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In this work we have explored the imaginary part of the heavy quark potential and subsequently the
dissociation of heavy quarkonia at finite temperature and in a magnetic field. With respect to earlier
investigations on this topic, the present work contains three new ingredients. The first one is considering
all Landau level summations, for which the present work can be applicable in the entire magnetic field
domain—from weak to strong. The second one is the general structure of the gauge boson propagator in a
hot magnetized medium, which is used here in the heavy quark potential problem for the first time. The
third one is a rich anisotropic structure of the complex heavy quark potential, which explicitly depends on
the longitudinal and transverse distance. By comparing with earlier references, we have attempted to
display our new contributions by plotting heavy quark potential tomography and dissociation probability at

finite temperature and in a magnetic field.
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I. INTRODUCTION

A lot of information is continuously being provided
by relativistic heavy-ion collisions (HIC) in the context
of a deconfined state of quark matter. Currently, ongoing
experimental programs have the aim to study the properties
of quark matter at high temperatures, where it behaves as a
weakly interacting gas of quarks and gluons. Recent surges
for the new and exciting aspects of the quantum chromo-
dynamics (QCD) phase diagram has led to the idea of
having a magnetized medium. It has been realized that the
noncentral HIC produce a strong magnetic field [1,2] in
the direction perpendicular to the reaction plane. At the
RHIC and LHC energies, the strength of this magnetic field
is estimated to be B = m2 = 10'® Gauss and B = 15m2 =
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1.5 x 10" Gauss [1,2], respectively, where m, is the pion
mass. Recent studies have also shown that such an
extensive magnetic field might have existed in the early
stages of the Universe [3,4].

Several theoretical efforts [5,6] have been made to study
the modification of the strongly interacting matter in the
presence of an external magnetic field. These studies
include direct numerical investigations using lattice
QCD [7-9] and effective theoretical investigations using
different methods including, e.g., anti-de Sitter/conformal
field theory correspondence studies [10], perturbative
studies [11-19], and effective QCD model studies [20-39].
Subsequently, those studies have anticipated many fasci-
nating novel features of the magnetized medium. Although,
to what extent those features will be detected in the HIC
experiments, is still not certain.

In the present work we have focused on one important
signature of quark matter and its behavior in the presence of
an arbitrary external magnetic field, i.e. heavy quarkonia.
Because of their large mass and resistant behavior towards
a thermal medium, heavy quarkonia is considered as one of
the most dynamic probes to study the characteristics of the
quark matter. There are mainly two lines of theoretical
approaches to determine quarkonium spectral functions,
viz. the potential models [40—45] and the lattice QCD
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studies [46,47]. In the lattice QCD simulation approach,
one studies the spectral functions derived from Euclidean
meson correlation [48]. Because of the decreasing temporal
range at large temperature, construction of spectral func-
tions is problematic, and hence, the results suffer from
discretization effects and statistical errors and thus are still
inconclusive. This is why potential models have been used
widely to study the heavy quarkonia at finite temperatures.
Pioneering studies to explore the heavy quarkonia and its
dissociation in a finite temperature using potential models
has been done by Satz et al. [40,41]. In Ref. [40], they
predicted a suppression of the bound state of c¢ pair, which
is being caused by the shortening of the screening length
for color interactions in the quark matter.

A very short lifetime (~few fm/c) of the quark matter in
HIC experiments further emphasizes the need to explore
the effects of a magnetic field on the properties of heavy
quarkonia. There are also several studies in the literature
which have explored the effect of a magnetic field on the
evaluation of quarkonia [49-52]. Modification of the heavy
quark potential is one of the most important aspects of the
theoretical upgradation required to study the properties of
heavy quarkonia in a magnetized medium, which was studied
recently by Refs. [53,54]. The effect of a constant uniform
magnetic field on the static quarkonium potential at zero and
finite temperature, and on the screening masses, have been
studied in Refs. [55,56]. For heavy quark diffusion phenom-
enology in a finite magnetic field, see Refs. [57,58].

In this paper we will investigate the properties of heavy
quarkonia in a finite magnetic field using the most general
structure of the gluon propagator in a hot magnetized
medium. Several recent studies have presented various
general structures of the fermion and gauge boson self-
energies vis-a-vis propagators at finite temperature and in
the presence of an external magnetic field [59-68] using
different independent tensor structures. For the present
work we have chosen the effective gluon propagator in a
hot and magnetized medium from Ref. [66]. The medium
modified heavy quark potential is the sum of both
Coulombic and string terms [69], and it is directly
dependent on the temporal component of the gluon
propagator through the inverse of dielectric permittivity.
For obtaining the imaginary parts of medium modified
heavy quark potential we will extract the imaginary part
of the resummed gluon propagator, in terms of real and
imaginary parts of gluon self-energy form factors.
Moreover, the form factors can be divided into fermionic
and gluonic contributions, and the magnetic field depen-
dent contribution arises only from the fermionic contribu-
tion. Subsequently, this will give the imaginary part of the
dielectric permittivity, which in turn will give the imaginary
parts of the in-medium heavy quark potential [47,70-73].

When we notice recent Refs. [53,54] for the research
topic on heavy quark potential at finite temperature and
magnetic field, then we can find the limitation of their

application zone of the magnetic field. Reference [54] can
be applicable in the strong field limit, where the lowest
Landau level (LLL) approximation takes the dominant
contribution, whereas Ref. [74] is done in the weak field
limit. In this regards, the present work can be applicable to
the entire magnetic field domain from weak to strong as we
are considering all Landau level summations. Unlike
Refs. [54,74], where they had neglected the Debye mass
(mp) independent terms in the calculation of the form
factors, those terms will be automatically incorporated in
our calculation. This contribution has been taken care of by
using the general structure of the gluon propagator at finite
temperature and in a magnetic field. Apart from these two
ingredients—(1) considering all Landau level summation
and (2) considering the general structure of the gluon
propagator at finite temperature and in a magnetic field,
we also have shown the anisotropic structure of heavy
quark potential, which can be naturally expected in a finite
magnetic field but ignored in earlier Refs. [54,74].

The paper is organized as follows. In Sec. II we
will discuss the formalism used to execute this work. In
Sec. II A we discuss the formalism of heavy quark potential
in the presence of an external magnetic field. Sections II B
and II C deal with the formalism of the imaginary part of
the potential and evaluation of the real and imaginary parts
of form factor b(P), respectively. Moreover, in Sec. 11D,
we will discuss the final anisotropic expression of the
potential and decay width expression. Section III refers to
the results and discussions after which we conclude in
Sec. IV. Some enlarged calculations are provided in the
Appendixes.

II. FORMALISM

A. Heavy quark potential in the presence
of an external magnetic field

To understand the melting of the quarkonia near cross-
over temperature, one needs to incorporate the nonpertur-
bative effect in the heavy quark potential. The Cornell
potential consisting of the Coulomb and stringlike parts can
describe the vacuum behavior of quarkonium bound state
very well. In-medium behavior of the potential is not well
known in literature. There are several proposals to para-
metrize the real and imaginary parts of the potential, and
we would use one of them, by the virtue of which we can
write down the in-medium heavy quark potential in real
space as [75,76]

_ [ &P e Veoma(P)
v = | e TV " W

where €(p) is the dielectric permittivity which contains the
medium information, and V¢, i the Cornell potential in
momentum space, which is given by

054010-2



ANISOTROPIC TOMOGRAPHY OF HEAVY QUARK ...

PHYS. REV. D 106, 054010 (2022)

a 40
Veomen(P) = =V 2/”; T
with a = Cpa,, Cp = (N> =1)/2N,, and o is the string
tension.

The inverse of dielectric permittivity e(p) is related with
the temporal component of the effective gluon propagator
D by the definition [54]

(2)

¢”'(p) = lim pD%(P). (3)

In the presence of an external magnetic field one needs to
consider appropriate modifications in the gluon propagator.
The general structure of a gauge boson propagator in a hot
magnetized medium is given in Appendix A, and from
Eq. (A10) one can easily extract the temporal component as

PP—d
(P2=b)(P* - d) -

DU(P) = BY(P).  (4)
where a(P), b(P), and d(P) are the corresponding form
factors whose explicit expressions are given in
Appendix A. Now in the vanishing limit of p,, form factor
a(P) also vanishes [11]. So we are not considering the form
factor a(P) in our case. Hence, in our case, the temporal
component of the effective propagator can be further
simplified as

D(P) = BY(P). (5)

(P*=b)

B. Imaginary part of the potential

Instead of going to the real part of the potential, we will
focus directly on its imaginary part as it will be connected
with heavy quark dissociation probability, which is our
matter of interest. From Eq. (1), one can straightaway
extract the imaginary part of the in-medium heavy quark
potential as

ImV(r)

&Ep _
= /W(elpr— D)V omen (p)Ime™,

3
= /%(eip'r - 1)VCornell(p)p2(;?BOImDOO(P))'
(6)

In the spectral function representation one can evaluate the
imaginary part of the effective gauge boson propagator
(D" = C;P¥, where C; are the form factors, and P are
the projection operators) as [77]

Im D*(P = {py.p}) = —z(1 + e/ T)p*(po.p).  (7)

where p* is the spectral function, represented as

1 eP/T

v - 5P
P (o) = PP (8)

1
with p; being the imaginary parts of the respective form
factors, i.e., p; = Im C;. Using this approach, from Eq. (5)
the imaginary part of the temporal component of the gluon
propagator can be written in terms of the self-energy form
factor b(P) as

0 ’ 1 ePo/T
ImD (po,p) :—7[(1+€_p0/ );m
Imb 1
X —, 9
(P?> —Reb)? + (Imb)? ? ®)
where we have used B®(P) = 4, with it = — P the
u Py P

next subsection we will evaluate the real and imaginary
parts of the form factor b(P).

C. Evaluation of the real and imaginary parts of b(P)

The form factor b(P) can be divided into quark and
gluonic contributions as

22
Po— P
b(P) = bq(P) +bg(P) == Opz [Hgo(P) +H;OJO(P)L
(10)
where I1%) are quark/gluonic parts of the temporal com-

ponent of the one loop gluon self-energy in a hot mag-
netized medium.

1. Gluonic contribution

Since gluons are not affected by a magnetic field, the
gluonic contribution of the one loop self-energy is similar
to the B = 0 case [54], i.e.,

+p| . Po
10 — 2 {1_@111 Po '—I—m—@(pz—pz) . (1)
P 2p i pe=pl T 2p ’
where m%)g = QZT;N”, and © is the step function. This

implies in the p(; — 0 limit we can write down the real
and imaginary parts of the form factor b (P) as

,}jI_I)loRe by(P) = mp,, (12)
. . TPy
limImb, (P) = lim m%, == 0(p?). 13
imim b, () = im0, (13)

2. Fermionic contribution

To evaluate the fermionic contribution we are going to
review the one loop gluon self-energy calculation from a
quark-antiquark loop in the presence of an arbitrary
magnetic field. Quark-antiquarks are affected by a mag-
netic field, so the propagator should be modified in the
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K .e—ri/(4d2/) 0 Dl(a)’kzvrj_)

Glw.k,.r,) = .
kel =52 2 —m—2l[eB]

(15)

In this case, the magnetic field B is in the z direction, and
P T Y P the vector potential is given by Landau gauge, i.e.,
A = (—By,0,0). The numerator of Eq. (15) is given by

Q:K—P Dl(a),kz,rl)
FIG. 1. One loop gluon self-energy. = (0’ — k> +m)|P, L, +P_L,_,4 L
2d} 2dj2£
presence of the magnetic field. The translation invariant i (rp -y )LL <r_l> (16)
part of the fermion propagator G(z,r) can be written in d2 2d12£

mixed coordinate-momentum space as [6,78]

dodk, , . where P :%[1 + isign(q,B)y'y?] are spin projectors,
G(t,r) = / 2n) "G (w, k), (14)  and d; = \/‘_B L%(x) are the generalized Laguerre poly-
nomials, and L%, (x) = 0 by definition. From Fig. 1, the
where gauge-boson self-energy can be written as
|
my 2 dkzd2 —ir, -p H
1%y (iw,,,p) = g T2 Z r e PTG iy, ky, 1)y Gliw, — iy, k, = p.,—T1)]. (17)

n=—oo

Here fermionic and bosonic Matsubara frequencies are @, = (2n + 1)zT and w,, = 2m=T, respectively. Equation (17) can
be further simplified as

e—ri/(Zc}) © oo 1 1
Hﬂy la)mﬁ p ng / er Pl T SHv (18)
52 Y 2 2By =y,

where the fermionic energies are defined as E;;_; = \/ mj% + k2 421 |g;B|. Here we define S* as the trace

St = Tr[yﬂDl(iwn7 kz7 rl)yl/D;(iwn — Wy, kz’ rJ_)]' (19)

Since we are only interested to find the temporal component of the one loop self-energy, we can straightaway puty = v =0
to get

% (iw,,,p) = —¢* T~ Z/ S Pr | emirips ¢ TL/(2d}) o oo 1 1
’ 2,54, (27d})* = = ko —Eir. a5~ Er 4.
x{2(L,L,/+L1_1L,r )(k0q0+kgq3+mf)+4d—4L} lLl,_l}
—o13 Y [N e
n=—co =0 I'— Lk, qo EI’,qZ4” df

X {471’d2-(X1 ! +X1_1 l/_])(kgé]@ +k36]3 —l—m?) + SﬂXll—l,l/—l}

”F(Ez kof)—NE(S1Ep g 5) 1
== — —— (Iis+1y), (20)
4”22 Z d4/ T 08, s, 45\E1 gErgy  isaom+Ep g=siEpg

where the functions /; ; and I, ; are defined as
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Ly = 4”d%(S1Ekz,lqu,l’ +k.q. + m%)[Xl,l’ + X104,

i J-
The associated function X, , and X}, , are defined in Appendix C. Finally, we can write down the real part of the temporal
component of the self-energy in the limit of py, — 0 as

np(Epg ) —np(s1Erg.y)  Lig+Ly
ll’ =0 51,5= il

(22)
4s1Ep rEr g f Eiw r—51Evq.r

po—0

Now to find out the imaginary part of the self-energy, we need to perform analytic continuation to the real value of gluon
energy. By replacing iw,, — p( + i€, the imaginary part of the temporal component of the gluon self-energy is given by

”F(Ez k.f) - nF(S1E1’ .f)
ImITY(po. p) - / — L2 5(s,p° + Epy r=S1Ep g ;)L y+ 1) (23)
Z 14y T 7=0s1 59— j:l 4512E 1k, rEr q..1 ) *

In the limit of our interest, i.e., py — 0, only two delta functions will contribute, i.e., for s, = £1 when s; = 1. We can
write the above equation as

1 ong(Ey;)
ImI% (po, p) / ahal S(Epp r—Evy ) +1
mI1g" (po \p0—>0 Z d“ 7 o 452E1k JEr,, OE 52P00( Lk.f z,q,.f)( f+1ay)
12g 11f+12f ong(Ey)
== S(Eip +—Er, ¢) 24
24’ O.Z & / 7 A= AE Ey, ; OE (Evk.s = Erg.z) (24)

Now we use the following property of the Dirac delta
. p: +2(I' = 1)lq;B|\?
function, Ecili—x, = \/mzf + 2l|q¢B| + ( < . ! ,
5(x—x,)
5(f(x)) = Xn:—‘ o : (25) (27)
with x, as the zeros of the function f(x), to obtain the
solutions for k, as I'"=1)|qsB
z qu,l/lkzzkzo :\/ +21/|qu| + ( (2 )|Qf |)
2 =DlasBl + p (26) p:
20 — zpz ° (28)
Using the value of k,y, subsequently, we obtain the explicit
expressions of fermionic energies as Hence, finally we can write
|
2g2 1 Ly+1
1T (po. )l 0 = Z & % B e E( = np(ED) (29)
[7=0 *PLik.s kz=k

So, the real and imaginary parts of the form factor b, in the limit of p, — 0 are, respectively, given in Eqgs. (22) and (29).

D. Final expression of the imaginary part of the potential and decay width
Using Egs. (12), (13), (22), and (29) in Eq. (9) within the limit pO — 0, we find

aTm3, g2 11 I s+ 1,
I— = Z L2 (E)(1 = np(Ey))

1
ImDY(p) = -2 <
2 (P> +Reb(po=0,p))* \ 2p 42 S 4p Eyy g

kz=k,o> . (30)
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where

Reb(py =0.p) = Rebq(Po =0,p)+ Rebg(l’o =0,p).
— Rel1%(py = 0,p) + m},. (31)

As the expression for ImD is an explicit function of p, and p |, we need to accordingly break up the phase space due to

@, 9

anisotropy of the external magnetic field along the “z

¥(rs0 = - [ PP s (T

(27)3/?

d % a 40
_/pl pL/) dpz“'”(JO(erL)COSZPZ_l)( 2/”?+

(2ﬂ)3/2

direction. By doing that, Eq. (6) will be transformed into

4o
\/2—”174) pZImDOO(pzv pJ_)y

> p*ImD®(p_, p.). (32)

V2rzp*

Equation (32) is our final expression for the imaginary part of the heavy quark potential.

We will now use the imaginary part of the potential to
calculate decay width (I'). So using the first-order time-
independent perturbation theory, decay width(I') can be
estimated from the given equation [54,71]

I(T.B) = — / Sr|¥(r)PImV(#T,B).  (33)

Here w(r) is the Coulombic wave function for the ground
state and is given by

mag

where ay = 2/(mga). Substituting the imaginary part of
the equation given in (32) into (33), we estimate the decay
width for the given temperature and magnetic field.
We would discuss the decay width of two quarkonia,
J/y (the ground state of charmonium, c¢) and T (botto-
monium, bb) in the next section.

III. RESULTS

In this section we will discuss our results about the
imaginary part of the heavy quark (HQ) potential and the
decay rate. For our present study we have chosen N, = 3,
Ny =2 and the strong running coupling constant g as

2472

7 1) = N —an,) In(2L)”

(35)

A

with Ayg = 0.176 GeV [79]. We also want to mention
here, that there are recent studies which explore the
thermomagnetic behavior of the strong coupling g [80-83],
which will be interesting to incorporate in future works. We
have taken the value of string tension as ¢ = 0.174 GeV?
[84]. Considering the anisotropy encountered in our

studies, throughout the results section we will discuss
two cases, i.e., with varying z for a fixed r| and vice versa.

As mentioned in the Introduction, recently several
studies have explored the heavy quark potential in a
magnetized medium restricting themselves to limiting cases
involving strong or weak magnetic field approximations. In
this context, present work can be applicable in the entire
domain of the magnetic field from weak to strong as we are
considering all Landau level summation. Therefore, we
have started our numerical presentation from Fig. 2, where
we have compared our result with two such recent results,
the strong field or the LLL approximated result from Singh
et al. [54] and the weak field or perturbatively expanded
result from Hasan et al. [74]. Since our present calculation
has captured the anisotropic outcomes of the magnetic
field, so they potentially become functions of r| and z, but
earlier Refs. [54,74] provide isotropic potential in terms of
r only. Hence, the comparison will not be very straight
forward. In the left panel, we have compared our aniso-
tropic results for r; =0 and for z =0 with the LLL
approximated results from Ref. [54], which shows a
noticeable difference between them. One of the sources
of this difference is that our results carry all Landau level
summations but Ref. [54] is a LLL approximation. To find
other sources of difference, we have generated our LLL
approximated results, which also differs from that of
Ref. [54]. Origin of this difference between the two LLL
approximated results can be traced back to the structure of
the coefficient function b where we have made no approx-
imations unlike Ref. [54], where they have neglected the
Debye mass (m ) independent terms. Also anisotropic and
isotropic structures are another level of differences. A
similar difference can again be observed in the right panel
of Fig. 2, where we have compared our general results for
both r; = 0 and z = 0 with that of a weakly approximated
one from Ref [74]. Hence, the left and right panels of Fig. 2
indicate that our results in weak and strong fields, both
limits, can not merge with earlier estimations [54,74]
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‘ ‘ ‘ 0.00
.00} p]
0.00 [oB] = T [eB] = 0.5m’
~~~~~ T — 0.25 GeV T = 0.232 GeV
—0.05} -0.05¢
2 Z
S o
-0.10¢ 1 -0.101
> 0.10 " ; >
== vs rypwhen z =
£ £
— vs z whenr; =0
-0.15( — BS et al. —oasf{ T vs Tavhenz=0
— wvs rywhen z = 0(LLL) ~=- vs z whenr, =0
=- vs z when 7, = O0(LLL) \ — MH et al.
-0.205: ‘ ‘ : : ‘ ‘ ‘ ~0.20 : ‘ ‘ ‘ ‘ ‘
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

distance [fm]

distance [fm]

FIG. 2. Variation of ImV with distance. We have shown two plots comparing with two recent results from Ref. [54] (left panel) and
Ref. [74] (right panel), which requires certain fixed values of magnetic field (eB) and temperature (7'), as depicted in the plot. We have
considered both the cases, i.e., with vanishing r; and with vanishing z.

because of the general structure of the magnetized gluon
propagator and anisotropic structure of the potential,
considered in the present work.

To further emphasize the deficiency of the LLL approxi-
mation, in Fig. 3 we have plotted the variation of the
imaginary part of the HQ potential with the distance for
various increasing values of the Landau levels and com-
pared them with respect to the LLL approximated result.
Again, we have shown two different cases in two panels of

Fig. 3, the left panel showing r; = 0 case and the right
panel showing z = 0 case. For both the cases one can
identify that the LLL approximated result is hugely
overestimating the values for the imaginary part of the
HQ potential, whereas with increasing values of the
number of Landau levels n, the gap with the full result
is getting diminished. We have considered n = 50 as full
results since we notice that the values are not changing
beyond n = 10.

0.00

0.00 - -~
|eB| = 20 m; |[eB| = 20 m;
T =0.2GeV T =0.2GeV
-0.05} r. =0fm -0.05f z=01fm
-0.10} —o0.10f
z 3
o, o
-0.15¢ -0.15¢
> b
£ £
— — n=0 = — n=0
-0.20 -0.20
— n=1 — n=1
—025[==" n=5 —0.25({ =" n =5
— =50 — n=250
-0.30 : : : : -0.30 : : : :
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
z [fm] ry [fm]
FIG. 3. Variation of ImV with distance, i.e., with z for vanishing | (left panel) and with r, for vanishing z (right panel), is shown

considering the different number of Landau levels, where we show

full result.

the difference between the LLL approximated result and the
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0.00
[eB| = 20 m?

T =0.2GeV

-0.05}

-0.10}

ImV [GeV]

-0.15(

— r(isotropic)

-0.20 : : : :
0.0 0.2 0.4 0.6 0.8 1.0

distance [fm)]

FIG. 4. Variation of ImV with distance comparing between full
and Debye mass approximated expressions. The variation is
shown with z for vanishing r, (dashed curve), with r, for
vanishing z (dotted curve), and with isotropic r using Debye mass
approximated expression (solid curve).

In Fig. 4, we have again compared our general result with
the Debye mass approximated results, but this time for
arbitrary values of external fields. As our observable, again
we have chosen the imaginary part of the HQ potential. In
Appendix D, we have given the expression for the Debye
mass approximated imaginary part of the HQ potential,
which is isotropic in nature (i.e., no explicit dependence
on r| and z), unlike our most general result. So, in Fig. 4,
we have shown this Debye mass approximated isotropic
curve (solid curve) with our anisotropic curves (dashed and
dotted curves). The anisotropic curves are plotted from our
main result, i.e., Eq. (32) using Eq. (30). Among the two
curves, the dashed curve shows the variation with z for
vanishing r |, whereas the dotted curve shows the variation
with r, for vanishing z. On the other hand, the solid curve
is drawn using Eq. (D1), where one can see that the
magnetic field effect is coming solely through the Debye
mass, subsequently providing incomplete information. In
this scenario, we are getting the isotropic space dependency
of the potential. One can observe from Fig. 4 that the
difference between the full result and the Debye mass
approximated result increases significantly with increasing
distance, thereby emphasizing the importance of consid-
ering the anisotropic nature of the full HQ potential in the
presence of arbitrary values of external magnetic fields. So,
from Figs. 2 to 4, we are devoted to show our ingredient
details in the heavy quark potential at finite 7, B with
respect to earlier calculations [54,74]. Next, we will enlarge
more the anisotropic tomography of this heavy quark
potential due to the magnetic field, which is probably
the first time it has been addressed in the literature.

Figure 5 has explored the anisotropic nature of the heavy
quark potential in the presence of the external magnetic
field, applied along the z direction. In the upper panel of
Fig. 5 we have shown the variation of the imaginary part
of the HQ potential, with respect to the longitudinal
distance z, for two different fixed values of the transverse
distance r; = O (upper left panel) and r;, = 0.5 fm (upper
right panel). For both the plots we have fixed the external
magnetic field to eB = 15m2 and shown the variation for
two different values of the temperature, i.e., T = 0.2 and
T = 0.4 GeV. For the plot with r; =0, at lower values
of z, both the curves start from vanishing Im V, as expected.
Also for both the plots one can notice that with higher
values of temperature, the magnitude of Im V also becomes
higher. The curves show a gradually decreasing behavior of
the imaginary part of the HQ potential with increasing
distance, as was also evident from Figs. 2 and 3. The lower
panel of Fig. 5 shows similar behaviors, where we have
fixed z to two different values of z = 0 (lower left panel)
and z = 0.5 fm (lower right panel) and varied Im V' with
respect to r .

In Fig. 6 we have shown the overall spatial dependence
of the imaginary part of the HQ potential in the form of a
contour plot, where we have varied both z and r; within the
range of 0 to 1 fm. For this plot, we have fixed the values
of the temperature and the magnetic field as 0.2 GeV
and 15 m2, respectively. The equal potential (imaginary)
regions are represented by different curves, and the
corresponding values for the imaginary parts of the HQ
potential are depicted on top of each curve. The reader
should notice that equipotential curves are elliptic in nature
instead of circular. The finite magnetic field makes this
transformation from circle to ellipse, meaning isotropic to
anisotropic transformation. So this anisotropic tomography
of heavy quark potential may be used as a signature of the
magnetic field produced in heavy ion collision. Though this
task is very nontrivial, we will try to search the possibility
by presenting our results in a different angle. The contour
plot (Fig. 6) will be modified with temperature and
magnetic field, which is explored in next paragraph.

In Fig. 7, we have presented the variation of the
imaginary part of the HQ potential with respect to the
temperature for two different values of the external mag-
netic field, i.e., eB = 10m2 and eB = 20m2. We have
considered the case of vanishing transverse distance in the
left panel with a fixed value of z =0.5 fm. It can be
observed that for vanishing temperatures, curves for differ-
ent magnetic fields merge into giving a vanishing ImV as
in-medium dissociation phenomena of quarkonia can not
be expected in a vacuum or 7 = 0. When the temperature
starts to increase gradually, at first the curve for the higher
magnetic field gives higher values for the imaginary part of
the HQ potential. However, after a certain temperature, we
observe a crossing between the curves. This feature can be
understood in the following way: In the low temperature
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Variation of ImV with z for two different fixed values of r; —r, = 0 (upper left panel) and r; = 0.5 fm (upper right panel) and

with 7| for two different fixed values of z—z = 0 (lower left panel) and z = 0.5 fm (lower right panel). For each of the plots we have
chosen two different values of temperature and a fixed value of the external magnetic field.

region, the magnetic field is the most dominating scale. As
the temperature starts to increase, a competition between
the magnetic field and the temperature takes place. The
nature of the curves get inverted with the enhancement of
the temperature, as the temperature scale becomes more
dominant for eB = 10m2, compare to eB = 20m>. Similar
behaviors have also been observed in the right panel where
we have vanishing z and a fixed r; = 0.5 fm. So, accord-
ing to Fig. 7, dissociation probability is enhanced and
suppressed by the magnetic field in the low and high
temperatures, respectively. If we concentrate within 7=
0.1-0.4GeV, eB= 10—20m,2, as covering the domain of ex-
panding quark-gluon plasma and the heavy quark dissoci-
ation temperature range broadly as 7,=0.15-0.35GeV,

then along the z axis, dissociation probability can be
enhanced due to the magnetic field, while the opposite
impact of the magnetic field can occur along r, axis. This
comment is based on the left and right panels of Fig. 7,
which are plotted at »;, =0, z=0.5 fmand r, = 0.5 fm,
z =0, respectively. However, for exact knowledge of
enhancing and suppressing dissociation domain, one
should notice the variation of all four parameters—r |, z,
T, and eB.

From the earlier discussion, we can see a rich anisotropic
tomography of heavy quark dissociation by varying r | , z, T,
and eB, but when we go towards experimental quantity—
heavy quark dissociation probability—this anisotropic
tomography will be integrated, and we will get only
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FIG. 6. Contour plot of ImV showing the equal potential
regions for different values of r; and z.

temperature and magnetic field dependent dissociation,
which carry the anisotropic information through its inte-
grated values, which will be different from corresponding
integrated values isotropic potential. Using Eq. (33), these
integrated values of heavy quark dissociation are obtained.
In Figs. 8 and 9, we have studied the variation of the decay
width with respect to the external magnetic field and
temperature, respectively. In the calculation we take the
bottomonium and charmonium masses as m; = 4.66 GeV
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and m. = 1.275 GeV, respectively [54,85]. For each of the
cases, we have shown two plots, for charm (left panel) and
bottom (right panel) quarks. In Fig. 8 we have fixed the
temperature at 7 = 180 MeV, and in Fig. 9 we have fixed
the magnetic field at eB = 10m2. In each of the plots we
have compared our full result (dashed lines) with the LLL
approximated result (dotted lines) and the Debye mass
approximated result without structure (solid lines). One
can notice from Fig. § that the LLL approximation again
overestimates the magnitude of the decay width. In com-
parison with the Debye mass approximated result, our full
result of the decay width shows a different 7" and eB profile
for both charm and bottom quarks. An increasing behavior
with increasing temperature can also be found in Fig. 9. As
the bottomonium states are smaller in size with larger masses
than the charmonium states, the thermal width for Y is
considerably smaller than the J/P.

At the end, we want to emphasize once again that with
respect to earlier estimations [54,74] of heavy quark
dissociation in the presence of a finite magnetic field,
present results find a new dimension, i.e., a new profile
in temperature and magnetic field axes and, more
intriguingly, a rather complex anisotropic tomography
in heavy quark dissociation. Former modification is
found for adopting the general structure of a gluon
propagator in a finite magnetic field in a heavy quark
potential framework, which is done here for the first time.
On the other hand, the latter modification—anisotropic
tomography of heavy quark dissociation—can always be
expected in a finite magnetic field, if one carefully
considers parallel and perpendicular momentum compo-
nents during Fourier’s transformation. Since earlier
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FIG. 7. Variation of ImV with temperature shown for two different cases, i.e., for vanishing r, (left panel) and for vanishing z (right
panel). For each of the plots, we have chosen two different values of the external magnetic field, which shows some interesting

Crossovers.
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result, and full result.

0.35
0.30

"
e
-
Prtd 4
"
.
.
.
.
s
.
.
.
.
.
e
.

0.25|

0.201

T [GeV]

0.05) — No structure

-=- Structure

0.00

T [GeV]

T [GeV]

0.16 0.18 0.20 0.22 0.24 0.26 0.28 0.30

0.08

0.06

0.04

0.02

— No structure

-=- Structure

ol : ‘ : : :
016 018 020 022 024 026 0.28 0.30
T [GeV]

FIG. 9. Variation of the decay width I" with respect to the temperature for a fixed external magnetic field shown for the case of charm
quark (left panel) and bottom quark (right panel). Curves shown for the case of the LLL approximated result, mp approximated result,

and full result.

Refs. [54,74] have not included this consideration,
anisotropy structure is missing in their calculations. In
this context, our present work is the first time of pointing
out this anisotropic structure in heavy quark potential,
which might build an anisotropic dissociation. In the near
future, our plan is to connect this anisotropic aspect of the
heavy quark potential (due to the magnetic field) with the
phenomenology of quarkonia suppression, which might
unfold as a signature for the strong magnetic field.

IV. CONCLUSIONS

In the present theoretical study, we have evaluated the
imaginary part of the heavy quark complex potential
formalism at finite temperature and magnetic field, whose
preliminary steps are standard and as follows. The imagi-
nary part of heavy quark-antiquark potential in terms of
coordinate space, temperature, and magnetic field can be
estimated by taking Fourier’s transform of momentum
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dependent potential, divided by permittivity of the medium,
which carry temperature and magnetic field. This permit-
tivity can be calculated from the temporal component of
the effective gluon propagator at finite temperature and
magnetic field.

Now, in the present work we have adopted the general
structure of the gluon propagator at finite temperature and
magnetic field, which was not considered in earlier works.
So a new ingredient of temperature and magnetic field
dependent profile in calculations is found. Our adopted
generalized gluon propagator consisted of four linearly
independent tensors. So there are four form factors which
can be calculated from the gluon self-energy. In our case,
we have only needed one form factor explicitly for the sake
of our calculation. This is evaluated from the one loop
gluon self-energy where the quark loop is affected by the
magnetic field. So the modified quark propagator in the
presence of the magnetic field is considered. We have
obtained the results for the general magnetic field by
summing all Landau level contributions. Comparing our
results with the existing works, done with lowest Landau
level approximation in the strong field limit, as well as
weak field approximation, one can consider our work as the
more general in nature. Our results are applicable for the
entire range from weak to strong magnetic fields. This is
because we are considering all Landau level summation
and the most general structure of gluon propagators, which
are taking care of corresponding full quantum mechanical
and quantum field theoretical effects, respectively.

Apart from these new ingredients—all Landau level
summation and general structure of the propagator—the
present work has adopted another novel and interesting
fact, the anisotropic form of heavy quark potential in the
presence of the magnetic field, which were ignored in
earlier works because of some approximations like ignor-
ing the Debye mass independent terms. We have graphi-
cally presented the detailed anisotropic tomography of
the imaginary part of the potential, which modifies with
temperature and magnetic field. This is one of the main
findings of our present study, which to the best of our
knowledge, has not been discussed before in the literature
for heavy quark potential.

The imaginary part of heavy quark potential basically
provides us with its dissociation probability. After doing
the coordinate space integration by folding with probability
density, based on the simple wave function due to
Coulomb-type potential, we have obtained the temperature
and magnetic field dependent dissociation probability or
thermal width of quarkonium states—J /¥ and Y. Here, we
have again found the modified temperature and magnetic
field profile, due to considering the summation over all
possible Landau levels and the general structure of the
gluon propagator in a finite magnetic field with respect to
earlier references. We believe that the anisotropic aspect of
heavy quark potential, due to the magnetic field, might

build an interesting quarkonia phenomenology, which is
planned for our next work. Further studies on the angular
dependence/ellipticity (e.g., for the case of photon emis-
sion, see [78]) of the dissociation probability is also needed
to disentangle the anisotropy, due to the external magnetic
field with the geometrical effects coming from the shape of
the plasma produced in noncentral HIC.
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APPENDIX A: GLUON EFFECTIVE
PROPAGATOR IN THE PRESENCE
OF A MAGNETIC FIELD

In the presence of a thermal medium, the Lorentz (boost)
invariance is broken, whereas the presence of a magnetic
field breaks the rotational symmetry of the system. Heat
bath velocity w* = (1,0, 0,0) is introduced in the presence
of a thermal medium. We consider the magnetic field along
z direction, i.e., n, = (0,0,0,1). We define * = An,.
Now gluon self-energy in the presence of a thermomagnetic
medium can be written as

1" = bB* + cR"™ 4+ dQ" + aN", (A1)
where the basis tensors are given as [66]
1787
B = 7 (A2)
SURV
oW = n_;l , ( A3)
n
o R+ R
>\ n?
RWY = VK — BHY — QMY (A4)

Note that b, ¢, d, and a are the corresponding form factors.

The vacuum projection tensor is

PP
P

Vi — g (AS)
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Note that #* is defined by projecting the vacuum projection tensor upon u*, i.e., u* = V*u,, and n* is defined as
n* = A*n,,. The form factors can be calculated using the following relations:

po— P’
b=by+b, = _?[Hgo(m + 115 (P)], (A6)

c=c,+c,=R[IL,(P)+I1},(P)]

= (I9)(P) + (I19);5(P) +P_1i[(p% = PTG (P) + TG0 (P) } p* {1055 (P) + 155 (P) } = 2pop3 {1155 (P) + 1G5 (P}, (A7)

d=d,+d, = Q"[I(P) + IT(P)]

p’ 2pop3 p§p3
=7 [{H§3(P) + 115 (P)} - e {T155(P) + TG (P) } + P {155 (P) +TIgo(P) } |, (A8)
1
1 w119 q
a:ag—l-aq :EN [HﬂD+HﬂD]
1 u-n g q g q
= NN -2 2 {I0g + Mgo} + 2{105; + IG5} | 5 (A9)

where ITj, and [T, are the self-energy contributions from the gluon loop, ghost loop, and from the quark loop, respectively.
The form factors would be calculated from the one loop gluon self-energy diagram.
The general structure of the gluon effective propagator using Eq. (A1) is given as [66]

Dﬂyi.fP”P”_'_ P2 —d B 4 1 RM 4+ P2 —d o™ + a NHY
P (PP-b)(PP—d)-d? PP—c (P = b)(P>—b)—a® (PP=b)(P2—d)—a®
(A10)
|
APPENDIX B: FREQUENCY SUM and
We write the fermionic Matsubara sums. Here w, =
(2n + 1)zT and w,, = 2mxT are the fermionic and bosonic o i, (i, — io,)
Matsubara frequencies, respectively, T Z T N
P [(lwn) - Ek][(lwn - lwm) - Eq]

. | _ 1np(Ey) —np(s1Ey) (B2)

4isyw,, + Ey —s1E,
T : : . —+1 2Wm k 1&g
Z@ (i, = E][(iw, — i) — E2] -
1 np(Ey) —np(s1E,)

= - , (Bl The Fermi-Dirac distribution function is iven
Zil4s1Equ LSrw,, +Ek _SlEq ( ) as I’ZF(E) g

S1,52= — ;
exp(E/T)+1"

APPENDIX C: DEFINITION OF FUNCTIONS X,,, AND X},

! A 242\ 12
Xm,n = ﬂe—pid;/Z M an—m M s for n >m (Cl)
n! 2 | 2 )]
! 2y (PLAF\ 1 | pidi\ 12
= %e—pidﬂ <_L2 f) L (—Z s ) . forn<m. (C2)
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o 2 dz n—m 2 dz 2 d2
X), = 2@{%‘2/” <%> Lr=m <‘pl f) L (pLz f), for n > m

n!

! 2d2 m—n 2d2 ZJZ
_ 2(” +1) e PLdr/? (pé f) Lmn <pL f)Lm—” <u>, for n < m.

m!

APPENDIX D: DEBYE MASS
APPROXIMATED ImV

In this case, one usually does not consider the general
structure of the gluon propagator in the presence of
temperature and an external magnetic field and, instead,
incorporates the effect of the magnetic field solely through
the modification in the Debye mass. Hence the imaginary
part of the potential in this case can be written as [71,76]

WV(r) = ~aTga(mpr) = S5 z(mpr), (D)

D

where my, is the Debye screening mass. In order to calculate

the Debye screening mass we have taken the static limit of

the temporal component of the gluon self-energy, i.e., m?, =

%@ — 0,p =0), where I(P)=T1°(P) + IIY(P).

; (C3)

n+1 (C4)

2

The first term in Eq. (D1) comes from the Coulombic
contribution, whereas the second term is related to the string
part of the Cornell potential.

The functions ¢,(x) and y(x) are defined as

hr(x) = 2Aoo dz— < 7 <1 - sin(zx))y (D2)

X

x(x) :2/0°° dzz(zzlﬂ)z <1—Sinz(jx)>. (D3)

Both the functions ¢,(x) and y(x) are monotonically
increasing functions with ¢,(0) =0 and y(0) = 1. At
large x, y(x) is logarithmically divergent, whereas

$r(c0) = 1.

[1] D. E. Kharzeev, L. D. McLerran, and H. J. Warringa, Nucl.
Phys. A803, 227 (2008).
[2] V. Skokov, A.Y. Illarionov, and V. Toneev, Int. J. Mod.
Phys. A 24, 5925 (2009).
[3] T. Vachaspati, Phys. Lett. B 265, 258 (1991).
[4] D. Grasso and H.R. Rubinstein, Phys. Rep. 348, 163
(2001).
[5] D. E. Kharzeev, K. Landsteiner, A. Schmitt, and H.-U. Yee,
Lect. Notes Phys. 871, 1 (2013).
[6] V. A. Miransky and I. A. Shovkovy, Phys. Rep. 576, 1
(2015).
[7]1 M. D’Elia, S. Mukherjee, and F. Sanfilippo, Phys. Rev. D
82, 051501 (2010).
[8] M. D’Elia and F. Negro, Phys. Rev. D 83, 114028 (2011).
[9] G.S. Bali, F. Bruckmann, G. Endrodi, Z. Fodor, S. D. Katz,
and A. Schafer, Phys. Rev. D 86, 071502 (2012).
[10] J. Erdmenger, V. G. Filev, and D. Zoakos, J. High Energy
Phys. 08 (2012) 004.
[11] J. Alexandre, Phys. Rev. D 63, 073010 (2001).
[12] H. A. Weldon, Phys. Rev. D 26, 1394 (1982).
[13] E. Braaten and R.D. Pisarski, Nucl. Phys. B337, 569
(1990).
[14] J. Frenkel and J.C. Taylor, Nucl. Phys. B334, 199
(1990).
[15] E. Braaten and R.D. Pisarski, Phys. Rev. D 45, R1827
(1992).

[16] B. Karmakar, R. Ghosh, A. Bandyopadhyay, N. Haque, and
M. G. Mustafa, Phys. Rev. D 99, 094002 (2019).

[17] R. Ghosh, B. Karmakar, and M. Golam Mustafa, Phys. Rev.
D 103, 074019 (2021).

[18] A. Bandyopadhyay, B. Karmakar, N. Haque, and M. G.
Mustafa, Phys. Rev. D 100, 034031 (2019).

[19] R. Ghosh, B. Karmakar, and M. G. Mustafa, Phys. Rev. D
101, 056007 (2020).

[20] N.O. Agasian and S. M. Fedorov, Phys. Lett. B 663, 445
(2008).

[21] E. V. Gorbar, V. A. Miransky, and 1. A. Shovkovy, Prog.
Part. Nucl. Phys. 67, 547 (2012).

[22] F. Preis, A. Rebhan, and A. Schmitt, Lect. Notes Phys. 871,
51 (2013).

[23] G. N. Ferrari, A.F. Garcia, and M. B. Pinto, Phys. Rev. D
86, 096005 (2012).

[24] S. Fayazbakhsh, S. Sadeghian, and N. Sadooghi, Phys. Rev.
D 86, 085042 (2012).

[25] K. Fukushima and J. M. Pawlowski, Phys. Rev. D 86,
076013 (2012).

[26] M. G. de Paoli and D. P. Menezes, Adv. High Energy Phys.
2014, 479401 (2014).

[27] T. Kojo and N. Su, Phys. Lett. B 720, 192 (2013).

[28] T. Kojo and N. Su, Phys. Lett. B 726, 839 (2013).

[29] J. K. Boomsma and D. Boer, Phys. Rev. D 81, 074005
(2010).

054010-14


https://doi.org/10.1016/j.nuclphysa.2008.02.298
https://doi.org/10.1016/j.nuclphysa.2008.02.298
https://doi.org/10.1142/S0217751X09047570
https://doi.org/10.1142/S0217751X09047570
https://doi.org/10.1016/0370-2693(91)90051-Q
https://doi.org/10.1016/S0370-1573(00)00110-1
https://doi.org/10.1016/S0370-1573(00)00110-1
https://doi.org/10.1007/978-3-642-37305-3
https://doi.org/10.1016/j.physrep.2015.02.003
https://doi.org/10.1016/j.physrep.2015.02.003
https://doi.org/10.1103/PhysRevD.82.051501
https://doi.org/10.1103/PhysRevD.82.051501
https://doi.org/10.1103/PhysRevD.83.114028
https://doi.org/10.1103/PhysRevD.86.071502
https://doi.org/10.1007/JHEP08(2012)004
https://doi.org/10.1007/JHEP08(2012)004
https://doi.org/10.1103/PhysRevD.63.073010
https://doi.org/10.1103/PhysRevD.26.1394
https://doi.org/10.1016/0550-3213(90)90508-B
https://doi.org/10.1016/0550-3213(90)90508-B
https://doi.org/10.1016/0550-3213(90)90661-V
https://doi.org/10.1016/0550-3213(90)90661-V
https://doi.org/10.1103/PhysRevD.45.R1827
https://doi.org/10.1103/PhysRevD.45.R1827
https://doi.org/10.1103/PhysRevD.99.094002
https://doi.org/10.1103/PhysRevD.103.074019
https://doi.org/10.1103/PhysRevD.103.074019
https://doi.org/10.1103/PhysRevD.100.034031
https://doi.org/10.1103/PhysRevD.101.056007
https://doi.org/10.1103/PhysRevD.101.056007
https://doi.org/10.1016/j.physletb.2008.04.050
https://doi.org/10.1016/j.physletb.2008.04.050
https://doi.org/10.1016/j.ppnp.2012.01.026
https://doi.org/10.1016/j.ppnp.2012.01.026
https://doi.org/10.1007/978-3-642-37305-3
https://doi.org/10.1007/978-3-642-37305-3
https://doi.org/10.1103/PhysRevD.86.096005
https://doi.org/10.1103/PhysRevD.86.096005
https://doi.org/10.1103/PhysRevD.86.085042
https://doi.org/10.1103/PhysRevD.86.085042
https://doi.org/10.1103/PhysRevD.86.076013
https://doi.org/10.1103/PhysRevD.86.076013
https://doi.org/10.1155/2014/479401
https://doi.org/10.1155/2014/479401
https://doi.org/10.1016/j.physletb.2013.02.024
https://doi.org/10.1016/j.physletb.2013.09.023
https://doi.org/10.1103/PhysRevD.81.074005
https://doi.org/10.1103/PhysRevD.81.074005

ANISOTROPIC TOMOGRAPHY OF HEAVY QUARK ...

PHYS. REV. D 106, 054010 (2022)

[30] R. Gatto and M. Ruggieri, Phys. Rev. D 82, 054027 (2010).

[31] J.O. Andersen and R. Khan, Phys. Rev. D 85, 065026
(2012).

[32] V. Skokov, Phys. Rev. D 85, 034026 (2012).

[33] R. Gatto and M. Ruggieri, Phys. Rev. D 83, 034016 (2011).

[34] A.J. Mizher, M. N. Chernodub, and E. S. Fraga, Phys. Rev.
D 82, 105016 (2010).

[35] J. O. Andersen, Phys. Rev. D 86, 025020 (2012).

[36] E.S. Fraga and L. F. Palhares, Phys. Rev. D 86, 016008
(2012).

[37] E.S. Fraga, Lect. Notes Phys. 871, 121 (2013).

[38] E.S. Fraga and A.J. Mizher, Phys. Rev. D 78, 025016
(2008).

[39] R. Ghosh and N. Haque, Phys. Rev. D 105, 114029 (2022).

[40] T. Matsui and H. Satz, Phys. Lett. B 178, 416 (1986).

[41] F. Karsch, M. T. Mehr, and H. Satz, Z. Phys. C 37, 617
(1988).

[42] A. Mocsy, Eur. Phys. J. C 61, 705 (2009).

[43] E. V. Shuryak and I. Zahed, Phys. Rev. D 70, 054507
(2004).

[44] C.-Y. Wong, Phys. Rev. C 72, 034906 (2005).

[45] D. Cabrera and R. Rapp, Phys. Rev. D 76, 114506 (2007).

[46] H. Satz, Nucl. Phys. A783, 249 (2007).

[47] L. Thakur, N. Haque, U. Kakade, and B. K. Patra, Phys.
Rev. D 88, 054022 (2013).

[48] W. M. Alberico, A. Beraudo, A. De Pace, and A. Molinari,
Phys. Rev. D 77, 017502 (2008).

[49] C.S. Machado, F. S. Navarra, E. G. de Oliveira, J. Noronha,
and M. Strickland, Phys. Rev. D 88, 034009 (2013).

[50] X. Guo, S. Shi, N. Xu, Z. Xu, and P. Zhuang, Phys. Lett. B
751, 215 (2015).

[51] K. Marasinghe and K. Tuchin, Phys. Rev. C 84, 044908
(2011).

[52] D.-L. Yang and B. Muller, J. Phys. G 39, 015007 (2012).

[53] M. Hasan, B. Chatterjee, and B. K. Patra, Eur. Phys. J. C 77,
767 (2017).

[54] B. Singh, L. Thakur, and H. Mishra, Phys. Rev. D 97,
096011 (2018).

[55] C. Bonati, M. D’Elia, M. Mariti, M. Mesiti, F. Negro, A.
Rucci, and F. Sanfilippo, Phys. Rev. D 94, 094007 (2016).

[56] C. Bonati, M. D’Elia, M. Mariti, M. Mesiti, F. Negro, A.
Rucci, and F. Sanfilippo, Phys. Rev. D 95, 074515 (2017).

[57] K. Fukushima, K. Hattori, H.-U. Yee, and Y. Yin, Phys. Rev.
D 93, 074028 (2016).

[58] S.K. Das, S. Plumari, S. Chatterjee, J. Alam, F. Scardina,
and V. Greco, Phys. Lett. B 768, 260 (2017).

[59] A.E. Shabad and V. V. Usov, Phys. Rev. D 81, 125008
(2010).

[60] K. Hattori and K. Itakura, Ann. Phys. (Amsterdam) 330, 23
(2013).

[61] M. Bordag and V. Skalozub, Phys. Rev. D 77, 105013
(2008).

[62] J. Chao, L. Yu, and M. Huang, Phys. Rev. D 90, 045033
(2014); 91, 029903(E) (2015).

[63] N. Mueller, J. A. Bonnet, and C. S. Fischer, Phys. Rev. D 89,
094023 (2014).

[64] A. Das, A. Bandyopadhyay, P. K. Roy, and M. G. Mustafa,
Phys. Rev. D 97, 034024 (2018).

[65] A. Ayala, J.D. Castaiio Yepes, C.A. Dominguez, S.
Hernandez-Ortiz, L.A. Hernandez, M. Loewe, D.
Manreza Paret, and R. Zamora, Rev. Mex. Fis. 66, 446
(2020).

[66] B. Karmakar, A. Bandyopadhyay, N. Haque, and M. G.
Mustafa, Eur. Phys. J. C 79, 658 (2019).

[67] A. Ayala, J. D. Castafio Yepes, L. A. Herndndez, J. Salinas
San Martin, and R. Zamora, Eur. Phys. J. A 57, 140 (2021).

[68] A. Ayala, J. D. Castafio Yepes, M. Loewe, and E. Mufioz,
Phys. Rev. D 104, 016006 (2021).

[69] E. Eichten, K. Gottfried, T. Kinoshita, J. B. Kogut, K. D.
Lane, and T.-M. Yan, Phys. Rev. Lett. 34, 369 (1975); 36,
1276(E) (1976).

[70] V. Agotiya, V. Chandra, and B. K. Patra, Phys. Rev. C 80,
025210 (2009).

[71] L. Thakur, U. Kakade, and B. K. Patra, Phys. Rev. D 89,
094020 (2014).

[72] U. Kakade, B. K. Patra, and L. Thakur, Int. J. Mod. Phys. A
30, 1550043 (2015).

[73] V. K. Agotiya, V. Chandra, M. Y. Jamal, and I. Nilima, Phys.
Rev. D 94, 094006 (2016).

[74] M. Hasan and B.K. Patra, Phys. Rev. D 102, 036020
(2020).

[75] D. Lafferty and A. Rothkopf, Phys. Rev. D 101, 056010
(2020).

[76] L. Thakur, N. Haque, and Y. Hirono, J. High Energy Phys.
06 (2020) 071.

[771 H. A. Weldon, Phys. Rev. D 42, 2384 (1990).

[78] X. Wang, I. A. Shovkovy, L. Yu, and M. Huang, Phys. Rev.
D 102, 076010 (2020).

[79]1 N. Haque, A. Bandyopadhyay, J.O. Andersen, M.G.
Mustafa, M. Strickland, and N. Su, J. High Energy Phys.
05 (2014) 027.

[80] A. Ayala, J.J. Cobos-Martinez, M. Loewe, M.E.
Tejeda-Yeomans, and R. Zamora, Phys. Rev. D 91,
016007 (2015).

[81] A. Ayala, C.A. Dominguez, S. Hernandez-Ortiz, L. A.
Hernandez, M. Loewe, D. Manreza Paret, and R.
Zamora, Phys. Rev. D 98, 031501(R) (2018).

[82] E.J. Ferrer, V. de la Incera, and X. J. Wen, Phys. Rev. D 91,
054006 (2015).

[83] R.L.S. Farias, K.P. Gomes, G. Krein, and M. B. Pinto,
Phys. Rev. C 90, 025203 (2014).

[84] Y. Burnier and A. Rothkopf, Phys. Lett. B 753, 232 (2016).

[85] K. A. Olive et al. (Particle Data Group), Chin. Phys. C 38,
090001 (2014).

054010-15


https://doi.org/10.1103/PhysRevD.82.054027
https://doi.org/10.1103/PhysRevD.85.065026
https://doi.org/10.1103/PhysRevD.85.065026
https://doi.org/10.1103/PhysRevD.85.034026
https://doi.org/10.1103/PhysRevD.83.034016
https://doi.org/10.1103/PhysRevD.82.105016
https://doi.org/10.1103/PhysRevD.82.105016
https://doi.org/10.1103/PhysRevD.86.025020
https://doi.org/10.1103/PhysRevD.86.016008
https://doi.org/10.1103/PhysRevD.86.016008
https://doi.org/10.1007/978-3-642-37305-3
https://doi.org/10.1103/PhysRevD.78.025016
https://doi.org/10.1103/PhysRevD.78.025016
https://doi.org/10.1103/PhysRevD.105.114029
https://doi.org/10.1016/0370-2693(86)91404-8
https://doi.org/10.1007/BF01549722
https://doi.org/10.1007/BF01549722
https://doi.org/10.1140/epjc/s10052-008-0847-4
https://doi.org/10.1103/PhysRevD.70.054507
https://doi.org/10.1103/PhysRevD.70.054507
https://doi.org/10.1103/PhysRevC.72.034906
https://doi.org/10.1103/PhysRevD.76.114506
https://doi.org/10.1016/j.nuclphysa.2006.11.026
https://doi.org/10.1103/PhysRevD.88.054022
https://doi.org/10.1103/PhysRevD.88.054022
https://doi.org/10.1103/PhysRevD.77.017502
https://doi.org/10.1103/PhysRevD.88.034009
https://doi.org/10.1016/j.physletb.2015.10.038
https://doi.org/10.1016/j.physletb.2015.10.038
https://doi.org/10.1103/PhysRevC.84.044908
https://doi.org/10.1103/PhysRevC.84.044908
https://doi.org/10.1088/0954-3899/39/1/015007
https://doi.org/10.1140/epjc/s10052-017-5346-z
https://doi.org/10.1140/epjc/s10052-017-5346-z
https://doi.org/10.1103/PhysRevD.97.096011
https://doi.org/10.1103/PhysRevD.97.096011
https://doi.org/10.1103/PhysRevD.94.094007
https://doi.org/10.1103/PhysRevD.95.074515
https://doi.org/10.1103/PhysRevD.93.074028
https://doi.org/10.1103/PhysRevD.93.074028
https://doi.org/10.1016/j.physletb.2017.02.046
https://doi.org/10.1103/PhysRevD.81.125008
https://doi.org/10.1103/PhysRevD.81.125008
https://doi.org/10.1016/j.aop.2012.11.010
https://doi.org/10.1016/j.aop.2012.11.010
https://doi.org/10.1103/PhysRevD.77.105013
https://doi.org/10.1103/PhysRevD.77.105013
https://doi.org/10.1103/PhysRevD.90.045033
https://doi.org/10.1103/PhysRevD.90.045033
https://doi.org/10.1103/PhysRevD.91.029903
https://doi.org/10.1103/PhysRevD.89.094023
https://doi.org/10.1103/PhysRevD.89.094023
https://doi.org/10.1103/PhysRevD.97.034024
https://doi.org/10.31349/RevMexFis.66.446
https://doi.org/10.31349/RevMexFis.66.446
https://doi.org/10.1140/epjc/s10052-019-7154-0
https://doi.org/10.1140/epja/s10050-021-00429-4
https://doi.org/10.1103/PhysRevD.104.016006
https://doi.org/10.1103/PhysRevLett.34.369
https://doi.org/10.1103/PhysRevLett.36.1276
https://doi.org/10.1103/PhysRevLett.36.1276
https://doi.org/10.1103/PhysRevC.80.025210
https://doi.org/10.1103/PhysRevC.80.025210
https://doi.org/10.1103/PhysRevD.89.094020
https://doi.org/10.1103/PhysRevD.89.094020
https://doi.org/10.1142/S0217751X15500438
https://doi.org/10.1142/S0217751X15500438
https://doi.org/10.1103/PhysRevD.94.094006
https://doi.org/10.1103/PhysRevD.94.094006
https://doi.org/10.1103/PhysRevD.102.036020
https://doi.org/10.1103/PhysRevD.102.036020
https://doi.org/10.1103/PhysRevD.101.056010
https://doi.org/10.1103/PhysRevD.101.056010
https://doi.org/10.1007/JHEP06(2020)071
https://doi.org/10.1007/JHEP06(2020)071
https://doi.org/10.1103/PhysRevD.42.2384
https://doi.org/10.1103/PhysRevD.102.076010
https://doi.org/10.1103/PhysRevD.102.076010
https://doi.org/10.1007/JHEP05(2014)027
https://doi.org/10.1007/JHEP05(2014)027
https://doi.org/10.1103/PhysRevD.91.016007
https://doi.org/10.1103/PhysRevD.91.016007
https://doi.org/10.1103/PhysRevD.98.031501
https://doi.org/10.1103/PhysRevD.91.054006
https://doi.org/10.1103/PhysRevD.91.054006
https://doi.org/10.1103/PhysRevC.90.025203
https://doi.org/10.1016/j.physletb.2015.12.031
https://doi.org/10.1088/1674-1137/38/9/090001
https://doi.org/10.1088/1674-1137/38/9/090001

