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We study the discretization of a Poincaré/Euclidean BF theory. Upon the addition of a boundary term
this theory is equivalent to the BFCG theory defined in terms of the Poincaré/Euclidean 2-group. At an
intermediate step in the discretization, we note that there are multiple options for how to proceed.
One option brings us back to recovering the discrete variables and phase space of the BF theory. Another
option allows us to rediscover the phase space related to theG networks given by Asante et al.. Indeed, our
main result is that we are now able to relate the continuum fields with the discrete variables shown by
Asante et al. This relation is important in determining how to implement the simplicity constraints to
recover gravity using the BFCG action. In fact, we show that such a relation is not as simple as in the BF
discretization: the discretized variable on the triangles actually depend on several of the continuum fields
instead of solely the continuum B field. We also compare and contrast the discretized BF and BFCG
models as pairs of of dual 2-groups. This work highlights (again) how the choice of boundary term
influences the resulting symmetry structure of the discretized theory—and hence ultimately the choice of
quantum states.
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I. INTRODUCTION

Recent developments have pointed out the importance of
boundary terms in the construction of a quantum theory
of gravity [1–4]. Indeed we expect the quantum states of
geometry to be given as representations of the symmetries
at hand. The symmetries depend on the choice of variables
used, as can be seen when comparing the metric and
Palatini formalism. What was underappreciated before is
how adding boundary terms to the action might greatly
influence the resulting symmetries relevant to the con-
struction of quantum states.
We illustrate this point by considering the four-

dimensional (4D) “Euclidean” BF theory, i.e., a BF theory
where the underlying gauge group is the Euclidean (or simi-
larly the Poincaré) group. Depending on whether or
not we introduce a (very simple) boundary term to the
theory, the symmetries of the quantum theory are given by
two different types of (strict) Lie 2-groups—a categorified
version of a group, also called a crossed module [5].
From a pragmatic point of view, we can understand the

difference between a group and a 2-group in the following
way. If elements of a (1-)group G can be naturally
associated to paths (holonomies), then elements in a
2-group are elements of a pair of groups G and H—with
some additional maps between them—which decorate paths
and faces. It is widely expected that such structure (or their
deformation) is the right structure to probe 4D topology, just
like (quantum) groups are the relevant structure to probe
three-dimensional (3D) topology [6].
4D BF theory for a d-dimensional Lie group G with Lie

algebra g is a theory which can be seen as a 2-gauge theory,
i.e., a gauge theory built on a 2-group [5,7]. However upon
discretization, it is well known that we recover a copy of
T�G ≅ G ⋉ g� ≅ G ⋉ Rd associated to each link/triangle
pair. The usual quantum states, called spin networks, are
built from representations ofG so that in the end there is not
much left of the 2-group picture. Indeed, a 1-group can be
seen as a trivial 2-group.
Following the key insights by Dittrich and Geiller

[8–10], it was realized that we could instead build the
quantum theory for a BF theory from representations of the
(quantum) group Rd (which is still a trivial 2-group). This
amounts to a change of polarization [11], which can
actually be obtained by the addition of a simple boundary
term to the initial action. This new representation, pio-
neered by Dittrich and Geiller, is important as it allows us to
discuss quantum states of geometry defined in terms of the
frame field (as opposed to functions of the connection) in
the quantum gravity context.
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Most approaches to construct a 4D quantum gravity
model rely on using a 4D BF theory [12]. The usual one
consists of taking the underlying group to be the Lorentz
group SO(1,3); however, it was shown that one could also
use the Poincaré group, ISO(1,3) [13–16]. In either case,
gravity can be recovered by imposing the simplicity con-
straints on the 2-form B. The new interesting part in the
Poincaré formulation is that the translational part is asso-
ciated to the frame field. Hence the frame field is already
present at the BF level, contrary to the Lorentz formulation
where it appears only through the simplicity constraints.1

Interestingly, Poincaré BF theory can be seen to be
equivalent—up to a boundary term—to another topological
theory based on a nontrivial 2-group, the Poincaré 2-group
[13–15]. This boundary term now implies only a partial
change of polarization. It is only in the translational that the
configuration and configuration variables are swapped with
respect to the BF formulation. In a sense, we only do half
of the dualization done by Dittrich and Geiller.2 The new
action is called the BFCG action [17] and was introduced as
the continuum counterpart of the topological invariant built
on 2-groups, the Yetter model [18]. In terms of actions, the
symmetries of the Poincaré BF theory or the BFCG theory
are obviously the same, they are just packaged differently
since what is called the configuration or momentum differs
between the two actions. This is what will create the
difference at the discrete/quantum level between the two
theories.
Since 2-groups (or 2-categories) seem to be a natural tool

with which to probe the topology of 4D spaces [6], it is
expected that they should be useful in building a quantum
theory for gravity. With this in mind, a partition function
has been constructed based on the representation theory of
the 2-Euclidean group, the Korepanov-Baratin-Freidel
(KBF) model [19–22]. It was recently shown how such
a model could actually be related to the partition function of
the BFCG action for the 2-Euclidean group [23]. Part of the
argument relied on the proposal (by B. Dittrich [23]) of a
phase space structure for the polyhedron which seemed to
be naturally related to the BFCG variables. This discreti-
zation was based on an educated guess and the correspon-
dence with the continuum variables was not identified. One
of the key results of this paper is to provide such a relation.
This relation is especially important to build the quantum
gravity amplitude. Indeed, it is naturally expected that the
discretized B field should be constrained by the discrete
simplicity constraint to obtain the quantum gravity ampli-
tude. However doing this led to some possibly overly
simplified model [13,15]. Imposing the simplicity

constraint on the discretized B field is justified provided
that the discretized B field is only dependent on the
continuum B field. We will show here that the discretized
B field is actually a function not only of the B field but also
of some other fields. This implies that implementing a naive
simplicity constraint on such a discretized B field is
probably not the right thing to do to recover the gravity
regime.
The discretization procedure, first introduced in [24], has

already shown its power in several instances. The first step
is to decompose the manifold of interest into cells. The next
step is to determine what happens to the degrees of freedom
in these cells. We use a truncation: in the bulk we only
consider the fields on-shell. At least for the cases of interest,
we can then express the symplectic data solely in terms of
fields living on the boundary. By gluing the cells together
(while imposing continuity between neighboring cells), we
obtain a way to explicitly evaluate the symplectic potential
and hence identify both the discretized variables and their
phase space structure. In particular we recover, in the BF
case based on gauge group G, the usual T�G phase space,
associated to each link of the dual complex. This approach
allows one to recover the particle degrees of freedom in the
3D gravity context [25] or the quantum group symmetry for
3D gravity with a cosmological constant [26]. Another
interesting outcome of this discretization is the emphasis
that a choice of polarization must be made [11,27]. In
particular, there is always the choice on where to discretize
the different variables. While at the continuum level this
might seem benign, at the quantum level it is important.
Indeed, at the discrete level this choice restricts the set of
symmetries that are imposed first. For example, in the BF
case, we can have the Lorentz symmetries or the transla-
tional symmetries, as we alluded before. The polarization
choice in that case affects which of these two symmetries is
imposed on the spin networks, and which arise in the
dynamics.
In the present work, we show how this discretization

approach allows us to recover the discrete phase space
proposed in [23] starting from the BFCG action. The main
outcome is the expression of the discretized variables in
terms of the (smeared) continuum fields, which arise in the
discretization procedure. Another outcome we find inter-
esting is that the nature of the symmetries at play, which is
very important for the construction of the quantum states, is
very much dependent on the type of boundary terms one
considers. While we discretize BF, a very well-known
theory, we are able to find nontrivial 2-group symmetries.
We discussed above how changing the polarization was
impacting the symmetry structure, dealing either with the
gauge symmetries or the translational symmetries. Now,
with a partial change of polarization we will have either
some standard group symmetries (the aforementioned
gauge/translational symmetries) or a nontrivial 2-group
symmetry.

1In fact, in the Lorentz formulation, one really has two intrinsic
frames and the simplicity constraint identifies them [2].

2We will comment in the discussion section on the notion of
“semi-dualization” introduced by Majid which seems to be at
play here.
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Outline In Sec. II, we review the basics of constructing a
BF theory and its symmetries. We then go on to show how
to get BFCG theory from BF theory by choosing the
underlying group to be ISO(4) and adding a boundary term.
For both theories, we recall the symplectic structure and
charge structure.
In Sec. III, we describe the discretization process

allowing us to recover the standard BF discretization,
which can be reinterpreted as recovering spinning tops
for group G interacting through conservation of angular
momenta.
In Sec. IV, we identify an alternate way of simplifying

the symplectic potential which leads to a natural definition
of variables defined on edges and triangles of the cellular
decomposition, as well as on faces and links of its dual. We
use a specific triangulation of the 3-sphere in order to
identify the constraints. We show also how to recover the
standard BF discretization, starting from the BFCG vari-
ables. In a sense we can “cancel” the boundary term
transforming BF into BFCG in the discretization process
by a proper choice of polarization.
In Sec. V, we discuss how the 2-gauge theory structure

applies to the current context and how we have different
2-groups at hand, according to the choice of boundary term,
or polarization.

II. BF AND BFCG THEORY

A. 4D BF theory

We consider the Lie group D which has a pair of d-
dimensional Lie subgroups, G and G�, with the G� Abelian,
such that

D ≅ G ⋉ G� ≅ G� ⋊ G:

We denote by g and g� the Lie algebra of G and G� with
generators ei and e�i for i ∈ f1…dg. The two-dimensional
Lie algebra of D is noted d ≅ g ⋉ g� ≅ g� ⋊ g, with Lie
brackets

½ei; ej� ¼ fkijek; ½e�i; e�j� ¼ 0; ð1Þ

½ei; e�j� ¼ fjkie�k; ð2Þ

and note index summation notation is used here and for the
rest of this paper. The Lie bracket structure can be
translated into an action of g on g�,

d ≅ g ⋉ g�; ð3Þ

with the action given by

ei ⊳ e�j ¼ fjkie�k; ð4Þ

hence the Lie bracket can be written as

½ei; e�j� ¼ ei ⊳ e�j: ð5Þ

There is a natural pairing between g and g� which is
compatible with the Lie algebra brackets of g and g� that
extend to d:

hei; eji ¼ he�i; e�ji ¼ 0; hei; e�ji ¼ δji ; ð6Þ

½ei; e�j� ¼ h½ek; ei�; e�jie�k: ð7Þ

This pairing gives the relation

ha; ½b; c�i ¼ −h½b; a�; ci; ∀ a; b; c ∈ d; ð8Þ

where d is called the (Drinfeld) double.
Let B be a g� valued 2-form and let A be a g valued

1-form. The curvature of A is denoted F and is defined as

F ¼ dAþ 1

2
½A ∧ A�: ð9Þ

The BF theory on the four-dimensional manifold M is
defined by the action

SG ≔
Z
M
hB ∧ F i ¼

Z
M

Bi ∧ F i: ð10Þ

1. Symmetries

The symmetries of the action (10) are given by the gauge
transformation parametrized by the group element G ∈ G,
and the translation/shift symmetries parametrized by a g�
valued 1-form η.

Gauge transformatios∶
�
A ↦ G−1AGþ G−1dG

B ↦ G−1BG
ð11Þ

Shift transformations∶
�
A ↦ A

B ↦ B þ dAη;
ð12Þ

where dAη ¼ dηþ ½A; η� [note that due to (2), ½A; η� ∈ g�
and so dAη ∈ g�]. The action is invariant under the gauge
transformation due to the invariance of h·; ·i given in (8).
Under the shift transformation, the action is invariant up to
a boundary term,

SG ↦ SG þ
Z
M

dhη ∧ F i; ð13Þ

where we used the Bianchi identity, dAF ¼ 0. As we will
recall in the next section, the shift symmetry can be
interpreted as a 2-gauge transformation.

2. Equations of motion and potential

The equations of motion associated with SG are obtained
by varying the fields A and B:
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δSG ¼
Z
M
hδB ∧ F i −

Z
M
hdAB ∧ δAi þ

Z
M

dhB ∧ δAi:

ð14Þ

The first two terms are the equations of motion:

F ¼ 0; dAB ¼ 0: ð15Þ
The third term in (14) is the symplectic potential and is
responsible for the Poisson structure. Denoting the boun-
dary of M by ∂M ≔ M, the potential is

Θ ≔
Z
M
hB ∧ δAi: ð16Þ

The associated symplectic 2-form is

Ω ≔ δΘ ¼
Z
M
hδB ∧ δAi: ð17Þ

We note that the equations of motion imply two other sets
of conditions, namely

F ¼ 0 ⇒ dAF ¼ 0;

dAB ¼ 0 ⇒ dAðdABÞ ¼ ½F ;B� ¼ 0: ð18Þ
The first relation is the standard Bianchi identity. The
condition ½F ;B� ¼ 0 is weaker than the flatness constraint.

3. Charge and momentum maps

We consider the infinitesimal versions of the gauge
transformations and want to identify the charges generating
such transformations. Let the infinitesimal version of (11)
be parametrized by χ ∈ g, and the infinitesimal version of
the shift transformation (12) be parametrized by β ∈ g�,

Infinitesimal gauge transformations∶
�
δχA ¼ dAχ

δχB ¼ ½B; χ� ð19Þ

Infinitesimal shift transformations∶
�
δβA ¼ 0

δβB ¼ dAβ:
ð20Þ

We think of δχ and δβ as vector fields in the field space. We
use notation such as δχ ⌟ δA ¼ δχA to express the interior
product of a vector and a 1-form in field space. We define
the charges as

δJ χ ≔−δα ⌟Ω¼
Z
M
hδB∧ δχAi−

Z
M
hδχB∧ δAi; ð21Þ

δPβ ≔ −δβ ⌟ Ω ¼ −
Z
M
hδβB ∧ δAi: ð22Þ

Some manipulation reveals (provided we assume δα ¼ 0
and δβ ¼ 0, i.e., the parameters are not field dependent)

J χ ¼
Z
M
dhB ∧ χi−

Z
M
hdAB ∧ χi≈

Z
M
dhB ∧ χi; ð23Þ

Pβ¼−
Z
M
dhβ∧Ai−

Z
M
hβ∧F i≈−

Z
M
dhβ∧Ai; ð24Þ

where ≈ means we went on-shell. We note that the charges
are essentially given by the corner charges specified by the
variables B and A, a 2-form and a 1-form, respectively.
When the parameters are constant, we will call the charges
global. We have used in each case the pull-back toM of the
equations of motion. These pull-backs are also interpreted
as constraints. A momentum map is a function on phase
space generating the symmetry transformations. As such
the constraints are momentum maps. The momentum maps
are summarized in Table I.
To anticipate our results a bit, we note that the global

chargesJ andP are simply generated by the configuration/
momentum variables. This implies that where the phase
space variables are discretized will directly influence how
the charges will be discretized. This means that we might
get different types of symmetry structure (1-group versus
2-group) according to the choice of discretization of the
variables.

B. BFCG theory

Let us revisit the action of BF theory and see how
specifying the group might change our perspective. We
consider g to be the Euclidian (or Poincaré) Lie algebra,
g ¼ isoð4Þ ≅ soð4Þ ⋉ R4, and g� is the dual Abelian Lie
algebra, g� ¼ iso�ð4Þ ≅ so�ð4Þ ×R�4, with so�ð4Þ ≅ R6

and R�4 ≅ R4.

d ∼ isoð4Þ ⋉ iso�ð4Þ: ð25Þ

The subalgebra R4 is generated by Pμ and the rotation
algebra soð4Þ is generated by Jμν. Greek indices range from
0 to 3. The Lie brackets are

½Jμν; Jσρ� ¼ ημρJνσ þ ηνσJμρ − ημσJνρ − ηνρJμσ; ð26Þ

½Pμ; Pν� ¼ 0; ½Jμν; Pσ� ¼ ημσPν − ηνσPμ; ð27Þ

where η is the flat metric. We will sometimes write
½Jμν; Jσρ� ¼ fμνσραβJαβ where f is the structure constant
of soð4Þ. The bilinear pairing is

TABLE I. Summarizing the charges, momentum maps, and
associated symmetries.

Charge Momentum map Symmetry

B dAB Gauge transformation
A F Shift transformation
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hP�
ν; Pμi ¼ δμν ; hJ�μν; Jσρi ¼ δσμδ

ρ
ν − δσνδ

ρ
μ; ð28Þ

where thegenerators in the dual are distinguished by lowered
indices and an asterisk. The second term in the second
pairing is to account for the antisymmetry of the indices. We
will identify the subspace generated by P� as R4�, the
subspace generated by J� as soð4Þ�, and iso�ð4Þ ≅ R10.

½P�
μ; P�

ν� ¼ ½J�μν; J�σρ� ¼ ½J�μν; P�
σ� ¼ ½J�μν; Pρ� ¼ 0: ð29Þ

The Lie brackets of the double is constructed according
to (7)3

½Pμ; P�
ν� ¼ ημσJ�σν; ð30Þ

½Jσρ; P�
ν� ¼ ðηραδσν − ησαδρνÞP�

α; ð31Þ

½Jμν; J�σρ� ¼ðηανδμρ − ηαμδνρÞJ�ασ þ ðηαμδνσ − ηανδμσÞJ�αρ: ð32Þ

The nonzero brackets ½Pμ; P�
ν� in (30) will play an impor-

tant role in the discretization procedure. We decompose
the fields A and B into their rotation and translation
components:

B ¼ Bþ Σ; B ∈ soð4Þ�; Σ ∈ R4� ð33Þ

A ¼ Aþ C; A ∈ soð4Þ: C ∈ R4 ð34Þ

The curvature is also rewritten in terms of its projections
into subalgebras:

F ¼ F þ dAC; with F ¼ dAþ 1

2
½A ∧ A� ∈ soð4Þ

dAC ¼ dCþ ½A ∧ C� ∈ R4: ð35Þ

Hence the action is

SISOð4Þ ¼
Z
M
hB∧Fiþ

Z
M
hΣ∧dACi

¼
Z
M
hB∧Fi−

Z
M
hdAΣ∧Ciþ

Z
M
dhΣ∧Ci: ð36Þ

The quantityG ≔ dAΣ is called the 2-curvature. The BFCG
action is obtained from SISOð4Þ up to a boundary term
[13,14],

SBFCG ¼
Z
M
hB ∧ Fi þ

Z
M
hC ∧ Gi

¼ SISOð4Þ −
Z
M

dhΣ ∧ Ci: ð37Þ

1. Equations of motion and potential

The equations of motion can be determined by
varying SBFCG with respect to A, B, C, and Σ.
Alternatively, since a boundary term in the action does
not change the equations of motion we can decompose the
expression in (15) into translation and rotation components.
Either way, we get

F ¼ 0 dAC ¼ 0

G ¼ 0 dAB ¼ −½C ∧ Σ�: ð38Þ

We remind the reader that though C and Σ are both
elements of a Lie subalgebra with trivial brackets, the
bracket between them is given by (30) which is not zero
but in so�ð4Þ. Similarly the potential is decomposed

ΘISOð4Þ ¼
Z
M
hB ∧ δAi þ

Z
M
hΣ ∧ δCi: ð39Þ

The potential from SBFCG is slightly different,

ΘBFCG ¼
Z
M
hB ∧ δAi −

Z
M
hC ∧ δΣi: ð40Þ

The two potentials differ by a total functional derivative and
therefore give the same 2-form4:

Ω ¼
Z
M
hδB ∧ δAi þ

Z
M
hδΣ ∧ δCi: ð41Þ

We note that we also have the analog of the Bianchi identity
and its companion (18) which are still valid. Breaking them
into components we have

dAF ¼ 0

dAðdACÞ ¼ 0

�
→

�
dAF ¼ 0

½F;C� ¼ 0
ð42Þ

dAðdABÞ¼ ½F ∧B�¼0→

� ½F;B�þ½dAC∧Σ�¼0

½F;Σ�¼0
ð43Þ

2. Symmetries

Now let us review the symmetries introduced in the
previous section. We have now different names as the fields
are interpreted in the 2-gauge theory picture [17].

3Writing (7) in terms of Js and Ps gives, for example,
½Pμ; P�

ν� ¼ h½Pσ ; Pμ�; P�
νiP�

σ þ 1
2
h½Jαβ; Pμ�; P�

νiJ�αβ. 4δC ∧ δΣ ¼ −δΣ ∧ δC since they are 1-forms in field space.
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Gauge∶
�
δχA ¼ dAχ

δχB ¼ ½B; χ� →
χ ¼ αþ X

α ∈ soð4Þ; X ∈ R4
→

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

1-gauge transformation

8>>><
>>>:

δαA ¼ dAα

δαB ¼ ½B; α�
δαC ¼ ½C; α�
δαΣ ¼ ½Σ; α�

2-shift

8>>><
>>>:

δXA ¼ 0

δXC ¼ dAX

δXB ¼ ½Σ; X�
δXΣ ¼ 0

ð44Þ

Shift∶
�
δβA ¼ 0

δβB ¼ dAβ
→

β ¼ ζ þ Y;

ζ ∈ R4�; Y ∈ soð4Þ� →

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

2-gauge transformation

8>>><
>>>:

δζA ¼ 0

δζC ¼ 0

δζB ¼ ½C ∧ ζ�
δζΣ ¼ dAζ

1-shift

8>>><
>>>:

δYA ¼ 0

δYC ¼ 0

δYB ¼ dAY

δYΣ ¼ 0

ð45Þ

3. Charge and momentum maps

As before, we define the charges as5

δLα ≔ −δα ⌟ Ω

¼ −
Z
M
hδαB ∧ δAi þ

Z
M
hδB ∧ δαAi

−
Z
M
hδαΣ ∧ δCi þ

Z
M
hδΣ ∧ δαCi ð46Þ

δRY ≔ −δY ⌟ Ω ¼ −
Z
M
hδYB ∧ δAi ð47Þ

δKX≔−δX ⌟Ω¼−
Z
M
hδXB∧δAiþ

Z
M
hδΣ∧δXCi ð48Þ

δQζ≔−δζ ⌟Ω¼−
Z
M
hδζB∧δAi−

Z
M
hδζΣ∧ δCi ð49Þ

After some algebra, we find that, still assuming a nonde-
pendence of the parameters in terms of the fields,

Lα ¼
Z
M
dhB ∧ αi −

Z
M
hðdABþ ½C ∧ Σ�Þ ∧ αÞ

≈
Z
M
dhB ∧ αi; ð50Þ

RY ¼ −
Z
M
dhY ∧ Ai −

Z
M
hY ∧ Fi

≈ −
Z
M
dhY ∧ Ai; ð51Þ

KX ¼
Z
M
dhΣ ∧ Xi −

Z
M
hX ∧ dAΣi

≈
Z
M
dhΣ ∧ Xi; ð52Þ

Qζ ¼ −
Z
M
dhζ ∧ Ci −

Z
M
hζ ∧ dACi

≈ −
Z
M
dhζ ∧ Ci: ð53Þ

If the coefficients ζ, X, Y, α are constant on the boundary,
we deal then with “global” charges. There is then no central
extension in their Poisson algebra (see Appendix). As
before we have a set of constraints, which are the pull-back
of the equations of motion to M.
These constraints are momentum maps generating the

symmetry transformations, and we list them in Table II.
Once again anticipating, we can see that that the

discretized symmetries will be different whether we con-
sider the pair ðA;CÞ (i.e., A) discretized on the dual
complex as would be done for regular BF theory (hence
obtaining a 1-gauge theory), or if we consider the pair
ðA;ΣÞ discretized on the dual complex as would be done
for the BFCG theory (hence considering a 2-gauge theory).

5A similar analysis was done by M. Geiller in some unpub-
lished work.
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While the continuum theories are equivalent up to a
boundary term, the discrete symmetry will be different.

III. DISCRETIZATION OF 4D ISO(4) BF THEORY

A. Notation

Let us set up the notations for the cellular decomposition
once and for all.
We divide the spatial slice M into subregions forming a

cellular decomposition. The three-dimensional cells will be
tetrahedra for simplicity, but other cases can be considered
as well. Within each tetrahedron we identify a center point
c, which we refer to as a node. The tetrahedron dual to c is
denoted c�. The oriented segment between two nodes, c
and c0 is denoted by the ordered pair ðcc0Þ, which we will
call a link. The ordering of the nodes determines the
orientation of the link. We refer to the first node in the pair
ðcc0Þ as the source and the second node as the target. The
vertices v̄ of tetrahedra are denoted with an overline. The
edges between two vertices, v and v0, are then denoted
½vv0�. For each vertex v, there is a set of tetrahedra
containing v. The centers of these tetrahedra generate a
polyhedron in the dual cellular complex. This polyhedron
will be denoted v̄�. The faces of the polyhedron, called dual
faces are labeled by the edge it intersects, ½vv0��, or by the
set of nodes it contains. Similarly, the triangles making up
the surface of the tetrahedra are either labeled by the three
vertices they contain, such as ½v̄1v̄2v̄3�, or by the link
intercepting it, ðcc0Þ�. Some of the structures are shown
in Fig. 1.

B. Recovering the standard discretization of 4D
Euclidean BF theory

We use the discretization approach that has been used in
several works [11,24,26].

1. Restricting the fields to subregions

First, let us consider the symplectic potential of BF
theory,

ΘBF ¼
Z
M
hB ∧ δAi ¼

X
c

Z
c�
hBc ∧ δAci: ð54Þ

The second equality makes it explicit that we are dividing
M into 3-cells c�. Furthermore, we label the restrictions of

the fields A and B within each cell with a subscript. The
fields in neighboring 3-cells will be related through some
continuity relations on the boundary of the cell.

2. Truncation

Until now we have only rewritten the symplectic
potential to account for the fact we broke up M into
subregions. The next step is to truncate the theory, by going
on-shell in the interior of each cell. Since we are dealing
with a topological theory, we could argue that we push
all curvature defects or “torsion” defects (i.e., such that
dAB ≠ 0 to, respectively, the edges and the vertices of the
triangulation). Then we should regularize them properly
and treat them accordingly. This would be going beyond
the scope of the present paper, so we just assume that there
are no such defects at all and leave their study for later
investigations.
The equations of motion (15) imply that A is a flat

connection and therefore pure gauge. For an ISO(4) group
element HcðxÞ, interpreted as an ISO(4) holonomy con-
necting c to a point x in the cell,

Ac ¼ H−1
c dHc ð55Þ

is a solution for F ¼ 0. Then, for an isoð4Þ� valued
1-form χ,

Bc ¼ H−1
c dχcHc ð56Þ

is a solution to dAB ¼ 0. Hence both Ac and Bc are
pure gauge.

TABLE II. Summarizing the charges, momentum maps, and
associated symmetries.

Charge Momentum map Symmetry

B dABþ ½C ∧ Σ� 1-gauge transformation
Σ dAΣ 2-shift
A F 1-shift
C dAC 2-gauge transformation

FIG. 1. A small piece of the cellular decomposition, showing
how we label structures. The centers of the tetrahedron are
labeled by c and c0 with the connecting link labeled ðcc0Þ. The
triangle which the link passes through is labeled ðcc0Þ�. The
vertices shown are labeled by v and v0 and the connecting edge by
½vv0�. There are arrows on the links and edges indicating the
orientation.
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3. Continuity equations

As mentioned above, the fields inside each cell c may be
considered separately so long as there is continuity between
cells. This puts conditions on the fields H and χ.
The continuity relations for A and B on the interior of

the triangle shared by c� and c0� are expressed as

AcðxÞ ¼ Ac0 ðxÞ;⇒ Hc0 ðxÞ ¼ Gc0cHcðxÞ; ð57Þ

BcðxÞ ¼ Bc0 ðxÞ ⇒ dχc0 ðxÞ ¼ Gc0cdχcðxÞGcc0 ; ð58Þ

where Gcc0 ∈ ISOð4Þ does not depend on x. We denote the
inverse G−1

cc0 ¼ Gc0c. The above continuity equations are
valid on the interior of the triangle. If there is no curvature
concentrated on the edges (wewill assume this later on), the
equations would be valid there as well.
We emphasize that we also have the induced equation

½F ;B� ¼ 0 and the Bianchi identity dAF ¼ 0. We should
also assess how they can be realized in the truncated
scheme.
Since they are expressed in terms of the notion of

curvature, they should be obtained by considering several
continuity relations concatenated together to generate a
loop. To this aim, let us consider the loop ∂e�, which is the
boundary of the dual face e� (dual to the edge e). This loop
can be described by the links relating the nodes ðciciþ1Þ.
The version of the condition ½F ;B� ¼ 0 in terms of

continuity equation is then

dχc¼
� Y

ðciciþ1Þ∈∂e�
Gciciþ1

�
−1
dχc

� Y
ðciciþ1Þ∈∂e�

Gciciþ1

�
: ð59Þ

As we could infer that the curvature is given in terms of the
holonomy around the loop ∂e�, the Bianchi identity is
naturally obtained by demanding that the (dual) polyhedron
made of loops ∂e�i is closed so that

Y
e�i∈∂v�

G∂e�i ¼ 1: ð60Þ

We will not use this constraint in the BF discretization.
However we demand it as a requirement for the fields χc
and Gciciþ1

to satisfy (59).

4. Evaluation of the symplectic potential

In order to write the potential in terms of H and χ, we
should express the variation δA in terms of H:

δAc ¼ H−1
c ðdΔHcÞHc; ð61Þ

whereΔHc ¼ δHcH−1
c . The potential evaluated on-shell in

the cells reads

ΘBF ≈
X
c

Z
c�
hdχc ∧ dΔHci; ð62Þ

where ≈ means we went on-shell in the cells. We can then
use the continuity equations (57) and (58) to simplify its
expression and recover the well-known results.
We note that the integrand in (62) is a total derivative so

we can use Stokes theorem to recast it as an integral over
triangles bounding each tetrahedron. However, there is a
choice to be made as to which variable keeps the derivative
when dealing with the integral on the boundary. A similar
choice arises when dealing with (3D) gravity, and
we have the loop quantum gravity (LQG) or dual LQG
picture [11]. For now we will deal with the case where the
derivative is kept on the 1-form χ.
The standard discretization of the 4D BF theory is

summarized in the following proposition.
Proposition 1. The symplectic potential is given as a

sum of symplectic potentials associated to the phase space
T�ISOð4Þ.

ΘBF ¼
Z
M
hB ∧ δAi ≈

X
ðcc0Þ

hβðcc0Þ� ;ΔGc0
c i; ð63Þ

which we construct from the solutions of the continuity
equations (57) and (58),

χc0 ¼ Gc0cðχc þ dZc0
c ÞGcc0 ;

Hc0 ¼ Gc0cHc; and βðcc0Þ� ¼
Z
ðcc0Þ�

dχc: ð64Þ

Table III provides the geometric structure which the
discretized fields are attached to.
These discrete variables satisfy by definition two kinds

of constraints, the so-called Gauss and “face simplicity”
constraints,

X
ðccÞ�∈∂c�

βðccÞ� ¼ 0;

βðccÞ� ¼
� Y

ðciciþ1Þ∈∂e�
Gciciþ1

�
−1

× βðccÞ�
� Y

ðciciþ1Þ∈∂e�
Gciciþ1

�
; ð65Þ

where in the second constraint, the loop being considered
begins and ends at the node c. Furthermore, if we assume

TABLE III. Localization of the discrete variables.

Link ðcc0Þ Dual face e� Edges e Triangles ðcc0Þ�
Gcc0 ∈ ISOð4Þ � � � � � � βðcc0Þ� ∈ iso�ð4Þ
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there is no curvature, then we have the flatness constraint
and the discretized Bianchi identity,

Ge ¼
Y

ðciciþ1Þ∈∂e�
Gciciþ1

¼ 1;
Y

e�∈∂v�
Ge ¼ 1: ð66Þ

We note that the flatness constraint implies the face
simplicity as well as the discretized Bianchi identity (as it
should).
Proof.—Let us evaluate the symplectic potential with the

given choice of application of Stokes theorem,

ΘBF ≈ −
X
c

Z
∂c�

hdχc;ΔHci: ð67Þ

The boundary of the tetrahedra c� is made up of four
triangles. Since each triangle is shared by two tetrahedra,
the contribution to the potential from each triangle contains
two terms with a relative minus sign to account for the
opposite orientation:

Θ ¼
X
ðcc0Þ

Z
ðcc0Þ�

Θðcc0Þ ð68Þ

Θðcc0Þ ≔ hdχc;ΔHci − hdχc0 ;ΔHc0 i ð69Þ

¼ hΔGc0
c ; dχci: ð70Þ

The last equality is obtained by using the continuity
equations and defining ΔGc0

c ¼ δGcc0Gc0c. We can identify
the factors with structures of the cellular decomposition and
its dual graph. We define discrete variables Gðcc0Þ ¼ Gcc0 to
be the discrete variable associated to the link ðcc0Þ, and
βðcc0Þ� ¼

R
ðcc0Þ� dχc is the discrete variable associated to the

triangle ðcc0Þ�. Thus, as a function of discrete variables, the
potential is

ΘBF ≈
X
ðcc0Þ

hβðcc0Þ� ;ΔGc0
c i: ð71Þ

From this potential, we can determine the Poisson
brackets, which are the canonical ones associated with
the cotangent bundle T�ISOð4Þ. We will review this in the
following section.

5. Gauss constraint

By construction the phase space variables satisfy some
constraints. For a given tetrahedron, if we perform the sum
over the triangles

X
ðcciÞ�∈∂c�

βðcciÞ� ¼
X

ðcciÞ�∈∂c�

Z
ðcciÞ�

dχc ¼ 0; ð72Þ

by Stokes theorem. This constraint is the discretization of
the (pull-back of the) continuum constraint dAB ¼ 0.

In order to accommodate the different possible orienta-
tions of the links connecting c� to its neighbors, we point
out that the base point of the variable β can be changed
according to

βðc0cÞ� ¼
Z
ðc0cÞ�

dχc0 ¼ −
Z
ðcc0Þ�

hc0cdχchcc0

¼ −hc0cβðcc0Þ�hcc0 : ð73Þ

6. Face simplicity

Since we have by the continuity equations that

dχc ¼
� Y

ðciciþ1Þ∈∂e�
Gciciþ1

�
−1
dχc

� Y
ðciciþ1Þ∈∂e�

Gciciþ1

�
; ð74Þ

where the product of links begins and ends on the node c,
we can just perform the integration over ðcc0Þ� and get the
face simplicity constraint,

βðccÞ� ¼
Z
ðccÞ�

dχc

¼
� Y

ðciciþ1Þ∈∂e�
Gciciþ1

�
−1
�Z

ðccÞ�
dχc

�

×

� Y
ðciciþ1Þ∈∂e�

Gciciþ1

�
: ð75Þ

7. Flatness constraint

The definition of the discretized field does not imply that
the holonomies Gciciþ1

should be flat, so we implement it by
hand,

Y
ðciciþ1Þ∈∂e�

Gciciþ1
¼ 1: ð76Þ

This constraint is the discretization of the (pull-back of the)
continuum constraint F ¼ 0. One can check that they
generate the discretized version of the BF symmetries. We
note that this is a non-Abelian group valued momentum
map [28].

8. Bianchi identity

This condition is naturally discretized by demanding that
concatenating all the holonomies on the dual faces of a
(dual) polyhedron v� (as dual to a vertex v) gives the
identity. This is automatically satisfied if each face is flat.
The constraint then reads for every dual polyhedron ve with
faces e�,

Y
e�∈∂v�

Ge� ¼ 1: ð77Þ

▪
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C. Relativistic spinning top phase space

We can decompose the discrete variables into subalgebra
components. For simplicity we will omit the indices ðcc0Þ.
The isoð4Þ� holonomy is decomposed as β ¼ bþ V for
b ∈ soð4Þ� and V ∈ R4�. This is equivalent to decompos-
ing the continuous variable as dχc ¼ dbc þ dσc for bc ∈
soð4Þ� and σc ∈ R4�. We write the ISO(4) holonomy as
G ¼ exh where h ∈ SOð4Þ and x is a constant element of
the Lie algebra of R4 (which also happens to be R4). Since
R4 is Abelian, in calculations we use the representation
such that ex ¼ 1þ x.6 The variation then reads
ΔG ¼ δxþ Δhþ ½x;Δh�. Associated to a link ðcc0Þ, the
potential is

Θ ¼ hb;Δhi þ hV; δxi þ hV; ½x;Δh�i: ð78Þ

This is the symplectic potential for the phase space
T�ISOð4Þ. The Poisson brackets corresponding to this
potential are then

fxσ; Vρg ¼ δρσ; fxμ; bσρg ¼ 2xληλ½σδ
ρ�
μ ð79Þ

fVα; bσρg ¼ 2ηα½ρVσ�; fhαβ; bσρg ¼ ðJσρhÞαβ ð80Þ

fbαβ; bμνg ¼ fαβμνσρðbσρ þ 2½x; V�σρÞ; ð81Þ

where f is the structure constant of soð4Þ: fαβμνσρ ¼
1
2
hJ�σρ; ½Jαβ; Jμν�i.
The discrete variables are summarized in Table IV

and Fig. 2.
Note that the phase space we have recovered is iso-

morphic to the phase space of the relativistic spinning top
[29], as one could expect. We define a new variable,
S ¼ bþ ½V; x�. The potential (for a given link/face pair)
now reads

Θ ¼ hΔh; Si þ hV; δxi: ð82Þ

The Poisson brackets of these new variables are those of the
relativistic spinning top:

fhαβ; Sμνg ¼ ðJμνhÞαβ; fSαβ; Sμνg ¼ fαβμνσρSσρ;

fxμ; Vνg ¼ δνμ: ð83Þ
Constraints/charges. The total phase space we have

obtained for the triangulation can therefore be interpreted
as a set of relativistic spinning tops, which satisfy some
constraints. This is consistent with Penrose’s idea of spin
networks [30]. We have the constraints encoding the
conservation of (relativistic) angular momentum,

dABþ ½C ∧ Σ� ¼ 0

dAΣ¼ 0

�
⇔ dAB ¼ 0

→ J c ¼
X

ðccÞ�∈∂c�
βðccÞ� ¼ 0⇔

8>><
>>:

bc ¼
P

ðcc0Þ∈∂c�
bðcc0Þ� ¼ 0

Vc ¼
P

ðcc0Þ∈∂c�
Vðcc0Þ� ¼ 0

ð84Þ
The curvature constraints are given by

F ¼ 0

dAC ¼ 0

�
⇔ F ¼ 0 → Ge ¼

Y
ðciciþ1Þ∈∂e�

Gciciþ1
¼ 1

⇔

8>><
>>:

he ¼
Q

ðciciþ1Þ∈∂e�
hciciþ1

¼ 1

xe ¼
P
i
hc1cixðciciþ1Þhcic1 ¼ 0

ð85Þ

To get the components of Ge, we write Gcc0 ¼ exðcc0Þhcc0 .

FIG. 2. A link in red is decorated by a ISO(4) holonomy, while
the triangle in blue is decorated by a iso�ð4Þ ∼ so�ð4Þ × R4�
element. The building blocks to construct the discrete phase space
are given in terms of T�ISOð4Þ ∼ ðSO ⋉ R4Þ ⋉ ðso�ð4Þ ×R4�Þ,
with so�ð4Þ ∼R6 and R4� ∼ R4.

TABLE IV. Localization of the discrete variables for the BF discretization.

Link ðcc0Þ Dual face e� Edges e Triangles ðcc0Þ�
hðcc0Þ ∈ SOð4Þ, xðcc0Þ ∈ R4 � � � � � � bðcc0Þ� ∈ so�ð4Þ, Vðcc0Þ� ∈ R4

6We use the following representation highlighting that the
Abelian group product of R4 is isomorphic to the Lie algebra R4

seen as an Abelian group. The generators P of the Lie algebra R4

are such that PμPν ¼ 0. As a consequence, the group element is
eP

μ ¼ 1þ Pμ. We recover in this way the addition as the product
of the group R4, since

ep·Peq·P ¼ ð1þ p · PÞð1þ q · PÞ ¼ 1þ p · Pþ q · P

¼ 1þ ðpþ qÞ · P ¼ eðpþqÞ·P:
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Ge ¼
Y

ðciciþ1Þ∈∂e�
Gciciþ1

¼ Gc1c2…Gcnc1 ð86Þ

¼ exðc1c2Þhc1c2e
xðc2c3Þhc2c3…excnc1hcnc1 ð87Þ

¼ exðc1c2Þhc1c2e
xðc2c3Þhc2c1hc1c2hc2c3…excnc1hcnc1 ð88Þ

¼ e
P

i
hc1ci xðciciþ1Þhcic1

Y
ðciciþ1Þ∈∂e�

hciciþ1
¼ exehe ð89Þ

where n in the above is the total number of nodes around
the edge e and we define cnþ1 ¼ c1.
Finally we also have the Bianchi identity for F and its

companion. The Bianchi identity dAF ¼ 0 implies the
constraints

dAF¼ 0

dAðdACÞ¼ ½F∧C� ¼ 0

�
→

Y
e�∈∂v�

Ge ¼ 1⇔

8<
:

Q
e�∈∂v�

he� ¼ 1

P
e�∈∂v�

xe� ¼ 0

ð90Þ

The face simplicity constraints follow from the constraint
dAB ¼ 0:

½F ∧ B� þ ½dAC ∧ Σ� ¼ 0

dAðdAΣÞ ¼ ½F ∧ Σ� ¼ 0

�

⇔ dAðdABÞ ¼ 0 → βðccÞ� ¼ G−1
e βðccÞ�Ge

⇔

� bðccÞ� ¼ h−1e ðbðccÞ� þ ½VðccÞ� ; xe�Þhe
VðccÞ� ¼ h−1e VðccÞ�he

IV. DISCRETIZATION OF BFCG THEORY

In this section we will go through the same procedure
starting from the BFCG potential. To illustrate that the
theory is similar to the ISO(4) BF theory, we will first show
how to recover the results of the previous subsection [the
discrete potential (78)]. We will then proceed and obtain the
proper discretized BFCG potential, the main result of this
section. As a consequence we will recover the classical
picture behind the G networks introduced in [23].

A. Restricting the fields to subregions

We start by expressing the integral ΘBFCG as a sum of
integrals over each cell.

ΘBFCG ¼
X
c

Z
c�
hBc ∧ δAci −

X
c

Z
c�
hCc ∧ δΣci: ð91Þ

1. Truncation

As before, we go on-shell inside the cells. Since BFCG
and BF theory differ by a boundary term, they share the
same equations of motion so we can either decompose
the solutions of (15) or directly solve (38). We will take the
former approach: We solve the equations of motion from
BF theory to get, for a ISO(4) holonomyHcðxÞ connecting
c to x in the cell and a isoð4Þ� valued 1-form χ,

Ac ¼ H−1
c dHc; Bc ¼ H−1

c dχcHc: ð92Þ

We decompose H ¼ ecg, where g is a rotation and ec is a
translation. χ is decomposed into χ ¼ bþ σ for b ∈ soð4Þ�
and σ ∈ R4�. Thus (still using the convenient representa-
tion ec ¼ 1þ c),

Ac ¼ Ac þ Cc ¼ g−1c dgc þ g−1c dccgc;

Bc ¼ Bc þ Σc ¼ g−1c ðdbc þ ½dσc; cc� þ dσcÞgc; ð93Þ

giving

Ac ¼ g−1c dgc Cc ¼ g−1c dccgc ð94Þ

Σc ¼ g−1c dσcgc Bc ¼ g−1c ðdbc þ ½dσc; cc�Þgc; ð95Þ

where the different fields are defined in Table V.

2. Continuity equations

The continuity of the field between neighboring cells c�
and c0� is expressed as

Bc ¼ Bc0 Ac ¼ Ac0 Cc ¼ Cc0

Σc ¼ Σc0 on c ∩ c0� ð96Þ

The solutions of these continuity equations are given in
Table V.
If we apply the continuity equations consecutively

around a loop ∂e�, we also get the equations

TABLE V. Continuity equations and their solutions.

Continuity equations Solutions to continuity equations Fields

g−1c dgc ¼ g−1c0 dgc0 gc ¼ hcc0gc0 gc function in SO(4), hcc0 a constant in SO(4)
dcc0 ¼ hc0cdcchcc0 cc0 ¼ hc0cðcc þ xc

0
c Þhcc0 cc function in R4, xc

0
c constant in R4

dσc0 ¼ hc0cdσchcc0 σc0 ¼ hc0cðσc þ dςc
0
c Þhcc0 σc 1-form in R4�, ςc0c function in R4�

dbc0 ¼ hc0cðdbc − ½dσc; xc0c �Þhcc0 bc0 ¼ hc0cðbc − ½σc; xc0c � þ dyc
0
c Þhcc0 bc 1-form in soð4Þ�, yc0c function in soð4Þ�
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dcc ¼ h−1e dcche; ð97Þ

dbc ¼ h−1e dbche; dσc ¼ h−1e dσche;

he ≡
Y

ciciþ1∈∂e�
hciciþ1

; ð98Þ

where again, the product along the loop of links begins and
ends at node c. The condition (97) can be seen as the
discretization of ½F;C� ¼ 0, while the second ones (98)
come from dAB ¼ 0. The solutions of the continuity
equations are given in Table V. Anticipating a bit, we will
see that in the BFCG discretization, if we allow for some
curvature on the edges, we will still need to assume that on
the edges of the triangulation

σc ¼ h−1e σche: ð99Þ

This will ensure that we can integrate the symplectic
potential. While in the construction given in [23] particular
emphasis was put on the edge simplicity that is something
of the type

cc ¼ h−1e cche ð100Þ

to recover the KBF amplitude, it seems that for the
discretization the key property will be more (99).

B. Evaluating the symplectic potential:
Before making the choice

In order to express the potential in terms of the fields g, σ,
b, and c we need to express the variation of the fields A and
Σ in these variables. We define

Δgc ≔ δgcg−1c ; ð101Þ

then,

δAc ¼ g−1c dΔgcgc;

δΣc ¼ g−1ðδdσc þ ½dσc;Δgc�Þgc: ð102Þ

Using these expressions, the potential in a cell is

Θc ≈ hdbc ∧ dΔgci þ dh½dσc; cc�;Δgci
− hdcc ∧ dδσci; ð103Þ

where ≈ means we went on-shell. We see that Θc is a total
derivative and can be written as an integral over the

boundary ∂c� by Stokes theorem. As in the previous
section, there is a choice to make regarding which variable
keeps the derivative when we perform Stokes theorem.

C. Choice 1: Recovering the BF discretization

At this time, we make the following choice (we note
that the first term is the same polarization as the LQG
case [11]):

ΘBFCG≈
X
c

Z
∂c�

ðhdbc;Δgciþh½dσc;cc�;Δgci−hcc;dδσciÞ:

ð104Þ

The boundary ∂c� is made up of four triangles. Each
triangle is shared by two tetrahedra. The contribution from
each triangle, ðcc0Þ�, is Θðcc0Þ� ,

ΘBFCG ≈
X
ðcc0Þ�

Z
ðcc0Þ�

Θðcc0Þ� ð105Þ

Θðcc0Þ� ¼ hdbc;Δgci − hdbc0 ;Δgc0 i þ h½dσc; cc�;Δgci
− h½dσc0 ; cc0 �;Δgc0 i
− hcc; dδσci þ hcc0 ; dδσc0 i: ð106Þ

Proposition 2. The symplectic potential is given as a
sum of symplectic potential associated to the phase space
T�ISOð4Þ.

ΘBFCG ≈ Θ0
BF

¼
X
ðcc0Þ�

�
Δhc0c ;

Z
ðcc0Þ�

dbc

�

þ
�
½Δhc0c ; xc0c �;

Z
ðcc0Þ�

dσc

�

þ
�
xc

0
c ; δ

Z
ðcc0Þ�

dσc

�
; ð107Þ

where the discrete variables are obtained from the con-
tinuity equations from Table V.
Table VI provides the geometric structure which they are

attached to.
We note that we almost recover the same potential as in

the BF standard discretization (78). The difference comes
from a minus sign in the ðx; VÞ sector. The reason is the
following. By adding the boundary term to go to the BFCG
action, we have swapped the polarization and we have

TABLE VI. Localization of the discrete variables.

Links Dual faces Edges Triangles

hðcc0Þ ∈ SOð4Þ, xðcc0Þ ∈ R4 � � � � � � bðcc0Þ� ¼
R
ðcc0Þ� dbc ∈ so�ð4Þ, Vðcc0Þ� ¼

R
ðcc0Þ� dσc
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exchanged the configuration and momentum variables. If
we consider a symplectic form δq ∧ δp, this form is not
invariant under the exchange q ↔ p, which leads to
δp ∧ δq ¼ −δq ∧ δp. This is what we have done by
changing the polarization. The symplectic transformation
is instead given by q → −p and p → q. Hence the V in the
BF discretization and the V in the BFCG discretization are
related by a minus sign.
Proof.—We can use the continuity relations from

Table V to simplify Θðcc0Þ�.

Θðcc0Þ� ¼ hdbc;Δhc0c i þ hxc0c ; ½dσc;Δhc0c �i
þ hxc0c ; δdσci; ð108Þ

where we have defined Δhc0c ≔ δhcc0hc0c.
The total potential is now

ΘBFCG≈
X
ðcc0Þ�

�
Δhc0c ;

Z
ðcc0Þ�

dbc

�
þ
�
½Δhc0c ;xc0c �;

Z
ðcc0Þ�

dσc

�

þ
�
xc

0
c ;δ

Z
ðcc0Þ�

dσc

�
ð109Þ

≈
X
ðcc0Þ

hΔhðcc0Þ; bðcc0Þ� i þ h½Δhðcc0Þ; xðcc0Þ�; Vðcc0Þ� i

þ hxðcc0Þ; δVðcc0Þ� i: ð110Þ

The factors in ΘBFCG can be associated to structures in the
cellular decomposition. We already saw that hcc0 is related
to the links in the dual cellular decomposition. Similarly xc

0
c

is also associated to the links. The factors involving
integrals over triangles are associated to the triangles in
the cellular decomposition, which are dual to the links. The
discrete variables and where they live in the cellular
decomposition is summarized in Table VI which is the
same as Table III. ▪

D. Choice 2: Recovering the phase space of [23]

As we emphasized already, when using Stokes theorem,
there is a choice which is made on which variable will keep
the differential. We recall that we obtained the symplectic
potential for a given tetrahedron c�,

Θc ¼ hdbc ∧ dΔgci þ dh½dσc; cc�;Δgci
− hdcc ∧ dδσci: ð111Þ

In the previous section we used Stokes theorem to write the
potential on the triangles bounding c�. In particular, the last
term was expressed as

hdcc ∧ dδσci ¼ dhcc; dδσci; ð112Þ

and when we determined the discrete variables,
R
ðcc0Þ� dσ

was assigned to a triangular face. We can alternatively write
this term as

hdcc ∧ dδσci ¼ −dhdcc ∧ δσci: ð113Þ
In performing Stokes theorem in this way, we will have
different discretevariables living ondifferent structures in the
cellular decomposition. Let us first identify the discretized
variables and then the constraints associated to them.

1. Identifying the discrete variables

After performing Stokes theorem and applying the
continuity equations, the potential on the triangles is now

Z
ðcc0Þ�

Θðcc0Þ� ¼
Z
ðcc0Þ�

hdðbc þ ½cc; σc�Þ;Δhc0c i

−
Z
ðcc0Þ�

dhðdcc; ½Δhc0c ; ςc0c �Þi

þ
Z
ðcc0Þ�

dhdcc; δςc0c i: ð114Þ

The last term is indeed a problematic one. In contrast to the
previous section, neither dcc nor δςc

0
c are constant and so we

must do some work to perform this integration. We shall
once again use Stokes theorem on each triangle and deal
with integrals over edges bounding triangles instead.

X
ðcc0Þ�

Z
ðcc0Þ�

dhdcc; δςc0c i ¼
X
ðcc0Þ

Z
∂ðcc0Þ�

hdcc; δςc0c i ð115Þ

¼
X
e

Z
e

X
ðcc0Þ∈e�

ϵeðcc0Þhdcc; δςc
0
c i: ð116Þ

The first sum and the integral are over edges e. The second
sum is over the links ðcc0Þ which make up the polygon e�
dual to the e. The factor ϵeðcc0Þ is either 1 or −1, depending
on whether the orientation of ðcc0Þ� is aligned with e or not.
To illustrate, we take the example edge we have in Fig. 3.

The contribution of this edge to the potential is

FIG. 3. An example of the type of edge used for illustrative
calculations. The edge is shown in red labeled by e with
surrounding nodes forming a triangle.
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Z
e

X
ðcc0Þ�∈e�

hdcc; δςc0c i

¼
Z
e
hdc1; δς21i þ

Z
e
hdc2; δς32i þ

Z
e
hdc3; δς13i ð117Þ

¼
Z
e
hdc1; ðδς21 þ h12δς32h21 þ h13δς13h31Þi ð118Þ

¼
Z
e
hdc1; δðς21 þ h12ς32h21 þ h13ς13h31Þi

þ
Z
e
h½dc1; h12ς32h21�;Δh21i

þ
Z
e
h½dc1; h13ς13h31�;Δh31i: ð119Þ

In the second line, we were able to use the continuity
equation in the variable c to base each term at the center 1
(an arbitrary choice). The second and third term involve
something proportional to Δh21 and Δh31 (the value of the
superscript and subscript are a result of the arbitrary choice
made to base everything at 1) and can therefore be absorbed
in the first term of (114) (since the total potential involves
summing over the links). This will be the source of a
nontrivial closure constraint for the tetrahedron.
The first term involves a combination of the continuity

variables ς.
Here, as we alluded earlier, we need to take a specific

assumption on the behaviour of σc under consecutive
change of frames, as in (99).
Consider the three continuity equations for σ which are

satisfied on e ¼ ð12Þ� ∩ ð23Þ� ∩ ð31Þ�:

σ2 ¼ h21ðσ1 þ dς21Þh21; σ3 ¼ h32ðσ2 þ dς32Þh23;
σ1 ¼ h13ðσ3 þ dς13Þh31: ð120Þ

Putting these together we have

σ3 ¼ h32h21h13σ3h31h12h23 þ h32h21h13dς13h31h12h23

þ h32h21dς21h21h23 þ h32dς32h23: ð121Þ

Assuming7 that

σ3 ¼ h32h21h13σ3h31h12h23; ð122Þ

and putting together (121) and (122), we get

dς21 þ h13dς13h31 þ h12dς32h21 ¼ 0: ð123Þ

And so we have that

ς21 þ h13ς13h31 þ h12ς32h21 ¼ Ve�
1 ; ð124Þ

for some constant Ve�
1 , which then decorates the dual face

e�. This is exactly the expression which appears in the first
term of (119). Since Ve� is a constant, we are able to
consider

R
e dc1 as our discrete variable associated to e and

Ve�
1 as the discrete variable associated to the polygon e�.

The potential due to e is then

Z
e

X
ðcc0Þ�∈e�

hdcc; δςc0c i

¼
�
δVe�

1 ;
Z
e
dc1

�
þ
Z
e
h½dc1; h12ς32h21�;Δh21i

þ
Z
e
h½dc1; h13ς13h31�;Δh31i: ð125Þ

Summarizing, the symplectic potential takes now the
shape

ΘBFCG ≈
X
ðcc0Þ

�Z
ðcc0Þ�

b̃c
0
c ;Δhc

0
c

�

þ
X
e

�Z
e
dcce ; δV

e�
ce

�
: ð126Þ

A lot has been concealed in writing Eq. (126). The label ce
is the choice of base point in the polygon dual to e (in the
example edge we took ce to be the node 1). We also
introduced b̃c

0
c . Simply put, this is shorthand notation for

everything which appears in Θ next to Δhc0c . The explicit
form of such a term depends on the choices of ce and so we
will not write it out in general. We will define b̃c

0
c in an

explicit example shortly.
We can now determine the discrete variables. The

discrete variables are bðcc0Þ� ¼
R
ðcc0Þ� b̃

c0
c ∈ soð4Þ� on tri-

angles, hcc0 ∈ SOð4Þ on links dual to triangles, le ¼R
e dcce ∈ R4 on edges, and Ve� ¼ Ve�

ce on polygons dual
to an edge. The variables are summarized in Table VII
and Fig. 4.
The discrete potential looks just like that of (82), but with

the translation sector on the edges and dual faces instead of
the links and triangles.

flα; Vβg ¼ −δβα ð127Þ

fhαβ; bσρg ¼ ðJσρhÞαβ
fbσρ; bαβg ¼ ησαbρβ þ ηρβbσα − ησβbρα − ηραbσβ: ð128Þ

7If we enforce the fact there is no curvature on the edges, this
assumption is obviously true. If we do not impose flatness right
away, we have to make this assumption to get to the relevant
result. Hence we can get our result, even though there is no
flatness, but such that our assumption is satisfied.
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For each edge e of the triangulation we have the deco-
rations le and Ve� which decorate, respectively, the edge
and the dual face, with a Poisson bracket (127). For each
link l, we have the decorations hl and bl which decorate,
respectively, the link and the triangle l�, with Poisson
brackets (128).
These variables satisfy a set of constraints different than

in the ones in the BF discretization. In order to justify these
constraints and see that they follow from the definitions of
the discrete variables in terms of the continuous functions,
we need to explicitly define b̃c

0
c and make choices about

where to base the edge variables. In order to simplify these
expressions and be exhaustive, we will consider an explicit
example.

2. Explicit case: Example of the sphere

The triangulation we choose is that of the 4-simplex. The
space is divided into five tetrahedra. The centers of the five
tetrahedra will be labeled by integers f1; 2;…; 5g. The
vertices of the tetrahedra will be labeled by overlined
integers f1̄; 2̄;…; 5̄g. The tetrahedron i� will have vertices
f1̄;…; 5̄gnī. A diagram indicating the orientation of the

links and edges is shown in Fig. 5. The calculation on the
edges is just like in the example we did previously, since
each edge is dual to a triangle. The resulting dual face
variables are:

V ½12��
3 ¼ ς43þh34ς54þh35ς35 V ½31��

2 ¼−h24ς24þh24ς54 − ς52

V ½14��
2 ¼ ς32− ς52−h25ς35 V ½51��

2 ¼ h24ς24þh23ς43þ ς32

V ½23��
1 ¼ h14ς54þh15ς15þ ς41 V ½42��

3 ¼−h35ς35− ς13þh35ς15

V ½25��
1 ¼ h13ς43 −h13ς13− ς41 V ½34��

1 ¼ ς21þh15ς15þh12ς52

V ½53��
1 ¼−h14ς24− ς41þ ς21 V ½45��

1 ¼ ς21þh12ς32þh13ς13:

ð129Þ

In the above, we have always based the variables at the
lowest node in numerical order. This is a choice made
arbitrarily, any node which is a vertex of ½ij�� would be
equally valid. The resulting expressions for the soð4Þ�
variables are:

FIG. 4. A link in red is decorated by a SO(4) holonomy, a dual
face is decorated by an element in R4� ≅ R4. An edge in blue is
decorated by an element inR4, the triangle in blue is decorated by
a so�ð4Þ ≅ R6 element. The building blocks to construct the
discrete phase space are still isomorphic to T�ISOð4Þ since
ðSOð4Þ ⋉ R4�Þ ⋉ ðso� ×R4Þ ≅ ðSOð4Þ ⋉ R4Þ ⋉ ðso� ×R4�Þ ≅
T�ISOð4Þ.

FIG. 5. The edges of the complex are shown with solid black
lines and the dual complex is shown with dotted red lines. The
arrows indicate the orientation chosen.

TABLE VII. Summary of discretization of BFCG theory. The key result is that bðcc0Þ� depends on many variables,
namely c, ς, and b, as illustrated in (130). In particular, we have integrations both on the triangle and some of the
edges forming its boundary.

Discrete variable Definition in terms of continuous variables Home in cellular complex

Vce Linear combination of ς’s around an edge Polygon e�, a face in the dual complex
lce

R
e dcce Edge e of tetrahedron

hðcc0Þ hcc0 Links
bðcc0Þ�

R
ðcc0Þ� b̃

c0
c Triangles
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bð12Þ� ¼
Z
½345�

ðdb1 − d½c1; σ1� − ½dc1; dς21�Þ þ
Z
½45�

½dc1; h12ς32h21� þ
Z
½34�

½dc1; h12ς52h21�

bð23Þ� ¼
Z
½145�

ðdb2 − d½c2; σ2� − ½dc2; dς32�Þ þ
Z
½51�

½dc2; h23ς43h32�

bð34Þ� ¼
Z
½125�

ðdb3 − d½c3; σ3� − ½dc3; dς43�Þ þ
Z
½12�

½dc3; h34ς54h43�

bð45Þ� ¼
Z
½123�

ðdb4 − d½c4; σ4� − ½dc4; dς54�Þ

bð51Þ� ¼
Z
½234�

ðdb5 − d½c4; σ4� − ½dc5; dς15�Þ −
Z
½34�

½dc5; ς15� −
Z
½23�

½dc5; ς15�

bð14Þ� ¼
Z
½235�

ðdb1 − d½c1; σ1� − ½dc1; dς41�Þ þ
Z
½23�

½dc1; h14ς54h41� −
Z
½53�

½dc1; h14ς24h41�

bð25Þ� ¼
Z
½134�

ðdb2 − d½c2; σ2� − ½dc2; dς52�Þ −
Z
½14�

½dc2; h25ς35h52�

bð31Þ� ¼
Z
½245�

ðdb3 − d½c3; σ3� − ½dc3; dς13�Þ þ
Z
½25�

½dc3; ς13� −
Z
½25�

½dc3; ς43� −
Z
½45�

½dc3; ς13�

bð42Þ� ¼
Z
½135�

ðdb4 − d½c4; σ4� − ½dc4; dς24�Þ −
Z
½51�

½dc4; ς24� −
Z
½31�

½dc4; ς54� þ
Z
½31�

½dc4; ς24�

bð53Þ� ¼
Z
½124�

ðdb5 − d½c5; σ5� − ½dc5; dς35�Þ −
Z
½42�

½dc5; ς15� þ
Z
½42�

½dc5; ς35� −
Z
½12�

½dc5; ς35�: ð130Þ

Clearly there is a lack of symmetry due to the orientation
choices for the links.

3. Constraints

The discrete variables in this new polarization give rise to
a new set of constraints. We follow the terminology of [23]
to name the constraints.
Compared to the BF case, there are two sets of new

constraints: The 2-Gauss constraints encoding the triangles
are closed and the 2-flatness encoding that the dual
polyhedra are closed.
We then have the more usual sets of constraints, the 1-

Gauss constraints and the 1-flatness constraints. The latter
encodes that the holonomies along the links forming a
closed loop should be trivial. The former encodes that the
triangle decoration should be equal to a specific quantity.
Finally, there is also the edge simplicity constraints. This

constraint is actually implied if we have flatness, but can
hold without having flatness.
Let us review the explicit shape of the constraints.

2-Gauss constraints.—For each triangle in the simplex,
there is a constraint on the edge data. For example, for the
triangle ð45Þ�,

h43l
½12�
3 h43 þ h41l

½23�
1 h14 þ h42l

½31�
2 h24 ¼

Z
∂½123�

dc4 ¼ 0:

ð131Þ

Such a constraint is the discrete analog of the constraint
dAC ¼ 0, since

C ¼ g−1dcg ⇔ dc ¼ gCg−1 ⇔ d2c ¼ 0

¼ gðdCþ ½g−1dg; C�Þg−1 ¼ gðdCþ ½A;C�Þg−1: ð132Þ
In general, the edge variables l corresponding to the

edges of a triangle sum to zero. The sum can only be
performed after each variable is transported to the appro-
priate node. The full list of triangle constraints in the
4-simplex are given below, as

G½123�
4 ¼ h43l

½12�
3 þ h41l

½23�
1 þ h42l

½31�
2

G½124�
5 ¼ h53l

½12�
3 þ h51l

½25�
1 þ h52l

½51�
2

G½125�
3 ¼ l½12�

3 − l½42�
3 − h32l

½14�
2

G½134�
2 ¼ −l½31�

2 − l½14�
2 þ h21l

½34�
1

G½135�
4 ¼ −h42l

½31�
2 − h41l

½53�
1 þ h42l

½51�
2

G½145�
2 ¼ l½14�

2 þ h21l
½45�
1 þ l½51�

2

G½234�
5 ¼ h51l

½23�
1 þ h53l

½42�
3 þ h51l

½34�
1

G½235�
1 ¼ l½23�

1 − l½53�
1 þ l½25�

1

G½245�
3 ¼ −h31l

½25�
1 − l½42�

3 þ h31l
½45�
1

G½345�
1 ¼ l½34�

1 þ l½45�
1 þ l½53�

1 : ð133Þ
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The relative sign differences between terms comes from the
ϵeðcc0Þ factor introduced above.

2-flatness.—This set of constraints is interpreted as the
closure of the dual polyhedra (tetrahedra in our illustrating
example). By Minkowski’s theorem, the sum of vectors
normal to faces of a polyhedron with magnitude equal to
the face area is zero. In this system, the analogous
quantities are the variables on the faces, V. For example,
the closure of the polyhedron dual to 1̄ is

h23V
½12��
3 h32 þ V ½14��

2 þ V ½13��
2 þ V ½15��

2 ¼ 0: ð134Þ

This follows directly from the definitions of the face

variables (also using V ½ij� ¼ −V ½ji�). In our example,

there are five such polyhedron constraints shown
below,

P1̄ ¼ h23V
½12��
3 h32 þ V ½14��

2 − V ½31��
2 − V ½51��

2

P2̄ ¼ V ½23��
1 þ V ½25��

1 − h13V
½12��
3 h31 − h13V

½24��
3 h31

P3̄ ¼ h13V
½31��
3 h31 þ V ½34��

1 − V ½53��
2 − V ½23��

2

P4̄ ¼ V ½45��
1 þ V ½42��

1 − h12V
½14��
2 h21 − V ½34��

1

P5̄ ¼ V ½53�� þ h12V
½51��
2 h21 − V ½45��

1 − V ½25��
1 : ð135Þ

1-Gauss.—Due to the less trivial continuity equations for
the soð4Þ� variables, the expression for the tetrahedron
constraints appears more cumbersome:

X
c0∶c→c0

bðcc0Þ�−
X
e

½le
c;Ve�

c �−
X

c0∶c0→c

hcc0bðc0cÞ�hc0c¼0: ð136Þ

The explicit form of the sum depends on where we choose to base our variables l and V, as well as the orientation of the
links. The first sum is a sum over the links, which have the source point at c, and the third sum is over links, which have their
target node at c. The second sum is over the edges such that le and Ve� are based at c. If no l is based at c, this is just the
empty sum. With the variables defined above, we have the five constraints:

T 5 ¼ bð51Þ� þ bð53Þ� − h54bð45Þ�h45 − h52bð35Þ�h25

T 4 ¼ bð45Þ� þ bð42Þ� − h41bð14Þ�h41 − h43bð34Þ�h34

T 3 ¼ bð34Þ� þ bð31Þ� − h32bð23Þ�h32 − h35bð53Þ�h53 − ½l½12�
3 ; V ½12��

3 � − ½l½42�
3 ; V ½42��

3 �
T 2 ¼ bð23Þ� þ bð25Þ� − h24bð42Þ�h42 − h21bð12Þ�h21 − ½l½14�

2 ; V ½14��
2 � − ½l½31�

2 ; V ½31��
2 � − ½l½51�

2 ; V ½51��
2 �

T 1 ¼ bð12Þ� þ bð14Þ� − h13bð31Þ�h31 − h15bð51Þ�h51 − ½l½45�
1 ; V ½45��

1 � − ½l½23�
1 ; V ½23��

1 �
− ½l½53�

1 ; V ½53��
1 � − ½l½34�

1 ; V ½34��
1 � − ½l½25�

1 ; V½25��
1 �: ð137Þ

We emphasize that these constraints are realized by the definition of the fields. We expect them to be the discretization of the
constraint dABþ ½C ∧ Σ� ¼ 0.
Since these constraints do not seem to be very natural, let us illustrate in one example how this comes to be. For

concreteness, let us take T 3 as an example. For convenience we recall the relevant triangle variables

bð23Þ� ¼
Z
½145�

ðdb2 − d½c2; σ2� − ½dc2; dς32�Þ þ
Z
51

½dc2; h23ς43h32� ð138Þ

bð34Þ� ¼
Z
½125�

ðdb3 − d½c3; σ3� − ½dc3; dς43�Þ þ
Z
½12�

½dc3; h34ς54h43� ð139Þ

bð31Þ� ¼
Z
½245�

ðdb3 − d½c3; σ3� − ½dc3; dς13�Þ þ
Z
25

½dc3; ς13� −
Z
25

½dc3; ς43� −
Z
45

½dc3; ς13� ð140Þ

bð53Þ� ¼
Z
124

ðdb5 − d½c5; σ5� − ½dc5; dς35�Þ −
Z
42

½dc5; ς15� þ
Z
42

½dc5; ς35� −
Z
½12�

½dc5; ς35�: ð141Þ

Using the continuity equations, we can check that
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−h32bð23Þ�h23 ¼
Z
½145�

ð−db3 þ d½c3; σ3�Þ −
Z
½51�

½dc3; ς43� ð142Þ

and

−h35bð53Þ�h53 ¼
Z
½124�

ð−db3 þ d½c3; σ3�Þ þ
Z
½42�

½dc3; h35ς15h53� −
Z
½42�

½dc3; h35ς35� þ
Z
½12�

½dc3; h35ς35h53�: ð143Þ

We now evaluate the sum involving the b variables,

bð34Þ� þbð31Þ� −h32bð23Þ�h32−h35bð53Þ�h53 ¼
Z
½125�

dðb3− ½c3;σ3�Þþ
Z
½245�

dðb3 − ½c3;σ3�Þ

−
Z
½145�

dðb3− ½c3;σ3�Þ−
Z
½124�

dðb3− ½c3;σ3�Þ−
Z
½125�

½dc3;dς43�−
Z
½245�

½dc3;ς13�

þ
Z
½12�

½dc3;h34ς54h43�þ
Z
25

½dc3;ς13�−
Z
25

½dc3;ς43�−
Z
45

½dc3;ς13�

þ
Z
½42�

½dc3;h35ς15h53�−
Z
½42�

½dc3;h35ς35� þ
Z
½12�

½dc3;h35ς35h53�−
Z
½51�

½dc3;ς43�

ð144Þ

¼
Z
½1245�

d2ðb3 − ½c3; σ3�Þ þ
Z
∂½125�

½dc3; ς43� þ
Z
∂½245�

½dc3; ς13�

þ
Z
½12�

½dc3; h34ς54h43� þ
Z
25

½dc3; ς13� −
Z
25

½dc3; ς43� −
Z
45

½dc3; ς13�

þ
Z
½42�

½dc3; h35ς15h53� −
Z
½42�

½dc3; h35ς35� þ
Z
½12�

½dc3; h35ς35h53� −
Z
½51�

½dc3; ς43�:

ð145Þ

We have used the observation that the four surfaces we are
integrating over in the first four terms of the first line are the
boundary of the tetrahedron 1�. We then use Stokes
theorem to write it as derivative in the bulk of the
tetrahedron. We can then use that d2 ¼ 0 to say that the
first integral after the second equality vanishes. Next we
write out the integral

R
∂½125� and

R
∂½245� as integrals over

edges. We then collect terms:

bð34Þ� þ bð31Þ� − h32bð23Þ�h32 − h35bð53Þ�h53

¼
Z
½12�

½dc3; ς43 þ h34ς54h43 þ h35ς35h53�

þ
Z
½42�

½dc3; h35ς15h53 − h35ς35 − ς13� ð146Þ

¼ ½l½12�
3 ; V ½12��

3 � þ ½l½42�
3 ; V ½42��

3 �; ð147Þ

which is precisely T 3 ¼ 0.

Edge simplicity and 1-flatness.—Now let us consider the
edge simplicity constraint. We consider this condition

instead of the usual flatness constraint because it appears
as the less strict condition we must impose in order to
discretize the potential.
The edge simplicity constraint for a given edge e

follows directly from the property of the fields we intro-
duced in (97). By integrating this expression on the edge,
we just get

Ee
c ¼ le

c − h−1e le
che ¼ 0;

he ¼
Y

ðciciþ1Þ∈∂e�
hciciþ1

: ð148Þ

This constraint can be viewed as the discretization of the
constraint ½F ∧ C� ¼ 0.
Similar constraints hold when V replaces l, which is

inherited from (122). This can be seen as a dual face
simplicity.
The 1-flatness constraint appears by constraining the

constants hcc0 to form a flat closed holonomy along the
loop ∂e�,
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he ¼
Y

ðciciþ1Þ∈∂e�
hciciþ1

¼ 1: ð149Þ

This constraint implies the constraint (148).

V. 2-GROUP STRUCTURES

In this section, we put our findings in light of the higher
gauge theory context and its discretization. We first recall
quickly the concept of higher gauge theory mostly relying
on [5].

A. From 2-group to higher gauge theory
in a nutshell

There is a natural 2-group interpretation for the dis-
cretized symmetries we have obtained. We recall that a
(strict) 2-group can be seen as a crossed module,
ðG;H; t;⊳Þ, which consists of a pair of (Lie) groups
ðG;HÞ with a group homomorphism t∶H → G called
the target map and an action ⊳ of G on H. The target
map and the action must satisfy some compatibility
relations:

tðhÞ ⊳ h0 ¼ hh0h−1; tðg ⊳ hÞ ¼ gtðhÞg−1: ð150Þ

The crossed module is equipped with two product laws.
The first one is inherited from considering H > ⊲G,

ðh1; g1Þ • ðh2; g2Þ ¼ ðh1ðg1 ⊳ h2Þ; g1g2Þ;
ðh; gÞ−1• ¼ ððg ⊳ hÞ−1; g−1Þ: ð151Þ

The other multiplication comes from the product of H,

ðh1; g1Þ⋄ðh2; g2Þ ¼ ðh1h2; g1Þ; if g2 ¼ tðh1Þg1: ð152Þ

ðh; gÞ−1⋄ ¼ ðh−1; tðhÞgÞ; and unit ð1; gÞ: ð153Þ

We note that by demanding that the t map is trivial, the
vertical composition implies that the holonomy g2g−11
is flat.
The notion of 2-Lie algebra, which can be exponentiated

to the Lie 2-group [31], is relevant to discuss the BF or
BFCG theories.
A Lie 2-algebra is given by the differentiation of the Lie

2-group [31]. A Lie 2-algebra can be given by the differ-
ential crossed module ðLieG;LieH; τ; αÞ, where both τ and
α are obtained by differentiating t and⊳, respectively. The
compatibility relations are now

τðαðxÞðyÞÞ ¼ ½x; τðyÞ�; αðtðyÞÞðy0Þ ¼ ½y; y0�;
x ∈ LieG; y; y0 ∈ LieH: ð154Þ

Equipped with the notion of the Lie 2-group and Lie
2-algebra, we can define the notion of higher gauge theory

[32]. It is specified in terms of a 1-connection, the usual
gauge connection, denoted A, a 1-form with value in
LieG, and a 2-connection, often noted B or Σ, a 2-form
with value in LieH. Together with these connections, we
get the associated curvatures. We have the 1-curvature,
which is the usual curvature found in gauge theory,
FðAÞ ¼ dAþ 1

2
½A ∧ A�. We also have the 2-curvature

which is given by GðΣ; AÞ ¼ dΣþ αðAÞðΣÞ, where we
used the action of LieG on LieH. We note that the
1-curvature is actually specified in terms of τðΣÞ,

F ¼ τðΣÞ: ð155Þ

Finally, we have the 1-gauge transformations and the
2-gauge transformations, parametrized by a group element
g ∈ G and a 1-form a ∈ LieH, respectively, as

A0 ¼ g−1Agþ g−1dgþ τðaÞ; ð156Þ

Σ0 ¼ αðgÞðΣÞ þ dAaþ a ∧ a: ð157Þ

B. BF case

The four-dimensional BF action can be related to higher
gauge symmetries, more specifically to the (co)tangent
2-group, and at the continuum level to the associated
(co)tangent 2-Lie algebra [5].

1. Continuum level and 2-Lie algebra

The B-field, a 2-form with value in g� ∼Rd, is usually
interpreted as a Lagrange multiplier implementing the fact
we are dealing with a flat connection. In the higher gauge
theory picture, we interpret it instead as a 2-connection,
while A with value in g is the 1-connection. The relevant
2-Lie group is given by the (co)tangent 2-group, with
H ¼ LieG� ∼Rd, G, with G acting with the coadjoint
action on LieG� and the t map is constant, t ¼ 1. The
connections are valued in the associated Lie 2-algebras.
The translational symmetry of the BF action is then

interpreted as the 2-gauge transformation.

2. Discrete level and 2-Lie group

While the relevant 2-group is a (co)tangent 2-group, we
have obtained at the discrete level that this 2-group can
actually be seen as a pair of trivial 2-groups, i.e., a pair of
1-groups.
First on the dual complex, we have solely a decoration of

the links by the group elements in G. There are no
decoration on the dual faces. This means that the 2-group
is actually trivial, and we have8

8By H ¼ 1, we mean that the group is simply the identity
element. While the t≡ 1, we mean that to any element inH, the t
map associates the identity element in G.
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G≡ ISOð4Þ; H ¼ 1; t≡ 1; ⊳ trivial: ð158Þ

We note that the target map being trivial is also
equivalent to the dynamical constraint that the ISO(4)
holonomy on the links must be flat.
Second, on the triangulation we have no decoration on

the edges (so we can set equivalently any decoration to the
identity), but the triangles decorated by the Abelian group
R10 ∼ isoð4Þ� are

G≡1; H¼R10∼ isoð4Þ�; t≡1; ⊳ trivial: ð159Þ

Finally, the two (trivial) 2-groups can be seen as dual to
each other, one being configuration, the other one momen-
tum space, and together form the (co)tangent 2-group. Put
together, we can set up a phase space for each (link, trivial
face decoration)/(trivial edge decoration, triangle), with
symplectic form given by (78).
Let us reformulate the previous statement. Locally the

cotangent bundle T�G ∼Rd ⋊ G has a simple cross mod-
ule structure (with a trivial t map) and hence can be
interpreted as a 2-group. Since the cotangent bundle T�G is
naturally equipped with a symplectic form, the 2-group is
also equipped with a symplectic form. This points towards
a possible generalization of the Heisenberg double [33] to
the 2-group context.

C. BFCG case

1. Continuum level and 2-Lie algebra

While the BFCG action we considered is actually
equivalent to a BF action, the 2-gauge structure is actually
different. Now the 2-connection is not given by the full
B ¼ Bþ Σ field with value in LieG ∼ isoð4Þ�, but by the
translational sector Σ only. The B-field component with
value in soð4Þ� is now seen as a Lagrange multiplier. The
1-gauge connection is not the full connection A ¼ Aþ C
but is A lying in the soð4Þ sector, while the C component is
seen as a Lagrange multiplier. As a consequence this
means that the relevant gauge symmetry is the Euclidean
2-group SOð4Þ ⋉ R4.
While this might look to be a cosmetic change with

respect to the original Euclidean BF theory, it is actually
deeper than that. Indeed, the addition of the boundary term
modifying the Euclidean BF theory into the BFCG theory
can be seen as dualization, more exactly semidualization,
since we only dualize “half” of the Lie algebra isoð4Þ,
namely the translational part. While the charge algebra is
not modified, the place where these charges will be
discretized is modified.
Said otherwise, in the BF formulation, the B-field, the

2-connection is seen solely as the momentum, and the
1-connection is solely the configuration variable. In con-
trast, in the BFCG case, we have that the momentum
variables are a mix of a 1-connection C (in R4) and a

2-form B [in soð4Þ�], while the configuration variables are
given in terms of the 1-connection A [in soð4Þ] and the
2-connection Σ in R4.
Nevertheless, due to the equivalence with the Euclidean

BF theory, we still have the (co)tangent 2-group structure
present. To see how they still connect together we can move
to the discrete picture.

2. Discrete level and 2-Lie groups

First, on the dual complex, we have SOð4Þ holonomies
decorating the links and elements in R4 decorating the dual
faces. We recognize this as the Euclidean 2-group,

G≡ SOð4Þ; H ¼ R4;

t≡ 1; ⊳ canonical action of SOð4Þ onR4: ð160Þ

Once again, the target map being trivial is also equivalent to
the dynamical constraint stating that the SOð4Þ holonomy
on the links must be flat.
Second, on the triangulation, we have that the edges are

decorated by elements in R4� ∼R4, and the triangles
decorated by the Abelian group R6 ∼ soð4Þ�. Hence we
have the trivial cross module

G≡R4; H¼R6∼soð4Þ�; t≡1; ⊳ trivial: ð161Þ

Finally, once again, the two 2-groups can be seen as dual
to each other. Put together, we can set up a phase space for
each (link, face)/(edge, triangle), with symplectic form
given by (126). The total phase space is again based on
T�ISOð4Þ. This is where the equivalence with the usual
Euclidean BF formulation appears. As we recalled in the
previous section, T�ISOð4Þ can be seen as a cross module
equipped with a symplectic structure. Unlike in the BF
case, now the components of this 2-group are themselves
nontrivial 2-groups in the sense that both contain decora-
tion on the face/triangle. This puts further arguments that
the generalization of a 2-Heisenberg double, defined as a
2-group and seen as a phase space with both configuration
and momentum spaces being 2-groups might exist.

VI. OUTLOOK

We have revisited the discretization of 4D BF theory and
highlighted that this discretization (and in turns the quan-
tum theory) is very sensitive on the choice of boundary
terms. This is yet another example of the importance of
such boundary data in probing the quantum regime of a
gauge theory [2–4]. Here the boundary term just imple-
mented a partial change of polarization which allowed us to
rewrite the Euclidean BF theory as the BFCG theory. It was
already known that a full change of polarization leads, at
the discretized level, to the notion of the “BF vacuum” [8],
so that the kinematical symmetries are not the Lorentz ones
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(through the Gauss constraint) but instead the translational
ones (through the flatness constraint).
Here we performed only a partial change of polarization,

in the case where the gauge group is not the Lorentz group
but the Euclidean group. At the level of the action, this
implemented a change from a regular BF action to the
BFCG action. At the discrete level, one gets the usual phase
space built out of T�ISOð4Þ for each link of the dual
1-complex, which is the classical phase space behind the
standard notion of spin networks. With the partial change of
polarization, we obtain the phase space of the so-called G
networks, which are based on 2-group structures. We were
therefore able to recover the expression of the G-network
discrete variables in terms of the continuum variables.
Such identification is actually very important to relate

gravity to the BF or BFCG theory. Indeed, gravity can be
obtained at the continuum level by constraining the B field,
through the simplicity constraints [13,14,16].
In the BFCG case, what stands for the discretized B field

is actually a function of several of the continuous fields.
Hence demanding that such a discretized B field satisfies
the simplicity constraint is not equivalent to the continuum
simplicity constraint. This might explain why the discrete
simplicity constraint leads to such drastic reduction of the
model [13,14]. It would be interesting to see what the actual
relevant discretization of the simplicity constraint is for the
BFCG case, but we leave this question for the future.
The Euclidean BF theory or the BFCG theory are

equivalent up to a boundary term, so we expect them to
have the same physical content. We note that each theory
corresponds to different symmetries, both given in terms of
2-groups. In the BF case, we have a pair of trivial 2-groups,
where one of the groups is the trivial group, so that the
2-group is really a 1-group (decorating the links or the
triangles). In the BFCG case, we deal with the Euclidean
2-group and its dual. At the quantum level, amplitudes can
be constructed in terms of the representations of each
symmetry structure, be it the Euclidean 1-group or the
Euclidean 2-group. Since the two descriptions describe the
same theory, this means there must be some relation
between the amplitudes expressed in terms of the different

representation theories. Being able to identify the relation
explicitly would be extremely interesting.
In fact, some ideas on how to proceed could rely on the

concept of semidualization [34,35]. The algebraic structure
underlying the discretized BF structure, the cotangent
bundle T�G, is the Drinfeld double d ∼ isoð4Þ⊳<
isoð4Þ� ∼ ðR4 >⊲ soð4ÞÞ⊳<ðR4� >⊲ soð4Þ�Þ as a Lie
algebra. To get to the BFCG formulation, we swapped
the sector R4 and R4�, which amounts to slicing d in a
different manner. This is illustrated in Fig. 6. Still as a Lie
algebra, the relevant Drinfeld double for the BFCG
formulation is still d but is now given by

d ∼ ðR4� >⊲ soð4ÞÞ⊳< ðR4 >⊲ soð4Þ�Þ: ð162Þ

Let us recall quickly what semidualization is. If we
consider a pair of Lie algebras gi (equipped with some
cocycle), acting on each other so that we can consider the
big Lie algebra g1 ⋈ g2, then roughly the semi-dualization
is defined via the map

g1 ⋈ g2 → g1⊳◂ g�2; ð163Þ

where ◂ encodes a coaction. However since we are dealing
still with an Abelian group R4, there is no kick-back action
and no coaction upon semidualization. Note however that
the nontrivial 2-group appeared thanks to the semidualiza-
tion. We expect that a deformation ofR4 into a non-Abelian
group, such as ANð3Þ, for example, would lead to non-
trivial interesting structures related to Majid’s bicross-
product construction [34].
This later consideration brings us to a natural extension

of the current work to include the cosmological constant.
Instead of working with ISO(4), we could work with an
SOð4; 1Þ BF theory. Under the semidualization we would
expect to recover the Poincaré 2-group decorating the dual
complex and a nontrivial 2-group on the triangulation given
by the crossed module AN ⋉ R6, which has a trivial tmap.
Interestingly to be consistent with the Poisson structure,
these 2-groups should have some nontrivial Poisson struc-
ture (inherited from the coaction we just mentioned) so that

FIG. 6. Pictorial representation of the semidualization process relating the BF discretization to the BFCG one.
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they would be really quantum 2-groups under quantization.
Preliminary studies point to the apparition of the κ-Poincaré
group and the κ-Poincaré algebra. This is work in
progress [36].
During our discussion, we did not consider excitations of

any kind. We could decorate the vertices with 2-curvature
excitation, or the edges with 1-curvature excitation. While a
4DBF theory is naturally coupledwith stringlike excitations
[37,38], it would be interesting to see how these are
expressed when using the nontrivial 2-gauge picture, i.e.,
theBFCG formulation.We leave this for later investigations.
Finally, we have discussed that BF theory has two main

discretizations, the standard one and the dual one where we
swap the full group with the dual Abelian group. We argued
that we can do a partial dualization where we swap only the
translational sector to recover the BFCGdiscretization. There
is therefore a fourth case, wherewe do a partial dualization on
the Lorentz sector. This would amount to a “dual” BFCG
discretization. We leave this case for later study.
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APPENDIX: CHARGE ALGEBRAS

1. BF case

The BF charge algebra is

fPβ0 ;Pβg ≔ δβ ⌟ ðδβ0 ⌟ ΩÞ ¼ −δβ ⌟ δPβ0 ðA1Þ
¼ 0 ðA2Þ

fJ α;J α0 g≔δα ⌟ðδα0 ⌟ΩÞ

¼
Z
M
dhB∧ ½α0;α�i−

Z
M
hdAB∧ ½α0;α�i ðA3Þ

¼ J ½α0;α� ðA4Þ

fJ α;Pβg ≔ δα ⌟ ðδβ ⌟ ΩÞ

¼
Z
M
dh½α; β� ∧ Ai þ

Z
M
h½α; β� ∧ F i

þ
Z
M
hdα ∧ dβi ðA5Þ

¼ P½β;α� þ
Z
M
hdα ∧ dβi: ðA6Þ

The brackets form a closed algebra up to the extra boundary
term in the J , P bracket, which can be viewed as a central
extension. In the following we will focus on parameters
ðα; βÞ which are constant on the boundary ofM, so that this
central extension vanishes. When picking such parameters
we will call the charges, global charges.

2. BFCG case

We note that these charges follow directly from decom-
posing the fields in the charges of BF theory into the
subalgebra components. The resulting Poisson brackets are

fRY;RY 0g ¼ 0; fKX;Rζg¼ 0; fQζ;Rζg¼ 0; ðA7Þ

fLα;KXg¼K½X;α�; fKX;KX0g ¼ 0; fLα;Qζg¼Q½ζ;α�;

ðA8Þ

fQζ;Qζ0g ¼ 0; fLα;Lα0 g ¼ L½α0;α�: ðA9Þ

We find again the central extension,

fQζ;KXg ¼ R½X;ζ� −
Z
M
hdζ ∧ dXi;

fLα;RYg ¼ R½Y;α� þ
Z
M
hdY ∧ dαi: ðA10Þ

The Poisson brackets form a closed algebra.
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