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The Schur limit of the superconformal index of a four-dimensional A/ = 2 superconformal field theory
encodes rich physical information about the protected spectrum of the theory. For a Lagrangian model, this
limit of the index can be computed by a contour integral of a multivariate elliptic function. However,
surprisingly, so far it has eluded exact evaluation in a closed, analytical form. In this paper we propose an
elementary approach to bring to heel a large class of these integrals by exploiting the ellipticity of their
integrand. Our results take the form of a finite sum of (products of) the well-studied flavored Eisenstein
series. In particular, we derive a compact formula for the fully flavored Schur index of all theories of class S
of type a;, we put forward a conjecture for the unflavored Schur indices of all A" = 4 super Yang-Mills
theories with gauge group SU(N), and we present closed-form expressions for the index of various other
gauge theories of low ranks. We also discuss applications to non-Lagrangian theories, modular properties,

and defect indices.
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I. INTRODUCTION

The superconformal index (11" is of fundamental impor-
tance to analyze and characterize four-dimensional N = 2
superconformal field theories (SCFTs) as it encodes succinctly
representation theoretical information about the protected
spectrum of the theory. It can be defined in terms of a
weighted trace over the Hilbert space of states of the radially
quantized theory.” The standard insertion in the trace of minus
one raised to the fermion number causes pairwise cancella-
tions and as a result only states of the theory that lie in the
kernel of {Q*, Q}, where Q is a chosen supercharge of the
N =2 superconformal algebra 81t(2,2|2), contribute non-
trivially to the trace [1]. Their contribution is weighted by
additional fugacities dual to Cartan generators of the commu-
tant of the supercharge Q in 3u(2, 2|2). Three such fugacities
can be turned on. If the theory has any flavor symmetries, the
trace can be further refined by flavor symmetry fugacities.

For generic values of the three conformal fugacities,
the superconformal index is a 1/8-BPS (Bogomol’'nyi

'See also [2] for a review in the context of theories of class S.
2E%uivalently, it also admits a definition as a partition function
on S° x S'. See [3-5] for a detailed discussion on such a
definition for the limit of the index of interest in this paper,
namely the Schur limit.
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Prasad—Sommerfield) object: states preserving the common
supercharge Q contribute. However, as shown in [6], upon
tuning these fugacities appropriately, one can achieve various
supersymmetry enhancements. One of these enhanced limits,
often referred to as the Schur limit, will be the quantity of
interest in this paper. It is a quarter-BPS object defined
concretely as [6]

rankG

T(q.b) = Tr(=1) ¢"* [T »}. (1.1)

Here F, E, and R are, respectively, the fermion number, the
conformal dimension, and the SU(2), Cartan generator,
while f; are the Cartan generators of the flavor symmetry
group G of the theory. The thus-defined Schur limit of the
superconformal index is often simply referred to as the
Schur index.

The Schur index is a remarkable quantity, most notably
because of the central role it plays in the SCFT/VOA (vertex
operator algebra)correspondence of [7]. (See, for example,
[2,8-20].) Indeed, the correspondence associates with every
superconformal field theory a vertex operator algebra, and the
Schur index of the former equals the vacuum character of the
latter. What is more, exploiting this map, it was argued in [21]
that the unflavored Schur index solves a modular differential
equation and thus transforms as an element of a vector-valued
(quasi)modular form of weight zero.” However, in all but a
handful of instances we currently lack the closed-form,

3For early work on the modular properties of the Schur index
see [22].
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analytical expressions for the Schur index needed to establish
these transformation properties directly. In this paper we will
develop technology to dramatically improve on this situation.
What is more, we will retain all flavor symmetry fugacities
and study modular transformations of fully flavored Schur
indices. We find these to behave as quasi-Jacobi forms as
defined in [23].

By and large, three approaches have been pursued in the
literature to compute Schur indices:

(1) For Lagrangian theories, exploiting the independence
of the superconformal index of exactly marginal
couplings, one can straightforwardly evaluate the index
in the zero-coupling limit. The result takes the form of
an integral over the gauge group, which implements the
projection onto gauge-invariant states, of an integrand
reflecting the matter content of the theory. While
evaluating these integrals in a series expansion in ¢
to an arbitrary (finite) order is easy, performing them
analytically has not yet been achieved in the literature.
The goal of this paper is to do just that.

(2) For theories of class S, the superconformal index has
been shown to be computed by a topological field
theory correlator on the UV curve describing
the theory. The topological field theory has been
identified as the zero-area limit of two-dimensional,
g-deformed Yang-Mills theory, and the wave func-
tions of the states being correlated have been
constructed [6,10,11,13,14,24-26]. The resulting
expressions for the index involve an infinite sum
over the irreducible representations of a simple,
simply laced Lie algebra. Exact evaluation of this
sum is currently not feasible.

(3) For theories of which the associated vertex operator
algebra has been identified (or conjectured) through
alternative means, it is sometimes possible to com-
pute its vacuum character and thus, indirectly, the
Schur index.

Some further sporadic results and conjectures for Schur
indices can be found in, e.g., [27-29]. Of course, these three
strategies intersect and inform one another. What is more, our
Lagrangian results allow analytical control over an interesting
class of non-Lagrangian theories as well by leveraging
S-duality and inversion formulas for integral transforms. In
particular, we find a closed-form expression for the Minahan-
Nemeschansky theory with Eg flavor symmetry, which is the
basic building block in the family of a, class S theories.
Furthermore our computations allow access to a wealth of
fully flavored vacuum characters of highly nontrivial vertex
operator algebras. Examples include, among many others, the
vacuum characters of the small N' =4 chiral algebra at
¢ = =9, 80(8)_y, (&)_y and (é;)._,.

The technology we develop in this paper was motivated
by the observation that the residue of a class of poles of the
integrand of the contour integrals defining the Schur index
of N/ =4 super Yang-Mills theories with a simply laced

gauge group carries physical meaning [30]. Namely, it is
exactly equal to the character of the collection of free
fields proposed in [31,32] that can be used to economically
realize the vertex operator algebra associated with the
N = 4 theory. What is more, the vertex operator algebra
corresponding to the A/ = 4 theory is a subalgebra of the
free field algebra: it is obtained as the kernel of some
screening charge. This strongly suggests that one ought to
be able to compactly evaluate the index of the original
theory in terms of its residues by effectively implementing
the projection onto the kernel of the screening charge. As
we will see, our techniques realize this expectation in a
computationally concrete sense and can be generalized far
beyond N = 4 super Yang-Mills theories.

In detail, the methods we introduce exploit the double
periodicity of the integrand of the contour integrals defin-
ing the Schur index. Concretely, for a Lagrangian N = 2
superconformal gauge theory with hypermultiplets trans-
forming in rankgy irreducible representations R; of the
gauge group G (with corresponding gauge algebra g), the
Schur index is computed by

N —i rankg—dimgr] T 3rankg—dimg rankg da:
(g~ G s [ o
|[W| Ll27ia;
Jj=1 J
rankgp 77(7)
< T19,(a(a)|7) B (ST A—Y)
(,H;éo 1 ,11 pg,&(p(a)%llf)

Here, |W| denotes the order of the Weyl group of g, @ # 0
are the nonzero roots of the gauge algebra, p € R, denote the
weights of the representation R;, and we expressed the
integrand in terms of the standard Dedekind eta function and
Jacobi theta functions. Finally, g = e?**, a = ¢?*®, and
similarly for b. Itis easy to verify that the integrand of (1.2) is
elliptic in each gauge fugacity separately, i.e.,a; ~a; + 1 ~
a; + 7 forall j. As aresult, the residues of the integrand as a
function of one integration variable, say, a;, is in fact an
elliptic function with respect to the remaining a’s.

The integral (1.2) can be evaluated by performing the
contour integrals one after another. We will see that the first
integral is the simplest, thanks to the integral formula we
derive in Sec. II,

da -1
7{41 Taia! (@) = 1(00) + D _RiEy {Zﬁqi]

reala;
-1
+,Z RjEl[ﬂq_%}, (1.3)
imag.a; ao
where aj_;, = 714 denotes the (finitely many, simple)

poles of the integrand within the fundamental parallelo-
gram bounded by the vertices 0,7, 1, 1 4 7, and the R; are

the corresponding residues R; = Res,, 1 f(a). Throughout

this paper we distinguish two types of poles, real if
a; € R, and imaginary if a;=real+ Az with a positive 4.
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Finally, a, is an arbitrary (regular) reference point in the
parallelogram.

After the first integral, the presence of the Eisenstein
series renders the integrand of the subsequent integrals
nonelliptic, since a;/a, may contain the remaining inte-
gration variables. Fortunately, the residues R; still enjoy
ellipticity, and we therefore develop computational tech-
niques to deal with integrals of the form

da +1
ekl E ,
7{ 2m'af(a) g [ ab }
where f(a = e*™) is elliptic with respect to a. For
example, we have

dz -1
]{1 Ef(é)Ek [ 2a }

= naf2)

real/imagp; 20

(1.4)

= =Sy <f(30) +

k—1

_ZRi

real/imagy;, =0

1
SarEr-ar 1 [ :tl:| : (1.5)
z;aq—?

where S,; is the constant term of the Eisenstein series
Esy [‘ZI] With the help of these formulas, we are able to
compute the Schur index of a vast set of theories exactly in
closed form as a finite sum of Eisenstein series.

This paper is organized as follows. In Sec. II, we
summarize the integral formula that we will apply to
evaluate Schur indices. We apply these formulas to write
down in closed form the indices of Lagrangian rank-one
theories in Sec. III. Next, in Sec. IV we evaluate the Schur
index of all theories of class S of type a;: we derive a
universal, compact formula for these indices [see (4.1)]. In
Secs. Vand VI, we further consider Schur indices of N = 4
theories and SU(N') superconformal QCD. In particular, in
Sec. VD we conjecture closed-form expressions for the
unflavored indices of N =4 super Yang-Mills theories
with gauge group SU(N). In Sec. VII, we discuss some
applications of our closed-form expressions, including
closed-form expressions for several non-Lagrangian theo-
ries including the Eg and E; Minahan-Nemeschansky
theory, modular properties, and defect indices. A couple
of appendixes contain helpful properties and results on
elliptic functions and their Fourier series.

II. INTEGRATING ALMOST ELLIPTIC
FUNCTIONS

Our main goal is to analytically evaluate the Schur index
of Lagrangian four-dimensional A/ = 2 superconformal
field theories. In other words, we aim to calculate in
closed-form contour integrals of multivariate elliptic func-
tions [see (1.2)]. As the fully flavored integrand of the
Schur index has only simple poles, in this section we

develop general techniques and derive widely applicable
results to compute multi-integrals of doubly periodic
multivariate functions with simple poles. Our strategy will
be to perform these multiple integrals one by one, but, as
we will see, ellipticity is typically lost after a single
integration. Nevertheless, we overcome this difficulty
and present integration formulas to deal with the resulting
almost elliptic integrals in a large class of cases.

A. Integrating elliptic functions

An elliptic function is a meromorphic function f(3) that
is doubly periodic, i.e.,

f@)=fa+1)=f(3+7), (2.1)

where we choose 7€ C to have a positive imaginary
part. Equivalently, one can view an elliptic function as a
meromorphic function on a torus 72 with a complex
structure specified by z. Let us call the parallelogram with
vertices 0, 1,7,7 + 1 the fundamental parallelogram. An
elliptic function is obviously completely determined by its
values in this parallelogram. In fact, up to an additive
constant, it is completely determined by its poles and their
residues within the parallelogram. Before continuing, let us
note that in Appendix A we collect various useful
special functions relevant for our purposes, and let us also
introduce a handy notational convention: we will relate
Latin alphabet letters in the normal math font, such
as a,b,...,z, to symbols in the fraktur font, such as
a,b,....3 by

a = >, b = e, cez=e¥B (2.2)
Furthermore, as is standard, we also have ¢ = ¢>*"*.

For our purposes, it is sufficient to focus on elliptic
functions possessing only simple poles. Note that such
functions necessarily must have vanishing total residue.”
As a consequence, elliptic functions with just a single
simple pole (inside the fundamental parallelogram) do not
exist. The Weierstrass zeta function, {(3), has relatively
simple behavior under shifts of its argument by 1 and
7—the failure to be doubly periodic depends only on the
parameter 7 but not on 3, though it comes very close. We
refer the reader to Appendix A, and in particular around
(A2), for the precise definition of the {-function and some
helpful properties. Nevertheless, although nonelliptic, the
{-function plays a crucial role in our analysis, as it is the
source of one unit of residue and can therefore be used to
construct any elliptic function possessing only simple
poles. In detail, let f(3) be an elliptic function with simple

“The more rigorously correct statement is that any meromorphic
1-form f(3)d3 has vanishing total residue on any compact Riemann
surface; on 72 we can construct a single periodic coordinate z, and
the statement reduces to one about meromorphic functions.

045017-3
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poles located at 3; in the fundamental parallelogram and
whose residues are given by’

1
Ry = Res, —/(3) = f IO NEEE)

Here, per our convention, z = e2™3_Then we can write the
elliptic function f as

1
fla) = Cro) 45~ zj:R,{ (6-3). (24
where C; is independent of 3 or the pole positions but can
depend on the nome 7. It is straightforward to check that the
right-hand side is indeed elliptic, using the behavior of the
{-function under shifts by a period and the fact that the sum
of the residues vanishes, i.e., Zj R; = 0. Moreover, the
pole positions and their residues on both sides of the
equation manifestly match.
We are interested in the contour integral

dz 1
j{zlzm-zf(&):A dzf(3).

Rewriting the elliptic function f in terms of the { function
as in (2.4), we have

f{l%ﬂ"’) +_ZR/daéa 3)- (2.6)

Our task is thus to evaluate the integral of the Weierstrass
zeta functions {(3 — 3;). This can easily be achieved by
observing that the {-function can be Fourier expanded
(where ’ ignores n = 0) [33],°

(2.5)

/
(a) = ~4nEa(e) —xi + 1Y g,

- sin nzt
if Img =0, (2.9)

/
1
— —471%2E i e 2;m5’
05 = —4r%sbale) i8S e

i o1 <M
Imz

(2.10)

For 3 with Img outside of the above ranges, one simply
applies the shift formula (A4). In the integral of interest
(2.6), the variables 3 — 3; belong precisely to either one of
these ranges. To distinguish these two cases, we will call 3;
real if Img; = 0 or imaginary if Img; > 0.

Now we simply compute the integral of the Fourier series

and obtain
dz ) ,

= f(3) = Cp(z) + Y R;(4n%3;Es(7) — mi)

|z]=1 2ziz real 3;

+ Y Ri(4x%3Ex(z) + mi).

imag. 3;

(2.11)

This result can be simplified more by observing that
the Weierstrass zeta function is related to the Eisenstein
series as

-1
{(3) = 27iE, { l} + 7i — 4n%3E,
q?
-1
= 27iE, { _1] — i — 47’ 3E, (2.12)
297

and by writing Cy as

C0) = Fla0) =32 S Rlan = 3y).

J

(2.13)

where 3 is an arbitrary reference value. One then finds the
explicit, analytic evaluation of the contour integral of the
elliptic function f to be

?{ dz 5
lz|= 1277:lZ

real {;

£(30) +ZRE1{ 4

(2.14)

5
Note that R; = 2ziRes, ., f(3).

°An alternatlve approach to evaluate these integrals is as follows. Note that ¢ is the derivative of the Weierstrass o-function,

d 27)?
()=o) o) =) - P 2w, @)
3 2
Therefore, we have the integral [choosing In(—1) = —zi]
1 (1 -b 1
A dsg(s—b) :lnjgf(—_b))—él-ﬂ'z (--b)Ez(T) = —ﬁi—4ﬂ2 (5—5>E2 (28)
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We can choose 3, at will, and we will sometimes exploit
this freedom to simplify expressions on a case-dependent
basis. Most often though, we simply choose 3, = 0.

A couple of remarks are in order. First, the evaluation
formula (2.14) allows one to compute the Schur index of
Lagrangian rank-one theories, i.e., N’ =4 super Yang-
Mills with gauge group SU(2) and an SU(2) gauge theory
with four hypermultiplets transforming in the fundamental
representation of the gauge group. We will do so in the next
section. Second, we notice that after a single integral, the
result stops being elliptic in a very manifest manner, as the
Eisenstein series £/ is not doubly periodic [see (A27) for its
behavior under a full period shift]. To evaluate the indices
of higher-rank theories, we will thus need evaluation
formulas involving the product of an elliptic function

f{ dz
lz|=1 2miz

As in the previous subsection, 3; for j >0 are the
positions of the simple poles of f, and they are called real or
imaginary depending on whether their imaginary part is
zero or strictly positive, and R; are their residues, i.e.,
Res._. 1 f(z). Depending on the reality of the 3;, the

f(s)Ek{ ]——Sk(f<so>+ S

za real/imag 3;

argument of the Eisenstein series involves a positive or
negative power of ,/q. Furthermore, 3, is an arbitrary
|

—1 155 1
cpt]) - X RY St

20

R/E, [

and an Eisenstein series. We will refer to such integrands
as almost elliptic.

B. Integrating almost elliptic functions

We now turn to the task of evaluating contour integrals
whose integrand is the product of an elliptic function
(possessing only simple poles) and an Eisenstein series,

dz +1
le Ef(%)Ek [ za ] )

where a is an arbitrary complex number different from a
and g (or powers thereof). Without further ado, we
immediately present our results for the integration formu-
las. First of all, we have

(2.15)

}. (2.16)

(ST

real/imag 3; =0

|
reference value. Finally, S, are rational numbers defined as

Ly

- = 2.17
2sinh% ( )

ZSfyf for y < 1.
>0

Similarly, we have established the following integration
formula:

real/imag 3 ; 20

-1 145 _
- R;| —-B,E DY SopEra- 1NE
Z J ( k=1 |:Zjaqi7:| ; 205 k+1-2¢ |:Zjaqi§:| )

real/imag3;

fugs0a L)oo 3 i)

where A, and B are rational numbers given by

o B2n 511,0
AZn - (21’1)' ) A2n+l B s
B n 5n
BZn = (2;)' — O B2n+1 - 20 (219)

Here B,, are the Bernoulli numbers.

Let us make some brief comments about the derivation of
(2.16) and (2.18), referring the reader to the appendixes for
more details. Integrals of the type (2.15) can be analyzed by
first expanding the elliptic function f(3) and the Eisenstein
series in Fourier series. The former Fourier series has
been obtained in the previous subsection, while we propose
Fourier expansions of the Eisenstein series in Appendix B.
The contour integral of products of the Fourier series is

(2.18)

|

easily evaluated and results in a novel Fourier series. The
nontrivial task is to recognize the resulting series as
combinations of Jacobi theta functions or Eisenstein series.
We have done so explicitly for relatively small k& by hand,
while for k up to 11, we considered a suitable Ansatz based
on the predicted structure of the result and checked the
integral formula in series expansions in g to very high order.

III. RANK-ONE THEORIES

A first class of theories whose Schur index we can
evaluate in closed form is Lagrangian superconformal field
theories with a one-dimensional Coulomb branch. In other
words, gauge theories with a gauge group of rank one.
Two such theories exist: first, N =4 super Yang-Mills
theory with gauge group SU(2), and second, SU(2)
superconformal QCD, i.e., an N=2 supersymmetric

045017-5
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gauge theory with four hypermultiplets transforming in the
fundamental representation of the gauge group SU(2).

A. N =4 super Yang-Mills theory
with gauge group SU(2)
Using (1.2), it is easy to write down the contour integral
computing the Schur index of the N' = 4 super Yang-Mills
theory with gauge group SU(2):

1(£2a)

1 da n(r
Trr =
N=4502) = 79 7{ 2mia 9,(b 1;[ 9. i2a T6)

(3.1)

Here b = ¢ is a fugacity for the SU(2), flavor sym-
metry of the theory when viewed as an A = 2 theory; in
other words, it rotates the adjoint hypermultiplet. For
simplicity, we start by rescaling the integration variable
as a — a/2 and using the periodicity properties of the
integrand find

da n(z
In=ssue) = 2 2mia 9,(6

3

)1;[19 (ia—i—b

(3.2)

The integrand of (3.2) is elliptic with respect to a and has
two simple poles in the fundamental parallelogram at

a==+b +; (3.3)

As classified in the previous section [see below (2.10)],
these are poles of “imaginary type.” Their respective
residues are of course opposite and are given explicitly by

1 84(b)
2i9,(26)

Res = 3.4
a—»ib+;2194 b) H 194(ia + b) (34)

Using formula (2.14), it is straightforward to compute
the contour integral,
g
! bq%q_%

gliy
! b_]q%q_%

1 94(b) -1 -1
-— E —-E . 3.6
2i9,26) \" ' b Hopt (3.6)
Here we used the reference value 35 = 0.
One can choose to further simplify the above result for
the Schur index of SU(2) N =4 super Yang-Mills by
using the symmetry property of Eisenstein series and

rewriting the Eisenstein series in terms of Jacobi theta
functions. One then finds

1 9,(b)
2i9,(2b)
1 9,(b)

*2i9,(20)

In=4su@) = —

(3.5)

1 9,(6)
279,(2b)°

i9,(b -1
Iw=asu@) =g o )E1|: ] = (3.7)

1(2b) b

When including an additional free hypermultiplet and
identifying its SU(2) flavor symmetry with SU(2), iden-
tified above, the theory has a class S description of type a;
in terms of a one-punctured torus. Denoting the Schur
index of the theory associated with an s-punctured genus g

surface as 7, ;, we thus find

1 9,(6) n(z)

Tub) =52 9,(26) 9,(b)

2&1 ZaEl[ } (3.8)

The rewriting we performed in the second equality fore-
shadows our general results for the indices 7, ; of Sec. IV.
More generally, the flavor symmetry of the additional free

hypermultiplet need not be identified with SU(2) . In that
case, we have
1 9,(b
Zl,l(ba b/) — 4( ) 'l(T) (39)

where b’ is the fugacity of the flavor symmetry of the free
hypermultiplet.

B. SU(2) superconformal QCD

We now consider an SU(2) gauge theory with four
hypermultiplets transforming in the fundamental represen-
tation of the gauge group. We denote its Schur index as
Zo.4, as it has a class S description of type a; in terms of a
four-punctured sphere. It is computed by the following
contour integral:

1 da
Tosa=—=P—39,(2a)9,(—
0.4 2?42m‘a 1(2a)8;(

ZQ)HH& ia—i—m i)

j=1

(3.10)

The poles a = :I:mj —l—%,j =1,...,4 in the fundamental
parallelogram are all of imaginary type with residues

. i9;(2m;)
R, . = Res (integrand) = +— J
JE= a—»m/.ilq%( g ) 2 1)

n(z) n(z)

. 3.11
Fiy S (my +mp) 9y (m; —my) G

We pick a =0 as the arbitrary reference value, which
happens to be a zero of the integrand. Consequently, using
(2.14), the index reads

045017-6
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4 ~17i9,(2m)) T T
10,4:;151 {m]] n(m H n(7) n(7)

1) pzdi(m+m) 8 (m;—my)’
(3.12)
where we have used the symmetry
gl gl 3.13
[ S

Note that the four fugacities m; are combinations of
those associated with the four punctures in the class S
description. Denoting the latter as b, s = 1,2, 3, 4, they are
related to m; by

b b
: m3 = bsby, ’714:—3

=b,b,, =—, .
162 by by

(3.14)

Notice, however, that after this change of variables
S-duality is not yet manifest, as the expression is not
explicitly permutation invariant in the flavor fugacities. In
Sec. IV, we will revisit this theory, and all other theories of
class S of type a;, and uncover an alternative expression
which is explicitly invariant under (generalized) S-dualities.

IV. THEORIES OF CLASS S OF TYPE q,

The next class of theories whose Schur indices we set out
to evaluate in closed form are those of class S of type a;.
Such a theory can be engineered by compactifying the six-
dimensional N' = (2,0) theory of type a; on a Riemann
surface X, of genus g and with n punctures. The punctures
mark the location of (regular) codimension-two defects
spanning the four noncompact spatial dimensions. For type
a;, a unique such defect is available. The complex structure
moduli of the Riemann surface encode the exactly marginal
couplings of the resulting four-dimensional theory.
We denote this theory 7, ,. Different degeneration limits
of the Riemann surface correspond to different (generalized)
S-dual descriptions of the theory [34]. Because the Schur
index is independent of exactly marginal couplings, it is
independent of the choice of duality frame. Consequently, it
is computed by a topological quantum field theory (TQFT)
correlator on £, ,, [9,24,35]. In particular, the index should
be invariant under all permutations of the flavor symmetry
fugacities associated with the punctures.

In this section, we show that the Schur index of the

theory 7, is given by the closed-form expression
N in W(T)n+2q 2
Tyn(4:b) =570 Z H%
J=
n+2g-2 (n429-2) ( 1)11
X BTVE { a] 4.1
2 HTE ] D)

20-22429‘ (E2k+ (2k)> for g>0,

(4.2)

Ign 0(

where in the first line we sum over all signs a; = +1
independently. The numerical coefficients 4 are determined
recursively by the equations

/Iéeven) _ le?/gg) _ /1((3(/13") =0, lga =1, (43)

k k
(2k+1) (2k+2) (2k+1)
2m:1 Z’IM 52 £=m 2»112 leffl 82 £—m
f=m ‘=m
(4.4)
B
AP Zx (sv-a) @9

where S was defined in (2.17) and B are again the Bernoulli
numbers. Note that 7, | has already been proved to take the
form (4.1) in (3.8). It is quite pleasing to note that in (4.1)
all fugacities appear on equal footing, directly reflecting the
generalized S-duality invariance of the index.

To prove this statement, we first show that the Schur
index of the trinion theory 75 takes the form (4.1).
Subsequent gaugings to add punctures and handles can
then easily be performed using the formulas presented
in Sec. II.

A. Trinion theory

The a; trinion theory 73 is a theory of eight half-
hypermultiplets. Breaking their 18p(8) flavor symmetry as
udp(8) — 3u(2) @ 30(4) = 3u(2) & su(2) @ 3u(2), its

Schur index is easily written down:

n(z)
[Te:84(6y £06, £b5)"

For our current purposes, a more useful expression for

it \i b

(4.7)

Tos(q:b) =

(4.6)

Zo5(q; l;) is as follows:

1 n(z)

To3(¢:D) = 5o 5
03(q:b) 2i [T, 9:(28;)

Note that this expression indeed conforms to (4.1). The
proof of the equality of (4.6) and (4.7) is essentially
contained in Appendix E of [6]. There it was proved that
the trinion index of type a; given in (4.6) can be written in
terms of a TQFT three-point function [6,24]7:

"We have reorganized this expression slightly compared to [6,24]
and have expressed the prefactor in terms of elliptic functions.
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Toa(¢:B) = in(x) (H

) e
(4.8)

where y) denotes the spin-j character of SU(2):
7V (a) = (a¥' —a ") /(a—a'). To establish the
equality of this expression and (4.7), one can apply the
identity

+o n+2
Y= (4.9)
n=1 q 2 - g 1 —Xq 2
to the first Eisenstein series
r+2 r+%
a7 = mom e Y-y
(4.10)

to deduce that

L=k 1
Sl )

2 z (051(12(13)151 {
n=1 q —q a=+

-1
bUpEbS |

(4.11)

J

1 n (T)n+29—2

1 n(z)* )
Res — —=9(2a)9,(-2a =
a=bn 1 g1 @ 91(2a) [T~ 91(26)) < 2 1(2a)9d )) <Hi,i'94(a +b,+b,.)

B. Induction on number of punctures

In the previous subsection we proved that Z 5 is of the form
(4.1). To increase the number of punctures n, we perform
induction on n. We thus assume that 7, , is of the form (4.1)
and aim to prove that then also 7, is. Adding a puncture
requires the evaluation of the following contour integral:

1 da
Tunis == 500z (2081 (~20

n(z)*

Hi,i’94(a +b,+b,,) '
(4.12)

XIg,n(C];b1, vesby_1,a)

Substituting (4.1) for Z, ,,, this integral is exactly of the type
(2.15) for which we have presented integration formulas in
(2.16) and (2.18). To use these formulas, we need to evaluate
the residues of the poles of the elliptic part of the integrand.
These poles only arise from the additional hypermultiplet and
are located (inside the fundamental parallelogram) at

a= Dby bZ"jl‘ q2, where a, and a, | are independent signs.
These poles are of imaginary type. Now we observe the

interesting fact that

- ianan+ 1 '7(1)”+29_ !

e ey o Y

These residues can now be plugged into the formulas (2.16) and (2.18), and we can use the reference value aj = 0, which is
a zero of the integrand. Explicitly, we treat n = even and n = odd separately. For n = even, we first notice that

Ek[;lb] —(jzl)kEk[—H }

Performing the integral over a using (2.18) we obtain

i" oy @y (—i)n ()" 207! H"_l n+ZZg—2 (n+2g-2)
T B — 2 : n%n+1 ) J) g
gt 2 21T 91(20)) “ ¢

it =1 k=1

bt (4.14)

1 155 -1
(BkEl |:H,H,1 ba,:| - ;SszkJrl—Zf |:H7:r11 b?; :|)

— n— n+2g-2
i" anan-H ( )’hng ! ( + (n+29-2)
- Z HnJrl 9, (25 ) Haj Z /Ik BkE] banba::+l Hn lb

J=1 k=1

-1
- ZSZL”Ek+l 2f|:banban+l Hn 1 b :|>

n+1

n+1

(4.15)

The terms with coefficients .4, arising from the application of (2.18) vanish thanks to the sum over a,, @, ; and the
simple identity ), 5, @fEqqq [HZM = 0. Moreover, the two sums in (4.15) are actually identical thanks to the symmetry

properties of E;. Hence, it simplifies to
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i+l n+2g 1 n+1 n+29-2 (n42g—
T = 5 ity (L) 2 4

k=1

in+1

i n+2q 1

n(z)

a= k=1

Comparing the coefficients of E, on both sides, one
deduces the recursion relations®

n+2g-2
/17+29_1 _ Z /1]((I1+Zg—2)<_8k)
k even
n+2g-2
_ (n+29-2) (o _ Bk
= Z A <3k k!), (4.17)
kke;in
and, noting that /lo'édzq 2 — pln=29=1) _ )
n+2g-2

Ai2omh) Z WSy Ly, (4.18)

15"
Y <+ Z SarExti-2¢ [
£=0

n+1 n+2g—1 (n129-1) 1
— ” 9=
=2 sy (L) 32 AR

-1 -1
n aj - BE |: n “/:|>
]i_ll bj :| k=1 H +1 b

(4.16)

An almost identical computation can be carried out for
odd n. Combining both cases, we recover the relations in
(4.3). Starting from the trinion index 7,3, we can claim
rigorously the validity of the formula (4.1) for all Z,53.
The remaining task is to apply induction on the genus g
as well.

C. Induction on genus

Having shown that (4.1) is correct for all genus zero
theories, we now increase the genus. Once again, we
proceed inductively by first assuming the validity of
(4.1) at some g and n > 2. One can easily add an additional
handle by gluing two punctures, say, the two associated
with b,_; and b,. Then the index of the genus-(g+ 1)
theory with n — 2 punctures is given by the contour integral

Toiina = ]{Zma gn(b1s by, a )(—1191(2a)191(—2a)>
s (o) S 4 o ]

da i
N 27{27[10 21153 94 (
where we made the identification b,_; — a, b, — —a upon gauging. Note the cancellations between the 9;(+2a). For
a,_; = —a,, the corresponding terms are completely independent of the a variable. For a,_; = «,, the terms depend on a
through the Eisenstein series, and the integral over a extracts their constant terms. The integral can be evaluated using the
integral formula (2.16), (2.18), and it gives

i" 77( )n+2g—2 . <n—2 >n+2g—2 (n4+29-2) |: (_1);1 :|
S a; A E| s va
ENED (2b)Z o) 2 4 1223 0]

(4.19)

Ig+l,n—2(b) =

Jj=1 k=1
i" (o)t L (n4+29-2) R (n+29-2) B
- E | | . ) 2 E A — 1, 4.20
4 IIn 219 (25 ) j=1 B : " k=1 ¢ k! ( )

k=even

where ZI implies a smaller sum over signs ay, ..., a,_» and we applied the results about constant terms collected in (A34).
To obtain the second line, we note that only when k = even can E; have a nonvanishing constant term (with the exception of
k = 1), while 22972 49 honzero only when 7 is also even. Moreover, when n > 3, the sum over a; = = kills the second

k even
(n+2g-2)

line. Therefore, given 7, ,,~3 and in particular the rational numbers 1; , the index Z . ,_, is completely determined,

"Note that 71+ 29 = 1is odd, and k+ 1 -2¢ > 2 for £ < |5!] <451,
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n n+Zg 2 !

l
Ig+],n—2 (b) = Hn+2q—

AR P

Renaming g+ 1 — g,n — 2 — n, we then recover the proposed formula for g > 1, n > 1,

in n+2g-2
LI @ )

I!J- (b) 2 Hn

On the other hand, when n = 2 in (4.20), 2* = 0 and
we have

! oo [T1] LB
Zg+1,0:+§’7(7)2y2/11({ﬂ <Ek|: 1 }+k—f>

k=1

(4.23)

In other words,

Finally, combining the induction on n and on g, one can
start with g = 0, n = 3 and obtain the index for all other
values of g, n

D. Flavoring index of genus two class
&S theory without punctures

As T, is of class S, its Schur index has already been
computed above; it reads

:; (e (E2+112>

However, 7, possesses a U(1) flavor symmetry which is
not manifest in the class S description.” In this subsection,
we aim to include it. What is more, we perform the
|

Iz,o(@) (4.25)

a2 (1) 4

n-2 n+2g-2 ( l)n
(n+29-2)
A E, [ ) } (4.21)
o) 3 45
n+2g-2 n
P n+29 2)E |: (_1) :| ) (422)
‘ iy by

computation in two different degeneration limits of X%, ,
thus allowing us to perform a refined test of generalized
S-duality. Finally, also note that 7,y has recently received
attention in the context of the VOA/SCFT correspon-
dence [36,37].

1. Duality frame I

One duality frame of the genus-two theory is given in
terms of two one-punctured tori 2(1’)1 i=1, 2 glued
together by a long tube. The theory associated with each
Zi’)l has been discussed already in Sec. IIl A: itis an N = 4
super Yang-Mills theory together with an additional dou-
blet of free half-hypermultiplets Q().'° The SU(2) flavor
symmetries of the Yang-Mills theory and the free hyper-
multiplet are identified. To form the genus-two theory 77, ,,
it is this symmetry that will be gauged among the two
copies—we will denote its associated fugacity as a.
Furthermore, the hypermultiplets Q') and Q® can be
combined in a pair of complex conjugate combinations that
transform under the U(1) flavor symmetry with opposite
charges, ¢ = J5(Q"") +iQ®) and ¢ = = (0" —iQ®)).
The flavor fugacity associated with this U(1) symmetry is
denoted b.

The corresponding flavored Schur index can thus be
written as

Tpo(B) = -2 f 44y (20)9,(~20)T,,(a.a + )T, 1(a.a —b)

2 | 2xmia
9y(a)?

94(a)y(a)  %(a)?

77(1)2]{ da
- 8% ) 2miad,(a+b)

%It is relatively common that a class S description of a theory
does not make manifest the full flavor symmetry group, but only a
subgroup, often a maximal one. A simple example is 7 4 whose
full flavor symmetry is SO(8) but of which only an SU(2)*
subgroup is manifest. The theory 7, is somewhat more unusual
in that no flavor symmetry is visible at all.

"Our notation suppresses the SU (2) flavor index of the free
half-hypermultiplets.

_n(7) ?{ da
94(a—0)  8z% | 2zmiad4(a+b)8,(a—

) 9.(a)?" (420)

where 7 | is given by (3.9). The integral can be computed
by first observing that

(l% (0)> :
94(a)
where { is the Weierstrass zeta function, as before. Next one

can note that 94(a)?/(94(a + b)94(a — b)) is elliptic with
respect to a. The relevant poles and residues are

T -1
—aag<a +2) + 8712E2[ , } (4.27)
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. 2
Res — i9,(b)

_ (408
Res = F oo, ) 42V

T
=4b+—,
a +2

Using the Fourier expansion (2.10) of {(a + %) and the
integration formula (2.16), we have

1ao®) = O ([ e [ ][]

2. Duality frame I

Another gauge theory description of the genus-two
theory can be obtained by gluing two three-puncture
spheres together via three long tubes. In this frame, the
flavored Schur index is given by the contour integral

o= f 1

n()
X , 4.30
i],Ei 194(:':01 + [15) + Qas + b) ( )

a;)9:(—2a;)

b
-1 n(r)? 9,4(0)2 where b is the fugacity associated with the U(1)-flavor
+5 £ + Ey +— 3 symmetry.
12 b 2 12) 94(b) . . . L
The a, integral involves eight poles of imaginary type,
(4.29)
o’ = aa, + fa + yb +%, afy==+1, (4.31)
Here we have chosen the reference value a =0 when
applying the integration formula. with residues
R _ —in(c)’ 91 (2aa, + 2fas + 2yb) 9, (20a,)9,(2pa,) _ (4.32)
owr 91(2aa; + 2pa3)9, (2aa; + 2yb)9, (2fa; + 2rb) 9,(2yb)
[
Choosing the reference value to be a; = 0, which happens
to be a zero of the integrand, we find the result of the first d
integral ¢ R<2ﬂ) = e By S G (4.36)
apy|2.k,f QPr2ke 27”(12 afly apy|1.k.¢
2

-1
1
ZZO_ ]{H27na Z R((l/})y(a2,a3,b)El|: :|

v
i afims azagb

(4.33)

Note that all the E; factors in the sum over a, /3, y depend
on a,. )

To proceed, we note that the function R, has poles
in a, at
’ kK 7
a=a ’ﬂ”””ﬂ —afa; +—-t+~ and
2 2
k l
ay = a2 = oy AR (4.34)

with k,Z = 0, 1. Here, poles with k = 0 are of real type and
those with k = 1 are of imaginary type. Their residues are

d
= f 22 gl
QPRE 2 Ty apy
2
81(2pa3)9, (-2
:%’7(1)2 1( ﬁa3) 1( ﬂa3)

81(2Baz + 2yb)8 (=2pas + 2yb)’
(4.35)

(2)
Raﬁy\ 1.k,Z

After the a, integral, and simplifying the resulting inte-
grand by explicitly performing various half-period shifts,
the index reads

I ]{ day  n(7)*9,(2a;)*
07 F 2miay 2]].9; (2a5 + 2b)

2L

The factor in front of the sum is again an elliptic function in
a; with periodicities 1 and z. The relevant poles and
residues are

(4.37)

k¢ 29, (2b)?
= :l:b — -, R - j: )
® T R8T e, @)

k.t =0,1. (4.38)

The final result of the Schur index then reads
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234(6) = et 2 (ZEI E 23 WEE Y E M)
“sime (5 | a5 |2 ] e ) )

To obtain this result, we also used (A53).

If generalized S-duality holds, the two descriptions of the
genus-two theory should have identical Schur indices. In
other words,

T50(2b) = T} (b), (4.40)

where we rescaled the U(1) charges appropriately. The
difference of the two indices is given by

T4,(5) ~ T5(26) = (E i 12) [()<725>

9, (46)
<(a]-5[5])
(@) 9,(0)

2
2] =0,

2 9,(2b)

(4.41)

where the right-hand side vanishes thanks to (A54).

E. Unflavoring

Suppose we have an index 7, ,(¢; l;) with n > 0 and we
would like to unflavor one of its flavor fugacities. We
|

|
consider sending b, — 1 in the compact formula for
Z,,(b). To do so, we invoke the simple limit

i 9" (a+po)

520 £-9,(2b) 9;(a + f3b)
_ 1 (9@ @y,
<>< 5.(@) 9@ 9a) > 442)

or equivalently,
. B [il}
lim ——F
b—»OﬂZ;tSI(Zb) |l ab?
27i £l +1 +1
—E E - (k+1)E
o (5[ [ o]
+1
+ZE2£ ) Eji1- 2/{ p ])

k+lJ
Asaresult, the Z
is given by

(4.43)

indices with one fugacity unflavored

" 2min(r)7r e (+29-2) (=" (=1)"
Lon(lb, =1 — —-E E
b =1 =57 ()HH&%ZHa 2 ey [ e
k+1
= (k+1)E; [ be + Z Erp(7)Es1-2¢ be , (4.44)
n—1 =1 n—1
|
where b?_, is shorthand for [[?=] b%". One can repeat this ~ Recall that
computation to further unrefine the indices. 1 " "
We have not pursued this logic in all generality to arrive  E, F_ } :%191 (3) 1 5, E, :%8} (O) (4.46)
at a compact formula for the fully unrefined limit." 2 87°91(s) 2 127° 8,(0)

However, as an example of an unflavored index, we
consider the unflavored limit of Z4. This result can be
compared against the unflavored vacuum character of

(94)_, found in [39]. The index reads

1 1
2]—[;?:1 191(25]) -

)
107

(4.45)

20,4(%17) =

""We have been informed that [38] has a proposal for such a
formula.

Taking the by, ...,
we obtain

by — 1 limit carefully one after another,

limZo,4(q; b)
b—1

109(0)* - 139,(0)81 (0)91) (0) +39(0)29
B 240 x 223 78/3 9/ (0)19/3

7).

(4.47)

On the other hand, E, is related to £, and the Jacobi theta
function by
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1 97(0)
1222 9, (0)

E4 (1) = q0,Ey(7) + Ex(v)?,  Ep= , (4.48)

and also 9 (0) = 2z5(z)*. Putting everything together, it is
then straightforward to show that

. - q04E4(7)
llmIOA(q; b) =3 qilo .
b—1 ’7(7)

Note that the normalization conventions in [39] are differ-
ent from ours.

(4.49)

F. Resumming TQFT formula

From the identification of the trinion index (4.7) with the
TQFT formula (4.8), it is natural to expect that the compact,
closed-form expressions in (4.1) are a resummation of the
TQFT formulas for all theories of class S of type a;. The
TQFT formula reads

n
.,Zg‘, l_lz (13(g—1)45n) ZC n+2g_2 HWR,‘(b[’ CI),
i=1

]EN

(4.50)

where

¢ (4:9) ~ig’ :

C . - ) ba - ba(2]+l>'

®,(9) gt g v, (b.4) 191(25);(1
(4.51)
—c/24

We have also included the central charge factor ¢
where

c

5= 12(13( 1) + 5n).

(4.52)

More explicitly, the TQFT formula can be written as

e [T & (Zbl)azi i=1 -1 \q*—q

n+2g-2

7z

(4.53)

Comparing with (4.1), one immediately notices the strong
similarities, and one derives the following resummation
formula:

1 n n+2g-2 20 (_l)n
EZ(HG") N [ : b‘“}

i=1

4
n +00 ba'
:;(Ha>2 —— n+292

(4.54)

V. N =4 THEORIES

Another series of Lagrangian theories whose Schur
index can be evaluated exactly is the N =4 super
Yang-Mills models. In Sec. Il A, we have already com-
puted the index of the N =4 theory with gauge group
SU(2). In this section we look at rank-two cases of classical
gauge groups in flavored detail and present results for
unflavored indices of all SU(N) theories.

A. SU(3)N =4 super Yang-Mills theory

The Schur index of SU(3)N =4 super Yang-Mills
theory is given by the double contour integral

1 2 da;
T =_ J
N=4s5UG3) 3!fﬂzﬂ,a 94(b)? H&4 (a;—q; +b)

(5.1)

where a3 = —a; —a, and a3 = (a1a,)7!. It is easy to
verify that the integrand is elliptic in both a; and a,. Its
poles are determined by the following six equations, which
define the zeros of the J,’s in the denominator,

ai—aj:ib+%, ij=1,23, i#j (52)

To evaluate the integral (5.1), we first perform the
integration over a;. We thus have to take into account
six poles, located at

a1:a2ib+%, (53)
4, = —2a,+ b +§, (5.4)

b © kr 7
Sy 2 T Ll k=01, (55
=Ty ERT TS (5-3)

Note that the set of poles in the last line arises from the pole
equationina; — az = 2a; + a,. Dueto the factor of 2 in front
of a;, a larger number of poles lies within the fundamental
parallelogram as compared to the cases in the first two lines.
The respective residues of these poles are given by

1.94(3(12 + 5)191 (302 + 25)

m _ 3

R . (5.6
= 6’7(7) 9,(£26)9, (3a,)9,(3a, £ 3b) (56)
ay _ i 5 94(3ay F )3 (3a, F2b)

RN =1 . (57
22 = 51 5 0008, Gay) 9, B, T 36)
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9Gray£ib+ir+57+9)?

(1)
R — . (5.8)
3EKE T 129, (£2b) ot 94Gray £3b+ 1t +50+9)9,Gra, Fib+ it +57+9)
The poles in a; are all of imaginary type; hence the result of the a; integral is given by
ZR E{l] ZR E[_] SR E[ - ] (5.9)
+ ) :
LERL] 25 3 ) 3,+.ke1 zbi2q}tq2e’”f
I
where we have chosen the reference value a; = a,, which ~ Changing the variables to
is a zero of the integrand. To integrate these terms with
respect to a,, one can first rescale (where applicable)
3a, — a, and %az — a, without affecting the integral. by=a; +a,, b, =a; —a,, (5.12)
Next, to be able to apply the integration formulas of
Sec. II B, we list the relevant poles and residues in the
following table: the integral now reads
Factor Poles Residues
(1 =0 i 94(D) 2 2-b, 1
Rl,i o “6on(r) .944(35) IN:450(4) :/ db]/ dbz 5
ay = F3b+1 40 ) 0 b,-2
Y B 6n(z) 195(“)) 1 1
RS, =0 + 500 9,050) XZ(§(51+52)’§(51—52))v (5.13)
— z i 94(b
2= ifb 2 ~ & s4<(313>
1 — 3 T 94(b
R, 4 =F37b+3 Y T

+12k=1yr+5 7y ==+l

Finally, putting everything together and simplifying, we
obtain the Schur index of N' =4 super Yang-Mills with
gauge group SU(3)

38 (e[l

(5.10)

I n-4sui3) =

It is noteworthy that the prefactor is precisely equal to the
simultaneous residue of the original integrand.

SO(4)N =4 super Yang-Mills theory

The gauge group SO(4) is not a simple Lie group: its Lie
algebra is isomorphic to 81(2) @ 8u(2). The physical
theory is a product theory, and its Schur index equals the
square of Z yr_45y(2)- This can easily be shown by a change
of variables and exploiting the periodicity with respect to the
integration variables.

The integral that computes the index reads

f“ 1H2ﬂla’aﬂ + i<j

E% H dai Z(al,az).
ja=1 31 2714

H 9 (aa; + fa;)

A
N=450(4 194(aa,- +ﬂa/ + b)

(5.11)

where the factor of 1/2 is the Jacobian. Using the
periodicity with respect to both a; and a,, the integrals
decouple as

N=4S0¢4 22 12&4 ibl+5)

7)38, (45,)
b 5.14
[/ ? 284 +b, + bJ G14)
from which we recognize that indeed
186
In-4so@) = In-ssu)(B)* = 129, (267 (5.15)

C. SO(5)N =4 super Yang-Mills theory

Next, we consider A = 4 super Yang-Mills theory with
gauge group SO(5). Since 30(5) = ugp(4), the theory is
trivially S-dual to the USp(4) theory. Manipulations
similar to the ones in the previous subsection make sure
that this expectation is borne out at the level of the index as
well. Let us thus focus on the SO(5) theory.

Its Schur index is computed by
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N=4500) g P 1L Diay 9,(0)% 94(ay £ 0)94(ay £ 0)94(a; + ay £ 0)94(a; —a, £5)
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(5.16)

Here we simply list the poles and residues relevant for the computation. The poles and residues in the a;-integrals are

Poles

Residues

a —ab+— a==+1
a; =fay +yb+35 fy==1

00|~.

i 3 94(ar+ab)dy(ay—ab)
é'](r) 9, (2a€)9 (07+2;b> 91 (a,—20ab)
94 (ay+576)9; ()94 2az+ﬁrb)2

3
?’](T) 9 (02+2ﬁ75)'94(a—ﬂ75)191 (2a)9,(2rb)9;(2a,+2pyb)

while the poles and residues in the subsequent a,-integral are

Factor Poles Residues
i 1(2)*84(ay+ab)9y(ar—ab) a, =2aéb, 6 =+ _QM
8 9,(2ab)9; (a,+206)9; (a;—2ab) 91(20)9, (4b)
i 1()? 94(a2+57b)8; (a2)94 (205 +yb)> a, = —=2pyb +/3 94(B)94(3b)
8 91 (ay+2pyb)94(a—pyb)d, (2a) 9, (2b)9; (20, +2pyb) 89, ((2'3))19 ((4f;)
_ T [ 94(6)94(30
a =frb+3 89 4(2b 9, (@)
a =73 £394(6)28,(0)
169, (25) 9,(26)
a—=1 _F9.(6)9,(0)
2 169, (2b)29,(2b)
S £94(0)*95(0)
a =313 - 16.914(213)2;3(%)
— —Bvb £94(6)29,(0)
a Pr = 163, (269, (26)
a, = —ﬂyf) +% $94(0)*95(0)

169, (26)%95(2b)

+ /;,94(5)2192(0)

- _ 1,z
G =—Frb+i+3 169, (26)29, (26)

After performing both integrals, we find

9,(6)*

9,(0)9,(3b)

I n—ss0(5) =

94(6)94(3b) (1

169,(26)9,(46) \ " ' 720, (b)?

729,(6)9,(3b)

97(26) _ 94(b) )
7*9,(26)  7*94(b)

1 94(6)> (i 850) i 8,00 1 [ 950) 87(0)  91(0)
169,207 <2833<2b> 29,20 12 2(‘&f<2b>‘sf<2b>+ <2b>))
a0 8 g 84(8) 95(b)
+3z‘94<0)81<2b>284<25>(1 20,0)) "32% 5,029, 28) (“U%w))
1 9,(b)> 97(b)
*32‘92(0)81<2b4>2&2<2b>< T 20,0)) 5-17)

Here we chose to express the final result in terms of Jacobi
theta functions. Note that unlike the simply laced cases,
different prefactors appear, corresponding to different
independent simultaneous residues of the original integral.
These are given by (up to signs)

894(3b)9,(b)
9,(26)9,(46)”

'94 (b)zgi:2,3.4 (O)
169,(26)°8,5,4(26)

(5.18)

D. Unflavored indices for SU(N)N =4 theories

Unflavored indices of N' = 4 super Yang-Mills theories
with gauge group SU(N) were obtained in terms of elliptic

integrals in [27]. In [40], it was further pointed out that
when the gauge groups are SU(2N + 1), the unflavored
indices are given by the generating function My of
MacMahon’s generalized ‘“‘sum-of-divisor” function,

Tn—asuen+1) =4 2
qn|+"~+nN

M= 2 (I=g")?-(1=g™)*

O<ny<--<ny

(5.19)

On the other hand, the unflavored limit of the Schur
indices computed via our integral formulas are written
in terms of Eisenstein series or Jacobi theta functions.
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TABLE L.
generalizing these closed-form expressions to all ranks.

Unflavored indices for various low-rank N = 4 theories with SU gauge groups. In (5.20) and (5.23) we present conjectures

G Schur index
SU(2) 150

4z 9,(0)

1 1
SU(3) 9 (0)2_4 B EE&Z (0)
SU (4 Y i

( ) 487:19’ (0) + 192;38’] (0)
SU(5) 640 +16 16E2— [E4 - % (E2)]
SU(6) B <0>+ I 4><o>+ 1 900
3607 8’( ) ' 11527° 97(0) 23040;;5 97(0)
Su(7) 7168 T 3800 E2 — o6 [Ea — 3 (Ez)z} 6 [EG —3E.E, + 4 E3)
SU(S) 9(2)(0> 8(4)( 0) (0) | 1958)(0)
2240z 9,(0) 460807: 9(0) + 9216071 8’ (0) + 5160960717 91(0)
SU(9) 294912 + 193%2523960 E, - 4608 [E4 (EZ) ] + 1 144 [EG E4E2 + % (EZ)ﬂ
—‘[Es 2EGE, —%(E4) — 35 (E2)* +4E4(E2) ]

SU(l 1) 2883584 + 34406400 E2 7;4511114 (E4 —2 (Ez) ) + 11520 11520 (EG E4E2 + %)

64<E8
+L(Eyg—2E3E, —
10 10 — g =842

2EGE, — 4 (Ey)* +1E4(Ey)62 — % (E )4)
15_2E6E4 + 55 E6(E2)? + 35 (E4)?Ey — 5: E4(Es)* + 547 (E»)°)

By making suitable Ansdtze, we can increase the rank
beyond the rank-two cases for which we have performed
analytic computations in the previous subsections. We
collect our results for SU gauge groups of low ranks in
Table I. From these results, we observe some clear patterns.
For SU(odd) gauge groups, the indices can be organized
into the form

N Z(2N+3) (2)

= (VY 22 LF 5.20
( );maX(Zk,l) e (5:20)

In=4 SU(2N+1)

where E’s are defined in terms of the Weierstrass elliptic
P-function (A30)"

_ _ d
Bo—1, By o=2k }{ Dok gp)
2my

-z T (-5p50) "

i p>1
Here the summation is over integer partitions [1"1,2"2, ...]
of k, where n; is the multiplicity of the part of length ;.

(5.21)

1"

The coefficients 1 are rational functions defined in terms
of (4.3),

TOF I - K\N“= 1w

¢'=max(¢,1)

(5.22)

It is curious to observe that almost identical expressions [E,;
appear in the translation (A43) from the twisted Eisenstein series
Ey[*] to Jacobi theta functions, and that the same numbers 4 will
appear in the residues of A;-indices [see (7.28)].

Similarly, the SU(2N) indices with N = 1, 2, 3, 4 can be
written as

Vﬂﬁ%ﬁ”@)

N
I v =asuen) N Z

=1
21 9(2)
X(l) 8ﬁ<m.
4 9,(0)
We conjecture that this expression captures the unflavored

Schur indices of all N = 4 super Yang-Mills theories with
SU(even) gauge groups.

(5.23)

VI. SUPERCONFORMAL QCD

A third class of Lagrangian theories we consider is
N = 2 superconformal QCD. The case with gauge group
SU(2) has been considered in Sec. III B and was revisited
from the point of view of class S in Sec. IV. While by now
the computations are familiar, their concrete application
tends to be technical, so we will be a bit more schematic in
this section.

A. SU(3) superconformal QCD

The Schur index of SU(3) superconformal QCD is given
by the contour integral

HA;EB&I (aA - 03)

da
T - 16]{ A
suEIseep = ’1 HZ”iaAngln?:ﬁgét(aA_[’i)
fH daA
27rlaA

=—a;—a, and a3 =

(6.1)

where a3 (ayay)™!
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The a; integral can easily be performed by considering the (imaginary) poles and residues listed in the following table:
Note that the two residues sharing the same index j; are opposite to one another. We define

R, := Res Z(a)=—- Res Z(a). 6.2
I a;=b; +5 ( ) a;=—a~b; +5 ( ) ( )
Poles (j; =1,...,6) Residues
a = b.il +% L}’](T)Bq% HA#[;&](G"_GB)‘“IZI’HJ’%
6 [ 1 8ataa=00) [ [, 9a(aa 48y, 4045 T [, 9400, —5)
a = —ap — le +3 H#B di(ar=ap)la; —ay-s;, +5

134
n(z)" g 11, 94(a2=8) [ ], 94(ar+b;, +b,-9) Hi#il 94(b;=b;, +5)

=

Choosing the reference value a; = 0, the index becomes after the a;-integration

dd2
TsuysQep = }1{2 —(RoZ+ R Z+R,Z), (6.3)
id,
where
6 -1 6 -1
RoZ:=Z(a;=0), RZ=) R,E . RZ=> R,E : (6.4)
— b; — a2b<
Jji=1 J1 j1=1 i
The a,-integral picks up the following poles and residues:
Factor Poles Residues
RoZ a,=+b; +1 L in()"281 (28 )94(8;,
i TRy, =% [T, 16, —608:(b;, 150 [T, 94(5)
R; 5}.2 +3# 0 R = 1(1)1°9, (26}, +6,,)9, (b;, +26,,)
2 T g H‘,#”2 91(b;,~b;)8; (b, -b;) Hi#m 9,(6;,+6;,+5;)
=bj, = b, o # Ji —R;j,
Note that
R iyt
Res R, =— Res R; = { N J,Z ],l . (6.5)
a=bj,+3 a=-b;,-b;, 0 J2 =

Choosing again a, = 0 as the reference value which happens to be a zero of Z(a; = 0), the index can be computed by
finishing the a,-integral,

6 -1 6 -1 -1 -1
NS o S o Cl RO PO i P
J2= 2 2

=1 J Jija=1 J 1% J1
3 R <E[1]E[1]> (6.6)
i 2 ) il :
Ji:J2=1 N bjlbjz bqu 2
where we noticed that
Ry;= Res Z(a; =0)=| Res Z . .
0j az—>%js+% <a1 0) |:a1—>%js+£ (a):| a,=0 (6 7)

SU(3) superconformal QCD is a theory of class S of type a, associated with four-punctured spheres with two maximal
and two minimal punctures. The manifest flavor symmetry is SU(3) o) o) x U(1),0 X SU(3) @ o x U(1),0 where we
172 12

assigned names to the fugacities of the respective flavor symmetry factors in their subscript. They are related to the bs we
have used above as
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cgl) =bb,, Czl) = bybs, dV = b1bybs, (6'8)

P =bybs, ) =bshs,  d? =bybshs.  (6.9)
With this parametrization, we shall denote the index as
ISU(3>SQCD(C(1),C<2),d(1),d(2)), and it will be used to
compute the Schur index of the E4 SCFT in the next

section.

B. SU(4) superconformal QCD

The Schur index of SU(4) superconformal QCD is
computed by the integral

1 day [Tazpdi(as—ap)
I .1 26% A A#B
SU(#)SQCD +4!;7(r) HZﬂiaA L1 1181 94(an—5:)

Factor a;-poles Residues
z a = b.il +% le
(11:—(12—03—5j]+% _Rj]
Factor a,-poles Residues
Z((ll = O) a, = sz +% Rsz
a; = —a3 —b;, +3 —Roj,
le a = b.iz +% R.fl./z
a; =—a3—b; —b; —R;,,
Factor az-poles Residues
lejz az = 5)3 +% Rj1j2j3
az = _bjl - bjz - b.fs + 2 _R./l.f2j3

In the above, R;,R; ;, Ry; = Rjy and so forth denote

residues of the 1ntegrand Using also that

day 6.10
H2maA (6.10) Ry := Rj(ay = 0) = Res,y :Z(a) = 0) = Ry;.  (6.11)
Ry;,j, = Resa,—, +ZZ(a1 =0), (6.12)
where a = —a; —ap; —as. a3=| b 315
We simply list the relevant poles and residues as we
integrate a;, a,, az one after another. and similarly for R; o;, and R; ;, we find
|
8 -1 -1 -1
Lsu@ysqep = Z Rj j.js HEI + D (R j,)E b By 1B b b
J1:J2:J3=0 1270 J1 J2 1% 0% )
3=
0 (E{ )
- 1J2J3 2 + Ly 1
j1=0 N b/lbjzb/3 bj3q2
J2.j3=1
> [, ] ] L L
+ 2| -1 1 LBy 2| .1 1}
e 01 J1J2J3 ; b e J1J2J3 bjlbjzbjg bj] q?
J1i2
b Gra ]Sl
12j1’j2:1 s J1J2J3 bh — J1J2J3 bjlbjzbh
8
1 -1 1 -1
5 il Aol )
M;:l MR\ 87 bbby | 2477 [ by b by,

C. SU(N) superconformal QCD

So far, we have not encountered an obstruction to
evaluating Schur indices using the integral formulas
presented in Sec. II. However, the formulas given there
only allow us to compute integrals whose integrand is an
elliptic function times an Eisenstein series. When per-
forming the integrals defining the Schur index one by
one, a situation could arise where the integrand contains,
apart from an elliptic function, products of the Eisenstein

0450

series, several of which contain the integration variable.
The integration formulas of Sec. II are insufficient to
evaluate such integrals. In this section we show that this
situation does not occur for SU(N > 4) superconformal
QCD and thus that all their Schur indices can in principle
be evaluated in closed form using the technology
developed in this paper. In Sec. VII A, however, we will
encounter a situation where more general integration
formulas are needed.
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The integral we would like to evaluate is

(_l-)(N—NZ)”( )—2+3N+N2
Tsuv)sqep =
y{H daA HA¢319 ( B)
2mian JTA_ TN, Saas —B;)
(6.14)

where again ay = —> ¥-la,. We will denote the full
integrand as Z. If we compute the integrals of ay, ..., ay_;
one after another, then the first integral picks up two types
of poles,

(1 ¢
a; = ]'le Bj] + E’
~ T
ar =B} = -b, A S R S
Jji=1,...,2N. (6.15)
It can be verified that the residues of pﬁll) and ]3511)
opposite. As before, we denote them R i and —R In and the
first integral then equals
-1
(6.16)

If we define p) = 0,R, = Z(a, = 0),E [, =1, it can
be written more succinctly as

ZR El[ ]+ZR El[ -_afv_lb,-,]'

Note that the residues R;, contain a, in the denominator via
two types of factors,

2N
H84(02 —b;) and
(-

(6.17)

———(12 "'—(IN_l—Bj), (618)

-1
<Rjk+ljk~-jl Ey [%1 ] T Rj i Er le o

[ = L.

where we also denote the Ry;,..;, = R;,..; (ax41 = 0), E|

where the first factor was present in the original integrand,
while the second comes from evaluating Hfﬁ 1 O4(ay — b))
at p; . These factors lead to two types of a,-poles,

2 T
ay = p5'2> = 5/2 +5’
2 T
a=p" =-b, —a; —a +5 - (619
al:pil)
The corresponding residues are
R = Res R and Res R =-R;;. (6.20)
a= P a= P
Furthermore, the variables a,.; appear in a single

Eisenstein series inside each term, and they are organized
in the product [],.;as. Therefore a,.;, and a,, in
particular, can be further integrated with our integration
formula.

Let us now show that one can carry out all N —1
integrals inductively. Suppose we can perform the a; -
integrals as above. It is not difficult to see that the residue
(and we also replace Res, JERE: by lim,, o when j, = 0)

Jrdaiy ak:;’_ks i ak:IS-]S+5<m egrand) (6.21)
has two types of poles in a;,,
(k+1) T
‘p/k+] = ijr] + 2’
(k+1 T
‘p/:] )__a I U Sl 5 B R YA +§, (6.22)

where again the ay, ..., a; should be properly substituted.
Assume that the result of the first k-integrals is a sum of
terms of the form

* *
--+Rjk...j1E*{ ]E[ ]+ (6.23)
*

*

where at most only one E, in each product contains the
combination [ [ 4. ; a4, while the remaining E, factors depend
only on b’s. One can perform the a;,; integral because
(i) If the product of E.’s inside a term is completely
independent of a,. 4, then the integral will produce

(6.24)
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(ii) If, instead, one E, factor depends on some combination q,_ | - - - ay_y, then the integration of that term leads to terms

of the form
* *
(k+1)
R, . . E, - E, , from ap - p. ", 6.25
JestJk i |:*:| +1 |:ak+2 Cay_y X b’S:| k+1 lem ( )
* * (ka1
Rl Be H B [b} from agr = b, (6.26)
* -1 (k+1)
R; .. E. . - E b | from ap. —p; 7, (6.27)
Jk+1
R, .E [*]E [ - ] from ag, — pit (6.28)
Jeer= = | ! Qpyn - ay_y X (D’S) ’ k-1 Jirr " )

Now we see that in each term that is generated by the
a,. (-integral, only one E, factor depends on the combi-
nation a;.,, - - - ay_1, and one can keep on integrating a;_, 5,
and so forth. However, deriving a compact closed-form
expression for all the superconformal QCD indices has
proved to be challenging. We hope to return to this in the
future.

VII. APPLICATIONS

In this section we consider three applications of the
closed-form expressions for the Schur index derived in the
previous sections. In particular, we derive closed-form
expressions for several non-Lagrangian theories; we con-
sider the modular properties of the Schur index, which are
of particular importance when viewing the Schur index as
the vacuum character of a vertex operator algebra via the
SCFT/VOA correspondence; and finally we look at defect
indices. These applications are meant to illustrate the
usefulness of our closed-form expressions, but are not
intended as an exhaustive study of each of these topics.

A. Non-Lagrangian theories

In the previous sections, we have focused on evaluating
the Schur index of Lagrangian theories, as those are
naturally computed by integrals of multivariate elliptic

|

functions. However, the Schur indices of several non-
Lagrangian theories are algebraically related to indices
of Lagrangian theories and can thus be derived in closed
form as well.

The first example is the trinion theory 73, i.e., the
theory of class S of type a, associated with a sphere with
three maximal punctures. This theory can be identified
with the Eg superconformal field theory of Minahan and
Nemeschansky [41]. What is more, in [22,42], it was
shown that its Schur index Z ;s can be expressed as a finite
sum involving the index of SU(3) superconformal QCD.
This comes about as follows: one starts by observing that
SU(3) superconformal QCD is of class S of type a,,
associated with a Riemann sphere with two maximal and
two minimal punctures. The theory has two interesting
S-duality frames—in fact, their duality is the well-known
Argyres-Seiberg duality [43]. The first frame is the gauge
theory description in terms of an SU(3) gauge theory with
six fundamental flavors. The second one involves the Eg4
superconformal field theory and a hypermultiplet with
SU(2) flavor symmetry. These are gauged together along
an SU(2) (sub)group of their respective flavor symmetries.
At the level of the (Schur) index, the integral implementing
this latter gauging can be inverted [44]. Using the result in
Sec. VI A we then find

_ 1 _
Tsu@ysoep(EW, e, %22 1+ Tgy@ysoep(EM, e, 2,02
=(1) =2 -1 -2\) — T Twogzw r?or s iw
IEG(C( ), ¢@), (wr,w™lr, r?)) = o0 + o) , (7.1)
|
where (wr, w=!r,72) denotes an SU(3) fugacity and the At first sight, we can use this result for the index of the

theta function 6(z) is defined by

_ 90)

o) = i2q5(q:q)

(7.2)

trinion theory 75 to compute the indices of all theories of
class S of type a,. However, it turns out that one runs into
integrals that cannot be evaluated with the integration
formulas presented in Sec. II. In particular, one encounters
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integrals whose integrand is an elliptic function multiplied
by a product of Eisenstein series several of which contain
the integration variable. Hence, a systematic computation
of indices of theories of class S of type a, is beyond the
scope of this paper.13

Similarly, we can derive closed-form expressions for the
indices of the theories of class S often denoted as R y, and
in particular, using these results, we can also evaluate the
Schur index of the £ Minahan-Nemeschansky theory [45].
As a theory of class S, Ry y correspond to a sphere with two
maximal punctures and one puncture associated with the
partition [N — 2, 12]. It arises in the strong-coupling limit of
SU(N) superconformal QCD in very much the same way as
the Eg theory appeared after applying Argyres-Seiberg
duality: gauging the diagonal of an SU(2) subgroup of the
flavor symmetry of R y and the SU(2) flavor symmetry of
a hypermultiplet describes an S-duality frame of SU(N)
superconformal QCD. Hence, using the Spiridonov-
Warnaar inversion formula, one can obtain the R y indices
from those of SU(N) superconformal QCD. Finally, one
derives the index of the E£; Minahan-Nemeschansky theory
by Higgsing the R4 theory.

Another series of non-Lagrangian theories whose Schur
indices are related to those of Lagrangian theories were

T sua) = g In—asue) (b = q.4%)

discussed in [40,46]. The theories in question are defined
by conformally gauging different sets of D,(G) super-
conformal field theories [47,48].14 Due to the restrictions
considered in [40,48], at most four D, (G) theories can be
gauged along their common G-symmetry forming a quiver
structure T[G] with one gauge node and four (or less)
D, (G)-legs, where ['= Dy, Es74. It was pointed out in
[40] that for a set of I" and G such that f[G] is flavorless, the
Schur index If[c] is actually related to the one of N' =4

super Yang-Mills with gauge group G as

o

Zr(@) ~ In—acb =g g = q). (1.3
Here or is the largest comark associated with the affine
Dynkin diagram I", and more explicitly, ap, =2, ag, =3,
ag, =4, ag, = 6. Applying our closed-form expressions
for the V' = 4 indices, we have, for example,

I 1
I, isuc) = 9 n=asu3) (b=1.4%) =55 t7Ea(20). (74)
Denoting 9;(z) = 9;(z,4), one also finds
|
S 94@)[ 80) 8k 8,08k i) i ¥ zaa’(r)} 71.5)
3400 8u(x) 78 (0)84(x) 7wBy(2)? 2794(0) 27dy(x .

1279, ()

and, with the notation E;[%] = E;[?](17),

9,(37]47) i [-1 i [-17.
IES[SU(4)]:—194(127|%T) —§E3 e +5E1 7 E,

B. Modular properties

Recall that with any four-dimensional A/ = 2 supercon-
formal field theory one can associate a VOA [7]. The Schur
index of the four-dimensional theory equals the vacuum
character of the chiral algebra. The modular properties of
these vacuum characters are of intrinsic interest. By showing
that unflavored Schur indices must satisfy a modular differ-
ential equation, it was found in [21] that the vacuum character
of any vertex operator algebra associated with a four-dimen-
sional sueprconformal field theory is an element of a vector-
valued (quasi)modular form. Establishing this fact directly,
however, has so far been complicated due to a lack of closed-
form expressions. In this paper, we have found precisely such

3We have been informed that [38] has obtained results for
unflavored Schur indices of a number of higher-rank theories of
class S.

0 N Rl VAN ) B s 76
q6_61q3+ﬁ1q3+ﬁ1q9 . (7.6)

expressions in terms of functions with well-understood
modular properties and, even better, for the fully flavored
indices. In this subsection we thus study the modular behavior
of the Schur index in several examples.

1. Small N'=4 VOA at c= -9

Recall that the associated vertex operator algebra of
N = 4 super Yang-Mills theory with gauge group SU(2) is
the small A = 4 vertex operator (super)algebra at ¢ = —9.
It contains an 311(2) x——3 affine subalgebra. It is convenient

to include the level k = —% in the character as follows:

“The D, (G) theories can be given a class S description in
terms of a regular full puncture (hence providing a G flavor
subgroup) and one irregular puncture, often denoted as
(G’[p = h"]. F).
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_y* 9(p)
Z(y.b) = 51914(25) ’

(7.7)

where we introduced a novel fugacity y = ¢ and used
our result of (3.7). Consider the following representation of
the S and 7 modular transformations:

(n—w,",—l) b bt (18)

T T T

One can easily check that $* = (ST)% = 1. Using the S and
T transformation of J;, it is easy to derive that

STS

(l) b)_)Ilog(n B) bchbcﬁy(n’ B) + (1 - T)I(t)’ B)’
(7.9)
where we denoted
o 9a(0) (b7 q) (b q)
hocpr (9:0) = g oy =V T ) (bgg)
(7.10)

As the notation suggests, this is simply a character of
a free (bcfy)-system of weights and 1(1)-charges as
follows:

(b,c)
(B.7)

Note that we applied ST'S rather than just S as the index
is acted on only by I'°(2) rather than the full SL(2,Z).
Various comments are in order:

(1) The transformation property in (7.9) shows that 7 is

a quasi-Jacobi form [23].

(2) The modularly transformed expression Z,,, (9, b)
has a smooth b — 1 limit, unlike c/,,4,(.b) on
its own. In fact, this limit precisely matches the
logarithmic solution to the (unflavored) modular
differential equations of [21]. More precisely, as
the logarithmic solution is ambiguous in that one can

|

T4y, b)— d A, 9

This result can be rewritten as

s lo
Zo4(y.b)— quIo4(U b) +y72(10g m;)R;.,

quZO4(n b) +L

add an arbitrary multiple of the vacuum character to it,
the limit b — 1 reproduces the S7'S-transformation of
the unflavored vacuum character:

Y 85(0) sts

pa i k 194 (O)
47.9,(0)

I(y) = 250

+(1=0)Z(v).
(7.11)

(3) The logarithmic expression 7o, (b) is a solution to
all flavored modular differential equations that arise
in the null-supermultiplet of the Sugawara condition,
as is of course Z(y, b) itself.

(4) The character chy,p,(Y,b) is proportional to the
residue of the integrand of the contour integral
defining the Schur index [see (3.4)]. Moreover, it
precisely equals the character of the free fields used
in [31,32] to construct the vertex operator algebra.

(5) Finally, note that in [31] it was shown that
chyepy (9, b) is reducible and is given by the sum
of the vacuum character and the character 7, of the
(unique) irreducible nonvacuum module M (in
category O):

Z(y,b) +Zy(y,b). (7.12)

chpep, (9. B) =

2. 30(8) current algebra at k= —

Next we look at the modular properties of the vacuum
character of §0(8)_2, which is the vertex operator algebra
associated with SU(2) superconformal QCD. We use the
compact formula (4.1) with ¢ =0, n =4, and we also
introduce some additional y variables to define

Zo4(9. ) = y72y7°y5%55°Lo4(B) :=y*Lo4(b).  (7.13)
Under the S-transformation, the variables Y;, b;, and 7
transform as
b2 b, 1
by, i === 7.14
) (n =2 D) gy

The index then transforms as (where the sums and products
over i run over i = 1,...,4, and @; = £1, as before)

(7.15)

2 (I e (7))

2 4
(7.16)
i=1
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where R;_;,34 are the residues R;, in (3.11) upon
replacing the flavor fugacities there by those associated
with the four punctures,

b b
m1:b1b2, mzzb—l, ms :b3b4, m4:b—3. (717)
2 4

Further computing the S-transformations of the resi-
dues R;, we conclude that {Z,4,R;} are closed under
S-transformations

-2 4
Toa(9.0)-> 207, (0.6) + 3 "(logm)R,. (7.18)
j=1
y2R,—iy2R;. (7.19)
Let us make some comments:

(1) One again observes that the flavored vacuum char-
acter transforms as a quasi-Jacobi form.

(2) The S-transformation takes a similar form to the one
we encountered in the S7'S-transformation of
T n-4su(2)- What is more, the residues can once
again be interpreted as the vacuum character of a
system of free fields."

(3) The four residues R; can be shown to be linear
combinations of the characters of the modules of
30(8)_,. Apart from the vacuum module, it was
shown in [51] that there are four nontrivial highest-
weight modules. The finite part of their highest
weights is given by A =w(w; + w3+ w,) —p,
where w = 1,534 are the basic Weyl reflections
of 80(8), and w; are its fundamental weights. Their
conformal weights are all equal to & = —1.

(4) Finally, and of course a consequence of the previous
comment, one can show that all R; solve the full
complement of flavored modular differential equa-
tions that follow from flavored null relations and
which the vacuum character also satisfies [21,52].

C. Defect index from Higgsing

As a third application of our closed-form expressions, we
illustrate the computation of indices of four-dimensional
N =2 superconformal field theories in the presence of
BPS surface defects as engineered by the position-
dependent Higgsing procedure of [53]. In this procedure,
when applied to theories of class S of type a;, one starts
with an IR theory 7, of genus g with n punctures, and
glues in an additional trinion theory to obtain the UV theory
T +1- Note that the UV index 7, ,,,(b) depends on one

lsAlso, these free fields can be used to build the vertex operator
algebra, but, crucially differently from the ' = 4 super Yang-
Mills cases considered in detail in [32], they are still subjected to
a Becchi-Rouet-Stora-Tyutin constraint [49,50].

more flavor fugacity, denoted as b, than the IR index Z,,.
One can give a position-dependent vacuum expectation
value to a suitably chosen Higgs branch operator charged
under the symmetry measured by b. This triggers a
renormalization group flow, at the end of which one
recovers the original IR theory 7 ,, coupled to a surface
operator. The vacuum expectation value of the Higgs
branch operator depends on an integer x > 0. At the level
of the index the Higgsing operation is implemented by a
residue computation:

2 .
2ty ey M7, e,
b—»q 2

(7.20)

Here we already incorporated the normalization prefactor
of [54], R(o, = (=1)*¢"**), multiplied with a factor

e ¢ to bridge the gap in central charge between

the UV theory and the IR theory, and an extra factor g~'/12
that allows us to write (g, ¢)% as the square of Dedekind eta
functions. In particular, at k = 0 the right-hand side is
expected to be the original IR index. Armed with the
compact expression (4.1), we are able to take a closer look
at these defect indices.

We first note that b; — q%l are not poles of Z 3, despite
the presence of 9;(2b;) in the denominator. This is due to
the fact that

3 (Ier) 1 | =0

(7.21)

Instead, Z 5 has poles when b b3b5> = ¢”*7 reflects the
poles of the E|’s. These poles are expected from the

: _ 1(r)
standard expression 10,3(17) = H:I:j: W
Besides the trinion index, all other indices do have
Kk+1 .. . .
poles at b; = ¢'7 arising from the 9,’s in the denominator.

Let us consider the residue of Z,, (b) of the pole at
b=b, - q%1 with k € N,

n(z)* w2 i p(7)" T2
Res ——7 b)=(=-1)« _—_
b-»jxs%l b a1 (b) = (1) 2 [T, 91(26;)

n n+142g-2

H Z j'(f;'L-ﬁ-l—%-Zg—Z)E
—+ i=1

_1\n+1
8 [ (=1) ]
b . b K+l
Here we have performed the sum over «,.; using the

symmetry property of E,, and the fact that

ﬂé?:fn) = Aﬁ‘i‘iﬁ) = 0. The residue computatlon makes use

(l)qz

S

(7.22)

of (A17), which introduces a 3! factor: the —i
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removes one i from the original i"*!, while the sum over
a, cancels the 1.
When k = 0, one has

n+29 2 n

n(z)
TT-, 9, (2b,) EH{’

n+1429-2 ¢ /1(VH» 1+2g-2)
4

=

n(z)® i"
RCS] Tz-g,nﬂ (b) = Eq

b—»qi

X -
=1 =0 204"
X Ef_ﬂ |: (n_l)na :| . (723)
[T, b7

Here we applied the half-period shift properties of the
Eisenstein series (A26). It turns out that the coefficients A
satisfy an equation for any function f,

+2g-

Z n+2g—
7

n+142¢g-2 ¢ /l(n+l+2_q 2)

1"
Z E fzf’f’! fle=2) _E

and when (n, k) = (even, odd) or (odd, even),

]
a; | =0. (7.25)
azil (H ) |: 1 1 b '
Consequently, the well-known result is recovered,
2
2g7Res Mzg.nﬂ (b) =T, (7.26)

b

b—>q7

For x > 1, by using (A26), one instead has

=1 #'=0 k=1
£—¢'=nmod 2
(7.24)
|
'7(7)2 ( ) ( 1) lel ,7(,[)21+29—2 (ﬁ n+1§+§g—2)¥(n+l+2g_2)§:<K—|—1>f’ 1 (—1)i1+1<
Res ——71,,4 ST 9.006.) @ _Ef-f[ a a]'
h—»q% b 9 " 2 Hi:l 19l (251) g—+ \i=1 —1 ‘ 70 2 f/' bll . "bnn
(7.27)
After a bit of rewriting, the residues read
— n n+1+2g-2 n+x
(K+1)zl I’]( )"+29 2 * > (n+142¢g-2) ( 1)
(=) g = a; A Tk + 1DE, . (7.28)
(1) S o
where'®
1 Lo M)
2(~1)*g*+2)=2 Res —~1,,(b)
n+1+2g-2 F—r b £b1 b 9,
z(n+]+29—2)(§) — Z /1(H+l+25—2) <§) 1 q
‘ P ‘ 2 (¢ =¢)! =(x+1)I,,,. «iseven(n=4orS5), (7.30)
(7.29)
. . n(z)?
Due to (7.25), in the simplest cases when 2(=1)kg >+ Res 7 ,,(b)
(g,n) = (0,4 0r5), the sum over ¢ on the right-hand side bog' T b
of the residue contains only one term, with only =1 and K41 -~ .
coefficient /1 (@) ﬁ/l( £ contributing for ) Lgn-1» Kis odd (n = 4or5). (7.31)
n=4 and only £ =2 w1th coeff1c1ent ;1(3) (R) = /1(3)
£ /1 G) — contmbutlng when n = 5. A simple consequence Here,
1s that for these two cases
, 3
i " i +1
I(’Cun'ously, the entries /(& = 2) have already appeared in the Zos (()25 ) (H a,)El [ 3 } . (7.32)
unflavored indices of N' =4 SU(N) gauge theories. a=+ \i=1 i=1
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n(z)*

a5 ) 0

which are simply twice Zo5 (Zo4) with E[!] (B[]
replaced by E;['] (E»[3').

In [53] it was shown that the residue prescription (7.20)
can be equivalently implemented by the action of a
difference operator &g ). See also [54]." For k =1, it
reads

IO,4 =

S f(a) = —g7H(a>f(aqg™?) + a2 f(aq?)). (7.34)

Note that £, enjoys the shift property (A26), and it is thus
straightforward to verify that indeed

j0,4 = @(0,1)10,4(b1,2.31 b4)

=~ b3 T04(b123.baq™?) — G757 To 4(b1 23, bag?).

(7.35)

Note that this equality holds at the level of analytic

functions. In other words, the replacements b, — b4qi%
should be performed before expanding 74 in a g-series.
What is more, the difference operator acts equivalently on
any of the other fugacities.

The two terms on the right-hand side of (7.35) admit a
nice interpretation from the point of view of the SCFT/
VOA correspondence. Recalling that the 3u(2) algebras
associated with the punctures are critical, i.e., their affine
level equals k = —2, one can easily convince oneself that
these terms equal exactly, including prefactors, the char-
acter of the spectrally flowed module by plus one and
minus one unit, respectively [55]. Altogether, we see that
the defect with x =1 corresponds to the thus-defined
twisted module of the associated vertex operator algebra.18

VIII. DISCUSSION

In this paper we introduced techniques to evaluate the
contour integrals defining the Schur limit of the super-
conformal index of a large class of Lagrangian four-
dimensional N =2 superconformal field theories. Our
methods heavily rely on the multivariate ellipticity of their
integrand, which, in particular, guarantees that also their
residues are elliptic. We have shown that after a single
contour integration, ellipticity of the full integrand is lost,
which is why we have developed integral formulas to deal
with integrals such as (2.16). Armed with these formulas,

""We have included the normalizing prefactor of the difference
operator already in the definition of the residue (7.20).

More generally, in theories of class S of type a;, defects with
even k correspond to untwisted modules of the vertex operator
algebra, while those with odd x are associated with twisted
modules.

we have evaluated in closed form the fully flavored Schur
indices of all theories of class S of type a;, we have
computed the indices of various low-rank N =4 super
Yang-Mills theories and conjectured general expressions
for the unflavored indices of N =4 super Yang-Mills
theories with gauge group SU(N), we have analyzed
superconformal QCD theories, and finally we have
studied various applications of our closed-form, analytical
expressions.

While our method is highly successful, it is not omnipo-
tent: the integral formulas introduced in (2.16) and (2.18)
are insufficient to compute the Schur index of any and all
Lagrangian theories. For example, to evaluate the Schur
index of multinode linear quivers with gauge group SU(N),
N > 3, we additionally need to be able to compute integrals
of the form

ftnoe el

We hope to return to this in the future.

As alluded to in the Introduction, the residue of a class of
poles of the integrand of the flavored Schur index of four-
dimensional N = 4 super Yang-Mills theories with simple,
simply laced gauge groups is equal to the character of the
free fields that can be used to realize the vertex operator
algebra corresponding to the N =4 theory [32]. At the
level of the vertex operator algebra itself, the N =4
algebra can be obtained as a subalgebra of said free field
algebra V.5, —it is carved out as the kernel of a screening
charge. Denoting the projection operator onto this kernel
as P, we thus have

(8.1)

Zp-4(b) = stry, , Pgo75ib/. (8.2)
Our results [see, for example, (3.7) and (5.10)] seem to
indicate that one can pull the projection operator out of the
trace. It would be very interesting to understand this
operation better and to generalize it to the AV = 3 theories
also considered in [32]. What is more, it is conceivable
that our closed-form expressions for the index arise by
applying the flavored version of Zhu’s recursion formula
[21,52,56-58] to the one-point function of the projection
operator P.

Some more future lines of inquiry are as follows. Besides
evaluating the Schur index itself, one can consider the
index of the theory in the presence of various local or
nonlocal operators compatible with the supercharges defin-
ing the index. For example, in [3], a localization compu-
tation is carried out to compute correlation functions of
Schur operators, and the results are given once again in
terms of contour integrals. The methods developed in this
paper easily carry over to this case and allow one to
compute Schur correlation functions in closed form (pos-
sibly with the help of the more general integral formulas
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mentioned above)."” Furthermore, BPS surface operators
engineered by 4d/2d coupled systems [17,63], and BPS line
operators can also be inserted [64]. At least in simple cases,
the resulting index can be written as a modified contour
integral which can be evaluated with our methods. What is
more, these setups have an interesting interpretation in
terms of modules when viewed through the lens of the
VOA/SCFT correspondence [15,17,65,66]. It would
therefore be of great interest to compute the closed-form
indices of these systems and to analyze their modular
properties.

As mentioned above, we have derived a compact formula
for the Schur indices of all the theories of class S of type aj.
Similarly, it would be useful to also obtain compact
formulas for the flavored indices of N =4 super Yang-
Mills theories and superconformal QCD. Such results
would, for example, allow one to analyze their large N
behavior and its gravity dual interpretation. See, for
example, [67,68] for a recent discussion on the correspon-
dence between the N'=4 U(N) Schur index and the
theory of D3 branes wrapping the $° in AdSs x S°.

Finally, in the recent literature, a “BAE approach” to
compute the superconformal index of four-dimensional
N =1 and N =4 theories has been developed. In this
approach, the index is written as a sum over solutions
to some Bethe-Ansatz-like equations. See, for example,
[69-72]. For N' = 4 theories, such a Bethe-Ansatz expan-
sion can be interpreted holographically as accounting for
the contributions of wrapped D3-branes [73]. While this
approach does not seem to be naively applicable to the
various limits of enhanced supersymmetry (Macdonald,
Hall-Littlewood, Schur) of A/ = 2 superconformal indices,
it could be of interest to compare our results with a carefully
performed limit of the “BAE” final result.”’
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As a next step, it may be of interest to revisit the dimensional
reduction of these correlators to three dimensions, where they are
related to the deformation quantizations of [59]. See [60—62].

An older approach aims to express the fully refined index in
terms of vortex partition functions/holomorphic blocks. See, for
example, [74,75]. It would also be of interest to reanalyze these
results armed with our closed-form expressions.

APPENDIX A: SPECIAL FUNCTIONS

The techniques introduced in this paper to evaluate Schur
indices in closed form heavily rely on various families of
elliptic functions, in particular Jacobi theta functions, the
Eisenstein series, and the family of Weierstrass functions.
In this appendix we first collect their definitions and basic
properties, and then we list several useful identities in the
last subsection.

1. The Weierstrass family

An elliptic function with respect to the complex structure
7 can be viewed as a meromorphic function on C with
double periodicity

fR)=flz+7)=fz+1), (A1)
where 7 € C with a positive imaginary part. One may
therefore restrict the domain to be the fundamental paral-
lelogram in C with vertices 0, 1, 7, 1 + 7. Alternatively, one
may view an elliptic function as a meromorphic function on
the torus 72 with complex structure 7. In this appendix and
in the main text we often omit the specification of the
complex structure 7 in our notations.

One may visualize or construct basic elliptic functions by
starting with functions on C of the form f(z) =z7*
and subsequently try to enforce periodicity by summing
over all shifts by the periods 1 and 7z, schematically,
Pi(z) =3, ,(z = m —nt)™*. After subtracting divergen-
ces, one arrives at the following set of (almost) elliptic
functions.

(1) The Weierstrass {-function is defined by

/

1 1 1 Z
C(Z)._E+ Z [z—m—nr+m+m+(m—|—m)2 ’

(m.n)EZz
(m.n)#(0.0)
(A2)
In the following and in the main text we will often
abbreviate
! ! !/
PO UEED LD DENNCS)
(m.n)ez? m,n mez m
(m.n)#(0.0) m#0
The ¢ function is not quite elliptic, but instead it
satisfies
{(z+1]r) = L(zlr) = 2m (). (A4)
{(z+1lr) = L(zlr) =2m2(z) =270y (v) - 27i. (AS)

where #; and 7, are independent of z and are both
related to the Eisenstein series E,. We will come
back to this in Appendix A 4. Note that { has a
simple pole at each lattice point m + nr with unit
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residue. The fact that £ fails to be fully elliptic is tied

to the fact that meromorphic functions on 72 with a

single simple pole do not exist. In this sense {(z) is

the best one can do in terms of double periodicity.
(ii) The Weierstrass g-function

1 1 1
7=+ Z [ 27 2
2 g0 (z—m—nt)*> (m+nr)

(A6)
This function is elliptic,
p(z) = p(z+1) = p(z +1). (A7)
Following from the simple fact that 9,z7! = —z72,
one has
p(z) = —0:4(2). (A8)

By definition, g has only one double pole on T?2.
(iii) The descendants 0”(z) are all elliptic functions, all
with a single (n + 2)th order pole on 72.

2. Jacobi theta functions

The standard Jacobi theta functions are defined as

i(sle)==i Y _ (-

r ;e2mr5q’7

rez+4 rezZ+4
(A9)
. 2
95(sl) = Y einigs. 9,(5l) = Y (1)1
nez nez
(A10)

In the main text and these appendixes we will often omit
|z in the notation. It is well-known that the Jacobi theta
functions can be rewritten as a triple product of the
g-Pochhammer symbol, for example,

+o0

La). (z9)=]](1-z9).

k=0

9,(3) =—i2q3(q:q) (zq:9) (2~
(A1)

The functions 9;(z) behave nicely under full-period
shifts,

23+ 1) ==91,(3). 9343+ 1) = +834(3),
(A12)

914(3 +17) = =191 4(3). 93(3+7) = +1825(3).
(A13)

2
9 (3l7)= Z g,

where 1 = e "¢ In particular, one can derive

81(3 + mr +n) = (=1)" e~ Mg Y, (3).  (Al4)

Moreover, the four Jacobi theta functions are related by
half-period shifts which can be summarized as in the
following diagram:

///
///

. i a
where u = e™"3¢~% and f— g means

. 1
either f <5+§) =ag(3) or f(5+%> =ag(3), (A15)
depending on whether the arrow is horizontal or (slanted)
vertical, respectively.
The functions 9;(z|z) transform nicely under the modu-

lar S and T transformations, which act, as usual, on the
nome and flavor fugacity as (¢, —1) E (3.7) KN (3,74 1).

In summary

—iOé191 S 191 r 6%191
(1/192 192 ? 6%’!92
S
04193 ’193 >7< 193
@194 794 194

where a = /—ite « .

The z-derivative of the Jacobi theta functions is related to
the double z-derivative as
47io.9;(z|r) = 9/ (z|7). (Al6)
Finally, we will frequently encounter residues of the J
functions. In particular,

1 1 1 1 |
Res ekl (A17
whgh g @9a(na=B) n(q:q) sV (A1)
1 1 1 i 1,2
R = —1)kH gk Al8
a_),),zj,_,izm,_la19 (na—0) my(r)3( )" (A18)
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Note that the (—1)” in the second line is related to the presence of a branch point at z = 0 according to (A11). Let us quickly

derive the second formula,

Reg L1 7{ da 1 7{ dz 1 B 7{ dz (=1)}07k g
ambh b ad(na—b) [t 2niad (na—0) [, 27iz9(ng + ke +¢) )i 2wz 9,(n3)
d 1)K+ znk 12 1 )
o P AL = (-, (A19)
2riz—igsz2(q; 9)(2"q; q) (27" g q) (1 —27")  nn(3)
Here we used the shift property of 9; and (A1l).
3. Eisenstein series
The twisted Eisenstein series are defined as
¢ B, (4
Ejz {9 == I;f! ) (A20)
1 U (r_'_ﬂ)k—le—lqr-&-i (_1)k (r—ﬂ)k_lgqr_’l
, A21
+(k—1)!§ -6 lgtt +(k—1)'; 1 —60q* (a21)

where ¢ = e?* with 0 < A < 1, By(x) denotes the kth Bernoulli polynomial, and the prime in the sum indicates that the

r = 0 should be omitted when ¢ =

60 = 1. Additionally, we also define

|-t

(A22)

When k = 2n is even, the = ¢ = 1 limit reproduces the usual Eisenstein series E»,,, while when kisodd,d = ¢ =l isa

vanishing limit except for k = 1 where it is singular,”'

E [_H}—E E[—I—l}_
2n +1 — “2n» 1 z -

As a result, among all the E;[*'], only E;['] has a pole at
z=1.

A closely related property is the symmetry of the
Eisenstein series

(A24)

The twisted Eisenstein series of neighboring weights are
related by

o[- come [P e

When shifting the argument 3 of the Eisenstein series by
several half or full periods z, one has for any nonzeron € Z

*'See Appendix A 4.

(A23)

i[5 0) e ] e

To prove these equalities recursively, one can start with the
identification (A41) between Eisenstein series and the
Jacobi theta functions, where the periodicity of the latter
is clear, and then apply (A25). A similar discussion can also
be found in [23,76]. A natural consequence is that*

+1 +1 +1
Ak = Ek 1 _Ek 1
Z 7q2 zq 2

k=1
S 2m(2m+ 1)

or more generally

F1
Ek—l—2m|: . } (A27)

In fact, these equalities remain true even after replacing 1 by
24 and —1 by 2mi(A+)
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+1 +1
el
242 zq 2
I3
2nb 1\ =3
=2 E . A28
;)( 2 ) (2m+1)' k—1—2m|: z :| ( )

The Eisenstein series are often reorganized into twisted
elliptic-P functions, generalizing the Weierstrass p-family.
In particular [57],

Py {ﬂ () = —lmZZOEm [qﬂym, (A29)

while the remaining twisted-P; with higher k are obtained
by taking y-derivatives. In particular, we will later use

Py(y) = —iiEzn(f)yz",

5 (A30)

n=1

whose derivative reproduces P;[7{](y) up to a y~! term.
With P, the difference equations can be further reorgan-

ized into the more compact formula

|

+1
o[-
Z

where the y-contour goes around the origin. Conversely, the
individual twisted Eisenstein series can be rewritten in
terms of the above differences A;. Let us define S, by

ﬂlsmh@)plﬁl]o» (A31)

0 2mi y* z

1y

=) Sy”. A32
2sinhj ; & (A32)
It is straightforward to show that
+1 K ¥l
E; = Z Seli—ri1 : (A33)
b4 = b4

a. Constant terms

The constant terms in z of the Eisenstein series play an
important role in the main text when writing down the
integration formulas. These numbers are given by

+1 +1 1
const term of E,, =0, except for const term of E; =5
b4 z
+1 B
const term of E,, — 2 Peom?|
Z (2n)! 2|5,
-1 1
const term of E,, . =-5,,=—- Esinh% . (A34)
I
and their differences are given by 4. Useful identities
B The Jacobi theta functions satisfy a collection of dupli-
Dy, =8,, — (2—2';' cation formulas, for example,
+1 -1
= const term of ( E,, - E,,
< < 4 4
[y p? 91(23)91(0) = 22 [ [ 9:(5) = 28,(25) [ [ 9:(0).  (A36)
= |—-Ztanh=| . (A35) L. -
2 4 - i=1 i=2
In the above, [f(y)];, denotes the kth coefficient of the
Tayler expansion in y around y = 0, and B,,, are simply the
Bernoulli numbers. For the reader’s convenience, we
collect here the first few values of these numbers, 94(23)94(0)* =94(3)* = 91(3)* =93(3)* = 92(3)*.  (A37)

n= 1 2 3 4 5 6

Lp L __1L 1 1 1 _ 691
eni P22 12 720 30240 1209600 47900160 1307674363000
S 1 7 _ 31 27 7 1414477

2n 24 5760 ~ 967680 154828800 3503554560 2678117105664000
D [ S | 17 31 691

2n 384 15360 10321920 743178240 653996851200

The 3 — O limit of the first line gives the well-known
identity 9(0) = 79,(0)95(0)94(0). The derivatives of 9;
satisfy, among a few other relations,
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A [91G), _ o 2 220)8:() _ 9G)  91()
i 156 " T0GE Tk 0
— 9,(3)93(3)
5075, (3)94(3)° (A38)

One can express both the Weierstrass family and the
Eisenstein series in terms of the Jacobi theta functions. For
example,

91(3)
9,(3)

The quasiperiodicity of { now follows, and one can express
the 7;(z) in (A4) as

- 47T25E2.

£() = (A39)

m(e) = 22°E;,,  m(v) =wp(z) —zi.  (A40)

The schematic relation between the Eisenstein series and
the Jacobi theta functions can be summarized in the
diagram

|l

) —— U5(
3 -2z

/ /%»/ /

=]

In more details, the Eisenstein series can be rewritten in
terms of ratios of 9 functions and their derivatives,

More explicitly, we have

E [H} _NE e (L) )
L] & k-2 \om “0)
(A43)
where we define
1 2
|E2 = E2, |E4 = E4 +§(E2) b
3 1 3
E¢ :=E¢ +-EsE) + = (Ez) s eees (A44)

4 8

Eyei= > H%( E2p>1. (A45)

{"p} Z

szl Cp)np=2¢

The conversion from Ej [ ] can be obtained by replacing 9,
with 9,34 according to the previous diagram. One can
show these relations by observing that both sides satisfy the
same difference equations. (Those of the Eisenstein series
have been discussed in the previous subsection.) For the
reader’s convenience we list the first few conversions here:

o (R EAE), (Ad6)
i "z ] 27i8(3)
BT | =,
b4
where P, is a Weierstrass elliptic-P function (A30), [f(y)], Ez[%—l} 1 97(3) 1 2 (ad7)
denotes the kth coefficient of the Taylor series of f(y) 4 872 9,(3) 2
around y =0, and we define an abstract differential
operator D by
+1 9@ i 90)
8(")(5) E3|: z :| :487273 1911(3) _5191(5) E,, (A48)
D5 o ',Dz,igi(é) = D;'91<5) =— (A42)
n copies
|
+1 1 97(3) () 1 1
E =- ' E, 12— —(E + = (Ey)? ), A49
“[ : } W 0,(p) 1622 20,(p) 4\ T (A49)
+1 i G i 96 i 1 9,(3)
E =- 1 LS Ey+ 2 (Ey)? ) 2, A50
5{ z] 38407 9,(5) 967 2 8,() ( ”2( 2>)191(5) (430
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[ 1 849G 1
°l z | 46080x° 9,(3) 768"

9,(;) 327

ISy 1
E, 1 (5) <

2 4 8

1 9\ 1 3 1
E4—|——(E2)2> 1<5)——<E6+—E4E2+—E3). (A51)

91(3) 6

From the above conversion one computes the residues of Eisenstein series,

1 +1 1 -1 1
Bf?gEk[ . ] = % ZE;iank[ . ] I (432)
Moreover, the Eisenstein series satisfy the following relations:
>k L o=25]2en
; :tEk[fJ (v) = —2E,{Z§] (27) +2Ek[f] (7).
B |eove| " en-ga] |
z z 2 z
Bl |eo-m] 7 |eo=-Za| @ ram]" e,
Z Z b4
+1 4 +1
A BCESTAMNIC (453)

Applying the shift z — zq%, one can also generate similar
formulas with E,[%!] — E;[T!]. These formulas are gen-
eralizations of the duplication formulas; for instance, the
last identity at k =1 reduces to the duplication for-
mula (A36). Combining the duplication formulas and
(A38), one finds the useful identity

s ]-a ] G
z Z

2 91(3)%94(3)*
APPENDIX B: FOURIER SERIES

(A54)

In this paper, the Schur index of a Lagrangian theory is
computed by directly evaluating the contour multi-integral
of a multivariate elliptic function, one integral after
another. Expanding the elliptic function in terms of a
sum of {-functions allows us to perform the first integral,
but unfortunately, the result is in general nonelliptic with

|

@+&n

N X iy
sinfnzr (g2 —q)k g0

~ q(i—g)"(l +g" K,

respect to the remaining integration variables due to the
presence of the Eisenstein series E;.

Luckily, in all cases that we will be dealing with, albeit
lacking ellipticity, each summand in the result is always a
product of an elliptic function (with respect to the remain-
ing integration variables)—the residues R;,—and some
Eisenstein series. A powerful tool to compute integrals
of such almost elliptic functions is the Fourier series of the
Eisenstein series.

Let us start by defining the Fourier series

!/
1 .
Si(3) ==Zsinknme2ﬂms, forkeNs, and $,(3)=—1.

n

(B1)

This series is a Taylor series in g provided the imaginary
part of 3 is not too large. Concretely, let 3 = 3 + A7, and
hen the summand reads

. qn/l m ~ q(/1+§)n(1 + q-‘rn + .- .)k’ n>0
n

(B2)
n<0

When — % <A< % S can be expanded in non-negative powers in ¢. In the following and in the main text, we will always
operate under the assumption that the entire argument of S, sits well within this range.
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The simplest Eisenstein series can be Fourier expanded as

E_l—lS() E+1_ 1+1S T
12—21.15, 11—221.152,

(B3)
Ez{_zl] :—%Sz<5+%> +Zisl(5)+2_l4’
Ez{tl] :—%sz(s)—l—g. (B4)

The first line can be seen by first translating the E; to Jacobi
theta functions and applying the well-known Fourier expan-
sion of 9:(3)/9:(3) [77]. The second line follows by
analyzing the z-derivative of the first. From these results,
the Fourier expansion of {(3) can also be determined. Recall
that both ¢ and E,; are related to Jacobi theta functions by
(A39) and (A46), and therefore when ¢ = {p + At with
A€0,1),

+1
C(a) = 2ﬂiE1 |: :| - 477,'25E2
Z

— 8, <5 - %) — ni — An?3E,. (B5)

To obtain the Fourier expansions for higher Eisenstein
series, we make the following Ansatz:

= Z Cop (2m)52m (5) ’

m=0

=2
E2n
Z
_1 n
Eair [ Z ] = enna@m+ DSpns). (B)
m=0

In particular, the known Fourier series for low weight
Eisenstein series then imply

1 1 1

0)=+—.

c>(0) +12

(B7)

These data initiate a recursion for the coefficients.
Concretely, using (A27), we see that

Z Con+1 (Q’m + 1)Q'lS2m (5)

m=0
> s |
= 5277 1y Ban-2e
pour 227(2¢ +1)! z
= A 1 Con—2e(2m) S5, (3)
22720+ 1) =
n n—m 1
= 57757 T Cn-2e(2m)S2(3). - (B8)
2.2 s 1 1)
Such analysis provides recursion relations for ¢’s,
Dicy (2mA1) =S (2m), meN
ic m =Y ————Cu2s(2m), meN,
2n+1 f:022f<2f+1)! 2n=2¢
(B9)
2i02n+2 (2m + 2)
n—m 1
=) — (2 1), eN, (B10

with ¢,,,,(0) undetermined since the constant term in
E,,., does not contribute to the difference equation.
However, the constant terms of the twisted Eisenstein
series FE,, are of course well-known in terms of the
Bernoulli numbers, and thus [note the minus sign in

So(3) = —11

BZn

+1
¢2,(0) = (—1)const term of E,, .
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