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This work continues the investigation of radiation phenomena from emitter-field interactions, extending
our earlier study [J.-T. Hsiang and B. L. Hu, Physics 1, 430 (2019).] of quantum radiation from a stationary
emitter’s internal degree of freedom, modeled by a harmonic oscillator, to the emittance of classical
radiation. By assuming that the emitter interacts with a quantum scalar field initially in a coherent state, we
show how a stochastic component of the internal dynamics of the emitter arises from the vacuum
fluctuations of the field, resulting in the emittance of quantum radiation, whose reaction induces quantum
dissipation in the internal dynamics. We also show how the deterministic mean field drives the internal
classical mean component to emit classical radiation and receive classical radiation reaction. Both
components are statistically distinct and fully decoupled. It is clearly seen that the effects of the vacuum
fluctuations of the field are matched with those of quantum radiation reaction, not with classical radiation
reaction, as the folklore goes. In contrast to the quantum component of the emitter’s internal dynamics,
which always equilibrates, the relaxation dynamics of the classical component largely depends on the late-
time behavior of the mean field. For the values of the parameters defining the coherent state of the field
much greater than unity, if the mean field remains periodic, then the internal dynamics of the emitter will
appear classical and periodic. If the mean field diminishes with time, then the classical component of the
emitter’s internal dynamics subsides but the quantum component will abide and dynamically equilibrate.
This also explains why quantum radiation from a stationary emitter is not observed, and a probe located far
away only sees classical radiation. Our analysis therefore paints a continuum landscape starting from

vacuum fluctuations in the quantum field to classical radiation and radiation reaction.

DOI: 10.1103/PhysRevD.106.045002

I. INTRODUCTION

In an earlier paper [1] (Paper I), we considered several
fundamental issues related to the quantum vacuum [2]
in the context of emitter-field interactions [3—7] pertain-
ing to quantum radiative processes. We begin with
the vacuum fluctuations in a quantum field, examine
how they bring forth stochastic motion in the internal
degrees of freedom (idf) of an emitter, induce it to emit
quantum radiation and how the emitting of radiation
generates a reactive force on the emitter. All these are
quantum in nature. When the emitter-field system reaches
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equilibrium, the energy flow drained by this reactive force
in the idf of the emitter is balanced by the power fed by
vacuum fluctuations of the field. Meanwhile, as shown in
Paper 1, at places sufficiently far away from the emitter,
the outgoing energy of quantum radiation is compensated
by an incoming energy flux. A powerful relation which
one can use to check the energy flux balance in the
relevant processes is the fluctuation-dissipation relation
(FDR). Under equilibrium conditions, referring to the
quantum field alone, vacuum fluctuations are related to
quantum dissipation [8-14] by a fluctuation-dissipation
relation.'

'Note two sets of FDRs are involved. When we address the
vacuum fluctuations vs radiation reaction, we refer to the FDR of
the free environment field (in its initial state). However, when we
compare the FDR in linear response theory vs nonequilibrium
dynamics, it is the FDR of the system (in its final equilibrium
state). A more thorough discussion can be found in [15].
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A. Basic issues and prior treatments

1. Fluctuation dissipation relations

The FDR in the quantum field is easy to show, as has
been done in the 1990s [8—10]. It amounts to the relation
between the Hadamard function and the retarded Green
function. A greater challenge is to show whether and
how a FDR relation exists for the emitter in the context
of the emitter-field interaction, namely, between its
quantum fluctuations, and quantum dissipation in the
dynamics of the idf of the emitter [11-14]. This lesser
known process goes as follows: Under specific condi-
tions, as we shall explain in the main text, radiation of
a quantum nature is sent out from the emitter. The
reactive force from this quantum radiation engenders
quantum dissipation in the dynamics of the emitter’s
idf, and under equilibrium conditions, a quantum fluc-
tuation-dissipation relation (FDR) of the emitter can be
shown to exist reflecting the subtle balance between
the dissipated energy by the quantum self-force and
input energy from the surrounding quantum field
fluctuations.

2. Some conventional misconceptions

It is often said that vacuum fluctuations and classical
radiation reaction are two sides of the same coin, and
one can approach it from either side as they are related by
a fluctuation-dissipation relation. In Paper I we pointed
out the flaws in this view. To begin with, the former
entity is quantum while the latter classical. One cannot
connect them prima facie, a big divide exists between
these two levels of theoretical structure. A simple
observation is: there are situations where classical radi-
ation reaction can be zero, such as in a uniformly
accelerated charge, which emits classical radiation
[16], and yet vacuum fluctuations are always present.
There is indeed a relation between vacuum fluctuations
and quantum dissipation—one can call this quantum
radiation reaction, but not with classical radiation
reaction.

3. From vacuum fluctuations in the
field to quantum dissipation
in the emitter

These rather intricate quantum processes are not often
discussed, but can be understood in two stages: (a) fluc-
tuations in a quantum field induces a stochastic compo-
nent in the dynamics of the idf of an emitter. This motion
causes the emitter to give off quantum radiation. (b) the
backaction in the emittance of quantum radiation gen-
erates a reactive force on the emitter, which shows up as

quantum dissipation in the emitter’s idf. All these are at
the quantum level, not related to classical radiation and
radiation reaction. The primary purpose of Paper I was to
trace out the subtle relations between fluctuations in the
quantum field and quantum radiation from the emitter,
and how that is related to quantum dissipation. In fact we
considered a stationary emitter and show that there is a
delicate yet exact energy flux balance due to the corre-
lation between quantum radiation sent out from the
emitter and the vacuum fluctuations of the quantum field
at the position of a detector placed far away from the
emitter.

B. This work: Objective and procedures

1. How does this chain of quantum
events lead to classical radiation?

In this paper we follow this line of reasoning and set
forth to show how classical radiation and radiation
reaction appear from the quantum field by assuming that
the field is in a coherent state. The energy flux expres-
sions we shall derive have as the leading contribution a
classical term. This enables us to bring the above
quantum story starting from vacuum fluctuations all
the way to classical radiation while still keeping all the
quantum attributes intact, as described in Paper I. With
this, we can explicitly address all the issues we mentioned
above, from vacuum fluctuations to quantum dissipation
to quantum radiation to classical radiation and classical
radiation reaction. Attempts to connect quantum radiation
in the nature of Unruh effect [17,18], namely, thermal
radiance felt by a uniformly accelerated detector, with
classical (Lamor) radiation registered by a detector or
probe at some distance from this detector have been
made. For example, Landulfo, Fulling and Matsas [19]
found a relation between Unruh’s thermal radiance in,
and the Larmor radiation emitted by, a uniformly accel-
erated charge, the latter can be seen as entirely built
from zero-Rindler-energy modes, thus bridging the quan-
tum and the classical radiations. However, we are not
aware of attempts to connect vacuum fluctuations in a
quantum field with quantum dissipation in a detector/
charge to quantum and classical radiation from a detector/
charge.

2. Main features in our findings

We find that for a stationary emitter whose internal
degree of freedom is modeled by a harmonic oscillator and
is coupled to a massless scalar field initially prepared in a
coherent state, the dynamics of the field and the emitter’s
internal motion can both be decomposed into the corre-
sponding classical, mean component and the fluctuating,
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quantum (:omponent.2 Both components of the emitter’s
internal degree of freedom act like a driven damped
oscillator. The classical component is driven by the mean
field but damped by a classical reactive force from the
emission of classical radiation. In contrast, the quantum
component is steered by the vacuum fluctuations of the
field. Its motion engenders quantum radiation, and in return
a quantum dissipation is exerted on the quantum compo-
nent of the internal dynamics.

The classical deterministic motion of the emitter’s
internal degree of freedom in general dominates over
the quantum motion at late times if the coherent param-
eters, that is, the parameters defining the coherent state of
the field, e.g., {a} in (2.21), are mostly much greater than
unity, with the exception that the mean free field decays
with time. This happens when the mean field is not
periodic and has a wide, sufficiently smooth spectrum.
In the latter case, the internal dynamics of the emitter is
quantum mechanical at late times. These two cases are
different not only in their statistical nature, but also in their
ability to reach equilibration. Periodic driving due to
the classical mean component of the free field will in
general induce a periodic internal motion of the emitter, so
the internal dynamics will not have an equilibrium state.
On the other hand a diminishing mean field can allow

2Quantum—classical interplay is a fundamental question with
multi-dimensional meanings, radiation phenomenon being one
important aspect of it, particle creation is another. They share the
same origin, namely, fluctuations in the quantum field. When the
field is strong enough (Euler-Heisenberg, Schwinger) or when it
is rapidly varying (Schrodinger, Zel’dovich) as in cosmology,
particle creation occurs. In the case of particle creation one would
be working with a field in the vacuum state, manifesting as
spontaneous production, or with an n-particle state, when there
are particles already present, manifesting as stimulated produc-
tion. One can also work with a thermal state for finite temperature
quantum fields. There, the quantum classical-interplay is simpler:
At high enough temperatures 7', the leading terms in the energy
density would show ‘classical’ features like the Stefan-
Boltzmann T* law (even though we know of the radiation’s
quantum origin). Or, for vacuum production, when the particles
have been created in abundance, the large number limit would
show classical features, not unlike the intensity of classical
electromagnetic radiation, under randomized phases. These are
familiar examples. Several useful criteria of quantum to classical
correspondence are invoked: large N, random phase, high
temperature. Taking into account the interaction between the
created particles and the time-dependent background field, the so-
called backreaction problem, is indeed more elaborate (e.g.,
regularization of the stress energy tensor) but these calculations
can be and have been done. Now, for the issues we raised about
the relation of quantum radiation and dissipation and classical
radiation and reaction, we find the use of coherent state is
physically the most direct and computationally feasible. The
quantum-classical interplay is of course a main theme of this
paper, our calculation serves to clarify the two separate levels of
relations, and their interconnections. Our next paper [20] will be
on squeezed states with applications to quantum radiation and
cosmological particle creation problems.

the quantum dynamics of the internal degree of freedom
to prevail at late times, and equilibrate. The activities
of the quantum component inside the emitter such as
quantum dissipation, or quantum radiation reaction,
are completely due to the vacuum fluctuations of the free
field.

The radiation given off by the emitter can likewise be
separated into a classical and a quantum component. In
general the classical radiation component either will not
settle down, or it just slackens off, depending on the
properties of the mean field at late times. Conversely, at
late times the energy flux from the quantum component of
the emitted radiation measured at a distance sufficiently far
away from the stationary emitter will be balanced out by
another incoming energy flow. This was a key discovery we
found in Paper I and earlier in [21]: This incoming flux
results from the correlation in the quantum components
between the distant radiation field, that is, the far-field
component, and the local free field around the emitter. The
exact amount of correlation to make this happen is enforced
by the fluctuation-dissipation relations associated with the
quantum components of the field and the internal dynamics
of the emitter. Such a balance in the energy exchange
between the emitter and the field is generically not available
for the classical mean components because they are
deterministic, there are no fluctuations, and thus no
FDRs. Therefore, quantum radiation is always present,
but for a stationary emitter its effect at spatial infinity is
completely canceled out. The probe located far away from a
stationary emitter thus only sees classical radiation. A more
detailed summary can be found in the last section.

Before we delve into the main development, we would
like to markdown essential points which our present work
accomplishes beyond previous work. To facilitate easier
comparison, we use a well-known monograph [22] to show
their common origin and, more significantly, important
points not made clear enough and new results not correctly
or fully presented before.

A. Common points of origin:

(1) Radiation field: Eq. (4.4.70) is equivalent to
Eq. (2.4) in our paper;

(i) Langevin equation of motion: Eq. (4.5.12)
corresponds to Eq. (2.6) in our paper. In
particular, E, and Egg in Eq. (4.5.12) are the
free field ¢, and the nonlocal expression in our
Eq. (2.6) respectively. This is just the beginning
of our story.

B. What we can achieve which older treatments cannot:
The use of the harmonic oscillator model offers
many important advantages for what we want over a
two-level atom such as used in [22].

(B1) Our model can be solved exactly. We do not need to
invoke approximations like the perturbative, rotat-
ing-wave or Born-Markov approximations which
could curtail or destroy the generic behaviors.
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(B2) We begin with the Green’s functions of the quantum
field. This offers a systematic development of the
formalism which produces rigorous results. This also
avoids the sometimes ad hoc or physically unjustified
assumptions in the perturbative treatments.

(B3) Our approach makes clear revelation of the subtle
correlations in the quantum radiation field, and the
source of correlation. In strong contrast, the classical
radiation field lacks such correlation. This enables us
to see why the quantum energy flow tends to
equilibrate, but the classical one cannot.

(B4) Our work is developed in a fully nonequilibrium
setting, as different from traditional linear response
treatments relying on the existence of equilibrium as
a precondition. A fully nonequilibrium treatment
allows us to clearly address how the system and the
radiation field, can or cannot approach equilibrium.

(B5) Our model applies equally well to strong system-
field coupling, a topic of immense current interest.

3. Organization

In Sec. II, while considering the dynamics of the emitter’s
internal degrees of freedom coupled to a scalar field in the
coherent state, we carefully separate the classical mean
component and the quantum fluctuating component in
the field and the internal dynamics. We highlight their
differences in terms of their deterministic versus stochastic
natures, and discuss their implications in approaching
dynamical equilibrium. In Sec. III, we study the late-time
behavior of the internal dynamics of its classical and
quantum components, and the condition that may lead to
stationarity in its correlation function. Then we examine in
Sec. IV how a late-time equilibrium state can or cannot be
reached from the aspect of the reduced dynamics of the
emitter’s internal motion driven by the quantum field in a
coherent state. In Sec. V, we switch over to the perspective of
the field, and investigate the radiation power that flows to
spatial infinity. In passing we reassert the significant role the
FDRs plays in keeping the quantum components of radiation
power from a stationary emitter in balance, and the conse-
quence of their absence in the classical component. Finally,
in conclusion, we highlight the similarity and disparity
between the classical mean and the quantum fluctuating
dynamics in the emitter-field system, and discuss their
implications in late-time dynamics.

II. INTERNAL DYNAMICS OF THE EMITTER
WITH BACKACTION FROM A QUANTUM FIELD

We consider an emitter whose internal degree of freedom
(idf) Q(r) is modeled by a quantum harmonic oscillator of
mass m and bare frequency wg. Let Q() be coupled to a
massless scalar field ¢(x) in Minkowski spacetime with
x = (x, ). The total action of this emitter-field interacting
system takes the form

s_/ﬁu¢WLéWQ¢mmww]
+./(aﬂx\/:ﬁj(x)¢(x)

+[alson-"Rew]. e

with the scalar current J(x*) = eQ(#)8® (x —z), the cou-
pling strength e, the spatial position of the emitter z, and the
metric tensor 7 = diag(—1,+1, +1,+1). We suppose for
the moment that the external degree of freedom z# of the
emitter is non-dynamical but prescribed. When we promote
the canonical variables in the action (2.1) to quantum
operators, we arrive at a simultaneous set of Heisenberg
equations

(2.2)

w

0(1) + w30(1) = =~ hz.1). (2.3)

Since they are linear equations, the corresponding operator
solutions to (2.2) can readily be found:

H(x) = ¢n(x) +/d4x’G(<)i/’1%(x, NI(),  (2.4)

where ¢, (x) is the homogeneous, in-field solution, satisfy-
ing the free-field wave equation gy (x) =0, and
G((f,/ﬁ(x,x’) is the retarded Green’s function of the free

field, obeying the inhomogeneous wave equation

OGYR(x. ) = -— (2.5)

It is important to mark the difference between ¢(x) and
¢n(x), and their roles in the emitter-field dynamics. The
former contains an additional contribution of the radiation
field due to the internal dynamics of the emitter, conveyed
by the second term in (2.4).

Equation (2.4) allows us to rewrite (2.3) into

. 2 A
Qm+@@m—3/dmﬁ&¢aoqa—5%@¢
n Jo m

(2.6)
Its solution assumes the general form
O(1) = On(1) + Qinn(1).  with
A ! n
Ol = [ WGP u-thzr). ()
0
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where Oy (t) = d,(1)0(0) + d,(1)Q(0) is the homo-
geneous solution to (2.6) and depends on the initial
conditions of Q. Two fundamental solutions d,(r) and
d, (1) are tailored for the initial-value problem of (2.6), so
they are chosen to take on special values at the initial times

t = 0 according to d,(0) = 1, d,(0) = 0, d,(0) = 0, and
dz(O) = 1. An overhead dot represents taking the derivative

with respect to . .

The inhomogeneous (particular) solution Q;,,(f) is
caused by the free quantum field g?)h. It rises from zero
once the emitter-field interaction is turned on. Since it does
not depend on the initial conditions of Q(¢) it has a statistics
different from the homogeneous part Oy (7).

A. Retarded Green function

The retarded Green’s function G%Q) (7) = dy()/m of the

internal degree of freedom Q on account of the interaction
with the field, satisfies

d?
ﬁcg%_s) + 3G (1—s)

2 e
_ / 1G9 (. 1:2.0)G (¢ —5) = 5(1—s). (2.8)
0

m

When ¢ is a massless scalar field, we may reduce the
equation of motion (2.6) to a local form. Since

G (2, 1:2, 1) = i0(1 = 1) [Bu(z. 1), Pz, )]

= 05 (x)

- (2.9)

the backaction on Q due to the inhomogeneous part of ¢ is
given by

LG9 2
_e2/ dsGog (2, 1;2,5)Q(s)
0

62

. {_5(0)Q(z) +68(1)0(0) + / ' dsé(t — s)Q(s)}-

2w 0
(2.10)

We note that the integral

2

o [ dsat-)006) = 060 = 2mr00) 211

gives the frictional force.

On the other hand, the general solution to (2.2) can also
be expressed in term of the out-field and the advanced
Green’s function

M) = donar) e [ ds Gz s)Q0). 212

t

where G(()ﬁ(x, tx', 1) = G(()'Q(x’ ,t5x,1). In the limit

x' - x — z, we find

y 1
Gz tiz.1) = 5, 0(=7)3 (7). (2.13)

T

so the corresponding backreaction comes from

e / " dsGY) (2. 1:2,5)0(s)
t

62

— 2 {ot-c0)0(em) 500010 - [ assta-5)005) |

(2.14)

For times not at the asymptotic past and future, we may
write (2.10) and (2.14) as

t R 2 R .
_e? / dsGif(2.1:2.5)0(5) = ~2-5(0)0(1) + 2mrQ(r).
0

(2.15)

2

—e? /oe ds Gé‘ﬁ(z, t:2,5)0(s) = —%5(0)52(1) —2myQ(1),

(2.16)

and find that the frictional force can be given by the
combination

. r ] A
2y 0() == [ ds3 G iz.5) - G e 2.5 00).

(2.17)

This provides an alternative perspective why this mysteri-
ous expression has been used to calculate the self-force on
the emitter due to the radiation [23].

B. Radiation reaction

Back to (2.10), the term proportional to §(0) will be
absorbed into @3 to form the physical frequency

2

WR = W — 6—5(0)’

- (2.18)

such that (2.6) becomes

5

0(1) +2r0(1) + @R 0() = —dy(z.1).  (219)

This form is convenient to work with, and in particular, the

Fourier transform of Gl({@(r) has a rather simple form
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GgQ)(K) = /oo dr G§Q>(1)e"’“

1
= . 2.20
m(—k* + wg — i2yx) (220)

From the derivation of (2.19), we see that the damping
emerges as the reaction force to the radiation sent out by the
emitter. Together with the fluctuating force eq;ﬁh (z, 1), they
are consequence of the emitter-field interaction. Thus, the
damping term and the driving term will account for
the energy exchange between the emitter and the field.
The force egy,(z,t) associated with the free field pumps

energy to the emitter, while —2myQ(r) dissipates the
emitter’s energy in the form of radiation field. This relation
is what we shall focus on when examining the time
variation of the energy exchange between the emitter
and the surrounding field to see it comes to an exact
balance at late times.

C. Quantum field initially in a coherent state

An important feature of Qy(7) is that it exponentially
decays with time over the relaxation timescale y~! with
y = e*/8xm, due to the damping in (2.19). At late times
t > y~!, the second term in (2.7) survives and thus the late-
time dynamics of Q is exclusively governed by the free
scalar field gfﬁh. This has important implications which we
shall see later.

In the Heisenberg picture, we consider the case where the
initial state of the total system at = 0 is a direct product
state made up of an arbitrary, normalized oscillator state
p'@) and the multimode coherent state’ of the field |[{a}),

p(0) = p'9(0) ® [{a})({a}

, (2.21)

where |{a}) is the shorthand notation for the multimode
coherent state, [{a}) = |ay,) ® |ag,) ® --- where o, € C
and k; labels a particular field mode. The expectation value
(-+-) =Tr{p(0)---} will be defined with respect to this
initial state. The coherent state has distinct features among
the Gaussian states of the field. The field in this state has a
nonzero expectation value but minimal field fluctuations,
equal to its vacuum fluctuations. Hence the coherent state is
sometimes referred to as the “most classical” quantum state
and often treated so when issues of quantum-to-classical
correspondence are discussed. However, it is important to
remember that the nonequilibrium system under consid-
eration is inherently quantum, even if the field is assumed
to be in a coherent state, because once the interaction
begins, the state of the whole system will become highly

The essential properties of the coherent state are reviewed in
Appendix.

entangled, a feature totally absent in the corresponding
classical interacting systems.
Assume that ¢, has a plane-wave expansion

A d’;k 1 A Likx —iwt AT —ikx ,+iwt
n(x.1) = —(zﬂ)%—rz—(; Qe ™ e 4 agem T e,

(2.22)

where w = |k|, and d, &,Tc are the annihilation and creation
operators of each mode k. Its expectation value is given by

(%) = Tr{p(0)ghn (x)} = (P (x))

&k 1 +ik-x—iwt * —ikx+tiot
= wTw_(ake +ake )’ (2'23)

with o = ({a}|ag|{a}). This looks like a classical, free
scalar field in plane-wave expansion, and the amplitude of
each mode is proportional to . In turn, taking the same
expectation value of (2.19) gives an equation of motion

Q1) +2/Q(1) + GRQM) = —py(z1). (2.24)

with Q(r) = Tr{p(0)Q(r)}. The mean dynamics of Q(r) is
mathematically identical to the dynamics of a damped
classical harmonic oscillator, driven by a deterministic
force eqy(z,t), evaluated at the location of the emitter.
The deviation from the mean dynamics is then described by

g = Q —Q, following a similar equation of motion
x A ~ € A
q(1) +274(1) + @R (1) = [n(z. 1) = pn(z. 1)]. (2.25)

obtained by subtracting (2.24) from (2.19). The operator g
has a vanishing expectation value (§(z)) = 0, but as shown
later, it describes the quantum fluctuations of the internal
dynamics.

The rendition above may lead one to think that when
|| > 1, apart from minute zero-point fluctuations, the
reduced mean dynamics of Q driven by the quantum field
in the coherent state is more or less equivalent to the
reduced dynamics of a classical field ¢y, (z, ). This is not
entirely correct, especially when quantum field fluctuation
effects are involved. The first hint comes from the two-
point function of the field.

The two-point function of ¢, (x) is given by

(X)n(x)} = @n(¥)on(x') + (0l¢hy (x)hn(x')]0).
(2.26)

Tr{p(0)h,

The second term on the right-hand side (2.26) is the
corresponding two-point function of g?ﬁh (x) in the vacuum
state. On the other hand, the form of ¢, in (2.23) may
suggest identifying the first term as the two-point function
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of ¢y (x). This is problematic conceptually. Since ¢y, (x) is a
deterministic c-number field, it contains no random ele-
ments and hence it should not have the two-point corre-
lation function.

1. Deterministic vs stochastic variables

This may be a good place to clarify the differences
between deterministic and stochastic (random) variables.
Suppose F(t) is a deterministic variable of the physical
quantity we are interested in. We make a measurement of F
at time 7, and another measurement at 7. If we repeat the
same set of measurements on another identically prepared
copy, and another again, we always get the same outcomes
at times 7 and #'. On the other hand, if () is a stochastic
variable, then repeated measurements will give different
sets of outcomes at ¢ and 7 for each realization. The
correlation function of a stochastic variable then tells us
how the result at 7’ is qualitatively correlated with the one at
t, or to infer what we might obtain at time #, given the
measurement result at time 7. For a deterministic variable,
there is no such uncertainty.

One may argue that since ¢}, (x) contains fast oscillating
modes it inevitably introduces uncertainty, and one may
define its correlation function by an appropriate time
average

—00

{(@n(xX)en(X))r = Tlim %/_: dsp(x',t+s)px, 1 +5).
(2.27)

Plugging in (2.23) gives

DX =D {agage e gimts=r)
k
+ogat etk gmiol=r) L C.C.}. (2.28)

where we also have used

N S . sin(lw—o')T
_ i(0-0)s — e S S ,
]11—{1;10 T/_Tdse Th—g.lo (w—a)T Suar: (229)

Here we assume the mode label k to be discrete for
convenience. The continuum limit of the mode sum is
understood as

&k 1
Since both @ = |k| and @' = |k'| are positive, the terms
proportional to the product oy o and its complex conjugate
vanish. The two-point function obtained by taking the time
average turns out to be always stationary in time, which
ostensibly is different from the first term in (2.26). Thus this
argument fails.

Furthermore, for any c-number function y(x), one can
always compute

Tr{p(O)y (X (x)} = y(x)w(x) (2.31)
in the same fashion as (2.26). However, we would not
regard this as a correlation function of y per se, in the sense
of the above discussions. These observations suggest that a
coherent state description and the classical formulation are
not exactly equivalent. We shall return to this point later.
For now let us proceed to study the late-time behavior of the
internal dynamics of the emitter when it is coupled to a
quantum field initially in a coherent state.

D. Internal dynamics of the emitter at late-times

Complementary to (2.7), the general solutions to (2.24)
and (2.25) take the forms

Q) = Q,(1) + e /) "4 GOt = gn(nt),  (2.32)

a1) = () + ¢ /0 "4t GO (1 — 1)z 1) — pnlz )

(2.33)

The homogeneous solutions Q(#), §,(¢) have similar
exponentially decaying behavior with increasing time, as

On (1) does. Then the two-point function (Q(7)Q(1)) of the
internal dynamics can be written as

(0(NQ(1)) = Q(QA(Y) + (a(na(r)). (2.34)

In particular when ¢ — , we find the second moment of 0
has the form (Q?(1)) = Q*(r) + (*(¢)) and thus (§%(z))
gives the dispersion of Q, and §(r) accounts for the non-
deterministic component of Q. If we use (2.7) to express
O(1) as Oy, (t) + Oy (1), then the two-point function (2.34)
can be alternatively written as

(O(HO()) = (0n () On(?)) + (Qinn (£) On (1))

+ (00 (1) Qian (1) + (Qian (1) Qian (7). (2.35)
Observe that Oy (1) and Q;,,(#) commute since Q(0) and
(:f)h (x) are assumed to be statistically independent. We then
have, say, (Op(f)Qinn(#)) = Qu(£)Qinn(2). It vanishes at
late times, as well as (Qy,(f)Oy (7)), so in this limit the

remaining nonvanishing component of the two-point func-
tion (2.34) is
(O()0(1)) = (Qinn (1) Qi (1)) (2.36)

for t, ¥ — oo.
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III. LATE-TIME STATIONARITY OF THE
REDUCED DYNAMICS OF THE
EMITTER’S IDF

The behaviors of the Green’s functions of Q play an
important role when we try to determine whether equili-

bration conditions of the O dynamics exist. We already
have worked out GgQ)(t
G(HQ) (z,7). We will show that in general Gﬁg)(z‘, t') is not
translationally invariant in time due to the nonequilibrium
dynamics of O, but at sufficiently late times, it can
gradually become a stationary function of time, that is,

G (1.1) = G (1 -

—1), so now we focus on

t'), under certain conditions.

A. Behavior of the Hadamard function

The Hadamard function Gﬁ@(t, ?) of O can be readily
written down with the help of Eq. (2.7),

G2 (1.1) = L ({0(). (1)}

+e/ds/ dsG t—s)

X Gl(2 )(t s )“G(().})I(z, $;2,8).

o \

(3.1)

The ... represents terms that have negligible contributions

at late times. Using (2.26), we can in general write the

Hadamard function "G(()({’P)I (z,5:7',s") of the free scalar field

g?ﬁh in the coherent state as,

aG(‘/’) 2. 5:2.5") = I VACG(l/’) o
()’H PR ) —§0h z,s)(ph(Z7S>+ 0’H<Z’S’Z7S)'

(3.2)

Here the left superscript denotes the state of the field, and
when the field under consideration is a free field we add a 0
to the right subscript. The other super- and subscripts are
self-explanatory.

Thus Eq. (3.1) becomes

t v
)= ~~+ez/ds/ ds’Gl(zQ)(t—s)

x Gt = 5" pn(z. 5)gm (@ s")

-I-e/ds/ dsG t—s)

« G}({Q)(t/ )VACG( )(Z 5:2.5).

GLQ) (t, t/

(3.3)

The first term on the right-hand side of (3.3) is nothing but
Qin (1)Qyun (7'), a deterministic component in GE{Q)(t, 7). 1t
is worth further investigation because it may turn out to be
the main contribution to the nonstationary behavior of

GEQ)(I, t') at late times. Define

t .
Flt;w) = m / dsGQ (1= s, (3.4)
0
We obtain
Pk 1
Qi ) = —/
nh( ) (27[) \/2—'
X (e ® f (1) + ape * 2 f* (L w)],  (3.5)
so let us examine the late-time behavior of Qi (1).
By (2.20), we find
f(t;w) = dy(w)e {1 — e'd, (1) + iwe'd,y (1)}, (3.6)

and f*(f; ) = f(t; —w). Here d,(t) and d,(t) are homog-
enous solutions to (2.19), and satisfy the initial conditions
dy(0)=1.

d(0) =0, (3.7)

In fact, d,(7) can be shown to be related to the retarded
Green’s function GI(QQ) (1) of the internal degree of freedom
by Gf{@ (1) = 0(1)d,(t)/m, where 0(t) is the Heaviside step
function. For simplicity, we put the origin of the external
coordinate system at the location of the emitter, i.e., z = 0,
and assume that the spacetime is homogeneous and
isotropic. Then we can reduce Q;,;(7) into

anh(t> 8\/_y

/ dowtla,f(t0) +auf (o). (3.8)

0

Here we include ¢, (x, ¢) in (2.23) for comparison

1 A 1 . . . .
= dow?|a, sinwre™' " + af sinwre!],
(0} w
0

(ph(x’t) \/7_1'7"

(3.9)

with r = |x|.

The long-time behavior of Q;;(7) depends sensitively
on the choice of @, in the expansion of ¢,. When, for
example, the coherent parameter «, is proportional to
5(w — w), then the driving force in (2.24) becomes a
single-mode sinusoidal function of time with frequency
w, then (2.24) describes a damped harmonic oscillator
driven by a sinusoidal force. It is well known that for ¢
greater than y~!, Q(7) = Qy(7) will oscillate at the fre-

quency @ and has an amplitude proportional to w3d, ().

Thus the exponentially decaying behavior of Gl({@(t) is not
in general sufficient to damp Qj,(7) at large 7 even though
@u(0,¢) is not an exponentially growing function of z.

B. Illustrative examples

In passing, it is interesting to mention a few more
examples before we delve into the general considerations.
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1. Suppose that ¢y, (0, ¢) is a monochromatic light

T t
gah((), t) —ECOS <27T;), (310)

with the amplitude A = z/2, period 7 =2 or angular
frequency wp = #. The inhomogeneous solution of the
displacement Q(t) is given by

2 -
Qinn (1) = ZeAJ’CUDWz(CUD)P sin wp, (3.11)

and

. 2 -
Qun (1) = £ Aywd|dy(wp) P coswpt,  (3.12)
m

when 7> y~!. Then the mechanical energy of the driven
damped oscillator at late times becomes

th( ) me anh ([)

Eyipen =
= 16ﬂA2y3a)D|d2(wD) |*[? cos wpt + w? sin wpt].

(3.13)

We note that it will be a constant 16zA%y3w?|d, (wp)|* at
late time when the driving frequency wp matches the
physical frequency wg, not the resonance frequency

Q = \/w} —y?, where d,(w) has a maximum. This does

not mean the motion reaches equilibrium, a stronger

constraint like the existence of the FDR or stationarity is

needed. Rather, it says that at late times, the energy pumped

into the oscillator happens to be equal to the dissipated

energy. This does not occur for a general periodic motion.
2. As a second example, consider a sawtooth wave

A . ,
§0h(0, t) =]— [111(1 _ EJ””’DI) _ ln(] _ e—la)Dt)]
T

2A
=A——(t mod 7). (3.14)
T
The corresponding Qj,, () is
e A vt
Qi (1) = mZHQw%{ —2e7""[(mewp +2y)Qcos Qt
+ (nyowp +7* — Q%) sinQt] +4yQ
+20pQ[In(1 — @) —In(1—e~@?)]},  (3.15)

and

: A
Quu(1) = %ﬂQwD{e‘V’[QcothJr(y+7zwD)sith]—Q}
A
> (3.16)
TMmap

At late times Q;,(7) also takes on a sawtooth shape, but
Q;un(7) approaches a constant. At first sight, it seems

strange that Qj,,(7) takes on a negative constant value,
inconsistent with the periodic, sawtoothlike motion
described by Q. (). In truth, the consistency is preserved
because the force egy (0, ¢) in (3.14) instantaneously brings
Q;un(?) to + Wfa’j% at = nt™, and then the oscillator moves

=(n+ 1)
Hence the periodic motion is reahzed th1s way. Obviously
the corresponding mechanical energy cannot be a constant
at late times.

3. Next, it would be interesting to examine the case that
@n(0,1) is a real periodic function of time ¢(t), satisfying
g(t) = g(t + 7). The parameter 7 is the period. One of the
previous examples is a special case, that g(¢) is a trigono-
metric function. Let us first look into the frequency
spectrum of the periodic function g(z). The Fourier trans-
form §(w) is given by

f}(a)) :/ ng elot — Z / dsg t+ I’lT lw(t+m-)

- n=-—oo

at the constant speed Qinh( )

o]

:27r/1ds t)el! 8wt — 2krn),
; g(t)e™ " 8( )

k=—00

(3.17)

where we have assumed that the order of summation and
integration is exchangeable, and that the summation

(3(t Z emt

n*—oo

(3.18)

converges to the delta function. In fact the summation also
applies to

D eint= " om0 = 2p5(t — 2kn).  (3.19)
for k € Z since ¢ = 1. If we let
() = [“drgle. (3.20)
then we can write (3.17) as
21 & 2kn
g =3 — 1) - 3.21
o) =50 7 Y o(0-27). o)

with §i(w) = §,(—w). Hence the spectrum is comblike,
with spikes located at @ = kv, spacing v = 27” and has a
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height proportional to g, (w) 2. If we carry out the inverse
Fourier transform to find g(7), we obtain

°°da)
f) = —zwt —zkzzt 3.22
o0 = [~ 523 = 3 e (322)
and
1 2k 1 [t Y
gkz—fk(—ﬂ> =—/ dtg(1)e™, and gi=g_. (3.23)
T T 7 Jo

Equation (3.22) is the Fourier series of the function ¢(7)
defined only with the finite time interval 7 € [0,7), and
gy are the corresponding coefficients. Thus it implies that
a periodic function can be constructed by shifting this
function by 7 an infinite number of times along the real ¢
axis in both directions. It also says that a periodic function
of period 7z can always be written as a Fourier series over the
fundamental frequency v with a suitable choice of the
expansion coefficients g;. Note that since g(7) is real, we
also have 7" (@) = §(-w).

Now suppose ¢;,(0, 1) is such a periodic function. Then
we can write Qi (7) as

Qinn ( Zlﬂk/ dsd,(t—s)e ”“’S:Z(pkf(tkv

k=—o00 k=—00

Qi (1) = Z prdy (kv)e ™.

k=—o00

(3.25)

Comparing with (3.22), we find that Qj,,(7) is also a
periodic function having the same period of ¢, (0, ¢) at late
times, if we identify ¢.d,(kv) = g, and have waited for a
sufficiently long time to let the contributions from the poles
in d, drop off. This generalizes the result of the sinusoidal
drive case.

On the other hand, if the frequency spectrum of ¢y, (0, 7)
is not like a comb, then ¢, is not a periodic function of ¢.
We further assume that the spectrum is broad and is a
sufficiently continuous function of w. Practically speaking,
in a typical preparation of the coherent state, since only a
finite amount of energy and finite spacetime extension
are involved, it is much harder to excite the extreme low-
and high-frequency modes. Thus, the occupation number
proportional to |ay|?, is expected to fall off there, and a,, is
expected to decrease rapidly in the low- and the high-
frequency ends of the frequency spectrum. Then ¢, (0, ¢)
should be sufficiently well defined by the integral expres-
sion (2.23). Hence we expect that Qj,,(7) is also well
behaved. Under this assumption, we observe from (3.8) and
(3.6) that in the limit # — oo, the asymptotic analysis
implies that ¢, (0, 7) at least falls off algebraically with 7.

For example, suppose a,, takes the form (See Fig. 1)

(3.24)
a
. . . Ay = ——=, (3.26)
by (3.4) and (3.6), where ¢, is the corresponding Fourier NG
coefficient of ¢,(0,¢). In the limit 7 —> co, we have
f(t;kv) =~ dy(kv)e=*, and hence and then (3.8) becomes
8\/my sinQr QcosQr—ysinQr
e - | .C. 27
Qin(1) = - { { i~ o ne+---| +C.C. ¢, (3.27)
I
where - - - denotes the cutoff-independent terms, and e~! is o =+ (3.30)
the frequency cutoff, representing the highest energy scale RERVAE

in the coherent state preparation. Since

t]iinnh(l) = 0, (328)

the cutoff virtually has no effect at late times. From (3.9),
the corresponding classical field ¢, (x, 7) is given by

a a*

1
’t = —F= . .
Pn(x.1) V7 [P = (t —ie)? + r? —(t+ie)?

(3.29)

It can be verified to satisfy the wave equation once we put

r = /x> +y* + z%. Another example is

We then have

8\/my 1
mn () = —i———t (- C.C. ;.
Gut) =2 ol iy 9+
(3.31)
Here --- represents contributions that are exponentially

small at late times as seen in Fig. 1, and again we reach the
conclusion as in (3.28). In this case, the classical field
@n(x, 1) has the form
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(a)
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FIG. 1.

(b) 10}
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The temporal behavior of Q. (#) for two choices of a,. We have chosen the resonance frequency wr = 1, the damping

constant y = 0.2 and ¢ = 0.001. In (a), the coherent parameter is given by (3.26), and in (b), the coherent parameter has the

form in (3.30).

T

o) =~ Lot > ) [5- amct|

o] - r) {—itanh‘l ﬂ } +CC (332)

It falls off in the large ¢ limit.
Finally, we choose a more mundane example for ¢, (0, ¢)
given by a Lorentzian function

A
0.f) =—F—. 333
It yields
A 2
Quin(t) = S5+, fori>y™,  (3.34)
[y

which vanishes at late times. It may be worthwhile to take a
look at the critical case that ¢, (0, ¢) is a constant in time, we
obtain

(ph(()’ t) = Aa
A A
= Qu(1) = pe3 (1 —e " cos Qt — ée‘}” sith) -5
(3.35)

Note that the frequency spectrum ¢,(0,¢) = A is already

proportional to 8(w)/w?. Thus we can classify this ¢y, (0, )
as a periodic function.

C. Three types of late time behavior

From the previous examples, we may categorize ¢y,(0, 1)
into the following three classes and their combinations:

(A) @u(0,7) is a periodic function, so Qi (7) re-

mains nonvanishing as ¢ — oo. This implies that

“G(()i/’li(ﬂ,s;o,s’) continues to be nonstationary ac-
cording to (3.3). Thus in this case, the equilibrium
state of the reduced internal dynamics of the emitter
is not likely to exist.

(B) ¢n(0,17) is well behaved by requiring its frequency
spectrum to be sufficiently smooth. Then ¢, (0, ¢)
and Qi (7) tend to zero as ¢ — oco. In this case
“G((fli(O, 5;0, ') reduces to VACG(()Q(O, 5;0,5") at
late times, and thus it becomes stationary. We can
have an equilibrium state for the reduced 0 dynam-
ics in this case.

(©) ¢,(0,1) grows unbounded at late times. We do not
consider this case because it may not be physically
realizable.

IV. ENERGY EXCHANGE BETWEEN THE IDF
OF THE EMITTER AND THE FIELD

We have seen from (2.19) that two force operators

e (0, 1) and —2myQ(r) account for the energy exchange
between the field and the emitter. The field’s quantum
noise force associated with the ubiquitous vacuum fluc-
tuations drives the emitter’s internal degree of freedom
into random motion, while the damping force in the
emitter’s internal degree of freedom disperses the energy
back to the field, and at late times, going in tandem with it.
This correlation can be appreciated once we note the
damping force depends on the state of the motion via

Q(1), which in turns is governed by the noise force at late
times. However, at this stage, it is not clear whether the
existence of such correlations is sufficient reason for the
equilibration of the reduced dynamics of Q. This is what
we now shall focus on, in examining the role of corre-
lations in the energy exchange between the emitter and
the field.

The power pumped to the emitter by the noise force is
defined and given by
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Pe() = S ({dn(0.1).0(0})
= egy(0,1)Q(1)
te? A ' dngg@(t —5)"G(0,50,5),  (4.1)

since @h(t) and ¢, (0, 1) are not correlated. With the help of
(3.2), the power of the noise force becomes

Pu(t) = egn(0.)Q(1) + ¢ / ' ds%(;lg% )
0

x [0 (0, ) (0, 5) + YAG) (0, 1,0, 5)]

= Pe(1) + PY(1), (4.2)
where
Pe(1) = egn(0.0Q(1)
—|—ez/tds£G(Q)(t—s)go (0,)9,(0,5), (4.3)
0 ot R h\YU, 1) Ps\V, ’ .

t 9
PY(1) = & / ds&szQ)(t—s)VACGEf?I(O,t;O,s). (4.4)
0

The power P (¢) gives the contribution due to the classical,
deterministic component of P.(z). That is, the power
delivered by the mean force eg,(0,¢) in the classical
equation of motion (2.24)

Q1) + 2/Q(1) + 02 Q(r) = %goh(z, ).

It is straightforward to see that the power delivered by
epn(0,1) is

egn(0,1)Q(1)

= e (0.1) [Qh(t)+e A 'dsgc;%—s)(ph(o,s) (4.5)

by (2.32), and is exactly P(t). This classical power can be
nonzero even at late time, when the classical force eqy,(0, 7)
is periodic, but it can vanish, not necessarily exponentially,
if the classical force has a sufficiently smooth spectrum,
according to our earlier discussions.

Equation (4.4), in contrast, has a quantum-mechanical
origin. The driving force is caused by the zero-point
fluctuations of the field, and the component of the velocity
of the emitter’s internal dynamics involved in Pg(t) is also
governed by the same quantum field fluctuations. This is
most transparently seen by the equation of motion (2.25)
for ¢

§(1) + 274 (1) + wxg (1) = —[Pn(0.1) — 9 (0,1)].

e
m

We see the power input by e[, (0, 1) — ¢y, (0, 7)] is exactly
Pg(t). This quantum power, as shown in [1], will always
reach a time-independent copstant for 7> y L

The damping force —2myQ(r) will dissipate the energy
of the emitter’s internal dynamics at a rate given by

A2

P,(t) = —2my(Q (1)) = P,(t) + P‘y)(t), (4.6)
where likewise we define
Py (1) = ~2mr |Qy(0
. t 0 2
+ eQy(1) / dsaG;Q)(z —)pn(0,5)| . (4.7)
0
PY(1) = —2my(ga (1))
— 2mye? /t dsds’ 9 GI(QQ)(t —5)
0 ot
x 2 GO(1 = \VAGH (0,50, ). (4.8)

ot

This dissipation power consists of two contributions, one of
a purely classical origin and one of a purely quantum
origin. We will come to this point when we discuss the
radiation. For the interacting Gaussian systems under
consideration, the classical and the quantum dynamics
are decoupled, so we have a clear distinction in the
components of the energy flow between the two subsys-
tems. Here the mean dynamics exclusively follows a
classical description, but this is not always true [24].

It has been shown [1,11-13,15] that the quantum power
P(y)(t) also approaches a constant at late times and is then
balanced by PY(t)

lim Pg(t) + P(y)(t) =0. (4.9)
>y~
In particular
0 2 ~
PY(c0) = ¢* /_oo%sgn(a)):)—ﬂlmGﬁm(w),
P;’(oo) = —Pg(oo). (4.10)

Equation (4.9) does not depend on the values of ¢, (7) and
Q(7) because from previous discussions we have noticed
that the dynamics of Q and § are independent. In the case
¢n(t) = 0 when 7 — oo, the reduced dynamics of O can
equilibrate at late times, as if the internal dynamics of the
emitter is coupled to the vacuum fluctuations of the scalar

field ¢,. Nonetheless if ¢, () is periodic, then in general

lim Ps(t) +P,(t) #0

t>>;/'l

(4.11)

045002-12



QUANTUM RADIATION AND DISSIPATION IN RELATION TO ...

PHYS. REV. D 106, 045002 (2022)

as shown in an earlier example, so equilibration does not exist
in this case. In addition, we recall that the balance between
energy exchange alone does not guarantee the existence of an
equilibrium state. This can be seen in the case of a classical
damped oscillator driven by a single-mode sinusoidal force,
whose driving frequency is equal to the physical frequency
of the oscillator. We also need stationarity of the correlation
function of Q or the constancy of the powers associated with
the energy exchange at late times.

A short summary of what we have learned from the
reduced dynamics of the internal degree of freedom of the
emitter is perhaps useful here. When an emitter is coupled
to a quantum field initially in a coherent state, their
interaction will entice the emitter to give off radiation into
the field, whence the quantum field has two components:
the original free field and the radiation field generated
by the emitter. The free-field component plays the role of a
driving force acting on the internal dynamics of the emitter,
while the reaction from the radiation field gives rise to a
damping term in the emitter’s internal motion. When the
free field is initially in the coherent state, it possesses a
nonzero mean field. This introduces a nonvanishing mean
dynamics to the emitter’s internal degree of freedom, and
often dominates over the contributions from the quantum
fluctuations. Quantum fluctuations in the emitter’s internal
dynamics contain both the intrinsic fluctuations of the idf
and the induced one from the quantum field.

The late-time behavior of the free mean field leads to
different outcomes. We are interested in only two types of
free mean field dynamics: either periodic in time or
decreasing with time to zero. When the mean field is
periodic in time, the internal dynamics of the emitter will
also be periodic at late times. Thus if the coherent
parameter of the free field is much greater than one, the
classical mean dynamics of the emitter’s internal motion
always dominates over the fluctuation dynamics, which is
governed by the vacuum fluctuations of the field. In this
case, the correlation function of the emitter’s internal
dynamics is never stationary in time and will not reach
equilibrium. The energy pumped into the emitter by the free
mean field per unit time is not in sync with the rate of the
energy dissipated by the emitter’s internal degree of free-
dom, so there is net energy exchange between the emitter
and the field throughout the evolution.

In contrast, if the mean field vanishes at late times, the
emitter’s mean internal dynamics likewise approaches zero
at late times. Thus during the transient moment, even
though the internal motion is still dominated by the
classical mean dynamics, it will in the end be controlled
by the quantum fluctuation dynamics. This implies that the
correlation function of the emitter’s internal dynamics
gradually turns stationary in time because its classical
nonstationary component vanishes by then. The internal
dynamics will equilibrate such that the energy exchange
between the emitter and the field comes to a balance.

In the current setting, since the mean dynamics of the
internal degree of freedom of the emitter is decoupled from
its fluctuation dynamics, we can examine their behaviors
separately. We have shown that the fluctuation dynamics
always comes to equilibration, independent of the mean
dynamics, so the late-time behavior of the emitter’s reduced
dynamics is determined by its mean component. If the
mean dynamics does not vanish at late time, then the
emitter’s internal motion will not equilibrate. On the other
hand, if the mean dynamics diminishes asymptotically, then
the fluctuation dynamics will ensure the emitter’s reduced
dynamics will settle down to an equilibrium state. This
analysis showcases the differences between the classical
deterministic dynamics and the its quantum fluctuating
dynamics of the emitter’s internal degree of freedom.

V. RADIATION FLUX AT SPATIAL INFINITY

In the previous section, we have shown that the quantum
field pumps energy into the emitter’s internal dynamics,
and field fluctuations imparts a random component in the
motion of its internal degrees of freedom. The emitter in
turn will radiate energy back to its surrounding field in the
form of a radiation field. When the equilibrium condition is
established between the emitter’s idf and the field, two
questions of interest may arise: (1) If the field is initially in
the vacuum state where does the pumping energy come
from? (2) Where does the radiated energy go? Superficially
it may sound like a perpetual motion—extracting the
vacuum energy for practical use. In fact these two questions
are both sides of the same coin. We shall begin with this
puzzle and address this issue from the viewpoint of
radiation sent out by the emitter.

The radiation power of the scalar field at an observation
point x far away from the emitter located at z is given by

AWrap _ _

dr / dQr*n T, ())v*(z-).  (5.1)

where v = dz#/dr is the external four-velocity of the
emitter and z_ is the retarded time. Since we are interested
in a stationary emitter in flat spacetime, the proper time of
the emitter = will be synonymous with the coordinate
time ¢. The spacelike unit normal vector n* specifies the
outward radial direction, and the distance r between the
observation point and the emitter is given by the projection

(5.2)

r=n,[x* —z"(z_)].

This defines a spherical shell centered at the emitter at the
retarded time 7z_. In (5.1), we introduce a shorthand

notation ZTW(x“)Z, defined by

*We take this opportunity to point out a misnomer in [1]: the
“normal-ordered” stress tensor operator should be the stress
tensor operator (5.3) defined here. The results in [1] remain valid
despite the incorrect notation.
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T

W =T, (x) = T (x).

That is, we subtract from the full energy-momentum stress

(5.3)

tensor operator 7, (x) the component T,(ZZ) (x), which is the
corresponding stress tensor operator for the free in-field
¢n(x) and does not contain any field generated by the
emitter. The stress tensor of a classical linear massless
scalar field is given by

Ty = _i 6517/ = 0,0, —
V=o'
When the field is promoted to an operator we may
conveniently express the expectation value of ZTW(x“)Z
by the Hadamard function of the scalar field in the
coincident limit

T _ 1 *F Ly P
W (x0) = 7 Gorar 29" Gage

gﬂl/ga aa¢aﬂ¢ (5 4)

x [GW (x, &) = Gy (x, X)), (5.5)
so that
dWrap 9 () / (#) /
0 — —tim [ a0y 7 (G ) = G0,
(5.6)

where d€; is the solid angle subtended over a spherical
shell centered at the emitter at the retarded time 7_. We are
interested in this radiation power at a distance sufficiently
far away from the emitter. By “sufficiently far,” we refer to
a distance where the dominant contribution can be iden-
tified and is independent of this distance.

The Hadamard function, the expectatlon value of the
anticommutator, of the scalar field G( )(x x') is defined by

~

G (x.¥) = - ({d(x). p()}), (5.7)

N[ =

where in the Heisenberg picture the expectation value is
computed with respect to the initial state of the total system,

and G<()(,/)1){ (x, x’) is the corresponding Hadamard function for
the free field $h. Here we would like to emphasize again the

difference between Gﬁ/’ )( x') and G(() L (x, X); the latter is
the Hadamard function of the free field while the former is
that of the full field, the sum of the free field and the field
radiated by the emitter. By radiation field, we mean the
component of the field generated by the motion of the
emitter’s internal degree of freedom. Finally, in contrast to
the retarded Green’s function of the scalar field which is
state-independent, the behavior of the Hadamard function
depends on the choice of the initial state of the field. Thus

(5.1) gives the total radiated power of the field given off by
the emitter at the retarded time z_

Since the Hadamard function G (x x') of the scalar
field plays a central role, hereafter we will delineate its
structure. From (2.2), we find that the scalar in general will
take on the form

B(x) = Pn (x) + Pinn (x) = P (x) + P (x) + Pr (),

where

(5.8)

Dion(x) = / dsGiR(x.1:2.5)0(s).  (5.9)
The homogeneous solution ¢, corresponds to the free field,
not affected by the internal degree of freedom Q of the

emitter. The radiated field (fﬁinh(x) generated by the emitter
contains two components denoted by

Drn(x) = e / GO x.t:2.)00(7).  (5.10)

&R(x):ez/dt/Gf)i/’ﬁ(x,t;z, t’)/dt”GéQ)(t’—t”)g;ﬁh(z, "),

(5.11)

where we have decomposed 0 according to (2.7). The

operator Qh represents the transient motion of the internal
degree of freedom of the emitter. Since this transient
dynamics decays to zero exponentially fast with respect

to the relaxation time y~!, the field operator g;,’rTR associated
with this component is usually ignored at late times, even in

the vicinity of the emitter. The field g;ﬁR on the other hand is
produced due to the resonant motion of () driven by the free
scalar field g?)h. Since the resonant motion of Q, the
particular solution of (2.6), will survive at late times, the
field (fﬁR will be emitted unabated by the emitter. More
importantly, this implies that at late times the dynamics of

(fﬁR will be correlated with the dynamics of cizh and the initial
state of the field.

The Hadamard function formed by (5.8) can be classified
into three contributions

Gif 1.) = Gifh(x0) + | () )

SR N
(5.12)

[ g /
5 e)))]

at late times. There are no cross terms like ({¢p(x),

&TR(X/)}% <{$TR(X)1§?)R(X/)}> and <{$TR(X)7$TR(X/)}>
because they are exponentially suppressed at late times.
Thus we have
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1 ~ A r N
5 U (). dr(x)}) = & / ds GR(x', #:2,5) / ds' G (s - )G (x, 12, 5),
0 0

1, s 9 / a ! ‘ 1 (@) (@) (ot /
§<{¢R(x)v¢R(x)}>:e A ds, A ds, GO,R(x’ I§Z’S1)G0,R(x’t§zvs1)

Here GI(QQ) is the retarded Green’s function of the full
interacting oscillator, satisfying (2.8).

Since we prepare the quantum field initially in a coherent
state, the Hadamard functions "Géﬁ)l (z,8:7,5") of the free
quantum scalar field (}h in (5.13)—(5.14) can be separated
into the classical and the quantum contributions

(5.13)
x [dsy [ ass6i (51 = 56205, - )Gz 532 %). (5.14)
|
sunlx) = [ dsGfitr. iz 900
= eAtds Gé’ﬁ%(x, ;z,5)Qp(s)
+ 2 Atdngﬁ%(x, £2,5)
y /0 "GO (s - gn(z.s),  (5.20)

Gihi(z.5:2.5') = pn(z. )l ') + VAGY (2. 52,8,
(5.15)

We then can write the right-hand sides of (5.13)—(5.14) into
similar decompositions,

2B B () = (e )+ 5 L) ) o

(5.16)
3 (0. 3 ()) = P () () +5 (B ). B (¥
(5.17)

where the subscript O denotes the field state used for the
expectation value is the vacuum state, and

— 52 td G(¢) . Sd/G<Q) _
pr(x)=e a8 oR(*:1:2,5) [ 'O (s —5")on(z.5)

t
—e/ dsG((fﬁg(x,t;z,s)Qinh(s). (5.18)
0
Here we recall that Gé’ﬁ%(z,s;z’ ,s") is state-independent,

so there is no difference between "Ggﬁ%(z,s;z’ ,s") and

e st ). A
Alternative to writing ¢, (x) as the sum of ¢y (x) and

Pr(x), we use § = O —Q to break ¢ (x) in (5.9) into

contributions of the classical and the quantum natures,

Ginn(X) = @inn(X) + [Binn (X) = @i (X)), (5.19)

where

corresponds to the classical radiation due to the classical
motion Q, the first term being classical transient radiation
which becomes negligibly small at late times. The terms
inside the square brackets in (5.19) result from the
fluctuations ¢,

Fan(x) = P () = ¢ / "as GOz s)als).  (521)

This is the source of quantum radiation. It includes both the
intrinsic quantum fluctuations g, of 0, which decays
exponentially with time, and the induced quantum fluctua-
tions by the vacuum fluctuations of the free field 3711-
The decompositions in (5.16) and (5.17) imply that the
radiation power of the quantum scalar field can be
accordingly written into two distinct components

dWgrap _ dWgrap 4 dwrap , (5.22)
dr dr dr

where Wi p is ultimately the contribution caused by the
mean field when the quantum scalar field is initially
prepared in the coherent state, while wrap is the contri-
bution from the accompanying vacuum fluctuations of
the field. Here we focus on the mean field component
dWgap/dr because the other vacuum contribution is
already studied in our first paper [1], but we will include
it to show the essential features of both for comparison.

At late times, the classical contributions in (5.16) and
(5.17) can be combined into

Pr()er() + on(¥)or (X) + gr(x)pr (). (5.23)
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at the observation point sufficiently far away from the
radiating emitter. The corresponding classical stress tensor
component is then given by

02

11
x'—x 0rot’

7 [ (X)r () + @r ()R (x)],

(5.24)

(") + on (¥ )gr

as seen from (5.6), which can be further reduced to

0

—pn(x,1) =

P (5.25)

& 1) = gl 1) | & (1),

ot 6t

The first two terms inside the square brackets, correspond-
ing to the contributions of ¢y, (x)@g (") + @ (X )pr(x), are

given by

0 0

— 1) —— , 1
ar§0h(x ) az(”h(x )

YN / " do o {a, G (r;w)e @ + C.C.}. (5.26)
0

since

1 0 A
on(x, 1) = \/7_”’% do w*|a, sinwre @ + C.C.], (5.27)

2 <)
or(x,1) :% /) dwatla, L, (x.1) +C.Cl, (5.28)

at late times. Here we have placed the emitter at the origin
of the external coordinate system, so r = x|, r' = |x/|
and we have assigned e =8zym, and L,(x,t)=
o(r - r)G%Q)(a))Ggﬁ%(r; w)e™''. The other factor in (5.25)

has the form

0
— N
a[§0R(x )

2 e .
—Q(t—r)%/ dw @2

0
- 1) =
ar(/’R(x )

x [—ia, G2 ()G (r; w)e= + C.C.],
(5.29)
Here we have used
~( ) e+iwr
GOR( w) = dar
GO (o) = ! (5.30)
R .

0’ = 2y0 + W

to rewrite the square brackets in (5.25) as

0

— (¥, 1)

3}
— 1
or Pr (x’ )

ot
—4m\/_/ do (0} — »?)

x {2, G2 ()G (r; 0)e + C.C.}.

—E%QJ

(5.31)

In order to determine whether the component of the
classical stress tensor (5.24) constitutes the energy flux far
away from the emitter at late times, we will examine the
temporal behavior of (5.29) and (5.31) in the large ¢ limit.
According to the discussion in the previous section, if the
free mean field ¢, (0, ¢) is a periodic function of 7, then
comparing (3.9) with (3.22), we find

1

—wa :MZQT(G)) > a)—%
TR = = ;f( ) (5.32)

This implies that (5.31) will likewise manifest periodicity at

late times after the contributions from the poles of G§Q>

have dwindled off. Thus in this case the radiation flux
passing through a large spherical shell centered at the
emitter remains nonzero at late times. It is consistent with
the results we found for the internal dynamics of the
emitter. Since @ in (5.20) can be identified as a classical
potential equivalent to the Liénard—Wiechert potential in
classical electrodynamics, the derivations of the Larmor’s
formula and the self-force follow suit, which we will not
dwell on any further.

On the other hand, if the free mean field ¢, (0, 7) falls
off to zero at late times 7> y~!, then both ¢, (x, ) and
@r(x,t) will be vanishingly small at even later times
t> y~! + r. Here we stress that the observation point is
not literally at spatial infinity from the emitter. We only
need it to be sufficiently large. Thus, the classical radiation
fluxes will diminish with time, so that in the end it is no
longer to be dominant factors. The quantum radiation
fluxes, summarized below, still actively leave and enter a
large fictitious spherical shell centered at the emitter,
except that when equilibration is accomplished, the
incoming flux is equal to the outgoing flux. Comparing
with the former periodic case, we may trace the back-and-
forth radiation flux to the periodic behavior of the free
mean field.

At this point, it is interesting to recall how the radiation
fluxes due to the fluctuation dynamics of the emitter’s
internal degree freedom can possibly come to equilibrium.
This was treated in [1]. We will use the component

VACG(()Q(Z,S;Z’ ,s") in (5.15) as the contrasting example.

Here we shall summarize the results in [1] and show how
they enter in the present case. In this case, we find
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1 a7 a7 ood ol ~(P)* =~
3 ). Po = & [T F2AGH (r 0)G ()G (@) (5:33)
1, 4 . d 5 N
3 ) I P = ¢ [~ TINGH (50 6 () G (@i, (534)
1 s 5 (o _ 4 deAC( ~(h) A D)y N A(Q) N Z(Q)x —io(1—1)
3 B0 el = ¢ [~ SIVGE 001G )G (7506 )G (e
:62/ O sen()ImGi2) (@) G )G (75 )00, (5.35)

at late times. It is of special importance that in (5.35) we have used the fluctuation-dissipation relations [1,11-13,15] of the
vacuum fluctuations of the field ¢, and the fluctuating internal degree of freedom § to rewrite part of its integrand as

VAG(0:0) G ()G () = sgn(@)ImGE (), (5.36)

which are essential to connect (5.35) with the combining contributions of (5.33) and (5.34). These FDRs do not exist for the

classical component ¢, and Q.
Putting this statement in a more explicit way, we have

a2 o ~
lim —— (V.33) + (V.34) = ¢2 / Z—wsgn(w)wz{iReGé¢ﬁ(r;
—o0 2T '

o - N
= —iez/ —wsgn(a))a)ngﬁ% (r;o

x—>x0r6’

while
62
li V.35
lim a7 (V:35)
) [©do LYY ©)
= +ie Esgn(a))w Gor (r;0)Gyp(r; a))GR (w),

(5.38)

in the large r limit. It is clearly seen that (5.37) and (5.38)
cancel out. This in turn implies for the fluctuating dynamics
the net radiation power

dwrap .
dr ’

vanishes at late times over the spherical surface sufficiently
far away from the emitter. It is instructive to break down
dwrap/dr into two quantum powers PY and P}, where

(5.39)

P (o0) = /kor (V.38)
=e20(t—r) /_mi—;}sgn(w)wzlmf}é@(a))

[e5]

X G(()(Q* (r; a))Gg’/)l%(r; w)

o (] 2 ~
— 20(1—7) / 2 sen(w) -G (o),

Er (5.40)

w>6§;ﬁ%*<r; 0)GE" () ~ ImG R (r;0)Ga (r; ) G

P)(c0) = /ko r?(V.37) = =P% (o), (5.41)

in the limit 7> y~2. Here we have used the Fourier
transforms of the Green’s functions of the free field in
the vacuum state,

VACG) (15 @) = sgn(0)ImG R (r; o),
e-‘riwr

or(ro) = (5.42)

dzr’

and the parity properties of the Fourier transforms of the
Green’s functions. Equation (5.39) tells that the outgoing
radiating power P is equal to the incoming power P, so
that there is no net energy flow to spatial infinity.

The quantum power P$ results purely from the radiation
field ¢y, given off by the emitter when its internal dynamics
is driven by the vacuum fluctuations of the free field q?ﬁh.
The other quantum power P, has an intriguing nature.
From (5.33) and (5.34), we note it is the consequence of the
correlation between g?’JR and (2),1. This correlation is propa-
gated from the vacuum fluctuations of éﬁh to the fluctuating
internal dynamics ¢ of the emitter, and finally to c}SR. The
existence of the FDRs provides just the right amount of
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correlation to allow both powers to cancel out. This subtle
cancellation at spatial infinity in the quantum degree of
freedom of the field is necessary, even fascinating, when we
notice that there is a corresponding cancellation between
the noise power Pg(oo) and the dissipation power P?(oo) in
(4.10) at the location of the emitter, and that P (co) is equal
to Pg(oo) in magnitude. This shows that when the equi-
librium state is reached, the steady incoming energy flow at
spatial infinity is exactly what furnishes the energy power
pumped into the emitter. The balance of energy flow at
spatial infinity and inside the emitter is a powerful
manifestation of the self-consistency condition locked
inside the FDRs.

Comparing with the classical radiation powers, we take
the product of the two equations (5.26) and (5.29), and
place (5.37) side by side. We at once note that (1) the latter
is time independent while the former is not even stationary
in time, (2) the factors Gfﬁ%(r; w) and G%Q) *(a))Géﬁ*(r; )
for the classical power are not within the same integrand as
in the quantum power (5.37), (3) there are no FDRs for the
mean field ¢}, and the mean internal degree of freedom Q to
relate (5.29) to (5.26), and (4) since for this case the mean
internal dynamics does not equilibrate, there is no definitive
connection between P, and P, as well as the corresponding
radiation powers Pr and P,; everything remains time-
dependent.

In summary we have shown that classical radiation and
quantum radiation can be fused into a unified formalism by
the coherent state description. Depending on the late-time
behavior of the free mean field, we have shown that if the
free mean field is periodic, then the field radiated by the
emitter is essentially classical if the coherent parameter is
much greater than unity. There will be nonvanishing
classical radiation energy flowing outward to, or inward
from, spatial infinity. The emitter behaves similar to a
dipole antenna. Due to this nonstationary nature, the
internal dynamics of the emitter or the net radiation energy
flow never comes to equilibrium. (Here we would like to
emphasize that our setup is a little different from the one
used in [16,23], where the point charge follows a prescribed
external trajectory z(¢) controlled by an external agent, not
by the field that takes part in the interaction, so the
contribution of P, is of no concern.) On the other hand,
if the free mean field diminishes at late times, then the
radiation power is mainly of quantum nature. The existence
of the fluctuation-dissipation relations for the quantum
fluctuation dynamics enforces a subtle correlation between
the free quantum field g?ﬁh and the radiation field &R. We
thus find at late times there is no net quantum energy flow
to spatial infinity. The radiated quantum power is delicately
balanced by an incoming quantum energy flow due to the
aforementioned correlation. This shows a very distinct late-
time behavior in the radiated energy flow between the
classical deterministic dynamics and the quantum fluc-
tuation dynamics.

VI. CONCLUSION

This work continues what we began in Paper I, extending
the study of quantum radiation from a stationary emitter’s
internal degree of freedom to the appearance of radiation
and radiation reactions at both the quantum and the
classical levels. As the title of this paper suggests, our
goal is to paint a continuum landscape starting from
vacuum fluctuations in the quantum field to quantum
dissipation in the emitter resulting from its emittance of
quantum radiation, to classical radiation and classical
radiation reaction. Two major themes are presented: The
first theme starts with placing the quantum field in a
coherent state so we will have a unified formalism to
simultaneously treat the classical and the quantum fields. In
the context of the emitter-field interaction, one typically
expects that when the coherent parameter of the field state
is far greater than unity, both the field and the emitter it
interacts with behave essentially like classical systems.
This is a natural setting for our stated purpose and the
results are largely as expected, except for a few interesting
and important caveats. For one, when one deals with the
field initially in a multimode coherent state, it is true that
the mean field looks like a classical field and its interaction
with the internal degree of freedom of the emitter will
induce mean dynamics to it. For large coherent parameters,
the emitter’s mean internal dynamics can dominate over the
accompanying fluctuation dynamics. However, depending
on the frequency spectrum or the choice of the mode-
dependent coherent parameters of the field, the mean field
of physical interest to us, at late times, can be either
periodic or decaying with time. In the former case, the
classical components of the field and the emitter’s internal
dynamics will remain periodic and dwarf their quantum
counterparts, so the emitter’s internal motion will not settle
down to an equilibrium state. By contrast, in the latter case
the emitter will have a vanishing mean dynamics at late
times, where the corresponding fluctuating quantum evo-
lution endures. Thus, the coherent state of the field will lead
to quantum dynamics for the emitter’s internal degree of
freedom, rather than the commonly expected classical
dynamics. Furthermore the internal dynamics will approach
an equilibrium state, independent of the initial setting of the
internal degree of freedom.

The second theme is subtler. In the current configuration,
the classical and the quantum components of the field and
the emitter’s internal dynamics are fully decoupled. The
mean (free) field drives the internal degree of freedom, here
modeled by a harmonic oscillator. The induced nonuniform
internal motion causes the emitter to give off radiation, the
reaction of which results in a radiation reaction or self-
force, counteracting the motion of the emitter’s internal
degree freedom. The classical radiation will propagate to
spatial infinity. Up to this point, everything we have
described is classical and deterministic, just as in classical
electrodynamics. On the other hand, we also have a
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quantum component in the internal motion of the emitter
induced by the vacuum fluctuations of the quantum field in
its coherent state. This component incites random motion in
the emitter’s internal degree of freedom, which also causes
the emitter to radiate. Compared to the mean dynamics, the
radiation in this case is purely quantum mechanical because
the random motion is driven by the vacuum field fluctua-
tions, and its associated reactive force (quantum radiation
reaction or quantum self-force) is certainly of quantum
nature. Thus from this delineation, we are able to make
correct linkage between quantum (vacuum) fluctuation of
the field and the corresponding quantum radiation reaction,
whose origin is the stochastic motion driven by the field
fluctuations.

A stronger connection can be made through examining
the energy flux exchanges between the emitter and the
field. When the field fluctuations drive the emitter’s internal
degree of freedom, an accompanying energy flows into the
emitter. The frictional force due to the reaction of the
emitted radiation on the other hand drains the emitter’s
energy to the field surrounding the emitter. The far field
component of the radiated field will propagate away from
the emitter and transport part of the emitter’s energy to
spatial infinity. Since all the relevant physical quantities
contain both the classical and the quantum components, the
late-time behavior of the radiated classical far field at places
sufficiently far away from the emitter depends on the free
mean field around the emitter. When the free field is
periodic, a spatially fixed probe far away from the emitter
will receive an energy flux periodic in time. The signal is
typically much stronger than the noise level from the
quantum component of the far field. On the other hand,
if the mean field decreases with time, then this probe will
receive a classical energy flux decaying with time, and in
the end only the quantum component of the radiation power
will endure. Thus the probe may pick up a weak energy
flow exclusively associated with quantum radiation field
fluctuations.

The most drastic difference lies in the statistical char-
acteristics of the classical and quantum components. The
classical components are deterministic and at late times will
be either periodic or falling off to zero; they do not
equilibrate. The quantum components are stochastic in
nature, and for the presently studied configuration, they are
correlated and will result in dynamical equilibration. Our
results show that at late times the quantum component of
the rate of energy pumped into the emitter by the field is
balanced by the corresponding component of the rate of
energy lost to the field. The more intriguing and revealing
fact is—what we discovered in Paper I is repeated here—
that, at a point sufficiently far away from the emitter, the
energy carried away by the quantum component of the far
field radiated from the emitter is also compensated by
another incoming energy flux related to the correlation
between the radiated field far away from the emitter, and

the free field around the emitter. This subtle correlation is a
manifestation of two sets of fluctuation-dissipation rela-
tions: one associated with the free field and the other with
the emitter’s internal degree of freedom. These relations
govern the amount of correlation needed to balance the net
radiated power to spatial infinity. Thus in fact a probe
sitting at rest sufficiently far away will not see any energy
flow to spatial infinity from a stationary emitter. This, in
addition, indicates that the contribution of the quantum
field fluctuations is compensated exactly by the counterpart
from quantum dissipation (or quantum radiation reaction),
the reactive force of quantum radiation. Such cancellation
in general is not available for the classical radiation from a
stationary emitter because no FDR exists for the mean
internal dynamics of the emitter and the mean dynamics of
the field.
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APPENDIX: COHERENT STATE
IN A NUTSHELL

The coherent state |) is the eigenstate of the annihilation

operator a with the complex eigenvalue «,

ala)y = ala), (A1)

which implies that an expansion in terms of the number
states

Z \/_ In), (A2)

with N|n) = n|n) and N = a%a. It is then straightforward
to see that the coherent state is not orthogonal because for
any two coherent states |a) and |f), they have nonzero

overlap,
2 }2
vl = exp{ -5 -2 pra.

(A3)
However the coherent states tend to become approximately
orthogonal for values of a and f are sufficiently different.
Thus in general the coherent state is not linearly indepen-
dent from one another. The coherent state forms a complete
set in the sense that

[ =1

Alternatively, we may define the coherent state in terms
of the unitary operator D(a)

(A4)
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A

D(a) = exp(aa’ — a*a). (A5)

such that |@) = D(a)|0). It can be readily verified that

ala) = ala), (A6)
indeed, is the eigenstate of a.
By the BCH formula
KT K = F 4 [R,7] + X[, 7]
+%[f(, X X))+, (A7)
we find
D(a)aD™(a) = a —a, (A8)
such that
(@), =a  (aP), =a
(@a),=laP.  (ad")y=la?+1. (A9
where (---), is understood as (a| - - - |a).

In the context of oscillator dynamics, the Heisenberg
equation of motion of the harmonic oscillator is given by

O(1) + w?Q(1) = (A10)

where @ is the oscillating frequency, so its expectation
value takes the form

Q(r) + @*Q(r) = 0

with Q(7) = (O(t)),.. From (A10), the displacement oper-
ator O and the conjugate momentum P of the quantum
harmonic oscillator evolves according to

A | h . .
Q(t) — zmw(&ke-ﬂwt + ae—twr)’

hmw

2

(Al1)

P(t)y=1i (afetior —

ae='"), (A12)

so we immediately have

h ) .
— * ,F+iwt —iwt
Q(r) Vzma)[a et 4 qem'"),
[hmo . .
P(Z‘) 3 (a*e+zwt — e m)t)'

Thus, Egs. (A11) and (A13) implies the mean dynamics of
the quantum harmonic oscillator in the coherent state
behaves like a classical harmonic oscillator, with its
amplitude proportional to a.

(A13)

On the other hand, the quantum harmonic oscillator in
the coherent state has nonzero dispersions for its canonical
variables,

o2y = T apry e L apyy =
<AQ >(l Zma)’ < >(1_ 2 ’ 2<{AQ’AP}>(1_
(A14)
We right away conclude
(i, =",
A . 2 B
B0, (a7, - [J(a0ar,| =T @)

Hence although its mean dynamics follows the trajectory of
a classical harmonic oscillator, the quantum harmonic
oscillator in the coherent state has the minimal uncertainty
exclusively due to the zero-point quantum fluctuations.
That is why the coherent state is sometimes viewed as the
most classical quantum state, in particular, when |a| > 1.

For a given coherent state |a) of the oscillator, the
probability of finding the oscillator in the nth excited
state is

| |2n —|a|2
PB(n) = [(nla)|? = : (Al6)

n!
If we let N be the average number of excitations

N=(N),=(a'a), = |a

2, (A17)
then we can write the probability (A16) in terms of N,
—e™N, (A18)

This corresponds to the Poisson distribution. This implies
that

e (A19)

If we define

n . ~ | h )
2mwae—zwt, and Q<+>(l‘)= zmw&Teﬂw’

(A20)

then we may introduce the temporal degree of second-order
coherence by

A A

(Y10 (1 + 19071+ 207 (1))
(10707 (1 + 7))

4O(0) = . (A21)
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for a quantum state in which the expectation values in
(A21) are taken. For a coherent state, we find ¢ (z) = 1
for all 7. In comparison, the classical light has ¢®(7) <
g?(0) but g (0) < 1. In fact, the coherent state owns all
orders of coherence because all of the degrees of the higher-
order coherence for the coherent state are equal to unity,
where the degree of the nth-order coherence is defined by

(0 (1)) 0 (1,) 0 (1,) - 0 (1)) ‘
(0D ()P (107 (1))
(A22)

g (t),...1,) =

For the multimode coherent state, suppose we have a
Hermitian operator O(¢) expanded in terms of the complex
mode functions u(¢), labeled by k, and the associated time

independent annihilation and creation operators dy, Ez;(',

O(1) = g (t) + aui(1). (A23)
k

For the coherent state |{a}), abbreviated for |{a}) =
log,) ® |og,) ® - - -, we immediately have

O(1) = ({a}|O{a}) = Y o (1) + aqui(1).  (A24)

The corresponding Hadamard function G§_I0>(t, ) is

Gy (1.1) = 5 ({a}[{O(1). O(¢)}{a})

= > lonaui (1) + g (1) fow e (1) + o (1)
kK

N[ =

2 26 1) + e )]
= 0()0(F) + 5 (OH{O(). D0, (A25)
where we have used
(e}l fa}) = (A20

({a}axay | {a}) = ({a}|afax + Sl {a}) = axay + S
(A27)

[1] J.-T. Hsiang and B.L. Hu, Atom-field interaction: From
vacuum fluctuations to quantum radiation and quantum
dissipation or radiation reaction, Physics 1, 430 (2019).

[2] P.W. Milonni, The Quantum Vacuum: An Introduction to
Quantum Electrodynamics (Academic Press, New York,
1993).

[3] G. Compagno, R. Passante, and F. Persico, Atom-Field
Interactions and Dressed Atoms (Cambridge Press,
Cambridge, England, 1995).

[4] C. Cohen-Tannodji, J. Dupont-Roc, and G. Grynberg, Pho-
tons and Atoms: Introduction to Quantum Electrodynamics
(Wiley, New York, 1997); Atoms-Photon Interactions: Basic
Processes and Applications (Wiley, New-York, 1992).

[5] W. H. Louisell, Quantum Statistical Properties of Radiation
(Wiley, New York, 1990).

[6] W. Heitler, The Quantum Theory of Radiation, 3rd ed.
(Oxford Press, Oxford, 1954).

[71 M.O. Scully and M.S. Zubairy, Quantum Optics
(Cambridge Press, Cambridge, England, 1998).

[8] A. Raval, B.L. Hu, and J. Anglin, Stochastic theory of
accelerated detectors in a quantum field, Phys. Rev. D 53,
7003 (1996).

[9] A. Raval, B. L. Hu, and D. Koks, Near-thermal radiation in
detectors, mirrors, and black holes: A stochastic approach,
Phys. Rev. D 55, 4795 (1997).

[10] P.R. Johnson and B. L. Hu, Stochastic theory of relativistic
particles moving in a quantum field: Scalar Abraham-
Lorentz-Dirac-Langevin equation, radiation reaction, and
vacuum fluctuations, Phys. Rev. D 65, 065015 (2002).

[11] J.-T. Hsiang, B. L. Hu, and S.-Y. Lin, Fluctuation-dissipation
and correlation-propagation relations from the nonequili-
brium dynamics of detector-quantum field systems, Phys.
Rev. D 100, 025019 (2019).

[12] J.-T. Hsiang, B.L. Hu, S.-Y. Lin, and K. Yamamoto,
Fluctuation-dissipation and correlation-propagation rela-
tions in (1 + 3)D moving detector-quantum field systems,
Phys. Lett. B 795, 694 (2019).

[13] J.-T. Hsiang and B. L. Hu, Fluctuation-dissipation relation
from the nonequilibrium dynamics of a nonlinear open
quantum system, Phys. Rev. D 101, 125003 (2020).

[14] J.-T. Hsiang and B. L. Hu, Fluctuation—dissipation relation
for a quantum Brownian oscillator in a parametrically
squeezed thermal field, Ann. Phys. (Amsterdam) 433,
168594 (2021).

[15] J.-T. Hsiang, C. H. Chou, Y. Subasi, and B. L. Hu, Quantum
thermodynamics from the nonequilibrium dynamics of open
systems: Energy, heat capacity, and the third law, Phys. Rev.
E 97, 012135 (2018).

[16] J.D. Jackson, Classical Electrodynamics, 2nd ed. (Wiley,
New York, 1975).

[17] W. G. Unruh, Notes on black-hole evaporation, Phys. Rev.
D 14, 870 (1976).

[18] B.S. DeWitt, in General Relativity: An Einstein Centenary
Survey, edited by S. W. Hawking and W. Israel (Cambridge
Press, Cambridge, England, 1979).

[19] A.G.S. Landulfo, S.A. Fulling, and G.E.A. Matsas,
Classical and quantum aspects of the radiation emitted by
auniformly accelerated charge: Larmor-Unruh reconciliation

045002-21


https://doi.org/10.3390/physics1030031
https://doi.org/10.1103/PhysRevD.53.7003
https://doi.org/10.1103/PhysRevD.53.7003
https://doi.org/10.1103/PhysRevD.55.4795
https://doi.org/10.1103/PhysRevD.65.065015
https://doi.org/10.1103/PhysRevD.100.025019
https://doi.org/10.1103/PhysRevD.100.025019
https://doi.org/10.1016/j.physletb.2019.06.062
https://doi.org/10.1103/PhysRevD.101.125003
https://doi.org/10.1016/j.aop.2021.168594
https://doi.org/10.1016/j.aop.2021.168594
https://doi.org/10.1103/PhysRevE.97.012135
https://doi.org/10.1103/PhysRevE.97.012135
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1103/PhysRevD.14.870

JEN-TSUNG HSIANG and BEI-LOK HU PHYS. REV. D 106, 045002 (2022)

and zero-frequency Rindler modes, Phys. Rev. D 100, 045020 [22] P. W. Milonni, An Introduction to Quantum Optics and

(2019). Quantum Fluctuations (Oxford University Press, Oxford,
[20] M. Bravo, J.-T. Hsiang, and B. L. Hu, Fluctuations-induced 2019).
quantum radiation and reaction from an atom in a squeezed [23] F. Rohrlich, Classical Charged Particles—Foundation of
field (to be published). their Theories (Westview, Colorado, 1990).
[21] S.-Y. Lin and B. L. Hu, Accelerated detector—quantum field [24] R. Jackiw, Functional evaluation of the effective potential,
correlations: From vacuum fluctuations to radiation flux, Phys. Rev. D 9, 1686 (1974).

Phys. Rev. D 73, 124018 (2006).

045002-22


https://doi.org/10.1103/PhysRevD.100.045020
https://doi.org/10.1103/PhysRevD.100.045020
https://doi.org/10.1103/PhysRevD.73.124018
https://doi.org/10.1103/PhysRevD.9.1686

