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Geometric phase assisted observation of noninertial cavity-QED effects
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The state of a quantum system acquires a phase factor, called the geometric phase, when taken
around a closed trajectory in the parameter space, which depends only on the geometry of the parameter
space. Because of its sensitive nature, the geometric phase is instrumental in capturing weak effects
such as the acceleration-induced noninertial quantum field theoretic effects. In this paper, we
study the geometric phase response of a circularly rotating detector inside an electromagnetic cavity.
Using the cavity, the noninertial contribution to the geometric phase can be isolated from or
strengthened relative to the inertial contribution. We show that the accumulative nature of the
geometric phase may facilitate the experimental observation of the resulting, otherwise feeble,
noninertial contribution to the modified field correlations inside the cavity. Specifically, we show
that the atom acquires an experimentally detectable geometric phase at accelerations of the order of

~107 m/s?> which is experimentally feasible.
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I. INTRODUCTION

The experimental detection of noninertial effects in
quantum field theory, e.g., the Unruh effect [1-4] and
Hawking radiation [5,6], has remained elusive to date
because of the requirement of extreme conditions. For
example, in the Unruh effect, to perceive a thermal effect
of 1 K, typically an acceleration of the order of 10>! m/s?
is required [4]. Numerous attempts have been made
to relax extreme conditions using sophisticated tech-
niques and precise measurements, but only to a limited
success [7-14].

It has been further advocated that quantum features
such as the geometric phase (GP) may be of much usage in
bringing down the scales involved. A quantum system
taken around a closed path by varying the parameters R of
its Hamiltonian H(R) acquires a phase that is geometric in
nature. This phase is different from the standard dynami-
cal phase of quantum systems in the sense that it depends
only on the geometry of the parameter space [15]. In a
quantum system interacting with an environment, the GP
depends not only on the unitary evolution, but also on
transition and decoherence rates [16]. Moreover, due to its
accumulative and sensitive nature, the GP can be helpful
in capturing weak effects such as noninertial effects in
quantum field theory.
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It has been proposed [17] that by using the GP the
Unruh effect can be detected for accelerations as low as
10'7 m/s?, which, though a significant reduction in the
acceleration typically required, is still extremely chal-
lenging to achieve. In Ref. [18], the GP acquired by a
circularly rotating detector in free space was studied, but
the detector’s noninertial response remains too feeble to
be detectable at physically realizable accelerations.

Interestingly, the usage of an electromagnetic cavity has
been argued to further relax the acceleration requirement
by a few orders [10,11,19]. For example, by studying the
spontaneous emission rate of an atom circularly rotating
inside an electromagnetic cavity, it has been shown that
noninertial effects can be detected at accelerations as low as
102 m/s? [19].

In this paper, we study the GP acquired by a circularly
rotating two-level atom inside an electromagnetic cavity.
Since the GP is sensitive to transition rates and we already
know that the transition rates become significantly modi-
fied inside the cavity [20], we expect the noninertial
component of the GP to be correspondingly modified.
The accumulative nature of the GP [15,21] facilitates the
detection of weak effects such as the noninertial modifi-
cations to the field correlators, whereas using the electro-
magnetic cavity the atom’s noninertial response can be
isolated from, or strengthened relative to, the inertial
response [19].

By studying the GP response of the atom inside an
electromagnetic cavity, we show that the acceleration-
induced modifications to the field correlators can be
detected at much lower accelerations and with much relaxed
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parameters for the experimental setup. Specifically, we show
that the atom acquires an experimentally detectable GP at
accelerations of the order of 10’ m/s? which is experimen-
tally feasible. Therefore, an efficient GP measurement inside
a cavity is supposed to manifest noninertial quantum field
theoretic effects more robustly as compared to any other
setup proposed so far.

The paper is organized as follows. In Sec. II, we
introduce the background relevant to understanding our
results. We begin by discussing the reduced dynamics of
the two-level system interacting with an external environ-
ment and introduce the notion of the GP for mixed states. In
Sec. III, we present our results on the GP response of the
circularly rotating detector. We conclude and discuss our
results in Sec. IV.

II. GP IN OPEN QUANTUM SYSTEM

In this section, we introduce the concept of the GP for
an open quantum system. For that, consider a two-level
atom interacting with an electromagnetic field. The atomic
ground and excited states are denoted, respectively, by |g)
and |e). The proper frequency gap between the two atomic
levels is ©, and the atom carries an electric dipole moment
four-vector d'*. Throughout this paper, primed quantities
refer to the atom’s comoving frame. In the interaction
picture, the dipole moment operator d (7) is given in terms
of its matrix elements (as they will appear in later
expressions) by

d'(7) = d'o_exp(=iQyr) + d"*o, exp(iQz), (1)

where d' = (g|d'(z = 0)|e) and 6, = o = |e)(g| is the
step-up operator for the atomic states. For simplicity, we
assume that d' = (0,d’,0). The electromagnetic field
is assumed to be in the inertial vacuum state |0). The
interaction Hamiltonian between the atom and the electro-
magnetic field is given by H, = —d"E w [22], where
E, = F,u", F,, is the electromagnetic field strength tensor,
and u” is the four-velocity of the atom. The interaction
Hamiltonian takes the form H,; = —d’ - E’ in the rest frame
of the atom, where E’ is the electric field 3-vector as seen by
the atom. The electric field operator inside a quantization
volume V is given by [23]

E[x(2)] = i) _Erex(ag e @O0 —He),  (2)
k.4

e~ M7c0s?(0/2) + B4 (e77 —
ol = (

l .
x4 sin @

where &) = \/hw;/(2¢)V), €k, With A = 1, 2 are the two
orthogonal polarization vectors, and H.c. denotes Hermitian
conjugate.

In the rest frame of the atom, the evolution of the atom-
field composite system is governed by [24]

d T i

P Lt et o)
where p,p is the density operator of the composite system
and 7 is the proper time of the atom. From Eq. (3), we can
obtain the Lindblad evolution of the reduced density
operator for the atom p(7) = Trp(pagr), Which is given
by [25]

d/;(:) = _%[Hefﬁp(f)] + Zp()l, (4)
where
3
ZLlp| = % Z a;j(20;p0; = oi0;p = poio;)  (5)

ij=1

captures the dissipation and decoherence of the atom
induced by its interaction with the electromagnetic field.
The H represents the Hamiltonian of the two-level atom
with the renormalized atomic level spacing €, which
consists of the Lamb shift [24]. The o;’s are the standard
Pauli matrices [26], and the coefficients a;; are given by [27]

aij = Aél] - iBe,-jk6k3 - A6i35j3, (6)
with A and B defined as

B=yn =T ()

A=
4

[y + T4,

Bl —

whereas

Ty = |y d'(O)lwi) P /_ Tde VG (a(e). (8)

with 4+ and — corresponding to I" ] and FT, i.e., the emission
and the absorption rates, respectively. Here, 7_ =7, — 7y;
wi).lwp) €{lg).le)}: and G (x(z_)) = (O[E¥(7;) x
E”(7,)|0) is the two-point vacuum Wightman function.
By taking the initial state of the atom to be

w(0)) = cos(6/2)]e) + sin(6/2)|g) ©)

and solving Eq. (4), we get the reduced density operator
to be

% €—2AT—iQT sin @ ) (10)
1 — e *7cos?(0/2) = BA (e — 1) )
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in which the effect of the environment is contained in A and B. The GP for an N-level quantum system in a mixed state and

evolving nonunitarily is given by [21]

P (Z pk(O)Pk(T)<¢k(0)|¢k(T)>e_ ﬁ)TO/’k(r)Wk(r))dT), (11)

k=1

where p(7) and |¢; (7)) are instantaneous eigenvalues and
eigenvectors, respectively, of the system’s density operator
p(7). The eigenvalues of p(z) are

(1+2), (12)

SR

p=(7) =

where A= ./r;+e*sin’0 and r;=e*7cosd+
B(e=*4* —1). Since p_(0) =0, the only eigenvector that
contributes to y, is the one corresponding to p,, which reads

|4 (7)) = sin(0:/2)[+) + e"*7 cos(0,/2)|-),  (13)
with

/1+7"3

tan(0,/2) = Py

(14)

By substituting Egs. (12) and (13) in the expression of the GP
in Eq. (11), we get [28]

Q
Vg = _E
/T ( R — Re*'* + cos O )
X dT 1 - ’
0 \/€¥7sin?0 + (% — #e**™ + cos 0)?
(15)

where #Z = B/A. The above expression is valid for all times
T. Now, if we take T = 27n/Q,, where n is the number of
quasicycles, and if A/Q, < 1, we can further simplify the
expression for y, and obtain [28]

2n2

vy = —mn(1 —cos6) — (2B + Acos0)sin’0,  (16)

0

where n is restricted by the demand znA/Q, < 1, because,
to obtain Eq. (16) from Eq. (15), we need 4A¢/Q, < 1 and
for n cycles ¢ = 2zn. The GP has two contributions: The
first term in Eq. (16) is due to the unitary evolution of the
atom, and the second term is coming from the nonunitary
evolution of the atom which results from the atom’s inter-
action with the environment. We will shortly see that, in the
case of noninertial motion of the atom, the nonunitary
contribution can be further separated into an inertial and a
noninertial part. Furthermore, using the cavity’s resonance

structure, the noninertial contribution to the GP can be
significantly enhanced.

ITII. GP RESPONSE OF THE CIRCULARLY
ROTATING DETECTOR

In this section, we study the GP acquired by an atom
moving on a circular trajectory of radius R and angular
frequency w, inside an electromagnetic cavity. The rotating
(z,x',y',7) and the inertial coordinates (¢, x, y, z) are
related as

X =x—xy— Rcoswt,

y =y,
7 =z —2zp— Rsinwrt,
7= (1-w’R*/c?)'/t, (17)

where (xg, 0, zg) is the center of the circular trajectory. We
have seen in Eq. (16) that the GP depends directly on the
quantities A and B which, in turn, depend on the atomic
transition rates. The noninertial motion of the atom affects
only the transition rates and leaves the form of the Lindblad
master equation [Eq. (4)] unchanged. Therefore, the
expression of the GP in Eq. (15) can be used in the case
of a rotating atom with modified transition rates. It is
natural to start, therefore, by computing the transition rates
and then obtain the GP.

We study the GP in two different regimes distinguished
by the relative magnitudes of the rotational frequency of the
atom (w) and the atomic frequency gap (€2). Specifically,
we study the > Q, and o < Q, regimes, where
Qo= Qy\/1 —w’R?/c?. As we shall see, in the o > Q
regime, the noninertial contribution in the spontaneous
decay rate dominates over the inertial one when the normal
frequency of the cavity is tuned at @ + €. In the < Q,
regime, on the other hand, the inertial contribution to the
GP overshadows the noninertial component. However, with
a suitable choice of parameters, the noninertial contribution
can be made comparable to the inertial component.
Therefore, in both regimes, we can analyze the noninertial
contribution to the GP effectively.

A. Transition rates in the atom’s frame

If the atom-field composite system is initially in the state
le, 0), then the total probability of spontaneous emission, in
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the comoving frame, using Born’s rule is given, to leading
order in the atomic dipole moment, by

=Sl
Eiz / dr, [ dex(eld(:)lo) 0l () le) G

/2
a1 / de, / dey (G, (18)

where primed quantities are the quantities as seen from
the comoving frame, G',;, = (0|E, (7,)E,(7,)|0) is the two-
point vacuum Wightman tensor, and |¥) are different
possible final states of the field. G';, can be obtained from
its inertial counterpart, using Eq. (17), as

2
,0)

:mmm]

oxH ox
Gy = Za P G;, = G3,, (19)
1%

where

x(z) = (1(2), x(2), y(2), 2(7))
= (cyz, xg + Rcos(wyt),0, zg + Rsin(wyr))  (20)
is the atomic position four-vector in the lab frame, with

y=(1-¢(w))™"?, and ¢(w)= w?R?/c*. The electric
!

field perceived by the atom and as reported by the inertial
observer is given by E,(x') = F,, (x*)u*, where u*=
dx¥(z)/dr is the atomic four-velocity in the lab frame.
Therefore, using Eq. (20), we have

E, =y[E, — oR{B_sin(wyt) — B, cos(wyz)}].  (21)
Furthermore, using Eq. (21), we can obtain G;,, and
consequently, with Eq. (18) and writing dr = dt/y, we
obtain

P de; [ dryeo(=1)(0
P, = zhz 1 € (Oly[E ( 1)
— Rosin(ot)B. () ~ Rocos(ot ) B, ()] x 7[E, (x4)

— Rosin(wi,)B.(x4) - Rwcos(wi,)B,(4)]|0).  (22)

where E = (E,, E,, E.,) and B = (B,, By, B,) are the
electric and magnetic field 3-vectors, respectively, as seen
by static observers in the lab frame and x| and x4 are two
spacetime points. Similarly, we can compute the absorption
probability (P;) which is obtained by changing Q, in
Eq. (22) to —Q,.

Effecting a change of time variables, 1, = (t; +1,)/2
and 7_ = t, — t1, and evaluating the correlators [19], we get
the transition rates in the lab frame for small {(w), and to
the first order in {(®), as

- R2o* 1 _
Flf-b ;7/ dkp(k)a)k |:5(:|:QO wk) + — e > 2[ (:l:QO Wy + Cl)) + 5(:‘:90 - Wy — CU)]
®?R*?2 - 1 _ _
— 22 g {5(:|:QO — (l)k> - 5 (5(:t90 +w — (Uk> + 5(:&90 - — a)k))}] s (23)

where n = |d|?/(3nheyV); + and — correspond, respec-
tively, to the spontaneous decay rate (I ) and the excitation
rate (I ) with p(k) being the density of the field states. The
transition rates in the comoving frame can be obtained as
L)y = yFlab Inside a cavity, the density of states can be

taken to be of Lorentzian form [29]:

(w./Q)
(0/Q) + (0 —@)*

plwg) ~ (24)

where o, is the normal frequency and Q is the quality
factor of the cavity. The expression for the transition
rates takes a simpler form in the two regimes, namely,
o > Qy and w < Q. Now, we shall explore the transition
rates and the GP response of the atom in these two
regimes.

1. Case I: @ > Q,
Using Eq. (23) and 'y = yI'{¥, the spontaneous emis-

sion rate in the w > €, regime can be obtained as
_ 2, - - 9
[ =nr|Q| 1 —gC(Qo) P(€) +2—OC(60)0)+/)((0+) :
(25)

By expanding the first term in Eq. (25) to the first order in
{(w) and using y = 1 + {(w)/2 + O({(w)?), we can write
the spontaneous emission rate to the first order in {(w) as

Ly = np(Qo)Q + I, (26)
where the first term is the inertial contribution, obtained by

taking the @ — 0 limit, and the second term is the purely
noninertial contribution coming through the rotation.
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The purely noninertial contribution to the spontaneous
decay rate can be obtained as follows:

which, to the first order in {(®), turns out to be

9 w
_ / Z 7+
Qup/ Q) + Ty gorl@s)|. (28)

where p'(w) = dp/dw.
Again, using Eq. (23) and T, = yI'[%, the absorption
rate in the w > Q, regime turns out to be

Py = (@l o, (29)

where .. = w + Q,. Note that, as expected, the absorption
rate has only a noninertial contribution. Furthermore, using
y=1+¢(w)/2+ O(¢(w)?), the absorption rate to the
first order in {(w) is given by

P = e nt(@)plo o (30)

From Eq. (7), we know that A is the sum of the spontaneous
emission and absorption rates and, therefore, up to the first
order in ¢(w), is given by

A= g p(L0)Q0 — %GJ)Q%P/(QO)

+ %c(w){w+p(w+> +p<w-)w—}} - (1

Similarly, B is obtained by replacing the term in curly
brackets in Eq. (31) by w.p(w,)—p(w_)o_. Using
Eq. (16), we obtain the nonunitary GP acquired by the
atom in n number of quasicycles to be

7*n? )
¢~ == 290 Z [(p(QO)QO - C(z)Q(Z)P/(QO)> (24 cos0)

+ () p(0.)(2 + cosd)

—w_p(w_)(2 - cos «9)}] sin’@), (32)

where a quasicycle consists of a time period of T = 27/Q,.
Note that we are using the symbol ¢~ to denote the
nonunitary GP in the @ > Q; regime. Next, we discuss
some numerical estimates of the GP for realistic settings
[19,30,31].

For Q, =10 MHz, Q = 107, and @ = 5 GHz, when
w, = o, that is, when the cavity is tuned to Q) + @, we
have p(Q) ~ 1071, p/(Qy) ~ 1077, p(w,) ~ 1072, and

p(w_) ~ 10713, thus making the noninertial contribution
to A and B highly dominant over the inertial contribution.
The parameters mentioned above lead to an average
acceleration a = w’R ~ 10'® m/s?. Figure 1(a) illustrates
the variation of the inertial and the noninertial contributions
to the spontaneous decay rate as the cavity is tuned to
different frequencies. When we use A and B obtained by
tuning the cavity to @, the nonunitary GP [see Eq. (32)]
acquired by the atom is predominantly noninertial [see
Fig. 1(b)]. In Fig. 1(b), we plot the inertial and the
noninertial contributions to the GP acquired by the atom
as a function of the number of quasicycles for V = 10~7 m?
and R = 107° m. With these values for the parameters,
nAn/Qy ~ 107", which decides the allowed number of
quasicycles consistent with the approximation made to
obtain Eq. (16). We note from Fig. 1(b) that the system
acquires an experimentally observable [32] noninertial
GP~107%rad (1 s rad) in roughly 10° quasicycles,
whereas the inertial contribution to the GP is ~10~'3 rad
in the same number of quasicycles.

2. Case 2: w < Q)

If @< Q) the spontaneous emission rate can be
approximated, to the leading order in {(w), to be

L=y [p(QO)QO - @Q(ZJP/(QO)

where QF = Q) & @ > 0. The absorption rate to the first
order in {(w) vanishes. Therefore, we have

A=B=T,/4, (34)

which leads to a nonunitary GP given by

71'2712

o< = — ﬁri (2 + cos 0)sin?6, (35)
0

where we have used the symbol @< to denote the
nonunitary GP in the o < Q regime.

The GP acquired by the rotating atom can be measured
using atom interferometry [33]. Atom interferometry
employs the wave nature of atoms to detect the relative
phase between any two atoms. To measure the noninertial
GP acquired by the rotating atom, an inertial reference atom
can be used. Thus, the inertial GP cancels out between the
two interferometer arms, and the noninertial GP leads to a
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FIG. 1.

The plot for I') versus w, and the nonunitary GP versus the number of quasicycles (n) in the two regimes discussed in the

paper. We plot the inertial (¢;,) and the noninertial contributions (¢,_;,) to the nonunitary GP here. (a),(b) @ > Q, with ® = 5 GHz,
Qy =10 MHz, V = 10”7 m?, and R = 10~ m, which correspond to an average acceleration a = @’R ~ 2.5 x 10'3 m/s?. For this set
of parameters, 7nA/Qy~ 10""%n. (c),(d) w < Q, with @ =0.1 MHz, Q, = 10 MHz, V =10~ m?, and R = 10~ m, which
correspond to an average acceleration a = @’R ~ 107 m/s?. The plots are for = z/2 in Eq. (9). The vertical black dashed lines
in (a) and (b) mark the normal frequencies at which the cavity is tuned to obtain the GP versus n plots in (b) and (d).

shift in the interference fringes. It is clear that, in order to
ascribe the fringe shift to the noninertial GP, the cancella-
tion of the inertial GP should be better than the magnitude
of the noninertial GP. If the inertial and noninertial phase
contributions are comparable, this condition can be easily
achieved. Next, we show that it is, in fact, possible, with a
suitable choice of parameters, to make the two contribu-
tions comparable even in the @ < € regime. Note that the
noninertial GP response has terms like £(Qg )p(Q7)Qg and
¢(Q5)p(Q5)<Q that dominate over the inertial as well
as other noninertial terms when the cavity is tuned to Q;
and QO‘ , respectively, for a suitable choice of R. With the
parameter set @ ~ 10° Hz, V = 107> m?, and R ~ 10~ m,
if we tune the cavity to QF, we have p(Qy) ~ 1071,
P'(Q) ~ 1075, p(Qf) ~1, and p(Qg) ~ 107", and the
inertial and noninertial contributions to the transition rate
become comparable [see Fig. 1(c)]. Although with this
parameter set, the resulting nonunitary GP per cycle, to
which the inertial and noninertial contributions are com-
parable, is extremely small, due to the accumulative nature
of the GP it can be enhanced by allowing the atom to evolve
for a higher number of quasicycles. With the parameter set
considered here, the average acceleration turns out to be

a = w*R ~ 10" m/s?. Figure 1(d) gives the plot of the
inertial and noninertial contributions to the GP as a function
of the number of quasicycles. With the parameters taken in
Fig. 1(d), the allowed number of quasicycles consistent
with Eq. (16) is determined by zAn/Q, < 1; that is,
1072n < 1.

IV. DISCUSSION AND CONCLUSION

It is essential to note that, although a circularly rotating
detector does not perceive the Minkowski vacuum to be in a
thermal state, it does perceive modified field correlators
[34,35]. In fact, although the field content perceived by
the rotating detector remains zero, the detector still has a
nonzero excitation rate [36,37]. This distinguishes the
uniform linear and circular acceleration scenarios, because,
in the case of uniform linear acceleration, the field content
is truly changed, which constitutes the Unruh effect.
However, both the Unruh effect and the response of a
circularly rotating detector can be understood in terms of
acceleration-induced modifications to the field correlators.
Therefore, although detecting the modified field correlators
by a circularly rotating detector is not direct evidence for
the standard Unruh effect, any such detection serves as a
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manifestation of quantum field-theoretic noninertial
effects [14].

Here, we have studied the GP acquired by a circularly
rotating two-level atom, inside an electromagnetic cavity,
interacting with the electromagnetic field in the inertial
vacuum. The acceleration-induced modifications to the field
correlators perceived by the atom depend on the angular
frequency of the rotating atom. We have studied the GP in
two distinct regimes characterized by w > Q; and @ < Q.
The o < € regime is of particular experimental interest,
because one of the main hindrances to the detection of
acceleration-induced modifications to field correlators is that
such detection requires very high accelerations.

In the @ > Q regime, for @ ~ 10° Hz and Q; ~ 107 Hz,
we have shown that the atom acquires a noninertial GP ~
1076 rad in 10° quasicycles, i.e., ~1072 s, while the inertial
contribution remains insignificant, thereby successfully
isolating the noninertial response to the GP from the
inertial one.

In general, in the ® < Q, regime, the noninertial GP
comes out be much weaker than the inertial GP. However, we
show that it is possible to make the two contributions
comparable by tuning the cavity to &, + ® and taking a
larger radius (R). Specifically, we achieve this by weakening
the inertial response by tuning the cavity away from the
atomic resonance. Note that we cannot indiscriminately
increase R, because an atom rotating on a larger radius
requires a bigger cavity to encase it and a larger cavity
volume suppresses the overall detector response. By
allowing the atom to evolve for ~107 quasicycles, a non-
inertial GP ~ 107° rad can be acquired, which is comparable
to the inertial GP acquired by the atom. This will enable the
possibility of the detection of acceleration-induced modifi-
cations to field correlators with much more relaxed param-
eters compared to previous studies [17,19].

Specifically, we have shown, in the @ < €, regime,
that it is possible to detect the acceleration-induced
modifications to the field correlators at an acceleration
of ~10” m/s>. Compare this with the accelerations
required for the noninertial effects to be substantial in
other proposals. For example, the Unruh effect demands
acceleration of the order of 10%' m/s?> if the detector
transition rates are used as an observable [3,38] and
10" m/s?> if the GP is used as an observable [17].
Similarly, detecting noninertial effects using a circularly
rotating atom inside an electromagnetic cavity, by observ-
ing the atomic spontaneous decay rate, requires an
acceleration of the order of 10'> m/s> [19]. Thus, we
demonstrate that, aided by the cavity, usage of the GP
response for observing weak, but nontrivial, noninertial
effects in quantum field theory is a very sensitive and
powerful tool.
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