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Twisted photons carrying orbital angular momentum (OAM) are competent candidates for future
interstellar communications. However, the gravitational fluctuations are ubiquitous in spacetime. Thus a
fundamental question arises naturally as to how the gravitational fluctuations affect the coherence and the
degree of high-dimensional OAM entanglement when twisted photons travel across the textures of curved
spacetime. Here, we consider the covariant scalar Helmholtz equations and the Minkowski metric with
fluctuations of Gaussian distribution and formulate analytically the equations describing the motion for
twisted light in the Laguerre-Gaussian mode space. It is seen that the OAM cannot remain conserved in the
presence of gravitational fluctuations. Furthermore, two-photon density matrices are derived for interstellar
OAM quantum entanglement distribution, and the degree of entanglement degradation is characterized by
purity and negativity. It is revealed that the higher-dimensional OAM entanglement is more susceptible to
spacetime fluctuations. We believe that our findings will be of fundamental importance for the future
interstellar quantum communications with twisted photons.
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I. INTRODUCTION

Multiple degrees of freedom, such as wavelength,
polarization, and time-bins, have been utilized to convey
information in optical communications [1,2]. Additionally,
entanglements of these degrees of freedom are the primary
sources of quantum communications. However, since these
entanglements may be altered during propagation under the
impact of media, their transmission must be investigated to
compensate for these modifications. Unlike polarization,
which is specified in a two-dimensional space, orbital
angular momentum (OAM) of light may assume well-
defined values of lℏ where l ¼ 0;�1;�2;…, that span an
infinite-dimensional Hilbert space [3–14]. Due to the fact
that information may be encoded in a high-dimensional
space, light with OAM is a potential source for future
quantum communications [15]. However, OAM entangle-
ments are suffered from the adverse effects from the
environment. For instance, some investigations have shown
the degradation of OAM entanglements as a result of
atmospheric turbulence [16–20]. As a result, the OAM light
transmission distance remains inside the confines of a city
[21,22]. Fortunately, in outer space, OAM entanglement
will be free from these harmful atmospheric effects.

In recent years, there were several attempts to connect
the photon OAM detection with astronomical observations.
Harwit briefly discussed the possible astronomical appa-
ratus for detecting photon OAM as well as their limitations
[23]. It was revealed by Tamburini et al. that it is possible to
measure the twisted light for a direct observational dem-
onstration of the existence of rotating black holes, arising
from the relativistic effect of their surrounding space and
time [24]. By extracting the OAM spectra from the radio
intensity data collected by the Event Horizon Telescope,
the first observational evidence of twisted light from a
rotating black hole M87* was presented by Tamburini and
coworkers [25]. Also, the effects of reduced spatial coher-
ence of astronomical light sources and that of line-of-sight
misalignment on the OAM detection were considered
carefully by Hetharia et al. [26].
Photons move not just through a medium in interstellar

communications, but also across the textures of spacetime,
requiring consideration of general relativity [27–29].
Recent years have also witnessed a growing research
interest in how coherence and quantum entanglement
was affected in curved spacetime [30–43]. To name a
few, the event formalism was proposed to solve the closed
timelike curves (CTC) problems, although a recent experi-
ment with the quantum satellite Micius did not support its
prediction that time-energy entangled photons would
decorrelate after passing through different regions of
gravitational potential [30–33]; a master equation for
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photons was developed by modeling decoherence arising
from a bath of stochastic gravitational disturbances [34,35];
the quantum field theory of light in generally curved
spacetime geometry was studied by Exirifard et al. and
the leading corrections by the Riemann curvature to
quantum optics are calculated [36]. Hitherto, to the best
of our knowledge, the study for degradation of high-
dimensional OAM entanglement due to gravitational fluc-
tuations has not yet been conducted, which, however, is of
fundamental importance for future interstellar communi-
cations with twisted photons.
Gravitational fluctuations may come from a variety of

sources. Classically, they can be a remnant of primordial
gravitational waves generated during the early stage of the
universe, a remnant of the big bang as the cosmic micro-
wave background, or the sum of the gravitational waves
randomly produced by a vast variety of sources in the
universe [42,44]. Also, gravitational fluctuations can arise
due to the quantum gravity, which is still in debate, in the
form of quantum noise [45,46]. Due to the fact that the
gravitational fluctuations are ubiquitous in spacetime, it is
of fundamental importance to investigate the effect of
gravitational fluctuations on the high-dimensional OAM
entanglement for future interstellar communications. Here,
we formulate analytically the equations describing the
motion for twisted light in the Laguerre-Gaussian mode
space based on the Minkowski metric and fluctuations. By
taking ensemble averages over fluctuations, the evolution
of two-photon density matrices for high-dimensional OAM
states is derived and the degree of entanglement degrada-
tion is measured by calculating its negativity. We reveal that
the higher-dimensional OAM entanglement is more sus-
ceptible to spacetime fluctuations.
We will operate in position space, i.e., expanding OAM

states into Laguerre-Gaussian (LG) modes, LGl;pðxÞ.
Several integrals involving LG modes and other functions
will be produced. Due to the fact that LG modes include
associated Laguerre polynomials, solving the integrals will
be challenging. Fortunately, this issue may be overcome by
using the generating-function approach. Unless otherwise
specified, geometrized units with c ¼ G ¼ 1 are used. The
signature of metrics will be chosen as ð−;þ;þ;þÞ. The
following conventions apply to indices: all Greek indices
run in f0; 1; 2; 3g, whereas Latin indices run in f1; 2; 3g.
The following assumptions and approximations are made
for simplicity. First, the beam is assumed to be mono-
chromatic and the paraxial approximation is applied;
second, the polarization degrees of freedom will be
neglected, since light fields with different polarizations
will not couple to each other in the following analysis and
polarizations obey the superposition principle; third, the
geodesic via which photons propagate will be approxi-
mated by a straight line due to the weak magnitudes of
fluctuations. Throughout this paper, x or xμ stand for the
four position vector ðx0; x1; x2; x3Þ, x for its spatial

components ðx1; x2; x3Þ and x⊥ for the spatial transverse
components ðx1; x2Þ.

II. LIGHT WAVE IN METRIC FLUCTUATIONS

We start by considering two entangled light beams
traveling between satellites as in Fig. 1. Suppose the
metric experienced by them can be expressed as gμνðxÞ ¼
ημν þ ϵhμνðxÞ, where ϵ is a systematic perturbation param-
eter which will be set to one in the end, ημν is the
Minkowski metric and hμνðxÞ is the metric fluctuations.
As known, there are a variety of fluctuation sources, e.g., a
remnant of primordial gravitational waves generated during
the early stage of the universe, gravitational waves ran-
domly produced by a vast variety of sources in the universe,
and the quantum gravity effects. Hence, according
to the law of large numbers, we can assume the spacetime
to be fluctuating around the Minkowski metric, i.e.,
hhμνðxÞi ¼ 0, and isotropic such that its autocorrelation
obeys a Gaussian distribution [47,48] hhμνðxÞhμνðx0Þi ¼
A2δμν expð−

P
3
μ¼0 ðxμ − xμ

0 Þ2=L2Þ, where A is the fluc-
tuation strength, and L is the correlation length of the
fluctuation. Points with distance less than L behave
coherently. Later, when we take ensemble averages over
Eq. (2), only the spatial fluctuations make an impact on the
OAM light, while the temporal parts have no effects.
Therefore, the choice of temporal correlation functions
will not affect our results of spatial OAM mode distribu-
tion. Without loss of generality, we have followed
Ref. [42] to treat the temporal and spatial components of
fluctuations equally, namely, the same correlation length L
is assumed. Also, as in [47], we assumed that hμνðxÞ ≪ 1.
As a result, only the first-order perturbation is required in
our calculation.
In the scalar theory of light propagation in free space,

scalar light field distributions satisfy the Helmholtz equa-
tion [49], ημνψ ;μ;ν ¼ 0, where commas represent partial
derivatives. This equation is already Lorentz invariant and
ψðxμÞ are scalar fields, whose second-order covariant
derivatives are invariant when the order of derivatives
change, so according to the comma-goes-to-semicolon rule
[50,51], its counterpart in curved spacetime can be written
as □ψ ¼ gμνψ ;μ;ν ¼ gμνðψ ;μ;ν − Γλ

μνψ ;λÞ ¼ 0, where the

FIG. 1. Scheme for interstellar OAM entanglement transmis-
sion. The image of satellites and planets are designed by
macrovector/Freepik.
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semicolons mean covariant derivatives, Γλ
μν are the

Christoffel symbols and we have used the fact that
ψðxÞ is a scalar field. This equation can also be derived
from the action of a scalar field in curved spacetime,
S½ψ � ¼ R

dx4
ffiffiffiffiffiffi−gp

gμνψ ;μψ ;ν=2, by varying it with respect to
ψ , where g is the determinant of the metric. We have
assumed the light beam propagates along the x3 direction
so ψðxÞ ¼ TðxÞeikðx0−x3Þ, where k is the frequency and
TðxÞ is the spatial structure mode. For a Gaussian beam,
TðxÞ satisfies the paraxial wave equation, whose solutions
may be represented as Hermite-Gaussian (HG) modes,
Laguerre-Gauss (LG) modes, Ince-Gaussian (IG) modes
[36], etc. Substituting the fluctuation metric into this
equation and keeping terms up to the first order of ϵ, we
obtain the variations of the transverse modes given by

∂3TðxÞ ≈ ∂
ðMÞ
3 TðxÞ þ ϵ∂ðFÞ3 TðxÞ; ð1Þ

where ∂
ðMÞ
3 TðxÞ ¼ ð2ikÞ−1∇2⊥TðxÞ is the variations in the

Minkowski spacetime, and ∂ðFÞ3 TðxÞ ¼ ð2iÞ−1kðh00 þ h33Þ
TðxÞ þ ð2ikÞ−1½ðh33 − h11Þ∂21TðxÞ þ ðh33 − h22Þ∂22TðxÞ�
is the first-order corrections due to the gravitational
fluctuations. We will use the superscripts (M) and (F) to
distinguish these light field variations. To obtain this result,
we have used the paraxial approximation to drop ∂

2
3TðxÞ,

and terms containing k−2 are omitted due to the large
magnitude of the frequency k. Later, we will find that only
terms proportional to k−1 have effects.

III. EQUATIONS OF MOTION FOR OAM STATES

We will consider light beams whose transverse compo-
nents have LG-mode profiles, so TðxÞ ¼ LGl;pðx⊥; x3Þ,
where l is called the azimuthal index (or topological
charge), and p is the radial index. Since we are mostly
interested in the entanglement between different azimuthal
numbers, we will set the radial number p to zero, implicitly.
Hence, jl; x3i stands for an OAM state with azimuthal
number l and x3 indicates that the mode state will be
decomposed in the position space at point x3 as jl; x3i ¼R
d2x⊥LGlðx⊥; x3Þjx⊥i.
In the Minkowski spacetime, since the LG modes are the

solutions of the paraxial wave equation, the two OAM
indices l and p will be conserved over the propagation.
However, in the presence of gravitational fluctuations,
the OAM state will evolve according to ∂3jl; x3i ¼R
d2x⊥½∂ðMÞ

3 LGmðx⊥; x3Þ þ ∂
ðFÞ
3 LGmðx⊥; x3Þ�jx⊥i, where

the perturbation parameter is set to 1. Obviously an
OAM state may spread to an OAM spectrum, i.e.,
jl;x3i→ jl̃;x3þΔx3i¼P

mCmjm;x3þΔx3i, where fCmg
is a set of constants. A tilde symbol is used to indicate that

this is a nonstandard OAM state. Especially, fjl̃;x3þΔx3ig
are not generally orthonormal. In other words, the OAM for
single-photon states after experiencing the fluctuations
cannot remain conserved well. This is because in the
Minkowski metric without fluctuations, the spacetime is
isotropic and homogeneous. However, the presence of
fluctuations will break the spacetime symmetry, thus
leading to the nonconservation and even the decoherence
of single OAM states.
Suppose, in the future, we would establish a

quantum communication channel by distributing two
entangled OAM beams as in Fig. 1. The density operator
for them is given by ρðx3Þ ¼ P

l1;l2;j1;j2 jl1; x3ijl2; x3i
ρl1;l2;j1;j2ðx3Þhj1; x3jhj2; x3j, where l1, l2, j1, j2 are OAM
indices. In a propagation over a small distance Δx3, we let
the OAM basis evolve and then project them back to
the standard OAM basis. In the Supplemental
Material [52], it will be shown that the equations of motion
(EOM) for density operator are given by ∂3ρl1l2;j1j2 ¼
L�
l1;m1

ρm1l2;j1j2 þ L�
l2;m2

ρl1m2;j1j2 þ Lj1;n1ρl1l2;n1j2þ
Lj2;n2ρl1l2;j1n2 , where repeated indices imply Einstein
summation convention and indices m1, m2, n1, n2 run in
all azimuthal numbers. The L symbols are given by

Ln;s ¼
R
d2x⊥LGnðx⊥; x3Þ∂ðFÞ3 LG�

sðx⊥; x3Þ. Notice that in
the absence of any gravitational fluctuations, or in

Minkowski spacetime, ∂ðFÞ3 LGlðx⊥; x3Þ identically vanish
and all L symbols are zero. This leaves the EOM
to be ∂3ρl1l2;j1j2 ¼ 0, i.e., the density matrix will remain
unchanged if no gravitational fluctuations affect it.
Furthermore, due to the fact that the fluctuation strength
is veryweak, in the evolution of somemode jli, the crosstalk
between jli and other modes are much smaller than jli
itself. Besides, from the definition of Ln;s, and in
the situation where the correlation length is larger
than the beam radius, we can approximately calculate
Ln;s∝

R
d2x⊥LGnðx⊥;x3Þ∇2⊥LG�

sðx⊥;x3Þ, which is non-
zero only when n ¼ s. Therefore, we will neglect those
crosstalk terms. The EOM will reduce to ∂3ρl1l2;j1j2 ¼
ðL�

l1;l1
þ L�

l2;l2
þ Lj1;j1 þ Lj2;j2Þρl1l2;j1j2 , where the Einstein

summation convention is suppressed. By substituting the
expressions of L symbols, one may verify that terms
proportional to k cancel each other.
Now let the beams propagate from distance x3 to

x3 þ Δx3. Normally, the gravitational fluctuation is
very weak, and the beam has to propagate a great
distance before its density operator changes significantly.
Therefore, we may choose Δx3 to be much greater
than L, the correlation length of the fluctuation. By
invoking the Dyson series to the second-order, and taking
ensemble average, one may have the density operator at
ðx3 þ Δx3Þ as
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ρl1l2;j1j2ðx3 þ Δx3Þ ¼ ρl1l2;j1j2ðx3Þ
�
1þ

Z
x3þΔx3

x3
dx03

Z
x03

x3
dx003hðL�

l1;l1
ðx03Þ þ L�

l2;l2
ðx03Þ þ Lj1;j1ðx03Þ

þLj2;j2ðx03ÞÞðL�
l1;l1

ðx003Þ þ L�
l2;l2

ðx003Þ þ Lj1;j1ðx003Þ þ Lj2;j2ðx003ÞÞi
�
; ð2Þ

where h·i means ensemble average. Note that if one
takes ensemble averages over crosstalk terms
Ll;jðx03ÞLm;nðx003Þ, the numerical calculations will show that
hLl;jðx03ÞLm;nðx003Þi ≪ hLl;lðx03ÞLm;mðx003Þi if l ≠ j or m ≠ n,
so the crosstalk terms can be safely neglected. After the
ensemble averages are taken, we may utilize the generat-
ing-function method [52] to find derivatives for each
element. In astrophysics and cosmology, fluctuations
occur over large distances [47], so we consider the
situation where the correlation length is larger than the
beam radius, i.e., L ≫ wðzÞ. In this case, Eq. (2) can be
approximated by ∂3ρl1l2;j1j2ðx3Þ ¼ −Cl1l2;j1j2ρl1l2;j1j2ðx3Þ=κ,
where κ ¼ 2k2w4

0=ð3LA2Þ is a characteristic length and
Cl1l2;j1j2 ¼ ðjl1j − jj1jÞ2 þ ðjl2j − jj2jÞ2. Therefore, at any
distance x3, we have

ρl1l2;j1j2ðx3Þ ¼ ρl1l2;j1j2ð0Þ exp ð−Cl1l2;j1j2x
3=κÞ: ð3Þ

Obviously, we can see a trivial case that Cl1l2;j1j2 ¼ 0 if
jl1j ¼ jj1j and jl2j ¼ jj2j and hence that the trace of density
operator is not altered along the propagation. This property
can also be seen from the definition of Ln;s, from which we
have L�

l;l ¼ −Ll;l, and L−l;−l ¼ Ll;l. Hence when jl1j ¼ jj1j
and jl2j ¼ jj2j, the fluctuation-induced correction L�

l1;l1
will

be canceled by another correction Lj1;j1 ; similarly, L�
l2;l2

will be canceled by Lj2;j2. Therefore, these elements will be
shelled from the fluctuations, and be protected from those
adverse effects.

IV. HIGH-DIMENSIONAL ENTANGLEMENT IN
GRAVITATIONAL FLUCTUATION

We will consider a high-dimensional entangled state
jψOAMð0Þi¼

P
M
m¼−M jmij−mi= ffiffiffiffi

D
p

, where D ¼ 2M þ 1
is the dimension of the system. We use the purity,
defined by P ¼ trðρ2Þ [53–55], to measure the coherence
of the system. It can be shown to be Pðx3Þ ¼P

l;j exp ð−2Cl;−l;j;−jx3=κÞ=D2. We can see that the coher-
ence will drop exponentially as x3 grows. Also, a
higher-dimensional system will lose coherence more
rapidly. For measuring entanglement, we use the negativity
N [56–60], defined by N ðρÞ ¼ −

P
λk<0 λk where

λk are eigenvalues of the partial transpose of ρ, e.g., with
respect to the second particle, ρPT ¼ P

l1;l2;j1;j2 jl1i
jj2iρl1l2;j1j2hj1jhl2j. For our system, the partial
transpose density, with respect to the second particle, is
ρPTOAM ¼ P

l;j expð−Cl;−l;j;−jx3=κÞjlij − jihjjh−lj=D. We

could numerically solve its eigenvalues to compute its
negativity.
We vary D for different dimensions and plot them in

Figs. 2 and 3. These figures show that the coherence and
entanglement of a high-dimensional system will decline
exponentially as their propagation distances increase. We
define the decay distance as the length by which the
negativity of the system drops to 1=e of the initial value,
i.e., N ðx3DÞ ¼ N ð0Þ=e. Numerically, we find that the
decay distances are 1.48κ, 0.64κ, 0.40κ, 0.20κ, 0.08κ for
D ¼ 3, 5, 7, 11, 19, respectively, which shows that higher-
dimensional system will suffer more severe degradation.
Moreover, from the property of Cl1l2;j1j2 , some specific
elements in density operators are free from fluctuations.
Entanglements stored in these safety islands will be
preserved as depicted in Fig. 4 for D ¼ 7. Note in this
figure, only nonzero elements are shown. Therefore, the
entanglements of those systems will never totally vanish.
This fact could be an advantage of OAM entanglements.
For higher-dimensional systems, even if there are more
safety islands, considerably more elements will be affected
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FIG. 2. Purities for different dimensional entanglements.
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FIG. 3. Negativities for different dimensional entanglements.
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by fluctuations. Higher-dimensional systems, in other
words, have more complex structures that are more
susceptible to fluctuations.
The degradation strength is characterized by the char-

acteristic length κ ¼ 2k2w4
0=ð3LA2Þ. Therefore, if we

would like to increase the stability of entanglements to
transfer information, we could increase the waist radius w0

or the frequency k, or lower the dimension of the system.
On the contrary, a stronger degradation strength can be
achieved by doing the opposite, in order to experimentally
quantify the parameters, A and L, of fluctuations. Even so,
these kinds of experiments are out of current technologies.

V. CONCLUSION

We have investigated the covariant scalar wave equations
in gravitational fluctuations and constructed the equations

of motion for light with OAM. The evolution of OAM
states in gravitational fluctuations is achieved by taking its
ensemble average. The high-dimensional entanglements
are explored and characterized by purities and negativities.
Our estimations indicate that the system will undergo some
decoherence, leading to the nonconservation of OAM
for single-photon states and to the degradation of OAM
entanglement for two-photon states. The parameters of
gravitational fluctuations, A and L, are still unknown to us.
We could use OAM entanglements to measure them, or
protect these entanglements from them by varying the
parameters of the light beams. Recently, quantum entan-
glement distribution, with the polarization state of light, has
been reported over a distance of 1200 kilometers based on a
satellite, toward a global scale [28]. In the future, if the
high-dimensional OAM entanglement is utilized to estab-
lish interstellar quantum communications, our result may
serve as a model for how it will evolve as it travels across
the spacetime. Especially, higher dimensional entangle-
ments have more information capacities, while being more
susceptible to fluctuations, and this balance should be taken
into account.
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