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We provide a detailed reconsideration of the theoretical basis for the treatment of Coulomb-nuclear
interference (CNI) and a corresponding thorough analysis of the procedure of extraction of the basic
parameters p””, oLf, and BP? from the TOTEM data at /s = 13 TeV. A more substantiated account of
CNI, as well as an in-depth statistical analysis of the TOTEM data at low transferred momenta, gives results
that differ from those published by the TOTEM collaboration.
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I. INTRODUCTION

Measurements by the LHC TOTEM Collaboration at
13 TeV [1] caused a number of papers with vivid dis-
cussions, often with opposite conclusions. The TOTEM
Collaboration gives two values' of the parameter
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with a strikingly small error,” less than 10%, although the
very data show large systematic errors. An unexpectedly
low value of p given by the TOTEM prompted some
authors to consider these results as a proof of the existence
of the so-called “maximal Odderon” (in particular those of
Ref. [2], in which p was estimated as very close to 0.1).
Such an interpretation was adopted in [1] (with some
reservation, though) as a first experimental observation of a
“3-gluon compound state.”

It was also claimed in [1] that such a low value of p along
with the mentioned narrow error corridor supposedly ‘“has
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'As said in [1] “depending on different physics assumptions
and mathematical modeling.” We comment on the latter reason in
Sec. IV and Conclusions.

*Here Ty(s.7) stands for the pp (“nuclear™) scattering
amplitude in absence of electromagnetism. As usual, s stands
for the c.m.s. energy squared, white ¢ is the invariant momentum
transfer squared.
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implied the exclusion of all the models classified and
published by” the COMPETE Group [3].

Concerning the credibility of the statement about the
Odderon observation we refer the reader to Refs. [4,5]
where a detailed discussion of this problem is given.

In the present work we concentrate on two important
issues of the parameter retrieval from the data.

(1) First of all, this is a way of taking into account CNI
effects in the full scattering amplitude. Beyond a
simplistic adding the Coulomb 1-photon exchange
to the nuclear amplitude (which is obviously theo-
retically untenable) we find in the literature two
ways of accounting for CNI.

The first one goes back to the pioneering work of
H. Bethe and was significantly improved by D.R.
Yennie and G.B. West [6]. The idea is that the
inclusion of Coulomb exchanges leads to the appear-
ance of an additional phase in the strong interaction
scattering amplitude. Within a couple of decades this
method served a convenient phenomenological tool
for the description of the differential cross section with
account for CNI and extracting the parameters men-
tioned above (see, e.g., [7]).

Nonetheless, afterwards it was criticized by R.Cahn
(and a dozen years later in a more detailed way by
V. Kundrit and M. Lokajicek) [8]. It was noted that
the Bethe-Yennie-West method requires the phase of
the nuclear scattering amplitude 7'y to be independent
of the momentum transferred which is a rather
restrictive condition. Moreover, as was proved re-
cently [9], such an independence, even in an arbitrary
narrow interval, leads to identical vanishing of this
amplitude. In addition, it is noted in [10] that the form
of the Coulomb phase proposed by Yennie and West
contradicts the general properties of analyticity in the
t-channel.

Published by the American Physical Society
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As a replacement for the Bethe-Yennie-West
method, a different method was proposed in [8] for
taking into account the CNI effects, which does not
impose unnecessary restrictions on the phase of the
nuclear scattering amplitude. Exactly this method was
adopted in [1] for retrieving the p-parameter etc which
attracted a close attention.

However, this last method, which we will call CKL
(for Cahn-Kundrét-Lokajicek), although it has been
qualified in [1] as “the most general interference
formula,” also turned out to be flawed. The problem
was, in particular, in an oversimplified way of the form
factor account.

A formula devoid of this shortcoming was derived
in Refs. [11,12].

In what follows we use an expression based on these
latter papers for a correct account for CNI effects. We
believe it is suitable for general use.

The aforementioned low value of p was obtained in
[1] on the basis of an analysis of the differential
cross section at low values of the transferred
momenta. To this end two arrays of the data were
chosen. Specifically, the sets with |z| <0.15 GeV?
and with |¢| £0.07 GeV?, though no reason why
namely these values of cutoff were taken was given.

Following the method of Ref. [1], we also use,
when processing the data, a cutoff in |z| but find that
together with an upper cutoff one has to impose a
lower cutoff as well, and in Sec. IV we motivate our
choice for both. The values of parameters (p, total
cross section oy, and the forward slope B of do/dt),
retrieved with help of such a procedure, turn out to
be different from those announced in [1]. The early
arguments that the p-value can differ from that
claimed by the TOTEM Collaboration can be found
in [13]. As regards the accuracy of the p parameter,
we find that the statistically justified retrieval leads
inevitably to a significant widening of the error
corridor what is of fundamental importance.

The last item we would like to draw the attention to
is the question: to which extent the smearing of the
proton electric charge over its volume (embodied by
the form factor F) makes the parameters p etc
different from the idealized case of the pointlike
charge (F = 1)? The answer turned out to be quite
surprising and quite helpful for estimate of accuracy
of the cross section description in the realistic case.

(ii)

(iii)

II. EXACT FORMULA

If we assume, as it is generally done, that the elastic
S-matrix Sc,y(b) in impact parameter space factorizes in
strong and Coulombic interactions

3Actually this property cannot be exact and rather holds at
large impact parameters, relevant to the subject of the present
discussion.

Scin(b) = Sc(b)Sy(b)

then we can obtain without much difficulty the following
formula for the modulus of the full scattering amplitude
Tc.y (for the sake of brevity we will mostly omit the
explicit indication of the ‘“passive” parameter s as an
argument)

qu/ dzq//
T 2 4 ZSC , /
| C+N|q;é0 S (q q) + (27'[)2 (271_)2

x S(q' . q"\Tx(q— 4 )Ty(q—4q")

14 / équ);Im[SC(q, q)Tn(q—4q')]

where
Sc(q/ q//) — /de/JZb//eiq’b’—iq”b”eZiaAC(b’,b”)

and

1 Fz(k2> _l' 1 _l'/
:% dzk k2 (e bk_e bk)

— / “%ﬁ(k?)[fo(b”k) = Jo(b'K)].
o k

Ac(b/, b//)

The fact that we are dealing directly with the square of the
amplitude modulus, and not with the amplitude itself,
allows us to avoid the well-known IR divergence that
resides in the phase Arg7c,y, and, along with this,
dangerous manipulations with expressions that diverge
when removing the IR regularization. Equation (1) and
the expression for Aq(b',b"”) contain only convergent
integrals both in IR and in UV. In this paper we mostly
use, instead of ¢, a more convenient variable

¢ =q

= ¢ = ut/4p? = p*sin?0), s =4p® +4m?,
which reflects the 1 — u symmetry of the pp scattering. At
0 — 0 g> ~ —t while at & - 7 ¢*> ~ —u. We will use the
same notation ¢ both for 2-dimensional vectors q and their
modules |q|. In the latter case, the limits of integration are
indicated explicitly.

In Eq. (1) we impose the condition g # 0 which
corresponds to real experimental conditions (the scattered
proton cannot be detected arbitrarily close to the beam
axis). The “forward” observables are understood as a result

of extrapolation ¢ — 0:

— lim RCTN(S, [) ’ Oy (hc)_z _ hmImTN(S, [) ’
-0 ImT y (s, 1) =0 2py\/s
1
B — fim AIntdon/d] (2)
=0 dt
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where

2

Ty

’

dt |GeV?|  16xs?
(he)? = 0.389379...

doy { mb ]  (Ac)?

[mb - GeV?].

However, this does not concern expressions appearing as
integrands when they may very well contain terms like 5(q)
with a support of measure zero.

As we deal with high energies and have in the integrands
fast decreasing nuclear amplitudes 7'y (k?) and form factors
F(k*) we can (modulo vanishingly small corrections)
extend the integration in |k| (kinematically limited by
\/s/2) over the whole 2D transverse momentum space. The
benefit is a convenient opportunity to freely use direct and
reversed 2D Fourier transforms.

Note that the “Coulomb kernel” S€(¢’, ¢") has simple
boundary properties

5(q".q")lazo = (27)?5(q") (27)*5(q")
while /Sc(q’,q”)dzq’dzq”/(Zﬂ)“ =1, Va

In principle, when applying to the data analysis, one could
deal directly with Eq. (1) which is an all-order (in @) exact
expression free of singularities.

However, in general, it is hardly possible to obtain an
explicit and “user friendly” analytic expressions with
arbitrary 7y and F which would allow their convenient
practical use.

a®~39x 1077 it seems that we can fairly limit our
considerations with terms up to a? inclusively with possible
uncertainty not exceeding 1 percent in the worst case.!

IT1. DIFFERENTIAL CROSS SECTION
IN O(a?) APPROXIMATION

As was said above,5 with a nontrivial form factor the all-
order expression for the Coulomb kernel S€(¢’, ¢") is very
complicated and practically useless.® Nonetheless, pertur-
bative expansion in @, if to retain at least terms up to o>
inclusively, gives a very precise estimate of S¢(¢’, ¢") and
hence of the differential cross section.

Thus we will use the following expansion

(27)*8(q')(27)*5(q")

]:2 I
+2ia(27z)3[ qfle)

SC(q/, q//) —

() - T)
q

K rw e s

p?

5(q")

- 20°(27)? F2(p)

x [6(q')s(q" —p — k) — d(q' —k)3(q" — p)
- 46(q' —p)s(q" —k) +3(q")é(q — p — k)]
4+ .. (3)

Expansion (3) allows us to obtain the following expres-
sion for the differential cross section

d
So, in practice we have to deal rather with expansions (hc)™? OZHV 167r 5| Ten)??=Jo+ad,+a*], (4
in the fine structure constant a. As a* ~ 5.3 x 10~ and
|
|TN|2 . 7:2(‘1) ReTy(q) 1 72( ) —1/2 .
Jo = Tons?’ 1= 825 dp*(=A(q* k2, p?); " Im(Ty(¢*) Ty (p?))
]:4(‘]2) 1 di? dp2 -1/2
Jy=4 o (=A% K2, )Y
2 T q4 2ﬂsq2 2 pz ( (q p >)+
|@PImTy (¢*)F? () F (p?) = PImT y (k) F*(p*) F*(¢°) — p*ImTy (p*) F2 (k) F* ()]
1 dk2]:'2(kZ)dPZ}-Z(pZ)dedp/Z
162 [/ peye {(=4(g* p%. p))7"
(=g 2 KT TN ()T (p) = (=AR2, K2, p) T Ty (62) T ()]} (5)

*See Appendix C for more details.

*In this paper we use the symbol O(a") to designate (probably
with a variance from the standard mathematical use) the sum of
the first n terms of the Maclaurent expansion in a.

®This is not the case for the idealized electrically pointlike
protons with F = 1, see Appendix B.

The function (—A(x,y,2));"/* with A(x,y,z) = 2+
y* + 7% — 2xy — 2xz — 2yz is symmetric an all variables
and has the properties

lim(=A(x,y,2))7"* = 78(y - 2)

x=0

and /dx(—/l(x v.2);r=x
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which evidently hold cyclically with respect to x, y, z
Let us also remind the reader of the definition of the

generalized function (—A(x,y,z)) Y2 114):

_12 0 for A >0
(=) = :
1A]71/2 otherwise
The properties of (—/1);1/ % help to check the IR conver-
gence of the integrals in the above formulas.
In what follows we use a phenomenological and often
utilized parametrization of the strong interaction amplitude7

~B(5)¢*/2

(6)

In terms of this parametrization [which was also essentially
used by the TOTEM Collaboration in [1] for the retrieval of
the forward parameters (2)] the differential cross section (4)
acquires the form®

Ty(s.q*) = sou(s)[i + p(s)]e

dO'C+N_0tzot(1+P2) —B(s5)q* POtot 2/ 2\ —B(s)4>/2
dt l6x(hc)? © g Fae
47(hc)?
[ (4) )
—%f%f)e-mﬂfﬂH(qz)] )
Here
3
H(q?) =1In ( ) 2
W
© (1= S (Bs)aAVE)
- 3 (8)
0 (1 +x>

In what follows we use the dipole parametrization of the
form factor 72(¢?) = (1+¢*/A?)~* with A> = 0.71 GeV>.
Iy(z) is the modified Bessel function of the first kind of
zero order.

In the absence of an exact expression for doc, y/dt it is
difficult to judge the accuracy of the approximation as
given by Eq. (7).

Nonetheless, there is some means for such an evaluation.
The matter is that in the idealized case of ‘“‘electrically
pointlike” protons, i.e., if F =1, we can obtain (see
Appendix B) an exact expression for doc,y/dt which

"Such an amplitude has the phase independent on the trans-
ferred momentum ¢. As was proved in Ref. [9], if such a property
would exact even in an arbitrary small but fixed interval of ¢? it
would make the amplitude Ty(g?) identical zero. We suppose
that Eq. (6) holds only approximately at very high energies.

Below, in front of the first term of Eq. (7), we omit the factor
1 + O(a?) = 1.00004 assuming it to be just 1.

allows us to compare the exact and approximate (up to o’
terms inclusively) expressions. This allows us to judge
how large the approximation error is, at least in the
idealized case. Surprisingly, it appears that the cross
section with a realistic form factor is extremely close to
that in a pointlike case at low values of |z| we consider.
So it is enough to use the estimation of the accuracy of
the second-order approximation in the pointlike case as
done in Appendix B. The deviation from the O(a?) -
approximation due to terms ~a’ does not exceed a
fraction of a percent (see Appendix C).

In the next section Egs. (7)-(8) will be used for
retrieving the parameters p, 6,,, B from the TOTEM data
at /s = 13 TeV.

IV. ON SOME PROBLEMS OF THE DATA
PROCESSING. RETRIEVAL OF THE
PARAMETERS p?” 6??, AND b” FROM THE
TOTEM MEASUREMENT OF do” /dt

Before the treatment of the data on the basis of
Egs. (7), (8) we find it appropriate and helpful to highlight
and discuss some important features of the fitting
procedures.

A. The y?-criterion with use of the weight matrix

When dealing with the data [1] we compile the weight
matrix in the usual way, as the authors of the TOTEM
experiment did. Function y*> was compiled not for all
points. Points with |¢| > ¢, > 0 were discarded, so that the
value of parameters p, o, B obtained from the fitting
would better correspond to their definition as “forward
observables”.

The results are presented in Fig. 1.

We have analyzed only the fits with p-values >0.9 (high
level of confidence). One can see in Fig. 1 that the points in
the left part of it are unwanted because of their large relative
errors. It is seen that in the interval [z| > 0.01 GeV? a
stabilization of the parameter values occurs and the
corresponding values have practically the same and the
smallest errors. This is why we dealt with 7, = 0.015 GeV?
which corresponds to the procedure used in our paper [15].
Results of such fitting with corresponding parameters are
presented in Fig. 2.

The parameters so retrieved are as follows

p=0.10£0.01,
oot = 110.3 + 1.8 [mb],
B =20.87 +0.35 [GeV~2].
However, as is well seen in Fig. 2, the fitting curve for

the differential cross section passes systematically below
the average values of experimental points which witnesses
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FIG. 1. The values of parameters as functions of the upper

cutoff #,. Points with p-values >0.9 (high level of confidence) are
marked by crosses.

that there is an over(under)estimation of the systematic
9
erTors.

B. The y*-criterion with use of the “method of the
shifting experimental data” (variant 1)

Usually, in the absence of correlations, 2 is compiled by
the formula:

Ylh ) _ 2

\/ A Ystdt

’Such a systematic shift was called “Peele’s pertinent puzzle”
(PPP)(see the paper [16]). So one should take the above values of
parameters as evaluative, not as conclusive ones.

Yexp(xA)
+ AYsyst( )

i=1

1000 T T
\i p =0.0964 + 0.0100
800 w i = 110.34 1 183 [mb
M b=20.80 2032 (Gev)
a0 2 = =
> 600 LU Ll X*/NOF = 0.93 (CL = 86%)
[}
)
£
& 400 !
3 Fit for TOTEM data with |7] < 0.015 [GeV?]
3
Tc.n(ss): 2nd order of smallness. Dirolr |f \lfvith a weight matrix.
200
0.001 0.005 0.010 0.050
I, [GeV?]

FIG. 2. Results of the fit of the data [1] at /s = 13 TeV ar
7| < 7y = 0.015 GeV?2. Theoretical curve passes systematically
below the experimental values (“PPP effect”). Full errors were
obtained using the covariance matrix.

In the case of correlation this method is not suitable and the
function y? is compiled using the weight matrix. At the
same time, in our case, the experimental data have
systematic errors'® which significantly exceed the statistical
error. In this variant, the case is often realized when the
value )(2/N0F turns out to be close to zero, which is
statistically unreliable.

If the experimental data allow us to build a weight
matrix, then results are often obtained with the final curve
systematically passing below or above the experimental
points, which is realized in our case considered above.

There is another way to process experimental data when
the use of systematic errors allows a shift of the central
values of experimental points. There can be many ways to
shift the experimental data. Let us consider one of them.

We shift the central values by an amount proportional to
the systematic errors and the proportionality coefficient is
assumed to be the same and equal to A for all points. y?
should be written now as:

|:Y[h(xi) - [Yexp(xi) + /IAYsyst(xi)] 2 + ),2,

i—1 AYstat(xi)

and the parameter A is the same for all points of the
experimental data array. In this particular case, 1> is a
penalty function for y? arising in statistics as a consequence
of a shift in the experimental data on systematic errors. That
is, we shift the experimental values up or down by the
amount of their systematic errors with a certain factor
|4] <1, the same for all experimental points. In this case we
leave in the denominator of the expression for y> only the
statistical error of the measured value. The factor A itselfis a
fitting parameter.

"In this case, the systematic error of all experimental data is
very close to 0.055 of the measured value.
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0.005 0.010 0.050 0.100
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FIG. 3. Parameter values for different cutoff values of exper-

imental data #,. Points with p-value >0.9 are marked with
crosses.

Fitting in this case should not differ significantly
from fitting when used the weight matrix for y* and its
results [according to Eqgs. (7) and (8)] are presented
in Fig. 3.

Here we have (see Fig. 3) five points with a very high
level of confidence and the more a point lies to the left, the

1000 T T
p= 0.096|0 +0.0099.
800 Ttot = 109.8|4 + 1.6|5 [mli]_
AN B =20.78 £ 031 [GeV?] ]
& \ i [Gev)
> X*/NoF = 0.97 (CL = 98%)
o 600
o) T
3 ~~
E
& 400
‘E Fit for TOTEM data with |7] < 0.015 [GeV?]
3
-
I'c+n(s,t): 2nd order of smallness. D pnle l[[]with a weight matrix.

%09( 107 0.001 0.005

I, [GeV?]

0.010 0.050

FIG. 4. Results of fitting the experimental data at /s = 13 TeV
with 1] <, = 0.015 GeV?. Only statistical errors are indicated.

more it satisfies the definition of our basic parameters as
given by Egs. (2).

As above we use only those fits which have p-values
>0.9. The exact values of the parameters with a high level
of confidence, taking into account their errors do not allow
to give preference to their values for different values of ¢,.
Of course, lower values of ¢, are more preferable, but they
have a large error.'' For large t, the errors are small,
but taking them into account reduces compliance with
the definitions of the parameters in question as given in
Egs. (2).

Thus, the values of the parameters, taking into account
errors, do not contradict their same values for small and
large cutoff values. In the interval 0.01 < 7y < 0.05, we
observe the stability of the parameters extracted from the
fitting, and for this reason we use the same method for
choosing a particular fit as in the previous case, i.e., we take
a fit at #, = 0.015 GeV?. The results of this fit are shown
in Fig. 4.

Extracted parameters are as follows:

p=0.10+0.01,
e = 109.5 + 1.6 [mb],
B =21.02 +0.26 [GeV~2.

We observe a good course of the curve along the exper-
imental points, but already shifted, each by 4 = —0.64106
from its systematic error (downward shift).

C. The y>*-criterion with use of the “method of the
shifting experimental data” (variant 2)

Let us consider one more way of shifting the exper-
imental data. We will shift the central values by a value
proportional to the (measured) value itself, and the pro-
portionality coefficient 4 is assumed to be the same for all
points. In this case y* has in the form

YAt very low f the behavior of all parameters as functions of
1o becomes very unstable.
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FIG. 5. Parameter values for different cutoft values #,. Points
with p-value >0.9 are marked with crosses.

ZN: YR(xi) = AYP(x)]? (A=Y
AY&M( ) 0.055)

i=1

and A is the same for all points of the array of experimental
data. The second term on the right is a penalty function for
2%, which arises in statistics as a result of an experimental

1000 T T
p =0.1094 + 0. ?104 -
800 7ot = 10739 2 1.67 [mb}—
N B= 21|
o \ 21081033[GeV|]
> ¥*/NoF = 0.87 (CL = 66%)
s 600 ~ <]
o |t
= s
—g P
& 400 \\
-§ Fit for TOTEM data with [¢] < 0.015 [GeV?] \\
5 =
Tc+n(sst): 2nd order of smallness. Dipole ff with a weight matrix. \
200 L 110l L[|

0.001 0.005  0.010 0.050

I¢l, [GeV?]

FIG. 6. Results of the fit of the experimental data at /s =
13 TeV and |f| S 1, = 0.015 GeVZ. Only statistical errors are
indicated.

data shift in systematic errors. This form is due to the
shifting method and the fact that all systematic errors are
equal to 0.055 of the differential cross section. That is, we
shift the experimental values up or down by an amount
proportional to the measured value itself. It is clear that in
this case 4 should be positive and close to unity. We assume
this factor to be the same for all experimental points. At the
same time, in the expression for y?, we use only the
statistical error of the measured value. The multiplier 4
itself is a fitting parameter.

Fitting in this case should not differ significantly from
fitting when using the weight matrix for y? and its results are
shown in Fig. 5 [according to the formulas in Eq. (7)—(8)].

Here we have only three points with p-value >0.9. So we
have no choice but to choose a fit corresponding to the right
extreme point with a cross. As before, we observe in the
interval 0.01 GeV? < #, < 0.05 GeV?, the stability of the
parameters extracted from the fits, and for this reason we
use the same method of choosing a specific fit (although in
this case we actually have no choice). The results are shown
in Fig. 6. The extracted parameters from this fit are as
follows:

p=011£001,
Gy = 107.6 = 1.7 [mb),
B =21.15+0.55 [GeV~2].

One can see a good course of the curve along the
experimental points, but already occupying a new central
value equal to the coefficient 1 = 0.920005 times its old
value (central values, as in the previous case, are still
moving down).

Thus, we have extracted the values of the parameters in
three ways, and all these three sets do not contradict each
other (taking into account errors).

However, the values of the p-parameter do not allow
making an unambiguous statement that it is less than 0.1 as
in Ref. [1] at t, = 0.07 GeV>.
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p=0.099311 + 0.0384101  [] 001 <|t|i< 005 [GeV?Y]
o= 11178 + 2.18484  [mb] = 31.6917
B= 20.8551 + 0.0933167 [GeV™?] DoP= 40 x%/DoP = 0.792292
NoF= 37 x}/NoF = 0.856532
PValue = 0.568153

(do'/di),, at s = 13 [TeV] F(t]) = 1-t/A>)?

—0.111545

P Ttot B
. . p 1. —0.134383 0.866296
Correlation matrix [%] = - 1
tot .

B 1.
The mini ber of decimal places to hold in the correlation matrix = 1;
Mini ber of decimal places for the parameter p =2 ;
Mini ber of decimal places for the parameter oo =13
Mini ber of decimal places for the parameterb =2 ;
FIG. 7. The summary of parameters. The number of decimal

places to retain in parameter values is given according to the
arguments in [17].

D. The last step: Cutoff of the experimental data
with a small value of |¢|

In all the above cases of fitting by the method of cutting
off points with a high value of |7|, there is a space where
the extracted parameters practically do not change. This
happens in the interval 0.01 < |¢| < 0.05 GeV?. However,
at 1, < 0.01 GeV? the values of the extracted parameters
experience sharp irregular changes. This is what motivates
us to discard the region |#| < 0.01 GeV?2. Of course, the
data at |z| > 0.05 GeV? should also be discarded, since
above this limit the extracted parameters begin to experi-
ence noticeable changes and the confidence level becomes
unacceptably low.

Thus, we use only experimental data for which the
stability of the extracted parameters was observed above,
i.e., the interval

0.01 GeV?2 < |1 $0.05 GeV>.

The results of the fit of these data using the weight matrix
are shown in Fig. 7.

In Fig. 8 it can be seen that the theoretical curve and the
experimental data are in perfect agreement. Apparently, this
result is the most reliable on the TOTEM experimental data
array at /s = 13 TeV.

For completeness, we present in Fig. 9 the behavior of
the descriptive curve on the entire array of experimental
data."

The above fittings in two different ways with a shift in
experimental data give excellent statistical results and both
indicate the possible fact of overestimated central values of
the experimental data of differential cross sections. This is
consistent with the first fitting result we cited above,
where the theoretical curve systematically passes below
the central values.

Such a picture is nothing but a manifestation of the
properties of the weight matrix given by the TOTEM group.

The reliability of the cross section description using the
truncated series in @ when lowering || is discussed in Appendix C.

500 M L p= 0.09|§3 +0.0384
i _ !
ot = 11178 + 2.19 [mb]
_ B =20.8552 £0.0933 [GeV ]
&
> 400 RN ¢*/NoF = 0.86 (CL = 57%)
: ity
=<
)
¥ H\H\N
2
X
< 300 REN
=
3
= Fit for TOTEM data with 0.01 < |f| < 0.05 [GeV?]
Tc+n(s,t): 2nd order of smallness with weight matrix and dipole ff.

*%Bo1

0.02 0.03 0.04 0.05
I, [GeV?]
FIG. 8. Results of experimental data fitting on the interval

0.01 < |#] £0.05 GeV? with use of the weight matrix. The scale
along the vertical axis is logarithmic. The total errors extracted
from the weight matrix are indicated. It can be seen that in this
case there is no regular shift of the theoretical curve relative to the
central experimental points, in contrast to the fitting on the full
array (with a weight matrix).

Itis possible to get rid of this contradictory picture of the need
to correct the experimental data (which, in our opinion, is an
unacceptable operation) only by limiting the TOTEM experi-
mental data sample to the segment 0.01 < |¢| < 0.05 GeV?.
This leads to a new, different from the TOTEM, value of the
p-parameter and, most importantly, to its larger error
(~40%), which makes the results obtained in this way quite
compatible with the results of the COMPETE collaboration.

Thus, we carried out three types of processing of
experimental TOTEM data, described above by the method
of a step-by-step exclusion of experimental data with high
values of ¢. In all these methods, approximately the same
parameter values were obtained (see above), roughly near
the values of the TOTEM group. A common property of
these three methods is the fact that they exhibit a high
degree of parameter stabilization when using experimental
data for which ¢*> < 0.05 GeV?, and with a high degree of

1000
B oy .
P4
500 i,
WM
€ AN
(3
] \
=) p =0.0993 + 0.0384 \
E 100 —
8 0ot = 11178 & 2.19 [mb]
5 T 1 11 AY
= B = 20.8551 +0.0933 [GeV 2 AY
s [ 1] \
= x*/NoF = 0.86 (CL = 57%) \
f — 1
Fit fo r TOTEM Idam \I;vithIO.Oll < 17l < 0].05 [GeVZI] \
{Tcw(s,t): :an o:rder} of:snilaulln{e{ss} with weiT!ht mTtrixI an|d TiToIelfIr. \

10
5.x107* 0.001 0.005 0.010

I¢l, [GeV?]

0.050 0.100

FIG. 9. Theoretical description of the full TOTEM data on
(do/dt),, at \/s =13 TeV. The fit was carried out on the
interval 0.01 < |¢] < 0.05 GeV?2.
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confidence—more than 85%. However, all three of these
methods have significant drawbacks. In the first method,
the theoretical curve systematically passes below the
experimental values, while in the second and third methods,
it is generally necessary to shift the experimental values,
and these methods, although they perfectly describe the
shifted experimental values, do not use the correlation
(weight) matrix given by the experimenters.

The most significant drawback of these three methods is
the fact that when discarding experimental points with a
high ¢* -value (¢* = 0.05 GeV?), there is, in the area of
g*> <0.01 GeV?, a significant decrease in the confidence
level of the obtained parameter values and their significant
change in [central] values (especially the parameter p) with
a simultaneous sharp increase retrieved parameter errors.

This prompted us, when processing the experimental
values, to discard not only the experimental data for which
g*> <0.05 GeV?, but also those for which ¢> < 0.01 GeV?.
Of course, we used the correlation matrix (weight matrix)
in this case. In this case, the results are obtained with a high
level of confidence and without the shortcomings that we
mentioned above. They are shown in Fig. 9.

However, the price of getting rid of all the shortcomings
of extracting experimental data was a high error for the
value of the p -parameter, which reaches about 40%.
However, the theoretical curve does not systematically
pass above or below the experimental points (see cross
sections 8 and 9), and the confidence level turns out to be
even higher than 50%.

For this reason, we consider these parameter values to be
the most consistent with the experimental measurements of
the TOTEM group.

Separately, we investigated the influence of the dipole
form factor, which we used everywhere above, on the results
obtained. To do this, we carried out similar calculations using
the exact formulas for the unit form factor (“electrically
pointlike protons”). The results turned out to be practically
indistinguishable from the above values of the parameters for
the dipole form factor. From this we conclude that the use of
the O(a?)-approximation for the description of the differ-
ential cross section is quite sufficient at the range of the
transferred momenta considered.

V. CONCLUSIONS AND OUTLOOK

In the present paper, a comprehensive discussion of
various methods for extracting the p parameter from the
experimental results of the TOTEM collaboration at /s =
13 TeV has been carried out.

Theoretically substantiated formulas, Egs. (4)—(5) and,
for a certain general form for 7' (Eq. (6), Egs. (7)-(8), are
derived which allow us to describe the data for small values
of ¢* ([t).

It is shown that in order to extract the p parameter from
the experimental data [1] in a statistically sound manner,
one can account only for points that satisfy the condition
0.01 < |#| £0.05 GeV?. Consequently, although the value

of p remains to be close to 0.1, its root-mean-square error
increases, in contrast with the TOTEM result (10%), to
almost 40%.

For this reason, we consider it premature to conclude, as
the authors of many papers did, that the value of the p
parameter was determined by the TOTEM collaboration at
/s = 13 TeV very accurately, with p = 0.09 + 0.01 (from
the array with [¢| <0.07 GeV?).

It is also premature to draw far-reaching physical
conclusions based on these measurements, such as the
existence of an Odderon or, at least, its significant con-
tribution to the forward observables.

The aforesaid gives us also a reason to consider the
conclusion about the failure of the COMPETE predictions
[3] announced in [1] to be unfounded.

Below we give the summary of the concrete numerical
values of the basic parameters obtained in this paper.

A. Final results from the correct CNI account and with
a lower cutoff in ¢

With use of the IR regular expression (7)—(8) for the
differential cross section do?’ /dt which accounts in a
correct way (in the O(a?) approximation) for the
Coulombic contribution we have retrieved from the
TOTEM data [1] the following values of three important
parameters at /s = 13 TeV:

ol = 111.8 £2.2 mb,
BPP =20.86 4 0.09 GeV~2,

p=0.10+0.04,
0.01 < |#| < 0.05 GeV2. (9)

B. The influence of the proton form factor

In order to check the influence of the smearing of the
electric charge over the proton volume we have considered
the idealized case of “electrically pointlike protons”
(F = 1)and have retrieved the following result:

6P = 111.8 £2.2 mb,
BPP = 20.86 & 0.09 GeV~2,
p =0.10+0.04,
0.01 < |#| £0.05 GeV2. (10)

It practically coincides with Eq. (9)."> What could mean a
coincidence of two sets (9) and (10)?

The spread of the electric charge inside the proton is
limited by the physical size of the proton (of its valence
core responsible for the form factor at small ) which
amounts to (in the transverse projection) about 0.6 fm [18].

13Eqs. (9) and (10) actually differ in higher decimals but this,
certainly, does not matter much.
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The transverse interaction region is (2B)Y/2. At /s =
13 TeV the average size of the interaction region is about
1.3 fm. According to such a reasoning the proper size of the
proton can be hardly neglected in comparison with the
average interaction radius. So the mentioned coincidence
seems a little puzzle. Although one could argue that the
form factors are essentially close to 1 at considered t.
However, the form factors enter also the integrals in Eq. (5).

C. Comparison with the TOTEM results

Now we are to compare our results (9) with the published
values [1] retrieved on the basis of a different theoretical
requisite [8]14 to treat CNI':

6?? = 110.5 + 2.4 mb,
BrP =21.78 + 0.06 GeV~2,
p = 0.09 +0.01,

|| <0.07 GeV?2. (11)
Note that the parameters /7 and b”P of both sets differ
little (<1%) both in central values and in errors. However,
the values of p?? differ quite a lot. The difference is 10% for
the central value and 30% for the error band.

At first sight, our result Eq. (9) looks quite ordinarily
being, in terms of p, close to the TOTEM result Eq. (11)
(although such a difference may have a significant physical
reason). However, a conceptually important point is that
such a widening of the error corridor in Eq. (9) in compare
with Eq. (11) “returns to the agenda” a number of models
(giving 0.12 <p <0.14, see e.g., [19])which are to be
rejected according to [1].

Let us remind that in this paper we used in capacity of
the nuclear amplitude 7 the option (6) which, though
widely used in literature (including the TOTEM publication
[1]), is, strictly speaking, not fully satisfactory16 because of
t -independence of its phase.'”

We have also to notice that the values of p retrieved with
help of different models of 7'y are inevitably different. Such
a semitheoretical character of the p-parameter was realized
for a long time but never studied systematically.

We hope to further investigate these important issues in
forthcoming studies.
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APPENDIX A: ON THE DIFFERENCE BETWEEN
THE a-EXPANSIONS OF THE EXACT
EXPRESSION FOR do, y/dt
AND THE CKL APPROXIMATION

As was already mentioned above, the CKL scheme
shows two flaws.

To begin with, the account of the form factor in the
formula for the full amplitude 7T'-,y was assumed in a
simplified way, different from the exact account. Moreover,
when using the expansion in @ CKL [8] retain in the T¢
only the first order term. Since this approximation is then
used in |T ¢, y|? ~ doc, y/dt one must either use only the
O(a)-approximation also in doc,y/dt (which would
eventually lead to an absurd situation) or, to be mathemati-
cally correct, keep the O(a?)-term already in the amplitude.
Otherwise, there is a missing O(a?)—term in doc, y/dt.

It is not difficult to retain the O(a?)—term in the « -
expansion of TEX% (ignoring the aforesaid blunder with
account of the form factor)and this is what we have done in
order to make the comparison between the two schemes
better reflecting the essence of the matter. Thus modified
CKL cross section (i.e., corrected with retaining of the o>
term in the full amplitude) differs from the  -expansion of
the exact expression (4), (5) by a decrement

5 dociy| _ dociy ol
S dr dt

dt

which takes place in the second order in a only and reads as
follows

e o 2 5.2 »
5{[] " } = (hc)? /dk (A . ) AP ITy (@) P () F(p?) = F2 ()

dt 2nsq? e p

= KImTy (k) [F2(p*) F2(q*) = P2 (k)] = p*ImTy (p*)[F2(q*) F2(K*) = F2(p?)]}

a

a2 ) E p

2 2 2
[ G SR+ 9 = PP RelTo(Ti (g~ k= p)?)

“How this approximation differs from the exact approach is shown in Appendix A.
From the two sets of parameters given in [1] we keep only the one that corresponds to the upper cutoff #, = 0.07 GeV? because

stabilization discussed in Sec. III takes place for #, < 0.1 GeV?.

'This does not concern Egs. (4)—(5) which are of a general character.
"The importance of the 7-dependence of the phase of the strong interaction amplitude was addressed in Refs. [9,20].
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In the pointlike limit 7 — 1, the above integrals turn out
to be equal to zero and the CKL approximation (adjusted
for the a’-term retention in the amplitude) is equivalent to
our formulas.

The decrement would also be equal to zero if the
amplitude in TEXL differed from T,y only by a phase
factor.'® In this case, the amplitudes would be physically
equivalent. However, as we see, this is not the case.

In general case the decrement behaves at small ¢° as

5dGC+N z_(i In /ﬁ _E_A LM > Ot
dt 167 q* 6 2 (hc)?

Oy,

+64nF%(q?) A(;}

where
o (1 —e%)

AR = [ ¢ )y
(2) A x(14x)* o

2_4 Fi(— 72(-3 _ 2 _

_o4t z+ Ei( z)e6(z 3z + 6z 6)+lnz.

In his talk at the Low-x 2021 Workshop at Elba [21] K.
Osterberg had presented the comparison of our approach
(as explained most recently in [12]) with the CKL approxi-
mate scheme [8] (adopted in [1]) with a severe sentence
(basing on the paper [22]):

“the new CNI Formula from Petrov... fails”.

Actually the comparison was made not in terms of the ratio
doc,n/doCX% but, instead, of the ratio dol,y/docky
where do- ,y/dt is the cross section with only the first-
order contribution in « in the full amplitude and which was
called the “new CNI formula from Petrov” in spite of that we
specially emphasized the role of the second order in [12].

The ratio do(., y/docX% showed a (4%) deviation from
unity (in the region of low t) which was misunderstandingly
qualified as a failure of our approach [11,12].

To clear things up let us, in our turn, estimate the
comparative quality of the quantity do(.,,/df and the
TOTEM working tool, the CKL expression do&k% /dt
[1,8]. At Fig. 10 we show (similar to what was done in
[22]) the ratios (do/dt — ref)/ref where we assume as a
reference value, ref, our expression in Eq. (7) while for
do/dt we take doSXk /dt and dol.,/dt.":

"Under the full amplitudes T,y we mean here the ampli-
tudes after factoring out the IR divergent part of the phase of the
regularized amplitude with a fictitious “photon mass.”

®With do ¢, y/dt from Eq. (7) and

A2 3 2\ —k
L(¢*) =In (?Jr 1) - k! <1 +%>
k=1

0.050
p=0.0993 + 0.0384
O = 111.78 + 2.19 [mb]
'
- -2
0.010 B = 20.8552 +0.0933 [GeV?]
0.005
T
8
= Ratio2
2 0.001
&
5.x107*
Ratiol
1.x107*
5.x 1073
10 0.001 0.010 0.100

I, [GeV?]

FIG. 10. The comparative quality of the expressions dalc Ly/dt
and do &% /dt (which retain only the first order terms in a in the
amplitude T¢,y) with respect to the reference cross section
doc.y/dt [Eq. (7)] with a full account for a? terms.

Ratiol =do¢% /doc, y—1
_ [ "AB2/2) ~In(A?/¢?) +11/6]
167 (hc)?

+4‘7:2<q2)6totln(1 +q2/A2)€_Bq2/2}/ <d6C+N>

q* dt

Ratio2 = dalc'+N/d6C+N -1
_ 2l ol 4 p)e M TIA(BA/2) - DI
167(hc)?
+ L 2<q2>amte-3q2/2L<q2>} / (docw)
2

q dt

The deviation from the reference values as seen at Fig. 10
demonstrates that the account for the O(a?) terms in the
amplitude gets more and more essential with decreasing |¢|.
Hereof their influence on the forward observables, first of
all the p-parameter.

How to explain an evident imparity of the two ratios in
Fig. 10 with respect to account for the @ terms? If two
amplitudes differ in their phases only they may differ
significantly in the form of the amplitude. Nonetheless,
they give the same result for the cross section, both in all-
order or when retaining a few terms in a. However, if we
deal with physically nonequivalent amplitudes, the results
may differ significantly. In particular, nonequivalent ampli-
tudes differently react to the inclusion of higher orders in a.
What we deal with in our case is an evident physical
nonequivalence of the two amplitude moduli in question.

APPENDIX B: POINTLIKE ELECTRIC
CHARGES

We believe it is instructive to consider the idealized case
of “electrically pointlike” protons with 7 = 1. In this case
one can obtain explicit all-order expressions.
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In case of electrically pointlike protons, i.e., if F = 1, we
would have a compact explicit expression for the Coulomb
kernel S€(q',q") expressed in terms of the well known
generalized functions described, e.g., in [14]:

//2 12\ia
$°(q'.q") = (4ﬂa)2%
Physically the use of such an approximation would be
justified if the average impact parameter between the
colliding protons were much larger than the “charge radius”
of the proton. If (with some reservation) we take as the
average transverse distance between the centres of colliding
protons the value +/2B(s) ~ (b?)!/2, where B(s) is the
forward slope, then it exceeds (at /s = 13 TeV) the size of
the “valence core” (=0.63 fm) [18] only two times.

Nonetheless, we will analyze, in the end of this section,
such an option vs the TOTEM data in order that afterwards,
when using a realistic form factor (F # 1), to see better the
influence of smearing of the electric charge of the proton.

Equations (2) and (3) allow to transform Eq. (1) into an
all-order (in a) expression

doc.y _ (1+p*)oinexp(=Bq’)
di 167 (nc)?

—Bd?
—a%exp< 2q > 'Re{(P—i)
B 2
.exp[—ialn<7q)] -I'(1 +ia)1F1(ia,1;Z)}

4r(hc)?
+a? 7

(C(1 +iq) | F,(ia, 1;2)?

(B1)

Here |F l(za, l,z) is one of the confluent hyper geomet-
ric functlons (see Chapter 9.21 in [23]): At energies up
to 13 TeV and ¢> = —t <0.05 GeV? the values of z =
B(s)g*/2 if of order 0.5 or less. At such z the function
I'(1+ia),F;(ia,1;z) is extremely close to 1 and is
exhaustively approximated by the following expression

C(1 + i), F(ia, 1;2) = 1 +iaf(z) — o?g(z)

where

and

= z'w(n) C* =°
= —+—, C=0.5772...
n§=:1 nn! * 2 * 12

20

1 1 . )
F. (i . 1; — d X ia—1 1 - —ia
Filie 12) = meomg —ia)/o rettx (1 =)

With account of Egs. (4) and (5) we get the following
expression for the differential cross section

(1490t B _ P Orot B2
167(hc)? 7

{1 -

(1—|-,D )Gtot B2
Ll o () - 2902 .

dg;—;N [mb/GeV?] =

(B2)

We remind that z = B(s)q”>/2 = Bq*/2 = —Bt/2 = B|t|/2.

Let us use Eq. (B1) for description of the TOTEM data in
the Coulomb-nuclear interference region. We omit repeat-
ing of several steps similar to those explained in the case of
realistic form factors and show the final result. We also do
not include the plots which are practically identical to those
with the dipole form factor.

So, the values of the three standard parameters resulting
from the description of the data under the assumption of
“electrically pointlike protons™ (F = 1) are as follows:

6P’ = 111.8 +£2.2 mb,

BP? = 20.85 4+ 0.09 GeV~2,
p =0.10 £ 0.04,

0.01 < |t £0.05 GeV2.

We have to emphasize that the use of the O(a?)
approximation appears practically equal to the use of the
exact expression (11) [in more detail see Eq. (C1)].

When looking at the values of parameters p, o,,, B one
should pay attention that in spite of our ignoring the form
factor effects the results almost coincide with those
obtained with full account of the form factor.

In Appendix A we remarked that the CKL scheme (if
corrected with inclusion of the second order term in the
amplitude) in the pointlike limit (at 7 = 1) is identical to
the ours, i.e., the correct one. Here, however, we take for
comparison the original expression for the amplitude in the
pointlike case [8].

The 1st order CKL amplitude for a pointlike electric
charge is of the form (we use a special designation Tgffv for
an identical remake of the corresponding expressions for
the full amplitude in the original versions [8], viz Eq. (C1)
in the first reference in [8] and Eq. (24) in the second one:

8ras
TN, = Ta(d?) ——

So, for Ty as in Eq. (6) we have explicitly
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. Sras . Bp?
TEKN =Tn(g?) — e + iaTy(q?) {ln (T)

+c-i <Bqu)n/n!n}

n=1

(B3)

As we can see, the limit s — oo in the upper integration
limit is no longer possible and we get

deeky, _ 62,787 B Olp(s)crtot BPL2 4 4zn(hc)?
dt |z, 16zx(hc)? 7 q*
() + ¢ =32 (BL)" /nin
+ ( 2 ) %n—l( 2 ) / Gmte-qu/z
2 2 n
() -5 C Sl ,
N 167 (fhc)? o '

where C = 0.5772....
If we take equation for d6&X%, /dt for fitting the data we
get the following result for our basic parameters

6P = 111.81 & 1.75 mb,
BPP =20.76 4+ 0.30 GeV~2,
p = 0.2740 + 0.0098,

|| £0.015 GeV>. (B4)
In this case, the curve systematically passes below the
central values of the experimental points (the PPP effect,
see [16]), which, as before, indicates that the systematic
errors are overdetermined. However, the value of the
p-parameter turns out to be unexpectedly high. This
probably indicates an incomplete account for terms of
the second order in a. Nonetheless, the values of ¢, and B
turn out to be quite consistent (within the error) with the
previously obtained values.

Thus, we see that the pointlike limit according to [8]
leads to the values of the basic parameters Eq. (B4)
different from those in the case of the dipole form factor,
cf with Eq. (11). However, this mainly concerns the p
parameter while the other two seem to be little sensitive to
the change in the form factor account.

As above, we also have made a fit over the most
confidential interval of experimental data values, i.e., at
0.01 < ¢/ £0.05 GeV?. In this case, the curve passes
ideally relative to the experimental points, the parameters
ot and B, as elsewhere above, show enviable stability,
while the p-parameter undergoes a significant change
remaining, however, unusually high.

o’ =112.36 4 2.18 mb,
BPP =20.54 4 0.06 GeV~2,
p = 0.2356 + 0.0332,

0.01 < |7 £ 0.05 GeV2. (BS)

Howbeit, we would like to point out again that the formula
Eq. (B3) is the result of an incorrect manipulation with
divergent integrals and therefore contains UV logarithms,
which are unnatural for problems related to diffraction and
Coulomb-nuclear interference, as already indicated earlier
in [11].

APPENDIX C: EXPANSION IN a:
WHERE TO STOP?

Here we give some comments on the use of perturbative
expansion in the fine structure constant @ in the narrow
sense, i.e., as applied to the concrete problem considered in
the text.

As to the general opinion about QED as a perturbation
theory, there is a conviction that the series in a does not
converge and should be considered as an asymptotic one
due to notorious nonanalyticity in coupling constant at
the origin. This does not preclude to some parts of the
amplitudes to have convergent expansion in a while
nonanalytic terms are of a minor significance (like, say,
exp(—c/a), ¢ > 0). This is exactly what we have in Eq. (1)
where the expansion in « has an infinite convergence radius
and we tacitly assumed the absence of nonanalytic terms.

However, in practice, when one deals with a truncated
series in @ one has to estimate the error of the series
truncation used, i.e., to estimate the value of discarded
terms. It may well happen that for some values of the
additional parameters (in our case s and ¢) the approxima-
tion is justified, while for others it cannot be considered as
an “approximation” at all. In the latter case one, generally,
has to account for more terms in the expansion parameter.

As a simple example let us consider an oversimplified
account of the pointlike Coulomb interaction when the full
scattering amplitude is given as follows

TCJrN(S’ l) = TN(S, t) +a- SﬂS/l.

If (just for illustration) we take the parameters from the
Conclusion and neglect the p value we obtain that the
second “correction” term at the “critical value” |7| = 6.4 x
107* GeV? becomes equal to the “main” and then, at
lower |¢| surpasses it. Let us note that the lowest || reached
by the TOTEM Collaboration (at /s = 13 TeV) is |t| =
8.79 x 107* GeV?. This is already a signal that it is
necessary to take into account at least the second order
in a. At the same time, at |¢| = 107> GeV? the use of the
first order Coulomb term is fairly justified and constitutes
near 6% of the main term 7.

Sure, in more realistic cases the critical values of |7| may
be different but the conclusion is the same: the weight of
terms in the a -expansion is “running” with |[.

Figure 11 shows that for |z| > 0.003 GeV?, we get the
“natural” order (we designate the nth order as (n)), i.e.,
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0)
p =0.0993 + 0.0384

Ttot = 111.78 + 2.19 [mb]
B =20.8551 +0.0933 [GeV 2]
X*/NoF = 0.86 (CL = 57%)

Fit for TOTEM data with 0.01 < [f] < 0.05 [GeV?]

Tc.n(s0): 2nd order of smallness with weight matrix and dipole ff.

1 1 1 1
1073 107 0.001 0.010 0.100

Ifl, [GeV?]
FIG. 11. Contributions of different orders of « in doc, y/dt.

(0) > (1) > (2).

At6 x 107 GeV? < |t| < 3 x 1073 GeV? the order breaks
down:

(0) > (2) > (1)

and, finally, at |¢| < 1.3 x 10™* GeV? the natural order is
broken even more, actually is reversed:

(2) > (1) > (0).

This circumstance prompts us to check the error determined
by the remainder term of the expansion in a series in «
which, in this case, is the expression

s.docin __ spowe TP 3 (2
> ar 2 27 \Bg
q q

—1n<32q2> (C—F;—qu) —’é] (Cl1)

Using parameters from Eq. (9) we are convinced that the
error does not exceed a fraction of a percent of the full
expression in the entire range of experimentally available
values of 1.

Thus for 107* GeV? < |t| <5 x 1072 GeV? higher
orders in a are quite harmless and the use of Eq. (7) is
fairly justified.
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