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Given a statistical ensemble of quantum states, the corresponding Page curve quantifies the average
entanglement entropy associated with each possible spatial bipartition of the system. In this work, we study
a natural extension in the presence of a conservation law and introduce the symmetry-resolved Page curves,
characterizing average bipartite symmetry-resolved entanglement entropies. We derive explicit analytic
formulas for two important statistical ensembles with a Uð1Þ-symmetry: Haar-random pure states and
random fermionic Gaussian states. In the former case, the symmetry-resolved Page curves can be obtained
in an elementary way from the knowledge of the standard one. This is not true for random fermionic
Gaussian states. In this case, we derive an analytic result in the thermodynamic limit based on a
combination of techniques from random-matrix and large-deviation theories. We test our predictions
against numerical calculations and discuss the subleading finite-size corrections.
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I. INTRODUCTION

Consider an isolated quantum system S in a random pure
state jψi. Taking a bipartition S ¼ A ∪ B, one may ask
what is the corresponding entanglement entropy [1]. The
answer is encoded in an elegant formula conjectured by
Page [2], now a classical result in quantum mechanics.
Page’s contribution is one of the first steps toward a

systematic characterization of entanglement in random
quantum states, with important applications in different
fields, ranging from the black-hole information paradox
[3–7] to foundations in statistical mechanics [8,9].
From the point of view of many-body physics, Page’s

formula provides qualitative insight into generic systems,
as random states are expected to capture the behavior of
either eigenstates of typical Hamiltonians [10–15], or of
states generated by a sufficiently chaotic dynamics [16,17].
In addition, it shows the power of random ensembles to
characterize entanglement-related quantities. This is par-
ticularly interesting, given the established difficulty to
study them in many-body systems [18–20].
In his work, Page considered pure states distributed

according to the Haar measure and focused on the averaged
von Neumann entanglement entropy S1, describing what is

now known as the Page curve. Although it is nontrivial, its
form becomes elementary in the limit of large Hilbert-space
dimensions: Given the Hilbert space H ¼ HA ⊗ HB asso-
ciated with the system bipartition S ¼ A ∪ B, Page’s
formula gives

S1 ¼ minðlogdA; log dBÞ þOð1Þ; ð1Þ

where dA, dB are the dimensions of HA, HB. That is, up to
subleading corrections, the average entanglement entropy
of a subsystem is the maximal one, meaning that typical
states display almost maximal bipartite entanglement.
Page’s formula, which built upon earlier results [21,22],

was later proven in Refs. [23–26], and inspired general-
izations in a series of works characterizing higher entan-
glement moments [27–31], large deviations [31–40],
entanglement spectrum [41–43], mixed-state purity [44],
and negativity [45–51]. Recently, some of these results
were also extended to ensembles of random Gaussian
states, capturing the typical behavior of noninteracting
systems. In particular, motivated by studies of entangle-
ment in random spin chains [52–56], the Page curve for
fermionic Gaussian states was computed for finite systems
in Ref. [57], while further results were obtained in the
thermodynamic limit [58–60], see Ref. [15] for a review.
In this context, an important problem is the characteri-

zation of entanglement in random ensembles displaying a
conserved quantity, a setting which resembles more closely
typical many-body systems (see also [61,62]). While a
number of previous studies have focused on the standard
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entanglement entropy [15,31,39,45,60], a very natural
question pertains to its symmetry-resolved (SR) version
[63–65]. This quantity, which has been recently the subject
of an intense research activity [66–118], is experimentally
accessible [119,120] and its behavior encodes interesting
information about the interplay between symmetry and
entanglement.
In this work, we investigate the SR entanglement entropy

in the two statistical ensembles discussed above: Haar-
random and fermionic Gaussian random states, with an
additional Uð1Þ symmetry. We derive explicit analytic
formulas for the corresponding symmetry-resolved Page
curves. First, following Ref. [31], we show that the latter
can be derived in an elementary way for Haar-random states.
This is not true for random fermionic Gaussian states. In this
case, we show that an analytic result can be obtained in the
thermodynamic limit, based on a combination of techniques
from random-matrix (RM) and large-deviation theories. We
test our predictions against numerical calculations and
discuss the subleading finite-size contributions.
The rest of this work is organized as follows. In Sec. II

we introduce the SR entanglement entropy. In Sec. III we
study the ensemble of Haar-random pure states, and show
that the SR Page curve can be related in an elementary way
to the standard one. The ensemble of random fermionic
Gaussian states is discussed in Sec. IV. Using a combina-
tion of different techniques, we derive an explicit analytic
formula valid in the thermodynamic limit, and provide
exact numerical results at finite system sizes. Our con-
clusions are consigned to Sec. V, while some technical
details of our work are reported in the Appendix.

II. SYMMETRY-RESOLVED
ENTANGLEMENT ENTROPY

We begin by reviewing the definition of symmetry-
resolved Rényi and von Neumann entanglement entropies
[63–66]. We consider a system S in a pure state ρ ¼ jψihψ j
and assume there exists a Uð1Þ-symmetry operator (or
charge) Q̂ such that, given a spatial bipartition S ¼ A ∪ B,
we have Q̂ ¼ Q̂A ⊕ Q̂B. If ρ has a well-defined charge, i.e.,
½ρ; Q̂� ¼ 0, then ½ρA; Q̂A� ¼ 0, where ρA ¼ trB½ρ� is the
reduced density matrix of the subsystem A. Accordingly, ρA
is block-diagonal, and we can write a decomposition in
terms of the eigenvalues Q of Q̂A of the form

ρA ¼⊕Q pAðQÞρAðQÞ; ð2Þ

where

ρAðQÞ ¼ ΠQρAΠQ

pAðQÞ ; ð3Þ

with pAðQÞ ¼ tr½ΠQρA�, while ΠQ is the projector onto the
charge sector corresponding to eigenvalue Q. We use the

notation Q̂ or Q̂A to distinguish the charge operators from
the eigenvalues Q. From ρAðQÞ, we can compute the
amount of entanglement between A and B in each sym-
metry sector in terms of the SR Rényi entropies, defined as

SαðQÞ≡ 1

1 − α
ln tr½ραAðQÞ�: ð4Þ

The limit α → 1 provides the SR entanglement entropy

S1ðQÞ≡ −tr½ρAðQÞ ln ρAðQÞ�: ð5Þ

Recalling the definition of the Neumann entanglement
entropy [1]

S1ðρAÞ ¼ −tr½ρA ln ρA�; ð6Þ

and using Eq. (2), we can decompose it in the different
charge sectors as

S1ðρAÞ ¼
X
Q

pAðQÞS1ðQÞ −
X
Q

pAðQÞ lnpAðQÞ

≕ Sc þ Snum; ð7Þ

where Sc is known as configurational entropy and quan-
tifies the average contribution to the total entanglement of
all the charge sectors [72,73,119], while Snum is called
number entropy and takes into account the entanglement
due to the charge fluctuations in the subsystem A
[85,87,102,119].
The projection onto a given symmetry sector makes the

computation of the SR entanglement entropies challenging.
A simple strategy to get around this problem, which was
put forward in Refs. [64,65], is as follows. We start by
computing the charged moments

ZαðθÞ≡ tr½ραAeiθQ̂A �; ð8Þ

and their Fourier transform

ZαðQÞ ¼
Z

π

−π

dθ
2π

e−iQθZαðθÞ≡ tr½ΠQρ
α
A�: ð9Þ

It is easy to see that the SR Rényi and von Neumann
entanglement entropies are then obtained as

SαðQÞ ¼ 1

1 − α
ln

�
ZαðQÞ
Z1ðQÞα

�
; ð10Þ

S1ðQÞ ¼ −∂n
�
ZαðQÞ
Z1ðQÞα

�
α¼1

; ð11Þ

while

pAðQÞ ¼ Z1ðQÞ: ð12Þ
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We will make use of these formulas in numerical compu-
tations presented in Sec. IV.

III. HAAR-RANDOM PURE STATES

We start by studying an ensemble of Haar-random pure
states with aUð1Þ charge. This can be realized, for instance,
as the ensemble of states constructed by following up to late
times a stochastic unitary dynamics with a Uð1Þ charge
[121–123]. We focus on a lattice of L two-level quantum
systems, associated with the Hilbert space H ¼⊗L

j¼1 Hj,
where Hj ≃ C2, and introduce the explicit symmetry
operator

Q̂ ¼ 1

2

XL
j¼1

ðσzj þ 1Þ ð13Þ

where σzj are Pauli matrices. We can decompose the Hilbert
space as H ¼ ⨁L

M¼0HðMÞ, where HðMÞ ⊂ H is the
charge eigenspace associated with the eigenvalue M.
Finally, we introduce the ensemble of random states jψi
drawn out of the uniform Haar distribution over the set of
all states in HðMÞ.
We will consider a bipartition S ¼ A ∪ B, where A and B

contain l and L − l sites, respectively. Differently from the
case studied in [2], the Hilbert space HðMÞ does not
factorize into a tensor product, but we have the decom-
position

HðMÞ ¼ ⨁
M

Q¼0

HAðQÞ ⊗ HBðM −QÞ: ð14Þ

Here HAðQÞ is the eigenspace of QA associated with
eigenvalue Q, and similarly for HBðM −QÞ.
Ensembles of Haar-random states over spaces admitting

a decomposition of the form (14) were studied recently in
Ref. [31], where analytic formulas for the Page curve and
its variance were derived. In fact, the results presented in
Ref. [31] also allow one to directly obtain the SR
entanglement entropy, as we now explain.
Given jψi ∈ HðMÞ, we can exploit the structure of

HðMÞ in Eq. (14) to write

jψi ¼
XM
Q¼0

ffiffiffiffiffiffi
pQ

p jϕQi ð15Þ

where jϕQi ∈ HAðQÞ ⊗ HBðM −QÞ is a normalized state,
while pQ ≥ 0, with

P
Q pQ ¼ 1. The reduced density

matrix over A then reads

ρA ¼
XM
Q¼0

pQρAðQÞ; ð16Þ

where

ρAðQÞ ¼ trBðjϕQihϕQjÞ: ð17Þ

Here we used

trBðjϕQihϕQ0 jÞ ¼ δQ;Q0ρAðQÞ; ð18Þ

which follows from the definition of jϕQi. Our goal is to
compute the average entropy of the density matrix ρAðQÞ
in (17).
It was shown in Ref. [31] that the uniform measure over

HðMÞ factorizes as

dμMðψÞ ¼ dνðp0;…; pMÞ
YM
Q¼0

dμðϕQÞ; ð19Þ

where dμðϕQÞ is the uniform measure over pure states in
each sectorHAðQÞ ⊗ HBðM −QÞ, while dνðp0;…; pMÞ is
the multivariate beta distribution [31]

dνðp0;…; pMÞ ¼
1

Z
δ

�X
Q

pðQÞ − 1

�

×
Y
Q

pðQÞdAðQÞdBðQÞdpðQÞ: ð20Þ

The constant Z is introduced to normalize the measure to
unity. Equation (19) immediately yields the SR Page curve.
Indeed, using (17), we can write the averaged bipartite
Rényi entropies as

SαðQÞ ¼ 1

1 − α

Z
dμ ðϕQÞ ln TrραAðQÞ: ð21Þ

Eq. (19) implies that jϕQi is distributed according to the
invariant measure over HAðQÞ ⊗ HBðM −QÞ. Therefore,
we are left with the problem of computing the average
entanglement entropy of a random state in a factorized
Hilbert space, which is the problem studied by Page [2,15].
For the case of the von Neumann entanglement entropy,
α ¼ 1, we can thus apply directly Page’s formula, and, for
dAðQÞ ≤ dBðQÞ, the final result reads

S1ðQÞ ¼ ΨðdAðQÞdBðQÞ þ 1Þ −ΨðdBðQÞ þ 1Þ

−
dAðQÞ − 1

2dBðQÞ ; ð22Þ

where ΨðxÞ ¼ Γ0ðxÞ=ΓðxÞ is the digamma function (here,
ΓðxÞ is the Gamma function), while dAðQÞ and dBðQÞ are
the dimensions of HAðQÞ and HBðM −QÞ, namely
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dAðQÞ ¼
�
l

Q

�
; ð23Þ

dBðQÞ ¼
�

L − l

M −Q

�
: ð24Þ

For dAðQÞ > dBðQÞ, we can simply exploit the symmetry
under exchange A ↔ B: the final result is obtained from
Eq. (22) by exchanging dAðQÞ ↔ dBðQÞ.
We report the SR Page curve (22) in Fig. 1 for different

values of L, M and Q. We see that the latter is in general
nonsymmetric with respect to the bipartition ξ ¼ 0.5. In
addition, it vanishes for l < Q and l > L −M þQ, as it
should: in these cases, either the subspace A or B are not
large enough to contain the available charge Q or M −Q.
Finally, in analogy to the standard case [2,15], we note
that the SR Page curve displays a nonanalyticity when
dAðQÞ ¼ dBðQÞ.
We now consider the thermodynamic limit of Eq. (22).

This is performed by taking L → ∞, and keeping the ratios

ξ ¼ l
L
; m ¼ M

L
; q ¼ Q

L
; ð25Þ

constant. In this limit, the SR entanglement entropy
behaves like S1ðQÞ ≃ ln dAðQÞ, and a simple computation
yields

S1ðQÞ
L

¼ ξ ln ξ − q ln q − ðξ − qÞ lnðξ − qÞ
− 1=ð2LÞ lnLþ oð1=LÞ: ð26Þ

Importantly, we see that this formula does explicitly
depend on the charge sector Q, breaking the equipartition
at leading order OðLÞ. This is similar to what has been
predicted for the SR entanglement entropy in thermody-
namic states of integrable systems [124]. However, it is
different than what has been observed so far in the study of

the zero-temperature entanglement resolution, see, e.g.,
Ref. [65]. Our result is related to the specific order of limits
we are taking, i.e., L → ∞with q fixed. Conversely, we see
that the next-to-leading term is independent of Q. Eq. (26)
holds for dAðQÞ ≤ dBðQÞ, i.e.,

ξ ln ξ − q ln q − ðξ − qÞ lnðξ − qÞ < ð1 − ξÞ lnð1 − ξÞ
− ðm − qÞ lnðm − qÞ
− ð1 − ξ −mþ qÞ lnð1 − ξ −mþ qÞ: ð27Þ

When this inequality is not satisfied, the SR entanglement
entropy is obtained from Eq. (26) replacing ξ ↔ 1 − ξ,
q ↔ m − q. Interestingly, we see that, in the thermody-
namic limit, the SR Page curve does not depend explicitly
on m when (27) holds, as it is already evident from Fig. 1.
Moreover, up to subleading corrections, Eq. (26) gives us
the maximal value of the entropy for the bipartition
HAðQÞ ⊗ HBðM −QÞ, i.e., ln dAðQÞ.

A. The number entropy

The number entropy defined in Eq. (7) is obtained as an
integral over the probability distribution (20). The calcu-
lation is technically rather cumbersome, but fortunately can
be found in disguise in Ref. [31] (see Appendix B there),
where it is calculated via the replica trick. Here, we only
report the final result, which reads

Snum ¼ ΨðdM þ 1Þ

−
X
Q

dAðQÞdBðQÞ
dM

ΨðdAðQÞdBðQÞ þ 1Þ; ð28Þ

where dM ¼ P
Q dAðQÞdBðQÞ is the dimension of the

Hilbert space HðMÞ.
We can also easily extract the thermodynamic limit from

the finite-size result in Eq. (28). In order to simplify the
derivation, we note that, in this limit, the averaged number
entropy equals the number entropy of the averaged prob-
ability, as E½pðQÞ� becomes peaked around q ¼ mξ. The
latter is given by E½pðQÞ� ¼ dAðQÞdBðQÞ=dM, as one can
obtain by integrating pðQÞ over the distribution (20) [31].
By taking the thermodynamic limit of dAðQÞ; dBðQÞ, we
find

Snum ¼ −L
Z

ξ

0

dqE½pðQÞ� ln E½pðQÞ� ¼ 0þ oðLÞ;

Sc ¼ L
Z

ξ

0

dqE½pðQÞ�S1ðQÞ

¼ Lððm − 1Þ lnð1 −mÞ −m lnmÞ þ oðLÞ: ð29Þ

The configurational entropy Sc coincides with the total
entanglement entropy S1ðρAÞ, satisfying the sum rule
in Eq. (7). In order to compute the first subleading
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FIG. 1. The average symmetry resolved entanglement entropy
in Eq. (22) for different values of Q;M; ξ ¼ l=L and L ¼ 80.
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contribution to the number entropy, we can expand
E½pðQÞ� quadratically around q ¼ mξ, yielding

Snum ¼ −N −1L
Z

ξ

0

dq e−
ðq−mξÞ2

2σ lnðN −1e−
ðq−mξÞ2

2σ Þ; ð30Þ

where

σ ¼ ð1 −mÞmξð1 − ξÞ=L; N ¼ L
Z

ξ

0

dq e−
ðq−mξÞ2

2σ :

ð31Þ

By performing the integral in Eq. (30), we get

Snum ¼ 1

2
lnð2πmð1 −mÞξð1 − ξÞLÞ þ 1

2
: ð32Þ

To summarize, we have found that the number entropy is
subleading with respect to the total entropy and it scales as
the logarithm of the variance of pðQÞ, with a prefactor
which does not depend on m, ξ but it is equal to 1=2. This
can be connected to the result for conformal field theories
with an internal Lie group symmetry [99], where the
authors showed that the coefficient of such term is equal
to half of the dimension of the group, which here is Uð1Þ.
Thus, despite we are not at criticality, this result is not
spoiled and it seems to be even more general.

B. The Rényi entropy

Finally, we briefly discuss the α-Rényi entropy for
α > 0. For finite dimensions dAðQÞ, dBðQÞ, the presence
of the logarithm in the definition (4) makes it challenging to
derive a formula analogous to (22) (although an exact result
for the averaged moments TrραAðQÞ can be obtained
[31,125] and, in all random systems, they are directly
related to the entanglement spectrum [126]). However, in
the thermodynamic limit Rényi entropies of Haar random
states coincide with the von Neumann entropy, since such
typical states, in the limit of large system size L, display
maximal entanglement [34]. Therefore, based on our
previous discussions we arrive at the simple result

SαðQÞ
L

¼ ½ξ ln ξ − q ln q − ðξ − qÞ lnðξ − qÞ� þ oð1Þ: ð33Þ

IV. RANDOM FERMIONIC GAUSSIAN STATES

We now move on to study the ensemble of fermionic
random Gaussian states with a Uð1Þ symmetry [15].
We take a model of L fermionic modes associated
with the creation and annihilation operators cj, c

†
j with

fc†j ; ckg ¼ δj;k. The charge is the particle number

Q̂ ¼
XL
j¼1

c†jcj: ð34Þ

We recall that Gaussian states can be defined as the states
satisfying Wick’s theorem [127] and that, in the case where
the particle number is fixed, they are completely specified
by the covariance matrix

Ci;j ¼ hψ jc†i cjjψi: ð35Þ

The ensemble of random Gaussian states with fixed particle
number M can be defined by the ensemble of covariance
matrices C ¼ V†C0ðMÞV, where V is drawn out of the
uniform Haar distribution over the unitary group UðLÞ and

C0ðMÞ ¼ diagð1;…; 1|fflfflffl{zfflfflffl}
M

; 0;…; 0|fflfflffl{zfflfflffl}
L−M

Þ: ð36Þ

This distribution can be achieved as the late-time limit of
stochastic Gaussian dynamics, e.g., the quantum symmetric
simple exclusion process (Q-SSEP) [128–131].
In this case, it is not possible to apply directly the logic

of the previous section. While, given a random Gaussian
state jψi, we can still write the decomposition (15),
the projected states jϕQi are in general not Gaussian.
Therefore, one cannot compute the corresponding bipartite
entanglement entropy in terms of random Gaussian ensem-
bles. Nevertheless, in the next subsection we show that the
SR Page curve can be computed analytically in the
thermodynamic limit (25), where we have the scaling

S1ðQÞ ∼ Ls1ðqÞ þ oðLÞ: ð37Þ

In the next subsections we will compute s1ðqÞ as a function
of ξ, defining the SR Page curve. Our approach is based on
a combination of the Gärtner-Ellis theorem [132], detailed
in Sec. IVA, and the Coulomb-gas (CG) method of RM
theory [133,134], explained in Sec. IV B.

A. SR entanglement from the Gärtner-Ellis theorem

In principle, the SR entanglement entropy could be
computed using the strategy outlined in Sec. II.
However, the Fourier transform in (9) introduces some
technical complications from the analytic point of view. In
this section, we provide an alternative approach valid in the
thermodynamic limit, which is based on an application of
the Gärtner-Ellis theorem from large deviation theory
[132]. This method has been recently introduced in
Ref. [124] to compute the SR entanglement entropy of
thermodynamic states in quantum integrable models.
Let us denote by ρ the density matrix of the subsystem A.

First, using

½ρ;ΠQ� ¼ 0; ð38Þ
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and the fact that Πα
Q ¼ ΠQ for any power α, we can write

tr½ραðQÞ� ¼ pαðQÞ tr½ρα�
ðp1ðQÞÞα ; ð39Þ

where we have introduced

pαðQÞ ¼ tr½ΠQρ
α�

tr½ρα� : ð40Þ

Therefore, the averaged SR Rényi entropy is

E½SαðQÞ� ¼ 1

1 − α
ðE½lnpαðQÞ� − αE½lnp1ðQÞ�Þ þ E½Sα�;

ð41Þ

where Sα is the standard (nonresolved) Rényi entropy,
while E½·� now denotes the average over the ensemble of
random Gaussian states.
In order to proceed, we make the assumption that

E½lnpαðQÞ� ¼ lnE½pαðQÞ� þ oðLÞ; ð42Þ

namely that, up to subleading-order corrections, we can
bring the average “inside the logarithm.” We have tested
numerically the validity of this assumption, cf. Sec. IV D,
which can be justified invoking the concentration of
measure for fermionic random Gaussian states [57,60].
Now, it is immediate to see that E½pαðQÞ� ≥ 0 andP

Q E½pαðQÞ� ¼ 1. Therefore, E½pαðQÞ� can be interpreted
as a probability distribution. Setting q ¼ Q=L, we expect
on physical grounds that E½pαðQÞ� follows a large deviation
principle in the large-L limit, that is,

E½pαðQÞ� ∼ e−IαðqÞL; ð43Þ

where IαðqÞ is referred to as the rate function [132]. To
compute it, we define the generating function

GαðwÞ ¼ E

�
tr½ραewQ̂�
tr½ρα�

�
; w ∈ R; ð44Þ

and

fαðwÞ ¼ lim
L→∞

1

L
lnGαðwÞ: ð45Þ

The Gärtner–Ellis theorem [132] states that we can com-
pute IαðqÞ as the Legendre transform of fαðwÞ, namely

IαðqÞ ¼ wα;qq − fαðwα;qÞ; ð46Þ

where wα;q is determined by the condition

d
dw

ðfαðwÞ − wqÞj
w¼wα;q

¼ 0: ð47Þ

Finally, introducing the density of SR Rényi entropy

sαðqÞ ¼ lim
L→∞

SαðqLÞ
L

; ð48Þ

and using (41), we obtain

sαðqÞ ¼ sα þ
1

1 − α
½−IαðqÞ þ αI1ðqÞ�; ð49Þ

where

sα ¼ lim
L→∞

E½Sα�
L

; ð50Þ

is the density of the standard (nonresolved) Rényi entropy.
The von Neumann SR entanglement entropy is obtained
taking the limit α → 1

s1ðqÞ ¼ s1 þ I1ðqÞ þ
dIαðqÞ
dα

����
α¼1

: ð51Þ

B. The Coulomb-gas approach

In order to obtain the SR entanglement entropy, we need
to compute the function fαðwÞ in Eq. (45). To this end, we
make use of the CG approach [133,134]. In the context of
fermionic random Gaussian states, this method has been
recently applied in Refs. [58–60] to compute average
bipartite entanglement entropies and their large deviations.
Here, we briefly review the aspects of these works directly
relevant for our purposes.
As mentioned, the covariance matrix (35) contains full

information about the corresponding Gaussian state, encod-
ing also its bipartite entanglement entropy [135]. In
particular, given a region A containing l sites, and denoting
by CA the l × l matrix with CA

i;j ¼ Ci;j for i; j ∈ A, the
corresponding Rényi entropy reads

Sα ¼
1

1 − α

Xl
j¼1

ln ½λαj þ ð1 − λjÞα�: ð52Þ

Here fλjglj¼1 are the eigenvalues of CA, satisfying
0 ≤ λj ≤ 1. When C is sampled according to the invariant
measure discussed above, the eigenvalues λj are random
variables. Their probability distribution, P½fλjg�, is known
[133], and takes the form

P½fλig� ¼
1

N

Y
j<k

jλj − λkj2
Yl
i¼1

λM−l
i ð1 − λiÞL−l−M; ð53Þ
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where N is a normalization constant. This distribu-
tion defines the β-Jacobi ensemble (with β ¼ 2), see
Refs. [136–138] for applications in different physical
contexts.
In principle, Eq. (53) allows one to compute the expect-

ation value of arbitrary functions of the eigenvalues.
However, for finite l this is often complicated, as averages
involve integrals in l-dimensional spaces. When l → ∞,
the problem can be simplified using a standard method of
RM theory, consisting in a mapping between the eigen-
values λj and a Coulomb gas of repulsive point charges
[133]. In order to see how it works, we consider a function
gðfλkgÞ and write its expectation value as

E½gðfλkgÞ� ¼
1

N

Z
1

0

Yl
j¼1

dλj e−l
2E½fλjg�gðfλkg; ð54Þ

with

E½fλig� ¼ −
2

l2

X
i<j

ln jλi − λjj −
ðM − lÞ

l2

X
i

ln λi

−
ðL −M − lÞ

l2

X
i

ln ð1 − λiÞ:

Within the CG formalism, E½fλig� is interpreted as the
energy of a gas of charged particles with coordinates λj ∈
½0; 1� and subject to an external potential. The integral (54)
is the thermal partition function for the CG. In the large-l
limit, the configuration of the particles may be described in
terms of the normalized density ρðλÞ ¼ l−1P

j δðλ − λiÞ,
and the multiple integral in Eq. (54) can be cast into a
functional integral over all possible densities ρðλÞ, i.e.,

E½g� ¼
Z

Dρ e−l
2E½ρ�g½ρ�: ð55Þ

To the leading order in l [139], E½ρ� reads

E½ρ� ¼ −
Z

1

0

dλ
Z

1

0

dμ ρðλÞρðμÞ ln jλ − μj

þ
Z

1

0

dλρðλÞVðλÞ þ u

	Z
1

0

dλρðλÞ − 1



; ð56Þ

where we introduced the Lagrange multiplier u enforcing
normalization, and the effective potential

VðλÞ ¼ −
�
m
ξ
− 1

�
ln λ −

�
1 −m
ξ

− 1

�
ln ð1 − λÞ; ð57Þ

where m, ξ are the density of fermions and the rescaled
interval length introduced in Eq. (25).
The functional integral (55) can be computed via

the saddle-point method, and the average is dominated

by the typical distribution function ρ�ðλÞ satisfying
δE½ρ�=δρjρ¼ρ� ¼ 0. The solution is known [140,141] and
reads

ρ�ðλÞ ¼ 1

2πξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðνþ − λÞðλ − ν−Þ
p

λð1 − λÞ ; ð58Þ

with λ ∈ ½ν−; νþ� and ν� ¼ ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mð1 − ξÞp � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ξð1 −mÞp �2.
Equation (58) allows us to compute directly, in the
thermodynamic limit, averages of extensive quantities
which can be written as sums over the eigenvalues, by
replacing them with integrals over λ ∈ ½ν−; νþ�. For exam-
ple, the averaged Rényi entropy (52) can be computed as

E½Sα� ¼ l
Z

νþ

ν−

dλρ�ðλÞσαðλÞ; ð59Þ

where σαðλÞ ¼ 1
1−α ln ½λα þ ð1 − λÞα�, see Ref. [59] for an

explicit expression of this integral.

C. Exact SR Page curves

We finally combine the techniques outlined in the
previous subsections, and obtain an analytic result for
the SR entanglement entropy. Our starting point is the
computation of fαðwÞ defined in Eq. (45). Once again, we
can use a typicality argument and exchange the order of the
expectation value and the logarithm in Eqs. (41) and (45).
We are left with the task of computing

fαðwÞ ¼ E½ln trðραewQ̂Þ� − E½ln trðραÞ�: ð60Þ

Following the previous subsection, we write the right-hand
side (rhs) in terms of the eigenvalues λj of the reduced
covariance matrix CA. In particular, we have

ln trðραewQ̂Þ ¼
Xl
j¼1

ln ½ewλαj þ ð1 − λjÞα�: ð61Þ

In the thermodynamic limit l → ∞, we can apply the
CG approach and obtain

lim
L→∞

E½ln trðραewQ̂Þ�
L

¼ ξ

Z
νþ

ν−

dλρ� ðλÞ lnðewλα þ ð1 − λÞαÞ:

ð62Þ

Consequently, IαðqÞ in Eq. (46) reads

IαðqÞ ¼ wα;qq − ξ

Z
νþ

ν−

dλρ� ðλÞ lnðewα;qλα þ ð1 − λÞαÞ

þ ξ

Z
νþ

ν−

dλρ� ðλÞ lnðλα þ ð1 − λÞαÞ�: ð63Þ

SYMMETRY-RESOLVED PAGE CURVES PHYS. REV. D 106, 046015 (2022)

046015-7



The value of wα;q is fixed by Eq. (47), which can be
rewritten as

q ¼ ξ

Z
νþ

ν−

dλρ� ðλÞ ewα;qλα

ewα;qλα þ ð1 − λÞα : ð64Þ

Plugging wα;q into the expression for IαðqÞ in Eq. (63),
we get the density of SR Rényi entropy sαðqÞ in Eq. (49).
From Eq. (64), we see that wα;q can be obtained by
inverting the equation numerically, after evaluating simple
integrals. We followed this procedure to generate plots of

the function sαðqÞ for α > 1, as reported in Fig. 2. For
generic α, we were not able to find an analytical expression
of wα;q. However, Eq. (64) can be computed explicitly and
inverted in the limit α → 1 (see the Appendix for the
details). In this case, we find

w1;q ¼ ln

�
qð−1þm − qþ ξÞ
ðm − qÞðq − ξÞ

�
; ð65Þ

and, according to Eq. (51), we are left with

s1ðqÞ ¼ −ðw1;q − w0
1;qÞqþ ξ

Z
νþ

ν−

dλρ� ðλÞ lnðew1;qλþ ð1 − λÞÞ

− ξ

Z
νþ

ν−

dλρ� ðλÞ ð1 − λÞ lnð1 − λÞ þ ew1;qλðln λÞ
ðew1;q − 1Þλþ 1

−
Z

νþ

ν−

dλ
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðλ − ν−Þðνþ − λÞp
ð1 − λÞ

ew1;qw0
1;q

ðew1;q − 1Þλþ 1
: ð66Þ

In order to simplify our computation, we observe that, from Eq. (64),

Z
νþ

ν−

dλ
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðλ − ν−Þðνþ − λÞp
ð1 − λÞ

ew1;q

ðew1;q − 1Þλþ 1
¼ q; ð67Þ

which can be straightforwardly substituted in the last term of Eq. (66) giving −w0
1;qq. This implies that we do not need to

computew0
1;q, as it cancels out in Eq. (66). The remaining integrals can be solved following the techniques used in Ref. [59],

cf. The Appendix for further details about their solutions. Putting it all together, we arrive at the final result (for q ≤ ξ ≤ m)

s1ðqÞ ¼
ð−1þmÞqð−1þ ξÞ lnð1 −mÞ

q −mξ
þmðq − ξÞð1 − ξÞ lnm

q −mξ
þmðq − ξÞð−1þ ξÞ lnðm − qÞ

q −mξ

− q ln q −
ð1 −mÞqð1 − ξÞ lnð1 −mþ q − ξÞ

q −mξ
þ ξ ln ξþ ðq − ξÞ lnðξ − qÞ: ð68Þ

We remark that the equipartition of the entanglement entropy is explicitly broken also in this case. For ξ > m, we can obtain
the SR entanglement entropy using the symmetries of the problem [15]. In particular, it is not difficult to show that the
following relations hold (making explicit the dependence on ξ and m)

S 1
 (

q)

(ξ = 0.3)S α
 (

q)

ξ ξ

1/L 1/L

Theory
(ξ = 0.4)

Theory

q = 1/5    m = 1/3

q = 1/10    m = 1/3

q = 1/10    m = 1/4 q = 1/5    α = 2

q = 1/10    α = 2

q = 1/10    α = 1

q = 1/5    α = 1

q = 1/5    m = 1/4

FIG. 2. Comparison between the asymptotic results derived in Sec. IV C and the exact values of the average entanglement entropy
sαðqÞ computed numerically for L → ∞ (symbols). They have been obtained by using the extrapolation form
s1ðqÞ ¼ a − 1=ð2LÞ lnLþ b=L. Insets show data for different values of L. The solid line for α ¼ 1 corresponds to Eq. (68) and
its extension to ξ > m according to Eqs. (69)–(71).
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s1ðm; q; ξÞ ¼ s1ðξ; q;mÞ; m < ξ ≤ 0.5 ð69Þ
s1ðm; q; ξÞ ¼ s1ð1 − ξ;m − q;mÞ; 0.5 < ξ ≤ 1 −m

ð70Þ
and

s1ðm; q; ξÞ ¼ s1ðm;m − q; 1 − ξÞ; ð71Þ
for 1 −m < ξ ≤ 1 −mþ q. Equation (68) is our main
result, which will be further discussed in the next sub-
section.
Finally, let us compute the averaged number entropy. To

this end, we assume again that, in the thermodynamic limit,
it equals the number entropy of the averaged probability.
Using E½pðQÞ� ¼ e−LI1ðqÞN [where N is a normalization
constant], we have that E½pðQÞ� is peaked around q ¼ mξ,
and to the leading order in L we have

Snum ¼ −L
Z

ξ

0

dqE½pðQÞ� ln E½pðQÞ� ¼ 0þ oðLÞ;

Sc ¼ L2

Z
ξ

0

dqE½pðQÞ�s1ðqÞ ¼ Lfðξ − 1Þ lnð1 − ξÞ

þ ξ½ðm − 1Þ lnð1 −mÞ −m ln m − 1�g þ oðLÞ:
ð72Þ

This implies that the sum rule in Eq. (7) is satisfied and the
number entropy is subleading with respect to the total
entropy. In order to find the first subleading term, we can
expand E½pðQÞ� quadratically around q ¼ mξ, and we
obtain

Snum ¼ −N −1L
Z

ξ

0

dq e−
ðq−mξÞ2

2σ lnðN −1e−
ðq−mξÞ2

2σ Þ; ð73Þ

where

σ ¼ ð1 −mÞmξð1 − ξÞ=L; N ¼ L
Z

ξ

0

dq e−
ðq−mξÞ2

2σ : ð74Þ

By comparing this result with Eq. (31), this computation
shows that the expressions for E½pðQÞ� for Haar-random and
random Gaussian states are the same in the thermodynamic
limit. Therefore, remarkably, we get the same result for the
first subleading correction to the number entropy

Snum ¼ 1

2
lnð2πmð1 −mÞξð1 − ξÞLÞ þ 1

2
: ð75Þ

D. Numerical results

We have tested Eq. (68) against numerical computations.
We have sampled the ensemble of random Gaussian states
at finite system sizes by generating covariance matrices
V†C0ðMÞV, where C0ðMÞ is defined in Eq. (36) and V is
drawn from the uniform distribution over UðLÞ. For each

Gaussian state, we have computed the SR entanglement
entropies following the method outlined in Sec. II, using
that the charged moments can be expressed in terms of the
eigenvalues of the correlation matrix CA, i.e.,

ZαðθÞ ¼
Yl
j¼1

½λαj eiθ þ ð1 − λjÞα�: ð76Þ

For fixed m, ξ, we have considered 103 random samples.
The SR entanglement entropies are obtained by taking the
mean value over them. We have repeated this procedure for
different system sizes, L, and we have extrapolated the data
at finite L in order to recover the thermodynamic limit
L → ∞. This allows us to compare the numerical data
against the analytical predictions found in the previous
subsection.
In Fig. 2, we show the comparison between the extrapo-

lated data in the thermodynamic limit and the density of the
SR entropies for different values of q, m, ξ, and α. In all
cases, the error associated with the finite-number of
samples and the fitting procedure is not visible in the
scales of the plot, and is therefore omitted. As in the case of
Haar-random pure states, we see that the SR Page curves
are not symmetric with respect to ξ ¼ 0.5, and are vanish-
ing for ξ < q and ξ > 1 −mþ q. The numerical results are
found to be in excellent agreement with our analytic
predictions.
It is interesting to discuss the finite-size corrections and

our fitting procedure. Interestingly, our numerical results
convincingly show that the subleading corrections to sαðqÞ
are proportional to ð1=2Þ ln L=L, independent of q, m, and
ξ, cf. the inset of Fig. 2. Accordingly, we have performed a
fit of our data against the function

s1ðqÞ ¼ a − 1=ð2LÞ ln Lþ b=L: ð77Þ

We note that the subleading behavior is exactly the same as
that for Haar random pure states, cf. Eq. (26). We note also

0.0 0.2 0.4 0.6 0.8 1.0

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

L = 60     m = 1/3

L = 40     m = 1/2

L = 40     m = 1/4

L = 20     m = 1/4

S n
um

ξ

FIG. 3. The average number entropy in Eq. (75) for different
values of m, ξ, and L.
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that the subleading behavior −ð1=2Þ ln L to the SR
entanglement entropies SαðqÞ have been observed in other
contexts when the total entropies are extensive, see for
instance Ref. [105,114].
Finally, we tested the first subleading correction to the

number entropy described in Eq. (75) in Fig. 3. We find that
the agreement improves as the system size L increases,
being excellent for L ¼ 60.

V. CONCLUSIONS

In this work, we have considered the computation of the
SR Page curves for two important statistical ensembles
with a Uð1Þ-symmetry: Haar-random pure states and
random fermionic Gaussian states. In the former case,
we have shown how an exact result can be obtained in an
elementary way for finite systems and in the thermody-
namic limit. This is not true for fermionic Gaussian states.
Still, we were able to compute the corresponding SR Page
curve in the thermodynamic limit. Our main technical tools
have been the Coulomb gas method and the Gärtner-Ellis
theorem. We expect that our approach could allow for the
computation of SR Rényi entropies in other situations
where the latter are extensive.
One could wonder whether similar calculations can be

extended to ensembles of random bosonic Gaussian states.
As pointed out in Ref. [15], however, the only bosonic
Gaussian state with a fixed particle number is the vacuum
state. In addition, while one could choose an ensemble of
bosonic Gaussian states with a fixed average number of
particles, the very definition of SR entanglement entropy
requires an exact conservation law. Obviously, one could
also consider complex bosons and in that case the Uð1Þ
symmetry is easily implemented and the SR entropy is
always well defined, as in the field theory case [89]. We are
not aware of any work in this direction.
Our results are expected to be relevant in a number of

cases. As already pointed out, fermionic random Gaussian
states are realized as the large-time limit of sufficiently
generic stochastic Gaussian dynamics, as proven rigor-
ously, for instance, in the Q-SSEP [128–130]. Our formulas
immediately apply in those cases. In addition, they could be
used as a comparison in more general situations, for
instance to evaluate non-Gaussian effects in the SR
entanglement entropy of thermodynamic states in interact-
ing integrable systems [124].
Finally our results might be relevant for the information

paradox in charged black holes in analogy to the role
played by the original the Page curve for the neutral case. In
particular, the results for replica wormholes [6,7] should
have a counterpart also for charged black holes.
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APPENDIX: DETAILS ON ANALYTIC
DERIVATIONS

In this Appendix, we sketch some details required to
obtain the results reported in Sec. IV C. The first integral
we want to solve is

q¼
Z

νþ

ν−

dλ
1

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðνþ − λÞðλ− ν−Þ
p

ð1− λÞ
ewα;q

ðewα;q − 1Þλþ 1
: ðA1Þ

Performing the change of variable λ0 ¼ 1 − λ, one can
rewrite the previous integral as

ð1 − e−wα;qÞ−1
Z

1−ν−

1−νþ
dλ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðνþ − 1þ λÞð−λþ 1 − ν−Þ
p

2πλðλ − ð1 − e−wα;qÞ−1Þ :

ðA2Þ
This can be solved by means of the identity [59]

c
Z

b

a

dx
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðb − xÞðx − aÞp
xðc − xÞ

¼ c
2

�
1 −

ffiffiffiffiffiffi
ab

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðc − aÞðc − bÞp
c

�
; ðA3Þ

after the substitution

a ¼ 1 − νþ; ðA4Þ

b ¼ 1 − ν−; ðA5Þ

c ¼ ð1 − e−wα;qÞ−1: ðA6Þ

Finally, we can invert the resulting analytic formula in
Eq. (A1) and find ew1;q as a function of m, q, and ξ,
yielding Eq. (65).
Next, we explain the result in Eq. (68). We rewrite

Eq. (66) as

s1ðqÞ ¼ −w1;qqþ J1 − J2 − J3; ðA7Þ

where

J1 ¼ ξ

Z
νþ

ν−

dλρ�ðλÞ lnðew1;qλþ ð1 − λÞÞ; ðA8Þ

J2 ¼ ξ

Z
νþ

ν−

dλρ�ðλÞ ð1 − λÞ lnð1 − λÞ
ðew1;q − 1Þλþ 1

; ðA9Þ

J3 ¼ ξ

Z
νþ

ν−

dλρ�ðλÞ ew1;qλðln λÞ
ðew1;q − 1Þλþ 1

: ðA10Þ

For the first integral, we can perform the change of
variables λ0 ¼ ð1 − ew1;qÞλ, yielding
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J1 ¼
Z ð1−ew1;q Þνþ

ð1−ew1;q Þν−

dλ
2π

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðνþð1 − ew1;qÞ − λÞðλ − ν−ð1 − ew1;qÞÞp
λð1 − ew1;q − λÞ lnð1 − λÞ:

ðA11Þ
By means of simple manipulations, the second one can cast
in the form

J2 ¼ ð1 − ew1;qÞ−1
Z

νþ

ν−

dλ
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðνþ − λÞðλ − ν−Þ
p
λð1 − ew1;q − λÞ lnð1 − λÞ:

ðA12Þ

Finally, for the third one, the change of variables λ0 ¼ 1 − λ
yields

J3 ¼ ð1 − e−w1;qÞ

×
Z

1−ν−

1−νþ

dλ
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðλ − 1þ ν−Þð1 − νþ − λÞp
λð1 − e−w1;q − λÞ lnð1 − λÞ:

ðA13Þ

The integrals featuring in the definitions of J1, J2, and J3
can be solved using the following identity [59]

Z
b

a

dx
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðb − xÞðx − aÞp
xðc − xÞ lnð1 − xÞ

¼ 1

2

�
1 −

ffiffiffiffiffiffi
ab

p

c
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðc − aÞðc − bÞp
c

�
lnð1 − aÞ þ Ið1Þ −

ffiffiffiffiffiffi
ab

p

c
I

� ffiffiffi
a
b

r �
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðc − aÞðc − bÞp
c

I

� ffiffiffiffiffiffiffiffiffiffiffi
c − a
c − b

r �
; ðA14Þ

where 0 < a < b < jcj or c < b < a < 0, and

IðηÞ ¼ ln
1þ

ffiffiffiffiffiffi
b−1
a−1

q
η

1þ η
: ðA15Þ

The integrals in Eqs. (A11), (A12), and (A13) can be identified (up to a global prefactor) with the one in Eq. (A14),
provided that the following substitutions for a, b, and c in Eq. (A14) are made, respectively:

a ¼ ν−ð1 − ew1;qÞ; b ¼ νþð1 − ew1;qÞ; c ¼ 1 − ew1;q ; ðA16Þ

a ¼ ν−; b ¼ νþ; c ¼ ð1 − ew1;qÞ−1; ðA17Þ

a ¼ 1 − νþ; b ¼ 1 − ν−; c ¼ ð1 − e−w1;qÞ−1: ðA18Þ

Let us notice that the expression of w1;q for ξ < m is greater than 0, so ew1;q > 1 and the inequalities 0 < a < b < jcj or
c < b < a < 0 are satisfied. Using the expression for ν� andw1;q reported in Eq. (65) and summing the contribution of each
integral, we find the result in Eq. (68).
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