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The nonleptonic two-body Λb → Λψ decays with ψ ¼ J=ψ or ψð2SÞ are investigated based on the
perturbative QCD approach. These are color-suppressed processes in which the nonfactorizable
contributions are confirmed to be dominant. Angular momentum conservation allows us to describe
the concerned decays by four independent complex helicity amplitudes. It is observed that the negative-
helicity states for the Λ baryon are preferred as expected in the left-handed nature of the charged-current
interaction. The obtained results for the helicity amplitudes are used to compute the branching ratios and
various observable parameters, which are then compared to the existing theoretical predictions and

experimental data. In particular, we predict the ratio R ¼ BðΛb→Λψð2SÞÞ
BðΛb→ΛJ=ψÞ ¼ 0.47þ0.02

−0.00 in comparison with

0.508� 0.023 from the Particle Data Group at the level of 1 standard deviation. We also briefly explore the
long-distance contributions to the semileptonic Λb → Λlþl− decays in the kinematic regions where the
dilepton invariant masses are around the J=ψ and ψð2SÞ resonances.
DOI: 10.1103/PhysRevD.106.053005

I. INTRODUCTION

Exclusive decays of b-flavored hadrons into charmonia,
governed by the weak b → scc̄ transition, provide valuable
insight into the dynamics of strong interactions in the heavy
hadronic decays. The charmonium mode belongs to the
color-suppressed category [1], which receives large non-
factorizable contributions and poses a challenge for the
factorization ansatz. Such processes have been the subject
of theoretical and experimental interest in bottom meson
decays, such as B → J=ψK [2–6]. In the baryon sector, the
typical process is the Λb → ΛJ=ψ decay, where the QCD
dynamics are more complicated by the presence of extra
spectator quarks. As Λb has nonzero spin, this mode is a
useful environment in which to study the helicity structure
of the underlying Hamiltonian [7–9].
The b-hadron decays into J=ψ are experimentally con-

venient because the subsequent decay J=ψ → μþμ− has
particularly distinctive signatures. The Λb → ΛJ=ψ mode
was first observed by the UA1 Collaboration at the CERN
proton-antiproton (pp̄) collider [10], followed by extensive
studies at the Fermilab Tevatron by the CDF [11–13] and

D0 [14–17]Collaborations.However, its absolute branching
ratio has not yet been determined, since the experimental
knowledge of the fraction of b quarkswhich hadronize toΛb
baryons is currently limited. The current ParticleDataGroup
(PDG) presents an average value [18]

fðb → ΛbÞ × BðΛb → ΛJ=ψÞ ¼ ð5.8� 0.8Þ × 10−5; ð1Þ

where fðb → ΛbÞ describes the probability that a b quark
fragments into a Λb baryon. Another salient feature of the
decay is the wealth of information carried by angular
observables in terms of angular asymmetries that can be
exploited to probe new physics beyond the standard model.
An angular analysis of the decayΛb → ΛJ=ψ was first done
by the LHCb Collaboration [19], where the Λb’s are
produced in pp collisions at the Large Hadron Collider
(LHC). Subsequently, a similar analysis was also performed
by the ATLAS [20] and CMS [21,22] Collaborations.
Some interesting observables, such as the helicity ampli-
tudes, production polarization, the parity-violating param-
eter and other asymmetry parameters, are now available. A
latest analysis was conducted by the LHCb Collaboration
[23], in which the polarization ofΛb baryons ismeasured for
the first time at

ffiffiffi
s

p ¼ 13 TeV. All of these measurements
show that the production polarization of Λb is consistent
with zero.
As a tremendous amount of beauty baryons is produced at

the LHC, numerous decays of the Λb baryon to excited
charmonium states have been observed [24–27]. Among
these, the decaymodeΛb → Λψð2SÞ is of particular interest
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because it is the radial excited partner of Λb → ΛJ=ψ with
the same topology. It could provide additional and comple-
mentary phenomenological information on the QCD
dynamics of the charmonium Λb decays. The first obser-
vation of Λb → Λψð2SÞ was made by the ATLAS
Collaboration [28]. Later, the reaction was also observed
by the LHCb Collaboration [29]. Similarly, no absolute
branching ratio is measured for this decay, and only ratios to
other reactions are provided. Its branching ratio relative to
the J=ψ mode given by the PDG is BðΛb → Λψð2SÞÞ=
BðΛb → ΛJ=ψÞ ¼ 0.508� 0.023 [18], which was
deduced from the measurements by the ATLAS [28] and
LHCb [29] Collaborations. This result was lower than
similar measurements in the B systems, such as
BðB0 → ψð2SÞK0Þ=BðB0 → J=ψK0Þ ¼ 0.82� 0.18 [18]
and BðBþ→ψð2SÞKþÞ=BðBþ→J=ψKþÞ¼0.611�0.019
[18]. Since the uncertainty due to hadronic effects cancels
to a large extent, a comparison of the beauty meson and
baryon branching ratios can be used to test the factorization
of amplitudes and provide useful information on the
production of charmonia in b-hadron decays.
These observations motivate us to investigate the dynam-

ics of the charmonium modes in the baryon sector.
Particularly, the decays Λb → ΛJ=ψ ;Λψð2SÞ are quite
appealing from a theoretical point of view in that they
proceed solely via W-emission diagrams, and there is no
contribution due toW-exchange diagrams [30]. Meanwhile,
similar to the mesonic analog, a significant impact of
nonfactorizable contributions is expected, which provides
valuable additional information to improve our understand-
ing of the nonfactorizable mechanism. There have been a
number of theoretical calculations for the decays under
study in the literature [31–48]. Very recently, the angular
distributions for the decays Λb → Λ�J=ψ , where the Λ�
are Λ-type excited states, have been derived by using the
helicity amplitude technique [49]. They calculated the
partial decay width, polarization, and forward-backward
asymmetry.
From a theoretical point of view, one difficult thing is to

evaluate the hadronic matrix element of local operators
between the initial and final states, which require non-
perturbative hadronic inputs. The perturbative QCD fac-
torization (PQCD) approach can serve as a useful tool for
investigating the heavy baryon decays. The basic ingredient
is that the decay amplitude is factorized into the convolu-
tion of the hard kernel, the jet functions with the universal
nonperturbative wave functions. The jet functions organize
double logarithms appearing in the hard kernel, whose
resummation gives the Sudakov factor and guarantees the
removal of the end point singularities. The PQCD approach
has been developed and successfully applied to deal with
various decays of a Λb baryon [38,50–56]. We recently
have analyzed the nonleptonic decays of Λb → Λcπ;ΛcK
by using the PQCD approach and obtained satisfactory
results. This work focuses on the study of Λb → ΛJ=ψ ,

Λψð2SÞ decays. The former have been studied in a previous
work [38] compared to which the analysis and scope of this
work is improved in several aspects.
The Λb baryon light-cone distribution amplitudes

(LCDAs) are included up to the twist-4 level according
to the general Lorentz structures in Refs. [57–60]. The
LCDAs of a Λ baryon are taken from QCD sum rules [61]
at leading-twist accuracy. For the LCDAs of the charmo-
nium states, we adopt the harmonic oscillator models
proposed in our previous work [62,63], which are success-
ful in describing various hadronic charmonium B and Bc
decays [64–72]. Thus, we are motivated to check for the
validity of the same scenario in the baryon sector. It is
worth emphasizing that here we distinguish the LCDAs of
the charmonia for the longitudinal and transverse polar-
izations since they exhibit different asymptotic behaviors.
In particular, the twist-3 ones contribute to the decay
amplitude through the nonfactorization diagrams and play
an important role in the concerned color-suppressed
decays. For the Sudakov factor of the charmonium states,
we employ the recent updated results from Refs. [73,74],
which were derived at the next-to-leading-logarithmic
accuracy by including the effect from charm quark mass.
Finally, similar to the cases of hadronic charmonium B
meson decays, we also consider the vertex corrections to
the factorizable amplitudes at the current known next-to-
leading-order level, whose effects can be combined in the
Wilson coefficients as usual [75–77]. In addition, the
corresponding ψð2SÞ channel is also investigated, which
is helpful to test the factorization by its relative branching
ratio as mentioned before. Besides the decay branching
ratios, many asymmetries derived from helicity amplitudes
are also predicted and compared with currently available
theoretical predictions and experiments.
We present our work as follows: In Sec. II, we give a

brief description of the theoretical framework underlying
the formulation of the PQCD, such as kinetic conventions,
hadronic LCDAs, and the effective Hamiltonian.
Thereafter, the numerical results for the transition form
factors, invariant and helicity amplitudes, decay branching
ratios, up-down asymmetries, and other pertinent decay
asymmetry parameters are presented in Sec. III. We end
with a brief summary in Sec. IV. Appendixes A and B are
prepared to give some details of the Λb LCDAs and
factorization formulas, respectively.

II. THEORETICAL FRAMEWORK

As already mentioned, the concerned decays only
receive the contributions from the W-emission diagrams,
in which the two spectator quarks are shared by the parent
and daughter baryons Λb and Λ, respectively. In the PQCD
framework, the perturbative calculations start at the order of
Oðα2sÞ. The related Feynman diagrams at the leading order
level are shown in Fig. 1. Following the same convention in
Ref. [56], each diagram is denoted by Tij with subscripts
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i ¼ a − f and j ¼ 1–7 representing the possible ways of
exchanging two hard gluons. The factorizable diagrams
correspond to a1 − a5, b1 − b5, e1; e2, and f1; f2, while
the remaining ones are all classified as nonfactorizable
ones. The triple-gluon vertex diagrams do not contribute
since the corresponding color rearrangement factors are
zero in the present case.
It is convenient to work in the rest frame of the parent

baryonΛb with the daughter baryonΛmoving in the positive
direction on the light cone such that p ¼ Mffiffi

2
p ð1; 1; 0TÞ and

p0 ¼ Mffiffi
2

p ðfþ; f−; 0TÞ with M being the Λb baryon mass.

Then, the momentum (q) and the longitudinal and transverse
polarization vectors (ϵL;T) of the charmonium can be
determined by the momentum conservation and the nor-
malization and orthogonality conditions as

q ¼ Mffiffiffi
2

p ð1 − fþ; 1 − f−; 0TÞ;

ϵL ¼ 1ffiffiffi
2

p
r
ðfþ − 1; 1 − f−; 0TÞ;

ϵT ¼ ð0; 0; 1TÞ; ð2Þ

where the factors

f� ¼ 1

2
ð1 − r2 þ r2Λ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2 þ r2ΛÞ2 − 4r2Λ

q
Þ; ð3Þ

with the mass ratio rðΛÞ ¼ mðΛÞ=M, and mðΛÞ is the mass of
the charmonium (Λ baryon). Themomenta of eight quarks as
shown in Fig. 1 are parametrized as

k1¼
�
Mffiffiffi
2

p ;
Mffiffiffi
2

p x1;k1T

�
; k2 ¼

�
0;

Mffiffiffi
2

p x2;k2T

�
;

k3¼
�
0;

Mffiffiffi
2

p x3;k3T

�
; k01¼

�
Mffiffiffi
2

p fþx01;0;k
0
1T

�
;

k02¼
�
Mffiffiffi
2

p fþx02;0;k
0
2T

�
; k03 ¼

�
Mffiffiffi
2

p fþx03;0;k
0
3T

�
;

q1¼
�
Mffiffiffi
2

p yð1−fþÞ; Mffiffiffi
2

p yð1−f−Þ;qT

�
;

q2¼
�
Mffiffiffi
2

p ð1−yÞð1−fþÞ; Mffiffiffi
2

p ð1−yÞð1−f−Þ;−qT

�
; ð4Þ

where x1;2;3, x01;2;3, and y are the parton longitudinal
momentum fractions and k1T;2T;3T , k0

1T;2T;3T , and qT are
the corresponding transverse momenta. They satisfy the
momentum conservation condition:

X3
l¼1

xl ¼ 1;
X3
l¼1

klT ¼ 0: ð5Þ

A similar argument holds for the primed quantities. Here,
only the heavy b and c quark masses are kept, while other
light quarks are treated as massless. This means only one of
the dominant components of k0i and k2;3 is kept so that
k2 ¼ m2 ≈ 0 in the massless limit. Since k0i are aligned with
the Λ baryon in the dominant plus direction, their small
minus components have been neglected. The minus compo-
nents of k2 and k3 for the soft light quarks on the Λb baryon
side are selected by their inner productswith k0i, which appear
in the hard-kernel calculations for the concerned processes.

FIG. 1. Feynman diagrams for the Λb → ΛJ=ψ decay at the leading order, where the solid black dot represents the vertex of the
effective weak interaction. The crosses on the quark lines indicated by ij with i ¼ a − f and j ¼ 1–7 denote the possible ways in which
the quark is connected to the spectator d quark via a hard gluon.
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As the fast recoiled Lambda baryon moves approximately in
the plus direction, f− ∼Oðm2

Λ=M
2Þ is a small quantity, and

the sum of k0i equal to p0 holds approximately.
In the course of the PQCD calculations, the necessary

inputs contain the hadronic LCDAs of the initial and final
states, which can be constructed via the nonlocal matrix
elements. We next specify the relevant LCDAs for the
present study. After the complete classification of the three-
quark LCDAs of the Λb baryon in the heavy-quark limit
was constructed [58], the investigation of the Λb baryon
wave function has made great progress in the last decade
[57–60,78,79]. Its explicit form up to twist-4 in the
momentum space can be written as [55]

ðΨΛb
Þαβγðxi; μÞ ¼

1

8
ffiffiffi
2

p
Nc

ffð1ÞΛb
ðμÞ½M1ðx2; x3Þγ5CT �γβ

þ fð2ÞΛb
ðμÞ½M2ðx2; x3Þγ5CT �γβg½ΛbðpÞ�α;

ð6Þ

where α, β, γ are the spinor indices. ΛbðpÞ is the heavy
baryon spinor with the quantum number IðJPÞ ¼ 0ð1

2
þÞ. Nc

is the number of colors. CT denotes the charge conjugation
matrix under transpose transform. The normalization con-

stants fð1ÞΛb
≈ fð2ÞΛb

≡ fΛb
¼ 0.030� 0.005 GeV3 [80]. The

chiral-even (-odd) projector M1ð2Þ reads

M1ðx2; x3Þ ¼
=v=n
4
Ψþ−

3 ðx2; x3Þ þ
=n=v
4
Ψ−þ

3 ðx2; x3Þ;

M2ðx2; x3Þ ¼
=nffiffiffi
2

p Ψ2ðx2; x3Þ þ
=vffiffiffi
2

p Ψ4ðx2; x3Þ; ð7Þ

where two light-cone vectors n ¼ ð1; 0; 0TÞ and v ¼
ð0; 1; 0TÞ satisfy n · v ¼ 1. Here, n is parallel to the
four-momentum p0 of the Λ baryon in the massless limit.
Several asymptotic models for the various twist LCDAs
have been proposed in Refs. [57–59] and summarized in
Refs. [55,81], which are also collected in Appendix A to
make the paper self-contained.
The leading-twist Λ baryon LCDAs have been derived

using QCD sum rules [61,82] and their higher-power
corrections up to twist-6 were systematically presented
in Refs. [83,84]. They involve 24 LCDAs with definite
twists as well as ten independent nonperturbative param-
eters, which are needed to describe the local three-quark
operator matrix elements. In order to reduce the non-
perturbative parameters, we would like to adopt the
LCDAs of the Λ baryon to the leading-twist accuracy in
the present work. As will be shown in the next section, this
scheme could yield satisfactory results with fewer param-
eters. The lattice QCD calculations of the leading-twist
LCDAs of the full baryon octet have been performed; the
reader is referred to Refs. [85–87] for details. In terms of

the notation in Ref. [38], the nonlocal matrix element
associated with the Λ baryon is decomposed into

ðΨΛÞαβγðk0i; μÞ ¼
1

8
ffiffiffi
2

p
Nc

fðp0CÞβγ½γ5Λðp0Þ�αΦVðk0i; μÞ

þ ðp0γ5CÞβγ½Λðp0Þ�αΦAðk0i; μÞ
þ ðiσμνp0νCÞβγ½γμγ5Λðp0Þ�αΦTðk0i; μÞg;

ð8Þ

with σμν ¼ i½γμ; γν�=2. The explicit forms of ΦV;A;T at the
scale μ ¼ 1 GeV have been studied using QCD sum rules
[61,82]. In this work, we adopt the Chernyak-Ogloblin-
Zhitnitsky (COZ) model proposed in Ref. [61]

ΦVðx1;x2;x3Þ¼42fΛϕasy½0.18ðx22−x23Þ−0.1ðx2−x3Þ�;
ΦAðx1;x2;x3Þ¼−42fΛϕasy½0.26ðx23þx22Þþ0.34x21

−0.56x2x3−0.24x1ðx2þx3Þ�;
ΦTðx1;x2;x3Þ¼42fTΛϕasy½1.2ðx23−x22Þþ1.4ðx2−x3Þ�; ð9Þ

where ϕasyðx1; x2; x3Þ ¼ 120x1x2x3 denotes the asymptotic
form in the limit of μ → ∞. The two normalization
constants are fixed to be fΛ ¼ 10fTΛ ¼ 6.3 × 10−3 GeV2

[61]. It is easy to observe thatΦV andΦT are antisymmetric
under permutation of two light quarks, butΦA is symmetric
under the same operation. This is understandable because
of the isospin symmetry of [ud] diquark in the Λ baryon.
ΦA and ΦT satisfy the normalizations [61]

Z
1

0

ΦAdx1dx2dx3δð1 − x1 − x2 − x3Þ ¼ −fΛ;Z
1

0

ΦTx2dx1dx2dx3δð1 − x1 − x2 − x3Þ ¼ fTΛ; ð10Þ

where the δ function enforces momentum conservation.
The heavy-quarkonium production mechanism is still an

open question. The nonrelativistic QCD (NRQCD) is one
of the widely accepted theoretical frameworks to deal with
the exclusive charmonium production processes, for which
the amplitude can be factorized into the short-distance
coefficients and the NRQCD long-distance matrix elements
[88]. In NRQCD, a charmonium state could be produced
through a cc̄ pair in a color-octet state plus the emission of a
soft gluon [89]. Although the color-octet matrix elements
are suppressed by a factor of v4 (the relative velocity
between heavy quarks) in comparison to the color-singlet
matrix elements, they are compensated by the associated
larger short-distance coefficients. Particularly, the color-
octet contributions to J=ψ production in the inclusive B
decay were confirmed to be significant [89]. PQCD and
NRQCD are very different approaches, which employ
different expansion parameters. The DAs for the former
are defined on the light cone and expanded in twist.
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The matrix elements for the latter are defined in the
nonrelativistic limit and expanded in v [90]. Therefore,
the NRQCDmatrix elements should not be employed in the
PQCD approach. If the color-octet contributions are
included in PQCD, the soft gluon from a DA is a physical
parton and must attach to a hard kernel. They are the so-
called three-parton DA contributions [91,92], which are of
higher twist and suppressed by a power of 1=mb with mb
being the b quark mass. As stated in [91], a three-parton
contribution is about the order of magnitude of the higher
Gegenbauer terms in the two-parton twist-3 DA, which is
expected to be small. This smallness was also consistent
with the observation made in the light-cone QCD sum rules
[93]. Therefore, we only consider the contribution from
the two-parton charmonium DAs within the accuracy of the
current work, and the color-octet contribution through the
three-parton DAs will be neglected due to its smallness.
The longitudinally and transversely polarized two-parton

LCDAs up to twist-3 for charmonia are decomposed into [5]

ΨL ¼ 1ffiffiffiffiffiffiffiffi
2Nc

p ðm=ϵLψL þ =ϵL=qψ tÞ;

ΨT ¼ 1ffiffiffiffiffiffiffiffi
2Nc

p ðm=ϵTψV þ =ϵT=qψTÞ; ð11Þ

where the expressions of various twists ψL;T;V;t have been
derived [62,63]

ψL;Tðx; bÞ ¼ fψ
2

ffiffiffiffiffiffiffiffi
2Nc

p NL;Txx̄T ðx; bÞ

× exp

�
−
mc

ω
xx̄

��
x − x̄
2xx̄

�
2

þ ω2b2
��

;

ψ tðx; bÞ ¼ fψ
2

ffiffiffiffiffiffiffiffi
2Nc

p Ntðx − x̄Þ2T ðx; bÞ

× exp

�
−
mc

ω
xx̄

��
x − x̄
2xx̄

�
2

þ ω2b2
��

;

ψVðx; bÞ ¼ fψ
2

ffiffiffiffiffiffiffiffi
2Nc

p NV ½1þ ðx − x̄Þ2�T ðx; bÞ

× exp

�
−
mc

ω
xx̄

��
x − x̄
2xx̄

�
2

þ ω2b2
��

; ð12Þ

with mc being the charm quark mass and x̄ ¼ 1 − x. We
take the shape parameters ω ¼ 0.6 GeV for J=ψ [62] and
ω ¼ 0.2 GeV for ψð2SÞ [63]. The normalization constants
NL;T;V;t are related to the decay constants fψ via the
normalization

Z
1

0

ψL;T;V;tðx; 0Þdx ¼ fψ
2

ffiffiffiffiffiffiffiffi
2Nc

p : ð13Þ

The function T ðx; bÞ reads [62,63]

T ðx; bÞ ¼
�
1 for J=ψ ;

1 − 4b2mcωxx̄þ mcðx−x̄Þ2
ωxx̄ for ψð2SÞ: ð14Þ

Based on the operator product expansion, the effective
weak-interaction Hamiltonian for the b → scc̄ transition
reads [7]

Heff ¼
GFffiffiffi
2

p
�
VcbV�

cs½C1ðμÞO1ðμÞ þ C2ðμÞO2ðμÞ�

−
X10
k¼3

VtbV�
tsCkðμÞOkðμÞ

�
þ H:c:; ð15Þ

where GF is the Fermi constant, Vij represent the Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements, CiðμÞ
correspond to the Wilson coefficients evaluated at the
renormalization scale μ, andOi are the four-quark operators
defined by

O1 ¼ c̄αγμð1 − γ5Þbβ ⊗ s̄βγμð1 − γ5Þcα;
O2 ¼ c̄αγμð1 − γ5Þbα ⊗ s̄βγμð1 − γ5Þcβ;
O3 ¼ s̄βγμð1 − γ5Þbβ ⊗

X
q0
q̄0αγμð1 − γ5Þq0α;

O4 ¼ s̄βγμð1 − γ5Þbα ⊗
X
q0
q̄0αγμð1 − γ5Þq0β;

O5 ¼ s̄βγμð1 − γ5Þbβ ⊗
X
q0
q̄0αγμð1þ γ5Þq0α;

O6 ¼ s̄βγμð1 − γ5Þbα ⊗
X
q0
q̄0αγμð1þ γ5Þq0β;

O7 ¼
3

2
s̄βγμð1 − γ5Þbβ ⊗

X
q0
eq0 q̄0αγμð1þ γ5Þq0α;

O8 ¼
3

2
s̄βγμð1 − γ5Þbα ⊗

X
q0
eq0 q̄0αγμð1þ γ5Þq0β;

O9 ¼
3

2
s̄βγμð1 − γ5Þbβ ⊗

X
q0
eq0 q̄0αγμð1 − γ5Þq0α;

O10 ¼
3

2
s̄βγμð1 − γ5Þbα ⊗

X
q0
eq0 q̄0αγμð1 − γ5Þq0β: ð16Þ

The sum over q0 runs over the quark fields that are active at
the scale μ ¼ OðmbÞ. It is evident that the direct CP
violations for the decay at hand are very small owing to an
almost null weak phase from the CKM matrix element Vts.
The helicity amplitudes HλΛλψ are then given by sandwich-
ing Heff with the initial and final states,

HλΛλψ ¼ hΛðλΛÞψðλψ ÞjHeff jΛbðλΛb
Þi; ð17Þ

where λΛb
, λΛ, and λψ are the corresponding helicities.

The helicity labels can take the values λΛ ¼ �1=2 and
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λψ ¼ 0;�1. Angular momentum conservation in the Λb

decay requires jλΛ − λψ j ¼ 1=2. Thereby, the decay can be
described by four independent complex helicity ampli-
tudes, namely, H−1

2
−1, H1

2
1, H1

2
0, and H−1

2
0, in the helicity-

based definition. The former two terms correspond to the
transverse polarizations for the charmonium and the last
two terms to the longitudinal ones. As we will see later, the
helicity amplitudes are particularly convenient for express-
ing various observable quantities in the decays.
In general, it is convenient to analyze the decay in terms

of the invariant amplitudes, which can be expanded with
the Dirac spinors and polarization vector as

ML ¼ ūΛðp0Þϵμ�L
�
AL
1 γμγ5 þ AL

2

p0
μ

M
γ5 þ BL

1 γμ þ BL
2

p0
μ

M

�

× uΛb
ðpÞ;

MT ¼ ūΛðp0Þϵμ�T ½AT
1 γμγ5 þ BT

1 γμ�uΛb
ðpÞ; ð18Þ

where AL;T
1;2 and BL;T

1;2 are the so-called invariant amplitudes
with L and T in the superscripts denoting the longitudinal
and transverse components, respectively. We emphasize

that the two structures AL
1 γμγ5 and A

L
2

p0
μ

M γ5 appearing in the
above equations are not independent. The same statement is

also true for the BL
1 γμ and BL

2

p0
μ

M terms. It is easy to prove it
by expressing the longitudinal polarization vector in terms
of momenta p and p0, and using the equations of motion for
the two spinors. In fact, there are also four independent
invariant amplitudes, as there should be. The explicit
relations between the helicity amplitudes HλΛλψ and the
invariant amplitudes A, B are [32,94].

H1
2
1 ¼ −ð ffiffiffiffiffiffiffi

Qþ
p

AT
1 þ

ffiffiffiffiffiffiffi
Q−

p
BT
1 Þ;

H−1
2
−1 ¼

ffiffiffiffiffiffiffi
Qþ

p
AT
1 −

ffiffiffiffiffiffiffi
Q−

p
BT
1 ;

H1
2
0 ¼

1ffiffiffi
2

p
m
½ ffiffiffiffiffiffiffi

Qþ
p ðM −mΛÞAL

1 −
ffiffiffiffiffiffiffi
Q−

p
PcAL

2

þ
ffiffiffiffiffiffiffi
Q−

p
ðM þmΛÞBL

1 þ ffiffiffiffiffiffiffi
Qþ

p
PcBL

2 �;

H−1
2
0 ¼

1ffiffiffi
2

p
m
½− ffiffiffiffiffiffiffi

Qþ
p ðM −mΛÞAL

1 þ
ffiffiffiffiffiffiffi
Q−

p
PcAL

2

þ
ffiffiffiffiffiffiffi
Q−

p
ðM þmΛÞBL

1 þ ffiffiffiffiffiffiffi
Qþ

p
PcBL

2 �; ð19Þ

with Q� ¼ ðM �mΛÞ2 −m2. Pc denotes the modulus of
the three momentum of the Λ in the Λb rest frame.
The general factorization formula for any one of the

invariant amplitudes in Eq. (18) can be written as

F ¼ fΛb
π2GF

18
ffiffiffi
3

p
X
ij

Z
½Dx�½Db�Tij

α2sðtTij
ÞΩTij

ðb; b0; bqÞ

× e−STij ½VLLHLL
Tij
ðx; x0; yÞ þ VSPHSP

Tij
ðx; x0; yÞ�; ð20Þ

where the summation extends over all possible diagrams as
shown in Fig. 1. V denotes the product of the CKM matrix
elements and the Wilson coefficients, where the super-
scripts LL and SP correspond to the contributions from the
(V-A)(V-A) and ðS-PÞðSþ PÞ operators, respectively. HTij

is the numerator of the hard amplitude depending on the
spin structure of the final state. These quantities associated
with specific diagram are collected in Appendix B. ΩTij

is
the Fourier transformation of the denominator of the hard
amplitude from the kT space to its conjugate b space. Their
explicit formulas can be found in Ref. [56] and shall not be
repeated here. The integration measure of the momentum
fractions are defined as

½Dx� ¼ ½dx�½dx0�dy;
½dx� ¼ dx1dx2dx3δð1 − x1 − x2 − x3Þ;
½dx0� ¼ dx01dx

0
2dx

0
3δð1 − x01 − x02 − x03Þ; ð21Þ

and the measure of the transverse extents ½Db� are also
shown in Ref. [56].
The Sudakov factors in Eq. (20) coming from the kT

resummation are given by [54]

STij
¼

X
l¼2;3

sðw;k−l Þþ
X

l¼1;2;3

sðw0;k0þl Þþ
8

3

Z
tTij

κw

dμ̄
μ̄
γqðαsðμ̄ÞÞ

þ3

Z
tTij

κw0

dμ̄
μ̄
γqðαsðμ̄ÞÞ; ð22Þ

STij
¼

X
l¼2;3

sðw; k−l Þ þ
X

l¼1;2;3

sðw0; k0þl Þ þ
X
l¼1;2

scðwq; q−l Þ

þ 8

3

Z
tTij

κw

dμ̄
μ̄
γqðαsðμ̄ÞÞ þ 3

Z
tTij

κw0

dμ̄
μ̄
γqðαsðμ̄ÞÞ

þ 2

Z
tTij

κwq

dμ̄
μ̄
γqðαsðμ̄ÞÞ ð23Þ

for the factorizable and nonfactorizable diagrams, respec-
tively. The explicit expressions of the function sðcÞ can be
found in Refs. [73,95]. Another threshold Sudakov factor
StðxÞ collecting the double logarithms αs ln2ðxÞ to all
orders is set to 1, similar to the case of the Λb → p decays
[55]. The phenomenological factor κ ¼ 1.14 is adopted
according to Ref. [96].
The hard scale t for each diagram is chosen as the

maximal virtuality of internal particles including the
factorization scales in a hard amplitude:

tTij
¼ maxð

ffiffiffiffiffiffiffi
jtAj

p
;

ffiffiffiffiffiffiffi
jtBj

p
;

ffiffiffiffiffiffiffi
jtCj

p
;

ffiffiffiffiffiffiffi
jtDj

p
; w; w0; wqÞ; ð24Þ

where the expressions of tA;B;C;D are listed in Appendix B.
The factorization scales w, w0, and wq are defined by
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wð0Þ ¼ min

�
1

bð
0Þ
1

;
1

bð
0Þ
2

;
1

bð
0Þ
3

�
; wq ¼

1

bq
; ð25Þ

with the variables

bð
0Þ
1 ¼ jbð0Þ2 − bð

0Þ
3 j; ð26Þ

and the other bð
0Þ
l defined by permutation.

III. NUMERICAL RESULTS

We first present all the pertinent inputs for our numerical
calculations. Various masses (GeV), lifetimes (ps), and the
Wolfenstein parameters for the CKM matrix are summa-
rized below [18]

M ¼ 5.6196; mΛ ¼ 1.116; mb ¼ 4.8;

mc ¼ 1.275; mJ=ψ ¼ 3.097; mψð2SÞ ¼ 3.686;

τ ¼ 1.464; λ ¼ 0.22650; A ¼ 0.790;

ρ̄ ¼ 0.141; η̄ ¼ 0.357: ð27Þ

The decay constant of J=ψ has been studied using the
lattice QCD method [97], while the ψð2SÞ one is still not
available. Here we choose fJ=ψ ¼ 0.363þ0.089

−0.088 GeV and
fψð2SÞ ¼ 0.309� 0.076 GeV obtained from the calculation
of the S-wave quarkonium wave functions at the origin in
the MS scheme based on nonrelativistic effective field
theories [98]. Other nonperturbative parameters appearing
in the hadron LCDAs have been specified before.
The calculations of the Λb → Λ transition form factors

are similar to that of Λb → Λc [56], the matrix of which is
induced by the V − A current has the general form

hΛðp0Þjs̄γμbjΛbðpÞi ¼ ūΛðp0Þ½f1ðq2Þγμ −
f2ðq2Þ
M

iσμνqν

þ f3ðq2Þ
M

qμ�uΛb
ðpÞ;

hΛðp0Þjs̄γμγ5bjΛbðpÞi ¼ ūΛðp0Þ½g1ðq2Þγμ −
g2ðq2Þ
M

iσμνqν

þ g3ðq2Þ
M

qμ�γ5uΛb
ðpÞ; ð28Þ

where q ¼ p − p0 denotes the transferred momentum
between the initial and final baryons. Here, we shall

concentrate on f1 and g1, which can be extracted from
the factorizable decay amplitudes [56]. We first compare
the results at zero momentum transfer (q2 ¼ 0) from
various models for the Λb baryon LCDAs in Table I.
The values from the first five models are found to be of
similar size, but the numbers in the last column, which
correspond to the Gaussian-type model, are at least an order
of magnitude lower. This is ascribed to the Gaussian-type
model yielding a severe suppression at the end point region
x1 ∼ 1, where the b quark carries most of the Λb baryon
momentum. On the contrary, other models have a strong
peak in that region as shown in the Fig. 2 of Ref. [55]. The
different behaviors at the end point region cause the results
derived from the Gaussian-type model to be generally
smaller. Actually, a similar case also occurred in earlier
PQCD calculations [50,54] on the Λb → p transition form
factors with the Gaussian-type Λb LCDAs, which are also
quite small, at the level of 10−3. A recent reanalysis in
PQCD [55] found that the values increased significantly by
using other models instead of the Gaussian-type one.
We also examine the effect of different Λ baryon LCDAs

on the numerical results. As aforementioned, there are two
alternative models for the Λ baryon LCDAs: one from the
light-cone QCD sum rules (QCDSR) [83] including the
higher-power corrections up to twist-6 and the other from
the lattice QCD [85,87] with leading-twist accuracy. Using
the inputs in Ref. [83], we obtain the form factors with
only the twist-3 contributions f1ð0Þ ¼ 2.1 and g1ð0Þ ¼ 1.8,
which were incredibly large. The reason is that the
coefficient of the linear term of Eq. (46) in Ref. [83] is
2 orders of magnitude greater than the analogous term in
Eq. (9). Taking into account contributions up to twist-6
LCDAs, the corresponding values above become −5.2 and
−0.08, respectively, which seems to contradict with the
heavy-quark symmetry. As stressed in Refs. [85,87], the
shape parameters from the lattice QCD calculations are
generally several factors below the COZ estimates in
Ref. [61], resulting in much smaller form factors when
utilizing the lattice QCD parameters. The values may be
enhanced by including contributions from higher twist
LCDAs but which are currently unavailable in lattice QCD.
Hence, to obtain a reasonable estimate under the PQCD
framework, we will employ the exponential model [59] for
the Λb baryon LCDAs and the leading-twist Λ baryon
LCDAs with the corresponding parameters from the COZ
model [61] in the subsequent analysis.

TABLE I. PQCD predictions for the form factors f1 and g1 at q2 ¼ 0 of the Λb → Λ transition with the various
models of the Λb LCDAs.

Form
factors

Exponential
model

Free-parton
approximation Gegenbauer-1 Gegenbauer-2

QCDSR
model Gaussian-type

f1ð0Þ 0.095 0.125 0.090 0.093 0.122 0.004
g1ð0Þ 0.104 0.136 0.102 0.104 0.129 0.005
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In Table II, we compare our results on the form factors at
q2 ¼ 0 to those obtained in other works, where the first and
second uncertainties arise from the shape parameter ω0 ¼
0.4� 0.1 in the Λb baryon LCDAs for the exponential
model and hard scale t varying from 0.75t to 1.25t,
respectively. It is found that the predominant uncertainties
in our calculations stem from the baryon LCDAs, which
can reach 50% in magnitude. The relevant nonperturbative
parameters in the LCDAs also need to be constrained to
further improve the precision of theoretical predictions.
Broadly, our results agree reasonably well with the results
from the light-front quark model [35], covariant confined
quark model (CCQM) [44], and the covariant light-front
quark model [39] with the diquark approximation. The
values from the QCDSR [99] and Heavy Quark Effective
Theory (HQET) [100] are several times larger but still at the
same order. However, the numbers from the nonrelativistic
quark model [36] are quite small, at the order of 10−2.
Despite a wide range of various predictions, the nearly
equal relation f1ð0Þ ∼ g1ð0Þ holds for the most approaches,
which is expected in the heavy-quark limit.
Next, we turn to the decay amplitudes of the concerned

decays.The factorizable andnonfactorizable contributions to
the invariant amplitudes are presented in Table III. Note
that the imaginary parts of the factorizable amplitudes arise
due to the vertex corrections. The decay amplitudes are
clearly governed by the imaginary part of the nonfactorizable
contributions. The factorizable contributions are smaller
by 1 or 2 orders of magnitude, despite receiving the

enhancement from the vertex corrections. Previous PQCD
investigations [38] have also observed a similar feature. This
situation differs from the case of color-suppressed decays in
theBmeson sector,where factorizable diagramcontributions
could be comparable to nonfactorizable ones after including
the vertex corrections [66,104].
Following Ref. [48], we introduce the moduli squared of

normalized helicity amplitudes jĤλΛλψ j2 ¼ jHλΛλψ j2=HN
with

HN ¼ jH1
2
1j2 þ jH−1

2
−1j2 þ jH1

2
0j2 þ jH−1

2
0j2: ð29Þ

The calculation of the normalized squared helicity ampli-
tudes can be done in a straightforward way by combining
Eqs. (19) and (29) and Table III, whose numerical results
are exhibited in Table IV. The values given in the
parentheses are the corresponding phases. The sources of
the errors in the numerical estimates have the same origin as
in the discussion of the form factors in Table II. Note that
these quantities are less sensitive to the considered uncer-
tainties since the errors partially cancel in the ratios; thus,
we have added them in quadrature. It is observed that the
considered decays receive significant contributions from
H−1

2
−1 and H−1

2
0, which means the negative-helicity states

for the Λ baryon are preferred. Contributions from the
λΛ ¼ 1

2
helicity states are rather small, which amounts to

less than 10%. This pattern is consistent with the expect-
ation from the heavy-quark limit and the left-handed nature
of the weak interaction [23]. Experimentally, a fit to the

TABLE II. Theoretical predictions for the form factors f1 and g1 at q2 ¼ 0 of the Λb → Λ transition.

Form
factors This work [35] [44,101] [102] [60] [103] [99] [100] [36] [39] [47] [32]

f1ð0Þ 0.095þ0.057þ0.018
−0.029−0.021 0.1081 0.107 0.061 0.18�0.04 ∼0.20 0.322�0.112 0.446 0.025 0.131þ0.016þ0.008

−0.018−0.008 0.175�0.106 0.062
g1ð0Þ 0.104þ0.060þ0.016

−0.033−0.020 0.1065 0.104 0.107 � � � � � � 0.318�0.110 0.446 0.028 0.132þ0.016þ0.008
−0.017−0.009 � � � 0.108

TABLE III. The values of the invariant amplitudes from the factorizable and nonfactorizable diagrams for Λb →
Λψ decays. Only central values are presented here.

Amplitude Factorizable Nonfactorizable

AL
1 ðΛb → ΛJ=ψÞ 3.57 × 10−11 þ i3.55 × 10−10 8.12 × 10−9 − i2.50 × 10−8

BL
1 ðΛb → ΛJ=ψÞ −6.06 × 10−11 − i4.17 × 10−10 −6.87 × 10−9 þ i2.28 × 10−8

AL
2 ðΛb → ΛJ=ψÞ −1.32 × 10−11 − i8.66 × 10−11 2.22 × 10−10 þ i7.35 × 10−9

BL
2 ðΛb → ΛJ=ψÞ 1.81 × 10−11 þ i1.30 × 10−10 8.08 × 10−9 − i8.59 × 10−9

AT
1 ðΛb → ΛJ=ψÞ 5.79 × 10−11 þ i3.29 × 10−10 7.41 × 10−9 − i2.95 × 10−8

BT
1 ðΛb → ΛJ=ψÞ −8.42 × 10−11 − i3.91 × 10−10 −6.82 × 10−9 þ i2.90 × 10−8

AL
1 ðΛb → Λψð2SÞÞ 1.01 × 10−10 þ i5.14 × 10−10 8.69 × 10−9 − i2.85 × 10−8

BL
1 ðΛb → Λψð2SÞÞ −1.60 × 10−10 − i6.15 × 10−10 −8.57 × 10−9 þ i2.68 × 10−8

AL
2 ðΛb → Λψð2SÞÞ −3.45 × 10−11 − i1.43 × 10−10 3.04 × 10−9 þ i1.63 × 10−8

BL
2 ðΛb → Λψð2SÞÞ 5.35 × 10−11 þ i2.25 × 10−10 9.12 × 10−9 − i1.06 × 10−8

AT
1 ðΛb → Λψð2SÞÞ 1.41 × 10−10 þ i4.60 × 10−10 6.90 × 10−9 − i2.25 × 10−8

BT
1 ðΛb → Λψð2SÞÞ −2.01 × 10−10 − i5.53 × 10−10 −6.83 × 10−9 þ i2.24 × 10−8
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angular distribution of the cascade decay Λb →
Λðpπ−ÞJ=ψðμþμ−Þ has been performed by the LHCb
[19], ATLAS [20], and CMS [21,22] Collaborations, which
allows us to determine the helicity amplitudes from the fitted
angular parameters. The measured results together with the
predictions from the CCQM [44,48] are also presented in
Table IV for comparison. Our results are comparable with
CCQM calculations and experiments. We note that some
determined helicity amplitudes squared from the LHCb and
CMS experiments are negative and therefore nonphysical.
This is because they use an old average value of αΛ ¼
0.642� 0.013 from Refs. [105–109], which is smaller than
the recent measurements by the BES III [110] and LHCb
[23] Collaborations and an independent estimate of kaon
photoproduction scattering data by CLAS Collaboration in
Ref. [111].
The only available experimental information about the

phase of the helicity amplitudes for the Λb → ΛJ=ψ decay
comes from the recent measurements by LHCb [23]. The
phase of bþ, which corresponds to our argðĤ−1

2
−1Þ, is fixed

to be zero, while the phases of the remaining three helicity
amplitudes are measured relative to argðbþÞ. Following the
definition given in Ref. [23], one can estimate the three
relative phases (in rad) from Table IV to be

argðaþÞ ¼ 0.22þ0.00
−0.38ð0.01þ0.06

−0.05Þ;
argða−Þ ¼ −3.13þ0.00

−0.07ð3.09þ0.10
−0.01Þ;

argðb−Þ ¼ −3.12þ0.03
−0.08ð3.14þ0.05

−0.02Þ; ð30Þ

where the corresponding numbers for the ψð2SÞ mode are
shown in parentheses. Because the imaginary part of the
amplitude contributes significantly more than the real part
as mentioned before, these amplitude vectors are scattered
toward the imaginary axis of the complex plane, resulting
in phase differences that either approach zero or �π.
Although our central values are away from the most

probable values from the LHCb experiment, they still fall
into the 95% credibility intervals. Since the measured
phases span wide intervals, we cannot draw anymore
definite conclusions. A measurement with improved pre-
cision on the phases would be highly desirable.
Armed with the helicity amplitudes derived above, we

can now proceed to perform the calculations of the decay
branching ratios and various asymmetry parameters, which
are defined as [19,48]

B ¼ PcτΛb

8πM2
HN;

αb ¼ −jĤ1
2
1j2 þ jĤ−1

2
−1j2 þ jĤ1

2
0j2 − jĤ−1

2
0j2;

α2 ¼ jĤ1
2
1j2 − jĤ−1

2
−1j2 þ jĤ1

2
0j2 − jĤ−1

2
0j2;

r0 ¼ jĤ1
2
1j2 þ jĤ−1

2
0j2;

r1 ¼ jĤ1
2
1j2 − jĤ−1

2
0j2; ð31Þ

where αb is the parity-violating asymmetry parameter, α2
represents the longitudinal polarization of the daughter Λ
baryon, and r0ðr1Þ corresponds to the longitudinal unpo-
larized (polarized) parameter. The numerical results are
collected in Table V in comparison with CCQM calcu-
lations and available experimental data [43,44,48].
Some important features of the numerical results are the
following:
(1) The obtained branching ratios for the two modes are

both of order 10−4. As aforementioned, there is no
experimental data on the absolute branching ratios
due to the fact that the fragmentation fraction of the
b quark to Λb baryon are not well determined yet.
Using the estimates of the fragmentation fraction
fðb → ΛbÞ ¼ ð7–17.5Þ% from Refs. [47,112,113],
we can convert the data in Eq. (1) into the possible
range BðΛb → ΛJ=ψÞ ∼ ð3.3–8.3Þ × 10−4, which
overlaps our central value in Table V. Likewise,
no absolute measurement of the decay rate for the

TABLE IV. The magnitude squared of normalized helicity amplitudes for the Λb → Λψ decays, where the numbers in parenthesises
are the corresponding phases defined in the range ½−π; π� rad. The sources of the theoretical errors are the same as in Table II but added
in quadrature. For comparison, the experimental data [19,20,22] as well as the available predictions from CCQM [44,48] are also
presented. The superscript “2” for the ATLAS results means square.

Mode jĤ1
2
1j2 jĤ−1

2
−1j2 jĤ1

2
0j2 jĤ−1

2
0j2

Λb → ΛJ=ψ
This work 0.044þ0.010

−0.007 ð1.84þ0.06
−0.09 Þ 0.484þ0.041

−0.035 ð−1.32þ0.04
−0.01 Þ 0.037þ0.014

−0.003 ð−1.11þ0.00
−0.36 Þ 0.435þ0.041

−0.063 ð1.82þ0.01
−0.05 Þ

CCQM [48] 2.34 × 10−3 0.465 3.24 × 10−4 0.532
CCQM [44] 3.1 × 10−3 0.47 4.6 × 10−4 0.53
LHCb [19] −0.10� 0.04� 0.03 0.51� 0.05� 0.02 0.01� 0.04� 0.03 0.57� 0.06� 0.03
ATLAS [20] ð0.08þ0.13

−0.08 � 0.06Þ2 ð0.79þ0.04
−0.05 � 0.02Þ2 ð0.17þ0.12

−0.17 � 0.09Þ2 ð0.59þ0.06
−0.07 � 0.03Þ2

CMS [22] 0.05� 0.04� 0.04 0.52� 0.04� 0.04 −0.10� 0.04� 0.04 0.51� 0.03� 0.04
Λb → Λψð2SÞ
This work 0.051þ0.003

−0.004 ð1.88þ0.04
−0.05 Þ 0.365þ0.028

−0.020 ð−1.26þ0.02
−0.05 Þ 0.061þ0.003

−0.011 ð−1.25þ0.03
−0.09 Þ 0.523þ0.035

−0.030 ð1.83þ0.06
−0.00 Þ

CCQM [44] 1.2 × 10−2 0.54 3.3 × 10−3 0.45
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ψð2SÞ decay is provided, but its relative rate with
respect to the J=ψ one has been measured by
the ATLAS [28] and LHCb [29] Collaborations.
The ratio in PQCD is estimated to be R ¼
BðΛb→Λψð2SÞÞ
BðΛb→ΛJ=ψÞ ¼ 0.47þ0.02

−0.00 , where all uncertainties

are added in quadrature. It is apparent that this ratio
is less sensitive to the variations of hadronic param-
eters involved in the baryon LCDAs than the
individual branching ratios, since the parameter
dependence of the PQCD predictions for the branch-
ing ratios are largely canceled in their relative ratios.
Our prediction is consistent with the PDG average
value of R ¼ 0.508� 0.023 [18] within uncertain-
ties. Although the predicted branching ratio BðΛb →
ΛJ=ψÞÞ from CCQM agrees well with our result, its
value for the ψð2SÞmode one is twice larger, leading
to a larger valueR ¼ 0.8� 0.1 [44,45]. In addition,
Wei et al. [35] used the light-front quark model by
treating the spectator quarks as a diquark system and
foundR ¼ 0.65. Mott and Roberts [36] also studied
the same topic in a nonrelativistic quark model. They
estimated the ratio even exceeding 1, which seems to
be unexpected since the decay process involving the
radial excited states in the final state usually has a
lower rate. This demonstrates that the currently
available theoretical calculations of the ratio are
generally greater than our result as well as the data.

(2) It is observed from Table V that the predicted up-
down asymmetries for the two modes seem to be
distinctly different. For the J=ψ mode, we obtained
the small positive central value αb ¼ 0.042, while
that of the ψð2SÞ mode is larger in size but with a
minus sign. According to the definition of the αb in
Eq. (31), its value is sensitive to the difference of two
dominant helicity amplitudes jĤ−1

2
−1j and jĤ−1

2
0j. As

can be seen from Table III, the transverse compo-
nents are reduced going from the J=ψ mode to the
ψð2SÞ mode, but the longitudinal ones are the
opposite. It is understandable since the dominant
nonfactorizable contributions are process dependent.

A negative up-down asymmetry appears when the
longitudinal polarization amplitude exceeds the
transverse one. The previous measurements of αb
by LHCb [19], ATLAS [20], and CMS [22] for the
J=ψ channel have large errors. The central values
given by LHCb [19] and ATLAS [20] are both
positive, while CMS [22] reports a negative one as
shown in Table V. Measurements that are more
precise have been released recently by LHCb [23]
using data collected with the LHCb experiment
during Runs 1 and 2 of the LHC. The resulting
most probable value of αb is −0.022 with a 68%
credibility interval from −0.048 to 0.005, which
covers our calculation with error bars.

(3) The Λ longitudinal polarizations α2 are significantly
smaller than those calculations from CCQM
[43,44,48]. From Table IV, one can see the contri-
butions from the positive-helicity states in CCQM
are strongly suppressed at the level of 10−3. None-
theless, the corresponding quantities in PQCD have
a order of 10−2 due to the inclusion of the non-
factorizable contributions. The CCQM calculations
are based on the factorization approximation, in
which the hadronic matrix element for a two-body
baryon decay process is factorized into a product of a
baryonic transition form factor and the meson decay
constant. The nonfactorizable effects enter into the
effective Wilson coefficients in the scenario of the
effective color number, which can be totally factor-
ized out within the factorization framework and
canceled in the longitudinal polarizations α2. In
contrast, the nonfactorizable contributions in the
PQCD calculations are related to the decay proc-
esses and are also helicity dependent [5]. In the
absence of the nonfactorizable contributions, the
PQCD predictions of the Λ longitudinal polariza-
tions for the J=ψ and ψð2SÞmodes will be increased
to −0.94 and −0.90, respectively, which are closer to
the CCQM results. As a by-product, the obtained
value of α2 allows us to estimate the forward-
backward (FB) asymmetry with respect to the

TABLE V. Branching ratios (10−4) and asymmetry paramaters for the Λb → Λψ decays. The sources of our theoretical errors are the
same as in Table II.

Mode B αb α2 r0 r1

Λb → ΛJ=ψ
This work 7.75þ4.08þ1.39

−3.17−0.96 0.042þ0.104þ0.027
−0.069−0.001 −0.84þ0.05þ0.01

−0.01−0.00 0.47þ0.04þ0.00
−0.05−0.02 −0.40þ0.07þ0.01

−0.04−0.00
CCQM [43,48] 8.0 −0.069 −0.995 0.533 −0.532
LHCb [19] � � � 0.05� 0.17� 0.17 � � � 0.58� 0.02� 0.01 −0.56� 0.10� 0.05
ATLAS [20] � � � 0.30� 0.16� 0.16 � � � � � � � � �
CMS [22] � � � −0.14� 0.14� 0.10 −1.11� 0.04� 0.05 � � � � � �
Λb → Λψð2SÞ
This work 3.63þ1.91þ0.70

−1.39−0.41 −0.149þ0.033þ0.044
−0.048−0.040 −0.78þ0.00þ0.01

−0.02−0.02 0.58þ0.02þ0.02
−0.02−0.02 −0.46þ0.02þ0.03

−0.04−0.03
CCQM [44] 7.25 0.09 −0.97 0.45 −0.44
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hadron-side polar angle [44] AFB ≡ α2αΛ ¼
−0.613þ0.045

−0.022ð−0.568þ0.016
−0.033Þ, where the number in

parentheses is the corresponding value for the ψð2SÞ
mode. In the estimates, we have used the new
experimental PDG average value for the asymmetry
parameter αΛ ¼ 0.732� 0.014 [18]. The PQCD
predictions of the FB asymmetry above can be
confronted with data in the future.

(4) The predicted longitudinal unpolarized r0 and po-
larized r1 are comparable with the CCQM calcu-
lations [43,48] and the reported values by the LHCb
Collaboration [19] within errors.

(5) There is another interesting parameter γ0 defined
via [44]

γ0 ¼ jĤ1
2
1j2 þ jĤ−1

2
−1j2 − 2jĤ1

2
0j2 − 2jĤ−1

2
0j2; ð32Þ

which denotes the longitudinal/transverse composi-
tion of the charmonium meson. The exact numbers
in PQCD are −0.416þ0.089

−0.064 and −0.753þ0.056
−0.044 for the

J=ψ and ψð2SÞ modes, respectively. The former
differs by 1.6σ from the CMSmeasurement −0.27�
0.08� 0.11 [22] but matches its previous value
−0.46� 0.07� 0.04 [21] within 1.0σ. A measure-
ment with improved precision helps to better under-
stand this possible discrepancy.

As previously stated, many other studies have been
conducted of the Λb → ΛJ=ψ decay but have primarily
focused on the decay branching ratio and the up-down
asymmetry. For the sake of comparison, we briefly sum-
marize the currently available theoretical results in
Table VI. Most of the various approaches give predictions
of the same order of magnitude for the decay branching
ratio. Our results coincide with those of the quark model in
the large Nc limit [37] and the nonrelativistic quark model
[36] but generally higher than other predictions. On the
other hand, our prediction of the up-down asymmetry for
the J=ψ mode is small in size with positive central value.
A variety of quark-model-based analyses and predictions
gave negative values ranging from−0.09 to −0.21, whereas
the calculation of HQET provided a sizable positive value
of 0.77 [46,114]. Hence, an accurate measurement of the
branching ratio and up-down asymmetry parameter will
enable us to discern different model predictions. We
mention that our branching ratio and the up-down asym-
metry for the J=ψ mode differ from those of the previous
PQCD calculations [38] mainly because we updated the

nonperturbation hadron LCDAs as discussed at length in
the previous section.
Finally, we discuss the long-distance (LD) effects on the

decay rate for the semileptonic Λb → Λlþl− decays with
l ¼ e, μ, τ in the vicinity of the charmonium resonance
regions defined by [115]

BLDðΛb → Λlþl−Þ ¼ BðΛb → ΛJ=ψÞ × BðJ=ψ → lþl−Þ
þ BðΛb → Λψð2SÞÞ
× Bðψð2SÞ → lþl−Þ; ð33Þ

where other higher radial excitations are not included here
since their dileptonic decay rates suffer strong suppression.
Utilizing the experimental PDG average values Bðψ →
lþl−Þ [18],

BðJ=ψ → μþμ−Þ ¼ ð5.961� 0.033Þ%;

Bðψð2SÞ → lþl−Þ ¼
� ð8.0� 0.6Þ × 10−3; l ¼ μ;

ð3.1� 0.4Þ × 10−3; l ¼ τ;
ð34Þ

we have

BLDðΛb → Λlþl−Þ ¼
� ð4.91þ2.78

−2.12Þ × 10−5; l ¼ μ;

ð1.12þ0.86
−0.54Þ × 10−6; l ¼ τ;

ð35Þ

where we present the results for the μ and τ channels only
since the values for the e and μ channels are essentially the
same. It is clear that the LD effects in the tau leptonmode are
rather smaller than the counterpart for the μ channel because
the secondary process J=ψ → τþτ− is kinematically for-
bidden.Our result for the μ channel is comparablewith those
in the light-cone sum rules [115], QCD sum rules, the pole
model [116], and several supersymmetric scenarios evalu-
ated in Refs. [36,117]. However, the observation is different
for the semitauonic process, for which the obtained results
from various approaches span a wide range ð0.59–11Þ ×
10−6 [36,115–117]. Future experimental data are expected
to verify and distinguish the various results.

IV. CONCLUSION

Thanks to the continuous efforts of the LHC experiment, a
large data sample of b hadrons are produced, offering a
unique opportunity to study Λb weak decay systematically.
In thiswork,wehave carefully explored the color-suppressed

TABLE VI. Various predictions in the literature of the Λb → ΛJ=ψ decay, where the branching ratio is in units of 10−4.

[31] [32] [33] [34,40] [35] [36] [37]a [38] [39] [41] [42,47] [46,114]b

B 2.49 1.6 6.04 2.7 3.94 8.2 5.0–7.8 1.65–5.27 3.33þ0.48þ0.56þ0.32
−0.20−0.63−0.30 2.1 3.3� 2.0 12.5=4.4=1.2

αb −0.208 −0.10 −0.18 −0.21 −0.204 −0.09 � � � −0.17 to − 0.14 −0.21� 0.00 −0.11 � � � 0.777
aWe quote the values in the large Nc limit.
bThe quoted values correspond to Neff

c ¼ 2, 2.5, and 3, respectively.
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baryonic decays Λb → ΛJ=ψ ;Λψð2SÞ in the framework of
PQCD, for which the decay process is factorized into the
calculable hard kernel and universal hadron distribution
amplitudes. In light of these improved universal nonpertur-
bative objects, we have calculated some observables related
to the decays under consideration including both the factor-
izable and nonfactorizable contributions. Our main results
are summarized as follows:

(I) Five phenomenological models for the LCDAs of
the Λb baryon have been employed for comparison.
It has been found that the form factors at maximum
recoil evaluated by employing the QCDSR model,
the exponential model, the free-parton model, and
the Gagenbauer-1(2) models are of similar magni-
tude, whereas the numbers from the Gaussian-type
are smaller by about 1 order of magnitude. The main
reason is that the Gaussian-type model yields a
severe suppression at the end point region. The
shape parameters in the LCDAs of the Λ baryon in
the literature vary drastically, which means that our
form factor results were strongly sensitive to differ-
ent parameter sets. It has been demonstrated that the
COZ models may be the most suitable choices to
obtain a reasonable estimate under the PQCD
formulism within the accuracy of the current work.
The obtained two baryonic transition form factors f1
and g1 at maximum recoil are in accord with the
expectation in the heavy-quark limit and agree well
with the existing results in other works within errors.

(II) We have computed four independent complex hel-
icity amplitudes allowed by angular momentum
conservation, which are linearly related to the
invariant amplitudes. It has been observed that
negative-helicity amplitudes dominate, and the rel-
ative contributions from the positive ones only
amount to a few percent. In PQCD formulism, the
nonfactorizable contributions and vertex corrections
provide the main sources of the strong phase. The
weak phases from the related CKM matrix elements
are almost zero to order λ2; thus, no direct CP
violation is expected. Setting one of the phases to
zero, another three relative phases have been esti-
mated, and the obtained values fall into the 95%
credibility interval reported by LHCb.

(III) With the helicity amplitude results at hand, we
can compute some interesting observables such as
branching ratios as well as the various measurable
asymmetries. Our prediction BðΛb → ΛJ=ψÞ ¼
7.75þ4.08þ1.39

−3.17−0.96 coincides with the CCQM calculation,
but BðΛb → Λψð2SÞÞ is only half of them. The ratio
of the twobranching ratios is predicted to be0.47þ0.02

−0.00 ,
which is smaller than those from the other approaches
and more consistent with the latest average
0.508� 0.023. The predicted up-down asymmetries
αb for the two modes in PQCD differ a lot due to the

significant nonfactorizable contributions, which are
process dependent. Our number for the J=ψ mode is
closer to the most probable value reported by LHCb.
The predicted asymmetry for the ψð2SÞmode is large
in size and can be tested in future experiments.
Moreover, we have also calculated the various observ-
able parameters such as α2, r0;1, and γ0 defined in
terms of the linear combinations of normalized
squared helicity amplitudes. The obtained results
are compatible within uncertainties with the CCQM
calculations and the measurement from the LHCb
Collaboration.

(IV) We have discussed the long-distance effects arising
from the charmonium resonances regions in the
semileptonic decay Λb → Λlþl− by using the zero
width approximation. Our result for the muonic
mode is comparable with other predictions, but
for the tauonic one, the various predictions including
ours have an obvious discrepancy, which should be
clarified in the future.

In brief, the PQCD formalism could be well applied to the
concerned color-suppressed Λb decays, although our theo-
retical predictions are still plaguedby larger uncertainties due
to the hadronic parameters. Someof the obtained observables
are compatible with the current data and other theoretical
predictions, while others could be measured in the ongoing
experiments with certain precision.
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APPENDIX A: VARIOUS LCDA MODELS
OF THE Λb BARYON

We collect the five widely used parametrized models for
the LCDAs of the Λb baryon as follows:

(i) Exponential model [59]

Ψ2ðx2; x3Þ ¼ x2x3
M4

ω4
0

e−
ω
ω0 ;

Ψþ−
3 ðx2; x3Þ ¼ 2x2

M3

ω3
0

e−
ω
ω0 ;

Ψ−þ
3 ðx2; x3Þ ¼ 2x3

M3

ω3
0

e−
ω
ω0 ;

Ψ4ðx2; x3Þ ¼
M2

ω2
0

e−
ω
ω0 ; ðA1Þ

with ω ¼ ðx2 þ x3ÞM and ω0 ¼ 0.4� 0.1 GeV.
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(ii) Free-parton approximation [59]

Ψ2ðx2; x3Þ ¼
15x2x3M4ð2Λ̄ − ωÞ

4Λ̄5
Θð2Λ̄ − ωÞ;

Ψþ−
3 ðx2; x3Þ ¼

15x2M3ð2Λ̄ − ωÞ2
4Λ̄5

Θð2Λ̄ − ωÞ;

Ψ−þ
3 ðx2; x3Þ ¼

15x3M3ð2Λ̄ − ωÞ2
4Λ̄5

Θð2Λ̄ − ωÞ;

Ψ4ðx2; x3Þ ¼
5M2ð2Λ̄ − ωÞ3

8Λ̄5
Θð2Λ̄ − ωÞ; ðA2Þ

with Λ̄≡ ðM −mbÞ=2 ≈ 0.8 GeV.

(iii) Gegenbauer-1 model [58]

Ψ2ðx2; x3Þ ¼M4x2x3

×

�
1

ε40
e−

ω
ε0 þ a2

ε41
C3=2
2

�
x2 − x3
x2 þ x3

�
e−

ω
ε1

�
;

Ψþ−
3 ðx2; x3Þ ¼ 2M3x2

1

ε33
e−

ω
ε3 ;

Ψ−þ
3 ðx2; x3Þ ¼ 2M3x3

1

ε33
e−

ω
ε3 ;

Ψ4ðx2; x3Þ ¼ 5M2N −1
Z

s0

ω
2

dse−s=τ
�
s−

ω

2

�
3

;

ðA3Þ

with the constant N ¼ R s0
0 dss5e−s=τ and other parameters 0.4 < τ < 0.8 GeV, s0 ¼ 1.2 GeV, a2 ¼ 0.333þ0.250

−0.333 ,
ε0¼200þ130

−60 MeV, ε1 ¼ 650þ650
−300 MeV, and ε3 ¼ 230 MeV.

(iv) Gegenbauer-2 model [57]

Ψ2ðx2;x3Þ¼M4x2x3
X2
n¼0

að2Þn

εð2Þn
4
C3=2
n

�
x2−x3
x2þx3

�
e
− ω

ε
ð2Þ
n ;

Ψþ−
3 ðx2;x3Þ¼M3ðx2þx3Þ

�X2
n¼0

að3Þn

εð3Þn
3
C1=2
n

�
x2−x3
x2þx3

�
e
− ω

ε
ð3Þ
n þ

X3
n¼0

bð3Þn

ηð3Þn
3
C1=2
n

�
x2−x3
x2þx3

�
e
− ω

η
ð3Þ
n

�
;

Ψ−þ
3 ðx2;x3Þ¼M3ðx2þx3Þ

�X2
n¼0

að3Þn

εð3Þn
3
C1=2
n

�
x2−x3
x2þx3

�
e
− ω

ε
ð3Þ
n −

X3
n¼0

bð3Þn

ηð3Þn
3
C1=2
n

�
x2−x3
x2þx3

�
e
− ω

η
ð3Þ
n

�
;

Ψ4ðx2;x3Þ¼M2
X2
n¼0

að4Þn

εð4Þn
2
C1=2
n

�
x2−x3
x2þx3

�
e
− ω

ε
ð4Þ
n ; ðA4Þ

with the Gegenbauer polynomials

Cξ
0ðxÞ¼1; Cξ

1ðxÞ¼2ξx; Cξ
2ðxÞ¼2ξð1þξÞx2−ξ:

ðA5Þ

The relevant parameters for the Gegenbauer-2 model
can be found in [57].

(v) QCDSR model [58]

Ψ2ðx2; x3Þ ¼
15

2N
M4x2x3

Z
s0

ω
2

dse−s=τ
�
s −

ω

2

�
;

Ψþ−
3 ðx2; x3Þ ¼

15

N
M3x2

Z
s0

ω
2

dse−s=τðs − ω

2
Þ2;

Ψ−þ
3 ðx2; x3Þ ¼

15

N
M3x3

Z
s0

ω
2

dse−s=τðs − ω

2
Þ2;

Ψ4ðx2; x3Þ ¼
5

N
M2

Z
s0

ω
2

dse−s=τðs − ω

2
Þ3: ðA6Þ

The various models above obey the uniform
normalization conditions according to the different
twists,

Z
1

0

dx2dx3Ψ2ðx2;x3Þ¼1;
Z

1

0

dx2dx3ðΨþ−
3 ðx2;x3ÞþΨ−þ

3 ðx2;x3ÞÞ=4¼1;
Z

1

0

dx2dx3Ψ4ðx2;x3Þ¼1: ðA7Þ

(vi) Gaussian-type [118,119] This model does not dis-
tinguish the asymptotic forms of different twists’
LCDAs in favor of an unifying Gaussian shape [120]

ΦΛb
ðx1;x2;x3Þ

¼Nx1x2x3 exp

�
−

1

2β2

�
M2

x1
þm2

q

x2
þm2

q

x3

��
; ðA8Þ
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with the normalized constant N ¼ 6.67 × 1012 and
shape parameters β ¼ 1.0 GeV and mq ¼ 0.3 GeV.
The corresponding Λb baryon LCDA can be ex-
pressed as

ðΨΛb
Þαβγ ¼

fΛb

8
ffiffiffi
2

p
Nc

½ðpþMÞγ5C�βγ½ΛbðpÞ�α
×ΦΛb

ðx1; x2; x3Þ: ðA9Þ

APPENDIX B: FACTORIZATION FORMULAS

Following the conventions in Ref. [56], we provide some
details about the factorization formulas in Eq. (20). The
formulas of the equivalent diagrams connected by an
interchange of two light quarks will not be repeated here.
The explicit expressions of VLL;SP are collected in
Table VII, where the combinations of the Wilson coef-
ficients al including the vertex corrections are defined as

al ¼
8<
:

Cl þ 1
3
Clþ1 þ αs

4π
Cf

Nc
Clþ1

h
−18 − 12ln

	
t
mb



þ fI

i
; l ¼ 1; 3; 9;

Cl þ 1
3
Clþ1 −

αs
4π

Cf

Nc
Clþ1

h
−6 − 12ln

	
t
mb



þ fI

i
; l ¼ 5; 7;

ðB1Þ

with Cf ¼ ðN2
c − 1Þ=ð2NcÞ. For the calculation of fI , the

reader is referred to Refs. [6,121] for details.
The virtualities of the internal propagators tA;B;C;D and

the hard amplitudes HTij
for each diagram Tij in Fig. 1 are

gathered in the Tables VIII and IX, respectively. The
expression of HTij

in Table IX is given for AL
1 and AL

2 ,
where those terms proportional to rΛ have been neglected
for simplicity. The corresponding formulas for BL

1 and BL
2

can be obtained from AL
1 and AL

2 , respectively, by the
following replacement:

BL
1 ¼ AL

1 jΦV→−ΦV ;ΦA→−ΦA ; BL
2 ¼ AL

2 jΦT→−ΦT : ðB2Þ

The formulas of AT
1 ðBT

1 Þ have the same form as AL
1 ðBL

1 Þ but
with ψL → ψV and ψ t → ψT .

TABLE VII. The expressions of VLL and VSP in Eq. (20) for each diagram Tij.

ij VLL VSP

a1; a2; a3; a5; b1; b2; b4 VcbV�
csa1 þ VtbV�

tsða3 þ a9Þ VtbV�
tsða5 þ a7Þ

a6; a7; b6; b7; c1; c2; d1; d2 1
3
VcbV�

csC2 þ 1
3
VtbV�

tsðC4 þ C10Þ 1
3
VtbV�

tsðC6 þ C8Þ
c5; c7; d6 VcbV�

csð13C2 − 1
4
C1Þ þ VtbV�

ts½13 ðC4 þ C10Þ − 1
4
ðC3 þ C9Þ� VtbV�

ts½13 ðC6 þ C8Þ − 1
4
ðC5 þ C7Þ�

TABLE VIII. The virtualities of the internal gluon tA;B and quark tC;D for each diagram Tij in Fig. 1.

Tij
tA
M2

tB
M2

tC
M2

tD
M2

Ta1 fþx3x03 fþð1 − x1Þð1 − x01Þ fþð1 − x1Þx03 fþð1 − x01Þ
Ta2 fþx3x03 fþð1 − x1Þð1 − x01Þ fþð1 − x01Þx3 fþð1 − x01Þ
Ta3 fþx3x03 fþx2x02 x2 þ fþð1 − x2Þx03 fþð1 − x01Þ
Ta5 fþx3x03 fþx2x02 fþð1 − x02Þx3 x3 þ fþð1 − x3Þx02
Ta6 fþx3x03 fþx2x02 r2c þ fþx3x30 þ r2Λx3

0y−
fþðx3 þ x30Þyþ yðx3 − r2yÞ

x3 þ fþð1 − x3Þx02

Ta7 fþx3x03 fþx2x02 r2c þ fþx3x03 þ ððfþ − 1Þx3 þ
ðfþ − r2ΛÞx03 − r2ðy − 1ÞÞðy − 1Þ

x3 þ fþð1 − x3Þx02

Tb1 fþx3x03 fþð1 − x1Þð1 − x01Þ fþð1 − x1Þx03 fþð1 − x1Þ
Tb2 fþx3x03 fþð1 − x1Þð1 − x01Þ fþð1 − x01Þx3 fþð1 − x1Þ
Tb4 fþx3x03 fþx2x02 fþð1 − x1Þ fþð1 − x03Þx2
Tb6 fþx3x03 fþx2x02 r2c þ fþx3x03 þ r2Λx

0
3y −

fþðx3 þ x03Þyþ yðx3 − r2yÞ
fþð1 − x03Þx2

Tb7 fþx3x03 fþx2x02 r2c þ fþx3x03 þ ððfþ − 1Þx3 þ
ðfþ − r2ΛÞx03 − r2ðy − 1ÞÞðy − 1Þ

fþð1 − x03Þx2

(Table continued)
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TABLE VIII. (Continued)

Tij
tA
M2

tB
M2

tC
M2

tD
M2

Tc1 fþx3x03 fþð1 − x1Þð1 − x01Þ fþð1 − x1Þx03 r2c þ fþyðx1 þ x01 − 2Þ þ yð1 − r2y − x1Þ þ
ðfþðx1 − 1Þ − yr2ΛÞðx01 − 1Þ

Tc2 fþx3x03 fþð1 − x1Þð1 − x01Þ fþð1 − x01Þx3 r2c þ fþyðx1 þ x01 − 2Þ þ yð1 − r2y − x1Þ þ
ðfþðx1 − 1Þ − yr2ΛÞðx01 − 1Þ

Tc5 fþx3x03 fþx2x02 r2c þ fþx3x03 þ r2Λx
0
3y −

fþðx3 þ x03Þyþ yðx3 − r2yÞ
r2c þ fþyðx1 þ x01 − 2Þ þ yð1 − r2y − x1Þ þ

ðfþðx1 − 1Þ − yr2ΛÞðx01 − 1Þ
Tc7 fþx3x03 fþx2x02 r2c þ fþx3x03 þ ððfþ − 1Þx3 þ

ðfþ − r2ΛÞx03 − r2ðy − 1ÞÞðy − 1Þ
r2c þ fþx2x02 þ r2Λx

0
2y − fþðx2 þ x02Þyþ yðx2 − r2yÞ

Td1 fþx3x03 fþð1 − x1Þð1 − x01Þ fþð1 − x1Þx03 r2c−fþðyðx1þx01−2Þ−x1−x01þ1Þðy−1Þðr2ðy−1Þ−
x1þ1−r2Λð1−x01ÞÞ

Td2 fþx3x03 fþð1 − x1Þð1 − x01Þ fþð1 − x01Þx3 r2c−fþðyðx1þx01−2Þ−x1−x01þ1Þðy−1Þðr2ðy−1Þ−
x1þ1−r2Λð1−x01ÞÞ

Td6 fþx3x03 fþx2x02 r2c − fþðyðx1 þ x01 − 2Þ − x1 −
x01 þ 1Þðy − 1Þðr2ðy − 1Þ − x1 þ

1 − r2Λð1 − x01ÞÞ

r2cþfþx3x03þððfþ−1Þx3þðfþ−r2ΛÞx03−r2ðy−1ÞÞðy−1Þ

TABLE IX. The expressions of HLL;SP
Rij

for AL
1 and AL

2 .

AL
1

16M4

AL
2

16M4

HLLðSPÞ
Ta1

½−2rð1 − r2Þ2x03Ψ4ψ
L�ΦA ½2rð1 − r2Þðx1 − 1Þðx01 − 1ÞψLðΨ−þ

3 þ Ψþ−
3 Þ�ΦT

HLLðSPÞ
Ta2

½2rðr2 − 1Þx3Ψ4ψ
L�ΦA ½4rð1 − r2Þx3ðx01 − 1ÞψLΨ4�ΦA

HLLðSPÞ
Ta3

½rðr2 − 1Þððr2 − 1Þx03 − x2ÞΨ4ψ
L�ΦV þ

½rðr2 − 1Þðððr2 − 1Þx03 − x2ÞΨ4 þ 2ð1 − x2ÞΨ2ÞψL�ΦA
½2rð2ð1 − r2Þx03 − x2ðr2ðx01 − 1Þ − x01 − 1ÞÞψLΨ4�ΦV þ

½2rðr2 − 1Þx2ðx01 − 1ÞψLΨ4�ΦA þ
½2rððð1 − x2Þðr2ðx01 − 1Þ − x01Þ þ 1ÞΨ−þ

3 þ x2Ψþ−
3 ÞψL�ΦT

HLLðSPÞ
Ta5

½rðr2 − 1Þx3Ψþ−
3 ψL�ΦT ½−2r3x23ψLΨ4�ΦV þ ½−2r3x23ψLΨ4�ΦA þ

½−2rx3ðr2ðx3 − 1Þ þ 1ÞψLΨþ−
3 �ΦT

HLL
Ta6

½2rðr2 − 1Þðx3 − 1Þðx3 − yÞψLΨ2�ΦA þ
½ð1 − r2Þðrcψ t þ rψLðx3 − yÞÞΨþ−

3 �ΦT
½2r2x3ðrcψ t þ rψLðx3 − yÞÞΨ4�ΦV þ

½2rx3ðrrcψ tΨ4 þ ðr2Ψ4 − 2Ψ2Þðx3 − yÞψLÞ�ΦA þ
½2ðr2ðx3 − 1Þ þ 1Þðrcψ t þ rψLðx3 − yÞÞΨþ−

3 þ
2rðr2 − 1Þðx3 − yÞx02ψLΨ−þ

3 �ΦT

HSP
Ta6

½−ð1 − r2Þ2x02ðrcψ t þ rψLðx3 − yÞÞΨ4�ΦV þ
½ðr2 − 1Þ2x02ðrcψ t þ rψLðx3 − yÞÞΨ4 −

2ðr2 − 1Þðx3 − 1Þrcψ tΨ2�ΦA

½−2ðrcψ tðr2ðx3 − x02Þ þ x02Þ þ rψLðr2yðx02 − x3Þ þ
ðr2 − 1Þx3ðx03 − x02Þ − yx02ÞÞΨ4�ΦV þ
½4ððx3 − 1Þrcψ t þ rψLðy − x3ÞÞΨ2 þ

2ðrψLððr2 − 1Þyx02 þ r2x3y − ðr2 − 1Þx3ðx02 þ x03ÞÞ−
rcψ tðr2ðx02 þ x3Þ − x02ÞÞΨ4�ΦA þ

½−2rððx3 − 1Þðrrcψ t þ ψLððr2 − 1Þx03 − r2yÞÞΨþ−
3 −

ðr2 − 1Þðx3 − yÞx02ψLΨ−þ
3 Þ�ΦT

HLL
Ta7

½ðr2 − 1Þ2x02ðrcψ t þ rψLðx3 þ y − 1ÞÞΨ4�ΦV þ
½−ð1 − r2Þ2x02ðrcψ t þ rψLðx3 þ y − 1ÞÞΨ4 þ

2ðr2 − 1Þðx3 − 1Þrcψ tΨ2�ΦA

½2ðrcψ tðr2ðx3 − x02Þ þ x02Þ − rψLððr2 − 1Þðx3 þ y − 1Þx02 þ
x3ðx03 − r2ðx03 þ y − 1ÞÞÞÞΨ4�ΦV þ

½2ðrcðr2ðx02 þ x3Þ − x02Þψ t þ rðr2x3ðx03 þ y − 1Þ þ
ðr2 − 1Þðx3 þ y − 1Þx02 − x3x03ÞψLÞΨ4 þ

4ðrψLðx3 þ y − 1Þ − ðx3 − 1Þrcψ tÞΨ2�ΦA þ
½2rððx3 − 1Þðrrcψ t þ ψLðr2ðx03 þ y − 1Þ − x03ÞÞΨþ−

3 −
ðr2 − 1Þðx3 þ y − 1Þx02ψLΨ−þ

3 Þ�ΦT

(Table continued)
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TABLE IX. (Continued)

AL
1

16M4

AL
2

16M4

HSP
Ta7

½2rðr2 − 1Þð1 − x3Þðx3 þ y − 1ÞψLΨ2�ΦA þ
½ðr2 − 1Þðrcψ t þ rψLðx3 þ y − 1ÞÞΨþ−

3 �ΦT
½−2r2x3ðrcψ t þ rψLðx3 þ y − 1ÞÞΨ4�ΦV þ

½2rx3ðψLð2Ψ2 − r2Ψ4Þðx3 þ y − 1Þ − rrcψ tΨ4Þ�ΦA þ
½2rð1 − r2Þðx3 þ y − 1Þx02ψLΨ−þ

3 −
2ðr2ðx3 − 1Þ þ 1Þðrcψ t þ rψLðx3 þ y − 1ÞÞΨþ−

3 �ΦT

HLLðSPÞ
Tb1

½rð1 − r2Þðx1 − 1Þ2ðΨ−þ
3 þ Ψþ−

3 ÞψL�ΦT ½2rð1 − r2Þðx1 − 1Þ2ψLðΨ−þ
3 þ Ψþ−

3 Þ�ΦT

HLLðSPÞ
Tb2

½−2rð1 − r2Þ2x3Ψ4ψ
L�ΦA 0

HLLðSPÞ
Tb4

½−rð1 − r2Þ2x2Ψ4ψ
L�ΦV þ ½rðr2 − 1Þ2x2Ψ4ψ

L�ΦA þ
½rðr2 − 1Þð1 − x1Þx2Ψ−þ

3 ψL�ΦT
½2rðr2 − 1Þð1 − x1Þx2ψLΨ−þ

3 �ΦT

HLL
Tb6

½rðr2 − 1Þx2ðrrcψ t þ ψLððr2 − 1Þx03 − r2yÞÞΨ4�ΦV þ
½rð1 − r2Þx2ðrrcψ t þ ψLððr2 − 1Þx03 − r2yÞÞΨ4�ΦA þ

½ð1 − r2Þx2rcψ tΨ−þ
3 �ΦT

½2ð1 − r2Þx2rcψ tΨ−þ
3 �ΦT

HSP
Tb6

½rðr2 − 1Þx2ðx3 − yÞψLΨ−þ
3 �ΦT ½−2r2x2ðrcψ t þ rψLðx3 − yÞÞΨ4�ΦV þ

½2r2x2ðrcψ t þ rψLðx3 − yÞÞΨ4�ΦA þ
½−2rx2ðrrcψ t þ ψLðx3 − yÞÞΨ−þ

3 �ΦT

HLL
Tb7

½rð1 − r2Þx2ðx3 þ y − 1ÞψLΨ−þ
3 �ΦT ½2r2x2ðrcψ t þ rψLðx3 þ y − 1ÞÞΨ4�ΦV þ

½−2r2x2ðrcψ t þ rψLðx3 þ y − 1ÞÞΨ4�ΦA þ
½2rx2ðrrcψ t þ ψLðx3 þ y − 1ÞÞΨ−þ

3 �ΦT

HSP
Tb7

½rð1 − r2Þx2ðrrcψ t þ ψLðr2ðx03 þ y − 1Þ − x03ÞÞΨ4�ΦV þ
½rðr2 − 1Þx2ðrrcψ t þ ψLðr2ðx03 þ y − 1Þ − x03ÞÞΨ4�ΦA þ

½ðr2 − 1Þx2rcψ tΨ−þ
3 �ΦT

½2ðr2 − 1Þx2rcψ tΨ−þ
3 �ΦT

HLL
Tc1

½−2rð1 − r2Þ2ðx1 þ y − 1Þx03ψLΨ4�ΦA þ
½ðr2 − 1Þðx1 − 1ÞðrψLðx1 þ y − 1Þ − rcψ tÞðΨ−þ

3 þ Ψþ−
3 Þ�ΦT

½2ðr2−1Þðx1−1ÞðrψLðx1þy−1Þ−rcψ tÞðΨ−þ
3 þΨþ−

3 Þ�ΦT

HSP
Tc1

½−2ð1 − r2Þ2rcx03ψ tΨ4�ΦA ½4ð1 − r2Þx03ðrψLðx1 þ y − 1Þ − rcψ tÞΨ4�ΦA þ
½2rð1 − x1ÞðψLðr2ðx01 þ y − 1Þ − x01 þ 1Þ−

rrcψ tÞðΨ−þ
3 þΨþ−

3 Þ�ΦT

HLL
Tc2

½2r2ðr2 − 1Þx3rcψ tΨ4�ΦA 0

HSP
Tc2

½2rðr2 − 1Þx3ðr2ðx01 þ y − 1Þ − x01 þ 1ÞψLΨ4�ΦA ½−4rx3ðψLðr2ðx01 þ y − 1Þ − x01 þ 1Þ − rrcψ tÞΨ4�ΦA

HLL
Tc5

½rðr2 − 1Þððr2c − ðx1 þ y − 1Þðð1 − r2Þx03 þ r2yÞÞψL −
rrcx2ψ tÞΨ4�ΦV þ ½rð1 − r2ÞððψLðr2c −

ðx1 þ y − 1Þðð1 − r2Þx03 þ r2yÞÞ − rrcx2ψ tÞΨ4 þ
2ðr2 − 1Þðx1 þ y − 1Þðx3 − yÞψLΨ2Þ�ΦA þ

½ðr2 − 1Þð1 − x1 − yÞðrcψ t þ rψLðx3 − yÞÞΨþ−
3 þ

ðr2 − 1Þrcx2ψ tΨ−þ
3 �ΦT

½2ð1 − r2Þððx1 þ y − 1Þðrcψ t þ rψLðx3 − yÞÞΨþ−
3 −

rcx2ψ tΨ−þ
3 Þ�ΦT

HSP
Tc5

½ðrðr2 − 1ÞψLðr2c þ ðx3 − yÞðr2ðx01 þ y − 1Þ − x01 þ 1ÞÞ−
ðr2 − 1Þrcx02ψ tÞΨ4�ΦV þ ½ð1 − r2ÞððrψLðr2c þ

ðx3 − yÞðr2ðx01 þ y − 1Þ − x01 þ 1ÞÞ − ðr2 − 1Þrcψ tx02ÞΨ4 þ
2ðr2 − 1Þrcðx3 − yÞψ tΨ2Þ�ΦA

½−2ðrψLð2r2c − ðr2 − 1Þðx3 − yÞx02 þ
ðx2 þ 2x3 − 2yÞðð1− r2Þx03 þ r2yÞÞ þ
rcψ tðx02 − r2ðx02 þ x2ÞÞÞΨ4�ΦV þ

½2ðrcψ tðr2ðx2 − x02Þ þ x02Þ− rψLðr2x2ðy− x03Þ þ
ðr2 − 1Þðx3 − yÞx02 þ x2x03ÞÞΨ4 þ

4ðx3 − yÞðrcψ t þ rψLðx2 þ x3 − yÞÞΨ2�ΦA þ
½−2rððr2c þ ðx3 − yÞðr2ðx01 þ y− 1Þ− x01 þ 1ÞÞψLΨ−þ

3 þ
rcðrcψL þ rψ tðx3 − yÞÞΨþ−

3 Þ�ΦT

HLL
Tc7

½2ðr2 − 1Þrcðx2 − yÞψ tΨ2�ΦA þ
½ðr2 − 1Þð1 − x3 − yÞðrψLðy − x2Þ − rcψ tÞΨ−þ

3 �ΦT
½2rΨ4ðψLðr2ðx3 þ y − 1Þðy − x2Þ − r2cÞ þ rx1rcψ tÞ�ΦV þ

½2rðψLðr2c þ r2ðx2 − yÞðx3 þ y − 1ÞÞ − rx1rcψ tÞΨ4 −
4ðx2 − yÞðrcψ t þ rψLðx3 þ y − 1ÞÞΨ2�ΦA þ

½2rðx2 − yÞðrrcψ t þ ψLðr2ðx03 þ y − 1Þ − x03ÞÞΨþ−
3 −

2ðrψLðr2c þ ðx2 − yÞðx3 þ y − 1ÞÞ þ
rcψ tðr2ðx2 − yÞ þ x3 þ y − 1ÞÞΨ−þ

3 �ΦT

(Table continued)
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