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One-loop corrections to dihadron production in DIS at small x
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We calculate the one-loop corrections to dihadron production in deep inelastic scattering (DIS) at
small x using the color glass condensate formalism. We show that all UV and soft singularities cancel
while the collinear divergences are absorbed into quark and antiquark-hadron fragmentation functions.
Rapidity divergences lead to Jalilian-Marian, Iancu, McLerran, Weigert, Leonidov and Kovner
evolution of dipoles and quadrupoles describing multiple scatterings of the quark antiquark dipole
on the target proton/nucleus. The resulting cross section is finite and can be used for phenomenological
studies of dihadron angular correlations at small x in a future Electron-Ion Collider.
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I. INTRODUCTION

Since the experimental observation of the fast rise of
parton (especially gluon) distribution functions at HERA
[1], the phenomenon of gluon saturation [2,3] at small x
has been an active field of study. The color glass
condensate formalism [4-7] is an effective theory of
QCD at small x which provides a robust platform that can
be used to investigate saturation dynamics. Nevertheless
and despite the intense ongoing theoretical and exper-
imental efforts, clear and unambiguous evidence for
gluon saturation remains elusive. There is hope that
the proposed Electron-Ion Collider (EIC) [8] will be
able to unambiguously discover gluon saturation and to
establish the kinematic region in which it is applicable.
Perhaps the most promising process in which to discover
gluon saturation is two-particle angular correlations
which have been extensively studied using leading-order
(LO) expressions obtained in the color glass condensate
formalism [9-52]. There are already strong hints for the
presence of gluon saturation dynamics in the observed
disappearance of away side hadrons in inclusive dihadron
production in deuteron (proton-)gold collisions at RHIC
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[53-55]. Nevertheless the EIC will measure dihadrons
with much more accuracy and with much better control
over the range of target x contributing to the process.
Therefore it is essential to go beyond a LO calculation in
order to achieve a reasonable quantitative accuracy.
Toward this end we calculate the one-loop corrections
to inclusive dihadron production in DIS here. As
expected there are several divergences that appear when
going beyond a tree level calculation. We show that all
such divergences either cancel or can be absorbed into
evolution (scale dependence) of physical quantities. Our
conclusion on factorization/cancellation of all singular-
ities are in agreement with recent studies of one-loop
corrections to dijet production in DIS [45,56], never-
theless our treatment of collinear divergences and their
absorption into evolution of hadron fragmentation func-
tions is new. Our final results are completely finite and
can be used to investigate gluon saturation dynamics in
inclusive dihadron production and angular correlations in
DIS at small x.

In the small x limit scattering of a virtual photon on a
target hadron or nucleus can be understood as a two-step
process; first the virtual photon splits into a quark
antiquark pair (a dipole), which then scatters from the
target hadron or nucleus. The total virtual photon-target
scattering probability is expressed as a convolution of the
probability for a photon to split into a quark at transverse
position x; and an antiquark at position X,, with the
probability for this dipole to scatter from the target. The
leading-order double inclusive production cross section
can be written as

Published by the American Physical Society
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day*A—»qZ]X B e2Q2(Z1Z2)2NC

dzpdz‘ld)ﬁdh B (277)7

X elP (X1 =X1) g4 (x;~X) {41122K0(|X12|Q1)Ko(|X1’2’|Q1) + (21 +23)

where the first and second terms above correspond to the
contribution of the longitudinal and transverse polar-
izations of the virtual photon. Here /# is the momentum of
the virtual photon with [> = —Q?. We set the transverse
momentum of the photon to zero without any loss of
generality. Also p* (¢") is the momentum of the outgoing
quark (antiquark) and z; (z,) is its longitudinal momen-
tum fraction relative to the photon. x; (x,) is the trans-
verse coordinate of the quark (antiquark), and primed
coordinates are used in the conjugate amplitude. Note that
we write the differential variables on the left side using
quark and antiquark rapidities y; and y, which are related
to their momentum fractions z; and z, via dy; = dz;/z;.
The electric charge of the quark is written as e, and in
principle one needs to sum over quark flavors. We also
use the following shorthand notations:

Qi:Q\/Z,'<1—Z,'), X,'j:Xi—Xj,

d¥x = d?x,d’x,d’x/d*xy. (2)

All the dynamics of the strong interactions and gluon
saturation are contained in the dipoles S;; and quadrupoles
S;jn normalized correlation functions of two and four
Wilson lines

1 1 .
Sij:N—tr<V,-V;>, S[jkl:N—tr(ViVj-VkVI), (3)

c

where the index i refers to the transverse coordinate x; and

the following notation is used for Wilson lines:
|

. , d*k
iM{ = —leg/ (2”)13 d*x

16(17)2N 1V, V5
e 1
I (ky = 1)2

(x17%2) p=i(p+K)x; p—ig-x; ,

6(1 -z —Zz)/d8x[5122'1/ —S1—Syy +1]

X2 - Xy

X 12| X172

Kl(|X12|Q1)K1(|X1'2’|Q1)]a
(1)

V= Pexp (ig/ dxTA™(xT, x,-)). (4)

The Wilson lines efficiently resum the multiple scatter-
ings of the quark and antiquark from the target hadron or
nucleus. The angle brackets in Eq. (3) signify color
averaging. It is important to keep in mind that as this is
a classical result the cross section has no nontrivial x
(or rapidity/energy) dependence. It is also easy to check
that if one integrates over the phase space of the quark and
antiquark, one recovers the standard expressions for the
virtual photon-target total cross section at small x.

II. ONE-LOOP CORRECTIONS

One-loop corrections to the LO cross section above
involve radiation of a gluon from either the quark or the
antiquark. The radiated gluon can either be real (radiated in
the amplitude and absorbed in the complex conjugate
amplitude) or virtual (radiated and absorbed in either the
amplitude or the complex conjugate amplitude). The real
contributions were already computed in [57,58], here we
will repeat the calculation and reproduce the previous
results. The virtual corrections have also been computed,
but for a different process, namely inclusive dijets [45,56]
rather than dihadrons. Furthermore we use spinor helicity
methods to evaluate the Dirac algebra which leads to a
tremendous simplification of the calculations. The real
corrections are shown in Fig. 1 and are given by1 for quark
initiated radiation,

ki =pt+k",

M /dBkl d3k2 . 16(l+)2N3(2k+)V1thEUgbeikl~(x1—x2)eik2<(x3—x1)e—i(p'xl+q'x2+k~x3)
IM§ = —eg .

(27)° (27)°

ki =pt+kt, kK =kt

'We define iM; via iA; = 276(1" — pt — gt)iM.,.

1213 (ky — 1) (ky — ky)? ’
(5)
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FIG. 1. The real corrections i.A{, ..., i A4. The arrows on Fermion lines indicate Fermion number flow, all momenta flow to the right.
The thick solid line indicates interaction with the target.

3 - 2 .
Here we use -4& = 9 4k and the Dirac numerators N, are defined as
(27) (27) (27) l

Y- a(p)g(k)" (¢ + itk ¢(D) (K1 — Ditv(q)

S 16(11)? (p+k)? '
N2 = e A~ )P D s = Do) la)e (1) (©)

We define the gauge vector n# in (4, —, L) notation as (0, 1, 0). The antiquark diagrams iM, and iM, are related to the
quark diagrams via swapping quark and antiquark momenta (i.e.: p <> q and z; <> z;). Note that when a gluon line
multiply scatters from the target one gets a Wilson line in the adjoint representation Uf;” ,

U = Pexp <ig/dx+A;(x+,xj)TC> ., where T¢, = ifee. (7)
ab

Virtual diagrams are shown in Fig. 2, and the amplitudes can be written as follows:

&3k, Bk, d*k Neeki-(x37%2) piKo-(X1=X3) 5iK3:(X3-X1 ) o =iPX3 p—iq:X)
iMs = iegz/ l 2 3 dox 3¢ ¢ ¢ ¢ ¢ 2(ky — p™)

X
(27)3 (27)® (27)* 13K (ky — )2 (ky — ky)? (k3 — p)?
X (k) = O(=k)VIEP VoG — pH UL = 0(pt — kD)UY, k5 =k, kK =pt.  (8)

&3k, Bk, d*k N- ek (x37x1) pika:(X2-X3) o ik (X3=X1) p=iPX;3 o —iq' X,
iM; = iegz/ 13 S5 Ao = 2212 - 2 ) 2 : 2e 2(ky = p*)
(27)° (27)” (27) kikyks(l — ki)*(ki — k)" (k3 — p)
x C[0(k)Vy = 0=V V0K = pT)US = 0(p* = k))UY], ks =g K =1T=k{. (9)
—eg? &3k, d*k Nof919V . Vi eiki(xi=%2) p=i(pX,+q%;)
iMy = e2g / 5 gt 2 ) : ) ; ki =p". (10)
p* J (2x) (27) kiky(ky = 1)*(ky = p)
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FIG. 2. The ten virtual NLO diagrams iAs, ..., i.A;4. The arrows on fermion lines indicate fermion number flow, all momenta flow to

the right, except for gluon momenta. The thick solid line indicates interaction with the target.

, [ &k dk, 45 N1V 1910V ek a—x) gmilpxitax)
g b
(27)* (27)* Ktk (ky = 1) (ky = kp)?

iM]l = —€ kT = p+.

iMiz = egz/ &k, d'k dx Nzel*ixielkoXa g=ilpxitaxy)
(27)* 2a)* " Kk (ky = D2 (ks + p)*(ka = q)?

x t10(ks + p*)Vy = 0(=ky — pH)Vil[0(k3 —qt)Va—0(q" —k3)VEee, ki = k3 + p*.
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L
with the virtual Dirac numerators defined as
Ns = a(p)y*fskor” §o /(D) (K = Dikv(q)d,e (ko = ky)dg (ks = p). (14)
Ny = a(p)r" ks (J = ) gD by Kortv(q)d,o (ks — ky )i (ks = p). (15)
No = a(p)r' (¢ — fo)r" vtk (1) (K1 — Dikv(q)dy (ko). (16)
Ny = a(p)tkir by B (D) Ky = Dikv(q)d, (ky — k). (17)
Niz = a(p)r' (ko + Ptk () (K1 = Dik(Ke — )y v(q)d (K2). (18)
Ny = u(p)loyJi /(D) (K = Dy (K2 = Dikv(9)dy (ki = ko). (19)

Here again the antiquark diagrams (i Mg, iMg, iM g, iM,) are related to the corresponding quark diagrams via
swapping quark and antiquark momenta. The tensor d,, is defined as follows:

Pulty + puny
n-p ’

d

/w(p) = _g/,w + (20)

In this study, we focus on the contribution from longitudinally polarized photons and we compute the numerators using
the spinor helicity formalism. The necessary real numerators are in Table I and the virtual numerators are in Egs. (21)—(26).
We also need the Dirac numerators for the virtual diagrams; they are

it g%ﬁ(;g(zz;;zf” {Z% Kk _§p> .e] Kkz_%kl) -e*} 2 [(k -j—jp) .e*} Kkz-j—jkl) -e} } e1)

NE— () 0nyvun {zm Kk3 _ §_3p> _e} (2K — (1 = z3)ky) - €]

(z1 = Z3)2 1
Fa=a| (k=20 ) ek - 0 i)} 2)
M = 20 ez 1+ B g - pp B ), 23)
12 +\2 ot
M = 2Pz U i (g (- k) 4

. -€ € € ky- € k,-€e q-€\/p-€ k, €
NféJr:sz(ﬁ)z(Zl+Z3)(Zz—Zs)\/2112[1123<pz -1 ><p -2 )"‘Z%( o >< -2 >

1 <2 <] 23 23 V) 2] 23
— 24 <k23 €_ qu) (PZ'IG* _ q;*) -p-q- (212;2323) (ky —q)* + % (ky + P)z} ) (25)
50 (7+)2 3/2 _ _
vt = ZRE B 12 -0 + 222 k) + B2 g ok o)
+ (1 - Z3)(Z1 - Z3) (kl . €)(k2 . G*) + (ZZ - ZS)(I - ZS) (k2 . €)(k2 . 6*):| ) (26)
2123 {122
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TABLE I. The minimal set of real numerators N; to N, in
momentum fraction notation. Complex conjugation results in the
numerator with all helicities flipped (while leaving longitudinal
helicities unchanged), and any numerator where 4, = 4; is zero.
We have also defined z3 to be the gluon’s momentum fraction
relative to the photon (z3 = k*/I).

Numerator /Iy,iq A N?,;ﬂq,/lg
z1k—z3p)-
" 0@ -a) RE
o s
Lib= —0()ya(l - o)
; [(z22k—239)-€]
N, L;+,+ (Z1)3/2\/_( )2;{72;;1])6
o ey e
L;+, Q(lez)3/2(1 -z )[(E;k_;;lq);]
N Li+,+ _ .
: 0(aiz 21 - 2) (2 - )
L;+, - .
0(22)%?/z1(1 = 22)? < —k‘€>
N Li+,+
! -0(2)? (1 - z1)? < 1"_‘j)
L+, - e

~0(e1z (1 =) (-

N—

In all these virtual numerators, z3 is the momentum
fraction for the remaining internal + momentum [see
Egs. (8)—(13)]. We have also defined the transverse vector
€as

corresponding conjugate amplitudes (real amplitudes need to
be multiplied with each other, virtual amplitudes need to be
multiplied by the leading-order amplitude i M), include the
phase space factors d®”, and divide by the incident flux F
which we will take to be 2/™. We also relabel and shift (where
necessary) on the remaining z3 integral in each expression so
that the gluon’s momentum fraction is always labeled z. We

will write the real corrections as o;,; fori, j =1, ...,4 and
the virtual corrections as o; for i =5, ..., 14:
dok, o = Z dok, ; + 2Re Z dot, (28)
i,j=1 i=5
1 . a\(: a\*
doty =5 [ MM a0
dot = F[( iM;)(iM)*L]dd>), (29)
d’pd*>qd’kdy,dy,dz
do® = 2/* e (1 — 2, — 2 — 2),
ez TR
d*pd’qdy,dy
do® =it —— T2 51 g ), 30
2(2ﬂ)5(21+)2 ( 21 22) ( )

Here the L signifies that we are including contributions only
from longitudinally polarized photons, and imply that we
have summed over all outgoing polarizations. We note that
all real corrections come with a §(1 — z; — z, — z) whereas
all virtual corrections come with a 6(1 — z; — z,). We omit
these delta functions here for brevity and restore them at the

1 . end. In many cases, it is easiest to write the results in
e=—(1,i). (27) )
V2 coordinate space with the radiation kernel A;;" defined as
follows:
IIL. RESULTS NS A (31)
X3;X3;
To calculate the O(a;) corrections to the production cross W
section we need to multiply the helicity amplitudes with the ~ The real corrections are
|
dot, 2PN (1= ) (1 + (1= 22)%) [dz
= = d le K X Ko(|xqo ,
d2pd2qdy1dy2 (2ﬂ)1°z1 / / xKo([X12|Q2) Ko (X112 |Q2) 11
X [Siapy = Sia = Spy + 1]eP %) pia (%) P ), (32)
do%., 22 Q°N2Z3(1 = 71)? (zz +(1=2)?) [dz
x _ c le K K , /
pd2qdy,dy, (2”) / / xKo(]x12]01) Ko (%112 |Q1> 22
X [S1o21r = S12 = Sy + 1]6"1'("2 o (X)) 50 X0, (33)
dof,, =286 0°Nizim(l - z)(1 =)z (1 —21) + 22(1 = 2)

d’pd’qdy,dy, (2m)'°

x Ko(|xy2|01)A 12/[51251 S

Sl/2/+ ] lp( )e X X2

d
/ Z/d]OXKO 1X12]0>)

(x3— X])elzq —X3)’ (34)
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d L 2 2.2 2N2 37,2 1— 2 d
5 263><3 _ eg 0 czlz2(2110+( ZZ) )/—Z/dIOXKO(QX)KO(QX/)A(S),
d’pd*qdy,dy, (27) z

X [SII’SZZ’ - S13S23 - 5113S2’3 + l}eip(x/]—xl) iq-(x; _XZ)

L 272 1= 22
- (;6454 . FO*N? 21<122()2120+( 21) )/%/dIOXKO(QX)KO(QX')AS?
pd qady, )’2 2 2

X [S11:82 = 813823 = Sy3 Sy + 1P Ximx1) gl (72

dof, —26292Q2N§Z 5(z1(1=z1) +22(1 =z dz
2pd? o - 2( ! 10 ) 2 2 / /leXKo QX)KO(QX/) 12’
d“pd-qdy,dy, (27)

X [S111S2 — S13823 — S13503 + ]e’ (x)=xy) piq- (x5 — 2)7

dot, =22 O*N23(1 — 25) (22 + (1 — 2,)%) [dz 3
d2pd2qld;1dyz: 2 (27:)‘20 1 2 /?/dmx}((’('X]Z|Q2)K0(QX/)A§‘2

X [S1223813 = S3Sy3 — Spp + 1]ePxix1) iq'(X;_XZ)eiﬁp«Xer),

dot, _ 2200 Niziz(1 - ) (a1 —21) + (1 -2 dz
FoPadndy = (22)7(r)i§ — / / Ko (%l Q) Ko(QX Az
1dy»

X [S1223S13 = S13Sy3 — Spp + 1] (¥imx0) g (¥ —x2) 5P 057X1)

dob, 227 0°N2232,(1 — z20)(zi (1 = z1) + 22(1 = 2 dz
— 2x3 — 1 2( 1)( 1(5 1) 2( 2) —/d XKO |X12|Q1)K0(QX/) 21/
d°pd-qdy,dy, (27) z

X [Sta31rS3 = S1r3Sys = Sip + 1] Ximx1) iar(xsx0) o0 s7x2)

do?, =2 PO’ N2 (1 — 7)) (3 + (1 —z1)?)
Foadydy; T | / z / Ao (el 01 Ko(0X )25y

X [S12318y3 = S13823 = Sy + 1]ePXimx1) gl (%= x2) B )

This concludes the real corrections.
Next we have the virtual corrections:

dot 22 QN2 /zl dz
= d0% (835011813 — S13803 — Sy + 1](22 —7)?
Cplady dy, (27)10 , X[S3001/813 = S13823 = Sy + 1](z7 + (21 — 2)°)
Ko(st)Ko(|X12'|Q1) (X =X1) i (¥, —X2) , I P (X3 X1 )
X3 ’
daé 2ezg2Q2szlz2 /Zz dz
= d0X[S 3517803 — S13523 — Sy + 1](Z2 —7)?
Cplady dy, (27)10 , [S1321/823 = §13823 = Sy + 1](25 + (22 — 2)7)
Ko(QX6)Ko(|X12'|Q1) oD (X =X)) i (¥, -x,) , 15 (X5 -X2)
2 .
X3

do¥ 2827 Q°N2z3z,
dzpdzqdhd)’z (2”)]0

x Ko(OX5)Ko(|xy 2'|Q1) 12 3 e (i =x1) it (% 7xa) g TP ()

adz(z; —z
A ( IZ )dIOX[S322’1’Sl3_S13523 =Sy +1(z120 + (21 = 2) (22 + 2))
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dog —2e’¢*Q*Niziz, [2dz(zp —2)
Epdiqdy,dy, (2m)10 /) z A% (81301823 = 813823 = Sy 4+ (2122 + (22 — 2) (21 + 2))
« KO(QX6)K0(|X112,|Q1)A§32)eip~(x/]—xl)eiq.(x'z—xz)e—iéq(xrxz)’ (45)
dGL _EZQZQZNE 712 3 . , . ,
dzpd2q§y1dy2 = (27.[)8( 1%) /dgx[slzz’l' = S12 = Sy + 1Ko (|12 Q1) Ko (|X172|Q; ) e Xi7X0) it (57%2)
adz[z3 + (z1 — 2)?] [ d’k, 1 »
X T 2 2 Z )2’ ( )
0oz 4 (27)° (ky = £p)
dot, - 0°Ni(z12)° ip-(x—x1) id (¥,
dzpdzqcll(;ldyz = (2”)8( 122) /dsX[SIZZ’l’ = S1p = Sy + 1Ko (|%12]01) Ko (X172 |Qy )P Ki7¥1) gl (27%2)
2dz[+ (-2 [k, 1
X . 2 2 Z )2’ (47)
0 z z5 (27)* (ky —£q)
dot, —2¢**0°NZ(2122)° o
- < d8 S AT S —_ S 191 1 K 2%} lp-(Xl—X]) lq-(X _X2>
Lpdqdy,dy, 27) / X[S1201 12 = S + 1Ko (|x12]Q) e e
X /Zl dz [z} + (z1 = 2)*] [ d°ky / &’k elkrtm) (48)
. 2 2 2 - ,
0 Z 1] (271') (271') [k% + Q%] |:(k2 _ ékl)z 4 Z(ZZ%ZZZ) k% 4 i (Z] _ Z)QZ]
dot —2e2¢°Q’N2(z,2,)° o
dzpdzqcllzyldyz N (2#)7( = /dgx[slzz’l’ = S1p = Sy + 1Ko (X172 Q) )P i3 i (x27x2)
X /Zz dz [ + (= 2)] [ &k, / &’k elhrtm) (49)
. 2 2 2 - )
0z 2 (2m)* ) 22 13 + 03] (ko = £k1)? + 252 K3 + £ (22— 2) 7]
d61f3(1) . —engQZNE(Z1Z2)2 /Zz%( +2)( )/dSXK (|X |Q (2 + )( K, (|X 10))
dzpdzqdyldyz = (2”)3 )z 21 T 2)\22 =2 oUXn2|V 21 T2)(22 =2 ol [X12 |
X eiP'(Xl’_xl)eiq'<X2’_X2)[S]ZS]/Z/ — S12 — Sl/2’ + 1]
/ &2k _ Z(ZZ_Z)[lezgigl+Z)<Z2_Z)] (zp — Zlq)2
2 _
G [k + (2= 9p = (o1 + 99 =257 (o - 210 — e (k - Za)?
2z (z1+2)+2(2=7)] [z120+(z1+2) (25=2)]
+ 2122 _ 2122 el’k.(xz_xl)’ (50)
(k+ (2 =2 = (21 + )0 - 020 (p - 190 —ie|  (k—za)
dot, _2.2722 2
2) g Q*Ni(z122) /Z' dz / 8 fr—
= —_— - d K — K 191
dzpdzqdyldyz (27[)8 0 z (Z2 + Z)(Zl Z) X 0(|X12|Q (ZZ + Z)(Zl Z)) 0(|X1 2 Ql)
% eip-(xl/—xl)eiq'(le—xz)[SIZSI,Z, — S, =Sy + 1]
Pk _ Z(Zl—Z)[Zﬂzw;(ferZ)(m—Z)] (zop — Zlq)z
/ 2z
2 _ .
(27) [(k + (21 = e = (22 +2)p)? = T (5p — 21q)2 + ze} (k- Z£p)?
2z (2 +2)+21 (21 2)] [z122H(22+2) (21=2)]
n 2122 _ 22 > ik (xi—x2) (51)
((k+ (21 = Da = (e2 + 2)p)? = 2O (2p - zyq +de]  (K=5P)
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Here we have kept the ie in the long denominators, since it proves useful for evaluating the k integral:

det 2 2022 2
14(1 egQNsz ip-(x' —x;) ,iq-(x)—x
d2pd2qd(y)1dy2 N (2Jr)S = /dSX[Slzz’l’ = Si2 = Sy + 1Ko (X172 Q) e X731 i (xo7x2)
/Z' dz d’k; d’k, Ky-(x,-X2) (2120 + (21 = 2)(22 + 2))
2 2 _ _
0o 2 (2m)*(27) k2 + Q7 [(k1 —4=tk,)? +Z(§2‘—Z;>k§ +£ (21 - z)Qz}
. L&) (2120 + (21— 2)(z2 + 2))
(kT + (21 = 2)(z2 + 2) Q7] [(kl —2=ky)* + df;—?k% Tz - Z)QZ}
L9 (2125 + (21 — 2)(22 +2)) Q7
K3 + (21 = 2) (22 + ) QK3 + O3 (ky — 22 ka)? + L2220 K3 4 2 (2 - )0
_ zalz—2) + (22 +2)) (52)
(ki + (z1 — 2) (22 +2)Q°][k5 + Q1] |
doty, e*g*0*N%(z12,)? o -
d2pd2qd(y)1dy2 N (27r)g = /dgx[slzz’l’ = Si2 = Sy + 1Ko (X172 Q) e 1731 i o7x2)
y /ZZ dz d’k; d’k, oiko(x1-%,) (2120 + (21 + 2)(22 = 2))
2 2 _ —
o 2 (n)(2m) K3+ 01| (k= 47k + 20K + £ (2~ 97
N et (212 + (21 + 2)(22 — 2))
3+ (21 + (22 = )07 (k) — 25 ko) + L5520 k3 + £ (2, - 2) 07
42 (212 + (21 + 2) (22 — 2)) @
_[k2+(z + )( _ ) 2Hk2 21 (K, — 272k 2 Z(Zz—Z)kz z _ 2
I 1+ 2)(22 = 2907k + O] | (ki =57 Ka) + Tk + 2 (2 - 2)Q
_ z:(zm-z) +a(z +2) (53)

(ki + (21 4 2)(z2 — 2) Q*][k3 + Q1]

These expressions constitute the full result for the one-loop
corrections to the inclusive quark antiquark production
cross section. We have written these results all in terms of
the dipole and quadrupole functions defined in Eq. (3) in
the large N limit and ignored all the subleading N, terms.
We have also used the following notation for the coordinate
dependence of some of the Bessel functions:

X = \/2122X3, + 212X3; + 222X33,

X5 = \/12(z1 — 2)x}, + 2(z_2)x}; + 222X35,

Xe = \/21(22 — )X, + 712x5; +2(z2 — 2)x3. (54)

Note that when z — O these all become |X,|,/z1z,. The
primed version X’ that appears in some real corrections is
the same as X above but with x;,x, — x|, x}.

IV. DIVERGENCES

The expressions for the one-loop corrections to quark
antiquark inclusive production cross section given above
are formal, i.e. they contain divergences that need to be
regulated and/or eliminated before one obtains a mean-
ingful result. There are four categories of divergences:

(1) Ultraviolet (UV) divergences when loop momentum

k — oo or equivalently in coordinate space, when
the transverse coordinate of the radiated gluon
approaches the transverse coordinate x; of either
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quark or antiquark when integrated, i.e. X3 — X; such
that |x3 — x;| — 0. We will show that the real correc-
tions are UV finite and that all UV divergences in the
virtual corrections cancel against each other so that the
virtual corrections are also UV finite by themselves.

(i1) Soft divergences when k* — 0, which in this context
corresponds to both transverse momentum in the
loop k and the radiated gluon momentum fraction z
go to zero simultaneously, k, z — 0. Both the real
and virtual corrections contain soft divergences;
however, all soft divergences cancel between real
and virtual corrections.

(iii) Collinear divergences when the radiated gluon
momentum becomes parallel to either quark or
antiquark momentum, i.e. when the angle 6 between
the radiated gluon 3-momentum and its parent quark
(antiquark) 3-momentum goes to zero at finite k and
z (note that finite in this context means that k is
neither zero nor infinite). These appear, for example,

1 ~ 1 ~ 1 ..
S ™ k=R " T=cos0 for radiation from a

quark and similarly for radiation from an antiquark
(z1,P = 22.9). These collinear divergences are
absorbed into quark-hadron (antiquark-hadron) frag-
mentation functions which makes the fragmentation
functions scale dependent, i.e. they evolve with the
renormalization scale .

(iv) Rapidity divergences when the momentum fraction
z of the gluon goes to zero while the transverse
momentum k of the gluon remains finite. These
rapidity divergences are absorbed into (x) renorm-
alization of the dipoles and quadrupoles making
them energy/rapidity dependent and evolving
according to the Balitsky-Kovchegov (BK) equa-
tion and Jalilian-Marian, Iancu, McLerran, Wei-
gert, Leonidov and Kovner (JIMWLK) evolution
equations [59-66].

Here we give more details of the divergences and their
cancellation/absorption into renormalized quantities. The
easiest way to see cancellations of divergences is via power
counting which is what we will use in this section. We will
also provide results using dimensional regularization in the
MS scheme which is the more common method. Using
dimensional regularization raises issues when using spinor
helicity methods as one changes the number of spacetime
dimensions from 4 (where spinor helicity methods are
formulated) to 4 — 2¢. There are various ways of dealing
with this issue; here we will use the four-dimensional helicity
(FDH) scheme which treats both internal and external states in
four dimensions. As expected, the finite terms after regulating
divergences will depend on the regularization scheme.

A. UV divergences

For the real corrections [Egs. (32)—(41)] all momentum
integrations have been performed and results are given in

terms of a two-dimensional coordinate space integration
d’x; and an integration over momentum fraction z
[relative to the LO result in Eq. (1)]. In this context
UV divergences manifest themselves as poles when
X3 — X Or X3 — X», 1.e. when the transverse coordinate
of the radiated gluon x5; approaches that of the quark x; or
the antiquark x,. We focus on the quark case and consider
the limit x3 — x;. The case of radiation from the
antiquark is identical.

We note that the only possible UV singularity in our

expressions is in the gluon radiation kernel Al(f.) which
appears in all real corrections. Writing it as

A XXy 1711 X

ij 2 2 2 2 T o2 o2
X3,X3; 2 |x3 X3, X3X3;

. (59)

we see that the integral of this kernel over x5 is finite as
X3 — X; due to cancellations between the first and third
terms. Similarly, as x3 — x; there is a cancellation
between the second and third terms. The other factors
appearing in the real corrections are all nonsingular in the
UV limit. We therefore conclude that there are no UV
divergences in the real corrections and that all real
corrections are UV finite.

For the virtual corrections, several of the diagrams are
UV divergent. However when combined they all cancel
each other in the UV limit, specifically

[dO’g + dGIO + d614(1) + d0'14(2)}UV = 0. (56)

The remaining virtual diagrams (7,8,13) are all UV finite.
Therefore, all UV divergences are canceled when
adding up all the relevant pieces of the differential
cross section. The UV finiteness of the production cross
section holds for any value of z. We provide more details
in Appendix A.

B. Soft divergences

Soft divergences appear when all components of a loop
momentum go to zero, i.e. k¥ — 0 which in this context
means k and z both go to zero (in coordinate space this
becomes x3 — oo and z — 0). Soft divergences in the real
corrections generically appear either as

d’k . d’k
/Felk'@[—xf) or /F (57)

in the virtual corrections (after possibly shifting the trans-
verse momentum). In coordinate space soft divergences are
contained in
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1 1 1
d2x;A) _—/d2
/ ) 3 (x3 —x;)? - (x5 —x;)?
(x; — Xj)2 }

(x5 — Xi)2<X3 - Xj>2

(58)

from which it is clear that the first two terms in AS‘) are

divergent when x; — o0. Adding all the singular parts of
the production cross section we get the following cancel-
lations between the various terms:

[do1x1 + 2dog)o = 0.

[d02x2 + 2d010

[dU]X2+d013 +d013

soft — ’

soft ’

]

]

)]
[do353 + A4 + 2d0354] 01 = O,
[do1,3 + Aol sor = 0,
[do23 + doaa]sore = O,
[dos + do7]en = O,
[dog + dog]en = O,
[doy; + doyy)]
)]

Msoft = ’

[do1; + dog (59)

Msoft =

The necessary relative factors of 2 in these expressions
can be seen from Eq. (28). These cancellations are easiest to
see when the cross section is written in coordinate space in
the soft z limit (Appendix B). It is worth noting that there
are singular terms ~1log(1) which can be seen in dimen-
sional regularization of the remaining integrals which
|

dGIQILO Q2N2 Z Zz
pd2qdy,dy, (27)"°
3
X {[5122’1’ — S = Syy +1] (_2
X3

2
+ [S12812 = S12 = Sy + 1] <—2—

32

+ [S11822 = 13523

+ [S1223813 = Sy3Sys — Sip + 1
+ [S1231S23 = Sy3Sys = Sip + 1
+ [S3221:S13 = 13523 — Sy +
+ [S13217823 = S13523 = Syy +

—
=

— 8113873 + 1]

e
[N

x\ww\mm

cancel between doyf and dojy() s and similarly
between dojyef and dojyp) g (this is shown in

Appendix C). Thus there are no soft singularities (both
k, z — 0) left after adding all the real and virtual terms.

C. Rapidity divergences

From Egs. (32)—(53) it is clear that the production cross
section contains terms which are singular in the | % integral
as z — 0. This happens at finite k (or x3) so that rapidity
divergences are different from the soft divergences that
have been shown to cancel among various terms. Following
[45] we introduce a longitudinal momentum fraction
factorization scale z, and divide the z integration into
two regions: z > z; and z < z; (here we write the upper
limit as 1, in our expressions the upper limit is always either

71 Or 2p),
fro={ s [ e

In the region where z >z, there are formally no
divergences left anymore (there are still collinear diver-
gences in this region but they will be absorbed into
fragmentation functions—this is the topic of the next
section) so the cross section is completely finite. On the
other hand in the second region where z < z; we encounter
the familiar rapidity divergence y = log(1/z) which we
expect will be absorbed into JIMWLK evolution of the
quadrupoles and dipoles. We now focus on the z — 0 limit
of our expressions while k (or equivalently x5) is kept finite
(see Appendix B),

(60)

rdz
/ /leXKo X12]Q1) Ko (|X12|Q)ePX1e'*25(1 — z; — z5)

3,1 18 - -
X, X3y Xy X3

—+2Ay — 2&12>

32

1 n 1 n 1 1
x2 x%l, X3, x%,

- Allf - 822! + 2&127>

+ 2A11/ —_ 2A12/>
31’

2

o

+ 2A22/ —_ 2A21/>

1 ’52’

—|— 2A12>
1

)

(O] 5]

(61)

(N1}

054035-11



FILIP BERGABO and JAMAL JALILIAN-MARIAN

PHYS. REV. D 106, 054035 (2022)

Here we have defined

. x2,

=Y (62)
ToxExg;

Inside the curly brackets, the first line comes from adding
Gix1+ 020 +209+ 2010+ 2011 + 201, +26141) + 201402)-
The second line is 2615 + 2613(1) + 2013(2). The third line

|

2P 0*N%(z12,)°
(zﬂ)lo

dGIEILO _
dzpd2qdy 1dy»

6(1 —271— 2

iS 03%3 + O4x4 + 263><4. Fourth line iS 261><3 + 261><4. Flfth
line is 205,3 + 205,4. Sixth line is 205 + 205, and the last
line is 204 + 20g. Notice that cross terms have been
doubled since we need to add their complex conjugate.
To simplify the expression we use a combination of shifting
x3 where possible and using symmetry between primed and
unprimed coordinates. We find that everything can be
simplified down to the following expression:

d
)/) fZZ/leXK0(|X12|Q1)K0(|X1’2’|Q1)

% eip.xw]eiq'xﬂ{(&lz + Agy — A12)S1301Sas + (Ayy + gy — Ayy1) 113013

+ (A 4+ Ay = Ay)SaooiSis + (Ayy + Ay — Ayy)S3001 13
— (A 4+ Ay + Ay + Apy)Sippy = (A + Ay = Ay — Agy)S1p 81y

- (All’ + AZZ’ - A12’ - A21’)Sll’522’ - 2A12(S13S23 - Sl2> - 281’2’(51’3‘92’3 - Sl’Q’)}' (63)

Here the first seven terms inside the curly bracket give the
JIMWLK evolution of the quadrupole S,y with the
factorization scale z, [see Eq. (5) in [67]]. The last two
terms correspond to the rapidity evolution of the dipoles S,
and Sy as given by the BK equation [59,60]. This
demonstrates that the rapidity divergences can be absorbed
into rapidity evolution of the LO cross section. The
contribution of the z integration above the factorization
scale z is finite and constitutes part of the next-to-leading-
order (NLO) corrections to the leading-order cross section.

|

D. Collinear divergences

1. Leading order dihadron production

We now focus on the collinear divergences present in
some of the one-loop corrections in Egs. (32)—(53) and show
that they can absorbed into evolution of quark-hadron and
antiquark-hadron fragmentation functions. As this is com-
pletely new we will provide the full details of the calculation.
We start by writing the inclusive dihadron production cross
section in terms of the partonic cross section as

day*A—)qu

do” *A—=h h X
/ dzy, / dz;, PNEY)
d Phd q,dy;dy, Zh th d*pd-qdy,dy,

Dy, 1420, )Dhyyq(2ny)s (64)

where p, q are the quark and antiquark transverse momenta while p,,, q;, are the transverse momenta of the two produced
hadrons. As partons and hadrons are assumed to be massless, their rapidities are the same so that y; =y, =y, (and
similarly for the antiquark). Hadronization is assumed to be describable in terms of a nonperturbative quark (or antiquark-)
hadron fragmentation function D, /,(z, ) which is then perturbatively renormalized (becomes u?> dependent) after
absorption of the collinear divergences. The momentum fractions z,, , z;, are defined via le =z, p" and qﬁz = Z5,9" S0
that 0 < z;, < 1. Using our leading-order result from Eq. (1) (only the longitudinal part) we can write this as

/ / 4€2Q2(Z122)%N
dzp, [ dzp, —o =5 —— 5

2
7(zn,2n,)
(X =x) iq-(x’z—x

d}/A—>hh2X
ABX[S 1991 = S1y — Sy + 1
dphd a,dy;dy, X[S121 12— Sy +1]

X K0(|X12|Q1)K0(|X1 2’|Q1) 2Dy, 1420 ) Dy (20,)8(1 = 20 — 22), (65)

where z; and z, are related to hadronic momentum fractions by

+ +

Py qn
= s 1y = . 66
! Zh]l+ 2 thl+ ( )
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Anticipating factorization of the one-loop corrections and to make our expression more compact we define the common
factor H(p,q,x,z;) as

H(p.q.X.2;) = [Sioor — Sia — Sy + 1Ko (%12 Q1) Ko (X112 Q) ) P K1) gia- 00 7x2) (67)

with Q% = 7,(1 — z,)Q? so that the common factor implicitly depends on Q2. The leading-order cross section can be then
expressed in the following compact form:

do’, A_’h thoX 4€2Q2 (z122)°N,
d d ddxH(p 8(1 -z, —2,)D D 68
Po-d2a.dv.dvm phd qhdyldyz / Zp, / Zhy A T N Zh th / xH(p.q.x,2,)6( 71— 22) I /q(Zh ) hz/q(th) (68)

2. The virtual correction

First we will focus on the fragmentation of the quark into a hadron /. Treatment of antiquark fragmentation will be
identical. Schematically, the fragmentation function receives corrections from the diagrams in Fig. 3.

In Fig. 3 the first diagram after the equals sign corresponds to the leading-order hadronic cross section computed in the
previous subsection. The two O(a;) corrections correspond to our virtual correction o9 and the real correction oy, . So, let
us now compute the hadronic cross section contribution from the virtual correction o9 [combining Eq. (46) with Eq. (64)],

do y *A—=h h X 4€2Q2 Z]Z2)3N
d dz d®xH(p,q,x,2,)D! DY
d’p,d>q;dy,dy, Phd th)’1d)’2 / Zh'/ e 2a) (2 an)? Mz, 2n,)? XH(P. 4% 22)Di g @)Dy 2n)
adz 7]+ (Z] —Z) :| / d’k 1
xa,Cr | = 8(1 =z, —25). 69
a F/)' 7 |: Z% (2”)2 (k _ip)z ( <1 ZZ) ( )

Here we relaxed the large N, approximation taking one factor of N, — 2C, and have also used g> — 4za,. Let us define a
new variable for the z integration,
71— Z

£= . (70)

71

This defines £ to be the fraction of longitudinal momentum that the quark carries after radiating the gluon. In terms of this,
we get

do yA—)h hyX 462Q2 ZIZZ N
d d d®xH(p.q, D DY
ForParddy; / Zh'/ 2y apan)? / XH(p. 4. %, 22)Dj} (20, ) D3 g (2n,)
1+e§2)/ d’k 1
<acy [ d 5(1 =21 - ). -
R TIS a o = ey Py L) (7

> . > — > m >
p Dh » _/ m

+...0(a?)

S

FIG. 3. The full fragmentation function D, ,, (2, , %) (solid black circle) can be written as the bare fragmentation function (faint gray
circle) plus the O(ay) corrections shown. These need to be added at the cross section level, and we will keep terms only up to O(a).
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This can now be added to the leading-order hadronic cross section. Note that we actually need to add 204 because it appears
twice in the formula since it is a cross term [Eq. (28)].

3. The real correction

Looking at the relevant diagrams in Fig. 3, the last one we need for the O(a;) corrections to the quark fragmentation
function is the real correction o,

dGLX 26292Q2N2 1—Z 2+ -z 2
d2pd2q1dy11dy2 (27[)2) z 4 ( 2) )/dSXK0(|X12|Q2)K0(X1'2’|Q2)
. [ dz d’k ezk x| —X;)
X [Sioy1 = Sy = Sy + 1]ePXimx1) it (x27x2 / / )25(1—21—12—2)- (72)

We have rewritten the integral over the radiation kernel [in Eq. (32)] in momentum space using

ik- (x| —x;)
P im )/d2x3A ) = /de—. (73)
" (k - ZP)
Looking at Eq. (64) we see that this correction contributes the following expression to the hadronic cross section:
dVA—>hhz e22O2N273(1 — 7,)2(72 1—2,)2
e P / thl/ e’ g Q°Nizy( . 22) (Zl‘;( 22) )/dsxK0(|X12|Q2)
d°pdq,dy,dy, (27)°zy(zn, 21,)
X Ko([%12/|Q2)[S1o21 = Sip = Sy + 1]e® im0 gi (x37%2)
dz d2k ezk x| —Xp)
/ / &= Zp" 5(1 =z =2 =)D} ), (21,)D) 12 (zn,)- (74)

Now we will write this using H(p, q, X, z,) defined in Eq. (67) and again relax the large N, approximation taking one factor
of N, to 2Cr, and also write ¢> = 4za,,

do ;;A]—»h 1h X 8@2Q2N (ZIZZ)
2 d d d*xH(p,q.x,2,)D) D) .
d*p,,dq,dy;dy, / Zhl/ e 2m) (e (27)" (2, 21,)* / XH(p.q.X. 22) hl/q(zhl) hz/q(zhz)

dz (21 +2)2(z] + (21 +2)°) / Pk e i)
xa,Cp [ — S(1—z -2y — et .
a F/ z 7 (I-z1-2-2) (27)? <k_z,z_}p)2 (75)

We factored out (z,2,)* to match the leading-order expression and used the delta function to write 1 — z, as z; + z. We then
perform a change of variables in the z integral by defining

<]

§:z1+z'

(76)

This &, is then the fraction of the outgoing quark’s momentum relative to the parent quark that emitted the gluon (i.e. the
same definition as we used for the virtual correction),

d J]/Al—>h]h7 / 8€2Q2N (lez)
2 dz dz /dSXH ,q,X,2,)D? ,_(z
d*p,d*q,dy,dy, / & " 2n) (22, ) ) (zn,2n,)? (.- 4.%.22)Dj 5 (21,)

de (1 +¢=2> ket
X a,Cp ? (] —5) 5( Zl/é) 1/q( )/(271')2( 1§§>p) (77)

Now, z; is no longer an external variable; as remarked earlier it can be written in terms of z;, using Eq. (66). So one can then
write z; in terms of z, ,
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oA / 8e2Q2N (ri)’3
- dz / dz h /dng .X,2,)D% , (2
d*p,d*q,dy,dy; g " 2a)(1')5, 23, (P.4.%.22) D}, /5 (2n,)

dé (1 +§2) P\ o Pk R Xx)
x a,Cp 5 ) 5(1 —Zz-m)Dhl/q(Zh,)/(zﬂ)2 (k _%p)z. (78)

Now that the z;, dependence is all explicit, we make a substitution in the z;, integral, defining the new variable

= s dz, =E&dz,. (79)

!

. o z .
In order to complete this substitution, we need to take z;, — % everywhere. This also means that the bounds on the z}ll
integral go from 0 to &. We will write this using a step function (& — z}ll) so we can keep the explicit bounds from O to 1,

dof M 8e2Q°N.(p;)’33
> d h d3xH ,X,2,)DY
d°pdq,dy,dy, / / b (YT ()2, 2, / (P.q.%.22) Dy, /5 (2n,)

5( + &) 0 Z/h, , p;[ 2k ek (x—x)
“Cr | T -9 D’W<?>9(’5‘Zhl)‘s<l‘Zz‘zzﬁ)/ EEH AN

We can now write things back in terms of z; to getrid of p; and /" to match the leading-order and virtual correction. We can
also use the step function to set the bounds on the £ integral. Finally, we remove the primes from z’hl since it is an integration
variable,

do! A=mimX 8¢20*N
e P /thl/ th2 e Q (z122)° /d8xH(p,q,x,z2)D22/q(z;z2)

d’p,d*q,dy,dy, ) (zn,21,)°
Ldé(1+¢&) (Zh)/ d’k e
x6(1 =z — zp)a,C = DY, =L 81
mwecr | a—g Phle (20)” (i - 0=p) " oy

4. Evolution of the fragmentation function

Now we would like to add up the three terms in Fig. 3. These terms are Egs. (68), (71), and (81). Note that we also need to
double Eq. (71) since it is a cross term. Adding up these three gives the following:

432Q2 ZIZZ)3N 3 0
/ dan / S ) () (27)" (zn,21,)* 4 XH(p,q’x’zz)DhZ/q(th)é(l “ama)

0 rdE(1+8) (Zhl> L
X[Dhl/"(zh')”"‘-‘cf”{ - Pwale / @nf (k= (1= 5p)°

~Dhten) [ 05 +§;>)/ ! )

Now we turn our attention to the two transverse momentum integrals. The one with the exponential comes from the
real correction o4, and contains both a soft divergence, k — 0 and z — 0 (equivalently £ — 1) at the same time, and a
collinear divergence as k — (1 — &)p. The integral without an exponential (from the virtual correction 69) contains a
soft divergence, a collinear divergence, and a UV divergence as |k| — co. We showed in Sec. IV B that the soft
divergences cancel between these two terms. In Sec. IVA we also showed that the UV divergence in the virtual
correction is canceled with other terms in the cross section. Therefore, the only divergence left to consider here is the
collinear divergence in both integrals.

To see how regulating these divergences leads to renormalization of the quark-hadron fragmentation function it is perhaps
easiest to demonstrate this using an explicit cutoff where the lower limit on |k| is A and the upper limit is yu:
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4€2Q2 z z 3N
/ dz, / o e 2 B [ ExHEax D ()50 ~2 - )
1 2

x[nz,/qm)w;q{Z:cf((lt? (zh> / §1+52 h/q<h>}log(A22>] .

We would like to combine the terms inside the curly brackets; to do so we will define the quark-quark splitting function

qu(f),

(1+&) 3 }
P =C +-6(1-8)], 84
w@=Co |5 300 -0 (84)
where the + distribution is defined inside an integral via
1 d
= [ %5 U@ - £ + (1) gl ). (55)
+ z

This allows us to write Eq. (83) as

432Q2 (z122)° N,
/ thl/ dzhz Zl i /dSXH(P q.X,22) D) - (24,)8(1 = 21 = 25)
hz
1 dé

Pt o, (2] ()]

Here we have used the following result:

1 dé n\ 1 d§( f ) Z, 1o(1 _}_52)
. ?Pq4<‘§)D21/q (?) = : =8 Dol/q< ) / e/ o5 Dol/q( ). (87)

To prove this, one first expands the P, function using Eq. (84), then further expands the term with the plus distribution
according to Eq. (85). One of the terms is then exactly the first term on the right side of Eq. (87). In the remaining term with
a £ integral one separates into two terms using le/ = [i- OZ"‘. One can then use the fact that

o

2 (1+8&)

)

+14e (88)

The first term here paired with the [| integrals then gives exactly the second term on the right side of Eq. (87). In all the
other terms, the integral over £ can be performed and these terms all cancel in the full expression.

Next, we can also combine with the leading-order term (first term in the square brackets) by including a £ integral that
evaluates to 1:

4€2Q2 Z Z 3N
/ dzhl/ dzy, Z; Z B d*xH(p,q. %, 25) D) - (24,)5(1 = 21 = 22)
1 2

Id¢ 7, s 2
<), S (Z; ) [5(1 —&) +%qu(§) log </’<2)] (89)

Then, we define the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolved quark-hadron fragmentation function
Dhl/q<zh1vﬂ2) as

1d ' 2
Duten) = [ G08(5) o -0+ Seputoree(55) )

in terms of which our expression becomes
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Cdel o 462Q2 zlzZ)3N
x d d d3xH , DY D L u2)6(1 =z — 2o). 91
o a2,y dys / Zhl/ o n ) O (P.4.X,22) D) /o (2n,) Dy jg(zn, - #7)5(1 =21 = 25). (91)

It must be noted that here we used an explicit cutoff i to regulate these collinear divergences. However the most common
way to handle these divergences is via dimensional regularization (dim reg). This is done in the next subsection.

5. Evolution of the fragmentation function in dimensional regularization

As most parametrizations of the fragmentation functions are defined in the MS scheme, it is important to relate our result
with that given in the MS scheme and using dimensional regularization as this would affect the finite pieces. The real
integral can be regulated without complication via dimensional regularization,

d2k eikA(x’l—xl) d9k eik-(x’l—xl)
/G = [ Gy 2
o)™ B

d9k eik-(x’l—xl) ﬂ2 —d l—P x| —xy)
— d 1— _ d— ik|x| —x, cosf)
=l )/ 2 K (2nf / aik 3/ a0 et ©2)

The limit d — 2 is safe in the angular integral,

2—-d l—)P( " =x) 2—d i@p(x’—xl)
H d-3 / _ple E T s ,_ Tld/2—1]
dkkd=3 1o (k|x! — x]) = F—r———2 - = 2<d<17/2,
(2n)" / olkfx; =] (27)"! = ) <d<1/
(X))
R [E—log (me’eEp|x) — xll)] + O(e), e=d—-2>0. (93)

This completes our result for regulating the real integral via dimensional regularization. Next we look at the virtual integral
which, after a shift, becomes
d’k 1
——. 94
/ (2r) K2 54)

This divergent integral is zero in dimensional regularization [68,69]. This can be understood as the result of the collinear
(here looks soft due to the shift) divergence that exactly cancels the ultraviolet divergence in dimensional regularization.
One can see this by separating the integration into two terms with a cutoff and performing each separately [45,70,71]. Now,
it is important to note that in our case we have already used the UV divergence to cancel other UV divergences in the virtual
corrections (see Sec. IVA). Thus we need to be careful with this integral. Following [45] let us separate into two regions,

d’k 1 g [ 4%k 1 prd2nd? A o
—— - —_— = dkkd=3 / dkk4=31. 95
/ Cark: H / )Yk’ (20)T[d/2] A A (93)
|
The first term contains the infrared (collinear) divergence, [ d?’k 1] 1 1 1 dreEp?
and the second term contains the UV divergence. These (2”)2ﬁ ) “or _a_EIOg A2 +0(e).
integrals can both be done, which yields ) (97)
2—d2 d/2 A~V AR ) )
(;‘ )drj[[d/z] [ - ] (96) / Pk 1 L Lo (27 ] oo
€ —— — — —
i ® ) a2k oy 27 leny 2 B\ A2
Here ¢ = 2 — d with eyy > 0 and ez < 0. If one formally (98)

sets eyy = €r, then one finds that the expression is zero.
For our purposes, let us write both expressions separately =~ Notice that the finite terms cancel if one adds both of
and expand each for small e: these together to form the full integral [which gives
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Eq. (5.45) in [45]]. We would like for the finite term to look
similar to the finite term in the result for the real integral
[Eq. (93)], so let us add a finite term to the IR piece and also
subtract it from the UV piece:

/d2k L] U 11 (e
222K x 27| em 2 B\ A2
Qe e

+log <m>] +O(e).  (99)

/dzk 1 11 +110 Ame TEY?
22Ky 27 lewy 2 B\ A2
Qe e
Clog[ )|+ 0).
o2 (g =) O
(100)

We have added and subtracted the same quantity from the
full expression. Combining the logarithms in both terms
gives

d’k 1] 1 1
Tr N2 12 =5 ___log (eyE”ﬂ|X/1 _X1|)
(277,') k 2 €IR

L JIR

+O(e). (101)

d’k 1 1[1 ) "
/ (27)° K yy 2z |:€UV log (et mulxy Xl)}
+ O(e). (102)
Then, since e is negative, we can label it as —e with
€ > 0 to match the real case. This addition and subtraction
of a finite piece can also be thought of as choosing a
particular value for the cutoff A. So, Eq. (101) will
contribute to the fragmentation function, while Eq. (102)
will contribute to the rest of the NLO corrections. The
divergence in Eq. (101) is collinear and will be absorbed
into the bare quark hadron fragmentation function to make
it scale dependent. The divergence in Eq. (102) is canceled
with the other UV divergences in virtual diagrams as
before. Finally we note that the real integral [Eq. (93)]
has an overall exponential which we set to 1. This can be
motivated by noticing that it does not affect the nature of
the collinear singularity and the splitting function favors
& — 1 (soft radiation).

Using the results of our transverse integrals in the expression for the hadronic cross section we get

4e2 %(z122)°N,
/ dzhl/ th o Zl 2 /dng P.q.X,2,)DY /q(zhz)é(l—zl —2)
m3hy)

Ldé(1+¢&)
w € (1-9)

aSCF
X|:D21/q(2hl)+ 7 {

2h, () - i) [ S (Frogmernaix -xin )| a0

Next we again introduce the quark-quark splitting function as in the previous subsection (Eq. (84). In terms of this, the

full expression becomes

4€2Q2 (z122)°N,
/ dzy, / dzy, Z; ih /ngH(P q, X, Zz)Dh /q(Zh2)5(1 - 21— 2)
1 2

1d 1
;Dol/q (Zgl> [5(1 -9 +%qu(§) (g_ log (me’p|x| — X1)>:|-

(104)

Then, we define the DGLAP evolved quark-hadron fragmentation function Dy, ,,(zy, , %) in dimensional regularization as

Dy, oz, p*) =

in terms of which our expression becomes
do? A= X
OLOL91 1x1

d*pud*q,dy,dy,

where we recall that

1d s 1 4
, ;Dh]/t/ <Z§ ) [5(1 -$) +%qu(§) <€_1Og (et = XlDﬂ’

(105)

4e2Q2 (z122)°N,
/ th,/ dzy, Z' i /dng P.4.X.2)DY) - (24,) Dy s (zn #2)5(1 — 21 — 7). (106)
i Zhy)
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+ +

P 5
71 = , 2 = . 107
1 Zhl l+ 2 th l+ ( )

Finally, if one repeats the exact same procedure for the
antiquark line (i.e.: adding up LO + 10 + 2 x 2), one gets

do! A=limX
OLO+10+2x2

d? Phd q,dy;dy,

4 22 N
/ thl/ dzh2 c Q (2122) /dSXH p.q.X.2;)
(Zhlzhz
x Dhl/él(zhl)th/f?(th’ﬂ )5(1 — 2 —Zz)- (108)

This shows that absorption of collinear divergences in
09,01x1,010, and o05,, into bare quark and antiquark-
hadron fragmentation functions lead to evolution, i.e. scale
dependence of these fragmentation functions.

Therefore our final result for the regulated dihadron
production cross section can be written as a sum of several
terms [Eq. (109)]. The first term contains the z integration
region below z, where the leading-order cross section is
evolved with the BK/JIMWLK evolution equations. The
second term includes the integration region z > z; where
the leading-order cross section multiplies the DGLAP
evolved fragmentation functions for both quark and anti-
quark. Finally the last term constitutes all the remaining
contributions to the NLO cross section which is finite,

de? 4=mhX — 46 @ JIMWLK
+dorg ® Dy, 4z, »

finite
+ dont's-

1) Dy, 1 (zn,. 1)
(109)

Here we imply the presence of the bare fragmentation
functions in the first and last terms.
In summary, we have calculated the one-loop corrections

to inclusive quark antiquark production in DIS at small x
|

dosyy  282P0*Ni(z122)° /Z‘ dz [
d*pd’qdy,dy, (2m)" 0z

X Ko(|x12|Q1)Ko(|x12|Q;) e ™i7x0) iq‘(Xé_XZ)/ 2

73+ (21 —2)°

for longitudinal photons. We have shown that all diver-
gences that appear at the one-loop level are either canceled
or absorbed into JIMWLK evolution of dipoles and
quadrupoles, and into DGLAP evolution of parton-hadron
fragmentation functions. These results are well suited for
further phenomenological studies of angular correlations of
the dihadrons produced in DIS at small x [72]. A particu-
larly interesting limit is the so-called back-to-back limit
where a suppression of the away side peak is observed
experimentally. Here one will be sensitive to Sudakov
radiation which will be significant [18,56,73] and must be
included in a full phenomenological study. One can also
use our results here and integrate over the phase space of
one of the outgoing particles, thus obtaining the single
inclusive hadron production cross section in DIS at small x
at next-to-leading order. This is under investigation and will
be reported elsewhere [74].
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APPENDIX A: CANCELLATION OF UV
DIVERGENCES

UV divergences appear in the corrections dos, dog, dog,
doyg, doyy, doys, doyy(p), and do4(z). In this appendix, we
will show that these dlvergences all cancel between these
corrections. First, we note that the UV divergence in dos
appears in the limit x3 — x;. If we take this limit in our
result [Eq. (42)] everywhere except where it causes the
divergence, we get the following:

2 d®x[S)2011 = S1o = Sy + 1]
<]
d2
- (A1)
37X X31

Here we have used the notation fx;—»x. to signify that the limit has been taken inside the x5 integral. The divergence as

X3 — xl can equivalently be written as a divergent momentum integral as the transverse momentum goes to infinity:

fk—»oo

. Making this substitution in dos, and similarly for the UV divergence as X3 — X, in dog, and writing the UV

dlvergent parts of all the other UV divergent diagrams, we have

dosyy 262 Q*Ni(z120) /Z‘ dz [
d’pd*qdy,dy, (27)" 0o 2

X K0(|x12|Q1)K0(|x1/2/|Q1)eiP

2+ (z—2)?

2
(%) gl 5 —Xz)/ ik
|k|—>0c0 k

) } /dgx[sm'l’ — S =Sy +1]
I
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dog yy 20°°Q*N2(2120)° [2dz [ 4 (20— 2)?
, _ ¢ =22 T (S ayy — Sip — Sy 4 1
dpdqdy, dy, (2m)"0 A z [ 2 } / Sz =812 = Svz + 1)
ip-(X\=x1) i (X)) ¢’k
x Ko([x12|Q1)Ko(|X12|Q 1) ePXi7X1) gl 15 7% X K (A3)
dok —2P0°N2(z2120)® [adz [23 4+ (21— 2)?
T = 10( 12 / _{ R ;—) ] /dgx[slzz'l’ =Sy = Spy + 1]
d*pd*qdy,dy, (27) 0z z
oy . d?k
S K0(|X12|Q1)K0(|X1’2'|Q1)elp'(xl_X1)elq‘(XfXZ)/ g (A4)
k|-
d0"1L0UV _ezngzNz(Z1Z2)3 2dz Z%+(22—Z)2
: = d — ABx[S 001 — S1p — Sy + 1
d*pd*qdy,dy, (2m)10 [) z [ % ]/ Sia21 2= Svz A1
ip-(x|—x) ,iq:(x,—X,) &’k
X Ko(1x12| Q1)Ko ([x12|Qy ) eP i X1) 1017 K K (AS)
dot) yy —2¢’?Q*N7(2122)° [2dz [z3 + (21 — 2)?
: — ¢ | = d3x[S 001 — S1p — Sy + 1
d>pd2qdy,dy, (2m)10 /o z { a4 ] / Sz = §12 = Svz -1
ip-(x|—x) ,iq:(x,—X,) &’k
X Ko(|x12|Q1)Ko(|x172] Q) eP i~ *)gld o7 N R (A6)
dafz uv —26292Q2N2(2122)3 a2dz Z% + (20 — Z)Z
: = d — | ABX[S 19911 — Sj5 — Sy + 1
pdqdy,dy, (27)10 A 2 { 2 ] / Sizzv = §1 = Svz 1]
ip-(x" —x1) ,iq-(x,—x;) d2k
x Ko([x12|Q1)Ko([x12| Q1) ePXi7X1) gl 7% K K (A7)
d6%4(1),UV _ ezngzN%(Z122)3 /21 % |:1 n (Zl - Z)(Zz + Z) _ ZZI (Z] - Z) + ZQ(ZQ + Z):|
d2pd2qdy1dy2 (277.’)10 0o < 2132 2122
o o d?k
[ @ISty = S = S+ UKol xl@)Kolral@u)etiomenin) | S (ag)
Wl _ PON @)’ /ZZ dz [1 L@t alatdtaln- Z)]
d’pd*qdy,dy, (2x)" 0z 2122 212
N — d?k
8 /dgx[slzll’ — 812 = Sy + 1Ko (|X12]Q1) Ko (|X12| Q1 ) e Xi7X1) it (57%2) /Ik g (A9)

One can immediately verify from the above expressions that the UV divergent part of o5 is canceled by the UV divergent
part of ¢y;. Similarly o4y cancels with 6}, yy. The remaining terms can be written (after some simplification of the z
factors) as follows:

dot 2,202N2 31z (7 —
Sy etg O Ne(t1z) A dz [7@1 ) —i] /dSX[Sm’l’ =S =Sy + 1]

d’pd’qdy,dy, (27)10 z 2}

d’k
'sh

!

X Ko(|x12|01)Ko([x12|Qy) e Xix1) gl (omx2) A(I (A10)

054035-20



ONE-LOOP CORRECTIONS TO DIHADRON PRODUCTION IN ... PHYS. REV. D 106, 054035 (2022)

220 N? I Y
_ e~q Q ,(ZIZZ) Azdz [M_i] /dSX[S122’1’ _SIZ _S1’2’ + 1]

L
do 10+14(2),UV

d*pdqdy,dy, (27)"° 2 3
ip-(x}—x) ,iq-(x,—x,) &’k
X Ko(|X12] Q1) Ko(|x12]Q)ePHi7x) gl o K2 (A11)
The integrals over z in these two expressions can now be done, and we find the following:
dot 2.202N2 3
or1a)uv e g 0O °Ne(z122) 1 / 8
= - d°x (S0 — S12 — Sy + 1
Cpdqdy, dy, (2710 =5 X[S1201y 12— Sy + 1]
(x| =xq) pi (x5=x5) &’k
x Ko(|x12]01)Ko([x12|Q1)e™ Vel oo K2 (A12)
do-f0+14 2G> Q*N? 3
(2.0 g QN (2122) 1 / 8
= —-= d°x (S — S — Sy + 1
Cpdqdy dy, (272)10 275 X[S1221 12 =Sy +1]
ip-(x" —x1) ,iq-(x,—xX;) d2k
X Ko([x12] Q1) Ko(|x12]Q)ePHi7x) om0 o K2 (A13)

Now, if we add up 69, 619, 614(1), and 614(2) we see that the result is proportional to z; + z, — 1 which is zero by virtue of the
delta function (not shown here). So, what we have found is precisely Eq. (56). Therefore, all UV divergences are canceled
when adding up all the relevant pieces of the differential cross section.

APPENDIX B: COORDINATE SPACE RESULTS AT SOFT z

Here we have taken the limit 7 — 0 in all our expressions everywhere except where it causes a divergence. The result for
each expression has also been written in coordinate space where we have recalled the definition of the radiation kernel
[Eq. (57)]. The expressions in this appendix are useful both for showing that soft divergences are canceled and that rapidity
divergences can be combined to show evolution of the dipoles and quadrupoles according to the BK and JIMWLK
equations,

dot 2?Q*N% (212 dz 1 1 X3 ]
Lod2 ldl d 27) 15 1%2) / /leXKO X12| Q1)Ko (x12|Q1) 5t 33 112
pd-qdy, yz (27) X351 X3 X3 X3y
X [Sioy1r = S = Sy + 1P X=X e)5(1 — 7 — 25), (B1)
dok, 2(3292Q2N2 (212 dz [ 1 1 X%, |
Pod? 2d2 3 27710 122) / /leXKo (1%12]Q1)Ko([X12|Q1) |5 + 5 — 2222
pd-qdydy, (27) X3 X3y X3X3]
X [Siop = Sip = Sy + 1]l E )P Xi=x5(1 — z; — 75), (B2)
dot, —2e2¢*Q’N?(z;z dz 1 X2,
e 2O ORI [ [ gyl Kolxialon |5+ -
pd-qdy,dy, (27) 3 X32' X3 X3y
X [S12S1y = Sip = Sy + 1eP Mgl (xex2)5(] — z; — 7). (B3)
det 2247 Q*NY( d (1 1 x2, ]
5 203X3 ¢gQ 102112 / Z/dloxKo (X200 Ko(|x12]Q1) | =5+ 5 — 55
d’pd®qdy,dy, (27) X311 X3 X31X3y/]
X [S111820 = 813523 — 811383 + 1]eP T it (o x)5(] — 7) — z5), (B4)
do} , 22 0°N2%(z,22) /dz / M1 1 x2,
- dOxKo([x12| Q1)Ko ([x121Q1) | 5 + 5 — 55—
dzpdzqdyldyz (2m)0 ONFRIERONT X3 X%zf X%zxgz’-
X [S1182 = 813523 — Sy3Sy3 + 1]ePTi—x) i@ (x2X2)5(1 — 7, — z,), (BS)
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dot, —26292Q2N2 (z122)® [dz 1 X2,
Pod 3d4 q 27710 / /leXKo |X12|Q1)K0(|X12/|Q1){ ) 122 }
pasqdy;dy, (27) X3 X3y X31X32/

X [S111820 = 813823 — Sy3S823 + 1]e™®

dZ 1 Xz/
/ /dloxKo |X12|Q2)K0(|X12’|Q1){X = T “2 }

31 X3y X31X31'
(X Xl) lQ'(Xz—Xz) (l—zl _ZZ)’

(X=X @i (5 X2) 5 (] — 71 — 7,),

ddid —26292Q2N2 ZlZ2
dzpdzqd)ﬁdh (27) 10
X [S12238 13 = S13823 = Spp + 1]e™®

dot,, 262 0°N%(z25) /dz / (1 1 x2, |

d'xKo(1x12]02)Ko([X12|01) | 5+ 5 — 55—

d’pd’qdy,dy, (27)'° X3 X%z’ X§]X§2/_
X [S1223813 = S1138y3 — Spa + e EiXeia (%) 5(] — 7) — 75),

dob , 22 0°N%(z122) /dz/ 1 1 x2, ]

d'xKo(1x12] Q1)Ko (X112 Q1) | 5+ 5 — 525

d2pd2qdy1dy2 (27)'° B 1 l X5, X3 X5X3,)
X [S1231S23 = S138y3 — Spp + 1]eP ™) i@ (x2X2)5(1 — 7 — z,),

dek 22> Q*N%( d 1 X2,

Abe 20 = @2) / [ atky(ixial00 KolxixlQ) |+ o - 2 2

d*pd qdy,dy, (27) 32 X32, X5 X3y

X [S1231S23 = S13823 — Spp + 1]eP %) i@ x2X2)5(] — 7, — z,),

dot 22 Q?N2(212,)°
dzpdzqdyldh (2”)10
X [5322’1’513 - S13S23 - Sl’z’ +

1
A dloxK0(|X12|Q1)K0<|X12’|Q1) 2
X3

e X% i ()51 — 2, — 2,),

dok 4ezg2Q2N2(zlz2)3 1
d2pd2qdy1dy2 (27) 10

X [S13011823 = 813823 — Sy +

[) leXKO(|X12|Q1)K0<|X1 2’|Q1) 32
1P (6 =x0) it (5=2) 5 — 2, — 2,),
do¥ 2827 0°N2(z212,)°

d’pdqdy,dy, (27)"°
X (832017813 = S13823 = Sy +

o dz 1 1 x?
A dloxKo(|X12|Q1)K0(|X12'|Q1){X +t 5 2122}

31 X3 X3X3
1}e’p'(xl_Xl)elq'(xz_xl)(S(l —_ Zl —_ ZQ),

dok —2¢2*0*N?> 3 > d 1 1 2
5 268 =9 Q ]B(ZIZZ) / Zd XK0(|X12|Q1)K0(|X12’|Q1>{ 5 - lezz }
d*pd-qdy,dy, (27) z X3 X3  X3X3,

X [S13017823 = S13823 — Sy + 1]eP =Xl x2X2)5(] — 7 — z,),

do 2828 0°N2(z212,)°
dzpdzqu’1dy2 (2”)10
X [S1a01r = 812 = Sy +

1
A leXK0(|X12|Q1)K0(|X1 2’|Q1)_
X3
1]elp'(X]—X1)elq'(Xz—Xz)é(1 —_ Zl j— 22)’
d“lLo —26292Q2N2(1122)3
d’pd’qdy,dy, (27)'°
X [S1201r = 812 = Sy +

A dloxK0(|X12|Q1)K0(|X12’|Q1)—2
X3

l]elp'(X]—XI)elQ'(Xz—Xz)5(1 — Zl — 22)7
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dot, —4e>? Q’N2(z,2,)° [=dz
= < —d'%xK, K , —
Epdqdy,dy, (27)10 A xKo(|x12]Q1) Ko (X2 |Q1) %
X [Siap = S1p = Sy + e XXl (ox)5(] — 7) — 7)), (B17)
dot 42?0’ N%(z12,)° 1
2012 = 10( 122) / dloXKO(|Xlz|Q1)K0(|Xl/2/|Q1)
d*pd qdyld)’2 (27) 0 3
X [Siayr = Si2 = Sy + 1]ePEiX0 i) (] — 7) — 7). (B18)
dol 2P O*N2( d 1 4
13(1 212 2 dz X
Y] 0 101 2) / /leXK0(|X12|Q1)K0(|X12’|Q1) t 5 -3 122
Ppdqdy,dy, (27) X3 X3, X3X3,
X[51251/2'—512—51/2/+1]€ P(x1 %) g (5= >5(1 - 21— 22)s (B19)
dofs( e?F0>N2(z,z 1dz 1 x2
1) tate) / T [ aoxk(ixol oo |00 | -
d*pd qu1d)’z (27) X3 X3 X3X3,
X [S1281y = S1p = Sy + 1]eP X=X el4 () 5(1 — 7 — z,), (B20)
dall“4 2 222 3 2
(1) e 0*Nz(z120) / rdz 2 1 1 X1,
= —d''xK K , 4
Ppdady,dy, (2210 ; XKo(|x12| Q1)Ko (|x1201) | =5 X2 X%l + X2, xix,
X [Siayyr = iz — Sy + 1]ePEix) i@ x2X2)5(1 — 7, — 7,), (B21)
dofy, P 0’N2(z12,)° [=dz 2 1 1 x2
5 5 @) = 1(01 2) / leXK0(|X12|Q1)K0(|X12’|Q1)[ t ot T3 122 }
dpd-qdy,dy, (27) 0 X3 X3 X3 X3X3,
X [Siao1r = S1p = Sy + e i)l (xox2)5(] — 7) — 7). (B22)

APPENDIX C: DIMENSIONAL REGULARIZATION

The results in Sec. III include divergent integrals over the transverse momentum k or in coordinate space as divergent
integrals over x3. Ideally, one would like to regulate these divergences using dimensional regularization. In many of the
results, we have not found a way to evaluate the regularized integral, but in several it is possible. Here we show the ones that
can be done:

dot 22 PO’ N2 (1 — 20)% (23 + (1 — )2
dzpdqud)lqdyz - . (27r)29)z1( o : )/d8XK0(|X12Q2)KO(|X1’2’Qz)[Slzz/y =S =Sy +1]
. ’ d i<p- ! 1
X P (¥1=%1) piq(x;-X;) /?Zellp(x‘ %) [g—log(e”ﬂ/dxﬁ - X1|)} ) (C1)
dGLX 26292Q2N%Z3 1 -z 2 Z2+ 1 -z 2
dzpdzqzdy21dyz - : (271)19)1( - X )/d8XK0<|X12Q2)K0(|X1’2’Qz)[5122’1’ =S =Sy + 1]
2 ! : ! d l_ 1
x P (X|=X1) piq-(x;—X,) ZZ " q( X3) |:E _ log(eVEﬂ/A|X’2 _ X2|):| , (CZ)
dot —e*PO*Nizizo(1 — 2)(1 — 22) (21 (1 — 21) + 22(1 — 22)) [ dz
dzpdqud}f]dyz = 1 2( 1)( (271_;)( 1( l) 2 2 )/ /dSXKO |X12|Q2)K0(|X12/|Ql)

: ! I<p-X., I<q-X,, 1
1Sy = Stz = S -+ 1P S0l ios (g ) (1 g (e, - x)

< 2 1 iz(X (A=x) . , z
- <E> (z2p —zlq)2/) dxe*GP 5 9 xan0<|x12/| - |zop — z1q|v/x(1 —x))} (C3)
! 1
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dofy —20°PO*Ne(2122)° [ 4
dzpdzqdyldyz = (2”)9 /d X[S1o01 = S12 = Sy + 1Ko (|%12|Q1) Ko (X172 Q1)
ip (X —x1) Jig(x, vdz [z + (2 =2 (1 1, (2zziz|xp,|W’
x P (X17X1) pit (x;7%2) /Z —= = 2 -+ Slog | ), C4
0 z 4 ¢ 2%\ 2@ -0 (C4)
dot —22*Q>N2(z,2,)*
dzpdzqclizyldyz - (2”)9( 122) /dgx[slzz'l’ =S = Sy + 1Ko (|X12| Q1)Ko (|X12]Q1)
ip(x—x1) i (x! 2dz[B3 + (2 =2)°) (1 |1 (27257 |x |
x P (X|=X1) piq-(x;,—X;) /Z —22 = M (S Dog 2R EE ) ) 5
0z % ¢ 2%\ 2z -0 (©5)
d0f4 1 eZgZQZNZ. 713 2 : ’ . ’
dzpdzqd(y)MM N (27[)g 12) /dgx[slzz’l’ — S12 = Syy + 1Ko ([x12]Q1) Ko (X201 ) P X170 i 57x2)
adz 1 oye 1 dmpzi (2 + 2)
_ — = 71 _r mlAme - 7
XA - |:[ZIZ2+(Z] 2)(z2 + 2)] (6 > t3 Og{ 20 - 20
1 yg 1 drp?
- - STEL
z2[z1(z1 = 2) + 22(20 + 2)] <€ 5 tlog {(21 Dm0l (Co)
doty P 0*N2(z12,)? . —
dzpdzqd(y)ldy] N (271)(9 = /dSX[SIZZ’l/ = S5 = Sy + 1Ko (%121 Q1) Ko (|X172[Qy ) e 17X i (Xo7x2)
»dz I yep 1 dnu’Z3(z) +2)
_ — = _1 _rr e 77
XA E {[2122 + (22 = 2)(z1 + 2)] <€ ) og{ 205 -2)0°
I yg 1 dmp?
- (=41 . C7
ter(es +2) + 22 = ) -+ 10| P )

Note: these last two expressions are only valid for z # 0. We have defined ¢ = 2 — d where d is the number of dimensions
for the transverse integral. Another type of divergence becomes apparent when looking at the results in this way; there is a

logz
b4

inside the z integrals shows that the

d"%(l)
dzpdzqdhd)’z

divergence as z — 0 in the virtual corrections oy, 613, 614(1), and o4(2). However, we find that taking the limit z — 0

logz

—— cancels between oy, and 614(;), and similarly between o615 and oy4():

— 2202 N? 2 1y
SR [P E (e - 2) [ @xKolxalV - ) Ko(xi210)

X X1l % (S Sy — 1y = Sy + 1]

(xz1 (z9-2)+2)

27

|: . Z(ZQ_Z)[ZIZ2+(Zl‘:’ZZZ):;(ZZ_Z)](Z2P—ZI(1)2 ei[ = q—x(2—2)p] X2 i|X12|K1 (_i|xlz|\/X(Zz—z)(12P—Z1Q)2(Z+le(12—2)))
X —/ dx =
0

+

47[\/X(Zz—z)(zzp—zlfI)z(ZerZl(ZZ—Z))

212

zlzi(z1 +2) + 2222 = 2)] i, g (ameip)n i ((Zl +2)(22—2)(z2p - Z1Q)2|X1z|>

4Z]Z2 2122

2120+ (21 + 2) (22 — 2)] 2% [1

L og (emnmxlzn]]é(l Cn—2). (c8)
2122 2r €
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Here Hél)(x) is the Hankel function of the first kind:

d"%(z)
d’pd*qdy,dy,

—e2¢*Q’N2%(z,2,)* [«
_ gQ(ij)‘S(Z ZZ)A %(22"‘2)(21_Z>/d8XK0(X12|Q (22 + 2)(21 = 2)Ko(|x12]Q1)

e eip'xl/]eiq'x2/2 [S]ZSIIZ/ — S12 — S1/2/ + 1]

2 .rlxzp(zp—2)+2) 3
Z(zl—Z)[21Zz+<22+§)3(21—Z)](Zzp—zlq) S p_x(ZI_Z)Q]'X12i|X12‘K1 (_i|X12|\/X(zl—Z)(Zzp—zlq) (Z+x12(11—2)))

1 . )
X —/ dx L4 s Nead|
0 e \/X(zl—Z)(Zzp—zltD (z4x22(21-2))

22

2
+ 22z +2) + 21(z1 = 2)] ei[(zz+z)p—(z]—z)q]~xlz(_i>H(()2) ((Zz +2)(z1 —2)(22p — 219) |X12|>
47125 2122

: -7 PXp 1
_lwat @t )@ -dle {——mg <erw|xlz|>} 5(1 -2 = 2a). (C9)
2122 2r e

Here the sign change in the ie going from oy3(;) to 6y3(y) results in taking iH(()l) - —iH(()z) in the middle term.

APPENDIX D: USEFUL RELATIONS

d2k eik-x 1
————>=—Kj(|A , A eR. Dl
@k a2 2 oAl (D1)

d’k, d’k Aky + Bk,)iel*iXetk2y —iAF y' A \?2 AF
/ 1 2 (Ak; + Bky)'e™1%e _ Tt yK()(Q\/C(X——y) ——y2>. (D2)

2 2 2 2 _ 22
(27)* (2x) [k% + CQZ] |:Q2 + % + % + (k sz)z] (27)*y B B
Note: This result is valid only if C, D, E, F are all positive, & { 255 — FEF =1,and A + % = 0. We have used these

relations to eliminate D and E in the result. One can confirm that these two relations hold for all the cases we will need.

d2k3 (k3 _k)i ik;-x I xi ik-x : ki i Xi ik-x
/Wme ksx — 7’ kx " equivalently i z—ﬂ/dzx;e lex, (D3)
o A+B+K2+1/(A-B)*+2(A+B)k2+k}
/ d’k, 1 1 & A+B+k2—\/(A—B)+2(A+B)k2+k} for A B0 (D4)
(27)* [ki + Al[(k, + ky)* + B] 47 /(A B)> +2(A + B)k3 + k3 ’ '
[ Ao A4 KAKIED (I - s
(21)? K> + B ~ 7eT 0%\ 2a1B]) ) ’ '
/ d2k 1 Z—d/ ddk 1 #Z—dzﬂ.dﬂ /oo i kd—l ﬂZ—dﬂl—g Ad—2
— &5 — = =
QoK+ A2 H | e+ A2 2o d/2 Sy K+ A 270(d/2] sin(zd)2)

1|1 1 dmp®
_Z[E+§(10g[7]_”>}+o(e)’ e=2-d, 0<d<2. (Do)
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