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Although the Wald entropy is commonly suitable for the first law of black hole thermodynamics,
whether it satisfies the second law has not been examined sufficiently. For any high-order curvature gravity,
the Wald entropy has been shown not to obey the linearized second law, and the general expression of
entropy of black holes that always satisfies the linearized second law is further obtained. For gravity with
nonminimal coupling matter fields, however, whether the Wald entropy of black holes satisfies the second
law has not been studied enough. Recently, a general second-order scalar-tensor gravitational theory has
been proposed. The Lagrangian of the gravitational theory is a linear combination of four components, and
the Wald entropy can also be written as four parts. We should investigate each part of the expression
separately to examine whether the Wald entropy satisfies the linearized second law. For the first and fourth
parts contributed by two nonminimal coupling terms in Lagrangian contained in Horndeski gravity and
Gauss-Bonnet gravity, the entropy of black holes is not expressed as the Wald entropy because the entropy
in Gauss-Bonnet gravity is Jacobson-Myers entropy. The third part contributed by the Lagrangian in
Einstein-Hilbert action is Bekenstein-Hawking entropy, which obeys the second law automatically.
Therefore, to obtain the entropy of black holes that meets the linearized second law, we only need to study
the second part of the Wald entropy. According to the null energy condition and the Raychaudhuri
equation, one can show that the second part of the Wald entropy with correction terms will increase
monotonically constrained by the null energy condition during the perturbation process. The second part of
the Wald entropy should be modified to satisfy the linearized second law, and the expression of the entropy
of black holes, which always obeys the linearized second law, is obtained in the general second-order
scalar-tensor gravity.
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I. INTRODUCTION

General relativity (GR) has predicted the existence of
black holes as particular spacetime structures in our
universe, and the boundary of black holes is a specific
null hypersurface called the event horizon of black holes.
Many essential properties of black holes, especially black
hole thermodynamics, are reflected by the event horizon at
an equilibrium or a dynamical evolution state. The area
theorem of black holes was first proposed by Hawking [1],
which states that the area of the event horizon of black holes
never decreases with time evolution. Based on this theorem,
Bekenstein [2] conjectured that the area of the event
horizon of black holes could be equivalent to the entropy
of an ordinary thermodynamic system. From the perspec-
tive of the quantum field theory in curved spacetime,
Hawking [3] proved that black holes can be regarded as
thermodynamic systems, not just pure spacetime structures,
while the temperature and the entropy can be defined by the

surface gravity and the area of the event horizon of black
holes, respectively. The entropy of black holes is called
Bekenstein-Hawking entropy, which can be written as
SBH ¼ A=4, where A is the area of the event horizon.
Based on definitions of the temperature and the entropy of
black holes, the black hole thermodynamics is established
gradually, which is identical to the four laws of thermo-
dynamics for a classical thermodynamic system [4–6].
Although the four laws of thermodynamics are established
for black holes in classical GR, it has become clear that the
four laws of classical black hole thermodynamics still hold
in much more general contexts.
If a timelikeKilling vector ξa exists in spacetime at infinity

and is normal to a null hypersurface, the null hypersurface is
called the Killing horizon. The event horizon of stationary
black holes can be treated as a Killing horizon according to
the rigidity theorem [7]. The surface gravity κ at any point on
a Killing horizon is defined as [8]

ξb∇bξ
a ¼ κξa: ð1Þ

The zeroth lawof black hole thermodynamics states that κ is a
constant over the event horizon of stationary black holes in
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the classical theory of gravity. The proof of this law is closely
related to a specific form of the Einstein equation, and this
proof process seems unlikely to be extended to other theories
of gravity [5]. Furthermore, it has been shown that the zeroth
law is held without the concrete expression of the field
equation of gravity when the bifurcation surface exists in
spacetime [9]. In addition, based on the rigidity theorem and
the dominant energy condition, the zeroth law has been
generally demonstrated without dependence on the field
equation and other additional assumptions [10,11]. This
result means that if the rigidity theorem is valid, the zeroth
law of black hole thermodynamics can be generalized to
other modified gravitational theories.
The black hole uniqueness theorem requires that all

black hole solutions in Einstein-Maxwell gravity can be
characterized by only three externally observable quan-
tities, i.e., the mass M, the electric charge Q, and the
angular momentum J [12]. The most general black hole in
the gravitational theory is the Kerr-Newman (KN) black
hole. The first law of black hole thermodynamics describes
how the variation of mass is related to the change of area,
angular momentum, and electric charge of the event
horizon for the perturbation of stationary black holes,
and the first law of KN black holes can be expressed as

δM ¼ TδSBH þΦHδQþΩHδJ; ð2Þ

where the quantities T,ΦH, andΩH are the temperature, the
electrostatic potential, and the angular velocity of the event
horizon, respectively. Since the first law describes the
change of related physical quantities of KN black holes
from one equilibrium state to another, the initial and final
states obey the rigidity theorem. Equation (2) is the general
expression of the first law of black holes in classical GR.
Furthermore, whether the first law can still be suitable for
much more general gravitational theory should be further
investigated. Based on the Noether charge method, the first
law of black hole thermodynamics in any diffeomorphism
invariant theory of gravity has been investigated by Iyer and
Wald [13,14]. The entropy in the general first law is called
the Wald entropy rather than Bekenstein-Hawking entropy,
which is defined as

SW ¼ −2π
Z
s
dny

ffiffiffi
γ

p ∂L
∂Rabcd

ϵabϵcd; ð3Þ

where y is used to describe the transverse coordinates on
any cross section of the event horizon, γ is the determinant
of the volume element of the cross section, L is the
Lagrangian of the gravitational theory, Rabcd is the
Riemann curvature tensor, and ϵab represents the binormal
of any slice on the event horizon. Besides, for the general
first law, the rigidity theorem is still suitable for the initial
and final states in the perturbation process because the two
states are both stationary.

The third law of black hole thermodynamics states that it
is impossible to form a black hole with vanishing surface
gravity through finite operators. If the surface gravity
continues to exceed the critical value, i.e., κ ¼ 0, the value
of surface gravity will become negative. It implies that the
event horizon of black holes disappears, and the naked
singularity exports into spacetime. The naked singularity is
forbidden to appear because it can invalidate the causality
law of spacetime. To guarantee the completeness of
spacetime geometry and the validity of the causality law,
an assumption which is called the cosmic censorship
conjecture (CCC) was proposed by Penrose [15]. The
CCC can be divided into the weak cosmic censorship
conjecture (WCCC) and the strong cosmic censorship
conjecture (SCCC). Recently, the CCC, especially the
WCCC, has been widely investigated using the perturba-
tion method [16]. The stability condition is further intro-
duced to examine the WCCC of black holes, which states
that the spacetime geometry still belongs to the class of
original solutions of spacetime geometry after the pertur-
bation process. If black holes still exist at the final state, the
WCCC of black holes is valid at the end of the perturbation.
The stability condition requires that black holes in the
initial and final states in the perturbation process are both
stationary black holes. In other words, the rigidity theorem
still holds in the initial and final states. Although this
conjecture closely relates to the extreme black hole, it is not
identical to the third law of black hole thermodynamics. In
other words, examining the WCCC cannot be regarded as
proving the third law directly. However, if the surface
gravity of black holes does not approach or exceed the
critical value, the third law of black hole thermodynamics is
guaranteed in significant measure.
The above discussions indicate that the rigidity theorem

permeates through the investigation of the zeroth, the first,
and the third laws of black hole thermodynamics. However,
the study of the second law of black hole thermodynamics
is different from the other three laws of black hole
thermodynamics because it focuses on how the entropy
of black holes changes with a dynamic process. In this
situation, the rigidity theorem is no longer valid during the
dynamical process. Therefore, how to study the second law
in more general gravitational theory has become an
important research direction for black hole thermodynam-
ics until now. Additionally, the two most profound of the
four laws of black hole thermodynamics are the first and the
second laws. If black holes in any gravitational theory are
regarded as thermodynamic systems, the first two laws of
black hole thermodynamics should first be satisfied. Since
the Wald entropy generally obeys the first law, we naturally
expect that the Wald entropy of black holes in any diffeo-
morphism invariant theory of gravity can also satisfy the
second law of black hole thermodynamics.
The quantization of gravitational field is a frontline issue

in the research of GR. Although many methods are used to
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quantize the gravitational field, an appropriate quantization
scheme has not been established perfectly until now. It
means that when the self-interaction of gravity or the
nonminimal coupling interaction between gravity and
matter fields is involved in the theory of gravity, we cannot
investigate these interactions rigorously at the quantum
level. Therefore, to study these interactions from the
perspective of quantum gravity, the most convenient
method is to construct a corresponding low-energy efficient
field theory, and the results obtained in classical GR should
be recovered through the efficient field theory. At present,
one of the most fruitful approaches to construct the
approximation of the low-energy efficient theory of gravity
is that of the extended gravitational theory based on
corrections and enlargements of Einstein’s theory, which
have become a sort of paradigm. This paradigm essentially
introduces high-order curvature invariants and minimal or
nonminimal coupling matter fields into the effective
Lagrangian of quantum gravity theory at a low energy
approximation. In other words, quantum correction terms
are added to the Lagrangian of the gravitational theory
when the low-energy efficient field theory is used to deal
with the nonminimal coupling interactions. The quantum
correction terms are the high-order curvature terms that
describe the self-interaction of gravity and the nonminimal
coupling terms that describes the interaction between
gravity and matter fields. Besides, it is recognized that
these correction terms are unavoidable to obtain the
efficient effect of quantum gravity under the Planck scale
[17]. The expression of the Wald entropy is sufficiently
affected by the quantum correction terms in the Lagrangian
according to Eq. (3). It implies that examining whether the
Wald entropy of black holes in a specific gravitational
theory containing quantum correction terms satisfies the
second law is a prerequisite for finding a general method to
check whether the Wald entropy of black holes in any
diffeomorphism invariant theory of gravity obeys the
second law. The Wald entropy of black holes in fðRÞ
gravity has been investigated according to the field redefi-
nition, and the result shows that it obeys the second law of
thermodynamics [18,19]. Subsequently, considering a qua-
sistationary accretion process of black holes, the spacetime
geometry of black holes will be perturbed by the accretion
process. And an assumption that black holes will settle
down to a stationary state at the end of the perturbation
process is introduced. This assumption means that the
initial and the final states under the perturbation process
still satisfy the rigidity theorem in the proving process of
the second law. In other words, the validity of the rigidity
theorem still affects the study of the second law. From the
method of matter fields perturbation, the second law in the
most general second-order higher curvature theory of
gravity has been examined under the first-order approxi-
mation [20]. The second law of black hole thermodynamics
that holds under the linear order approximation of the

perturbation is called the linearized second law. Utilizing
the perturbation method, the linearized second laws of
black holes in the Gauss-Bonnet gravity and the Lovelock
gravity are investigated [21,22]. The results show that the
entropy of black holes that obeys the linearized second law
in two gravitational theories is called the Jacobson-Myers
(JM) entropy rather than the Wald entropy. Furthermore, a
common approach to investigate the linearized second law
of black holes in the gravitational theory that contains
arbitrary high-order curvature terms has been proposed by
Wall [23]. The general expression of the entropy of black
holes that obeys the linearized second law is given, which
can be written as a linear combination of Wald entropy and
some correction terms. The result illustrates that the Wald
entropy should be corrected to satisfy the linearized second
law when the quantum correction terms of arbitrary high-
order curvature are contained in the Lagrangian of the
gravitational theory.
In the previous research, from the perspective of

perturbation, the situation that quantum correction terms
of arbitrary high-order curvature are contained in the
Lagrangian has been sufficiently investigated because the
general expression of entropy of black holes satisfying
the linearized second law has been obtained. As men-
tioned above, the quantum corrections in the Lagrangian
not only involve any high-order curvature term but the
nonminimal coupling term that describes the interaction
between gravity and matter fields. The linearized second
law of black holes in the gravitational theory with the
nonminimal coupling scalar field or gauge fields has been
investigated in the recent research through the construc-
tion of entropy current [24]. Although the linearized
second law of black holes has been discussed extensively
in the theory of gravity involving arbitrary nonminimal
coupling matter fields, the general expression of entropy
of black holes obeying the linearized second law has not
been obtained until now. To deduce the entropy of black
holes generally obeying the linearized second law in the
gravitational theory with the nonminimal coupling matter
fields, we should first examine whether the Wald entropy
of black holes in this kind of gravitational theory always
satisfies the linearized second law. If the Wald entropy
does not generally obey the second law, we will need to
explore the new expression of the entropy of black holes
that satisfies the linearized second law during the pertur-
bation all the time. In our previous works, the Wald
entropies of black holes in Horndeski gravity and the
general quadric corrected Einstein-Maxwell gravity were
both demonstrated to obey the linearized second law
[25,26]. For Horndeski gravity, there are no more non-
minimal coupling terms between gravity and the scalar
field in the Lagrangian, except the nonminimal coupling
term between the Einstein tensor and the scalar field. In
other words, the Wald entropy always obeys the linearized
second law in general Horndeski gravity. Recently, a new
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general second-order scalar-tensor gravitational theory
has been proposed, and the Lagrangian is a linear
combination of four components. There are three types
of nonminimal coupling interaction terms in the four
components. These terms are the Gauss-Bonnet combi-
nation, the nonminimal coupling interaction between the
Einstein tensor and the scalar field that is the same as
the nonminimal coupling term in Horndeski gravity,
and the nonminimal coupling term that describes the
interaction between the double dual of Riemann curva-
ture and the scalar field. The Wald entropy of black
holes can be expressed as the linear combination of four
parts that correspond to the four components in the
Lagrangian according to the definition. To examine the
second law of thermodynamics under the first-order
approximation of the matter fields perturbation, we only
need to investigate whether each part in the expres-
sion of the Wald entropy of black holes obeys the
linearized second law respectively. As mentioned above,
the linearized second law of black holes in Horndeski
gravity and the Gauss-Bonnet gravity has been inves-
tigated. The results show that the Wald entropy does not
satisfy the linearized second law because the entropy of
black holes in Gauss-Bonnet gravity obeying the second
law is JM entropy rather than the Wald entropy. It
implies that the Wald entropy no longer meets the
linearized second law even if the nonminimal coupling
term between the double dual of Riemann curvature and
the scalar field is not contained in the Lagrangian of the
gravitational theory. Therefore, to explore the final
expression of black holes obeying the linearized second
law in general second-order scalar-tensor gravitational
theory, we still start from the definition of Wald entropy
to examine whether the entropy contributed by the
nonminimal coupling term containing the double dual
of the Riemann curvature satisfies the linearized second
law. If it does not meet the requirement of the linearized
second law, we should further explore the concrete
expression of the entropy that always satisfies the
linearized second law from this nonminimal coupling
term in the Lagrangian.
The organization of the paper is as follows. In Sec. II, the

general second-order scalar-tensor gravity is introduced
first, and the expression of the Wald entropy, especially the
specific expression contributed by the nonminimal cou-
pling term between the double dual of the Riemann
curvature and the scalar field, is given. In Sec. III, based
on the null energy condition of the additional matter fields,
while according to the definition of the Wald entropy,
whether the entropy of black holes contributed by the
nonminimal coupling term between the double dual of the
Riemann curvature and the scalar field in general second-
order scalar-tensor gravity still satisfies the linearized
second law during the perturbation process will be exam-
ined. The paper ends with conclusions in Sec. IV.

II. THE GENERAL SECOND-ORDER
SCALAR-TENSOR GRAVITATIONAL
THEORY AND THE WALD ENTROPY

We consider the (nþ 2)-dimensional general second-
order scalar-tensor gravitational theory [27]. The Lagrangian
of the gravitational theory is a linear combination of four
components. These four components are the Einstein tensor
nonminimal coupling with the scalar field, the double dual
of the Riemann tensor nonminimal coupling with the
scalar field, the Ricci scalar that is the Lagrangian in the
Einstein-Hilbert action, and the Gauss-Bonnet combination.
To investigate the linearized second law of black hole
thermodynamics, the quasistationary accretion process that
describes additional matter fields minimally coupling to
gravity outside black holes passing through the event horizon
and falling into black holes should be considered. The
accretion process will perturb the spacetime geometry of
black holes. If the perturbation process can be regarded as a
complete dynamical process, the Lagrangian of the matter
fields should be added to the Lagrangian of the original
gravitational theory. Therefore, the specific expression of the
Lagrangian can be written as

Ltotal ¼ L1 þL2 þL3 þL4 þLmt; ð4Þ

where

L1 ¼ ϵV1ðϕÞGab∇aϕ∇bϕ;

L2 ¼ ϵV2ðϕÞPabcd∇aϕ∇cϕ∇b∇dϕ;

L3 ¼ ϵV3ðϕÞR;
L4 ¼ ϵV4ðϕÞĜ: ð5Þ

For the four components in the Lagrangian, Gab is the
Einstein tensor, Pabcd ¼ 1

4
ϵabefRefghϵ

cdgh is the double dual
of the Riemann tensor with the Levi-Civita tensor ϵabcd, R is
the Ricci scalar, Ĝ ¼ RabcdRabcd − 4RabRab þ R2 is the
Gauss-Bonnet combination, ϵ is the volume element of
the spacetime, andLmt represents the Lagrangian ofminimal
coupling additional matter fields. In the following, to
simplify the calculation and the expression as well as make
the final result clearer, the values of coefficients V1ðϕÞ,
V2ðϕÞ, V3ðϕÞ, and V4ðϕÞ in the four components of the
Lagrangian are set asV1ðϕÞ ¼ V2ðϕÞ ¼ V3ðϕÞ ¼ V4ðϕÞ ¼ 1
without losing generality.
It has been shown that the entropy of black holes in any

diffeomorphism invariant gravity can be expressed as the
Wald entropy that generally obeys the first law of black
hole thermodynamics. According to the definition in
Eq. (3), the Wald entropy for stationary black holes in
the general second-order scalar-tensor gravitational theory
can be written formally as a linear combination of four parts
that corresponds to the first four components of the
Lagrangian, respectively, in Eq. (4), i.e.,
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SW ¼ SW1 þ SW2 þ SW3 þ SW4

¼ 1

4

Z
s
dny

ffiffiffi
γ

p ðρW1 þ ρW2 þ ρW3 þ ρW4Þ; ð6Þ

where ρWi (i ¼ 1, 2, 3, 4) represents the entropy density of
the four parts of the Wald entropy. The first component of
the Lagrangian L1 is the nonminimal coupling term that
describes the interaction between the Einstein tensor and
the scalar field, which is the only one nonminimal coupling
interaction term between gravity and the scalar field
contained in the Lagrangian of the general Horndeski
gravity. In our previous work, we have proved that the
Wald entropy in Horndeski gravity always satisfies the
linearized second law during the matter fields perturbation
process. The third part and the fourth part of the
Lagrangian, L3 and L4, contain the Ricci scalar term
and the Gauss-Bonnet combination. The entropy of black
holes contributed by the third part is the Bekenstein-
Hawking entropy which obeys the second law of black
hole thermodynamics automatically according to the area
theorem. The fourth part of the Wald entropy contributed
by the fourth component of the Lagrangian does not obey
the linearized second law because the entropy of black
holes meets the linearized second law during the perturba-
tion process in Gauss-Bonnet gravity and is expressed as
the JM entropy. It indicates that even without considering
the second part of the Lagrangian, the Wald entropy of
black holes in the theory of gravity composed of the first,
third, and fourth parts in the Lagrangian is no longer
obeying the requirements of the linearized second law. In
other words, the Wald entropy of black holes in general
second-order scalar-tensor gravity does not satisfy the
linearized second law. Therefore, in the following, the
expression of the entropy obeying the linearized second law
in the general scalar-tensor gravity should be further
deduced to investigate the linearized second law in the
theory of gravity. Since the entropy contributed by the first,
the third, and the fourth components in the Lagrangian
from the definition of the Wald entropy has been studied

except the entropy comes from the second component of
the Lagrangian, we only focus on the second part of the
Wald entropy to investigate whether it satisfies the second
law under the first-order approximation of the perturbation
process. If the second part of the Wald entropy does not
meet the linear second law, the second part of entropy,
which comes from the second components of the
Lagrangian and always obeys the second law under the
linear order approximation of the matter fields perturbation,
should be further calculated. From Eq. (4), the Lagrangian
that is used to study the linearized second law in this
gravitational theory can be simplified as

L ¼ L2 þLmt ¼ ϵPabcd∇aϕ∇cϕ∇b∇dϕþLmt: ð7Þ

From the Lagrangian in Eq. (7), the equation of motion
of the gravitational part can be formally written as

Hab ¼ 8πTab: ð8Þ

The left-hand side of the equation of motion Hab can be

further written as a linear combination of HðG1Þ
ab , HðG2Þ

ab ,

Hðϕ1Þ
ab , and Hðϕ2Þ

ab , i.e.,

Hab ¼ HðG1Þ
ab þHðG2Þ

ab þHðϕ1Þ
ab þHðϕ2Þ

ab : ð9Þ

The first two parts of Eq. (9), HðG1Þ
ab and HðG2Þ

ab , are derived
from the derivative of the Lagrangian with respect to the
Riemann curvature Rabcd; specifically, the second part

HðG2Þ
ab only contains all total derivative terms in the first

two parts. The third part of Eq. (9), Hðϕ1Þ
ab , comes from the

derivative of the Lagrangian with respect to the first-order

derivative of the scalar field ∇aϕ. The fourth part Hðϕ2Þ
ab is

deduced from the derivative of the Lagrangian with respect
to the second-order derivative of the scalar field ∇a∇bϕ.
The specific expression of the four parts in Eq. (9) can be
written, respectively, as

HðG1Þ
ab ¼ −

1

4
∇cϕ∇d∇aϕ∇eϕRb

cde þ 1

4
∇aϕ∇d∇cϕ∇eϕRb

cde þ 1

4
∇cϕ∇dϕ∇e∇aϕRb

cde −
1

4
∇aϕ∇dϕ∇e∇cϕRb

cde

þ 1

4
gce∇aϕ∇dϕ∇f∇fϕRb

cde −
1

4
gae∇cϕ∇dϕ∇f∇fϕRb

cde −
1

4
gcd∇aϕ∇eϕ∇f∇fϕRb

cde

þ 1

4
gad∇cϕ∇eϕ∇f∇fϕRb

cde −
1

4
gce∇aϕ∇d∇fϕ∇fϕRb

cde þ 1

4
gae∇cϕ∇d∇fϕ∇fϕRb

cde

þ 1

4
gcd∇aϕ∇e∇fϕ∇fϕRb

cde −
1

4
gad∇cϕ∇e∇fϕ∇fϕRb

cde þ 1

2
gce∇d∇aϕ∇fϕ∇fϕRb

cde

þ 1

2
gad∇e∇cϕ∇fϕ∇fϕRb

cde −
1

2
gce∇dϕ∇f∇aϕ∇fϕRb

cde þ 1

2
gae∇dϕ∇f∇cϕ∇fϕRb

cde

−
1

2
gadgce∇fϕ∇fϕ∇g∇gϕRb

cde þ 1

2
gadgce∇fϕ∇g∇fϕ∇gϕRb

cde; ð10Þ
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HðG2Þ
ab ¼ −

1

2
∇c∇dð∇cϕ∇b∇aϕ∇dϕÞ þ

1

2
∇c∇dð∇aϕ∇b∇cϕ∇dϕÞ þ

1

2
∇c∇dð∇cϕ∇bϕ∇d∇aϕÞ

−
1

2
∇c∇dð∇aϕ∇bϕ∇d∇cϕÞ þ

1

2
∇c∇dðgcd∇aϕ∇bϕ∇e∇eϕÞ − 1

2
∇c∇dðgad∇cϕ∇bϕ∇e∇eϕÞ

−
1

2
∇c∇dðgcb∇aϕ∇dϕ∇e∇eϕÞ þ 1

2
∇c∇dðgab∇cϕ∇dϕ∇e∇eϕÞ − 1

2
∇c∇dðgcd∇aϕ∇b∇eϕ∇eϕÞ

þ 1

2
∇c∇dðgad∇cϕ∇b∇eϕ∇eϕÞ þ 1

2
∇c∇dðgcb∇aϕ∇d∇eϕ∇eϕÞ − 1

2
∇c∇dðgab∇cϕ∇d∇eϕ∇eϕÞ

þ 1

2
∇c∇dðgcd∇b∇aϕ∇eϕ∇eϕÞ − 1

2
∇c∇dðgad∇b∇cϕ∇eϕ∇eϕÞ − 1

2
∇c∇dðgcb∇d∇aϕ∇eϕ∇eϕÞ

þ 1

2
∇c∇dðgab∇d∇cϕ∇eϕ∇eϕÞ − 1

2
∇c∇dðgcd∇bϕ∇e∇aϕ∇eϕÞ þ 1

2
∇c∇dðgcb∇dϕ∇e∇aϕ∇eϕÞ

þ 1

2
∇c∇dðgad∇bϕ∇e∇cϕ∇eϕÞ − 1

2
∇c∇dðgab∇dϕ∇e∇cϕ∇eϕÞ þ 1

2
∇c∇dðgadgcb∇eϕ∇eϕ∇f∇fϕÞ

−
1

2
∇c∇dðgabgcd∇eϕ∇eϕ∇f∇fϕÞ − 1

2
∇c∇dðgadgcb∇eϕ∇f∇eϕ∇fϕÞ þ 1

2
∇c∇dðgabgcd∇eϕ∇f∇eϕ∇fϕÞ; ð11Þ

Hðϕ1Þ
ab ¼ 1

4
R∇cϕ∇a∇cϕ∇bϕ −

1

2
Rcd∇cϕ∇a∇dϕ∇bϕþ 1

4
R∇cϕ∇c∇aϕ∇bϕ −

1

2
R∇aϕ∇c∇cϕ∇bϕ

−
1

2
Rad∇cϕ∇c∇dϕ∇bϕþ Rac∇cϕ∇d∇dϕ∇bϕ −

1

2
Rcd∇cϕ∇d∇aϕ∇bϕ −

1

2
Rad∇cϕ∇d∇cϕ∇bϕ

þ Rcd∇aϕ∇d∇cϕ∇bϕ −
1

2
Radce∇cϕ∇e∇dϕ∇bϕ −

1

2
Raecd∇cϕ∇e∇dϕ∇bϕ; ð12Þ

and

Hðϕ2Þ
ab ¼ −

1

2
∇aϕ∇cðR∇cϕ∇bϕÞ þ∇aϕ∇cðRbd∇cϕ∇dϕÞ þ∇aϕ∇cðRcd∇bϕ∇dϕÞ −∇aϕ∇cðRcb∇dϕ∇dϕÞ

þ 1

2
gcb∇aϕ∇cðR∇dϕ∇dϕÞ − gcb∇aϕ∇cðRde∇dϕ∇eϕÞ þ∇aϕ∇cðRcdbe∇dϕ∇eϕÞ þ 1

4
∇cϕ∇cðR∇aϕ∇bϕÞ

−
1

2
∇cϕ∇cðRbd∇aϕ∇dϕÞ − 1

2
∇cϕ∇cðRad∇bϕ∇dϕÞ þ 1

2
∇cϕ∇cðRab∇dϕ∇dϕÞ − 1

4
gab∇cϕ∇cðR∇dϕ∇dϕÞ

þ 1

2
gab∇cϕ∇cðRde∇dϕ∇eϕÞ − 1

2
∇cϕ∇cðRadbe∇dϕ∇eϕÞ þ 1

4
R∇aϕ∇bϕ∇c∇cϕ −

1

2
Rbd∇aϕ∇dϕ∇c∇cϕ

−
1

2
Rad∇bϕ∇dϕ∇c∇cϕþ 1

2
Rab∇dϕ∇dϕ∇c∇cϕ −

1

4
gabR∇dϕ∇dϕ∇c∇cϕþ 1

2
gabRde∇dϕ∇eϕ∇c∇cϕ

−
1

2
Radbe∇dϕ∇eϕ∇c∇cϕ: ð13Þ

For the right-hand side of Eq. (8), Tab represents the total
stress-energy tensor of the gravitational theory. Since the
scalar field is involved in the nonminimal coupling terms
between the double dual of the Riemann curvature and the
scalar field in Eq. (7), the total stress-energy tensor only
contains the stress-energy tensor of the additional matter
fields, i.e.,

Tab ¼ Tmt
ab; ð14Þ

where Tmt
ab is the stress-energy tensor of the additional

matter fields. From the physical perspective, a reasonable

assumption should be introduced to obtain the entropy of
black holes satisfying the linearized second law, which
states that the stress-energy tensor of the additional matter
fields should obey the null energy condition. For an
arbitrary null vector field along the future direction na,
the expression of the null energy condition can be ex-
pressed as Tmt

abn
anb ≥ 0. Moreover, according to Eq. (14),

the assumption also means that the total stress-energy
tensor in the gravitational theory still obeys the requirement
of the null energy condition, i.e.,

Tabnanb ≥ 0: ð15Þ
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According to the definition of the Wald entropy in
Eq. (3) and the expression of Eq. (6), the second part of
the Wald entropy of black holes contributed by the non-
minimal coupling interaction between the double dual of
the Riemann curvature and the scalar field in the first term
of Eq. (7) can be obtained as

SW2 ¼
1

4

Z
s
dny

ffiffiffi
γ

p
ρW2; ð16Þ

and the specific expression of the entropy density ρW2 is
given as

ρW2 ¼ −
1

2
∇aϕ∇aϕ∇b∇bϕþ 1

2
∇aϕ∇b∇aϕ∇bϕ −

1

2
kakblcld∇aϕ∇b∇dϕ∇cϕ

− kalb∇aϕ∇bϕ∇c∇cϕþ 1

2
kalb∇a∇cϕ∇bϕ∇cϕþ 1

2
kalb∇aϕ∇b∇cϕ∇cϕ

−
1

2
kalb∇a∇bϕ∇cϕ∇cϕ −

1

2
kalb∇b∇aϕ∇cϕ∇cϕþ 1

2
kalb∇bϕ∇c∇aϕ∇cϕ

þ 1

2
kalb∇aϕ∇c∇bϕ∇cϕþ 1

2
kakblcld∇b∇aϕ∇cϕ∇dϕ −

1

2
kakblcld∇aϕ∇cϕ∇d∇bϕ

þ 1

2
kakblcld∇aϕ∇bϕ∇d∇cϕ: ð17Þ

As mentioned above, to obtain the entropy of black holes
that obeys the linearized second law of black hole thermo-
dynamics in the general second-order scalar-tensor tensor
gravitational theory, we should consider whether the
second part of the Wald entropy still satisfies the linearized
second law first. In other words, we only focus on the
expression of Eq. (17) to check whether it obeys the second
law of black hole thermodynamics under the linear order
approximation of the matter fields perturbation in the
following. If this expression does not meet the linearized
second law, the new expression for the entropy of black
holes that comes from the first term in Eq. (7) should be
further explored.

III. INVESTIGATION OF THE LINEARIZED
SECOND LAW OF BLACK HOLES IN GENERAL
SECOND-ORDER SCALAR-TENSOR GRAVITY

The nonminimal coupling term that describes the non-
minimal coupling interaction between the double dual
of the Riemann curvature and the scalar field exists in
the second component of the Lagrangian. According to the
definition, this term will substantially contribute to the
expression of the Wald entropy. To obtain the expression of
the entropy of black holes in the general second-order
scalar-tensor gravitational theory that satisfies the linear-
ized second law, we should first examine whether the
second part of the Wald entropy contributed by the second
component of the Lagrangian still obeys the linearized
second law as mentioned above. If it does not meet the
linearized second law, we need to investigate further what
correction terms will be added to the expression of the
second part of the Wald entropy so that the modified second
part of the Wald entropy always satisfies the linearized
second law. A quasistationary physical accretion process

should be introduced to investigate the linearized second
law of black hole thermodynamics, which describes that
additional matter fields minimally coupling to gravity
outside black holes pass through the event horizon and
fall into black holes during the dynamical accretion
process. In other words, the spacetime geometry of black
holes will be perturbed by the accretion process. Besides,
another essential assumption should be further introduced
to investigate the linearized second law, which states that
black holes will settle down to a stationary state after the
perturbation process.
For black holes in (nþ 2)-dimensional general second-

order scalar-tensor gravitational theory, the event horizon of
black holes is denoted as H, which is (nþ 1)-dimensional
null hypersurface in spacetime. If the parameter λ is chosen
as an affine parameter to parametrize the event horizon, the
null vector ka ¼ ð∂=∂λÞa can be used to generate the event
horizon and obeys the geodesic equation kb∇bka ¼ 0. The
coordinates with two null vectors fka; la; yai g on any cross
section of the event horizon can be further constructed. In
the coordinates, the null vector field ka is tangent to the
event horizon of black holes, la is another null vector field
that is different from the null vector field ka, and yai is used
to describe transverse coordinates on any cross section. The
relationships between the two null vectors can be further
given as

kaka ¼ lala ¼ 0; kala ¼ −1: ð18Þ

According to the two null vectors, the binormal on the cross
section of the event horizon can be defined as ϵab ¼ 2k½alb�,
while the definition of the induced metric on any slice of
the future event horizon can be given as

GENERALIZED ENTROPY INCREASE AT LINEAR ORDER IN … PHYS. REV. D 106, 044072 (2022)

044072-7



γab ¼ gab þ 2kðalbÞ: ð19Þ

From the definition of the induced metric, the relationship
between the two null vectors and the induced metric can be
given as kaγab ¼ laγab ¼ 0. Besides, for any spatial tensor
Xa1a2���, we can define the spatial derivative operator Da as

DaXa1a2��� ¼ γa
bγa1

b1γa2���
b2���∇bXb1b2���; ð20Þ

and the spatial derivative operator is compatible with the
induced metric on the cross section of the event horizon,
i.e., Dcγab ¼ 0.
The extrinsic curvature of the event horizon can be

defined as

Bab ¼ γa
cγb

d∇ckd; ð21Þ

and the evolution of the induced metric along the future
direction of the event horizon is further given as

γa
cγb

dLkγcd ¼ 2

�
σab þ

θ

n
γab

�
¼ 2Bab; ð22Þ

where σab and θ represent the shear and the expansion of
the event horizon, respectively. Furthermore, the evolution
of the extrinsic curvature along the same direction can be
obtained as

γd
cγb

dLkBcd ¼ BacBb
c − γd

cγb
dRecfdkekf: ð23Þ

According to this result, the Raychaudhuri equation can be
written as

dθ
dλ

¼ −
θ2

n
− σabσab − Rkk; ð24Þ

where Rkk ¼ Rabkakb. In the following, we will use the
convention Xkk ¼ kakbXab to simplify the expression for
any tensor Xab contracting with two null vector fields ka.
To describe the perturbation for the spacetime geometry

of black holes from the additional matter fields, the
sufficient small parameter ϵ is introduced to represent
the order of the approximation during the perturbation
process. We assume that three quantities, i.e., the extrinsic
curvature, the expansion, and the shear of the event
horizon, are all treated as the quantity under the first-order
approximation during the quasistationary perturbation
process. Using the small parameter ϵ, the relationship of
three quantities can be expressed as Bab ∼ θ ∼ σab ∼OðϵÞ.
In the following, the quantity under the zero-order approxi-
mation during the perturbation process is called the zero-
order quantity (or the background quantity), and the
quantity under the linear order approximation of the matter
fields perturbation is called the first-order quantity directly.
Besides, two symbols are introduced to simplify the

expression of the equation and emphasize that the second
law is studied only under the first-order approximation. As
above, since we will investigate the linearized second law
of black holes in the general second-order scalar-tensor
gravity under the process of the matter fields perturbation,
the symbol “≃” is introduced to represent the identity under
the linear order approximation of the perturbation process.
Besides, the other symbol “ˆ” is introduced to represent the
pure spatial index in any tensor to simplify the concrete
expression of the following calculation. The extrinsic
curvature and the evolution equation of the extrinsic
curvature in Eqs. (21) and (23) under the first-order
approximation of the perturbation process using the two
symbols can be further expressed as

Bâb̂ ¼ ∇âkb̂; LkBâb̂ ≃ −kckdRâcb̂d; ð25Þ

and the linear version of the Raychaudhuri equation is
written as

dθ
dλ

≃ −Rkk: ð26Þ

Analogous to the calculation for the evolution of the
external curvature along the future direction of the event
horizon, the evolution of the quantity ð∇âlb̂Þ along the
same direction on the background spacetime can be
obtained as

Lkð∇âlb̂Þ ¼ −kcldRâcb̂d: ð27Þ

Since the additional matter fields are required to satisfy the
null energy condition during the perturbation process, the
total stress-energy tensor obeys the null energy condition
naturally according to Eq. (14). From Eq. (15), while using
the above convention, the null energy condition of the total
stress-energy tensor in coordinates fka; la; yai g can be
rewritten as

Tkk ≥ 0: ð28Þ

So far, the two assumptions that black holes will settle
down to a stationary state and that the total stress-energy
tensor obeys the null energy condition have been intro-
duced. To investigate the linearized second law of black
holes in the general second-order scalar-tensor gravity,
another assumption that a regular bifurcation surface exists
in the background spacetime should also be introduced.
The coordinates with two null vectors ka and la can be
constructed on any cross section of the Killing horizon as
fka; la; yai g, and an arbitrary vector z̄ai is involved to
represent one of the two null vectors, i.e., z̄ai ∈ fka; lag.
The assumption indicates that when any tensor Xa1���ak is
smooth on the whole Killing horizon H with bifurcation
surface, all indexes of the tensor Xa1���ak contracting with
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the vectors z̄ai , i.e., Xa1���ak z̄
a1
1 � � � z̄akk , is also smooth over the

whole Killing horizon on the background spacetime if
the number of the null vector ka is less than or equal to the
number of the null vector la. This result has been demon-
strated in Ref. [28]. Next, we will briefly review the proof
process.
For stationary black holes, the event horizon H can be

regarded as the Killing horizon directly, and the bifurcation
surface B exists at the beginning of the Killing horizon. We
set ξa as a null Killing vector that is tangent to the Killing
horizon, and S represents any cross section on the event
horizon. Other coordinates with two Killing vectors, i.e.,
fξa; sa; yai g, can also be constructed on the cross section of
the event horizon, in which sa is another null Killing vector
on the event horizon H which is different from ξa, and yai
also represent transverse coordinates on any cross section.
Two null Killing vectors and transverse coordinates in the
coordinates fξa; sa; yai g satisfy the following relationships:

ξasa ¼ −1; ξaξa ¼ sasa ¼ 0; yai ξa ¼ yai sa ¼ 0: ð29Þ

After introducing any scalar field C on the cross section S,
the two relationships between the two Killing null vectors,
ξa and sa, and the other two null vectors, ka and la, can be
given as

ka ¼ Cξa; la ¼ C−1sa: ð30Þ

On the other hand, for any kth-order tensor Xa1���ak,
we assume that it is smooth on the Killing horizon and
satisfies the condition LξXa1���ak ¼ 0. This condition means
that the tensor is invariant along the Killing horizon. Since
the coordinates fξa; sa; yai g are also invariant along the
Killing horizon, and any vector zai that corresponds to
one of the two null Killing vectors, i.e., zai ∈ fξa; sag,
the vector zai will obey the condition Lξzai ¼ 0. After
contracting zai with all indexes in the tensor Xa1���ak, the
quantity Xa1���akz

a1
i � � � zakk obeys a similar condition

LξðXa1���akz
a1
1 � � � zakk Þ ¼ 0, which also means that the quan-

tity is invariant along the Killing horizon. When the
selected cross section approaches the bifurcation surface
S → B, the value of the Killing vector ξa will tend to zero
ξa → 0. However, the identity saξa ¼ −1 in Eq. (29)
implies that the value of the Killing null vector sa is
divergent when the Killing vector ξa approaches zero. The
value of the scalar field C on the Killing horizon is also
divergent C → ∞ when S → B because the two null
vectors ka and la in the coordinates fka; la; yai g are finite
on the whole Killing horizon. Besides, when the cross
section S does not approach the bifurcation surface B, the
values of the two vectors zai and z̄ai are both finite.
According to Eq. (30), all indexes in the tensor Xa1���ak
contracted with zai and z̄ai , respectively, can be represented
by the following identity:

Xa1���ak z̄
a1
1 � � � z̄akk ¼ Cm−nXa1���akz

a1
1 � � � zakk ; ð31Þ

where m is the number of the Killing vector ξa and n is the
number of the Killing vector sa. Since the vector z̄ai is
always finite, the quantity Xa1���ak z̄

a1
1 � � � z̄akk on the left-hand

side of Eq. (31) is finite over the whole Killing horizon on
the background spacetime. However, since the value of the
scalar field C is divergent C → ∞when S → B, the value of
Xa1���akz

a1
1 � � � zakk must be zero to ensure the quantity on the

left-hand side of Eq. (31) is finite on the background
spacetime when m > n. In other words, when S → B and
m > n, we have

Xa1���ak z̄
a1
1 � � � z̄akk ¼ 0 ð32Þ

on the background spacetime. This result means that for
any kth-order tensor Xa1���ak, after contracting all its indexes
with the vectors z̄ai , the quantity Xa1���ak z̄

a1
1 � � � z̄akk should be

zero on the background spacetime when the number of ka is
greater than the number of la. It indicates that this quantity
can be regarded as a first-order quantity. Otherwise, when
the number of ka is less than or equal to the number of la,
the quantity Xa1���ak z̄

a1
1 � � � z̄akk can be regarded as a back-

ground quantity. In the following calculation, we will
directly use this result to judge the order of the relevant
quantity during the perturbation process.
According to the above three assumptions, we will

examine whether the second part of the Wald entropy
SW2 always obeys the linearized second law during the
matter fields perturbation. If it does not satisfy the linear-
ized second law, we will need to find what kinds of
correction terms should be added to the second part of
the Wald entropy to make it meet the linearized second law.
Following the similar train of thought in Ref. [22], when the
additional matter fields always satisfy the null energy
condition, if the second part of the Wald entropy of black
holes in the general second-order scalar-tensor gravity
always obeys the linearized second law during the pertur-
bation process, the second part of the Wald entropy should
meet the following relationship under the first-order
approximation of the matter fields perturbation:

L2
kSW2 ≃ −

1

4

Z
s
ϵ̃Hkk ¼ −2π

Z
s
ϵ̃Tkk ≤ 0; ð33Þ

where the equation of motion in Eq. (8) has been used in the
second step. The sign of inequality is only contributed by
the null energy condition of the additional matter fields,
which determines the variation trend of entropy of black
holes with the perturbation process. Next, it should be
clarified further why the inequality in Eq. (33) reflects the
second part of the Wald entropy obeying the linearized
second law. Since the assumption states that black holes
should settle down to a stationary state after the perturba-
tion process has been introduced, it implies that the rate of
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change of the second part of the Wald entropy will decrease
to zero at the end of the process. In other words, the
tendency of the rate of change of the second part can be
expressed equivalently as the second-order Lie derivative
of the second part of the Wald entropy and is always
negative, L2

kSW2 ≤ 0, during the process. On the other
hand, the second part of the Wald entropy should always
increase during the process to ensure that black holes
eventually evolve into a stationary state. It means that the
first-order Lie derivative of the second part is positive,
i.e., LkSW2 ≥ 0. It indicates that the value of SW2 monoto-
nously increases with the perturbation process, and the
second part of the Wald entropy satisfies the second law.
Therefore, according to the above discussion, if the second
part of the Wald entropy satisfies the relationship in
Eq. (33), it will obey the linearized second law of black

hole thermodynamics. In the following, we will only
focus on whether the second part of the Wald entropy
satisfies Eq. (33) to check whether it obeys the second law
under the first-order approximation of the matter fields
perturbation.
According to Eq. (33), to investigate whether the second

part of the Wald entropy satisfies the linearized second law,
we should first calculate the specific expression of Hkk
under the first-order approximation of the perturbation
process. After contracting two null vectors ka and using the
convenience as above, Eq. (9) can be rewritten as

Hkk ¼ HðG1Þ
kk þHðG2Þ

kk þHðϕ1Þ
kk þHðϕ2Þ

kk ; ð34Þ

and the concrete expression of each part in Hkk is given as

HðG1Þ
kk ¼ −

1

4
kakb∇cϕ∇d∇aϕ∇eϕRbcde þ

1

4
kakb∇aϕ∇d∇cϕ∇eϕRbcde þ

1

4
kakb∇cϕ∇dϕ∇e∇aϕRbcde

−
1

4
kakb∇aϕ∇dϕ∇e∇cϕRbcde þ

1

4
kakb∇aϕ∇dϕ∇f∇fϕRbd −

1

4
kakb∇cϕ∇dϕ∇f∇fϕRbcda

þ 1

4
kakb∇aϕ∇cϕ∇d∇dϕRbc þ

1

4
kakb∇cϕ∇eϕ∇f∇fϕRbcae −

1

4
kakb∇aϕ∇c∇dϕ∇dϕRbc

þ 1

4
kakb∇cϕ∇d∇eϕ∇eϕRbcda −

1

4
kakb∇aϕ∇c∇dϕ∇dϕRbc −

1

4
kakb∇cϕ∇d∇eϕ∇eϕRbcad

þ 1

4
kakb∇d∇aϕ∇fϕ∇fϕRbd −

1

4
kakb∇d∇cϕ∇fϕ∇fϕRbcda þ

1

4
kakb∇e∇aϕ∇fϕ∇fϕRbe

þ 1

4
kakb∇e∇cϕ∇fϕ∇fϕRbcae −

1

4
kakb∇dϕ∇f∇aϕ∇fϕRbd −

1

4
kakb∇eϕ∇f∇aϕ∇fϕRbe

þ 1

4
kakb∇dϕ∇f∇cϕ∇fϕRbcda −

1

4
kakb∇eϕ∇f∇cϕ∇fϕRbcae −

1

4
kakb∇eϕ∇eϕ∇f∇fϕRab

−
1

4
kakb∇eϕ∇eϕ∇f∇fϕRab þ

1

4
kakb∇fϕ∇g∇fϕ∇gϕRab þ

1

4
kakb∇fϕ∇g∇fϕ∇gϕRab; ð35Þ

HðG2Þ
kk ¼ −

1

2
kakb∇c∇dð∇cϕ∇b∇aϕ∇dϕÞ þ

1

2
kakb∇c∇dð∇aϕ∇b∇cϕ∇dϕÞ þ

1

2
kakb∇c∇dð∇cϕ∇bϕ∇d∇aϕÞ

−
1

2
kakb∇c∇dð∇aϕ∇bϕ∇d∇cϕÞ þ

1

2
kakb∇c∇dðgcd∇aϕ∇bϕ∇e∇eϕÞ − 1

2
kakb∇c∇dðgad∇cϕ∇bϕ∇e∇eϕÞ

−
1

2
kakb∇c∇dðgcb∇aϕ∇dϕ∇e∇eϕÞ − 1

2
kakb∇c∇dðgcd∇aϕ∇b∇eϕ∇eϕÞ þ 1

2
kakb∇c∇dðgad∇cϕ∇b∇eϕ∇eϕÞ

þ 1

2
kakb∇c∇dðgcb∇aϕ∇d∇eϕ∇eϕÞ þ 1

2
kakb∇c∇dðgcd∇b∇aϕ∇eϕ∇eϕÞ − 1

2
kakb∇c∇dðgad∇b∇cϕ∇eϕ∇eϕÞ

−
1

2
kakb∇c∇dðgcb∇d∇aϕ∇eϕ∇eϕÞ − 1

2
kakb∇c∇dðgcd∇bϕ∇e∇aϕ∇eϕÞ þ 1

2
kakb∇c∇dðgcb∇dϕ∇e∇aϕ∇eϕÞ

þ 1

2
kakb∇c∇dðgad∇bϕ∇e∇cϕ∇eϕÞ þ 1

2
kakb∇c∇dðgadgcb∇eϕ∇eϕ∇f∇fϕÞ

−
1

2
kakb∇c∇dðgadgcb∇eϕ∇f∇eϕ∇fϕÞ; ð36Þ
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Hðϕ1Þ
kk ¼ 1

4
kakbR∇cϕ∇a∇cϕ∇bϕ −

1

2
kakbRcd∇cϕ∇a∇dϕ∇bϕþ 1

4
kakbR∇cϕ∇c∇aϕ∇bϕ −

1

2
kakbR∇aϕ∇c∇cϕ∇bϕ

− kakbRad∇cϕ∇c∇dϕ∇bϕþ kakbRac∇cϕ∇d∇dϕ∇bϕ −
1

2
kakbRcd∇cϕ∇d∇aϕ∇bϕþ kakbRcd∇aϕ∇d∇cϕ∇bϕ

−
1

2
kakbRadce∇cϕ∇e∇dϕ∇bϕ −

1

2
kakbRaecd∇cϕ∇e∇dϕ∇bϕ; ð37Þ

and

Hðϕ2Þ
kk ¼ −

1

2
kakb∇aϕ∇cðR∇cϕ∇bϕÞ þ kakb∇aϕ∇cðRbd∇cϕ∇dϕÞ þ kakb∇aϕ∇cðRcd∇bϕ∇dϕÞ

− kakb∇aϕ∇cðRcb∇dϕ∇dϕÞ þ 1

2
kakb∇aϕ∇bðR∇dϕ∇dϕÞ − kakb∇aϕ∇bðRde∇dϕ∇eϕÞ

− kakb∇aϕ∇cðRcdbe∇dϕ∇eϕÞ þ 1

4
kakb∇cϕ∇cðR∇aϕ∇bϕÞ −

1

2
kakb∇cϕ∇cðRbd∇aϕ∇dϕÞ

−
1

2
kakb∇cϕ∇cðRad∇bϕ∇dϕÞ þ 1

2
kakb∇cϕ∇cðRab∇dϕ∇dϕÞ − 1

2
kakb∇cϕ∇cðRadbe∇dϕ∇eϕÞ

þ 1

4
kakbR∇aϕ∇bϕ∇c∇cϕ −

1

2
kakbRbd∇aϕ∇dϕ∇c∇cϕ −

1

2
kakbRad∇bϕ∇dϕ∇c∇cϕ

þ 1

2
kakbRab∇dϕ∇dϕ∇c∇cϕ −

1

2
kakbRadbe∇dϕ∇eϕ∇c∇cϕ: ð38Þ

According to Appendix A, for the convenience of calculations, the expression of HðG1Þ
kk under the first-order

approximation of the matter fields perturbation can finally be simplified as two parts,

HðG1Þ
kk ≃HðG1Þ1

kk þHðG1Þ2
kk ; ð39Þ

where the first part is

HðG1Þ1
kk ¼ 1

2
ðDêϕÞðkald∇d∇aϕÞðDf̂ϕÞðkbkcRbêcf̂Þ þ

1

2
ðDêϕDf̂ϕ∇m∇mϕÞðkbkcRbêcf̂Þ

−
1

2
ðDêϕ∇f̂∇mϕ∇mϕÞðkbkcRbêcf̂Þ −

1

2
ðkald∇d∇aϕ∇mϕ∇mϕÞðRkkÞ

þ 1

2
ðDf̂Dêϕ∇mϕ∇mϕÞðkbkcRbêcf̂Þ −

1

2
ðDf̂ϕ∇m∇êϕ∇mϕÞðkbkcRbêcf̂Þ

−
1

2
ð∇mϕ∇mϕ∇n∇nϕÞðRkkÞ þ

1

2
ð∇mϕ∇n∇mϕ∇nϕÞðRkkÞ; ð40Þ

and the second part is

HðG1Þ2
kk ¼ 1

2
ðDêϕÞðL2

kϕÞðDf̂ϕÞðkcldRcêdf̂Þ −
1

2
ðL2

kϕÞðDêϕDêϕÞðkcldRcdÞ: ð41Þ

For the expression of HðG2Þ
kk in Eq. (36), this part only

contains all total derivative terms that come from the
derivation of the Lagrangian with respect to the
Riemann curvature. However, we cannot directly calculate

the result from the original expression ofHðG2Þ
kk because this

expression is surprisingly complex after expanding all total
derivative terms. Therefore, a useful identity should be
further introduced to simplify the calculative process to

deduce the final expression of HðG2Þ
kk under the linear order

approximation of the perturbation process. Considering any
two-form tensor Xab, one can demonstrate that the identity
can be written as

Z
s
ϵ̃kb∇aXab ¼ Lk

Z
s
ϵ̃kalbXab: ð42Þ

Using the identity of Eq. (42) and Leibniz’s law, the

expression of HðG2Þ
kk can be decomposed into four parts,

which can be formally written as
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Z
s
ϵ̃HðG2Þ

kk ¼ −L2
k

Z
s
ϵ̃HðG2Þ1

kk −
Z
s
ϵ̃HðG2Þ2

kk þ Lk

Z
s
ϵ̃HðG2Þ3

kk þ Lk

Z
s
ϵ̃HðG2Þ4

kk : ð43Þ

The first part of Eq. (43) is given as

−L2
k

Z
s
ϵ̃HðG2Þ1

kk ¼−L2
k

Z
s
ϵ̃

�
−
1

2
∇aϕ∇aϕ∇b∇bϕþ 1

2
∇aϕ∇b∇aϕ∇bϕ−

1

2
kakblcld∇aϕ∇b∇dϕ∇cϕ− kalb∇aϕ∇bϕ∇c∇cϕ

þ 1

2
kalb∇a∇cϕ∇bϕ∇cϕþ 1

2
kalb∇aϕ∇b∇cϕ∇cϕ−

1

2
kalb∇a∇bϕ∇cϕ∇cϕ−

1

2
kalb∇b∇aϕ∇cϕ∇cϕ

þ 1

2
kalb∇bϕ∇c∇aϕ∇cϕþ 1

2
kalb∇aϕ∇c∇bϕ∇cϕþ 1

2
kakblcld∇b∇aϕ∇cϕ∇dϕ

−
1

2
kakblcld∇aϕ∇cϕ∇d∇bϕþ 1

2
kakblcld∇aϕ∇bϕ∇d∇cϕ

�

¼−L2
k

Z
s
ϵ̃ρW2; ð44Þ

where the entropy density of the second part of the Wald entropy in Eq. (17) has been used in the last step.
The second part on the right-hand side of Eq. (43) can be written as

−
Z
s
ϵ̃HðG2Þ2

kk ¼ −
1

2

Z
s
ϵ̃ðka∇ckbÞ∇dð−∇cϕ∇b∇aϕ∇dϕþ∇aϕ∇b∇cϕ∇dϕþ∇cϕ∇bϕ∇d∇aϕ −∇aϕ∇bϕ∇d∇cϕ

þ gcd∇aϕ∇bϕ∇e∇eϕ − gad∇cϕ∇bϕ∇e∇eϕ − gcb∇aϕ∇dϕ∇e∇eϕþ gab∇cϕ∇dϕ∇e∇eϕ

− gcd∇aϕ∇bϕ∇e∇eϕþ gad∇cϕ∇b∇eϕ∇eϕþ gcb∇aϕ∇d∇eϕ∇eϕ − gab∇cϕ∇d∇eϕ∇eϕ

þ gcd∇b∇aϕ∇eϕ∇eϕ − gad∇b∇cϕ∇eϕ∇eϕ − gcb∇d∇aϕ∇eϕ∇eϕþ gac∇d∇bϕ∇eϕ∇eϕ

− gcd∇bϕ∇e∇aϕ∇eϕþ gcb∇dϕ∇e∇aϕ∇eϕþ gad∇bϕ∇e∇cϕ∇eϕ − gab∇dϕ∇e∇cϕ∇eϕ

þ gadgcb∇eϕ∇eϕ∇f∇fϕ − gadgcb∇eϕ∇eϕ∇f∇fϕ − gadgcb∇eϕ∇f∇eϕ∇fϕþ gabgcd∇eϕ∇f∇eϕ∇fϕÞ:
ð45Þ

According to the result in the first part of Appendix B, the integrand is equal to zero under the first-order approximation of
the matter fields perturbation. Therefore, the second-part on the right-hand side of Eq. (43) does not contribute to the final

result of HðG2Þ
kk under the linear order approximation, i.e.,

Z
s
ϵ̃HðG2Þ2

kk ≃ 0: ð46Þ

The specific expression of the integrand in the third part on the right-hand side of Eq. (43) is given as

HðG2Þ3
kk ¼ 1

2
ðkb∇dlaÞkcð−∇aϕ∇b∇cϕ∇dϕþ∇cϕ∇b∇aϕ∇dϕþ∇aϕ∇bϕ∇d∇cϕ

−∇cϕ∇bϕ∇d∇aϕþ gad∇cϕ∇bϕ∇e∇eϕ − gcd∇aϕ∇bϕ∇e∇eϕ

− gab∇cϕ∇dϕ∇e∇eϕþ gcb∇aϕ∇dϕ∇e∇eϕ − gad∇cϕ∇b∇eϕ∇eϕ

þ gcd∇aϕ∇b∇eϕ∇eϕþ gab∇cϕ∇d∇eϕ∇eϕ − gcb∇aϕ∇d∇eϕ∇eϕ

þ gad∇b∇cϕ∇eϕ∇eϕ − gcd∇b∇aϕ∇eϕ∇eϕ − gab∇d∇cϕ∇eϕ∇eϕ

þ gcb∇d∇aϕ∇eϕ∇eϕ − gad∇bϕ∇e∇cϕ∇eϕþ gab∇dϕ∇e∇cϕ∇eϕ

þ gcd∇bϕ∇e∇aϕ∇eϕ − gcb∇dϕ∇e∇aϕ∇eϕþ gcdgab∇eϕ∇eϕ∇f∇fϕ

− gcbgad∇eϕ∇eϕ∇f∇fϕ − gcdgab∇eϕ∇f∇eϕ∇fϕþ gcbgad∇eϕ∇f∇eϕ∇fϕÞ: ð47Þ

According to the result in the second part of Appendix B, the expression of Eq. (47) under the linear order approximation of
the perturbation process can finally be simplified as
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HðG2Þ3
kk ≃ −

1

2
ðL2

kϕÞðDĉϕÞðDd̂ϕÞð∇d̂lĉÞ þ 1

2
ðL2

kϕÞðDêϕDêϕÞð∇ĉlĉÞ: ð48Þ

The specific expression of the integrand in the fourth part on the right-hand side of Eq. (43) is expressed as

HðG2Þ4
kk ¼ 1

2
ðkb∇dkcÞlað−∇aϕ∇b∇cϕ∇dϕþ∇cϕ∇b∇aϕ∇dϕþ∇aϕ∇bϕ∇d∇cϕ

−∇cϕ∇bϕ∇d∇aϕþ gad∇cϕ∇bϕ∇e∇eϕ − gcd∇aϕ∇bϕ∇e∇eϕ

− gab∇cϕ∇dϕ∇e∇eϕþ gcb∇aϕ∇dϕ∇e∇eϕ − gad∇cϕ∇b∇eϕ∇eϕ

þ gcd∇aϕ∇b∇eϕ∇eϕþ gab∇cϕ∇d∇eϕ∇eϕ − gcb∇aϕ∇d∇eϕ∇eϕ

þ gad∇b∇cϕ∇eϕ∇eϕ − gcd∇b∇aϕ∇eϕ∇eϕ − gab∇d∇cϕ∇eϕ∇eϕ

þ gcb∇d∇aϕ∇eϕ∇eϕ − gad∇bϕ∇e∇cϕ∇eϕþ gab∇dϕ∇e∇cϕ∇eϕ

þ gcd∇bϕ∇e∇aϕ∇eϕ − gcb∇dϕ∇e∇aϕ∇eϕþ gcdgab∇eϕ∇eϕ∇f∇fϕ

− gcbgad∇eϕ∇eϕ∇f∇fϕ − gcdgab∇eϕ∇f∇eϕ∇fϕþ gcbgad∇eϕ∇f∇eϕ∇fϕÞ: ð49Þ

According to the final result of the third part in Appendix B, the remainder terms of HðG2Þ4
kk under the first-order

approximation are given as

HðG2Þ4
kk ≃

1

2
ðkalb∇a∇bϕÞðDêϕDf̂ϕÞðBêf̂Þ þ 1

2
ðDêϕDf̂ϕÞð∇m∇mϕÞðBêf̂Þ

−
1

2
ðDêϕ∇f̂∇mϕ∇mϕÞðBêf̂Þ − 1

2
ðkalb∇a∇bϕÞð∇mϕ∇mϕÞðBê

êÞ

þ 1

2
ðDf̂Dêϕ∇mϕ∇mϕÞðBêf̂Þ − 1

2
ðDf̂ϕ∇m∇êϕ∇mϕÞðBêf̂Þ

−
1

2
ð∇mϕ∇mϕ∇n∇nϕÞðBê

êÞ þ
1

2
ð∇mϕ∇n∇mϕ∇nϕÞðBê

êÞ: ð50Þ

Furthermore, the evolution of the determinant of the induced metric on any cross section of the event horizon along the
future direction can be calculated as

Lk
ffiffiffi
γ

p ¼ θ
ffiffiffi
γ

p
∼OðϵÞ: ð51Þ

It is shown that the evolution of the induced metric is a first-order quantity based on the assumption that the expansion does
not exist in the background spacetime. From Eq. (50), utilizing Leibniz’s law, while using the second identity in Eqs. (25)
and (51), the expression of the fourth part on the right-hand side of Eq. (43) under the first-order approximation can be
further calculated as

Lk

Z
s
ϵ̃HðG2Þ4

kk ¼
Z
s
ϵ̃θHðG2Þ4

kk þ
Z
s
ϵ̃LkH

ðG2Þ4
kk ≃

Z
s
ϵ̃LkH

ðG2Þ4
kk

≃
Z
s
ϵ̃

�
−
1

2
ðkalb∇a∇bϕÞðDêϕDf̂ϕÞðkbkcRbêcf̂Þ −

1

2
ðDêϕDf̂ϕÞð∇m∇mϕÞðkbkcRbêcf̂Þ

þ 1

2
ðDêϕDf̂∇mϕ∇mϕÞðkbkcRbêcf̂Þ þ

1

2
ðkalb∇a∇bϕÞð∇mϕ∇mϕÞðRkkÞ

−
1

2
ðDf̂Dêϕ∇mϕ∇mϕÞðkbkcRbêcf̂Þ þ

1

2
ðDf̂ϕ∇m∇êϕ∇mϕÞðkbkcRbêcf̂Þ

þ 1

2
ð∇mϕ∇mϕ∇n∇nϕÞðRkkÞ −

1

2
ð∇mϕ∇n∇mϕ∇nϕÞðRkkÞ

�
: ð52Þ

Integrating Eq. (40) on the cross section of the event horizon and combining this integral with Eq. (52), one can see that
these two terms will cancel each other out,
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Z
s
ϵ̃HðG1Þ1

kk þ Lk

Z
s
ϵ̃HðG2Þ4

kk ≃ 0: ð53Þ

Besides, from the expressions of Eqs. (41) and (48), utilizing Eqs. (27) and (51), the integral form of the second part in
Eq. (39) on the cross section and the third part of Eq. (43) can be simplified as

Z
s
ϵ̃HðG1Þ2

kk þ Lk

Z
s
ϵ̃HðG2Þ3

kk ≃
Z
s
ϵ̃

�
1

2
ðDêϕÞðL2

kϕÞðDf̂ϕÞðkcldRcêdf̂Þ −
1

2
Lk½ðL2

kϕÞðDĉϕÞðDd̂ϕÞð∇d̂lĉÞ�

−
1

2
ðL2

kϕÞðDêϕDêϕÞðkcldRcdÞ þ
1

2
Lk½ðL2

kϕÞðDêϕ∇êϕÞð∇ĉlĉÞ�
�

≃ −L2
k

Z
s
ϵ̃

�
1

2
ðLkϕÞðDêϕÞðDf̂ϕÞð∇f̂lêÞ −

1

2
ðLkϕÞðDêϕDêϕÞð∇ĉlĉÞ

�
: ð54Þ

Therefore, the integral form on any slice of the event horizon of the first two terms in Eq. (34) under the first-order
approximation of the matter fields perturbation can finally be written as

Z
s
ϵ̃ðHðG1Þ

kk þHðG2Þ
kk Þ ≃ −L2

k

Z
s
ϵ̃

�
ρW þ 1

2
ðLkϕÞðDêϕÞðDf̂ϕÞð∇f̂lêÞ −

1

2
ðLkϕÞðDêϕDêϕÞð∇ĉlĉÞ

�
: ð55Þ

According to the final result in Appendix C, Eq. (37) is equal to zero under the first-order approximation of the matter
fields perturbation, i.e.,

Hðϕ1Þ
kk ≃ 0: ð56Þ

It means that the third part on the right-hand side of Eq. (34) does not affect whether theWald entropy satisfies the linearized
second law.
According to Appendix D, Eq. (38) under the linear order approximation can finally be written as

Hðϕ2Þ
kk ≃

1

2
Df̂ðRkkÞðDf̂ϕÞð∇eϕ∇eϕÞ þ 1

2
ðRkkÞðDf̂ϕÞDf̂ð∇eϕ∇eϕÞ

þ 1

2
ðRkkÞð∇eϕ∇eϕÞðDĉDĉϕÞ −

1

2
ðDĉϕÞDĉðkakbRaebf∇eϕ∇fϕÞ

−
1

2
ðkakbRaebf∇eϕ∇fϕÞðDĉDĉϕÞ − ðRkkÞð∇eϕ∇eϕÞðkald∇a∇dϕÞ

−
1

2
ðLkRkkÞð∇eϕ∇eϕÞðld∇dϕÞ þ ðkald∇a∇dϕÞðDĝϕÞðDĥϕÞðkbkcRbĝcĥÞ

þ 1

2
ðkakbkc∇cRaĝbĥÞðld∇dϕÞðDĝϕÞðDĥϕÞ: ð57Þ

The first three terms of Eq. (57) can be further simplified as

1

2
Df̂ðRkkÞðDf̂ϕÞð∇eϕ∇eϕÞ þ 1

2
ðRkkÞðDf̂ϕÞDf̂ð∇eϕ∇eϕÞ þ 1

2
ðRkkÞð∇eϕ∇eϕÞðDĉDĉϕÞ

¼ 1

2
Df̂½Rkkð∇eϕ∇eϕÞðDf̂ϕÞ�: ð58Þ

The fourth and fifth terms in Eq. (57) are calculated as

−
1

2
ðDĉϕÞDĉðkakbRaebf∇eϕ∇fϕÞ − 1

2
ðkakbRaebf∇eϕ∇fϕÞðDĉDĉϕÞ ¼ −

1

2
Dĉ½ðkakbRaebf∇eϕ∇fϕÞðDĉϕÞ�: ð59Þ
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If we assume that the event horizon of black holes in the general second-order scalar-tensor gravity is compact, the surface
term of the integral on the cross section of the event horizon does not contribute to the final result. It means that two results
of Eqs. (58) and (59) are both neglected directly. The sixth and seventh terms of Eq. (57) are further simplified as

−ðRkkÞð∇eϕ∇eϕÞðkald∇a∇dϕÞ−
1

2
ðLkRkkÞð∇eϕ∇eϕÞðld∇dϕÞ¼ðLkθÞð∇eϕ∇eϕÞLkðld∇dϕÞþ

1

2
ðL2

kθÞð∇eϕ∇eϕÞðld∇dϕÞ

≃L2
k

�
1

2
θð∇eϕ∇eϕÞðld∇dϕÞ

�
: ð60Þ

The last two terms of Eq. (57) are

ðkald∇a∇dϕÞðDĝϕÞðDĥϕÞðkbkcRbĝcĥÞ þ
1

2
ðkakbkc∇cRaĝbĥÞðld∇dϕÞðDĝϕÞðDĥϕÞ

¼ −ðLkBâb̂ÞðDâϕÞðDb̂ϕÞLkðlc∇cϕÞ −
1

2
ðL2

kBâb̂ÞðDâϕÞðDb̂ϕÞðlc∇cϕÞ

≃ −L2
k

�
1

2
Bâb̂ðDâϕÞðDb̂ϕÞðlc∇cϕÞ

�
: ð61Þ

According to two results in Eqs. (60) and (61), the integral ofHðϕ2Þ
kk on the cross section of the event horizon under the first-

order approximation of the perturbation process can be written as

Z
s
ϵ̃Hðϕ2Þ

kk ≃ −L2
k

Z
s
ϵ̃

�
1

2
Bâb̂ðDâϕÞðDb̂ϕÞðlc∇cϕÞ −

1

2
θð∇eϕ∇eϕÞðld∇dϕÞ

�
: ð62Þ

Finally, combining Eqs. (55) and (56) with Eq. (62) and supplementing the coefficient 1=4 on two sides of the equation,
while according to the equation of motion in Eq. (8) and the null energy condition in Eq. (28), we have

L2
kðSW2 þ SctÞ ≃ −

1

4

Z
s
ϵ̃Hkk ¼ −2π

Z
s
ϵ̃Tkk ≤ 0; ð63Þ

where

Sct ¼
1

8

Z
s
ϵ̃½ðLkϕÞðDêϕÞðDf̂ϕÞð∇f̂lêÞ− ðLkϕÞðDêϕDêϕÞð∇ĉlĉÞþBâb̂ðDâϕÞðDb̂ϕÞðlc∇cϕÞ− θð∇eϕ∇eϕÞðld∇dϕÞ�: ð64Þ

Equation (63) indicates that the second-order Lie derivate
of the second part of the Wald entropy with the correction
terms is always negative under the first-order approximation
of the matter fields perturbation, and the sign of inequality is
contributed only by the null energy condition of the total
stress-energy tensor. According to our discussion under
Eq. (33), this result indicates that the first-order Lie derivative
of the second part of the Wald entropy with the correction
terms is always positive during the perturbation process. It
means that the entropy of black holes that consists of the
second part of theWald entropy and the correction termswill
always increase during the perturbation process. In other
words, the second part of theWald entropy does not obey the
linearized second law directly, and the second part of the
Wald entropy with correction terms will collectively meet
the linearized second law. Besides, the second part of the
Wald entropy comes from the nonminimal coupling term in
the Lagrangian that describes the interaction between the
double dual of Riemann curvature and the scalar field. If the

nonminimal coupling term is involved in the Lagrangian of
any gravitational theory, the Wald entropy of black holes in
the gravitational theorymust not satisfy the linearized second
law. And the correction terms in Eq. (64) should be added to
the expression of the Wald entropy at least so that the
modified Wald entropy obeys the linearized second law
during the perturbation process. On the other hand, this result
also shows that when any nonminimal coupling term that
describes the interaction between gravity and anymatter field
is involved in the Lagrangian of the gravitational theory, the
Wald entropy does not generally satisfy the linearized second
law. Moreover, we should further reconstruct the expression
of the entropy of black holes that meets the linearized second
law all the time.

IV. CONCLUSIONS

Although it has been shown that the Wald entropy
always satisfies the first law of black hole thermodynamics
in any diffeomorphism invariant theory of gravity, whether
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the Wald entropy meets the second law of black hole
thermodynamics all the time during a physical dynamical
process has not been generally demonstrated. Since an
appropriate scheme to quantize gravity has not been
proposed until now, we have not been able to study the
self-interaction of gravity and the interaction between
gravity and any kinds of matter fields under the quantum
scale directly. Therefore, the low-energy efficient gravita-
tional theory that corresponds to the original gravitational
theory should be constructed first to investigate these two
types of interactions at the quantum level. Furthermore, the
properties of the two types of interactions can be studied
approximately, respectively, through the corresponding
efficient theory. When considering the low-energy efficient
theory of a quantum gravitational theory with the self-
interaction of gravity or the interaction between gravity and
any matter field, some quantum correction terms corre-
sponding to different types of interactions under the
quantum scale are introduced in the expression of the
Lagrangian. According to the definition of the Wald
entropy, these quantum correction terms, especially those
describing the self-interaction of gravity and the non-
minimal coupling interaction between gravity and the
matter fields, will substantially modify the expression of
Wald entropy. Since the Wald entropy generally satisfies
the first law of black hole thermodynamics in any diffeo-
morphism invariant theory of gravity, we expect the Wald
entropy in any gravitational theory also meets the second
law all the time. However, before finding a general method
to study the second law of black hole thermodynamics,
when any gravitational theory contains arbitrary types
of nonminimal coupling interaction, we need to verify
whether the Wald entropy of black holes in these gravi-
tational theories still meets the second law of thermody-
namics one by one.
Considering a situation where the self-interaction of

gravity is contained in the gravitational theory, some
high-order curvature correction terms are added to the
Lagrangian in the corresponding low-energy efficient
gravitational theory. However, for this situation, when
considering the perturbation process by the matter fields
minimally coupling to gravity, it has been generally
demonstrated that the Wald entropy does not meet the
linearized second law during the perturbation process.
Furthermore, the general expression of the entropy of
black holes, which can be written as the Wald entropy
with some correction terms, always obeying the linearized
second law in any high-order curvature gravitational theory,
has been obtained. However, unlike the first situation, the
second law of black holes in the gravitational theory with
the nonminimal coupling interactions, which describe the
interaction between gravity and any matter fields, has not
been sufficiently investigated. Recently, a general second-
order scalar-tensor gravity has been proposed, and the
Lagrangian of the theory can be expressed as a linear

combination of four components. In the four components,
there are three types of nonminimal coupling terms. The
three nonminimal coupling terms are the nonminimal
coupling term that represents the interaction between the
Einstein tensor and the scalar field, the nonminimal
coupling term that describes the interaction between the
double dual of the Riemann tensor and the scalar field, and
the Gauss-Bonnet combination. According to the defini-
tion, the three nonminimal coupling terms will substantially
contribute to the expression of the Wald entropy, and the
Wald entropy can also be written as a linear combination of
four parts because the Lagrangian is a linear combination of
four components. To investigate whether the Wald entropy
of black holes in the general scalar-tensor gravity obeys the
linearized second law and whether each part in the Wald
entropy satisfies the second law under the linear order
approximation of the perturbation process need to be
examined separately. If one of the four parts does not
obey the linearized second law, the Wald entropy of black
holes in the gravitational theory does not generally satisfy
the linearized second law. And we need to reconstruct the
new expression of the entropy of the black holes such that it
meets the linearized second law all the time during the
perturbation process. In previous work, we have demon-
strated that the Wald entropy in Horndeski gravity satisfies
the linearized second law. It indicates that the first part of
the Wald entropy always obeys the linearized second law.
Since the third part of the Wald entropy is contributed by
the third component in the Lagrangian that only contains
the Ricci scalar, the third part of the Wald entropy will
degenerate into the Bekenstein-Hawking entropy that
automatically satisfies the second law according to the
area theorem. However, the fourth part of the Wald entropy
contributed by the Gauss-Bonnet combination does not
obey the linearized second law because the entropy of black
holes in Gauss-Bonnet gravity that meets the linearized
second law is JM entropy. Therefore, it implies that even
without considering the second component of the
Lagrangian, the entropy of black holes satisfying the
linearized second law contributed by the first, the third,
and the fourth components of the Lagrangian can no longer
be written as the Wald entropy. Therefore, to obtain the
entropy of black holes in the general second-order scalar-
tensor gravity that always obeys the linearized second law
during the perturbation process, we only need to investigate
whether the second part of the Wald entropy satisfies the
linearized second law. If it does not obey the second law, we
need to figure out how to correct the second part of the
Wald entropy such that the expression of the modified
entropy meets the linearized second law.
First, a quasistationary accreting process should be

introduced to examine whether the second part of the
Wald entropy satisfies the linearized second law. This
process describes that additional matter fields minimally
coupling to gravity outside black holes pass through the
event horizon and fall into black holes. It means that the
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accreting process can perturb the spacetime geometry of
black holes. Moreover, we require that black holes will
settle down to a stationary state after the accreting process
and that the additional matter fields should always satisfy
the null energy condition. Besides, to ensure that any tensor
field is smooth near the Killing horizon, we also assume
that a regular bifurcation surface exists in spacetime. From
the three assumptions and the Raychaudhuri equation, to
examine whether the second part of the Wald entropy
satisfies the linearized second law, we should check
whether the second-order Lie derivative of the second part
of the Wald entropy is always negative during the pertur-
bation process. The results show that the second-order
Lie derivative of the second part of the Wald entropy with
some correction terms is always negative, and the sign of
inequality only comes from the null energy condition of the
additional matter fields. In other words, the second part of
the Wald entropy with correction terms increases with the
perturbation process. It indicates that the second part of the
Wald entropy needs to be corrected to satisfy the linearized
second law. On the other hand, this result also implies that
for any gravitational theory, when the nonminimal coupling
term, which describes the interaction between the double
dual Riemann curvature and the scalar field, is contained in
the Lagrangian of the gravity, the Wald entropy should be
further corrected to satisfy the linearized second law.
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APPENDIX A: CALCULATION HðG1Þ
kk UNDER THE

LINEAR ORDER APPROXIMATION

In this appendix, we would like to calculate HðG1Þ
kk in

Eq. (35) to obtain the expression under the first-order
approximation of the matter fields perturbation. In previous
research work, we have shown that on the background
spacetime, two null vectors ka and la in the coordinates
fka; la; yai g satisfy the following two identities [26]:

kb∇bla ≃ 0; ∇âkb ≃ 0: ðA1Þ

Equation (A1) means that the two quantities kb∇bla and
∇âkb are both first-order quantities during the perturbation
process. In the following calculation, we will directly use

the results in Eq. (A1) to evaluate the expression of HðG1Þ
kk

under the first-order approximation. To clearly represent
the order of each tensor after contracting with the two null
vectors ka and la, we will introduce two kinds of brackets
with subscript n, i.e., ðÞn or ½�n (n ¼ 0, 1), where n ¼ 0
represents a background quantity in the two kinds of
brackets and n ¼ 1 represents a first-order quantity in
the two kinds of brackets. Besides, to simplify the calcu-
lation and the expression of the equation, we first combine
some terms in Eq. (35) according to the symmetry of the
Riemann curvature tensor and further calculate the expres-
sion of these terms under the linear order approximation.
The specific calculation process is as follows.
The first four terms in Eq. (35) can be calculated as

−
1

4
kakb∇cϕ∇d∇aϕ∇eϕRbcde þ

1

4
kakb∇aϕ∇d∇cϕ∇eϕRbcde

þ 1

4
kakb∇cϕ∇dϕ∇e∇aϕRbcde −

1

4
kakb∇aϕ∇dϕ∇e∇cϕRbcde

¼ 1

2
kakb∇cϕ∇dϕ∇e∇aϕRbfghγ

cfγdgγeh −
1

2
kakb∇aϕ∇cϕ∇e∇dϕRbgfhγ

cfγdgγeh

þ 1

2
∇eϕ∇d∇aϕ∇fϕkakbkcldRbgchγ

egγfh −
1

2
∇aϕ∇d∇eϕ∇fϕkakbkcldRbgchγ

egγfh

−
1

2
∇eϕ∇dϕ∇f∇aϕkakbkcldRbgchγ

egγfh þ 1

2
∇aϕ∇dϕ∇f∇eϕkakbkcldRbgchγ

egγfh

þ 1

2
∇eϕ∇b∇aϕ∇fϕkakbkcldRcgdhγ

egγfh −
1

2
∇aϕ∇b∇eϕ∇fϕkakbkcldRcgdhγ

egγfh

−
1

2
∇eϕ∇bϕ∇f∇aϕkakbkcldRcgdhγ

egγfh þ 1

2
∇aϕ∇bϕ∇f∇eϕkakbkcldRcgdhγ

egγfh

þ 1

2
∇gϕ∇b∇aϕ∇eϕkakbkckdlelfRcfdhγ

gh −
1

2
∇aϕ∇b∇gϕ∇eϕkakbkckdlelfRcfdhγ

gh

−
1

2
∇gϕ∇bϕ∇e∇aϕkakbkckdlelfRcfdhγ

gh þ 1

2
∇aϕ∇bϕ∇e∇gϕkakbkckdlelfRcfdhγ

gh· ðA2Þ
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The first term of Eq. (A2) is

1

2
kakb∇cϕ∇dϕ∇e∇aϕRbfghγ

cfγdgγeh ¼ 1

2
ðDĉϕÞ0ðDd̂ϕÞ0DêðLkϕÞ1ðkbRbĉd̂êÞ1 ≃ 0: ðA3Þ

The second term of Eq. (A2) is

−
1

2
kakb∇aϕ∇cϕ∇e∇dϕRbgfhγ

cfγdgγeh ¼ −
1

2
ðLkϕÞ1ðkbRbd̂ĉêÞ1ðDêDd̂ϕÞ0ðDĉϕÞ0 ≃ 0: ðA4Þ

The third term of Eq. (A2) is

1

2
∇eϕ∇d∇aϕ∇fϕkakbkcldRbgchγ

egγfh ¼ 1

2
ðDêϕÞ0ðkald∇d∇aϕÞ0ðDf̂ϕÞ0ðkbkcRbêcf̂Þ1 ∼OðϵÞ: ðA5Þ

The fourth term of Eq. (A2) is

−
1

2
∇aϕ∇d∇eϕ∇fϕkakbkcldRbgchγ

egγfh ¼ −
1

2
ðLkϕÞ1ðld∇d∇êϕÞ0ðDf̂ϕÞ0ðkbkcRbêcf̂Þ1 ≃ 0: ðA6Þ

The fifth term of Eq. (A2) is

−
1

2
∇eϕ∇dϕ∇f∇aϕkakbkcldRbgchγ

egγfh ¼ −
1

2
ðDêϕÞ0ðld∇dϕÞ0Df̂ðLkϕÞ1ðkbkcRbêcf̂Þ1 ≃ 0: ðA7Þ

The sixth term of Eq. (A2) is

1

2
∇aϕ∇dϕ∇f∇eϕkakbkcldRbgchγ

egγfh ¼ 1

2
ðLkϕÞ1ðld∇dϕÞ0ðDf̂DêϕÞ0ðkbkcRbêcf̂Þ1 ≃ 0: ðA8Þ

The seventh term of Eq. (A2) is

1

2
∇eϕ∇b∇aϕ∇fϕkakbkcldRcgdhγ

egγfh ¼ 1

2
ðDêϕÞ0ðL2

kϕÞ1ðDf̂ϕÞ0ðkcldRcêdf̂Þ0 ∼OðϵÞ: ðA9Þ

The eighth term of Eq. (A2) is

−
1

2
∇aϕ∇b∇eϕ∇fϕkakbkcldRcgdhγ

egγfh ¼ −
1

2
ðLkϕÞ1DêðLkϕÞ1ðDf̂ϕÞ0ðkcldRcêdf̂Þ0 ≃ 0: ðA10Þ

The ninth term of Eq. (A2) is

−
1

2
∇eϕ∇bϕ∇f∇aϕkakbkcldRcgdhγ

egγfh ¼ −
1

2
ðDêϕÞ0ðLkϕÞ1Df̂ðLkϕÞ1ðkcldRcêdf̂Þ0 ≃ 0: ðA11Þ

The tenth term of Eq. (A2) is

1

2
∇aϕ∇bϕ∇f∇eϕkakbkcldRcgdhγ

egγfh ¼ 1

2
½ðLkϕÞ1�2ðDf̂DêϕÞ0ðkcldRcêdf̂Þ0 ≃ 0: ðA12Þ

The eleventh term of Eq. (A2) is

1

2
∇gϕ∇b∇aϕ∇eϕkakbkckdlelfRcfdhγ

gh ¼ 1

2
ðDĝϕÞ0ðL2

kϕÞ1ðle∇eϕÞ0ðkckdlfRcfdĝÞ1 ≃ 0: ðA13Þ

The twelfth term of Eq. (A2) is

−
1

2
∇aϕ∇b∇gϕ∇eϕkakbkckdlelfRcfdhγ

gh ¼ −
1

2
ðLkϕÞ1DĝðLkϕÞ1ðle∇eϕÞ0ðkckdlfRcfdĝÞ1 ≃ 0: ðA14Þ
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The thirteenth term of Eq. (A2) is

−
1

2
∇gϕ∇bϕ∇e∇aϕkakbkckdlelfRcfdhγ

gh ¼ −
1

2
ðDĝϕÞ0ðLkϕÞ1ðkale∇e∇aϕÞ0ðkckdlfRcfdĝÞ1 ≃ 0: ðA15Þ

The fourteenth term of Eq. (A2) is

1

2
∇aϕ∇bϕ∇e∇gϕkakbkckdlelfRcfdhγ

gh ¼ 1

2
½ðLkϕÞ1�2ðle∇e∇ĝϕÞ0ðkckdlfRcfdĝÞ1 ≃ 0: ðA16Þ

Therefore, the first four terms under the first-order approximation are expressed as

−
1

4
kakb∇cϕ∇d∇aϕ∇eϕRbcdeþ

1

4
kakb∇aϕ∇d∇cϕ∇eϕRbcdeþ

1

4
kakb∇cϕ∇dϕ∇e∇aϕRbcde−

1

4
kakb∇aϕ∇dϕ∇e∇cϕRbcde

≃
1

2
ðDêϕÞðkald∇d∇aϕÞðDf̂ϕÞðkbkcRbêcf̂Þþ

1

2
ðDêϕÞðL2

kϕÞðDf̂ϕÞðkcldRcêdf̂Þ: ðA17Þ

The fifth, sixth, seventh, and eighth terms of Eq. (35) are further given as

1

4
kakb∇aϕ∇dϕ∇f∇fϕRbd −

1

4
kakb∇cϕ∇dϕ∇f∇fϕRbcda þ

1

4
kakb∇aϕ∇cϕ∇d∇dϕRbc þ

1

4
kakb∇cϕ∇eϕ∇f∇fϕRbcae

¼ 1

2
kakb∇aϕ∇cϕ∇m∇mϕRbgdhγ

cdγgh −
1

2
∇aϕ∇dϕ∇m∇mϕkakbkcldRbgchγ

gh

þ 1

2
∇eϕ∇fϕ∇m∇mϕkbkcRbgchγ

egγfh −
1

2
∇aϕ∇bϕ∇m∇mϕkakbkcldRcgdhγ

gh

þ 1

2
gae∇gϕ∇bϕ∇m∇mϕkakbkckdlelfRcfdhγ

gh: ðA18Þ

The first term of Eq. (A18) is

1

2
kakb∇aϕ∇cϕ∇m∇mϕRbgdhγ

cdγgh ¼ 1

2
ðLkϕÞ1ðkbRbĉÞ1ðDĉϕÞ0ð∇m∇mϕÞ0 ≃ 0: ðA19Þ

The second term of Eq. (A18) is

−
1

2
∇aϕ∇dϕ∇m∇mϕkakbkcldRbgchγ

gh ¼ −
1

2
ðLkϕÞ1ðld∇dϕÞ0ð∇m∇mϕÞ0ðRkkÞ1 ≃ 0: ðA20Þ

The third term of Eq. (A18) is

1

2
∇eϕ∇fϕ∇m∇mϕkbkcRbgchγ

egγfh ¼ 1

2
ðDêϕDf̂ϕ∇m∇mϕÞ0ðkbkcRbêcf̂Þ1 ∼OðϵÞ: ðA21Þ

The fourth term of Eq. (A18) is

−
1

2
∇aϕ∇bϕ∇m∇mϕkakbkcldRcgdhγ

gh ¼ −
1

2
½ðLkϕÞ1�2ð∇m∇mϕÞ0ðkcldRcdÞ0 ≃ 0: ðA22Þ

The fifth term of Eq. (A18) is

−
1

2
∇gϕ∇bϕ∇m∇mϕkbkckdlfRcfdhγ

gh ¼ −
1

2
ðDĝϕÞ0ðLkϕÞ1ð∇m∇mϕÞ0ðkckdlfRcfdĝÞ1 ≃ 0: ðA23Þ

So the fifth, sixth, seventh, and eighth terms of Eq. (35) under the first-order approximation are written as
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1

4
kakb∇aϕ∇dϕ∇f∇fϕRbd −

1

4
kakb∇cϕ∇dϕ∇f∇fϕRbcda þ

1

4
kakb∇aϕ∇cϕ∇d∇dϕRbc þ

1

4
kakb∇cϕ∇eϕ∇f∇fϕRbcae

≃
1

2
ðDêϕDf̂ϕ∇m∇mϕÞðkbkcRbêcf̂Þ: ðA24Þ

The ninth, tenth, eleventh, and twelfth terms of Eq. (35) are calculated as

−
1

4
kakb∇aϕ∇c∇dϕ∇dϕRbc þ

1

4
kakb∇cϕ∇d∇eϕ∇eϕRbcda −

1

4
kakb∇aϕ∇c∇dϕ∇dϕRbc −

1

4
kakb∇cϕ∇d∇eϕ∇eϕRbcad

¼ −
1

2
kakbRbe∇aϕ∇cϕ∇dϕ∇cϕγ

de þ 1

2
∇aϕ∇d∇mϕ∇mϕkakbkcldRbgchγ

gh −
1

2
∇eϕ∇f∇mϕ∇mϕkbkcRbgchγ

egγfh

þ 1

2
∇aϕ∇b∇mϕ∇mϕkakbkcldRcd þ

1

2
∇gϕ∇b∇mϕ∇mϕkbkckdlfRcfdhγ

gh: ðA25Þ

The first term of Eq. (A25) is

−
1

2
kakbRbe∇aϕ∇cϕ∇dϕ∇cϕγ

de ¼ −
1

2
ðLkϕÞ1ðkbRbêÞ1ð∇ê∇cϕ∇cϕÞ0 ≃ 0: ðA26Þ

The second term of Eq. (A25) is

1

2
∇aϕ∇d∇mϕ∇mϕkakbkcldRbgchγ

gh ¼ 1

2
ðLkϕÞ1ðld∇d∇mϕ∇mϕÞ0ðRkkÞ1 ≃ 0: ðA27Þ

The third term of Eq. (A25) is

−
1

2
∇eϕ∇f∇mϕ∇mϕkbkcRbgchγ

egγfh ¼ −
1

2
ðDêϕ∇f̂∇mϕ∇mϕÞ0ðkbkcRbêcf̂Þ1 ∼OðϵÞ: ðA28Þ

The fourth term of Eq. (A25) is

1

2
∇aϕ∇b∇mϕ∇mϕkakbkcldRcd ¼

1

2
ðLkϕÞ1ðkb∇b∇mϕ∇mϕÞ1ðkcldRcdÞ0 ≃ 0: ðA29Þ

The fifth term of Eq. (A25) is

1

2
∇gϕ∇b∇mϕ∇mϕkbkckdlfRcfdhγ

gh ¼ 1

2
ðDĝϕÞ0ðkb∇b∇mϕ∇mϕÞ1ðkckdlfRcfdĝÞ1 ≃ 0: ðA30Þ

So the ninth, tenth, eleventh, and twelfth terms of Eq. (35) under the first-order approximation of the perturbation can be
given as

−
1

4
kakb∇aϕ∇c∇dϕ∇dϕRbc þ

1

4
kakb∇cϕ∇d∇eϕ∇eϕRbcda −

1

4
kakb∇aϕ∇c∇dϕ∇dϕRbc −

1

4
kakb∇cϕ∇d∇eϕ∇eϕRbcad

≃ −
1

2
ðDêϕ∇f̂∇mϕ∇mϕÞðkbkcRbêcf̂Þ: ðA31Þ

The thirteenth, fourteenth, fifteenth, and sixteenth terms of Eq. (35) are

1

4
kakb∇d∇aϕ∇fϕ∇fϕRbd −

1

4
kakb∇d∇cϕ∇fϕ∇fϕRbcda þ

1

4
kakb∇e∇aϕ∇fϕ∇fϕRbe þ

1

4
kakb∇e∇cϕ∇fϕ∇fϕRbcae

¼ 1

2
kakbRbe∇d∇aϕ∇cϕ∇cϕγde −

1

2
∇d∇aϕ∇mϕ∇mϕkakbkcldRbc þ

1

2
∇f∇eϕ∇mϕ∇mϕkbkcRbgchγ

egγfh

−
1

2
∇b∇aϕ∇mϕ∇mϕkakbkcldRcd −

1

2
∇b∇gϕ∇mϕ∇mϕkbkckdlfRcfdhγ

gh: ðA32Þ
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The first term of Eq. (A32) is

1

2
kakbRbe∇d∇aϕ∇cϕ∇cϕγde ¼ 1

2
Dd̂ðLkϕÞ1ðkbRbd̂Þ1ð∇cϕ∇cϕÞ0 ≃ 0: ðA33Þ

The second term of Eq. (A32) is

−
1

2
∇d∇aϕ∇mϕ∇mϕkakbkcldRbc ¼ −

1

2
ðkald∇d∇aϕÞ0ð∇mϕ∇mϕÞ0ðRkkÞ1 ∼OðϵÞ: ðA34Þ

The third term of Eq. (A32) is

1

2
∇f∇eϕ∇mϕ∇mϕkbkcRbgchγ

egγfh ¼ 1

2
ðDf̂Dêϕ∇mϕ∇mϕÞ0ðkbkcRbêcf̂Þ1 ∼OðϵÞ: ðA35Þ

The fourth term of Eq. (A32) is

−
1

2
∇b∇aϕ∇mϕ∇mϕkakbkcldRcd ¼ −

1

2
ðL2

kϕÞ1ðDêϕDêϕÞ0ðkcldRcdÞ0 þ ðL2
kϕÞ1ðLkϕÞ1ðle∇eϕÞ0ðkcldRcdÞ0

≃ −
1

2
ðL2

kϕÞ1ðDêϕDêϕÞ0ðkcldRcdÞ0 ∼OðϵÞ: ðA36Þ

The fifth term of Eq. (A32) is

−
1

2
∇b∇gϕ∇mϕ∇mϕkbkckdlfRcfdhγ

gh ¼ −
1

2
ðkb∇b∇ĝϕ∇mϕ∇mϕÞ1ðkckdlfRcfdĝÞ1 ≃ 0: ðA37Þ

Therefore, the thirteenth, fourteenth, fifteenth, and sixteenth terms of Eq. (35) under the linear order approximation can
finally be written as

1

4
kakb∇d∇aϕ∇fϕ∇fϕRbd −

1

4
kakb∇d∇cϕ∇fϕ∇fϕRbcda þ

1

4
kakb∇e∇aϕ∇fϕ∇fϕRbe þ

1

4
kakb∇e∇cϕ∇fϕ∇fϕRbcae

≃ −
1

2
ðkald∇d∇aϕÞð∇mϕ∇mϕÞðRkkÞ þ

1

2
ðDf̂Dêϕ∇mϕ∇mϕÞðkbkcRbêcf̂Þ −

1

2
ðL2

kϕÞðDêϕDêϕÞðkcldRcdÞ: ðA38Þ

The seventeenth, eighteenth, nineteenth, and twentieth terms of Eq. (35) are

−
1

4
kakb∇dϕ∇f∇aϕ∇fϕRbd −

1

4
kakb∇eϕ∇f∇aϕ∇fϕRbe þ

1

4
kakb∇dϕ∇f∇cϕ∇fϕRbcda −

1

4
kakb∇eϕ∇f∇cϕ∇fϕRbcae

¼ −
1

2
kakbRbe∇c∇aϕ∇cϕ∇dϕγ

de þ 1

2
∇dϕ∇m∇aϕ∇mϕkakbkcldRbc −

1

2
∇fϕ∇m∇eϕ∇mϕkbkcRbgchγ

egγfh

þ 1

2
∇bϕ∇m∇aϕ∇mϕkakbkcldRcd −

1

2
∇bϕ∇m∇gϕ∇mϕkbkckdlfRcfdhγ

gh: ðA39Þ

The first term of Eq. (A39) is

−
1

2
kakbRbe∇c∇aϕ∇cϕ∇dϕγ

de ¼ −
1

2
ðka∇c∇aϕ∇cϕÞ1ðkbRbd̂Þ1ðDd̂ϕÞ0 ≃ 0: ðA40Þ

The second term of Eq. (A39) is

1

2
∇dϕ∇m∇aϕ∇mϕkakbkcldRbc ¼

1

2
ðld∇dϕÞ0ðka∇m∇aϕ∇mϕÞ1ðRkkÞ1 ≃ 0: ðA41Þ
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The third term of Eq. (A39) is

−
1

2
∇fϕ∇m∇eϕ∇mϕkbkcRbgchγ

egγfh ¼ −
1

2
ðDf̂ϕ∇m∇êϕ∇mϕÞ0ðkbkcRbêcf̂Þ1 ∼OðϵÞ: ðA42Þ

The fourth term of Eq. (A39) is

1

2
∇bϕ∇m∇aϕ∇mϕkakbkcldRcd ¼

1

2
ðLkϕÞ1ðka∇m∇aϕ∇mϕÞ1ðkcldRcdÞ0 ≃ 0: ðA43Þ

The fifth term of Eq. (A39) is

−
1

2
∇bϕ∇m∇gϕ∇mϕkbkckdlfRcfdhγ

gh ¼ 1

2
ðLkϕÞ1ð∇m∇ĝϕ∇mϕÞ0ðkckdlfRcfdĝÞ1 ≃ 0: ðA44Þ

So the seventeenth, eighteenth, nineteenth, and twentieth terms of Eq. (35) under the first-order approximation can be
written as

−
1

4
kakb∇dϕ∇f∇aϕ∇fϕRbd −

1

4
kakb∇eϕ∇f∇aϕ∇fϕRbe þ

1

4
kakb∇dϕ∇f∇cϕ∇fϕRbcda −

1

4
kakb∇eϕ∇f∇cϕ∇fϕRbcae

≃ −
1

2
ðDf̂ϕ∇m∇êϕ∇mϕÞðkbkcRbêcf̂Þ: ðA45Þ

The twenty-first and twenty-second terms of Eq. (35) are

−
1

4
kakb∇eϕ∇eϕ∇f∇fϕRab −

1

4
kakb∇eϕ∇eϕ∇f∇fϕRab ¼ −

1

2
ð∇mϕ∇mϕ∇n∇nϕÞ0ðRkkÞ1 ∼OðϵÞ: ðA46Þ

The twenty-third and twenty-fourth terms of Eq. (35) are

1

4
kakb∇fϕ∇g∇fϕ∇gϕRab þ

1

4
kakb∇fϕ∇g∇fϕ∇gϕRab ¼

1

2
ð∇mϕ∇n∇mϕ∇nϕÞ0ðRkkÞ1 ∼OðϵÞ: ðA47Þ

Combining with the above results, for the convenience of calculation, we will decompose the expression of HðG1Þ
kk under

the first-order approximation of the matter fields perturbation into two parts, i.e.,

HðG1Þ
kk ≃HðG1Þ1

kk þHðG1Þ2
kk ; ðA48Þ

where

HðG1Þ1
kk ¼ 1

2
ðDêϕÞðkald∇d∇aϕÞðDf̂ϕÞðkbkcRbêcf̂Þ þ

1

2
ðDêϕDf̂ϕ∇m∇mϕÞðkbkcRbêcf̂Þ −

1

2
ðDêϕ∇f̂∇mϕ∇mϕÞðkbkcRbêcf̂Þ

−
1

2
ðkald∇d∇aϕ∇mϕ∇mϕÞðRkkÞ þ

1

2
ðDf̂Dêϕ∇mϕ∇mϕÞðkbkcRbêcf̂Þ −

1

2
ðDf̂ϕ∇m∇êϕ∇mϕÞðkbkcRbêcf̂Þ

−
1

2
ð∇mϕ∇mϕ∇n∇nϕÞðRkkÞ þ

1

2
ð∇mϕ∇n∇mϕ∇nϕÞðRkkÞ; ðA49Þ

and

HðG1Þ2
kk ¼ 1

2
ðDêϕÞðL2

kϕÞðDf̂ϕÞðkcldRcêdf̂Þ −
1

2
ðL2

kϕÞðDêϕDêϕÞðkcldRcdÞ: ðA50Þ
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APPENDIX B: SIMPLIFICATION OF RELEVANT
TERMS IN HðG2Þ

kk UNDER THE LINEAR ORDER
APPROXIMATION

In the second appendix, we mainly focus on the three

integrands, HðG2Þ2
kk , HðG2Þ3

kk , and HðG2Þ4
kk , in the last three

integrals of Eq. (43) to calculate the expressions of the three
integrands under the first-order approximation of the
perturbation process. Similar to the calculation procedure
in Appendix A, we still first combine relevant terms
according to the symmetry of the Riemann tensor to reduce

the complexity of the calculation in this appendix. In the
following, we will divide the content of this appendix into
three parts to calculate the three integrands under the linear
order approximation of the matter fields perturbation,
respectively.

In the first part, we simplify the integrand HðG2Þ2
kk in the

second integral of Eq. (43) to obtain the final expression
under the first-order approximation of the perturbation. The

specific expression of HðG2Þ2
kk has been given in Eq. (45).

The first four terms of Eq. (45) can be calculated as

1

2
ðka∇ckbÞ∇dð∇cϕ∇b∇aϕ∇dϕÞ −

1

2
ðka∇ckbÞ∇dð∇aϕ∇b∇cϕ∇dϕÞ

−
1

2
ðka∇ckbÞ∇dð∇cϕ∇bϕ∇d∇aϕÞ þ

1

2
ðka∇ckbÞ∇dð∇aϕ∇bϕ∇d∇cϕÞ

¼ −
1

2
½kakblcγgf∇bð∇f∇c∇aϕ∇dϕÞ�ðγge∇ekdÞ − 1

2
½kakblcγgf∇cð∇fϕ∇b∇aϕ∇dϕÞ�ðγge∇ekdÞ

þ 1

2
½kaγefγgd∇fð∇dϕ∇e∇aϕ∇bϕÞ�ðγgc∇ckbÞ þ 1

2
½kakblcγgf∇bð∇aϕ∇c∇fϕ∇dϕÞ�ðγge∇ekdÞ

þ 1

2
½kakblcγgf∇cð∇aϕ∇b∇fϕ∇dϕÞ�ðγge∇ekdÞ − 1

2
½kaγefγgd∇fð∇aϕ∇e∇dϕ∇bϕÞ�ðγgc∇ckbÞ

þ 1

2
½kakblcγgf∇bð∇fϕ∇cϕ∇d∇aϕÞ�ðγge∇ekdÞ þ 1

2
½kakblcγgf∇cð∇fϕ∇bϕ∇d∇aϕÞ�ðγge∇ekdÞ

−
1

2
½kaγefγgd∇fð∇dϕ∇eϕ∇b∇aϕÞ�ðγgc∇ckbÞ − 1

2
½kakblcγgf∇bð∇aϕ∇cϕ∇d∇fϕÞ�ðγge∇ekdÞ

−
1

2
½kakblcγgf∇cð∇aϕ∇bϕ∇d∇bϕÞ�ðγge∇ekdÞ þ 1

2
½kaγefγgd∇fð∇aϕ∇eϕ∇b∇dϕÞ�ðγgc∇ckbÞ: ðB1Þ

The first term of Eq. (B1) is

−
1

2
½kakblcγgf∇bð∇f∇c∇aϕ∇dϕÞ�ðγge∇ekdÞ ¼ −

1

2
ðkb∇b∇f̂ϕÞ1ðkalc∇c∇aϕÞ0ð∇dϕÞð∇f̂kdÞ1

−
1

2
ðDf̂ϕÞ0ðkakblc∇b∇c∇aϕÞ1ð∇dϕÞð∇f̂kdÞ1

−
1

2
ðDf̂ϕÞ0ðkalc∇c∇aϕÞ0ðkb∇b∇dϕÞ1ð∇f̂kdÞ1 ≃ 0: ðB2Þ

The second term of Eq. (B1) is

−
1

2
½kakblcγgf∇cð∇fϕ∇b∇aϕ∇dϕÞ�ðγge∇ekdÞ ¼ −

1

2
ðlc∇c∇f̂ϕÞ0ðL2

kϕÞ1ð∇dϕÞð∇f̂kdÞ1

−
1

2
ðDf̂ϕÞ0ðkakblc∇c∇b∇aϕÞ1ð∇dϕÞð∇f̂kdÞ1

−
1

2
ðDf̂ϕÞ0ðL2

kϕÞ1ðlc∇c∇dϕÞð∇f̂kdÞ1 ≃ 0: ðB3Þ
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The third term of Eq. (B1) is

1

2
½kaγefγgd∇fð∇dϕ∇e∇aϕ∇bϕÞ�ðγgc∇ckbÞ ¼ 1

2
ðDĉDd̂ϕÞ0DĉðLkϕÞ1ð∇bϕÞð∇d̂kbÞ1

þ 1

2
ðDd̂ϕÞ0ðka∇ê∇ê∇aϕÞ1ð∇bϕÞð∇d̂kbÞ1

þ 1

2
ðDd̂ϕÞ0DêðLkϕÞ1ð∇ê∇bϕÞð∇d̂kbÞ1 ≃ 0: ðB4Þ

The fourth term of Eq. (B1) is

1

2
½kakblcγgf∇bð∇aϕ∇c∇fϕ∇dϕÞ�ðγge∇ekdÞ ¼ 1

2
ðL2

kϕÞ1ðlc∇c∇êϕÞ0ð∇dϕÞ0ð∇êkdÞ1

þ 1

2
ðLkϕÞ1ðkblc∇b∇c∇êϕÞ0ð∇dϕÞð∇êkdÞ1

þ 1

2
ðLkϕÞ1ðlc∇c∇êϕÞ0ðkb∇b∇dϕÞ1ð∇êkdÞ1 ≃ 0: ðB5Þ

The fifth term of Eq. (B1) is

1

2
½kakblcγgf∇cð∇aϕ∇b∇fϕ∇dϕÞ�ðγge∇ekdÞ ¼ 1

2
ðkalc∇c∇aϕÞ0DêðLkϕÞ1ð∇dϕÞð∇êkdÞ1

þ 1

2
ðLkϕÞ1ðkblc∇c∇b∇êϕÞ0ð∇dϕÞð∇êkdÞ1

þ 1

2
ðLkϕÞ1DêðLkϕÞ1ðlc∇c∇dϕÞð∇êkdÞ1 ≃ 0: ðB6Þ

The sixth term of Eq. (B1) is

−
1

2
½kaγefγgd∇fð∇aϕ∇e∇dϕ∇bϕÞ�ðγgc∇ckbÞ ¼ −

1

2
∇êðLkϕÞ1ðDêDĉϕÞ0ð∇bϕÞð∇ĉkbÞ1

−
1

2
ðLkϕÞ1ðDd̂Dd̂DĉϕÞ0ð∇bϕÞð∇ĉkbÞ1

−
1

2
ðLkϕÞ1ðDêDĉϕÞ0ð∇ê∇bϕÞð∇ĉkbÞ1 ≃ 0: ðB7Þ

The seventh term of Eq. (B1) is

1

2
½kakblcγgf∇bð∇fϕ∇cϕ∇d∇aϕÞ�ðγge∇ekdÞ ¼ 1

2
DêðLkϕÞ1ðlc∇cϕÞ0ðka∇d∇aϕÞð∇êkdÞ1

þ 1

2
ðDêϕÞ0ðkblc∇b∇cϕÞ0Dd̂ðLkϕÞ1ðBêd̂Þ1

−
1

2
ðDêϕÞ0ðkblc∇b∇cϕÞ0ðL2

kϕÞ1ðlf∇êkfÞ1

þ 1

2
ðDêϕÞ0ðlc∇cϕÞ0ðkakb∇b∇d̂∇aϕÞ1ðBêd̂Þ1

−
1

2
ðDêϕÞ0ðlc∇cϕÞ0ðL3

kϕÞ1ðlf∇êkfÞ1 ≃ 0: ðB8Þ
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The eighth term of Eq. (B1) is

1

2
½kakblcγgf∇cð∇fϕ∇bϕ∇d∇aϕÞ�ðγge∇ekdÞ ¼ 1

2
ðlc∇c∇êϕÞ0ðLkϕÞ1ðka∇d∇aϕÞð∇êkdÞ1

þ 1

2
ðDêϕÞ0ðkblc∇c∇bϕÞ0Dd̂ðLkϕÞ1ðBêd̂Þ1

−
1

2
ðDêϕÞ0ðkblc∇c∇bϕÞ0ðL2

kϕÞ1ðlf∇êkfÞ1

þ 1

2
ðDêϕÞ0ðLkϕÞ1ðkalc∇c∇d∇aϕÞð∇êkdÞ1 ≃ 0: ðB9Þ

The ninth term of Eq. (B1) is

−
1

2
½kaγefγgd∇fð∇dϕ∇eϕ∇b∇aϕÞ�ðγgc∇ckbÞ ¼ −

1

2
ðDêDd̂ϕÞ0ðDêϕÞ0Db̂ðLkϕÞ1ðBd̂b̂Þ1

þ 1

2
ðDêDd̂ϕÞ0ðDêϕÞ0ðL2

kϕÞ1ðlf∇d̂kfÞ1

−
1

2
ðDd̂ϕÞ0ðDêDêϕÞ0Db̂ðLkϕÞ1ðBd̂b̂Þ1

þ 1

2
ðDd̂ϕÞ0ðDêDêϕÞ0ðL2

kϕÞ1ðlf∇d̂kfÞ1

−
1

2
ðDd̂ϕÞ0ðDêϕÞ0ðka∇ê∇b̂∇aϕÞ1ðBd̂b̂Þ1

þ 1

2
ðDd̂ϕÞ0ðDêϕÞ0ðkbka∇ê∇b∇aϕÞ1ðlf∇d̂kfÞ1 ≃ 0: ðB10Þ

The tenth term of Eq. (B1) is

−
1

2
½kakblcγgf∇bð∇aϕ∇cϕ∇d∇fϕÞ�ðγge∇ekdÞ ¼ −

1

2
ðL2

kϕÞ1ðlc∇cϕÞ0ð∇d∇êϕÞð∇êkdÞ1

−
1

2
ðLkϕÞ1ðkblc∇b∇cϕÞ0ð∇d∇êϕÞð∇êkdÞ1

−
1

2
ðLkϕÞ1ðlc∇cϕÞ0ðkb∇b∇d∇êϕÞð∇êkdÞ1 ≃ 0: ðB11Þ

The eleventh term of Eq. (B1) is

−
1

2
½kakblcγgf∇cð∇aϕ∇bϕ∇d∇bϕÞ�ðγge∇ekdÞ ¼ −

1

2
ðkalc∇c∇aϕÞ0ðLkϕÞ1ð∇d∇êϕÞð∇êkdÞ1

−
1

2
ðLkϕÞ1ðkblc∇c∇bϕÞ0ð∇d∇êϕÞð∇êkdÞ1

−
1

2
½ðLkϕÞ1�2ðlc∇c∇d∇f̂ϕÞð∇f̂kdÞ1 ≃ 0: ðB12Þ

The twelfth term of Eq. (B1) is

1

2
½kaγefγgd∇fð∇aϕ∇eϕ∇b∇dϕÞ�ðγgc∇ckbÞ ¼ 1

2
DêðLkϕÞ1ðDêϕÞ0ð∇b∇ĉϕÞð∇ĉkbÞ1

þ 1

2
ðLkϕÞ1ðDêDêϕÞ0ð∇b∇ĉϕÞð∇ĉkbÞ1

þ 1

2
ðLkϕÞ1ðDêϕÞ0ð∇ê∇b∇ĉϕÞð∇ĉkbÞ1 ≃ 0: ðB13Þ
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So the first four terms of Eq. (45) under the linear order approximation are expressed as

1

2
ðka∇ckbÞ∇dð∇cϕ∇b∇aϕ∇dϕÞ −

1

2
ðka∇ckbÞ∇dð∇aϕ∇b∇cϕ∇dϕÞ −

1

2
ðka∇ckbÞ∇dð∇cϕ∇bϕ∇d∇aϕÞ

þ 1

2
ðka∇ckbÞ∇dð∇aϕ∇bϕ∇d∇cϕÞ ≃ 0: ðB14Þ

The fifth, sixth, seventh, and eighth terms of Eq. (45) are

−
1

2
ðka∇ckbÞ∇dðgcd∇aϕ∇bϕ∇e∇eϕÞ þ 1

2
ðka∇ckbÞ∇dðgad∇cϕ∇bϕ∇e∇eϕÞ

þ 1

2
ðka∇ckbÞ∇dðgcb∇aϕ∇dϕ∇e∇eϕÞ − 1

2
ðka∇ckbÞ∇dðgab∇cϕ∇dϕ∇e∇eϕÞ

¼ 1

2
½kakblc∇bð∇aϕ∇cϕ∇h∇hϕÞ�ðγef∇ekfÞ þ 1

2
½kakblc∇cð∇aϕ∇bϕ∇h∇hϕÞ�ðγef∇ekfÞ

−
1

2
½kaγef∇fð∇aϕ∇eϕ∇m∇mϕÞ�ðγcd∇ckdÞ þ 1

2
½kaγgf∇fð∇aϕ∇bϕ∇m∇mϕÞ�ðγgc∇ckbÞ

þ 1

2
½kbγgf∇bð∇fϕ∇dϕ∇h∇hϕÞ�ðγge∇ekdÞ: ðB15Þ

The first term of Eq. (B15) is

1

2
½kakblc∇bð∇aϕ∇cϕ∇h∇hϕÞ�ðγef∇ekfÞ ¼ 1

2
ðL2

kϕÞ1ðlc∇cϕÞ0ð∇h∇hϕÞ0ðBê
êÞ1

þ 1

2
ðLkϕÞ1ðkblc∇b∇cϕÞ0ð∇h∇hϕÞ0ðBê

êÞ1

þ 1

2
ðLkϕÞ1ðlc∇cϕÞ0ðkb∇b∇h∇hϕÞ1ðBê

êÞ1 ≃ 0: ðB16Þ

The second term of Eq. (B15) is

1

2
½kakblc∇cð∇aϕ∇bϕ∇h∇hϕÞ�ðγef∇ekfÞ ¼ 1

2
ðkalc∇c∇aϕÞ0ðLkϕÞ1ð∇h∇hϕÞ0ðBê

êÞ1

þ 1

2
ðLkϕÞ1ðkalc∇c∇aϕÞ0ð∇h∇hϕÞ0ðBê

êÞ1

þ 1

2
½ðLkϕÞ1�2ðlc∇c∇h∇hϕÞðBê

êÞ1 ≃ 0: ðB17Þ

The third term of Eq. (B15) is

−
1

2
½kaγef∇fð∇aϕ∇eϕ∇m∇mϕÞ�ðγcd∇ckdÞ ¼ −

1

2
Df̂ðLkϕÞ1ðDf̂ϕÞ0ð∇m∇mϕÞ0ðBĉ

ĉÞ1

−
1

2
ðLkϕÞ1ðDêDêϕÞ0ð∇m∇mϕÞ0ðBĉ

ĉÞ1

−
1

2
ðLkϕÞ1ðDf̂ϕÞ0Df̂ð∇m∇mϕÞ0ðBĉ

ĉÞ1 ≃ 0: ðB18Þ

The fourth term of Eq. (B15) is
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1

2
½kaγgf∇fð∇aϕ∇bϕ∇m∇mϕÞ�ðγgc∇ckbÞ ¼ 1

2
DĉðLkϕÞ1ð∇bϕ∇m∇mϕÞð∇ĉkbÞ1

þ 1

2
ðLkϕÞ1ð∇ĉ∇bϕ∇m∇mϕÞð∇ĉkbÞ1

þ 1

2
ðLkϕÞ1Dĉð∇m∇mϕÞ0ð∇bϕÞð∇ĉkbÞ1 ≃ 0: ðB19Þ

The fifth term of Eq. (B15) is

1

2
½kbγgf∇bð∇fϕ∇dϕ∇h∇hϕÞ�ðγge∇ekdÞ ¼ 1

2
Df̂ðLkϕÞ1ð∇h∇hϕÞ0ð∇dϕÞð∇f̂kdÞ1

þ 1

2
ðDf̂ϕÞ0Dd̂ðLkϕÞ1ð∇h∇hϕÞ0ðBf̂d̂Þ1

−
1

2
ðDf̂ϕÞ0ðL2

kϕÞ1ð∇h∇hϕÞ0ðld∇f̂kdÞ1

þ 1

2
ðDf̂ϕÞ0ð∇dϕÞ½Lkð∇h∇hϕÞ�1ð∇f̂kdÞ1 ≃ 0: ðB20Þ

So the fifth, sixth, seventh, and eighth terms of Eq. (45) under the linear order approximation are

−
1

2
ðka∇ckbÞ∇dðgcd∇aϕ∇bϕ∇e∇eϕÞ þ 1

2
ðka∇ckbÞ∇dðgad∇cϕ∇bϕ∇e∇eϕÞ

þ 1

2
ðka∇ckbÞ∇dðgcb∇aϕ∇dϕ∇e∇eϕÞ − 1

2
ðka∇ckbÞ∇dðgab∇cϕ∇dϕ∇e∇eϕÞ ≃ 0: ðB21Þ

The ninth, tenth, eleventh, and twelfth terms of Eq. (45) are

1

2
ðka∇ckbÞ∇dðgcd∇aϕ∇b∇eϕ∇eϕÞ − 1

2
ðka∇ckbÞ∇dðgad∇cϕ∇b∇eϕ∇eϕÞ

−
1

2
ðka∇ckbÞ∇dðgcb∇aϕ∇d∇eϕ∇eϕÞ þ 1

2
ðka∇ckbÞ∇dðgab∇cϕ∇d∇eϕ∇eϕÞ

¼ −
1

2
kakblc∇bð∇aϕ∇c∇hϕ∇hϕÞðγfe∇ekfÞ þ 1

2
kbγgf∇bð∇fϕ∇d∇hϕ∇hϕÞðγge∇ekdÞ

−
1

2
kakblc∇cð∇aϕ∇b∇hϕ∇hϕÞðγfe∇ekfÞ þ

1

2
kaγef∇fð∇aϕ∇e∇mϕ∇mϕÞðγdc∇ckdÞ

−
1

2
kaγgf∇fð∇aϕ∇b∇mϕ∇mϕÞðγgc∇ckbÞ: ðB22Þ

The first term of Eq. (B22) is

−
1

2
kakblc∇bð∇aϕ∇c∇hϕ∇hϕÞðγfe∇ekfÞ ¼ −

1

2
ðL2

kϕÞ1ðlc∇c∇hϕ∇hϕÞ0ðBê
êÞ1 −

1

2
ðLkϕÞ1ðkblc∇b∇c∇hϕ∇hϕÞ0ðBê

êÞ1

−
1

2
ðLkϕÞ1ðkblc∇c∇hϕ∇b∇hϕÞ0ðBê

êÞ1 ≃ 0: ðB23Þ

The second term of Eq. (B22) is

1

2
kbγgf∇bð∇fϕ∇d∇hϕ∇hϕÞðγge∇ekdÞ¼1

2
Df̂ðLkϕÞ1ð∇d∇hϕ∇hϕÞð∇f̂kdÞ1þ

1

2
ðDf̂ϕÞ0ðkb∇b∇ĉ∇hϕ∇hϕÞ1ðBf̂ĉÞ1

−
1

2
ðDf̂ϕÞ0ðkbkd∇b∇d∇hϕ∇hϕÞ1ðlc∇f̂kcÞ1þ

1

2
ðDf̂ϕÞ0ðkb∇ĉ∇hϕ∇b∇hϕÞ1ðBf̂ĉÞ1

−
1

2
ðDf̂ϕÞ0ðkbkd∇d∇hϕ∇b∇hϕÞ1ðlc∇f̂kcÞ1≃0: ðB24Þ
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The third term of Eq. (B22) is

−
1

2
kakblc∇cð∇aϕ∇b∇hϕ∇hϕÞðγfe∇ekfÞ ¼ −

1

2
ðkalc∇c∇aϕÞ0ðkb∇b∇hϕ∇hϕÞ1ðBê

êÞ1

−
1

2
ðLkϕÞ1ðkblc∇c∇b∇hϕ∇hϕÞ0ðBê

êÞ1

−
1

2
ðLkϕÞ1ðkblc∇b∇hϕ∇c∇hϕÞ0ðBê

êÞ1 ≃ 0: ðB25Þ

The fourth term of Eq. (B22) is

1

2
kaγef∇fð∇aϕ∇e∇mϕ∇mϕÞðγdc∇ckdÞ ¼

1

2
DêðLkϕÞ1ð∇ê∇mϕ∇mϕÞ0ðBĉ

ĉÞ1 þ
1

2
ðLkϕÞ1ðDêDê∇mϕ∇mϕÞ0ðBĉ

ĉÞ1

þ 1

2
ðLkϕÞ1ð∇ê∇mϕ∇ê∇mϕÞ0ðBĉ

ĉÞ1 ≃ 0: ðB26Þ

The fifth term of Eq. (B22) is

−
1

2
kaγgf∇fð∇aϕ∇b∇mϕ∇mϕÞðγgc∇ckbÞ ¼ −

1

2
Df̂ðLkϕÞ1ð∇b∇mϕ∇mϕÞð∇f̂kbÞ1 −

1

2
ðLkϕÞ1ð∇f̂∇b∇mϕ∇mϕÞð∇f̂kbÞ1

−
1

2
ðLkϕÞ1ð∇b∇mϕ∇f̂∇mϕÞð∇f̂kbÞ1 ≃ 0: ðB27Þ

Therefore, the ninth, tenth, eleventh, and twelfth terms of Eq. (45) can be expressed as

1

2
ðka∇ckbÞ∇dðgcd∇aϕ∇b∇eϕ∇eϕÞ − 1

2
ðka∇ckbÞ∇dðgad∇cϕ∇b∇eϕ∇eϕÞ

−
1

2
ðka∇ckbÞ∇dðgcb∇aϕ∇d∇eϕ∇eϕÞ þ 1

2
ðka∇ckbÞ∇dðgab∇cϕ∇d∇eϕ∇eϕÞ ≃ 0: ðB28Þ

The thirteenth, fourteenth, fifteenth, and sixteenth terms of Eq. (45) are

−
1

2
ðka∇ckbÞ∇dðgcd∇b∇aϕ∇eϕ∇eϕÞ þ 1

2
ðka∇ckbÞ∇dðgad∇b∇cϕ∇eϕ∇eϕÞ

þ 1

2
ðka∇ckbÞ∇dðgcb∇d∇aϕ∇eϕ∇eϕÞ − 1

2
ðka∇ckbÞ∇dðgac∇d∇bϕ∇eϕ∇eϕÞ

¼ 1

2
kakblc∇bð∇c∇aϕ∇hϕ∇hϕÞðγef∇ekfÞ − 1

2
kbγgf∇bð∇d∇fϕ∇hϕ∇hϕÞðγge∇ekdÞ

þ 1

2
kakblc∇cð∇b∇aϕ∇hϕ∇hϕÞðγfe∇ekfÞ −

1

2
kaγef∇fð∇e∇aϕ∇mϕ∇mϕÞðγdc∇ckdÞ

þ 1

2
kaγgf∇fð∇b∇aϕ∇mϕ∇mϕÞðγgc∇ckbÞ: ðB29Þ

The first term of Eq. (B29) is

1

2
kakblc∇bð∇c∇aϕ∇hϕ∇hϕÞðγef∇ekfÞ ¼ 1

2
ðkakblc∇b∇c∇aϕÞ1ð∇hϕ∇hϕÞ0ðBê

êÞ1

þ 1

2
ðkalc∇c∇aϕÞ0ðkb∇b∇hϕ∇hϕÞ1ðBê

êÞ1

þ 1

2
ðkalc∇c∇aϕÞ0ðkb∇hϕ∇b∇hϕÞ1ðBê

êÞ1 ≃ 0: ðB30Þ

The second term of Eq. (B29) is
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−
1

2
kbγgf∇bð∇d∇fϕ∇hϕ∇hϕÞðγge∇ekdÞ ¼ −

1

2
ðkb∇b∇ĉ∇êϕÞ1ð∇hϕ∇hϕÞ0ðBêĉÞ1

þ 1

2
ðkbkd∇b∇d∇êϕÞ1ð∇hϕ∇hϕÞ0ðlc∇êkcÞ1

−
1

2
ð∇d∇êϕÞðkb∇b∇hϕ∇hϕÞ1ð∇êkdÞ1

−
1

2
ð∇d∇êϕÞðkb∇hϕ∇b∇hϕÞ1ð∇êkdÞ1 ≃ 0: ðB31Þ

The third term of Eq. (B29) is

1

2
kakblc∇cð∇b∇aϕ∇hϕ∇hϕÞðγfe∇ekfÞ ¼

1

2
ðkakblc∇c∇b∇aϕÞ1ð∇hϕ∇hϕÞ0ðBê

êÞ1

þ 1

2
ðL2

kϕÞ1ðlc∇c∇hϕ∇hϕÞ0ðBê
êÞ1

þ 1

2
ðL2

kϕÞ1ðlc∇hϕ∇c∇hϕÞ0ðBê
êÞ1 ≃ 0: ðB32Þ

The fourth term of Eq. (B29) is

−
1

2
kaγef∇fð∇e∇aϕ∇mϕ∇mϕÞðγdc∇ckdÞ ¼ −

1

2
ðka∇ê∇ê∇aϕÞ1ð∇mϕ∇mϕÞ0ðBĉ

ĉÞ1

−
1

2
DêðLkϕÞ1ð∇ê∇mϕ∇mϕÞ0ðBĉ

ĉÞ1

−
1

2
DêðLkϕÞ1ð∇mϕ∇ê∇mϕÞ0ðBĉ

ĉÞ1 ≃ 0: ðB33Þ

The fifth term of Eq. (B29) is

1

2
kaγgf∇fð∇b∇aϕ∇mϕ∇mϕÞðγgc∇ckbÞ¼1

2
ðka∇ĉ∇b̂∇aϕÞ1ð∇mϕ∇mϕÞ0ðBĉb̂Þ1−

1

2
ðkakb∇ĉ∇b∇aϕÞ1ð∇mϕ∇mϕÞ0ðld∇ĉkdÞ1

þ1

2
Db̂ðLkϕÞ1ð∇ĉ∇mϕ∇mϕÞ0ðBĉb̂Þ1−

1

2
ðL2

kϕÞ1ð∇ĉ∇mϕ∇mϕÞ0ðld∇ĉkdÞ1

þ1

2
Db̂ðLkϕÞ1ð∇mϕ∇ĉ∇mϕÞ0ðBĉb̂Þ1−

1

2
ðL2

kϕÞ1ð∇mϕ∇ĉ∇mϕÞ0ðld∇ĉkdÞ1≃0:

ðB34Þ

So the thirteenth, fourteenth, fifteenth, and sixteenth terms of Eq. (45) under the linear order approximation are given as

−
1

2
ðka∇ckbÞ∇dðgcd∇b∇aϕ∇eϕ∇eϕÞ þ 1

2
ðka∇ckbÞ∇dðgad∇b∇cϕ∇eϕ∇eϕÞ

þ 1

2
ðka∇ckbÞ∇dðgcb∇d∇aϕ∇eϕ∇eϕÞ − 1

2
ðka∇ckbÞ∇dðgac∇d∇bϕ∇eϕ∇eϕÞ ≃ 0: ðB35Þ
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The seventeenth, eighteenth, nineteenth, and twentieth terms of Eq. (45) are

1

2
ðka∇ckbÞ∇dðgcd∇bϕ∇e∇aϕ∇eϕÞ − 1

2
ðka∇ckbÞ∇dðgcb∇dϕ∇e∇aϕ∇eϕÞ

−
1

2
ðka∇ckbÞ∇dðgad∇bϕ∇e∇cϕ∇eϕÞ þ 1

2
ðka∇ckbÞ∇dðgcb∇dϕ∇e∇cϕ∇eϕÞ

¼ −
1

2
kb∇bðkalc∇cϕ∇h∇aϕ∇hϕÞðγef∇ekfÞ þ 1

2
kbγgf∇bð∇dϕ∇h∇fϕ∇hϕÞðγge∇ekdÞ

−
1

2
kakblc∇cð∇bϕ∇h∇aϕ∇hϕÞðγfe∇ekfÞ þ

1

2
kaγef∇fð∇eϕ∇m∇aϕ∇mϕÞðγdc∇ckdÞ

−
1

2
kaγgf∇fð∇bϕ∇m∇aϕ∇mϕÞðγgc∇ckbÞ: ðB36Þ

The first term of Eq. (B36) is

−
1

2
kb∇bðkalc∇cϕ∇h∇aϕ∇hϕÞðγef∇ekfÞ ¼ −

1

2
ðkblc∇b∇cϕÞ1ðka∇h∇aϕ∇hϕÞ1ðBê

êÞ1

−
1

2
ðlc∇cϕÞ0ðkakb∇b∇h∇aϕ∇hϕÞ1ðBê

êÞ1

−
1

2
ðlc∇cϕÞ0ðkakb∇h∇aϕ∇b∇hϕÞ1ðBê

êÞ1 ≃ 0: ðB37Þ

The second term of Eq. (B36) is

1

2
kbγgf∇bð∇dϕ∇h∇fϕ∇hϕÞðγge∇ekdÞ ¼ 1

2
DĉðLkϕÞ1ð∇h∇d̂ϕ∇hϕÞ0ðBd̂ĉÞ1

−
1

2
ðL2

kϕÞ1ð∇h∇êϕ∇hϕÞ0ðlc∇êkcÞ1

þ 1

2
ð∇dϕÞðkb∇b∇h∇êϕ∇hϕÞ1ð∇êkdÞ1

þ 1

2
ð∇dϕÞðkb∇h∇êϕ∇b∇hϕÞ1ð∇êkdÞ1 ≃ 0: ðB38Þ

The third term of Eq. (B36) is

−
1

2
kakblc∇cð∇bϕ∇h∇aϕ∇hϕÞðγfe∇ekfÞ ¼ −

1

2
ðkblc∇c∇bϕÞ0ðka∇h∇aϕ∇hϕÞ1ðBê

êÞ1

−
1

2
ðLkϕÞ1ðkalc∇c∇h∇aϕ∇hϕÞ0ðBê

êÞ1

−
1

2
ðLkϕÞ1ðkalc∇h∇aϕ∇c∇hϕÞ0ðBê

êÞ1 ≃ 0: ðB39Þ

The fourth term of Eq. (B36) is

1

2
kaγef∇fð∇eϕ∇m∇aϕ∇mϕÞðγdc∇ckdÞ ¼

1

2
ðDêDêϕÞ0ðka∇m∇aϕ∇mϕÞ1ðBĉ

ĉÞ1

þ 1

2
ðDêϕÞ0ðka∇ê∇m∇aϕ∇mϕÞ1ðBĉ

ĉÞ1

þ 1

2
ðDêϕÞ0ðka∇m∇aϕ∇ê∇mϕÞ1ðBĉ

ĉÞ1 ≃ 0: ðB40Þ

The fifth term of Eq. (B36) is
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−
1

2
kaγgf∇fð∇bϕ∇m∇aϕ∇mϕÞðγgc∇ckbÞ ¼ −

1

2
ð∇ĉ∇bϕÞðka∇m∇aϕ∇mϕÞ1ð∇ĉkbÞ1

−
1

2
ð∇bϕÞðka∇ĉ∇m∇aϕ∇mϕÞ1ð∇ĉkbÞ1

−
1

2
ð∇bϕÞðka∇m∇aϕ∇ĉ∇mϕÞ1ð∇ĉkbÞ1 ≃ 0: ðB41Þ

So the seventeenth, eighteenth, nineteenth, and twentieth terms of Eq. (45) can be expressed as

1

2
ðka∇ckbÞ∇dðgcd∇bϕ∇e∇aϕ∇eϕÞ − 1

2
ðka∇ckbÞ∇dðgcb∇dϕ∇e∇aϕ∇eϕÞ − 1

2
ðka∇ckbÞ∇dðgad∇bϕ∇e∇cϕ∇eϕÞ

þ 1

2
ðka∇ckbÞ∇dðgcb∇dϕ∇e∇cϕ∇eϕÞ ≃ 0: ðB42Þ

The twenty-first and the twenty-second terms of Eq. (45) are

−
1

2
ðka∇ckbÞ∇dðgadgcb∇eϕ∇e∇fϕ∇fϕÞ þ 1

2
ðka∇ckbÞ∇dðgabgcd∇eϕ∇eϕ∇f∇fϕÞ

¼ −
1

2
½Lkð∇mϕ∇mϕ∇n∇nϕÞ�1ðBê

êÞ1 ≃ 0: ðB43Þ

The twenty-third and the twenty-fourth terms of Eq. (45) are

1

2
ðka∇ckbÞ∇dðgadgcb∇eϕ∇f∇eϕ∇fϕÞ − 1

2
ðka∇ckbÞ∇dðgabgcd∇eϕ∇f∇eϕ∇fϕÞ

¼ −
1

2
½Lkð∇mϕ∇n∇mϕ∇nϕÞ�1ðBê

êÞ1 ≃ 0: ðB44Þ

Therefore, according to the above results, the integrand HðG2Þ2
kk in the second integral of Eq. (43) is vanishing under the

linear order approximation of the perturbation, i.e.,

HðG2Þ2
kk ≃ 0: ðB45Þ

In the second part of Appendix B, wewould like to calculate the integrandHðG2Þ3
kk in the third integral of Eq. (43) to obtain

the expression under the first-order approximation. The specific expression of HðG2Þ3
kk is given in Eq. (47). Following the

calculation method in Appendix A, the first four terms of Eq. (47) are further calculated as

−
1

2
ðkb∇dlaÞkcð∇aϕ∇b∇cϕ∇dϕÞ þ

1

2
ðkb∇dlaÞkcð∇cϕ∇b∇aϕ∇dϕÞ þ

1

2
ðkb∇dlaÞkcð∇aϕ∇bϕ∇d∇cϕÞ

−
1

2
ðkb∇dlaÞkcð∇cϕ∇bϕ∇d∇aϕÞ

¼ 1

2
ðL2

kϕÞ1ðDêϕÞ0ðld∇dϕÞ0ðka∇alêÞ1 −
1

2
ðLkϕÞ1DêðLkϕÞ1ðld∇dϕÞ0ðka∇alêÞ1

−
1

2
ðDêϕÞ0ðLkϕÞ1ðkbld∇b∇dϕÞ0ðka∇alêÞ1 þ

1

2
½ðLkϕÞ1�2ðld∇d∇êϕÞ0ðka∇alêÞ1 −

1

2
ðL2

kϕÞ1ðDĉϕÞ0ðDd̂ϕÞ0ð∇d̂lĉÞ0

þ 1

2
ðLkϕÞ1DĉðLkϕÞ1ðDd̂ϕÞ0ð∇d̂lĉÞ0 þ

1

2
ðLkϕÞ1Dd̂ðLkϕÞ1ðDĉϕÞ0ð∇d̂lĉÞ0 −

1

2
½ðLkϕÞ1�2ðDĉDd̂ϕÞ0ð∇d̂lĉÞ0

−
1

2
ðL2

kϕÞ1ðld∇dϕÞ0ðDêϕÞ0ðla∇êkaÞ1 þ
1

2
ðLkϕÞ1ðkcld∇c∇dϕÞ0ðDêϕÞ0ðla∇êkaÞ1

þ 1

2
ðLkϕÞ1ðld∇dϕÞ0DêðLkϕÞ1ðla∇êkaÞ1 −

1

2
½ðLkϕÞ1�2ðld∇ê∇dϕÞ0ðla∇êkaÞ1 ≃ −

1

2
ðL2

kϕÞðDĉϕÞðDd̂ϕÞð∇d̂lĉÞ ∼OðϵÞ:
ðB46Þ
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The fifth, sixth, seventh, and eighth terms of Eq. (47) are

1

2
ðkb∇dlaÞkcðgad∇cϕ∇bϕ∇e∇eϕÞ − 1

2
ðkb∇dlaÞkcðgcd∇aϕ∇bϕ∇e∇eϕÞ

−
1

2
ðkb∇dlaÞkcðgab∇cϕ∇dϕ∇e∇eϕÞ þ 1

2
ðkb∇dlaÞkcðgcb∇aϕ∇dϕ∇e∇eϕÞ

¼ −
1

2
ðLkϕÞ1ðDêϕÞ0ð∇m∇mϕÞ0ðka∇alêÞ1 þ

1

2
½ðLkϕÞ1�2ð∇m∇mϕÞ0ð∇ĉlĉÞ0

þ 1

2
ðLkϕÞ1ðDêϕÞ0ð∇m∇mϕÞ0ðla∇êkaÞ1 ≃ 0: ðB47Þ

The ninth, tenth, eleventh, and twelfth terms of Eq. (47) are

−
1

2
ðkb∇dlaÞkcðgad∇cϕ∇b∇eϕ∇eϕÞ þ 1

2
ðkb∇dlaÞkcðgcd∇aϕ∇b∇eϕ∇eϕÞ

þ 1

2
ðkb∇dlaÞkcðgab∇cϕ∇d∇eϕ∇eϕÞ þ 1

2
ðkb∇dlaÞkcðgcb∇aϕ∇d∇eϕ∇eϕÞ

¼ 1

2
ðDêϕÞ0ðkc∇c∇mϕ∇mϕÞ1ðka∇alêÞ1 −

1

2
ðLkϕÞ1ðkb∇b∇mϕ∇mϕÞ1ð∇ĉlĉÞ0

−
1

2
ðLkϕÞ1ð∇ê∇mϕ∇mϕÞ0ðla∇êkaÞ1 ≃ 0: ðB48Þ

The thirteenth, fourteenth, fifteenth, and sixteenth terms of Eq. (47) are

1

2
ðkb∇dlaÞkcðgad∇b∇cϕ∇eϕ∇eϕÞ − 1

2
ðkb∇dlaÞkcðgcd∇b∇aϕ∇eϕ∇eϕÞ

−
1

2
ðkb∇dlaÞkcðgab∇d∇cϕ∇eϕ∇eϕÞ þ 1

2
ðkb∇dlaÞkcðgcb∇d∇aϕ∇eϕ∇eϕÞ

¼ −
1

2
DêðLkϕÞ1ð∇mϕ∇mϕÞ0ðka∇alêÞ1 þ

1

2
ðL2

kϕÞ1ðDêϕ∇êϕÞ0ð∇ĉlĉÞ0 − ðL2
kϕÞ1ðLkϕÞ1ðle∇eϕÞ0ð∇ĉlĉÞ0

þ 1

2
DêðLkϕÞ1ð∇mϕ∇mϕÞ0ðla∇êkaÞ1 ≃

1

2
ðL2

kϕÞðDêϕ∇êϕÞð∇ĉlĉÞ ∼OðϵÞ: ðB49Þ

The seventh, eighteenth, nineteenth, and twentieth terms of Eq. (47) are

−
1

2
ðkb∇dlaÞkcðgad∇bϕ∇e∇cϕ∇eϕÞ þ 1

2
ðkb∇dlaÞkcðgab∇dϕ∇e∇cϕ∇eϕÞ

þ 1

2
ðkb∇dlaÞkcðgcd∇bϕ∇e∇aϕ∇eϕÞ − 1

2
ðkb∇dlaÞkcðgcb∇dϕ∇e∇aϕ∇eϕÞ

¼ 1

2
ðLkϕÞ1ð∇mϕ∇m∇êϕÞ0ðka∇alêÞ1 þ

1

2
ðLkϕÞ1ðka∇m∇aϕ∇mϕÞ1ð∇ĉlĉÞ0

−
1

2
ðDêϕÞ0ðkb∇m∇bϕ∇mϕÞ1ðla∇êkaÞ1 ≃ 0: ðB50Þ

The twenty-first and twenty-second terms of Eq. (47) are

1

2
ðkb∇dlaÞkcðgcdgab∇eϕ∇eϕ∇f∇fϕÞ − 1

2
ðkb∇dlaÞkcðgcbgad∇eϕ∇eϕ∇f∇fϕÞ ¼ 0: ðB51Þ

The twenty-third and twenty-fourth terms of Eq. (47) are

−
1

2
ðkb∇dlaÞkcðgcdgab∇eϕ∇f∇eϕ∇fϕÞ þ 1

2
ðkb∇dlaÞkcðgcbgad∇eϕ∇f∇eϕ∇fϕÞ ¼ 0: ðB52Þ
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So Eq. (47) under the first-order approximation can finally be written as

HðG2Þ3
kk ≃ −

1

2
ðL2

kϕÞðDĉϕÞðDd̂ϕÞð∇d̂lĉÞ þ 1

2
ðL2

kϕÞðDêϕDêϕÞð∇ĉlĉÞ: ðB53Þ

The third part of this appendix focuses on the simplification of the integrand HðG2Þ4
kk under the first-order approximation

of the perturbation. Using the same calculation method in the first two parts of this appendix, the first four terms of Eq. (49)
can be further calculated as

−
1

2
ðkb∇dlaÞkcð∇aϕ∇b∇cϕ∇dϕÞ þ

1

2
ðkb∇dlaÞkcð∇cϕ∇b∇aϕ∇dϕÞ

þ 1

2
ðkb∇dlaÞkcð∇aϕ∇bϕ∇d∇cϕÞ −

1

2
ðkb∇dlaÞkcð∇cϕ∇bϕ∇d∇aϕÞ

¼ 1

2
ðkalb∇a∇bϕÞ0ðDêϕÞ0ðDf̂ϕÞ0ðBêf̂Þ1 −

1

2
ðlb∇bϕÞ0ðka∇a∇êϕ∇f̂ϕÞ1ðBêf̂Þ1

−
1

2
ðLkϕÞ1ðDêϕÞ0ðlb∇f̂∇bϕÞ0ðBêf̂Þ1 þ

1

2
ðLkϕÞ1ðlb∇bϕÞ0ðDf̂DêϕÞ0ðBêf̂Þ1

þ 1

2
ðld∇dϕÞ0ðL2

kϕÞ1ðDêϕÞ0ðlc∇êkcÞ1 −
1

2
ðLkϕÞ1ðkbld∇b∇dϕÞ0ðDêϕÞ0ðlc∇êkcÞ1

−
1

2
ðld∇dϕÞ0ðLkϕÞ1ðka∇ê∇aϕÞ1ðlc∇êkcÞ1 þ

1

2
½ðLkϕÞ1�2ðld∇ê∇dϕÞ0ðlc∇êkcÞ1

≃
1

2
ðkalb∇a∇bϕÞðDêϕDf̂ϕÞðBêf̂Þ ∼OðϵÞ: ðB54Þ

The fifth, sixth, seventh, and eighth terms of Eq. (49) are

1

2
ðkb∇dlaÞkcðgad∇cϕ∇bϕ∇e∇eϕÞ − 1

2
ðkb∇dlaÞkcðgcd∇aϕ∇bϕ∇e∇eϕÞ

−
1

2
ðkb∇dlaÞkcðgab∇cϕ∇dϕ∇e∇eϕÞ þ 1

2
ðkb∇dlaÞkcðgcb∇aϕ∇dϕ∇e∇eϕÞ

¼ −
1

2
ðLkϕÞ1ðlb∇bϕÞ0ð∇m∇mϕÞ0ðBê

êÞ1 þ
1

2
ðDêϕÞ0ðDf̂ϕÞ0ð∇m∇mϕÞ0ðBêf̂Þ1

−
1

2
ðLkϕÞ1ðDêϕÞ0ð∇b∇bϕÞ0ðlc∇êkcÞ1 ≃

1

2
ðDêϕDf̂ϕÞð∇m∇mϕÞðBêf̂Þ ∼OðϵÞ: ðB55Þ

The ninth, tenth, eleventh, and twelfth terms of Eq. (49) are

−
1

2
ðkb∇dlaÞkcðgad∇cϕ∇b∇eϕ∇eϕÞ þ 1

2
ðkb∇dlaÞkcðgcd∇aϕ∇b∇eϕ∇eϕÞ

þ 1

2
ðkb∇dlaÞkcðgab∇cϕ∇d∇eϕ∇eϕÞ − 1

2
ðkb∇dlaÞkcðgcb∇aϕ∇d∇eϕ∇eϕÞ

¼ 1

2
ðlb∇bϕÞ0ðka∇a∇mϕ∇mϕÞ1ðBê

êÞ1 −
1

2
ðDêϕÞ0ð∇f̂∇mϕ∇mϕÞ

0
ðBêf̂Þ1

þ 1

2
ðLkϕÞ1ð∇ê∇mϕ∇mϕÞ0ðlc∇êkcÞ1 ≃ −

1

2
ðDêϕ∇f̂∇mϕ∇mϕÞðBêf̂Þ ∼OðϵÞ: ðB56Þ
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The thirteenth, fourteenth, fifteenth, and sixteenth terms of Eq. (49) are

1

2
ðkb∇dlaÞkcðgad∇b∇cϕ∇eϕ∇eϕÞ − 1

2
ðkb∇dlaÞkcðgcd∇b∇aϕ∇eϕ∇eϕÞ

−
1

2
ðkb∇dlaÞkcðgab∇d∇cϕ∇eϕ∇eϕÞ þ 1

2
ðkb∇dlaÞkcðgcb∇d∇aϕ∇eϕ∇eϕÞ

¼ −
1

2
ðkalb∇a∇bϕÞ0ð∇mϕ∇mϕÞ0ðBê

êÞ þ
1

2
ðDf̂DêϕÞ0ð∇mϕ∇mϕÞ0ðBêf̂Þ1 −

1

2
DêðLkϕÞ1ð∇mϕ∇mϕÞ0ðlc∇êkcÞ1

≃ −
1

2
ðkalb∇a∇bϕÞð∇mϕ∇mϕÞðBê

êÞ þ
1

2
ðDf̂Dêϕ∇mϕ∇mϕÞðBêf̂Þ ∼OðϵÞ: ðB57Þ

The seventeenth, eighteenth, nineteenth, and twentieth terms of Eq. (49) are

−
1

2
ðkb∇dlaÞkcðgad∇bϕ∇e∇cϕ∇eϕÞ þ 1

2
ðkb∇dlaÞkcðgab∇dϕ∇e∇cϕ∇eϕÞ

þ 1

2
ðkb∇dlaÞkcðgcd∇bϕ∇e∇aϕ∇eϕÞ − 1

2
ðkb∇dlaÞkcðgcb∇dϕ∇e∇aϕ∇eϕÞ

¼ 1

2
ðLkϕÞ1ðlb∇m∇bϕ∇mϕÞ0ðBê

êÞ1 −
1

2
ðDf̂ϕÞ0ð∇m∇êϕ∇mϕÞ0ðBêf̂Þ1

þ 1

2
ðka∇h∇aϕ∇hϕÞ1ðDêϕÞ0ðlc∇êkcÞ1 ≃ −

1

2
ðDf̂ϕ∇m∇êϕ∇mϕÞðBêf̂Þ ∼OðϵÞ: ðB58Þ

The twenty-first and twenty-second terms of Eq. (49) are

1

2
ðkb∇dlaÞkcðgcdgab∇eϕ∇eϕ∇f∇fϕÞ − 1

2
ðkb∇dlaÞkcðgcbgad∇eϕ∇eϕ∇f∇fϕÞ

¼ −
1

2
ð∇mϕ∇mϕ∇n∇nϕÞ0ðBê

êÞ1 ∼OðϵÞ: ðB59Þ

The twenty-third and twenty-fourth terms of Eq. (49) are

−
1

2
ðkb∇dlaÞkcðgcdgab∇eϕ∇f∇eϕ∇fϕÞ þ 1

2
ðkb∇dlaÞkcðgcbgad∇eϕ∇f∇eϕ∇fϕÞ

¼ 1

2
ð∇mϕ∇n∇mϕ∇nϕÞ0ðBê

êÞ1 ∼OðϵÞ: ðB60Þ

So the remainder terms of HðG2Þ4
kk under the first-order approximation are

HðG2Þ4
kk ≃

1

2
ðkalb∇a∇bϕÞðDêϕDf̂ϕÞðBêf̂Þ þ 1

2
ðDêϕDf̂ϕÞð∇m∇mϕÞðBêf̂Þ

−
1

2
ðDêϕ∇f̂∇mϕ∇mϕÞðBêf̂Þ − 1

2
ðkalb∇a∇bϕÞð∇mϕ∇mϕÞðBê

êÞ þ
1

2
ðDf̂Dêϕ∇mϕ∇mϕÞðBêf̂Þ

−
1

2
ðDf̂ϕ∇m∇êϕ∇mϕÞðBêf̂Þ − 1

2
ð∇mϕ∇mϕ∇n∇nϕÞðBê

êÞ þ
1

2
ð∇mϕ∇n∇mϕ∇nϕÞðBê

êÞ: ðB61Þ

APPENDIX C: SIMPLIFICATION OF Hðϕ1Þ
kk UNDER THE LINEAR ORDER APPROXIMATION

In this appendix, we hope to simplify Hðϕ1Þ
kk to obtain its expression under the first-order approximation of the

perturbation. The specific expression of Hðϕ1Þ
kk is given in Eq. (37). The first term of Eq. (37) is

1

4
kakbR∇cϕ∇a∇cϕ∇bϕ ¼ 1

8
ðRÞ0½Lkð∇cϕ∇cϕÞ�1ðLkϕÞ1 ≃ 0: ðC1Þ
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The second term of Eq. (37) is

−
1

2
kakbRcd∇cϕ∇a∇dϕ∇bϕ ¼ −

1

2
ðkdRdflfÞ0½ðLkϕÞ1�2ðkcle∇c∇eϕÞ0 þ

1

2
½ðLkϕÞ1�2ðldRdêÞ0DêðLkϕÞ1

−
1

2
ðLkϕÞ1DĉðLkϕÞ1ðDd̂ϕÞ0ðRĉd̂Þ0 þ

1

2
ðLkϕÞ1DêðLkϕÞ1ðkcRcêÞ1ðld∇dϕÞ0

−
1

2
½ðLkϕÞ1�2ðL2

kϕÞ1ðlelfRefÞ0 −
1

2
ðLkϕÞ1ðkblf∇b∇fϕÞ0ðle∇eϕÞ0ðkckdRcdÞ1

−
1

2
ðLkϕÞ1ðL2

kϕÞðle∇eϕÞ0ðkdlfRdfÞ0 þ
1

2
ðLkϕÞ1ðkbld∇b∇dϕÞ0ðDêϕÞ0ðkcRcêÞ1

þ 1

2
ðLkϕÞ1ðL2

kϕÞ1ðDêϕÞ0ðldRdêÞ0 ≃ 0: ðC2Þ

The third term of Eq. (37) is

1

4
kakbR∇cϕ∇c∇aϕ∇bϕ ¼ 1

4
ðRÞ0ðLkϕÞ1ðDĉϕÞ0DĉðLkϕÞ1 ≃ 0: ðC3Þ

The fourth term of Eq. (37) is

−
1

2
kakbR∇aϕ∇c∇cϕ∇bϕ ¼ −

1

2
ðRÞ0½ðLkϕÞ1�2ð∇c∇cϕÞ0 ≃ 0: ðC4Þ

The fifth term of Eq. (37) is

−kakbRad∇cϕ∇c∇dϕ∇bϕ ¼ ðLkϕÞ1DêðLkϕÞ1ðld∇dϕÞ0ðkcRcêÞ1 þ ðkcRcêÞ1½ðLkϕÞ1�2ðld∇d∇êϕÞ0
− ðLkϕÞ1ðkblf∇b∇fϕÞ0ðle∇eϕÞ0ðRkkÞ1 − ðLkϕÞ1ðle∇eϕÞ0ðL2

kϕÞ1ðkdlfRdfÞ0
− ½ðLkϕÞ1�2ðkcle∇e∇cϕÞ0ðkdlfRdfÞ0 − ðLkϕÞ1ðkbRbd̂Þ1ðDêϕÞ0ðDêDd̂ϕÞ
− ½ðLkϕÞ1�2ðlelf∇e∇fϕÞ0ðRkkÞ1 þ ðkcldRcdÞ0ðLkϕÞ1ðDf̂ϕÞ0Df̂ðLkϕÞ1
þ ðRkkÞ1ðLkϕÞ1ðDf̂ϕÞ0ðld∇f̂∇dϕÞ0 ≃ 0: ðC5Þ

The sixth term of Eq. (37) is

kakbRac∇cϕ∇d∇dϕ∇bϕ ¼ ðkbRbêÞ1ðLkϕÞ1ðDêϕÞ0ð∇d∇dϕÞ0 − ðkcldRcdÞ0½ðLkϕÞ1�2ð∇e∇eϕÞ0
− ðLkϕÞ1ðRkkÞ1ðld∇dϕÞ0ð∇e∇eϕÞ0 ≃ 0: ðC6Þ

The seventh term of Eq. (37) is

−
1

2
kakbRcd∇cϕ∇d∇aϕ∇bϕ ¼ −

1

2
½ðLkϕÞ1�2ðL2

kϕÞ1ðlelfRefÞ0 −
1

2
ðLkϕÞ1ðDĝϕÞ0ðRĝĥÞ0½LkðDĥϕÞ�1

−
1

2
ðLkϕÞ1ðDĝϕÞ0ðRĝĥÞ0ðDb̂ϕÞ0ðBb̂ĥÞ1 −

1

2
ðLkϕÞ1ðL2

kϕÞ1ðle∇eϕÞ0ðkdlfRdfÞ0

−
1

2
½ðLkϕÞ1�2ðkcle∇e∇cϕÞ0ðkdlfRdfÞ0 −

1

2
ðldRdf̂Þ0ðLkϕÞ1ðL2

kϕÞ1ðDf̂ϕÞ0

þ 1

2
ðkcRcf̂Þ1ðLkϕÞ1ðldkb∇d∇bϕÞ0ðDf̂ϕÞ0 −

1

2
ðLkϕÞ1ðle∇eϕÞ0ðkblf∇f∇bϕÞ0ðRkkÞ1

þ 1

2
½ðLkϕÞ1�2ðkc∇ê∇cϕÞ1ðldRdêÞ0 þ

1

2
ðLkϕÞ1ðld∇dϕÞ0ðkcRcêÞ1DêðLkϕÞ1 ≃ 0: ðC7Þ

The eighth term of Eq. (37) is

kakbRcd∇aϕ∇d∇cϕ∇bϕ ¼ ½ðLkϕÞ1�2ðRcd∇d∇cϕÞ ≃ 0: ðC8Þ
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The ninth term of Eq. (37) is

−
1

2
kakbRadce∇cϕ∇e∇dϕ∇bϕ¼−

1

2
ðLkϕÞ1Dm̂ðLkϕÞ1ðle∇eϕÞ0ðkclfkdRcfdm̂Þ1þ

1

2
½ðLkϕÞ1�2ðle∇e∇m̂ϕÞ0ðkclfkdRcfdm̂Þ1

−
1

2
ðLkϕÞ1Dn̂ðLkϕÞ1ðDm̂ϕÞ0ðkcldRcn̂dm̂Þ0−

1

2
ðLkϕÞ1ðld∇d∇f̂ϕÞ0ðDm̂ϕÞ0ðkbkcRbm̂cf̂Þ1

−
1

2
ðLkϕÞ1ðkbRbd̂ĉêÞ1ðDĉϕÞ0ðDêDd̂ϕÞ0þ

1

2
ðLkϕÞ1ðL2

kϕÞ1ðlf∇fϕÞðkdlgkelhRdgehÞ0

−
1

2
½ðLkϕÞ1�2ðkclf∇f∇cϕÞ0ðkdlgkelhRdgehÞ0þ

1

2
ðLkϕÞ1ðDĝϕÞ0DĥðLkϕÞ1ðkcldRcdĝĥÞ0

þ1

2
½ðLkϕÞ1�2ðDf̂DêϕÞ0ðkcldRcêdf̂Þ0þ

1

2
ðLkϕÞ1ðld∇dϕÞ0ðDf̂DêϕÞ0ðkbkcRbêcf̂Þ1

þ1

2
ðLkϕÞ1ðL2

kϕÞ1ðDm̂ϕÞ0ðkdlelfRdefm̂Þ0þ
1

2
ðLkϕÞ1ðlekb∇e∇bϕÞ0ðDm̂ϕÞ0ðkckdlfRcfdm̂Þ1

−
1

2
ðLkϕÞ1ðle∇eϕÞ0Dm̂ðLkϕÞ1ðkckdlfRcfdm̂Þ1−

1

2
½ðLkϕÞ1�2Dm̂ðLkϕÞ1ðkdlelfRdefm̂Þ0≃0:

ðC9Þ

The tenth term of Eq. (37) is

−
1

2
kakbRaecd∇cϕ∇e∇dϕ∇bϕ¼−

1

2
½ðLkϕÞ1�2ðkclf∇c∇fϕÞ0ðkdkelglhRdgehÞ0−

1

2
½ðLkϕÞ1�2DĝðLkϕÞ1ðkdlelfRdefĝÞ1

−
1

2
ðLkϕÞ1DĝðLkϕÞ1ðle∇eϕÞ0ðkckdlfRcfdĝÞ1þ

1

2
ðLkϕÞ1Df̂ðLkϕÞ1ðDĝϕÞ0ðkcldRcdĝf̂Þ0

−
1

2
ðLkϕÞ1ðkbRbĉd̂êÞ1ðDd̂ϕÞ0ðDĉDêϕÞ0þ

1

2
ðLkϕÞ1ðL2

kϕÞ1ðlf∇fϕÞ0ðkdkelglhRdgehÞ0

−
1

2
ðLkϕÞ1ðDĝϕÞ0Df̂ðLkϕÞ1ðkcldRcf̂dĝÞ0−

1

2
ðLkϕÞ1ðDĝϕÞ0ðld∇f̂∇dϕÞ0ðkbkcRbĝcf̂Þ1

þ 1

2
½ðLkϕÞ1�2ðDf̂DêϕÞ0ðkcldRcf̂dêÞ0þ

1

2
ðLkϕÞ1ðld∇dϕÞ0ðDf̂DêϕÞ0ðkbkcRbêcf̂Þ1

þ 1

2
ðLkϕÞ1ðkble∇b∇eϕÞ0ðDĝϕÞ0ðkclfkdRcfdĝÞ1þ

1

2
ðLkϕÞ1ðL2

kϕÞ1ðDĝϕÞ0ðkdlelfRdeĝhÞ0

−
1

2
ðLkϕÞ1ðle∇eϕÞ0DĝðLkϕÞ1ðkckdlfRcfdĝÞ1þ

1

2
½ðLkϕÞ1�2ðle∇ĝ∇eϕÞ0ðkckdlfRcfdĝÞ1≃ 0:

ðC10Þ

Therefore, based on the above results, under the linear order approximation of the perturbation, the integrand,Hðϕ1Þ
kk , can be

neglected, i.e.,

Hðϕ1Þ
kk ≃ 0: ðC11Þ

APPENDIX D: SIMPLIFICATION OF Hðϕ2Þ
kk UNDER THE LINEAR ORDER APPROXIMATION

In the final appendix, we would like to calculate Hðϕ2Þ
kk under the first-order approximation of the perturbation. The

concrete expression of Hðϕ2Þ
kk has been given in Eq. (38). The first term of Eq. (38) is

−
1

2
kakb∇aϕ∇cðR∇cϕ∇bϕÞ ¼

1

2
kakbkcld∇aϕ∇cðR∇bϕ∇dϕÞ þ

1

2
kakbkcld∇aϕ∇dðR∇bϕ∇cϕÞ

−
1

2
kakbγcd∇aϕ∇dðR∇bϕ∇cϕÞ: ðD1Þ
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The first term of Eq. (D1) can be further calculated as

1

2
kakbkcld∇aϕ∇cðR∇bϕ∇dϕÞ ¼

1

2
½ðLkϕÞ1�2ðLkRÞ1ðld∇dϕÞ0 þ

1

2
ðLkϕÞ1ðRÞ0ðL2

kϕÞ1ðld∇dϕÞ0

þ 1

2
½ðLkϕÞ1�2ðRÞ0ðkcld∇c∇dϕÞ0 ≃ 0: ðD2Þ

The second term of Eq. (D1) can be further calculated as

1

2
kakbkcld∇aϕ∇dðR∇bϕ∇cϕÞ ¼

1

2
½ðLkϕÞ1�3ðld∇dRÞ0 þ

1

2
½ðLkϕÞ1�2ðRÞ0ðkbld∇d∇bϕÞ0

þ 1

2
½ðLkϕÞ1�2ðkcld∇d∇cϕÞ0ðRÞ0 ≃ 0: ðD3Þ

The third term of Eq. (D1) can be further calculated as

−
1

2
kakbγcd∇aϕ∇dðR∇bϕ∇cϕÞ ¼ −

1

2
½ðLkϕÞ1�2ðDêϕÞ0ðDêRÞ0 −

1

2
ðLkϕÞ1DĉðLkϕÞ1ðDĉϕÞ0ðRÞ0

−
1

2
½ðLkϕÞ1�2ðDĉDĉϕÞ0ðRÞ0 ≃ 0: ðD4Þ

So the first term of Eq. (38) under the first-order approximation can be simplified as

−
1

2
kakb∇aϕ∇cðR∇cϕ∇bϕÞ ≃ 0: ðD5Þ

The second term of Eq. (38) is

kakb∇aϕ∇cðRbd∇cϕ∇dϕÞ ¼ −kakbkcld∇aϕ∇cðRde∇bϕ∇eϕÞ − kakbkcld∇aϕ∇dðRce∇bϕ∇eϕÞ
þ kakbγcd∇aϕ∇dð∇bϕRce∇eϕÞ

¼ −kakbkcld∇aϕ∇cRde∇bϕ∇eϕ − kakbkcld∇aϕRde∇c∇bϕ∇eϕ

− kakbkcld∇aϕRde∇bϕ∇c∇eϕ − kakbkcld∇aϕ∇dRce∇bϕ∇eϕ

− kakbkcld∇aϕRce∇d∇bϕ∇eϕ − kakbkcld∇aϕRce∇bϕ∇d∇eϕ

þ kakbγcd∇aϕ∇d∇bϕRce∇eϕþ kakbγcd∇aϕ∇bϕ∇dRce∇eϕ

þ kakbγcd∇aϕ∇bϕRce∇d∇eϕ: ðD6Þ

The first term of Eq. (D6) is

−kakbkcld∇aϕ∇cRde∇bϕ∇eϕ ¼ ½ðLkϕÞ1�3ðkdlelf∇dRefÞ0 þ ½ðLkϕÞ1�2ðkckdlf∇dRcfÞ1ðle∇eϕÞ0
− ½ðLkϕÞ1�2ðkcld∇cRdêÞ0ðDêϕÞ0 ≃ 0: ðD7Þ

The second term of Eq. (D6) is

−kakbkcld∇aϕRde∇c∇bϕ∇eϕ ¼ ½ðLkϕÞ1�2ðL2
kϕÞ1ðlelfRefÞ0 þ ðLkϕÞ1ðL2

kϕÞ1ðle∇eϕÞ0ðkdlfRdfÞ0
− ðLkϕÞ1ðL2

kϕÞ1ðDĉϕÞ0ðldRdĉÞ0 ≃ 0: ðD8Þ

The third term of Eq. (D6) is

−kakbkcld∇aϕRde∇bϕ∇c∇eϕ ¼ ½ðLkϕÞ1�2ðkcle∇c∇eϕÞ0ðkdlfRdfÞ0 − ½ðLkϕÞ1�2DêðLkϕÞ1ðldRdêÞ0
þ ½ðLkϕÞ1�2ðL2

kϕÞ1ðlelfRefÞ0 ≃ 0: ðD9Þ

The fourth term of Eq. (D6) is

GENERALIZED ENTROPY INCREASE AT LINEAR ORDER IN … PHYS. REV. D 106, 044072 (2022)

044072-37



−kakbkcld∇aϕ∇dRce∇bϕ∇eϕ ¼ −½ðLkϕÞ1�2ðkcld∇dRcêÞ0ðDêϕÞ0 þ ½ðLkϕÞ1�2ðle∇eϕÞ0ðkckdlf∇fRcdÞ1
þ ½ðLkϕÞ1�3ðkdlelf∇fRdeÞ0 ≃ 0: ðD10Þ

The fifth term of Eq. (D6) is

−kakbkcld∇aϕRce∇d∇bϕ∇eϕ ¼ ½ðLkϕÞ1�2ðkdlfRdfÞ0ðkcle∇e∇cϕÞ0 − ðLkϕÞ1ðkbld∇d∇bϕÞ0ðDêϕÞ0ðkcRcêÞ1
þ ðRkkÞ1ðLkϕÞ1ðle∇eϕÞ0ðkblf∇f∇eϕÞ0 ≃ 0: ðD11Þ

The sixth term of Eq. (D6) is

−kakbkcld∇aϕRce∇bϕ∇d∇eϕ ¼ −½ðLkϕÞ1�2ðld∇d∇êϕÞ0ðkcRcêÞ1 þ ½ðLkϕÞ1�2ðlelf∇f∇eϕÞ0ðRkkÞ1
þ ½ðLkϕÞ1�2ðkcle∇e∇cϕÞ0ðkdlfRdfÞ0 ≃ 0: ðD12Þ

The seventh term of Eq. (D6) is

kakbγcd∇aϕ∇d∇bϕRce∇eϕ ¼ ðLkϕÞ1ðDêϕÞ0Dd̂ðLkϕÞ1ðRêd̂Þ0 − ðLkϕÞ1ðld∇dϕÞ0DêðLkϕÞ1ðkcRcêÞ1
− ½ðLkϕÞ1�2DêðLkϕÞ1ðldRdêÞ0 ≃ 0: ðD13Þ

The eighth term of Eq. (D6) is

kakbγcd∇aϕ∇bϕ∇dRce∇eϕ ¼ ½ðLkϕÞ1�2ð∇ĉRĉe∇eϕÞ ≃ 0: ðD14Þ

The ninth term of Eq. (D6) is

kakbγcd∇aϕ∇bϕRce∇d∇eϕ ¼ ½ðLkϕÞ1�2ðRĉe∇ĉ∇eϕÞ ≃ 0: ðD15Þ

So the second term of Eq. (38) can finally be written as

kakb∇aϕ∇cðRbd∇cϕ∇dϕÞ ≃ 0: ðD16Þ

The third term of Eq. (38) is

kakb∇aϕ∇cðRcd∇bϕ∇dϕÞ¼−kakbkcld∇aϕ∇cðRbe∇dϕ∇eϕÞ−kakbkcld∇aϕ∇dðRbe∇cϕ∇eϕÞ
þkakbγcd∇aϕ∇dðRbe∇cϕ∇eϕÞ
¼−kakbkcld∇aϕ∇cRbe∇dϕ∇eϕ−kakbkcldRbe∇aϕ∇c∇dϕ∇eϕ−kakbkcldRbe∇aϕ∇dϕ∇c∇eϕ

−kakbkcld∇aϕ∇dRbe∇cϕ∇eϕ−kakbkcld∇aϕRbe∇d∇cϕ∇eϕ

−kakbkcld∇aϕRbe∇cϕ∇d∇eϕþkakbγcd∇aϕ∇dRbe∇cϕ∇eϕ

þkakbγcd∇aϕRbe∇d∇cϕ∇eϕþkakbγcd∇aϕRbe∇cϕ∇d∇eϕ: ðD17Þ

The first term of Eq. (D17) is

−kakbkcld∇aϕ∇cRbe∇dϕ∇eϕ ¼ ½ðLkϕÞ1�2ðkdkclf∇dRcfÞ1ðle∇eϕÞ0 − ðLkϕÞ1ðkckb∇cRbêÞ1ðld∇dϕÞ0ðDêϕÞ0
þ ðLkϕÞ1ðkbkckd∇dRbcÞ1ðle∇eϕÞ0ðlf∇fϕÞ0 ≃ 0: ðD18Þ

The second term of Eq. (D17) is

−kakbkcldRbe∇aϕ∇c∇dϕ∇eϕ ¼ ðkdlfRdfÞ0½ðLkϕÞ1�2ðkcle∇c∇eϕÞ0 þ ðRkkÞ1ðLkϕÞ1ðkblf∇b∇fϕÞ0ðle∇eϕÞ0
− ðkcRcêÞ1ðLkϕÞ1ðkbld∇b∇dϕÞ0ðDêϕÞ0 ≃ 0: ðD19Þ

The third term of Eq. (D17) is
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−kakbkcldRbe∇aϕ∇dϕ∇c∇eϕ ¼ −ðLkϕÞ1DêðLkϕÞ1ðld∇dϕÞ0ðkcRcêÞ1 þ ðLkϕÞ1ðkblf∇b∇fϕÞ0ðle∇eϕÞ0ðRkkÞ1
þ ðLkϕÞ1ðL2

kϕÞ1ðle∇eϕÞ0ðkdlfRdfÞ0 ≃ 0: ðD20Þ

The fourth term of Eq. (D17) is

−kakbkcld∇aϕ∇dRbe∇cϕ∇eϕ ¼ −½ðLkϕÞ1�2ðkcld∇dRcêÞ0ðDêϕÞ0 þ ½ðLkϕÞ1�2ðle∇eϕÞ0ðkckdlf∇fRcdÞ1
þ ½ðLkϕÞ1�3ðkdlelf∇fRdeÞ0 ≃ 0: ðD21Þ

The fifth term of Eq. (D17) is

−kakbkcld∇aϕRbe∇d∇cϕ∇eϕ ¼ ½ðLkϕÞ1�2ðkcle∇e∇cϕÞ0ðkdlfRdfÞ0 − ðLkϕÞ1ðkbld∇d∇bϕÞ0ðDêϕÞ0ðkcRcêÞ1
þ ðLkϕÞ1ðle∇eϕÞ0ðkblf∇f∇bϕÞ0ðRkkÞ1 ≃ 0: ðD22Þ

The sixth term of Eq. (D17) is

−kakbkcld∇aϕRbe∇cϕ∇d∇eϕ ¼ −½ðLkϕÞ1�2ðld∇d∇êϕÞ0ðkcRcêÞ1 þ ½ðLkϕÞ1�2ðkcle∇e∇cϕÞ0ðkdlfRdfÞ0
þ ½ðLkϕÞ1�2ðlelf∇e∇fϕÞ0ðRkkÞ1 ≃ 0: ðD23Þ

The seventh term of Eq. (D17) is

kakbγcd∇aϕ∇dRbe∇cϕ∇eϕ ¼ −ðLkϕÞ1ðld∇dϕÞ0ðDêϕÞ0ðkbkc∇êRbcÞ1 þ ðLkϕÞ1ðDêϕÞ0ðDf̂ϕÞ0ðkb∇f̂RbêÞ1
− ½ðLkϕÞ1�2ðDêϕÞ0ðkcld∇êRcdÞ0 ≃ 0: ðD24Þ

The eighth term of Eq. (D17) is

kakbγcd∇aϕRbe∇d∇cϕ∇eϕ ¼ ðLkϕÞ1ðDf̂ϕÞ0ðDêDêϕÞ0ðkbRbf̂Þ1 − ½ðLkϕÞ1�2ðDêDêϕÞ0ðkcldRcdÞ0
− ðLkϕÞ1ðld∇dϕÞ0ðDêDêϕÞ0ðRkkÞ1 ≃ 0: ðD25Þ

The ninth term of Eq. (D17) is

kakbγcd∇aϕRbe∇cϕ∇d∇eϕ ¼ ðLkϕÞ1ðDêϕÞ0ðDêDd̂ϕÞ0ðkbRbd̂Þ1 − ðLkϕÞ1ðDêϕÞ0DêðLkϕÞ1ðkcldRcdÞ0
− ðLkϕÞ1ðDêϕÞ0ðld∇ê∇dϕÞ0ðRkkÞ1 ≃ 0: ðD26Þ

So the third term of Eq. (38) under the linear order approximation can be given as

kakb∇aϕ∇cðRcd∇bϕ∇dϕÞ ≃ 0: ðD27Þ

The fourth term of Eq. (38) is

−kakb∇aϕ∇cðRcb∇dϕ∇dϕÞ¼ kakbkcld∇cðRbd∇eϕ∇eϕÞþkakbkcld∇aϕ∇dðRbc∇eϕ∇eϕÞ−kakbγcd∇aϕ∇dðRbc∇eϕ∇eϕÞ
¼ kakbkcld∇aϕ∇cRbd∇eϕ∇eϕþkakbkcldRbd∇aϕ∇c∇eϕ∇eϕ

þkakbkcldRbd∇aϕ∇eϕ∇c∇eϕþkakbkcld∇aϕ∇dðRbc∇eϕ∇eϕÞ
−kakbγcd∇aϕ∇dðRbc∇eϕ∇eϕÞ: ðD28Þ

The first term of Eq. (D28) is

kakbkcld∇aϕ∇cRbd∇eϕ∇eϕ ¼ ðLkϕÞ1½LkðkbldRbdÞ�1ð∇eϕ∇eϕÞ0 ≃ 0: ðD29Þ

The second term of Eq. (D28) is
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kakbkcldRbd∇aϕ∇c∇eϕ∇eϕ ¼ −½ðLkϕÞ1�2ðkcle∇c∇eϕÞ0ðkdlfRdfÞ0 − ðLkϕÞ1ðL2
kϕÞ1ðle∇eϕÞ0ðkdlfRdfÞ0

þ ðLkϕÞ1DêðLkϕÞ1ðDêϕÞ0ðkcldRcdÞ0 ≃ 0: ðD30Þ

The third term of Eq. (D28) is

kakbkcldRbd∇aϕ∇eϕ∇c∇eϕ ¼ −½ðLkϕÞ1�2ðkcle∇c∇eϕÞ0ðkdlfRdfÞ0 − ðLkϕÞ1ðL2
kϕÞ1ðle∇eϕÞ0ðkdlfRdfÞ0

þ ðLkϕÞ1DêðLkϕÞ1ðDêϕÞ0ðkcldRcdÞ0 ≃ 0: ðD31Þ

The fourth term of Eq. (D28) is

kakbkcld∇aϕ∇dðRbc∇eϕ∇eϕÞ ¼ ðLkϕÞ1ðkbkcld∇dRbcÞ1ð∇eϕ∇eϕÞ0 þ ðLkϕÞ1ðRkkÞ1½ld∇dð∇eϕ∇eϕÞ�0 ≃ 0: ðD32Þ

The fifth term of Eq. (D28) is

−kakbγcd∇aϕ∇dðRbc∇eϕ∇eϕÞ ¼ −ðLkϕÞ1ðkb∇ĉRbĉÞ1ð∇eϕ∇eϕÞ0 − ðLkϕÞ1ðkbRbĉÞ1Dĉð∇eϕ∇eϕÞ0 ≃ 0: ðD33Þ

So the fourth term of Eq. (38) under the first-order approximation of the perturbation can be written as

−kakb∇aϕ∇cðRcb∇dϕ∇dϕÞ ≃ 0: ðD34Þ

The fifth term of Eq. (38) is

1

2
kakb∇aϕ∇bðR∇dϕ∇dϕÞ ¼ 1

2
ðLkϕÞ1ðLkRÞ1ð∇dϕ∇dϕÞ0 þ

1

2
ðRÞ0ðLkϕÞ1½Lkð∇dϕ∇dϕÞ�1 ≃ 0: ðD35Þ

The sixth term of Eq. (38) is

−kakb∇aϕ∇bðRde∇dϕ∇eϕÞ ¼ −kakc∇aϕ∇cRef∇eϕ∇fϕ − kakcRef∇aϕ∇c∇eϕ∇fϕ

− kakcRef∇aϕ∇eϕ∇c∇fϕ: ðD36Þ

The first term of Eq. (D36) is

−kakc∇aϕ∇cRef∇eϕ∇fϕ ¼ −½ðLkϕÞ1�3ðlflglh∇fRghÞ0 − ðLkϕÞ1ðkc∇cRĝĥÞ1ðDĝϕÞ0ðDĥϕÞ0
− 2½ðLkϕÞ1�2ðkekflh∇fRehÞ1ðlg∇gϕÞ0 þ 2½ðLkϕÞ1�2ðkelf∇eRfĝÞ0ðDĝϕÞ0
þ 2ðLkϕÞ1ðkcke∇eRcĝÞ1ðlf∇fϕÞ0ðDĝϕÞ0
− ðLkϕÞ1ðkckekf∇fRceÞ1ðlg∇gϕÞ0ðlh∇hϕÞ0 ≃ 0: ðD37Þ

The second term of Eq. (D36) is

−kakcRef∇aϕ∇c∇eϕ∇fϕ ¼ −½ðLkϕÞ1�2ðkcle∇c∇eϕÞ0ðkdlfRdfÞ0 þ ½ðLkϕÞ1�2DêðLkϕÞ1ðldRdêÞ0
− ðLkϕÞ1Dd̂ðLkϕÞ1ðDêϕÞ0ðRêd̂Þ0 þ ðLkϕÞ1DêðLkϕÞ1ðld∇dϕÞ0ðkcRcêÞ1
− ½ðLkϕÞ1�2ðL2

kϕÞ1ðlelfRefÞ0 − ðLkϕÞ1ðkblf∇b∇fϕÞ0ðle∇eϕÞ0ðRkkÞ1
− ðLkϕÞ1ðL2

kϕÞ1ðle∇eϕÞ0ðkdlfRdfÞ0 þ ðLkϕÞ1ðkbld∇b∇dϕÞ0ðDêϕÞ0ðkcRcêÞ1
þ ðLkϕÞ1ðL2

kϕÞ1ðDêϕÞ0ðldRdêÞ0 ≃ 0: ðD38Þ

The third term of Eq. (D36) is
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−kakcRef∇aϕ∇eϕ∇c∇fϕ ¼ −½ðLkϕÞ1�2ðkcle∇c∇eϕÞ0ðkdlfRdfÞ0 þ ½ðLkϕÞ1�2DêðLkϕÞ1ðldRdêÞ0
− ðLkϕÞ1Dd̂ðLkϕÞ1ðDêϕÞ0ðRêd̂Þ0 þ ðLkϕÞ1DêðLkϕÞ1ðld∇dϕÞ0ðkcRcêÞ1
− ½ðLkϕÞ1�2ðL2

kϕÞ1ðlelfRefÞ0 − ðLkϕÞ1ðkblf∇b∇fϕÞ0ðle∇eϕÞ0ðRkkÞ1
− ðLkϕÞ1ðL2

kϕÞ1ðle∇eϕÞ0ðkdlfRdfÞ0 þ ðLkϕÞ1ðkbld∇b∇dϕÞ0ðDêϕÞ0ðkcRcêÞ1
þ ðLkϕÞ1ðL2

kϕÞ1ðDêϕÞ0ðldRdêÞ0 ≃ 0: ðD39Þ

So the sixth term of Eq. (38) under the first-order approximation of the perturbation is

−kakb∇aϕ∇bðRde∇dϕ∇eϕÞ ≃ 0: ðD40Þ

The seventh term of Eq. (38) is

−kakb∇aϕ∇cðRcdbe∇dϕ∇eϕÞ ¼ −kakbkcld∇aϕ∇cðRbedf∇eϕ∇fϕÞ − kakbkcld∇aϕ∇dðRbecf∇eϕ∇fϕÞ
þ kakbγcd∇aϕ∇dðRbecf∇eϕ∇fϕÞ

¼ −kakbkcld∇aϕ∇cRbedf∇eϕ∇fϕ − kakbkcld∇aϕRbedf∇c∇eϕ∇fϕ

− kakbkcld∇aϕRbedf∇eϕ∇c∇fϕ − kakbkcld∇aϕ∇dRbecf∇eϕ∇fϕ

− kakbkcld∇aϕRbecf∇d∇eϕ∇fϕ − kakbkcld∇aϕRbecf∇eϕ∇d∇fϕ

þ kakbγcd∇aϕ∇dRbecf∇eϕ∇fϕþ kakbγcd∇aϕRbecf∇d∇eϕ∇fϕ

þ kakbγcd∇aϕRbecf∇eϕ∇d∇fϕ: ðD41Þ

The first term of Eq. (D41) is

−kakbkcld∇aϕ∇cRbedf∇eϕ∇fϕ ¼ ½ðLkϕÞ1�2ðkckdkelglh∇eRcgdhÞ1ðlf∇fϕÞ0 − ðLkϕÞ1ðkbkcld∇cRbm̂dn̂Þ1ðDm̂ϕÞ0ðDn̂ϕÞ0
þ ½ðLkϕÞ1�2ðkckdlelf∇dRcefm̂Þ0ðDm̂ϕÞ0
− ðLkϕÞ1ðkbkckdlf∇dRbfcm̂Þ1ðle∇eϕÞ0ðDm̂ϕÞ0 ≃ 0: ðD42Þ

The second term of Eq. (D41) is

−kakbkcld∇aϕRbedf∇c∇eϕ∇fϕ ¼ −ðLkϕÞ1DĝðLkϕÞ1ðle∇eϕÞ0ðkckdlfRcfdĝÞ1 − ðLkϕÞ1Df̂ðLkϕÞ1ðDĝϕÞ0ðkcldRcf̂dĝÞ0
þ ðLkϕÞ1ðL2

kϕÞ1ðlf∇fϕÞ0ðkdkelglhRdgehÞ0 þ ðLkϕÞ1ðL2
kϕÞ1ðDĝϕÞ0ðkdlelfRdefĝÞ0 ≃ 0:

ðD43Þ

The third term of Eq. (D41) is

−kakbkcld∇aϕRbedf∇eϕ∇c∇fϕ ¼ ½ðLkϕÞ1�2ðkclf∇c∇fϕÞ0ðkdkelglhRdgehÞ0 þ ½ðLkϕÞ1�2DĝðLkϕÞ1ðkdlelfRdefĝÞ0
− ðLkϕÞ1Df̂ðLkϕÞ1ðDĝϕÞ0ðkcldRcĝdf̂Þ0
− ðLkϕÞ1ðkble∇b∇eϕÞ0ðDĝϕÞ0ðkckdlfRcfdĝÞ1 ≃ 0: ðD44Þ

The fourth term of Eq. (D41) is

−kakbkcld∇aϕ∇dRbecf∇eϕ∇fϕ ¼ −ðLkϕÞ1ðkbkcld∇dRbĝcĥÞ1ðDĝϕÞ0ðDĥϕÞ0 þ 2½ðLkϕÞ1�2ðkckdlelf∇fRcedĝÞ0ðDĝϕÞ0
− ½ðLkϕÞ1�3ðkdkelflglh∇hRdfegÞ0 ≃ 0: ðD45Þ

The fifth term of Eq. (D41) is
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−kakbkcld∇aϕRbecf∇d∇eϕ∇fϕ ¼ ½ðLkϕÞ1�2ðle∇e∇ĝϕÞ0ðkckdlfRcfdĝÞ1 − ðLkϕÞ1ðld∇d∇f̂ϕÞ0ðDĝϕÞ0ðkbkcRbĝcf̂Þ1
− ½ðLkϕÞ1�2ðkclf∇f∇cϕÞ0ðkdkelglhRdgehÞ0
þ ðLkϕÞ1ðkble∇e∇bϕÞ0ðDĝϕÞ0ðkckdlfRcfdĝÞ1 ≃ 0: ðD46Þ

The sixth term of Eq. (D41) is

−kakbkcld∇aϕRbecf∇eϕ∇d∇fϕ ¼ ½ðLkϕÞ1�2ðkckdlfRcfdĝÞ1ðle∇e∇ĝϕÞ0 − ðLkϕÞ1ðld∇d∇f̂ϕÞ0ðDĝϕÞ0ðkbkcRbĝcf̂Þ1
− ½ðLkϕÞ1�2ðkclf∇f∇cϕÞ0ðkdkelglhRdgehÞ0
þ ðLkϕÞ1ðkble∇e∇bϕÞ0ðDĝϕÞ0ðkckdlfRcfdĝÞ1 ≃ 0: ðD47Þ

The seventh term of Eq. (D41) is

kakbγcd∇aϕ∇dRbecf∇eϕ∇fϕ ¼ −ðLkϕÞ1ðkb∇ĝRbêf̂ĝÞ1ðDêϕÞ0ðDf̂ϕÞ0 þ ðLkϕÞ1ðld∇dϕÞ0ðDf̂ϕÞ0ðkbkc∇ĝRbf̂cĝÞ1
þ ½ðLkϕÞ1�2ðDf̂ϕÞ0ðkcld∇ĝRcdf̂ĝÞ0 − ½ðLkϕÞ1�2ðle∇eϕÞ0ðkckdlf∇ĝRcfdĝÞ1
þ ½ðLkϕÞ1�2ðDf̂ϕÞ0ðkcld∇ĝRcf̂dĝÞ0 − ½ðLkϕÞ1�3ðkdlelf∇ĝRdefĝÞ0 ≃ 0: ðD48Þ

The eighth term of Eq. (D41) is

kakbγcd∇aϕRbecf∇d∇eϕ∇fϕ ¼ −ðLkϕÞ1ðDf̂ϕÞ0ðDêDd̂ϕÞ0ðkbRbd̂f̂êÞ1 þ ðLkϕÞ1ðDĝϕÞ0Df̂ðLkϕÞ1ðkcldRcdĝf̂Þ0
þ ½ðLkϕÞ1�2ðDf̂DêϕÞ0ðkcldRcêdf̂Þ0 þ ðLkϕÞ1ðld∇dϕÞ0ðDf̂DêϕÞ0ðkbkcRbêcf̂Þ1
− ðLkϕÞ1ðle∇eϕÞ0DĝðLkϕÞ1ðkckdlfRcfdĝÞ1 − ½ðLkϕÞ1�2DĝðLkϕÞ1ðkdlelfRdefĝÞ0 ≃ 0:

ðD49Þ

The ninth term of Eq. (D41) is

kakbγcd∇aϕRbecf∇eϕ∇d∇fϕ ¼ −ðLkϕÞ1ðDf̂ϕÞ0ðDêDd̂ϕÞ0ðkbRbf̂d̂êÞ1 þ ðLkϕÞ1ðDĝϕÞ0Df̂ðLkϕÞ1ðkcldRcĝdf̂Þ0
þ ðLkϕÞ1ðDĝϕÞ0ðld∇f̂∇dϕÞ0ðkbkcRbĝcf̂Þ1 þ ½ðLkϕÞ1�2ðDf̂DêϕÞ0ðkcldRcdêf̂Þ0
− ½ðLkϕÞ1�2DĝðLkϕÞ1ðkdlelfRdefĝÞ0 − ½ðLkϕÞ1�2ðle∇ĝ∇eϕÞ0ðkckdlfRcfdĝÞ1 ≃ 0: ðD50Þ

So the seventh term of Eq. (38) under the first-order approximation is

−kakb∇aϕ∇cðRcdbe∇dϕ∇eϕÞ ≃ 0: ðD51Þ

The eighth term of Eq. (38) is

1

4
kakb∇cϕ∇cðR∇aϕ∇bϕÞ ¼

1

4
kakbγcd∇cϕ∇dðR∇aϕ∇bϕÞ −

1

4
kakbkcld∇aϕ∇dðR∇bϕ∇cϕÞ

−
1

4
kakbkcld∇cðR∇aϕ∇bϕÞ∇dϕ: ðD52Þ

The first term of Eq. (D52) is

1

4
kakbγcd∇cϕ∇dðR∇aϕ∇bϕÞ ¼

1

4
½ðLkϕÞ1�2ðDêRÞ0ðDêϕÞ0 þ

1

4
DêðLkϕÞ1ðLkϕÞ1ðDêϕÞ0ðRÞ0

þ 1

4
ðLkϕÞ1DêðLkϕÞ1ðDêϕÞ0ðRÞ0 ≃ 0: ðD53Þ

The second term of Eq. (D52) is
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−
1

4
kakbkcld∇aϕ∇dðR∇bϕ∇cϕÞ ¼ −

1

4
½ðLkϕÞ1�3ðld∇dRÞ0 −

1

4
½ðLkϕÞ1�2ðRÞ0ðkbld∇d∇bϕÞ0

−
1

4
½ðLkϕÞ1�2ðkcld∇d∇cϕÞ0ðRÞ0 ≃ 0: ðD54Þ

The third term of Eq. (D52) is

−
1

4
kakbkcld∇cðR∇aϕ∇bϕÞ∇dϕ ¼ −

1

4
½ðLkϕÞ1�2ðld∇dϕÞ0ðLkRÞ1 −

1

4
ðRÞ0ðL2

kϕÞ1ðLkϕÞ1ðld∇dϕÞ0

−
1

4
ðRÞ0ðLkϕÞ1ðL2

kϕÞ1ðld∇dϕÞ0 ≃ 0: ðD55Þ

So the eighth term of Eq. (38) under the linear order approximation is

1

4
kakb∇cϕ∇cðR∇aϕ∇bϕÞ ≃ 0: ðD56Þ

The ninth term of Eq. (38) is

−
1

2
kakb∇cϕ∇cðRbd∇aϕ∇dϕÞ ¼ −

1

2
kakbγcd∇cϕ∇dðRbe∇aϕ∇eϕÞ þ 1

2
kakbkcld∇aϕ∇dðRce∇bϕ∇eϕÞ

þ 1

2
kakbkcld∇cðRbe∇aϕ∇eϕÞ∇dϕ

¼ −
1

2
kakbγcd∇cϕ∇dRbe∇aϕ∇eϕ −

1

2
kakbγcd∇cϕRbe∇d∇aϕ∇eϕ

−
1

2
kakbγcd∇cϕRbe∇aϕ∇d∇eϕþ 1

2
kakbkcld∇aϕ∇dRce∇bϕ∇eϕ

þ 1

2
kakbkcld∇aϕRce∇d∇bϕ∇eϕþ 1

2
kakbkcld∇aϕRce∇bϕ∇d∇eϕ

þ 1

2
kakbkcld∇cRbe∇aϕ∇eϕ∇dϕþ 1

2
kakbkcldRbe∇c∇aϕ∇eϕ∇dϕ

þ 1

2
kakbkcldRbe∇aϕ∇c∇eϕ∇dϕ: ðD57Þ

The first term of Eq. (D57) is

−
1

2
kakbγcd∇cϕ∇dRbe∇aϕ∇eϕ ¼ 1

2
ðLkϕÞ1ðld∇dϕÞ0ðDêϕÞ0ðkbkc∇êRbcÞ1 −

1

2
ðLkϕÞ1ðkb∇f̂RbêÞ1ðDêϕÞ0ðDf̂ϕÞ0

þ 1

2
½ðLkϕÞ1�2ðDf̂ϕÞ0ðkcld∇f̂RcdÞ0 ≃ 0: ðD58Þ

The second term of Eq. (D57) is

−
1

2
kakbγcd∇cϕRbe∇d∇aϕ∇eϕ ¼ −

1

2
ðkbRbf̂Þ1ðDêϕÞ0ðDf̂ϕÞ0DêðLkϕÞ1 þ

1

2
ðRkkÞ1ðld∇dϕÞ0ðDf̂ϕÞ0Df̂ðLkϕÞ1

þ 1

2
ðkcldRcdÞ1ðLkϕÞ1ðDf̂ϕÞ0Df̂ðLkϕÞ1 ≃ 0: ðD59Þ

The third term of Eq. (D57) is

−
1

2
kakbγcd∇cϕRbe∇aϕ∇d∇eϕ ¼ −

1

2
ðLkϕÞ1ðDêϕÞ0ðDêDd̂ϕÞ0ðkbRbd̂Þ1 þ

1

2
ðLkϕÞ1ðDf̂ϕÞ0Df̂ðLkϕÞ1ðkcldRcdÞ0

þ 1

2
ðRkkÞ1ðDf̂ϕÞ0ðld∇f̂∇dϕÞ0ðLkϕÞ1 ≃ 0: ðD60Þ
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The fourth term of Eq. (D57) is

1

2
kakbkcld∇aϕ∇dRce∇bϕ∇eϕ ¼ 1

2
½ðLkϕÞ1�2ðkcld∇dRcêÞ0ðDêϕÞ0 −

1

2
½ðLkϕÞ1�2ðle∇eϕÞ0ðkckdlf∇fRcdÞ1

−
1

2
½ðLkϕÞ1�3ðkdlelf∇fRdeÞ0 ≃ 0: ðD61Þ

The fifth term of Eq. (D57) is

1

2
kakbkcld∇aϕRce∇d∇bϕ∇eϕ ¼ −

1

2
½ðLkϕÞ1�2ðkdlfRdfÞ0ðkcle∇e∇cϕÞ0 þ

1

2
ðLkϕÞ1ðkbld∇d∇bϕÞ0ðDêϕÞ0ðkcRcêÞ1

−
1

2
ðRkkÞ1ðLkϕÞ1ðle∇eϕÞ0ðkblf∇f∇bϕÞ0 ≃ 0: ðD62Þ

The sixth term of Eq. (D57) is

1

2
kakbkcld∇aϕRce∇bϕ∇d∇eϕ ¼ 1

2
½ðLkϕÞ1�2ðld∇d∇êϕÞ0ðkcRcêÞ1 −

1

2
½ðLkϕÞ1�2ðkcle∇e∇cϕÞ0ðkdlfRdfÞ0

−
1

2
½ðLkϕÞ1�2ðlelf∇f∇eϕÞ0ðRkkÞ1 ≃ 0: ðD63Þ

The seventh term of Eq. (D57) is

1

2
kakbkcld∇cRbe∇aϕ∇eϕ∇dϕ ¼ −

1

2
½ðLkϕÞ1�2ðkckdlf∇dRcfÞ1ðle∇eϕÞ0 þ

1

2
ðLkϕÞ1ðkbkc∇cRbf̂Þ1ðld∇dϕÞ0ðDf̂ϕÞ0

−
1

2
ðLkϕÞ1ðLkRkkÞ1ðle∇eϕÞ0ðlf∇fϕÞ0 ≃ 0: ðD64Þ

The eighth term of Eq. (D57) is

1

2
kakbkcldRbe∇c∇aϕ∇eϕ∇dϕ ¼ −

1

2
ðLkϕÞ1ðL2

kϕÞ1ðle∇eϕÞ0ðkdlfRdfÞ0 þ
1

2
ðL2

kϕÞ1ðld∇dϕÞ0ðDf̂ϕÞ0ðkcRcf̂Þ1
−
1

2
ðL2

kϕÞðle∇eϕÞ0ðlf∇fϕÞ0ðRkkÞ1 ≃ 0: ðD65Þ

The ninth term of Eq. (D57) is

1

2
kakbkcldRbe∇aϕ∇c∇eϕ∇dϕ ¼ 1

2
ðLkϕÞ1DêðLkϕÞ1ðld∇dϕÞ0ðkcRcêÞ1 −

1

2
ðLkϕÞ1ðkblf∇b∇fϕÞ0ðle∇eϕÞ0ðRkkÞ1

−
1

2
ðLkϕÞ1ðL2

kϕÞ1ðle∇eϕÞ0ðkdlfRdfÞ0 ≃ 0: ðD66Þ

So the ninth term of Eq. (38) under the first-order approximation is

−
1

2
kakb∇cϕ∇cðRbd∇aϕ∇dϕÞ ≃ 0: ðD67Þ
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The tenth term of Eq. (38) is

−
1

2
kakb∇cϕ∇cðRad∇bϕ∇dϕÞ ¼ −

1

2
kakbγcd∇cϕ∇dðRae∇bϕ∇eϕÞ þ 1

2
kakbkcld∇aϕ∇dðRbe∇cϕ∇eϕÞ

þ 1

2
kakbkcld∇cðRae∇bϕ∇eϕÞ∇dϕ

¼ −
1

2
kakbγcd∇cϕ∇dRae∇bϕ∇eϕ −

1

2
kakbγcd∇cϕRae∇d∇bϕ∇eϕ

−
1

2
kakbγcd∇cϕRae∇bϕ∇d∇eϕþ 1

2
kakbkcld∇aϕ∇dRbe∇cϕ∇eϕ

þ 1

2
kakbkcld∇aϕRbe∇d∇cϕ∇eϕþ 1

2
kakbkcld∇aϕRbe∇cϕ∇d∇eϕ

þ 1

2
kakbkcld∇cRae∇bϕ∇eϕ∇dϕþ 1

2
kakbkcldRae∇c∇bϕ∇eϕ∇dϕ

þ 1

2
kakbkcldRae∇bϕ∇c∇eϕ∇dϕ: ðD68Þ

The first term of Eq. (D68) is

−
1

2
kakbγcd∇cϕ∇dRae∇bϕ∇eϕ ¼ 1

2
ðLkϕÞ1ðld∇dϕÞ0ðDf̂ϕÞ0ðkbkc∇f̂RbcÞ1 −

1

2
ðLkϕÞ1ðDêϕÞ0ðDf̂ϕÞ0ðkb∇f̂RbêÞ1

þ 1

2
½ðLkϕÞ1�2ðDêϕÞ0ðkcld∇êRcdÞ0 ≃ 0: ðD69Þ

The second term of Eq. (D68) is

−
1

2
kakbγcd∇cϕRae∇d∇bϕ∇eϕ ¼ −

1

2
ðkbRbf̂Þ1ðDêϕÞ0ðDf̂ϕÞ0DêðLkϕÞ1 þ

1

2
DêðLkϕÞ1ðRkkÞ1ðld∇dϕÞ0ðDêϕÞ0

þ 1

2
ðkcldRcdÞ0ðLkϕÞ1ðDêϕÞ0DêðLkϕÞ1 ≃ 0: ðD70Þ

The third term of Eq. (D68) is

−
1

2
kakbγcd∇cϕRae∇bϕ∇d∇d∇eϕ ¼ −

1

2
ðLkϕÞ1ðkbRbd̂Þ1ðDêϕÞ0ðDêDd̂ϕÞ0 þ

1

2
ðLkϕÞ1ðDf̂ϕÞ0ðkcldRcdÞ0Df̂ðLkϕÞ1

þ 1

2
ðRkkÞ1ðLkϕÞ1ðDf̂ϕÞ0ðld∇f̂∇dϕÞ0 ≃ 0: ðD71Þ

The fourth term of Eq. (D68) is

1

2
kakbkcld∇aϕ∇dRbe∇cϕ∇eϕ ¼ 1

2
½ðLkϕÞ1�2ðkcld∇dRcêÞ0ðDêϕÞ0 −

1

2
½ðLkϕÞ1�2ðle∇eϕÞ0ðkckdlf∇fRcdÞ1

−
1

2
½ðLkϕÞ1�3ðkdlelf∇fRdeÞ0 ≃ 0: ðD72Þ

The fifth term of Eq. (D68) is

1

2
kakbkcld∇aϕRbe∇d∇cϕ∇eϕ ¼ −

1

2
½ðLkϕÞ1�2ðkcle∇e∇cϕÞ0ðkdlfRdfÞ0 þ

1

2
ðLkϕÞ1ðkbld∇d∇bϕÞ0ðDêϕÞ0ðkcRcêÞ1

−
1

2
ðLkϕÞ1ðle∇eϕÞ0ðkblf∇f∇bϕÞ0ðRkkÞ1 ≃ 0: ðD73Þ

The sixth term of Eq. (D68) is
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1

2
kakbkcld∇aϕRbe∇cϕ∇d∇eϕ ¼ 1

2
½ðLkϕÞ1�2ðld∇d∇êϕÞ0ðkcRcêÞ1 −

1

2
½ðLkϕÞ1�2ðkcle∇e∇cϕÞ0ðkdlfRdfÞ0

−
1

2
½ðLkϕÞ1�2ðlelf∇e∇fϕÞ0ðRkkÞ1 ≃ 0: ðD74Þ

The seventh term of Eq. (D68) is

1

2
kakbkcld∇cRae∇bϕ∇eϕ∇dϕ ¼ −

1

2
½ðLkϕÞ1�2ðkckdlf∇dRcfÞ1ðle∇eϕÞ0 þ

1

2
ðLkϕÞ1ðkbkc∇cRbf̂Þ1ðld∇dϕÞ0ðDf̂ϕÞ0

−
1

2
ðLkϕÞ1ðLkRkkÞ1ðle∇eϕÞ0ðlf∇fϕÞ0 ≃ 0: ðD75Þ

The eighth term of Eq. (D68) is

1

2
kakbkcldRae∇c∇bϕ∇eϕ∇dϕ ¼ −

1

2
ðLkϕÞ1ðL2

kϕÞ1ðle∇eϕÞ0ðkdlfRdfÞ0 þ
1

2
ðLkϕÞ1ðld∇dϕÞ0ðDf̂ϕÞ0ðkcRcf̂Þ1

−
1

2
ðLkϕÞ1ðle∇eϕÞ0ðlf∇fϕÞ0ðRkkÞ1 ≃ 0: ðD76Þ

The ninth term of Eq. (D68) is

1

2
kakbkcldRae∇bϕ∇c∇eϕ∇dϕ ¼ 1

2
ðLkϕÞ1DêðLkϕÞ1ðld∇dϕÞ0ðkcRcêÞ1 −

1

2
ðLkϕÞ1ðkblf∇b∇fϕÞ0ðle∇eϕÞ0ðRkkÞ1

−
1

2
ðLkϕÞ1ðL2

kϕÞ1ðle∇eϕÞ0ðkdlfRdfÞ0 ≃ 0: ðD77Þ

So the tenth term of Eq. (38) under the first-order approximation is

−
1

2
kakb∇cϕ∇cðRad∇bϕ∇dϕÞ ≃ 0: ðD78Þ

The eleventh term of Eq. (38) is

1

2
kakb∇cϕ∇cðRab∇dϕ∇dϕÞ ¼ 1

2
kakbγcd∇cϕ∇dðRab∇eϕ∇eϕÞ − 1

2
kakbkcld∇aϕ∇dðRbc∇eϕ∇eϕÞ

−
1

2
kakbkcld∇cðRab∇eϕ∇eϕÞ∇dϕ: ðD79Þ

The first term of Eq. (D79) is

1

2
kakbγcd∇cϕ∇dðRab∇eϕ∇eϕÞ ¼ 1

2
kakbγcdð∇dRabÞ∇cϕ∇eϕ∇eϕþ 1

2
kakbRabγc

d∇cϕ∇dð∇eϕ∇eϕÞ

¼ 1

2
Df̂ðRkkÞ1ðDf̂ϕÞ0ð∇eϕ∇eϕÞ0 −

1

2
ðkaRab̂Þ1ðBd̂b̂Þ1ðDd̂ϕÞ0ð∇eϕ∇eϕÞ0

þ 1

2
ðRkkÞ1ðlc∇d̂kcÞ1ðDd̂ϕÞ0ð∇eϕ∇eϕÞ0 −

1

2
ðkbRâbÞ1ðBd̂âÞ1ðDd̂ϕÞ0ð∇eϕ∇eϕÞ0

þ 1

2
ðRkkÞ1ðlc∇d̂kcÞ1ðDd̂ϕÞ0ð∇eϕ∇eϕÞ0 þ

1

2
ðRkkÞ1ðDf̂ϕÞ0Df̂ð∇eϕ∇eϕÞ0

≃
1

2
Df̂ðRkkÞðDf̂ϕÞð∇eϕ∇eϕÞ þ 1

2
ðRkkÞðDf̂ϕÞDf̂ð∇eϕ∇eϕÞ ∼OðϵÞ: ðD80Þ

The second term of Eq. (D79) is
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−
1

2
kakbkcld∇aϕ∇dðRbc∇eϕ∇eϕÞ ¼ −

1

2
ðLkϕÞ1ðkbkcld∇dRbcÞ1ð∇eϕ∇eϕÞ0 −

1

2
ðLkϕÞ1ðRkkÞ1½ld∇dð∇eϕ∇eϕÞ�0 ≃ 0:

ðD81Þ

The third term of Eq. (D79) is

−
1

2
kakbkcld∇cðRab∇eϕ∇eϕÞ∇dϕ ¼ −

1

2
ðLkRkkÞ1ð∇eϕ∇eϕÞ0ðld∇dϕÞ0 −

1

2
ðRkkÞ1½Lkð∇eϕ∇eϕÞ�1ðld∇dϕÞ0

≃ −
1

2
ðLkRkkÞð∇eϕ∇eϕÞðld∇dϕÞ ∼OðϵÞ: ðD82Þ

So the eleventh term of Eq. (38) under the linear order approximation can be written as

1

2
kakb∇cϕ∇cðRab∇dϕ∇dϕÞ ¼ 1

2
Df̂ðRkkÞðDf̂ϕÞð∇eϕ∇eϕÞ þ 1

2
ðRkkÞðDf̂ϕÞDf̂ð∇eϕ∇eϕÞ − 1

2
ðLkRkkÞð∇eϕ∇eϕÞðld∇dϕÞ:

ðD83Þ

The twelfth term of Eq. (38) is

−
1

2
kakb∇cϕ∇cðRadbe∇dϕ∇eϕÞ ¼ −

1

2
kakbγcd∇cϕ∇dðRaebf∇eϕ∇fϕÞ þ 1

2
kakbkcld∇aϕ∇dðRbecf∇eϕ∇fϕÞ

þ 1

2
kakbkcld∇cðRaebf∇eϕ∇fϕÞ∇dϕ

¼ −
1

2
kakbγcd∇cϕ∇dðRaebf∇eϕ∇fϕÞ þ 1

2
kakbkcld∇aϕ∇dRbecf∇eϕ∇fϕ

þ 1

2
kakbkcld∇aϕRbecf∇d∇eϕ∇fϕþ 1

2
kakbkcld∇aϕRbecf∇eϕ∇d∇fϕ

þ 1

2
kakbkcld∇cRaebf∇eϕ∇fϕ∇dϕþ 1

2
kakbkcldRaebf∇c∇eϕ∇fϕ∇dϕ

þ 1

2
kakbkcldRaebf∇eϕ∇c∇fϕ∇dϕ: ðD84Þ

The first term of Eq. (D84) is

−
1

2
kakbγcd∇cϕ∇dðRaebf∇eϕ∇fϕÞ ¼ −

1

2
ðDĉϕÞ0DĉðkakbRaebf∇eϕ∇fϕÞ

0
þ 1

2
ðDĉϕÞ0ðkaRaeb̂f∇eϕ∇fϕÞ

1
ðBĉ

b̂Þ1

−
1

2
ðDĉϕÞ0ðkakbRaebf∇eϕ∇fϕÞ

1
ðld∇ĉkdÞ1 þ

1

2
ðDĉϕÞ0ðkbRâebf∇eϕ∇fϕÞ

1
ðBĉ

âÞ1

−
1

2
ðDĉϕÞ0ðkakbRaebf∇eϕ∇fϕÞ

1
ðld∇ĉkdÞ1

≃ −
1

2
ðDĉϕÞDĉðkakbRaebf∇eϕ∇fϕÞ ∼OðϵÞ: ðD85Þ

The second term of Eq. (D84) is

1

2
kakbkcld∇aϕ∇dRbecf∇eϕ∇fϕ ¼ 1

2
ðLkϕÞ1ðkbkcld∇dRbĝcĥÞ1ðDĝϕÞ0ðDĥϕÞ0 − ½ðLkϕÞ1�2ðkckdlelf∇fRcedĝÞ0ðDĝϕÞ0

þ 1

2
½ðLkϕÞ1�3ðkdkelflglh∇hRdfegÞ0 ≃ 0: ðD86Þ

The third term of Eq. (D84) is
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1

2
kakbkcld∇aϕRbecf∇d∇eϕ∇fϕ ¼ −

1

2
½ðLkϕÞ1�2ðle∇e∇ĝϕÞ0ðkckdlfRcfdĝÞ1 þ

1

2
ðLkϕÞ1ðld∇d∇f̂ϕÞ0ðDĝϕÞ0ðkbkcRdĝef̂Þ1

þ 1

2
½ðLkϕÞ1�2ðkclf∇f∇cϕÞ0ðkdkelglhRdgehÞ0

−
1

2
ðLkϕÞ1ðkble∇e∇bϕÞ0ðDĝϕÞ0ðkckdlfRcfdĝÞ1 ≃ 0: ðD87Þ

The fourth term of Eq. (D84) is

1

2
kakbkcld∇aϕRbecf∇eϕ∇d∇fϕ ¼ −

1

2
½ðLkϕÞ1�2ðkckdlfRcfdĝÞ1ðle∇e∇ĝϕÞ0 þ

1

2
ðLkϕÞ1ðld∇d∇f̂ϕÞ0ðDêϕÞ0ðkbkcRbêcf̂Þ1

þ 1

2
½ðLkϕÞ1�2ðkclf∇f∇cϕÞ0ðkdkelglhRdgehÞ0

−
1

2
ðLkϕÞ1ðkble∇e∇bϕÞ0ðDĝϕÞ0ðkckdlfRcfdĝÞ1 ≃ 0: ðD88Þ

The fifth term of Eq. (D84) is

1

2
kakbkcld∇cRaebf∇eϕ∇fϕ∇dϕ ¼ 1

2
½ðLkϕÞ1�2ðkckdkelglh∇eRcgdhÞ1ðlf∇fϕÞ0

þ 1

2
ðkakbkc∇cRaĝbĥÞ1ðld∇dϕÞ0ðDĝϕÞ0ðDĥϕÞ0

− ðLkϕÞ1ðkbkckdlf∇dRbfcĝÞ1ðle∇eϕÞ0ðDĝϕÞ0
≃
1

2
ðkakbkc∇cRaĝbĥÞðld∇dϕÞðDĝϕÞðDĥϕÞ ∼OðϵÞ: ðD89Þ

The sixth term of Eq. (D84) is

1

2
kakbkcldRaebf∇c∇eϕ∇fϕ∇dϕ ¼ −

1

2
ðLkϕÞ1DĝðLkϕÞ1ðle∇eϕÞ0ðkckdlfRcfdĝÞ1

þ 1

2
Df̂ðLkϕÞ1ðld∇dϕÞ0ðDĝϕÞ0ðkbkcRbĝcf̂Þ1

þ 1

2
ðLkϕÞ1ðL2

kϕÞ1ðlf∇fϕÞ0ðkdkelglhRdgehÞ0

−
1

2
ðL2

kϕÞ1ðle∇eϕÞ0ðDĝϕÞ0ðkckdlfRcfdĝÞ1 ≃ 0: ðD90Þ

The seventh term of Eq. (D84) is

1

2
kakbkcldRaebf∇eϕ∇c∇fϕ∇dϕ ¼ −

1

2
ðLkϕÞ1DĝðLkϕÞ1ðle∇eϕÞ0ðkckdlfRcfdĝÞ1

þ 1

2
Df̂ðLkϕÞ1ðld∇dϕÞ0ðDĝϕÞ0ðkbkcRbĝcf̂Þ1

þ 1

2
ðLkϕÞ1ðL2

kϕÞ1ðlf∇fϕÞ0ðkdkelglhRdgehÞ0

−
1

2
ðL2

kϕÞ1ðle∇eϕÞ0ðDĝϕÞ0ðkckdlfRcfdĝÞ1 ≃ 0: ðD91Þ

So the twelfth term of Eq. (38) under the first-order approximation is given as

−
1

2
kakb∇cϕ∇cðRadbe∇dϕ∇eϕÞ ≃ −

1

2
ðDĉϕÞDĉðkakbRaebf∇eϕ∇fϕÞ þ 1

2
ðkakbkc∇cRaĝbĥÞðld∇dϕÞðDĝϕÞðDĥϕÞ: ðD92Þ
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The thirteenth term of Eq. (38) is

1

4
kakbR∇aϕ∇bϕ∇c∇cϕ ¼ −

1

2
ðRÞ0½ðLkϕÞ1�2ðkald∇a∇dϕÞ0 þ

1

4
ðRÞ0½ðLkϕÞ1�2ðDĉDĉϕÞ0 ≃ 0: ðD93Þ

The fourteenth term of Eq. (38) is

−
1

2
kakbRbd∇aϕ∇dϕ∇c∇cϕ ¼ −ðkdlfRdfÞ0½ðLkϕÞ1�2ðkcle∇c∇eϕÞ0 − ðLkϕÞ1ðkblf∇b∇fϕÞ0ðle∇eϕÞ0ðRkkÞ1

þ ðLkϕÞ1ðkbld∇b∇dϕÞ0ðDêϕÞ0ðkcRcêÞ1 þ
1

2
½ðLkϕÞ1�ðDêDêϕÞ0ðkcldRcdÞ0

þ 1

2
ðLkϕÞ1ðld∇dϕÞ0ðDêDêϕÞ0ðRkkÞ1 −

1

2
ðLkϕÞ1ðDêϕÞ0ðDd̂Dd̂ϕÞ0ðkbRbêÞ1 ≃ 0: ðD94Þ

The fifteenth term of Eq. (38) is

−
1

2
kakbRad∇bϕ∇dϕ∇c∇cϕ ¼ −½ðLkϕÞ1�2ðkcle∇c∇eϕÞ0ðkdlfRdfÞ0 − ðLkϕÞ1ðkblf∇b∇fϕÞ0ðle∇eϕÞ0ðRkkÞ1

þ ðLkϕÞ1ðkbld∇b∇dϕÞ0ðDĝϕÞ0ðkcRcĝÞ1 þ
1

2
½ðLkϕÞ1�2ðkcldRcdÞ0ðDêDêϕÞ0

−
1

2
ðLkϕÞ1ðkbRbf̂Þ1ðDf̂ϕÞ0ðDêDêϕÞ0 þ

1

2
ðLkϕÞ1ðRkkÞ1ðld∇dϕÞ0ðDêDêϕÞ0 ≃ 0: ðD95Þ

The sixteenth term of Eq. (38) is

1

2
kakbRab∇dϕ∇dϕ∇c∇cϕ ¼ −ðRkkÞ1ð∇eϕ∇eϕÞ0ðkald∇a∇dϕÞ0 þ

1

2
ðRkkÞ1ð∇eϕ∇eϕÞ0ðDĉDĉϕÞ0 ∼OðϵÞ: ðD96Þ

The seventeenth term of Eq. (38) is

−
1

2
kakbRadbe∇dϕ∇eϕ∇c∇cϕ¼ ½ðLkϕÞ1�2ðkclf∇c∇fϕÞ0ðkdkelglhRdgehÞ0þðkald∇a∇dϕÞ0ðDĝϕÞ0ðDĥϕÞ0ðkbkcRbĝcĥÞ1

− 2ðLkϕÞ1ðkble∇b∇eϕÞ0ðDĝϕÞ0ðkckdlfRcfdĝÞ1−
1

2
ðkakbRaebf∇eϕ∇fϕÞ

1
ðDĉDĉϕÞ0

≃ ðkald∇a∇dϕÞðDĝϕÞðDĥϕÞðkbkcRbĝcĥÞ−
1

2
ðkakbRaebf∇eϕ∇fϕÞðDĉDĉϕÞ∼OðϵÞ: ðD97Þ

Therefore, the expression of Hðϕ2Þ
kk under the linear order approximation of the perturbation can finally be obtained as

Hðϕ2Þ
kk ≃

1

2
ðkakb∇d̂RabÞðDd̂ϕÞð∇eϕ∇eϕÞ þ

1

2
ðRkkÞðDf̂ϕÞDf̂ð∇eϕ∇eϕÞ þ 1

2
ðRkkÞð∇eϕ∇eϕÞðDĉDĉϕÞ

−
1

2
ðDĉϕÞDĉðkakbRaebf∇eϕ∇fϕÞ − 1

2
ðkakbRaebf∇eϕ∇fϕÞðDĉDĉϕÞ − ðRkkÞð∇eϕ∇eϕÞðkald∇a∇dϕÞ

−
1

2
ðLkRkkÞð∇eϕ∇eϕÞðld∇dϕÞ þ ðkald∇a∇dϕÞðDĝϕÞðDĥϕÞðkbkcRbĝcĥÞ

þ 1

2
ðkakbkc∇cRaĝbĥÞðld∇dϕÞðDĝϕÞðDĥϕÞ: ðD98Þ
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