
ð2πÞ7ðzh1zh2Þ2

Z
d8xHðp;q;x; z2ÞD0

h2=q̄
ðzh2Þ

× αsCF

Z
dξ
ξ5

ð1þ ξ2Þ
ð1 − ξÞ δð1 − z2 − z1=ξÞD0

h1=q
ðzh1Þ

Z
d2k
ð2πÞ2

eik·ðx01−x1Þ	
k − ð1−ξÞ

ξ p


2
: ð77Þ

Now, z1 is no longer an external variable; as remarked earlier it can be written in terms of zh1 using Eq. (66). So one can then
write z1 in terms of zh1 ,
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dσγ
�A→h1h2X
1×1

d2phd2qhdy1dy2
¼
Z

1

0

dzh1

Z
1

0

dzh2
8e2Q2Ncðpþ

h Þ3z32
ð2πÞ7ðlþÞ3z5h1z2h2

Z
d8xHðp;q;x; z2ÞD0

h2=q̄
ðzh2Þ

× αsCF

Z
dξ
ξ5

ð1þ ξ2Þ
ð1 − ξÞ δ

�
1 − z2 −

pþ
h

zh1l
þξ

�
D0

h1=q
ðzh1Þ

Z
d2k
ð2πÞ2

eik·ðx01−x1Þ	
k − ð1−ξÞ

ξ p


2
: ð78Þ

Now that the zh1 dependence is all explicit, we make a substitution in the zh1 integral, defining the new variable

z0h1 ¼ zh1ξ; dz0h1 ¼ ξdzh1 : ð79Þ

In order to complete this substitution, we need to take zh1 →
z0h1
ξ everywhere. This also means that the bounds on the z0h1

integral go from 0 to ξ. We will write this using a step function θðξ − z0h1Þ so we can keep the explicit bounds from 0 to 1,

dσγ
�A→h1h2X
1×1

d2phd2qhdy1dy2
¼
Z

1

0

dz0h1

Z
1

0

dzh2
8e2Q2Ncðpþ

h Þ3z32
ð2πÞ7ðlþÞ3z05h1z2h2

Z
d8xHðp;q;x; z2ÞD0

h2=q̄
ðzh2Þ

× αsCF

Z
dξ
ξ

ð1þ ξ2Þ
ð1 − ξÞ D0

h1=q

�
z0h1
ξ

�
θðξ − z0h1Þδ

�
1 − z2 −

pþ
h

z0h1l
þ

�Z
d2k
ð2πÞ2

eik·ðx01−x1Þ	
k − ð1−ξÞ

ξ p


2
: ð80Þ

We can now write things back in terms of z1 to get rid of p
þ
h and lþ to match the leading-order and virtual correction. We can

also use the step function to set the bounds on the ξ integral. Finally, we remove the primes from z0h1 since it is an integration
variable,

dσγ
�A→h1h2X
1×1

d2phd2qhdy1dy2
¼
Z

1

0

dzh1

Z
1

0

dzh2
8e2Q2Ncðz1z2Þ3
ð2πÞ7ðzh1zh2Þ2

Z
d8xHðp;q;x; z2ÞD0

h2=q̄
ðzh2Þ

× δð1 − z1 − z2ÞαsCF

Z
1

zh1

dξ
ξ

ð1þ ξ2Þ
ð1 − ξÞ D0

h1=q

�
zh1
ξ

�Z
d2k
ð2πÞ2

eik·ðx01−x1Þ	
k − ð1−ξÞ

ξ p


2
: ð81Þ

4. Evolution of the fragmentation function

Nowwewould like to add up the three terms in Fig. 3. These terms are Eqs. (68), (71), and (81). Note that we also need to
double Eq. (71) since it is a cross term. Adding up these three gives the following:

Z
1

0

dzh1

Z
1

0

dzh2
4e2Q2ðz1z2Þ3Nc

ð2πÞ7ðzh1zh2Þ2
Z

d8xHðp;q;x; z2ÞD0
h2=q̄

ðzh2Þδð1 − z1 − z2Þ

×

�
D0

h1=q
ðzh1Þ þ 2αsCF

�Z
1

zh1

dξ
ξ

ð1þ ξ2Þ
ð1 − ξÞ D0

h1=q

�
zh1
ξ

�Z
d2k
ð2πÞ2

ei
k
ξ·ðx01−x1Þ

ðk − ð1 − ξÞpÞ2

−D0
h1=q

ðzh1Þ
Z

1

0

dξ
ð1þ ξ2Þ
ð1 − ξÞ

Z
d2k
ð2πÞ2

1

ðk − ð1 − ξÞpÞ2
��

: ð82Þ

Now we turn our attention to the two transverse momentum integrals. The one with the exponential comes from the
real correction σ1×1, and contains both a soft divergence, k → 0 and z → 0 (equivalently ξ → 1) at the same time, and a
collinear divergence as k → ð1 − ξÞp. The integral without an exponential (from the virtual correction σ9) contains a
soft divergence, a collinear divergence, and a UV divergence as jkj → ∞. We showed in Sec. IV B that the soft
divergences cancel between these two terms. In Sec. IVA we also showed that the UV divergence in the virtual
correction is canceled with other terms in the cross section. Therefore, the only divergence left to consider here is the
collinear divergence in both integrals.
To see how regulating these divergences leads to renormalization of the quark-hadron fragmentation function it is perhaps

easiest to demonstrate this using an explicit cutoff where the lower limit on jkj is Λ and the upper limit is μ:
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Z
1

0

dzh1

Z
1

0

dzh2
4e2Q2ðz1z2Þ3Nc

ð2πÞ7ðzh1zh2Þ2
Z

d8xHðp;q;x; z2ÞD0
h2=q̄

ðzh2Þδð1 − z1 − z2Þ

×

�
D0

h1=q
ðzh1Þ þ

αsCF

2π

�Z
1

zh1

dξ
ξ

ð1þ ξ2Þ
ð1 − ξÞ D0

h1=q

�
zh1
ξ

�
−
Z

1

0

dξ
ð1þ ξ2Þ
ð1 − ξÞ D0

h1=q
ðzh1Þ

�
log

�
μ2

Λ2

��
: ð83Þ

We would like to combine the terms inside the curly brackets; to do so we will define the quark-quark splitting function
PqqðξÞ,

PqqðξÞ≡ CF

�ð1þ ξ2Þ
ð1 − ξÞþ

þ 3

2
δð1 − ξÞ

�
; ð84Þ

where the þ distribution is defined inside an integral viaZ
1

z
dξ

fðξÞ
ð1 − ξÞþ

≡
Z

1

z

dξ
ð1 − ξÞ ðfðξÞ − fð1ÞÞ þ fð1Þ logð1 − zÞ: ð85Þ

This allows us to write Eq. (83) as

Z
1

0

dzh1

Z
1

0

dzh2
4e2Q2ðz1z2Þ3Nc

ð2πÞ7ðzh1zh2Þ2
Z

d8xHðp;q;x; z2ÞD0
h2=q̄

ðzh2Þδð1 − z1 − z2Þ

×

�
D0

h1=q
ðzh1Þ þ

αs
2π

�Z
1

zh1

dξ
ξ
PqqðξÞD0

h1=q

�
zh1
ξ

��
log

�
μ2

Λ2

��
: ð86Þ

Here we have used the following result:

Z
1

zh1

dξ
ξ
PqqðξÞD0

h1=q

�
zh1
ξ

�
¼
Z

1

zh1

dξ
ξ

ð1þ ξ2Þ
ð1 − ξÞ D0

h1=q

�
zh1
ξ

�
−
Z

1

0

dξ
ð1þ ξ2Þ
ð1 − ξÞ D0

h1=q
ðzh1Þ: ð87Þ

To prove this, one first expands the Pqq function using Eq. (84), then further expands the term with the plus distribution
according to Eq. (85). One of the terms is then exactly the first term on the right side of Eq. (87). In the remaining term with
a ξ integral one separates into two terms using

R
1
zh1

¼ R 10 − R zh10 . One can then use the fact that

2

1 − ξ
¼ ð1þ ξ2Þ

ð1 − ξÞ þ 1þ ξ: ð88Þ

The first term here paired with the
R
1
0 integrals then gives exactly the second term on the right side of Eq. (87). In all the

other terms, the integral over ξ can be performed and these terms all cancel in the full expression.
Next, we can also combine with the leading-order term (first term in the square brackets) by including a ξ integral that

evaluates to 1: Z
1

0

dzh1

Z
1

0

dzh2
4e2Q2ðz1z2Þ3Nc

ð2πÞ7ðzh1zh2Þ2
Z

d8xHðp;q;x; z2ÞD0
h2=q̄

ðzh2Þδð1 − z1 − z2Þ

×
Z

1

zh1

dξ
ξ
D0

h1=q

�
zh1
ξ

��
δð1 − ξÞ þ αs

2π
PqqðξÞ log

�
μ2

Λ2

��
: ð89Þ

Then, we define the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolved quark-hadron fragmentation function
Dh1=qðzh1 ; μ2Þ as

Dh1=qðzh1 ; μ2Þ ¼
Z

1

zh1

dξ
ξ
D0

h1=q

�
zh1
ξ

��
δð1 − ξÞ þ αs

2π
PqqðξÞ log

�
μ2

Λ2

��
; ð90Þ

in terms of which our expression becomes
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dσγ
�A→h1h2X
LOþ9þ1×1

d2phd2qhdy1dy2
¼
Z

1

0

dzh1

Z
1

0

dzh2
4e2Q2ðz1z2Þ3Nc

ð2πÞ7ðzh1zh2Þ2
Z

d8xHðp;q;x; z2ÞD0
h2=q̄

ðzh2ÞDh1=qðzh1 ; μ2Þδð1 − z1 − z2Þ: ð91Þ

It must be noted that here we used an explicit cutoff μ to regulate these collinear divergences. However the most common
way to handle these divergences is via dimensional regularization (dim reg). This is done in the next subsection.

5. Evolution of the fragmentation function in dimensional regularization

As most parametrizations of the fragmentation functions are defined in the MS scheme, it is important to relate our result
with that given in the MS scheme and using dimensional regularization as this would affect the finite pieces. The real
integral can be regulated without complication via dimensional regularization,

Z
d2k
ð2πÞ2

eik·ðx01−x1Þ�
k − ð1−ξÞ

ξ p

�
2
→ μ2−d

Z
ddk
ð2πÞd

eik·ðx01−x1Þ�
k − ð1−ξÞ

ξ p

�
2

¼ μ2−dei
ð1−ξÞ
ξ p·ðx0

1
−x1Þ

Z
ddk
ð2πÞd

eik·ðx01−x1Þ

k2
¼ μ2−dei

ð1−ξÞ
ξ p·ðx0

1
−x1Þ

ð2πÞd
Z

dkkd−3
Z

dΩdeikjx
0
1
−x1j cos θ: ð92Þ

The limit d → 2 is safe in the angular integral,

μ2−dei
ð1−ξÞ
ξ p·ðx0

1
−x1Þ

ð2πÞd−1
Z

dkkd−3J0ðkjx0
1 − x1jÞ ¼

μ2−dei
ð1−ξÞ
ξ p·ðx0

1
−x1Þ

ð2πÞd−1 2d−3jx0
1 − x1j2−d

Γ½d=2 − 1�
Γ½2 − d=2� ; 2 < d < 7=2;

¼ ei
ð1−ξÞ
ξ p·ðx0

1
−x1Þ

2π

�
1

ϵ
− log ðπeγEμjx0

1 − x1jÞ
�
þOðϵÞ; ϵ ¼ d − 2 > 0: ð93Þ

This completes our result for regulating the real integral via dimensional regularization. Next we look at the virtual integral
which, after a shift, becomes

Z
d2k
ð2πÞ2

1

k2
: ð94Þ

This divergent integral is zero in dimensional regularization [68,69]. This can be understood as the result of the collinear
(here looks soft due to the shift) divergence that exactly cancels the ultraviolet divergence in dimensional regularization.
One can see this by separating the integration into two terms with a cutoff and performing each separately [45,70,71]. Now,
it is important to note that in our case we have already used the UV divergence to cancel other UV divergences in the virtual
corrections (see Sec. IVA). Thus we need to be careful with this integral. Following [45] let us separate into two regions,

Z
d2k
ð2πÞ2

1

k2
→ μ2−d

Z
ddk
ð2πÞd

1

k2
¼ μ2−d2πd=2

ð2πÞdΓ½d=2�
�Z

Λ

0

dkkd−3 þ
Z

∞

Λ
dkkd−3

�
: ð95Þ

The first term contains the infrared (collinear) divergence,
and the second term contains the UV divergence. These
integrals can both be done, which yields

μ2−d2πd=2

ð2πÞdΓ½d=2�
�
Λ−ϵUV

ϵUV
−
Λ−ϵIR

ϵIR

�
: ð96Þ

Here ϵ ¼ 2 − d with ϵUV > 0 and ϵIR < 0. If one formally
sets ϵUV ¼ ϵIR, then one finds that the expression is zero.
For our purposes, let us write both expressions separately
and expand each for small ϵ:

�Z
d2k
ð2πÞ2

1

k2

�
IR
¼ 1

2π

�
−

1

ϵIR
−
1

2
log

�
4πe−γEμ2

Λ2

��
þOðϵÞ:

ð97Þ
�Z

d2k
ð2πÞ2

1

k2

�
UV

¼ 1

2π

�
1

ϵUV
þ 1

2
log

�
4πe−γEμ2

Λ2

��
þOðϵÞ:

ð98Þ

Notice that the finite terms cancel if one adds both of
these together to form the full integral [which gives
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Eq. (5.45) in [45]]. We would like for the finite term to look
similar to the finite term in the result for the real integral
[Eq. (93)], so let us add a finite term to the IR piece and also
subtract it from the UV piece:

�Z
d2k
ð2πÞ2

1

k2

�
IR
¼ 1

2π

�
−

1

ϵIR
−
1

2
log

�
4πe−γEμ2

Λ2

�

þ log

�
2e−

3
2
γE

π1=2Λjx0
1−x1j

��
þOðϵÞ: ð99Þ

�Z
d2k
ð2πÞ2

1

k2

�
UV

¼ 1

2π

�
1

ϵUV
þ 1

2
log
�
4πe−γEμ2

Λ2

�

− log

�
2e−

3
2
γE

π1=2Λjx0
1 − x1j

��
þOðϵÞ:

ð100Þ

We have added and subtracted the same quantity from the
full expression. Combining the logarithms in both terms
gives

�Z
d2k
ð2πÞ2

1

k2

�
IR

¼ 1

2π

�
−

1

ϵIR
− log ðeγEπμjx0

1 − x1jÞ
�

þOðϵÞ: ð101Þ
�Z

d2k
ð2πÞ2

1

k2

�
UV

¼ 1

2π

�
1

ϵUV
þ log ðeγEπμjx0

1 − x1jÞ
�

þOðϵÞ: ð102Þ

Then, since ϵIR is negative, we can label it as −ϵ with
ϵ > 0 to match the real case. This addition and subtraction
of a finite piece can also be thought of as choosing a
particular value for the cutoff Λ. So, Eq. (101) will
contribute to the fragmentation function, while Eq. (102)
will contribute to the rest of the NLO corrections. The
divergence in Eq. (101) is collinear and will be absorbed
into the bare quark hadron fragmentation function to make
it scale dependent. The divergence in Eq. (102) is canceled
with the other UV divergences in virtual diagrams as
before. Finally we note that the real integral [Eq. (93)]
has an overall exponential which we set to 1. This can be
motivated by noticing that it does not affect the nature of
the collinear singularity and the splitting function favors
ξ → 1 (soft radiation).

Using the results of our transverse integrals in the expression for the hadronic cross section we get

Z
1

0

dzh1

Z
1

0

dzh2
4e2Q2ðz1z2Þ3Nc

ð2πÞ7ðzh1zh2Þ2
Z

d8xHðp;q;x; z2ÞD0
h2=q̄

ðzh2Þδð1− z1− z2Þ

×

�
D0

h1=q
ðzh1Þþ

αsCF

π

�Z
1

zh1

dξ
ξ

ð1þ ξ2Þ
ð1− ξÞ D

0
h1=q

�
zh1
ξ

�
−D0

h1=q
ðzh1Þ

Z
1

0

dξ
ð1þ ξ2Þ
ð1− ξÞ

��
1

ϵ
− log ðπeγEμjx0

1−x1jÞ
��

: ð103Þ

Next we again introduce the quark-quark splitting function as in the previous subsection (Eq. (84). In terms of this, the
full expression becomes

Z
1

0

dzh1

Z
1

0

dzh2
4e2Q2ðz1z2Þ3Nc

ð2πÞ7ðzh1zh2Þ2
Z

d8xHðp;q;x; z2ÞD0
h2=q̄

ðzh2Þδð1 − z1 − z2Þ

×
Z

1

zh1

dξ
ξ
D0

h1=q

�
zh1
ξ

��
δð1 − ξÞ þ αs

π
PqqðξÞ

�
1

ϵ
− log ðπeγEμjx0

1 − x1jÞ
��

: ð104Þ

Then, we define the DGLAP evolved quark-hadron fragmentation function Dh1=qðzh1 ; μ2Þ in dimensional regularization as

Dh1=qðzh1 ; μ2Þ ¼
Z

1

zh1

dξ
ξ
D0

h1=q

�
zh1
ξ

��
δð1 − ξÞ þ αs

π
PqqðξÞ

�
1

ϵ
− log ðπeγEμjx0

1 − x1jÞ
��

; ð105Þ

in terms of which our expression becomes

dσγ
�A→h1h2X
LOþ9þ1×1

d2phd2qhdy1dy2
¼
Z

1

0

dzh1

Z
1

0

dzh2
4e2Q2ðz1z2Þ3Nc

ð2πÞ7ðzh1zh2Þ2
Z

d8xHðp;q;x; z2ÞD0
h2=q̄

ðzh2ÞDh1=qðzh1 ; μ2Þδð1 − z1 − z2Þ; ð106Þ

where we recall that
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z1 ¼
pþ
h

zh1l
þ ; z2 ¼

qþh
zh2l

þ : ð107Þ

Finally, if one repeats the exact same procedure for the
antiquark line (i.e.: adding up LOþ 10þ 2 × 2), one gets

dσγ
�A→h1h2X
LOþ10þ2×2

d2phd2qhdy1dy2

¼
Z

1

0

dzh1

Z
1

0

dzh2
4e2Q2ðz1z2Þ3Nc

ð2πÞ7ðzh1zh2Þ2
Z

d8xHðp;q;x; z1Þ

×D0
h1=q

ðzh1ÞDh2=q̄ðzh2 ;μ2Þδð1− z1 − z2Þ: ð108Þ

This shows that absorption of collinear divergences in
σ9; σ1×1; σ10, and σ2×2 into bare quark and antiquark-
hadron fragmentation functions lead to evolution, i.e. scale
dependence of these fragmentation functions.
Therefore our final result for the regulated dihadron

production cross section can be written as a sum of several
terms [Eq. (109)]. The first term contains the z integration
region below zf where the leading-order cross section is
evolved with the BK/JIMWLK evolution equations. The
second term includes the integration region z > zf where
the leading-order cross section multiplies the DGLAP
evolved fragmentation functions for both quark and anti-
quark. Finally the last term constitutes all the remaining
contributions to the NLO cross section which is finite,

dσγ
�A→h1h2X ¼ dσLO ⊗ JIMWLK

þ dσLO ⊗ Dh1=qðzh1 ; μ2ÞDh2=q̄ðzh2 ; μ2Þ
þ dσfiniteNLO: ð109Þ

Here we imply the presence of the bare fragmentation
functions in the first and last terms.
In summary, we have calculated the one-loop corrections

to inclusive quark antiquark production in DIS at small x

for longitudinal photons. We have shown that all diver-
gences that appear at the one-loop level are either canceled
or absorbed into JIMWLK evolution of dipoles and
quadrupoles, and into DGLAP evolution of parton-hadron
fragmentation functions. These results are well suited for
further phenomenological studies of angular correlations of
the dihadrons produced in DIS at small x [72]. A particu-
larly interesting limit is the so-called back-to-back limit
where a suppression of the away side peak is observed
experimentally. Here one will be sensitive to Sudakov
radiation which will be significant [18,56,73] and must be
included in a full phenomenological study. One can also
use our results here and integrate over the phase space of
one of the outgoing particles, thus obtaining the single
inclusive hadron production cross section in DIS at small x
at next-to-leading order. This is under investigation and will
be reported elsewhere [74].
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APPENDIX A: CANCELLATION OF UV
DIVERGENCES

UV divergences appear in the corrections dσ5, dσ6, dσ9,
dσ10, dσ11, dσ12, dσ14ð1Þ, and dσ14ð2Þ. In this appendix, we
will show that these divergences all cancel between these
corrections. First, we note that the UV divergence in dσ5
appears in the limit x3 → x1. If we take this limit in our
result [Eq. (42)] everywhere except where it causes the
divergence, we get the following:

dσL5;UV
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

z1

0

dz
z

�
z21 þ ðz1 − zÞ2

z21

� Z
d8x½S122010 − S12 − S1020 þ 1�

× K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx0
1
−x1Þeiq·ðx0

2
−x2Þ

Z
x3→x1

d2x3

x2
31

: ðA1Þ

Here we have used the notation
R
x3→x1

to signify that the limit has been taken inside the x3 integral. The divergence as
x3 → x1 can equivalently be written as a divergent momentum integral as the transverse momentum goes to infinity:R
k→∞

d2k
k2 . Making this substitution in dσ5, and similarly for the UV divergence as x3 → x2 in dσ6, and writing the UV

divergent parts of all the other UV divergent diagrams, we have

dσL5;UV
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

z1

0

dz
z

�
z21 þ ðz1 − zÞ2

z21

� Z
d8x½S122010 − S12 − S1020 þ 1�

× K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx0
1
−x1Þeiq·ðx0

2
−x2Þ

Z
jkj→∞

d2k
k2

; ðA2Þ
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dσL6;UV
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

z2

0

dz
z

�
z22 þ ðz2 − zÞ2

z22

� Z
d8x½S122010 − S12 − S1020 þ 1�

× K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx0
1
−x1Þeiq·ðx0

2
−x2Þ

Z
jkj→∞

d2k
k2

; ðA3Þ

dσL9;UV
d2pd2qdy1dy2

¼ −e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

z1

0

dz
z

�
z21 þ ðz1 − zÞ2

z21

� Z
d8x½S122010 − S12 − S1020 þ 1�

× K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ
Z
jkj→∞

d2k
k2

; ðA4Þ

dσL10;UV
d2pd2qdy1dy2

¼ −e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

z2

0

dz
z

�
z22 þ ðz2 − zÞ2

z22

� Z
d8x½S122010 − S12 − S1020 þ 1�

× K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ
Z
jkj→∞

d2k
k2

; ðA5Þ

dσL11;UV
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

z1

0

dz
z

�
z21 þ ðz1 − zÞ2

z21

� Z
d8x½S122010 − S12 − S1020 þ 1�

× K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ
Z
jkj→∞

d2k
k2

; ðA6Þ

dσL12;UV
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

z2

0

dz
z

�
z22 þ ðz2 − zÞ2

z22

� Z
d8x½S122010 − S12 − S1020 þ 1�

× K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ
Z
jkj→∞

d2k
k2

; ðA7Þ

dσL
14ð1Þ;UV

d2pd2qdy1dy2
¼ e2g2Q2N2

cðz1z2Þ3
ð2πÞ10

Z
z1

0

dz
z

�
1þ ðz1 − zÞðz2 þ zÞ

z1z2
− z

z1ðz1 − zÞ þ z2ðz2 þ zÞ
z1z2

�

×
Z

d8x½S122010 − S12 − S1020 þ 1�K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ
Z
jkj→∞

d2k
k2

; ðA8Þ

dσL
14ð2Þ;UV

d2pd2qdy1dy2
¼ e2g2Q2N2

cðz1z2Þ3
ð2πÞ10

Z
z2

0

dz
z

�
1þ ðz1 þ zÞðz2 − zÞ

z1z2
− z

z1ðz1 þ zÞ þ z2ðz2 − zÞ
z1z2

�

×
Z

d8x½S122010 − S12 − S1020 þ 1�K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ
Z
jkj→∞

d2k
k2

: ðA9Þ

One can immediately verify from the above expressions that the UV divergent part of σ5 is canceled by the UV divergent
part of σ11. Similarly σ6;UV cancels with σ12;UV. The remaining terms can be written (after some simplification of the z
factors) as follows:

dσL
9þ14ð1Þ;UV

d2pd2qdy1dy2
¼ e2g2Q2N2

cðz1z2Þ3
ð2πÞ10

Z
z1

0

dz

�
2ðz1 − zÞ

z1
−

z
z21

� Z
d8x½S122010 − S12 − S1020 þ 1�

× K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ
Z
jkj→∞

d2k
k2

; ðA10Þ
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dσL
10þ14ð2Þ;UV

d2pd2qdy1dy2
¼ e2g2Q2N2

cðz1z2Þ3
ð2πÞ10

Z
z2

0

dz

�
2ðz2 − zÞ

z2
−

z
z22

� Z
d8x½S122010 − S12 − S1020 þ 1�

× K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ
Z
jkj→∞

d2k
k2

: ðA11Þ

The integrals over z in these two expressions can now be done, and we find the following:

dσL
9þ14ð1Þ;UV

d2pd2qdy1dy2
¼ e2g2Q2N2

cðz1z2Þ3
ð2πÞ10

�
z1 −

1

2

� Z
d8x½S122010 − S12 − S1020 þ 1�

× K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ
Z
jkj→∞

d2k
k2

; ðA12Þ

dσL
10þ14ð2Þ;UV

d2pd2qdy1dy2
¼ e2g2Q2N2

cðz1z2Þ3
ð2πÞ10

�
z2 −

1

2

� Z
d8x½S122010 − S12 − S1020 þ 1�

× K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ
Z
jkj→∞

d2k
k2

: ðA13Þ

Now, if we add up σ9; σ10; σ14ð1Þ, and σ14ð2Þ we see that the result is proportional to z1 þ z2 − 1which is zero by virtue of the
delta function (not shown here). So, what we have found is precisely Eq. (56). Therefore, all UV divergences are canceled
when adding up all the relevant pieces of the differential cross section.

APPENDIX B: COORDINATE SPACE RESULTS AT SOFT z

Here we have taken the limit z → 0 in all our expressions everywhere except where it causes a divergence. The result for
each expression has also been written in coordinate space where we have recalled the definition of the radiation kernel
[Eq. (57)]. The expressions in this appendix are useful both for showing that soft divergences are canceled and that rapidity
divergences can be combined to show evolution of the dipoles and quadrupoles according to the BK and JIMWLK
equations,

dσL1×1
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

dz
z

Z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

�
1

x2
31

þ 1

x2
310

−
x2
110

x2
31x

2
310

�

× ½S122010 − S12 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB1Þ

dσL2×2
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

dz
z

Z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

�
1

x2
32

þ 1

x2
320

−
x2
220

x2
32x

2
320

�

× ½S122010 − S12 − S1020 þ 1�eiq·ðx02−x2Þeip·ðx01−x1Þδð1 − z1 − z2Þ; ðB2Þ

dσL1×2
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

dz
z

Z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

�
1

x2
31

þ 1

x2
320

−
x2
120

x2
31x

2
320

�

× ½S12S1020 − S12 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB3Þ

dσL3×3
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

dz
z

Z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

�
1

x2
31

þ 1

x2
310

−
x2
110

x2
31x

2
310

�

× ½S110S220 − S13S23 − S103S203 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB4Þ

dσL4×4
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

dz
z

Z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

�
1

x2
32

þ 1

x2
320

−
x2
220

x2
32x

2
320

�

× ½S110S220 − S13S23 − S103S203 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB5Þ
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dσL3×4
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

dz
z

Z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

�
1

x2
31

þ 1

x2
320

−
x2
120

x2
31x

2
320

�

× ½S110S220 − S13S23 − S103S203 þ 1�eip·ðx0
1
−x1Þeiq·ðx0

2
−x2Þδð1 − z1 − z2Þ; ðB6Þ

dσL1×3
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

dz
z

Z
d10xK0ðjx12jQ2ÞK0ðjx1020 jQ1Þ

�
1

x2
31

þ 1

x2
310

−
x2
110

x2
31x

2
310

�

× ½S12203S103 − S103S203 − S12 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB7Þ

dσL1×4
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

dz
z

Z
d10xK0ðjx12jQ2ÞK0ðjx1020 jQ1Þ

�
1

x2
31

þ 1

x2
320

−
x2
120

x2
31x

2
320

�

× ½S12203S103 − S103S203 − S12 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB8Þ

dσL2×3
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

dz
z

Z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

�
1

x2
32

þ 1

x2
310

−
x2
210

x2
32x

2
310

�

× ½S12310S203 − S103S203 − S12 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB9Þ

dσL2×4
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

dz
z

Z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

�
1

x2
32

þ 1

x2
320

−
x2
220

x2
32x

2
320

�

× ½S12310S203 − S103S203 − S12 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB10Þ

dσL5
d2pd2qdy1dy2

¼ 4e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

z1

0

dz
z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

1

x2
31

× ½S322010S13 − S13S23 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB11Þ

dσL6
d2pd2qdy1dy2

¼ 4e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

z2

0

dz
z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

1

x2
32

× ½S132010S23 − S13S23 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB12Þ

dσL7
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

z1

0

dz
z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

�
1

x2
31

þ 1

x2
32

−
x2
12

x2
31x

2
32

�

× ½S322010S13 − S13S23 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB13Þ

dσL8
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

z2

0

dz
z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

�
1

x2
31

þ 1

x2
32

−
x2
12

x2
31x

2
32

�

× ½S132010S23 − S13S23 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB14Þ

dσL9
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

z1

0

dz
z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

1

x2
3

× ½S122010 − S12 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB15Þ

dσL10
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

z2

0

dz
z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

1

x2
3

× ½S122010 − S12 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB16Þ
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dσL11
d2pd2qdy1dy2

¼ −4e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

z1

0

dz
z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

1

x2
3

× ½S122010 − S12 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB17Þ

dσL12
d2pd2qdy1dy2

¼ −4e2g2Q2N2
cðz1z2Þ3

ð2πÞ10
Z

z2

0

dz
z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

1

x2
3

× ½S122010 − S12 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB18Þ

dσL
13ð1Þ

d2pd2qdy1dy2
¼ e2g2Q2N2

cðz1z2Þ3
ð2πÞ10

Z
z2

0

dz
z

Z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

�
1

x2
31

þ 1

x2
32

−
x2
12

x2
31x

2
32

�

× ½S12S1020 − S12 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB19Þ

dσL
13ð2Þ

d2pd2qdy1dy2
¼ e2g2Q2N2

cðz1z2Þ3
ð2πÞ10

Z
z1

0

dz
z

Z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

�
1

x2
31

þ 1

x2
32

−
x2
12

x2
31x

2
32

�

× ½S12S1020 − S12 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB20Þ

dσL
14ð1Þ

d2pd2qdy1dy1
¼ e2g2Q2N2

cðz1z2Þ3
ð2πÞ10

Z
z1

0

dz
z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

�
2

x2
3

þ 1

x2
31

þ 1

x2
32

−
x2
12

x2
31x

2
32

�

× ½S122010 − S12 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ; ðB21Þ

dσL
14ð2Þ

d2pd2qdy1dy1
¼ e2g2Q2N2

cðz1z2Þ3
ð2πÞ10

Z
z2

0

dz
z
d10xK0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

�
2

x2
3

þ 1

x2
31

þ 1

x2
32

−
x2
12

x2
31x

2
32

�

× ½S122010 − S12 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þδð1 − z1 − z2Þ: ðB22Þ

APPENDIX C: DIMENSIONAL REGULARIZATION

The results in Sec. III include divergent integrals over the transverse momentum k or in coordinate space as divergent
integrals over x3. Ideally, one would like to regulate these divergences using dimensional regularization. In many of the
results, we have not found a way to evaluate the regularized integral, but in several it is possible. Here we show the ones that
can be done:

dσL1×1
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cz32ð1 − z2Þ2ðz21 þ ð1 − z2Þ2Þ

ð2πÞ9z1

Z
d8xK0ðjx12jQ2ÞK0ðjx1020 jQ2Þ½S122010 − S12 − S1020 þ 1�

× eip·ðx0
1
−x1Þeiq·ðx02−x2Þ

Z
dz
z
ei

z
z1
p·ðx0

1
−x1Þ
�
1

ϵ
− logðeγEπμjx0

1 − x1jÞ
�
; ðC1Þ

dσL2×2
d2pd2qdy1dy2

¼ 2e2g2Q2N2
cz32ð1 − z1Þ2ðz22 þ ð1 − z1Þ2Þ

ð2πÞ9z2

Z
d8xK0ðjx12jQ2ÞK0ðjx1020 jQ2Þ½S122010 − S12 − S1020 þ 1�

× eip·ðx0
1
−x1Þeiq·ðx02−x2Þ

Z
dz
z
ei

z
z2
q·ðx0

2
−x2Þ
�
1

ϵ
− logðeγEπμjx0

2 − x2jÞ
�
; ðC2Þ

dσL1×2
d2pd2qdy1dy2

¼ −e2g2Q2N2
cz1z2ð1 − z1Þð1 − z2Þðz1ð1 − z1Þ þ z2ð1 − z2ÞÞ

ð2πÞ9
Z

dz
z

Z
d8xK0ðjx12jQ2ÞK0ðjx1020 jQ1Þ

× ½S12S1020 − S12 − S1020 þ 1�eip·ðx01−x1Þeiq·ðx02−x2Þ
�
ðei zz1p·x201 þ ei

z
z2
q·x201Þ

�
1

ϵ
− log ðeγeπμjx1 − x0

2jÞ
�

−
�

z
z1z2

�
2

ðz2p − z1qÞ2
Z

1

0

dxeizð
x
z1
pþð1−xÞ

z2
qÞ·x201K0

�
jx120 j

z
z1z2

jz2p − z1qj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 − xÞ

p ��
; ðC3Þ
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dσL11
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cðz1z2Þ3

ð2πÞ9
Z

d8x½S122010 − S12 − S1020 þ 1�K0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

× eip·ðx01−x1Þeiq·ðx02−x2Þ
Z

z1

0

dz
z
½z21 þ ðz1 − zÞ2�

z21

�
1

ϵ
þ 1

2
log

�
2πz21z2jx12jμ2
zðz1 − zÞQ1

��
; ðC4Þ

dσL12
d2pd2qdy1dy2

¼ −2e2g2Q2N2
cðz1z2Þ3

ð2πÞ9
Z

d8x½S122010 − S12 − S1020 þ 1�K0ðjx12jQ1ÞK0ðjx1020 jQ1Þ

× eip·ðx01−x1Þeiq·ðx02−x2Þ
Z

z2

0

dz
z
½z22 þ ðz2 − zÞ2�

z22

�
1

ϵ
þ 1

2
log

�
2πz22z1jx12jμ2
zðz2 − zÞQ1

��
; ðC5Þ

dσL
14ð1Þ

d2pd2qdy1dy1
¼ e2g2Q2N2

cðz1z2Þ2
ð2πÞ9

Z
d8x½S122010 − S12 − S1020 þ 1�K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ

×
Z

z1

0

dz
z

�
½z1z2 þ ðz1 − zÞðz2 þ zÞ�

�
1

ϵ
−
γE
2
þ 1

2
log

�
4πμ2z21ðz2 þ zÞ
z2ðz1 − zÞQ2

��

− z½z1ðz1 − zÞ þ z2ðz2 þ zÞ�
�
1

ϵ
−
γE
2
þ 1

2
log

�
4πμ2

ðz1 − zÞðz2 þ zÞQ2

���
; ðC6Þ

dσL
14ð2Þ

d2pd2qdy1dy1
¼ e2g2Q2N2

cðz1z2Þ2
ð2πÞ9

Z
d8x½S122010 − S12 − S1020 þ 1�K0ðjx12jQ1ÞK0ðjx1020 jQ1Þeip·ðx01−x1Þeiq·ðx02−x2Þ

×
Z

z2

0

dz
z

�
½z1z2 þ ðz2 − zÞðz1 þ zÞ�

�
1

ϵ
−
γE
2
þ 1

2
log

�
4πμ2z22ðz1 þ zÞ
z2ðz2 − zÞQ2

��

− z½z1ðz1 þ zÞ þ z2ðz2 − zÞ�
�
1

ϵ
−
γE
2
þ 1

2
log
�

4πμ2

ðz2 − zÞðz1 þ zÞQ2

���
: ðC7Þ

Note: these last two expressions are only valid for z ≠ 0. We have defined ϵ ¼ 2 − dwhere d is the number of dimensions
for the transverse integral. Another type of divergence becomes apparent when looking at the results in this way; there is a
log z
z divergence as z → 0 in the virtual corrections σ11; σ12; σ14ð1Þ, and σ14ð2Þ. However, we find that taking the limit z → 0

inside the z integrals shows that the log z
z cancels between σ11 and σ14ð1Þ, and similarly between σ12 and σ14ð2Þ:

dσL
13ð1Þ

d2pd2qdy1dy2

¼ −e2g2Q2N2
cðz1z2Þ2

ð2πÞ8
Z

z2

0

dz
z
ðz1 þ zÞðz2 − zÞ

Z
d8xK0ðjx12jQ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz1 þ zÞðz2 − zÞ

p
ÞK0ðjx1020 jQ1Þ

× eip·x101eiq·x202 ½S12S1020 − S12 − S1020 þ 1�

×
�
−
Z

1

0

dx

zðz2−zÞ½z1z2þðz1þzÞðz2−zÞ�ðz2p−z1qÞ2
z2
1
z3
2

ei½
ðxz1ðz2−zÞþzÞ

z2
q−xðz2−zÞp�·x21ijx12jK1

	
−ijx12j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðz2−zÞðz2p−z1qÞ2ðzþxz1ðz2−zÞÞ

z1z22

q 

4π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðz2−zÞðz2p−z1qÞ2ðzþxz1ðz2−zÞÞ

z1z22

q
þ z½z1ðz1 þ zÞ þ z2ðz2 − zÞ�

4z1z2
ei½ðz1þzÞq−ðz2−zÞp�·x21iHð1Þ

0

�ðz1 þ zÞðz2 − zÞðz2p − z1qÞ2jx12j
z1z2

�

−
½z1z2 þ ðz1 þ zÞðz2 − zÞ�

z1z2

ei
z
z2
q·x21

2π

�
1

ϵ
− log ðeγEπμjx12jÞ

��
δð1 − z1 − z2Þ: ðC8Þ
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Here Hð1Þ
0 ðxÞ is the Hankel function of the first kind:

dσL
13ð2Þ

d2pd2qdy1dy2

¼ −e2g2Q2N2
cðz1z2Þ2

ð2πÞ8
Z

z1

0

dz
z
ðz2 þ zÞðz1 − zÞ

Z
d8xK0ðjx12jQ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz2 þ zÞðz1 − zÞ

p
ÞK0ðjx1020 jQ1Þ

× eip·x101eiq·x202 ½S12S1020 − S12 − S1020 þ 1�

×

2
64−Z 1

0

dx

zðz1−zÞ½z1z2þðz2þzÞðz1−zÞ�ðz2p−z1qÞ2
z2
2
z3
1

ei½
ðxz2ðz1−zÞþzÞ

z1
p−xðz1−zÞq�·x12ijx12jK1

	
−ijx12j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðz1−zÞðz2p−z1qÞ2ðzþxz2ðz1−zÞÞ

z2z21

q 

4π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðz1−zÞðz2p−z1qÞ2ðzþxz2ðz1−zÞÞ

z2z21

q

þ z½z2ðz2 þ zÞ þ z1ðz1 − zÞ�
4z1z2

ei½ðz2þzÞp−ðz1−zÞq�·x12ð−iÞHð2Þ
0

�ðz2 þ zÞðz1 − zÞðz2p − z1qÞ2jx12j
z1z2

�

−
½z1z2 þ ðz2 þ zÞðz1 − zÞ�

z1z2

ei
z
z1
p·x12

2π

�
1

ϵ
− log ðeγEπμjx12jÞ

�375δð1 − z1 − z2Þ: ðC9Þ

Here the sign change in the iϵ going from σ13ð1Þ to σ13ð2Þ results in taking iHð1Þ
0 → −iHð2Þ

0 in the middle term.

APPENDIX D: USEFUL RELATIONS

Z
d2k
ð2πÞ2

eik·x

k2 þ A2
¼ 1

2π
K0ðjAjjxjÞ; A ∈ R: ðD1Þ

Z
d2k1

ð2πÞ2
d2k2

ð2πÞ2
ðAk1 þ Bk2Þieik1·xeik2·y

½k2
1 þ CQ2�

h
Q2 þ k2

1

D þ k2
2

E þ ðk1−k2Þ2
F

i ¼ −iAF
ð2πÞ2

yi

y2
K0

 
Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C

�
x −

A
B
y

�
2

−
AF
B

y2

s !
: ðD2Þ

Note: This result is valid only if C, D, E, F are all positive, CF

�
DþF
D − E

EþF

�
¼ 1, and Aþ BE

EþF ¼ 0. We have used these

relations to eliminate D and E in the result. One can confirm that these two relations hold for all the cases we will need.

Z
d2k3

ð2πÞ2
ðk3 − kÞi
ðk3 − kÞ2 e

ik3·x ¼ i
2π

xi

x2
eik·x; equivalently

ki

k2
¼ i

2π

Z
d2x

xi

x2
eik·x: ðD3Þ

Z
d2k1

ð2πÞ2
1

½k2
1 þ A�½ðk1 þ k2Þ2 þ B� ¼

1

4π

log

�
AþBþk2

2
þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðA−BÞ2þ2ðAþBÞk2

2
þk4

2

p
AþBþk2

2
−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðA−BÞ2þ2ðAþBÞk2

2
þk4

2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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