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Elastic pion-proton and pion-pion scattering at high energies
in holographic QCD
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The total and differential cross sections of high-energy pion-proton and pion-pion scattering are
investigated in a holographic QCD model, focusing on the Regge regime in which the Pomeron exchange
gives the dominant contribution to those cross sections. The Pomeron is described by the Reggeized spin-2
particle propagator, and the hadron-Pomeron couplings are given by gravitational form factors of
the hadrons, which are obtained from the bottom-up AdS/QCD models. Since the parameters, which
characterize the Pomeron trajectory, have been determined in a preceding study of the proton-proton
scattering, the pion-proton cross sections can be expressed with a single adjustable parameter. Once this
parameter is determined by the experimental data of the pion-proton total cross section, its differential cross
section and the pion-pion cross sections can be calculated without any additional parameter. Although the
currently available data are limited, it is found that our calculation is consistent with those. Our predictions
are explicitly shown, and the present model can be tested at the future experimental facilities.
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I. INTRODUCTION

High-energy hadron-hadron scattering has been one of
the most important research topics in high energy physics
over several decades, since its cross sections reflect the
internal structure of the involved hadrons. In particular,
the proton-proton scattering has been intensively studied,
and for instance, the recent experimental data for the
high-energy elastic scattering measured by the TOTEM
Collaboration at the LHC [1-6] have provided us with the
valuable opportunities to deepen our understandings about
the proton structure. It is natural to have interest in other
hadron-hadron scattering processes which involve other
hadrons. In this work, we focus on the pion involved
processes, the elastic pion-proton and pion-pion scattering
in the Regge regime. Various preceding studies have
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been presented in Refs. [7-11]. The pion is the lightest
Nambu-Goldstone boson, and it is important to understand
its structure to improve our knowledge of quantum
chromodynamics (QCD). We investigate the total and
differential cross sections, and discuss the differences
between those processes and the proton-proton case.

Elastic hadron-hadron scattering is a simple two-body
process, and its cross sections shall be described by QCD.
Historically, the scaling laws for the differential cross
sections at s — oo and fixed #/s, where s and ¢ are the
Mandelstam variables, were investigated in Refs. [12—14].
However, especially for the high-energy forward scattering,
the cross sections are determined by quite complicated
gluonic interactions, and practically it is impossible to
calculate those by the perturbative technique of QCD.
Hence, it is required to build a model, which appropriately
approximates such a nonperturbative interaction and ena-
bles one to predict the cross sections in broad kinematic
regions. It is known that the Reggeon and Pomeron
exchange can give a reasonable description for the cross
sections. Donnachie and Landshoff showed that by this
combination various hadron-hadron total cross section data
can be well described [15]. At high energies, the Pomeron
exchange, which can be interpreted as a multi-gluon
exchange, gives the dominant contribution to the cross
sections. The leading Pomeron trajectory with its intercept
a(0) ~ 1 but slightly greater than 1, which is the so-called
soft Pomeron intercept, can describe the growing behavior
of the total hadronic cross sections.

Published by the American Physical Society


https://orcid.org/0000-0003-4127-0018
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.106.054025&domain=pdf&date_stamp=2022-09-22
https://doi.org/10.1103/PhysRevD.106.054025
https://doi.org/10.1103/PhysRevD.106.054025
https://doi.org/10.1103/PhysRevD.106.054025
https://doi.org/10.1103/PhysRevD.106.054025
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

LIU, XIE, SUN, LI, and WATANABE

PHYS. REV. D 106, 054025 (2022)

In this work, we consider the Pomeron exchange in the
framework of holographic QCD [16-23] to investigate
the pion involved scattering processes. The holographic
QCD models are constructed based on the AdS/CFT
correspondence [24-26], and have been applied to a lot of
studies of high-energy scattering processes so far [27-48].
We extend the work presented in Ref. [45], in which the
elastic proton-proton scattering was studied in a holo-
graphic QCD model, and investigate the pion-proton and
pion-pion scattering, focusing on the Regge regime. In our
model, the Pomeron is described by the Reggeized spin-2
particle propagator, and the proton-Pomeron and pion-
Pomeron couplings are given by gravitational form factors
of the proton and pion, which can be obtained from the
bottom-up AdS/QCD models [49,50]. Combining the
propagator and the form factors, we obtain the expressions
for the total and differential cross sections, and numeri-
cally evaluate them.

There are four parameters in our model, but for three
of them, one is the proton-Pomeron coupling constant and
two characterize the Pomeron trajectory, we use the values
determined in Ref. [45] by virtue of the universality of the
Pomeron. Hence, the pion-proton cross sections can be
expressed with a single adjustable parameter, which con-
trols the magnitudes of them. We determine this parameter
by the experimental data of the pion-proton total cross
section, and then its differential cross section and the pion-
pion cross sections can be calculated without any additional
parameter. Although the currently available data are lim-
ited, it is found that our calculation is consistent with those.
We will explicitly show our predictions, and discuss the
differences between the pion involved processes and the
proton-proton case. The model presented here can be tested
at the future experimental facilities.

This paper is organized as follows. In the next section we
introduce the formalism of our model to describe the high
energy pion-proton and pion-pion scattering in the Regge
regime. We explain how to obtain the gravitational form
factors, which specify the hadron-Pomeron couplings, from
the bottom-up AdS/QCD models in Sec. III. Our numerical
results for the total and differential cross sections are
presented in Sec. IV, and the summary of this work is
given in Sec. V.

II. HOLOGRAPHIC DESCRIPTION OF HADRON-
HADRON SCATTERING IN THE REGGE REGIME

The formalism of holographic description of the proton-
proton scattering in the Regge regime has been developed
in the preceding study [35]. Here we extend it to the pion-
proton and pion-pion scattering and give the expressions
for the cross sections. According to the formalism, the 2+
glueball field is expressed as a second-rank symmetric
traceless tensor h,,, which is assumed to be coupled
predominantly to the QCD energy-momentum tensor 7,

S=2 / d*xh,, T, (1)

where 4 is the coupling constant. Then the hadron-glueball-
hadron vertex can be extracted from the matrix element of
the energy-momentum tensor between the hadron states,

(P51 (0)[p,s). (2)

Considering the symmetry and conservation of T, Eq. (2)
can be generally expressed in terms of gravitational form
factors.

For the proton case, the matrix element can be expressed
with three gravitational form factors [51],

ruPy t 1P,

2
i(P,0,,+ P,0,,)k"
4m,

_ 2
Gl el uips). )

(P 5T (O)pos) = (o) [A,,m

+B,(1)

+C,(1)

where m,, represents the proton mass, k = p’' — p, t = k2,
and P = (p+ p')/2.

For the pion case, the matrix element of the energy-
momentum tensor can be written in terms of two gravita-
tional form factors,

(7(p2)|T(0)|7"(py))

1
= 3|24, (0pHpt + 5 Colt) (R — k), (4)

where p = (p, + p2)/2, k= p, — p3, and t = k.

In this study, we focus on the Regge regime, in which the
condition s > |¢| is satisfied. In the regime, the contribu-
tions from terms which involve the form factors, B,
and C,, can be neglected [35]. Also, it was shown in
Ref. [49] that C, can be expressed with A,. Hence, it is
enough to only consider A, and A, in this study.

The scattering amplitude for the interested hadron-
hadron scattering is obtained by combining the Pomeron
propagator, which is described by the Reggeized spin-2
particle propagator, and the gravitational form factors of the
involved hadrons. Only #-channel scattering is needed to be
considered, since it is the dominant channel in the Regge
regime. The lowest state on the leading Pomeron trajectory
is assumed to be the 2" glueball whose propagator can be
written as [52]

daﬂy5 ( k )

2_ 2
k my

(5)
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where a and f are the Lorentz indices contracted at one
side, and y and ¢ are the Lorentz indices contracted at the
other side. m,, is the glueball mass and d,,s is explicitly
expressed as

1
da/iyﬁ = E (77(1}/77[)’5 + ”(lénﬂy)

(k k(gl’]ﬁy + k k},f’]ﬁg + kﬁkérlay + kﬂkynaé)

" 2m 5
— O\ Napllys
24 é 4
K- m 2k, ksk, k
altp 4]
—W(k kg5 + k,Kstap) + Tf- (6)

g g

Since we will take the Regge limit in calculation of the
scattering amplitude, we can drop the terms which are
suppressed by the factor of 7/s. Hence only considering the
terms in the first line of this equation is actually enough in
this study.

The above propagator only includes the exchange of
the lightest state, i.e., the 27" glueball on the trajectory. In
order to include the higher-spin states, the Reggeizing
procedure is needed to obtain the full Pomeron propagator.
Following the preceding study [35], the Reggeized propa-
gator can be obtained by replacing the factor 4 L P in the

glueball propagator with the following one,

—. T[—y|T[1 = %] i als\ %(1)-2
> e \z) O
Py —x—1]

where y is defined by

X = CZC(S) + ac(t) + ac(”)

4
=3a,(0) +a.» m?, (8)

with m; the masses of the scattered particles. a.(x) =
a.(0) + al.x is a linear function related to the spectrum of
the closed strings. The parameters, a.(0) and «.., are related
to the parameters, which characterize the Pomeron trajec-
tory, through

2.(0)+2=a,(0), 2a.=da. (9

where a.(0) and «, are the Pomeron intercept and slope,
respectively. With these parameters, y in Eq. (8) can be
expressed as

+a2m—

)(:—a (10)

m(p1) \>\/\;r/,/ m(ps)

p(p2) = A, p(p4)

FIG. 1. The pion-proton scattering with the Pomeron exchange
in the r-channel.

A. Pion-proton cross sections

Here we focus on the pion-proton scattering, which is
illustrated in Fig. 1, and present the expressions for the
differential and total cross sections. Combining the
Pomeron propagator and the pion and proton gravitational
form factors, A,(¢) and A (), the amplitude of pion-proton
scattering with the Pomeron exchange in the 7-channel can
be expressed as

Map(s,1) = AadpAn(D)A, (1) [P (a7 q1t2)]
(

X e—l’ﬂac /2 w @ (lc(l)‘l
F[ac(t) 1] 2 ’

2
(11)

where 1, and 1, are the pion-Pomeron and proton-
Pomeron coupling constants, respectively. The parameter
x =3a.(0) + a.(m2 +m%) —3, where m, is the pion
mass. Since py = p, in the forward limit and the hadron
masses are much smaller than /s, taking the average of
spin of the incoming proton and summing over spin of the
outgoing proton, one finds

1 *
:EZ(MXM)

spin
= A22552A%(1)A%(1)
2IT[1 -

<F2[ m:(l)]) (a@s) 2a,.(1)-2
X —_— .
Fz[af,z(t) —x—1] 2

Then the differential cross section of pion-proton scattering
is expressed as

My (s, 1)

(12)

do

1
=T M (s, )
dt|,, 16xs

_ A AL (1 -5 (a_)<>
162125 — 7 — 1] 2
(13)

We apply the optical theorem to Eq. (11) and obtain the
expression for the total cross section as
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m(p1) —~ Ar_, — (ps)

m(p2) A 7(pa)

FIG. 2. The pion-pion scattering with the Pomeron exchange in
the t-channel.

z 1
Gtoltj = ;ImMﬂp (5,0)

AT 1] <@>ac<0)—1' 14

a.(0 a.(0
e -1\ 2

B. Pion-pion cross sections

The pion-pion scattering is illustrated in Fig. 2.
Combining the Pomeron propagator and the pion gravita-
tional form factor A,(¢), the scattering amplitude can be
written as

M (s, 1) = 22sA%(1)eim(1)/2

(N ()

where y = 3 a,.(0) + 2al.m2 — 3. Then the differential cross
section is expressed as

do
dt

o

o  16xs?

ANy [1 - %) <ags> 0T )
1621210 — y — 1] 2 '

M (s 1)

The total cross section is given by

1
ot = —-ImM,,(s,0)
s

()

a.(0 a.(0
PP - 2

III. GRAVITATIONAL FORM FACTORS
OF THE PION AND PROTON

To numerically evaluate the differential cross sections
presented in the previous section, we need to specify the
gravitational form factors, A, and A,, which can be
obtained from the bottom-up AdS/QCD models [49,50]
in the five-dimensional AdS space with the metric,

1
ds* = gyndx™dxN = —nyndxMdxN, e<z<zo,  (18)
Z

where 7,y = diag(1,—1,—-1,—1,—-1). In this study, we
adopt the hard-wall model, in which the anti-de Sitter
(AdS) geometry is sharply cut off in the infrared region at
7 = zg to break the conformal symmetry and introduce the
QCD scale.

According to the AdS/CFT correspondence, the energy-
momentum tensor operator 7, in the four-dimensional
strongly coupled theory corresponds to a field in the five-
dimensional AdS space

Ty (x) < hy(x,2), (19)

where h,, represents variations of the metric tensor,

Gul62) = 30+ hu2). (20

Considering the hyy terms, where y represents the
hadron field, in the classical action of the bottom-up
AdS/QCD model, the gravitational form factors can be
obtained.

A. Pion gravitational form factor

The effective action for the meson fields is given by [20]

1
Su = /de\/g{Tr{|DX|2 + 3]X)? —@(F% —I—F%)H

5
(21)

where the covariant derivative DMX = o¥X —iAMX +
iXA¥ is introduced with the gauge fields, AY and AY,
and the field strength tensor F)'§ = oMA}Y . — VAY —
i[AYr, AY ]. The bulk field X is defined by X(x,z) =
Xo(z) exp(2ir“z®) with the bulk scalar X, the isospin
operator t“, and the pion field z*. The bulk scalar is
given by

1 1
Xy = E]Iv(z) = Eﬂ(qu + 67%), (22)

where m, and ¢ can be identified as the quark mass and the
chiral condensate, respectively. Since we take the chiral
limit for simplicity in this study, m, = 0 and the pion is
massless.

The action containing the pion field 7 and the axial-
vector field A = (A, — Ag)/2 up to the second order is
expressed as

o(2)?
Sa :/dsx\/g{%gMN(aM”a—Aﬂ)(aN”a—Azav)

1

12 QKLQMNF”kMFZN] . (23)
9s
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Taking the variation over A{, of this equation, the equations
of motion are obtained, and the pion wave function is
given by [53]

Y(z) =zl E] <g>%<l_%(az3) — I(az’) M)

where a = gso/3 with g5 = 2z. The cutoff parameter z§ is
determined with the p-meson mass m, by the condition,
Jo(m,z§) = 0. The obtained value is z§ = 1/(322 MeV).
The parameter o is related to the pion decay constant,

(202 M . (25)

, 3 T1(2/3)
! L(az))

™ 4722T(1/3)

Using the experimental value f, = 92.4 MeV, it is found
to be ¢ = (332 MeV)?.

To obtain the matrix element of the energy-momentum
tensor, we need to consider the three-point function,

25°S
SAL (x)8h0 (y)SAR (w)
(26)

(01775 ()T, (1) (W) 0) =

Focusing on the relevant part of the action, the matrix
element is expressed as

(z(p2)| T (0)|* (p1))

1
= 2594, (0?) [p"p” +5 (*n - q”q”)} . (27)

The gravitational form factor is given by

N v(z)z‘I‘(z)2>’ (28)

13z

(0.¥(z))
Gifz

1:(0) = [[ano.0(

where H(Q, z) is the bulk-to-boundary propagator of the
graviton for the spacelike momentum transfer, and related
to the metric perturbation. As the solution of the linearized
Einstein equation, it is given by [54]

(0. =502 (S520 100 + kr(09)). (29

With these expressions, the Q> dependence of the pion
gravitational form factor is shown in Fig. 3.

B. Proton gravitational form factor

Similar to the pion case, the proton gravitational form
factor can also be obtained from the bottom-up AdS/QCD
model [50], in which the proton is described by a solution

1.0

~ —

proton

o - = pion

0.8 |

0.6 |

A@Q%

0.4+

0.2 |

0.0 . . .
0.0 0.5 1.0 15 2.0

Q*(GeV?)

FIG. 3. The gravitational form factors as a function of Q2. The
solid and dashed curves represent the proton and pion results,
respectively.

of the five-dimensional Dirac equation. The classical
actions is given by [55]

Sp—/d5x ge~®0) <é‘i’e§FADN‘I’

- % (D) TONTAY — M\iﬂ}!) . (30)

where e} = 28, Dy = dy + g wyap[l*. TF] —iVy is the
covariant derivative, and M represents the mass of the bulk
spinor.

The field ¥ is obtained as a solution of the Dirac
equation. Defining the right-handed and left-handed spinor
Wer = (1/2)(1 £9°)¥ and imposing appropriate boun-
dary conditions, the normalizable modes are given by

),y _ V22 Ip(miz)
43 =

 zodp(mizg)
02y = Y2 g (mi2) G1)
k 20 g(mhzl)

where f = M —|—% and m? is the mass of the n-th Kaluza-
Klein state, which satisfies the condition J_, (m}z{) = 0.
Since it can be seen in Ref. [50] that M :% realizes the
correct large momentum scaling for the proton electro-
magnetic form factor and we only consider the ground state
of the proton in this study, following this condition the
cutoff parameter is determined with the proton mass and
found to be z{ = 1/(245 MeV).

The matrix element of the energy-momentum tensor can
be extracted from the three-point function,

054025-5
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¢ 1 p (PDG2020)
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OTtot (mb)

60

10* 10°

FIG. 4. The total cross sections as a function of /s. The solid,
dashed, and dotted curves represent the results for proton-proton
[45], pion-proton, and pion-pion scattering, respectively. The
experimental data summarized by the PDG in 2020 [56] are
depicted by circles with error bars.
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FIG. 5.

(0T O} (x) T () D (w)]0). (32)
Focusing on the relevant part of the action, which has the
form of APY, and comparing the Lorentz structure
with that of Eq. (3), the proton gravitational form factor
is given by

1,(0) = [ dz5 3 QAW +¥R@). (3)

The Q? dependence of A, is shown in Fig. 3, from which
it is seen that A, decreases substantially faster than A,
with Q2.

IV. NUMERICAL RESULTS

The numerical results obtained from the expressions
explained in the previous sections are presented here. In the
present model, there are four parameters in total, «.(0), a.,
Az, and 1,, which need to be determined by the exper-

imental data. However, the three of those were determined

103 ‘
— proton-proton
1021 - - pion-proton
----- pion-pion
510t
Q.)
O
~
g
= 100F
NS
10tk
vs=1TeV
10-2 I I I I
0.0 0.1 0.2 0.3 0.4 0.5
[t] (GeV?)
103 F ‘ =
— proton-proton
102 - - pion-proton
N U pion-pion E
So10t}
<
O
~
E
Z 100
NS 10
10t
10—2 L L L L
0.0 0.1 0.2 0.3 0.4 0.5
[t] (GeV?)

The differential cross sections as a function of |¢| for various +/s. The solid, dashed, and dotted lines represent the results for

proton-proton, pion-proton, and pion-pion scattering, respectively. The proton-proton results are obtained from the model setup

presented in Ref. [45].
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in the preceding study of the proton-proton scattering [45],
and we can use the resulting values for the pion-proton
and pion-pion cases by virtue of the universality of the
Pomeron. In Ref. [45], the parameters were determined
with all the available data, including the recent TOTEM
ones [1-6], for the total and differential cross sections
at high energies, and it was shown that the model can
well describe the data. The parameter values taken from
that work are a.(0) = 1.086, o. =0.377 GeV~2, and
/11, =9.70 GeV~!. Hence, the total and differential cross
sections of pion-proton and pion-pion scattering are now
expressed with a single adjustable parameter A, which
describes the pion-Pomeron coupling.

We determine the parameter 1, by the pion-proton total
cross section data summarized by the Particle Data Group
(PDG) in 2020 [56]. Since we focus on the Regge regime
and only consider the Pomeron exchange in this study,
we need to set a kinematic cut to suppress the contributions
from the Reggeon exchange. We utilize all the available
data that have Py > 100 GeV/c, which corresponds to
/s > 13.73 GeV, to determine the value of A,. Using
Eq. (14) and the MINUIT package [57], the numerical
fit is performed, and the best fit value is found to be
Ay = 3.950 +£0.016 GeV~'.

Once the parameter 4, is determined, the pion-pion total
cross section can be calculated without any additional
parameter, using Eq. (17). The resulting total cross sections
are shown in Fig. 4, in which the proton-proton result taken
from Ref. [45] is also shown for comparison. Although the
number of available experimental data in the considered
kinematic region is limited and the data in the TeV scale
have huge uncertainties, it can be seen from the figure that
our calculation is consistent with those. In the present
model, since the parameters which characterize the
Pomeron trajectory are common to all the hadron-hadron
processes, the total cross section rations are constant. The
resulting ratios are found to be

p T

Oiot Oiot
=0.73, — =0.39. (34)

olot ot

Using Egs. (13) and (16), and the gravitational form
factors specified in Sec. 111, the pion-proton and pion-pion
differential cross sections can be numerically evaluated.
The results are shown in Fig. 5, in which the proton-proton
results obtained from the model setup presented in Ref. [45]
are also shown for comparison. From the figure, the
substantial differences of the ¢ dependence among the
three curves can be clearly seen. Comparing to the proton-
proton case, the ¢ dependence of the pion-proton results is
obviously weaker, and that of the pion-pion results is
further weaker. This qualitative behavior reflects the sub-
stantial ¢ dependence difference between the proton and
pion gravitational form factors, and is independent of the
\/s values in the considered kinematic regime.

V. SUMMARY AND DISCUSSION

We have investigated the elastic pion-proton and pion-
pion scattering at high energies in a holographic QCD
model, focusing on the Regge regime. Considering the
Pomeron exchange, which is expressed by the Reggeized
spin-2 particle propagator, and specifying the hadron-
Pomeron couplings by the gravitational form factors, which
are obtained from the bottom-up AdS/QCD models, we
have proposed a novel description of those scattering
processes. Since this model is overall constructed within
the framework of holographic QCD, this is a consistent
description. The notable advantage of the model is the fact
that it only includes a single adjustable parameter, since the
other three parameters were precisely determined in the
preceding study of the proton-proton scattering.

We have determined this single parameter by the exper-
imental data of the pion-proton total cross section and shown
that our calculation is consistent with those data. Then, we
have presented our predictions for the pion-pion total cross
section, and the pion-proton and pion-pion differential cross
sections, which can be calculated without any additional
parameter in the present model. From the differential cross
section results, the ¢ dependence differences are clearly seen,
which reflect the substantial difference between the proton
and pion gravitational form factors.

In this study, we have performed the numerical fit with
the pion-proton data, and the resulting pion-proton total
cross section seems reasonable. However, the number of
the currently available data is limited and also the data in
the TeV scale have huge uncertainties. It is obvious that the
determination of the best fit value was strongly affected
by the data in the lower s region. Hence, the absolute
magnitudes of the cross sections presented in this paper
may have some uncertainties, although it is difficult to
estimate those. This is our best effort at this moment, and
more data especially in the high s region, where the
contributions from the Reggeon exchange are completely
suppressed, are required to pin down the absolute magni-
tudes. Nevertheless, it is interesting that the qualitative
differences are found in our resulting differential cross
sections. In the present model, the slope depends on the
slope parameter of the Pomeron trajectory and the gravi-
tational form factor, and is especially sensitive to the latter
one. Therefore, it is expected that future experimental data
will help to improve our understandings about the pion
structure and also QCD itself.
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