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We study quasinormal modes (QNMs) of massive Klein-Gordon fields in static Bafiados-Teitelboim-
Zanelli (BTZ) black holes in terms of ladder operators constructed from spacetime conformal symmetries.
Because the BTZ spacetime is locally isometric to the three-dimensional anti-de Sitter spacetime, ladder
operators, which map a solution of the massive Klein-Gordon equation into that with different mass
squared, can be constructed from spacetime conformal symmetries. In this paper, we apply the ladder
operators to the QNMs of the Klein-Gordon equations in the BTZ spacetime. We demonstrate that the
ladder operators can change indices of QNM overtones, and all overtone modes can be generated from a
fundamental mode when we impose the Dirichlet or Neumann boundary condition at infinity. We also

discuss the case with the Robin boundary condition.

DOI: 10.1103/PhysRevD.106.044052

I. INTRODUCTION

Ladder operators are useful tools that provide a deep
insight into a system. For example, in quantum mechanics,
they change a quantum number of solutions of the
Schrodinger equation and allow for relating the different
eigenstates without detailed knowledge of the solutions. It
is known that the ladder operators in quantum mechanics
are related to the underlying symmetry of a given system.
As shown in [1,2], a similar discussion based on ladder
operators from symmetry of spacetimes is possible for a
Klein-Gordon field. Ladder operators of the massive Klein-
Gordon field can be defined in spacetimes with a particular
conformal symmetry, e.g., (anti-)de Sitter spacetimes, and
these operators change the mass squared of the Klein-
Gordon field [1,2]. The operator is named the mass ladder
operator and allows one to analyze the deeper structure of
test fields in curved spacetimes [3,4] as ladder operators in
quantum mechanics.

Test fields in a curved spacetime tell us a fundamental
geometrical property of the spacetime. They play an
important role in the understanding of phenomena in the
strong-gravity regime, say, energy extraction phenomena
from black holes [5,6], weak tidal fields in a compact
binary system [7,8], ringdown gravitational waves [9,10],
and probe of strong cosmic censorship conjecture [11]. In
general, to obtain a physically meaningful solution of the
equation of motion, we need to impose appropriate boun-
dary conditions on the solution. For example, for a test field
in black hole spacetimes, appropriate boundary conditions
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at the horizon and infinity define its characteristic oscil-
lation, namely, quasinormal ringing, which plays an
important role in various contexts [12-22]. Naturally, the
following question arises: Does a solution generated from a
physically meaningful solution by the mass ladder operator
[1,2] satisfy the appropriate boundary conditions that are
the same as the original solution?

In this paper, we apply the mass ladder operators to
phenomena, which highly depend on the global structure of
the solution, namely, quasinormal modes (QNMs) of the
massive Klein-Gordon field in static Bafiados-Teitelboim-
Zanelli (BTZ) spacetimes [23].1 This setup is the simplest
system, in which one can obtain an exact solution for
QNMs and can globally define the mass ladder operators.
With the rotational symmetry of the spacetime, the QNMs
can be decomposed into independent angular modes with
an integer m. For each mode with m, there exists a discrete
set of modes labeled by a non-negative integer n, which is
an index of overtones. We particularly investigate, when
performing the mass ladder operators on the QNMs,
whether the operators generate QNMs with different
indices (m, n).

This paper is organized as follows. In Sec. I, we review
QNMs and QNM frequencies of the massive Klein-Gordon
field in the static BTZ spacetime. In Sec. III, we construct
the mass ladder operators in the BTZ spacetime. In Sec. IV,

'In the previous work [4], we have mainly focused on
phenomena, which depend only on the local property of the
solution.
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we discuss the relation between the mass ladder operators
and the QNM boundary conditions. In Sec. V, we argue the
shift of the QNM frequencies by the mass ladder operators.
In Sec. VI, we provide some remarks on our results. In
Sec. VII, we summarize this work.

II. QUASINORMAL MODES IN
STATIC BTZ SPACETIMES

In this section, we review QNMs of the massive Klein-
Gordon field in the static BTZ spacetime by following
[16,17,24].

A. Massive Klein-Gordon field in the BTZ spacetime

In static coordinates (7, r, @), the static BTZ spacetime is
described by [23]

1
ds® = =N*(r)dr* + 6 dr? + r’de?,
2

Nz( ):_M+f2’

(2.1)
where we assume M > 0 and ¢ is the length scale of
three-dimensional anti—de Sitter spacetimes. The range of
the coordinate ¢ is 0 < ¢ < 27 and r = ry = £\/M is the
horizon radius such that N?(ry) = 0. We consider the
massive Klein-Gordon field ®(z, r, ¢) that satisfies

[V, V¥ — u?|® =0, (2.2)
where the mass squared satisfies y® > p3p and pp = —1/£>

is the Breitenlohner-Freedman bound in three-dimensional
anti—de Sitter spacetimes [25,26]. Expanding the field as

qum

where w,, € C and m € Z, Eq. (2.2) is reduced to an

equation,
1 (N? w,> m?
¢;;+<r ( >>¢' (Nz —rz—u2>¢m:o,
(2.4)

where the prime denotes the derivative with respect to r.
Hereafter, we will omit the subscript m of ¢,, and w,),.

Equation (2.4) can be solved in terms of the hyper-
geometric functions. We introduce a valuable z € [0, 1)
defined by

l r, (P —zwmt im(p’ (23)

*In this paper, we focus on the case y? > u3p. This is because
the system with > < p3 is generically unstable [25,26]. Another
reason is that the mass ladder operator, which is the main subject
of the present paper, for the real-valued mass squared exists only
for the case u? > ugp [1].

z=1-"2 (2.5)

and a function f(z) such that

_juc? Vi 2
po) = (1)@ (26)
Then, Eq. (2.4) can be written in the form
(1=0L ftle=(1+atb)dLr-abr=0. (27)
—-7)— c— a —f—abf =0, .
Z Z iz z e
where constants a, b, ¢ are given by
1 /1 202
i +ﬂ ‘ —l— (€ —m),
2rH
1 \/1 2¢?
b= i AL (0f + m),
2rH
bﬂZ
c=1-i2", (2.8)
'

Equation (2.7) is the differential equation for Gaussian
hypergeometric functions, of which linearly independent
solutions are ,F(a,b;c;z) and z'",F\(a—c+1,
b—c+1;2—c;z). We thus obtain a general solution of
Eq. (2.4):

jor> 1+\/1+u
P(z) = Z_lﬁ(l —-z) = = [A,F\(a,b;c;z)

4B F(a—c+1,b—c+1:2—c:2)], (2.9)

where A, B are constants.

B. QNM boundary condition at the black hole horizon

To define QNMs, we impose appropriate boundary
conditions on the general solution (2.9) at the black hole
horizon and infinity. Near the horizon, the general solution
behaves as

2 2
¢ =270 Aeior. 4 255 Beior, (2.10)
where r, is the tortoise coordinate defined by dr, = N~2dr
and r, =~ (¢%/2ry) In((r = ry)/ry). The first and second
terms of the right-hand side of Eq. (2.9) describe an ingoing
and outgoing wave, respectively. We impose the ingoing-
wave condition at the black hole horizon: B = 0. We then
obtain the solution that satisfies the ingoing-wave condition
at the black hole horizon:

_wl? 1+\/1+¢_2f2
= A7 Ta(l—2) T ,F

#(2) (a,b;c;z).  (2.11)
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C. Asymptotic behavior at infinity

We next consider the asymptotic behavior at infinity. For
W > i = —1/£2%, we have

o= (") ™ oy

[1]

+ Ay

( )HW (r). (2.12)

S 3
where the function = behaves as

=(r) = {ln r+O(1),

—a — b 4 ¢ = negative integer,

1+ O(1/r?), —a— b+ c # negative integer,
(2.13)
and the constants Ay, Ay are given by
C(e)(a+b—c)
A=A )T (h) , (2.14)
and
e A%, —a — b + ¢ = negative integer,
n=
A%, —a — b + ¢ # negative integer.

(2.15)

For > = pp, the asymptotic behavior is

¢(r) = AIBF +AuBF ln< )+O(1/7> (2.16)

where
Argr = —A 2r ?{S% (;)‘” (%) T(a+b),
Angr = —24 ?EZ; (Z)) (2.17)

Here, we have used y/(&) = jgln ['(¢) for £ € C and the

Euler number y = —y(1) ~0.5772. In the above discus-
sion, some formulas for the hypergeometric functions,
which are given in Appendix A, are used.

D. QNM boundary condition at infinity and
QNM frequencies

We consider four cases: the Dirichlet, Neumann, Robin,
and Dirichlet-Neumann boundary conditions. In the
following, we summarize each boundary condition and

3As will be seen later, the function Z has no logarithmic terms
when imposing the Dirichlet boundary condition at infinity.

the corresponding QNM frequencies. We follow the def-
inition of the boundary conditions at infinity on [27].

1. Dirichlet boundary condition

The Dirichlet boundary condition requires that A; in
Eq. (2.14) vanishes. Because the Gamma function has no
zeros, this condition corresponds to a = —n or b = —n,
where a, b are given in Eq. (2.8) and 7 is a non-negative
integer, then A; «x 1/I'(—n) = 0. The imposition of the
Dirichlet boundary condition determines the QNM
frequencies,

wp = i%— Z@nt14/1442¢%) (Dirichlet B.C.)
(2.18)

Physically, the non-negative integer n represents an index
of overtones.
Note that the expression of the QNM has no logarithmic

term,
2
r2 —i%Re 1/ 144282
H i Ty
p=A —
72

r
 (a)i(b)y rir)*
X;W<1—7> , (2.19)
where (£), =T'(£ + k)/T'(¢) for ¢ € C. This is because the

logarithmic terms as in Eq. (2.12) for the case where —a —
b + c is a negative integer, cancel out by the imposition of
the Dirichlet boundary condition A; =0, i.e., a = —n or
b = —n, as can be seen from the formula for the hyper-
geometric function in Appendix A.

2. Neumann boundary condition

The Neumann boundary condition requires that Ay in
Eq. (2.15) vanishes. That corresponds to ¢ —a = —n or
¢ — b = —n, where a, b, c are given in Eq. (2.8) and n is a
non-negative integer. Then, the QNM frequencies are
determined,

N = j:?_’fz (2n+1—4/1+u*>¢?) (NeumannB.C.).
(2.20)

The non-negative integer n corresponds to an index of
overtones. As can be seen from this expression, for

u?¢? > 0, the imaginary part of wy can be positive,

indicating the existence of unstable modes due to the
presence of a non-normalizable mode.* The QNM takes

*We call ® a normalizable mode if and only if the norm |®|? =
i dx*\/=gg" (®*0,® — ®0,d") is finite, where * denotes the
complex conjugate. If not, we call ® a non-normalizable mode. In
the context of AdS/CFT correspondence, a non-normalizable
mode plays a role in the “source” of dual theories.
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the form
P2\ R/ N\ 1T
o) )
(¢ —a)(c = b); ”%1 g
e 2.21
% ; k!(c), r? ( )

3. Robin boundary condition

In the case of u?#* > —1, the Robin boundary condition
corresponds to Ayp/A; =k (x € R), which includes the
Dirichlet boundary condition k = o0, i.e., A; = 0, and the
Neumann boundary condition x =0, ie., Ay =0. It is
difficult to obtain the analytic expressions for the QNM
frequencies except for the Dirichlet and Neumann boun-
dary conditions. From the condition Ay;/A; = k, the QNM
frequency for a fixed x can be obtained numerically (see
Appendix B).

For p>¢? = —1, the Robin boundary condition corre-
sponds to Ay gr/Arpr = 1/kgr (kgr € R). We numerically
calculate the QNM frequency for a fixed x from the
condition Ay gr/A;gr = 1/kpr (see Appendix B). We note
that the QNM frequency for the kgg = —oo case can be
analytically derived as shown below.

4. Dirichlet-Neumann boundary condition

In the case of y?#? = —1, the Dirichlet-Neumann boun-
dary condition is the simultaneous imposition of the
Dirichlet and Neumann boundary condition [27], which
corresponds to kg = —oo in Ay pp/Arpr = 1/kpg. The
QNM frequency is calculated to

m
wpN = *— —

y (Dirichlet-Neumann B.C.).

.
17’3 (2n+1)
(2.22)

We note that this corresponds to the case of Egs. (2.18) and
(2.20) with u*¢? = —1. The QNM takes the form

i _’w[z)'l\;: "H
r=alt-)

(2.23)

II1. MASS LADDER OPERATORS IN THE
BTZ SPACETIME

In this section, we introduce ladder operators associated
with the spacetime conformal symmetry of the BTZ
spacetime (2.1) according to [1-4]. In the BTZ spacetime,
there are four independent closed conformal Killing
vectors,

. )
Coze;;t< 1 at_r r—ry ar>7

rr—ry? ry
o 1 2 2
gl =e fﬂ( at+r r2 & 0,),
P —ry? Cry
rr — ry? 1
Cz=e7H‘/’( . 2 ar-l-—ago),
H
2_,. 2 1
é‘zze_T‘P(_ rHH 9, + a,,,) (3.1)

Those vectors satisfy the conformal Killing equations
Vil = (1/3)(Vel*)g,, and the closed condition
V.8, = 0. We define mass ladder operators in the static
BTZ spacetime,

k
Diy = Ly, =5Vl (3.2)

where i runs 0,1,2,3, k € R is a parameter which is related
to the mass squared of the Klein-Gordon field, and L, is
the Lie derivative along the closed conformal Killing
vectors (3.1). The explicit forms of the mass ladder
operators (3.2) become

\/ —ry’

r 1 1/ —
DOk—EfIf,( 0 0 +k r rH)
rr—ry? ry
_rH, 1 r\/rz—er r2—rH2
D ,=e 7 0,+ 5 0,—k—3; ,
‘ rr—ry? Cory £ry
(PP =ry? 1 r
D = igo a _a _k— )
2k e < frH r+ ¢ frH>
2
Dy —e oL ~ 1’ 9,4+~ a Tk (3.3)
! frH z,”rH

For these mass ladder operators, commutation relations
which act on scalar fields,

2k+1 k(k+2
V,V¥.D,; | = 7 zk+ (V gﬂ)[vuvﬂ_ (fz )}
(3.4)
hold, where VHV” is the d’Alembertian in the static BTZ
spacetime.

Performing the commutation relation (3.4) on some
smooth function ®(¢, r, @), we obtain a relation,

k(k+2) (k—1)(k+1)

Di,k—2 [V”V”— f2 :|q): {Vﬂvﬂ—T

D; .
(3.3)
If @ is a solution of the massive Klein-Gordon equa-

tion (2.2) with mass squared u’¢? = k(k+2), ie., @
satisfies

044052-4
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k(k +2)

2 ]Q—O, (3.6)

|:Vﬂ VH —

the left-hand side of Eq. (3.5) vanishes, thereby yielding

(k—1)(k+1)

{v,,w— s ]Di,kcp:o. (3.7)

This shows that the mass ladder operators map a solution of
the massive Klein-Gordon equation with mass squared
w>¢? = k(k+2) into that with different mass squared
Wt = (k=1)(k+1).
The mass squared with > > u2p can be parametrized as
Wt =uv(v+2), (3.8)
where v € R.” For a given parameter v, there are two
solutions of v(v + 2) = k(k 4 2) with respect to k, which
we denote by k.,
k, =-2-u, k. =v. (3.9)
Thus, there exist two different mass ladder operators,
Djx. , Djy . The operators D, shift the mass squared
W>? = v(v+2) of the massive Klein-Gordon field to
(v+1)(v+3), while the operators D;; shift it to
(v=1)(v+1), ie, D;x, and D;; shift the parameter v
tov + 1 and v — 1, respectively. Depending on the value of
u? or v, the mass ladder operators make mass squared raise
or lower. Figure 1 shows the shift of v by the mass ladder
operators Di,ki.6
The above discussion shows that the mass ladder
operators D;; can shift the parameter v in the mass
squared p?¢* = v(v+2) to v = 1. This implies that per-
forming the mass ladder operators several times, the
parameter v can be shifted to v & N with a positive integer
N. For example, the operator D; ,_n.; - D;, ,D; , can
shift the mass squared from p?¢? =v(v+2) to
(v—=N)(@+2—N). Another interesting example is that
the operator D;, _;_,D;, , becomes a symmetry operator of
the Klein-Gordon equation with the mass squared
w* =v(v+2),ie, D;, _1_,D; ,® becomes the solution
of the Klein-Gordon equation with the same mass
squared p?¢? = v(v + 2).
Because ¢ and {; in Eq. (3.1) are regular vector fields,
the mass ladder operators D, and D;;, map a regular
solution of the Klein-Gordon equation into a regular

We note that the parameter v with v > —1 can represent all
mass squared with y? > pd.. For v > —1, v can be written by
v=—1+ /14 p*¢?. In this paper, we mainly focus on v > —1.

6Acting D, onthe field with —1 < v < —1/2 makes the mass
squared raise. In the case of v = —1/2, that keeps the mass
squared.

FIG. 1. Mass ladder operators D; ;. shift v in the mass squared
W =v(w+2) into v — v 1. If the original parameter is
v = 1.3, the parameter is shifted into v = 0.3 by D;; and into
v=23by Dy, .

solution of that with different mass squared. On the other
hand, ¢, and {3 in Eq. (3.1) are not globally regular vector
fields in the BTZ spacetime due to the factor e*"#%#/? and
the corresponding mass ladder operators D, and Dsy,
are also not globally regular. Thus, we mainly focus on
Dy, and Dy, in the following sections.’

IV. MASS LADDER OPERATORS AND
QNM BOUNDARY CONDITIONS

In this section, we investigate the relation among the
mass ladder operators Dy, D and asymptotic behaviors
of the Klein-Gordon fields in the cases of the Dirichlet,
Neumann, and Dirichlet-Neumann boundary conditions.
We discuss other mass ladder operator cases, D, ; and D5 4,
in Appendix C and the Robin boundary condition cases in
Appendix D. If the mass ladder operators keep the QNM
boundary conditions, they map a QNM into another
QNM appropriately. We parametrize the mass squared of
the Klein-Gordon field as u?¢? =v(v+2) for a real
parameter v € R. In this section, we assume v > —1, then
v=—1+ /142>

The QNMs obtained in Sec. II are written in the form

P2\~ [\ 24w
CI>:A(1—r—I;> H<7H> SFi(a,b;c; 1 —r3/r?)

(4.1)

X e—ia)t+im(p’

"In fact, the multiple actions of the mass ladder operators Dy,
and D5y, can be regular, and this case will be briefly discussed in
Sec. VIB.
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where @ is the QNM frequency, and a, b, ¢ are given in
Eq. (2.8). The asymptotic behavior near the horizon is

f2
s r—r b )
ey, =274 (—H> T 1+ O(r=rg)eriortine,
Ty
(4.2)
Note r — ry =~ rye®u’/ ? in terms of the tortoise coordi-
nate r,. For v > —1, the asymptotic behaviors at infinity are

q)|r:oo = All <r7H> 2+D[1 + 0(1/7‘2)]

x e=@+im (Dirichlet B.C.),  (4.3)
Ol =i (") 114 001/
x e~iwrtime  (Neumann B.C.).  (4.4)

Here, the coefficients Ay and A; are, respectively, given in
Egs. (2.15) and (2.14). For v = —1, the asymptotic behav-
ior with the Dirichlet-Neumann boundary condition at
infinity is

. r
cp|r”~oo D = Ay Br {TH‘FO(]/’&)}

x e~i@itim¢ (Dirichlet-Neumann B.C.), (4.5)
where Ay g is given in Eq. (2.17). The power of the leading
behavior corresponds to the limit of v — —1 of that in
Egs. (4.3) or (4.4).

A. At the horizon

We consider the asymptotic behavior of a mapped
solution near the horizon. Performing the mass ladder
operators Dy, and D;;,  on the exact solution (4.1), the
asymptotic behaviors at r — ry are calculated to

2 .
r—ry —zzf—H(a)—H;—’Z)
T

—l(a}+l )t+1m</)

Dy, ® = cop, <

X e

T'u
« e—i(w—i;—g’)ﬂrim(p.
The explicit forms of the coefficients ¢y, and ¢y, are
given in Appendix E. Comparing these results with
Eq. (4.2), it can be seen that D, ® are ingoing waves
with the frequency @ = w + iry /¢ and Dy ; @ are those
with @ = @ — iry/£?. Thus, the mass ladder operators
keep the ingoing-wave condition.

B. At infinity: Originally from the QNM with the
Dirichlet boundary condition

We consider the action of the mass ladder operators on
@, which satisfies the Dirichlet boundary condition.
Performing the mass ladder operators Dy, and D;; on
the exact solution (4.1) with the Dirichlet boundary con-
dition, the asymptotic behaviors at infinity are

3+
Do, @ =i () 1 o

3+
Dl,k+q) = c(le)+ <r:1> [ + O(l/r )} —i CU—l—)I+lm(/)
(4.7)

The explicit forms of the coefficients cg?,i and c(l]_jkl are

given in Appendix E. Comparing these results with
Eq. (4.3), it can be seen that these correspond to the
asymptotic forms of a solution with mass squared p’¢? =
p(0+2) with o =v+ 1, which satisfies the Dirichlet
boundary condition. Thus, the mass ladder operators
Dy, and Dy, keep the Dirichlet boundary condition.

Performing the mass ladder operators Dy, and D;; on
the exact solution (4.1) with the Dirichlet boundary con-
dition, the asymptotic behaviors at infinity are

r 1+ —lw l_ m
D =) (%) 1+ gyt e,

I+ . Ny .
Dy @ =c) (—r”> [l 4+ O(1/2)]e o Htimo.
T r

(4.8)

(D)

The explicit forms of the coefficients ¢}~ ()

and ¢, are
given in Appendix E. Comparing these results with
Egs. (4.3)-(4.5), we can read off the boundary conditions
at infinity depending on the value of v. The asymptotic
forms of a solution with mass squared u?¢? = (v + 2)
with 7 = v — 1, which satisfies the Dirichlet boundary
condition for v > 0. Thus, for v > 0, the mass ladder
operators D, and D, _also keep the Dirichlet boundary
condition. For v = 0, the mass ladder operators D, ; and
D, change into the Dirichlet-Neumann boundary con-
dition as can be seen by comparing with Eq. (4.5). For
—1 < v < 0, the asymptotic behaviors in Eq. (4.8) are the
asymptotic forms of a solution with mass squared p’¢? =
p(0+2) with o = |v| — 1, which satisfies the Neumann
boundary condition: Ay = 0. Note that U satisfies —1 <
7 <0 for —1 < v < 0. Thus, remarkably, for -1 < v < 0,
the mass ladder operators D,; and D;, change the
Dirichlet boundary condition into the Neumann boundary
condition.

044052-6
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C. At infinity: Originally from the QNM with the
Neumann boundary condition

We perform the mass ladder operators on @, which
satisfies the Neumann boundary condition. Performing the
mass ladder operators Dy, and D, on the exact solution
(4.1) with the Neumann boundary condition, the asymp-
totic behaviors at infinity are

—1-v
oe =l (2) - oryeter

r _1 v l{H l nmgq
Dy ®=cy. <7”) 1+ O(1/2)]e @ idrsime,

(4.9)

(N)

The explicit forms of the coefficients Cok, (N)

and ¢, are

given in Appendix E. These are the asymptotic forms of a
solution with mass squared u?¢? =0(0+2) with
U =v+ 1, which satisfies the Neumann boundary con-
dition. Thus, the mass ladder operators Dy, and Dy,
keep the Neumann boundary condition.

Performing the mass ladder operators D, and D;; on
the exact solution (4.1) with the Neumann boundary
condition, the asymptotic behaviors at infinity are

r 1= I(U l i
Do =l (1) o,

r 1= l(U l m
Dy ®= cﬁi <7H> 1+ (’)(l/r )]e B)1+i 2

(4.10)

N)

The explicit forms of the coefficients ¢,

(N)

and ¢,/ are
given in Appendix E. Comparing these results with
Egs. (4.3)-(4.5), we can read off the boundary conditions
at infinity depending on the value of v. For v > 0, the
asymptotic forms of a solution with mass squared y*#* =
p(0+2) with  =v—1, which satisfies the Neumann
boundary condition. Thus, for v > 0, the mass ladder
operators Dy ;_and D ; also keep the Neumann boundary
condition. For v = 0, the mass ladder operators D, and
D ;_ change into the Dirichlet-Neumann boundary con-
dition as can be seen by comparing with Eq. (4.5). For
—1 < v < 0, the asymptotic behaviors in Eq. (4.10) are the
asymptotic forms of a solution with mass squared u’>#> =
p(v+2) with o= |v| — 1, which satisfies the Dirichlet
boundary condition. Note that ¥ satisfies —1 < 7 < 0 for
—1 < v < 0. It should also be noted that, for —1 < v < 0,
the mass ladder operators Dy, and D;; change the
Neumann boundary condition into the Dirichlet boundary
condition.

D. At infinity: Originally from the QNM with the
Dirichlet-Neumann boundary condition

We perform the mass ladder operators Dy _; and D _,
on @, which satisfies the Dirichlet-Neumann boundary
condition.® Performing them on the exact solution (4.1)
with the Dirichlet-Neumann boundary condition, the
asymptotic behaviors at infinity are

2 . .y .
Dy ® = C(()I’)_I\i) <r71‘1) [1 + O<1/r2)]e—l(w+zf—f2’)r+nnfll’

Dl P = C(IDI\? <’I:‘1> [1 + O(l/}" )] —i(w— z—)t+zm(p
(4.11)

The explicit forms of the coefficients c(()]?_l\? and cgl_)_l\i) are

given in Appendix E. Comparing with Eq. (4.3), these
correspond to the asymptotic forms of a massless solution,
which satisfies the Dirichlet boundary condition. Thus, the
mass ladder operators D _; and D _; change the Dirichlet-
Neumann boundary condition into the Dirichlet boundary
condition.

V. CHANGES OF QNM FREQUENCIES AND
INTERPRETATION

In the previous section, for the cases of the Dirichlet,
Neumann, and Dirichlet-Neumann boundary conditions,
we have seen that the single action of Dy ;, and D, maps
the QNM into another QNM with one of those boundary
conditions depending on the value of v (see Tables I-III). In
this section, we discuss physical interpretations in terms of
the QNM frequency spectra. In particular, for those
boundary conditions, we will see that all overtones can
be generated from the fundamental modes.

The QNM frequencies with the Dirichlet, Neumann, and
Dirichlet-Neumann boundary conditions are, respectively,
given in Egs. (2.18), (2.20), and (2.22), which are rewritten
in terms of v as

(5.1)

wp(v,n)= j:?—l—(2n+2+y) (Dirichlet B.C.),

f2

on(v,n)= :I:——l—(Zn v) (NeumannB.C.),

i (5.2)

wpn(n) = £ i;—g (2n+1) (Dirichlet-NeumannB.C.),

7
(5.3)

where m € Z is the azimuthal numberandn = 0, 1,2, ... is
an index of overtones. Note that the parameter v is related to

8Because of k . =k_ = —11n Eq. (3.9), both the mass ladder
operators Dy and D; make the mass squared raise as stated at
the end of Sec. III.
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TABLE I. Change of the QNM frequencies by the mass ladder operators. The original QNM frequency is wp (v, n) in Eq. (5.1). For
Dy ., no negative overtones are generated from the fundamental mode n = 0.
Operators DO.k+ DO.k_ Dl,k+ Dl,k_
op(v—1,n) (v>0) op(v—=1,n+1) (v>0)
Frequencies op(v+1,n-1) wpx(n) (v=0) op(v+1,n) wpy(n+1) (v=0)
on(lv] = 1,n) (-1 <v <0) oy(v|-1L.n+1) (-1 <v<0)
TABLE II. Change of the QNM frequencies by the mass ladder operators. The original QNM frequency is wy(v, n) in Eq. (5.2). For

Dy _, no negative overtones are generated from the fundamental mode n = 0.

Operators Doy, Doy D, k. Dy,
onv=1,n-1) (v>0) on(v—1,n) (v>0)
Frequencies on(v+1,n) wpn(n—1) (v=0) on(v+1,n+1) wpn(n) (v=0)

op(jy| = Ln=1) (-1 <v < 0)

op(ly| = 1,n) (-1 <v<0)

TABLE IIL

Change of the QNM frequencies by the mass ladder operators. The original QNM frequency is wpy(n) in Eq. (5.3). For

Dy__,, no negative overtones are generated from the fundamental mode n = 0. The operator DE' maps the fundamental mode into a
fundamental mode of the QNM with the Neumann boundary condition for the massless Klein-Gordon equation.

Operators

Dl,—l D(]?F

Frequencies

wpn(0) = wyn(0,0)

the mass squared p?£%(> p3pt?) asv = —1+ /1 + p*£>
under the assumption v > —1.

A. From the QNM with the
Dirichlet boundary condition
Equations (4.7) and (4.8) imply that performing the mass
ladder operators D ;, on the QNM, the QNM frequency is
shifted as @ — @ = w + iry /7, ie.,

(5.4)

It also follows from Egs. (4.7) and (4.8) that per-
forming the mass ladder operators D, , we observe

w—d=w-—iry/? ie.,

These frequency shifts can be interpreted as the changes of
(v, n) by comparing with Egs. (5.1)—(5.3). We summarize
the results in Table I. We should note that Dy, and D, ;_
change the boundary condition of the QNMs for
—1 <v <0. When performing Dy, on the fundamental
mode of @, i.e., n =0, a trivial solution is generated:
Dy, ® = 0. Namely, no “negative overtones” are gener-
ated. This can also be understood from the fact that the

coefficients cgy, and C(()].3k>+ in Egs. (E1) and (E2) vanish for
the fundamental QNM frequency wp (v, 0).

B. From the QNM with the
Neumann boundary condition

From Egs. (4.9) and (4.10), performing the mass ladder
operators Dy, on the QNM, we obtain a shifted QNM
frequency,

o=+ i on—y-1).

i (5.6)

Equations (4.9) and (4.10) also imply that performing the
mass ladder operators D ; , we obtain
@:i%—i;—’;@n—uﬁ). (5.7)
These frequency shifts can be interpreted as the changes of
(v,n) by comparing with Egs. (5.1)—(5.3). We summarize
the results in Table II. We should note that Dy, and D, ;_
change the boundary condition of the QNMs for
—1 < v <£0. When performing D, on the fundamental
mode of @, i.e., n =0, a trivial solution is generated:

Dy ®@ = 0; thus, no negative overtones are generated.
This can also be understood from the fact that the

coefficients ¢y, and cgj()_ in Egs. (E1) and (E5) vanish
for the fundamental QNM frequency wy(v, 0).
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C. From the QNM with the Dirichlet-Neumann
boundary condition
From Eq. (4.11), performing the mass ladder operator
Dy_; on the QNM, the QNM frequency is shifted as
w—d=0w+irg/t? ie
- m ’” H
= :l: —_
CmEeT e
Equation (4.11) also implies that performing the mass
ladder operator D; _;, we obtain a shifted QNM frequency,

(2n). (5.8)

m
@ = j:? fz " (2n+ 2). (5.9)
These frequency shifts can be interpreted as the changes of
(v,n) by comparing with Eq. (5.1). We summarize the
results in Table III. We should note that Dy_; and D _,
change the boundary condition of the QNMs from the
Dirichlet-Neumann boundary condition into the Dirichlet
boundary condition. When performing D, _; on the fun-
damental mode of ®, ie., n =0, a trivial solution is
generated: D,_;® = 0; thus, no negative overtones are

generated. This can also be understood from the fact that
the coefficients ¢y _; and c(()]?_l\? in Egs. (E1) and (E6) vanish
for the fundamental QNM frequency wpy (0).

In fact, for the u? = u3p case, we can define an addi-

tional mass ladder operator which performs on only a
fundamental mode as

I —y
(v C0)® = erHt/fz 27}’[1(D0’

Cry
where @, is the fundamental mode in Eq. (2.23) with
n = 0. We can easily see that D§F®; is the fundamental
mode of the QNM with the Neumann boundary condition
for the massless Klein-Gordon equation.9

DEF @, := (5.10)

D. Symmetry operators from multiple actions

Symmetry operators can be constructed from multiple
actions of Dy, and D;, . For example, the actions

The reason why this operator acts as a ladder operator only for
the fundamental mode is as follows. We parametrize the mass
squared around g3 as u?¢? = —1 + & with 1 > § > 0, then k..
becomes k.. = —1 & §. The additional mass ladder operator D5¥
can be written by

3 Dyi —D
DBF = — 2 jm —2t 0k

5 lim 5 (5.11)

For 6 > 0, if the operator D, — Do _ acts on the fundamental
mode of the QNM with the Dirichlet boundary condition, the
mapped solution becomes the QNM with the Neumann boundary
condition because the action of D, on the fundamental mode
vanishes (see Table I). Taking the limit of § — 0, the mapped
solution becomes the fundamental mode of the QNM with the
Neumann boundary condition for the massless Klein-Gordon
equation.

Doy —1Dox_ or Dy 1Dy keep mass squared as the
original one and maps the QNM into a QNM appropriately.
Then, the QNM frequency is shifted as w — £ i2ry/£>.
In the case of the Dirichlet boundary condition, in which
the QNM frequency is given in Eq. (5.1), that leads to

@:ig—;';[(n—nuﬂ] (5.12)
for Do, _1Do s @ and
b=t iR+ 1) +2+14,  (5.13)

¢ 2
for Dy, 1Dy @. It can be seen that the index of the
overtone is shifted. This is also the case of the Neumann
boundary condition and the Dirichlet-Neumann boundary
condition. Thus, for those boundary conditions, all over-
tones can be generated from the fundamental modes by
performing these symmetry operators multiple times.'  We
note that if a symmetry operator constructed from the
multiple action of the mass ladder operators does not
change the overtone number, the operator can be written
by the multiple action of the Lie derivative with respect to
the Killing vectors.

VI. REMARKS

A. Parameter shifts of QNMs with purely imaginary
frequency for the Robin boundary condition

In Appendix D, we discuss changes of QNMs with the
Robin boundary condition with the mass ladder operators.
The QNM frequencies are shifted as @ — @ + iry/¢? and
w — w—iry/¢* for Doy, and Dy, , respectively. The
mass ladder operators Dy, and D ;, change not only the
mass squared but also the Robin boundary condition
parameter k. In general, the resulting Robin parameter is
complex even if the original parameter is real. We find that
the shifted Robin parameter takes real values when the
original QNM frequency is purely imaginary and the
original Robin parameter is real. As can be seen in
Figs. 2(a) and 3(a) in Appendix B, the purely imaginary
w indeed exist. When performing the mass ladder operators
on the QNMs with purely imaginary @ and the real Robin
parameter, resulting QNMs also have purely imaginary
frequencies and the real Robin parameter.

B. Regular solution generated by

multiple actions of D,;, and D3
As mentioned in Sec. III, the single action of D, ;, and
D5, fails to generate a globally regular solution from the
QNM due to the factor e*#?/? Here, we argue that a special
combination of them yields a regular solution, i.e., a QNM.
For example, the multiple action D,; _1D3;, has no
singular factor and changes the parameter v as v — v + 2.

"“This is not necessarily the case of the Robin boundary
condition.
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The QNM is appropriately mapped into a QNM with mass
squared raised but the value of @ is unchanged. The resulting
QNM frequencies are interpreted as

o=+

f—ggpm—1y+z+@+2n (6.1)

for the Dirichlet boundary condition, and

:i%—égMn+U—@+a]

S

(6.2)

for the Neumann boundary condition. The indices of the
overtone are also shifted.

Finally, we make a comment on symmetry operators. If
we construct regular symmetry operators from D, and
Dsy,, e.g., Dyy y1D3 , those do not change the QNM
frequencies. In fact, those operators become the trivial
symmetry operators, i.e., the Lie derivative with respect to
the Killing vectors.

VII. SUMMARY

We have studied QNMs of the massive Klein-Gordon
field in the static BTZ spacetime in terms of the mass ladder
operator, which is constructed from the spacetime con-
formal symmetry. The mass ladder operators consist of two
types of operators, which play a role in making
mass squared of the Klein-Gordon field raise or lower,
respectively.

We have shown that the mass ladder operators keep the
ingoing-wave condition at the horizon and can change
boundary conditions at infinity. In the cases of the Dirichlet
and Neumann boundary condition, we have seen that the
mass ladder operators map the QNM into another QNM
with one of those boundary conditions depending on the
value of the mass squared. It has further been shown that
the mass ladder operators change not only the mass squared
but also the QNM frequencies. In some cases, an index of
overtones is shifted. It has been revealed that all overtones
can be generated from a fundamental mode with the mass
ladder operators. This reminds us of the well-known results
in quantum mechanical problems, i.e., all excited states can
be derived by performing the ladder operators on the
ground state wave function in the harmonic oscillator or
supersymmetric system. It is also known that there is a
correspondence among QNMs and bound states of the

|

SFi(a,b;c;z) = ['(a)[(b)

Schrédinger equation in quantum mechanics, e.g., [28-31].
Our present results suggest the existence of a further
analogy between QNMs and quantum mechanical systems.

We have also investigated the case of the Robin
boundary condition, which is characterized by one real
parameter called the Robin parameter. In this case, the mass
ladder operators keep the Robin boundary condition but
change the Robin parameter. In general, the resulting Robin
parameter is complex even if the original parameter is real.
We have found that the shifted Robin parameter takes real
values when the original QNM frequency is purely
imaginary.

It is interesting to extend the current analysis to the case
of rotating BTZ black holes. Test fields in the rotating BTZ
black hole spacetime have been intensively investigated in,
e.g., [32-34]. Because the rotating BTZ spacetime is also
locally the anti—de Sitter spacetime in three dimensions, the
mass ladder operators can also be defined by using the
spacetime conformal symmetry. Thus, we expect that the
ladder operators can be used to understand the QNM
frequencies of rotating BTZ black holes. It is also interest-
ing to study QNMs of topological black holes in [35], of
which geometries are locally isometric to the anti—de Sitter
spacetimes in four and higher dimensions. We leave these
problems for future work.
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APPENDIX A: FORMULAS OF
HYPERGEOMETRIC FUNCTION

We give the formulas for the hypergeometric functions
[36] used in Sec. II. In the derivation of Eq. (2.12) for

we? > =1, if —a—b+c=—/1+p>f* is a negative
integer, e.g., u> = 0, we use a property,

DO b=0) () gy §N Al t Oy

—~ klla+b—c+1),

_ (D)) (@)i(b)y
);k!(a

I'—a+c)l'(-b+c

x(In(1-z)—wk+1)—wla+b—c+1+k)+y(a+k)+w(b+k)),

_ S\k
bt

(A1)

where (&), =T(é+k)/T(€) for E€C. If —a— b+ ¢ = —/1 + u>£? is not a negative integer, we use a property
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I'(c)l'a+b—-c)
[(a)(b)
I(e)'(—a=b+c)
I'(—a+c)I'(-b+c)

,Fi(a,b;c;z) =

+

JFi(a,b;a+b—c+1;1-2).

(1=z) bt Fil(-a+c,~b+c;—a—b+c+1;1-2)

(A2)

In the derivation of Eq. (2.16) for y>#? = —1, we use a property

SFi(a,ba+b;z) = 11:((2;(1;; f: OROR (1=2)f(=In(1 = z) + 2w (1 + k) —w(a + k) —w(b +k)).

(k)2

k=0
For the Dirichlet boundary condition, i.e., a = —n (or
b = —n) for a non-negative integer n, the hypergeometric

function takes the form of a finite polynomial,
- (_n)k(b)ké

Fi(=n,b;c;z) = ) (A4)
: ; () k!
Note that there is a property ,Fi(a,b;c;z) =

,Fi(b,a;c;z); therefore, ,F\(a,—n;c;z) is also a finite
polynomial of z.

APPENDIX B: QNM FREQUENCIES WITH THE
ROBIN BOUNDARY CONDITION

In this section, we numerically calculate QNM frequen-
cies with the Robin boundary condition due to the difficulty
of the analytical derivation of them.

1. p?¢? > —1 case

For u?¢* > —1, the generic boundary condition at
infinity corresponds to choosing the values of A; and Ay
in the asymptotic behavior in Eq. (2.12). When we solve the
linear differential equation, the only meaningful informa-
tion is the ratio of Ay and Ayy. Thus, we choose the value of k
such that A;/A; = k(x € R). This generic boundary con-
dition is called the Robin boundary condition. We note that
the Robin boundary condition includes the Dirichlet boun-
dary condition k = o0, i.e., A; =0, and the Neumann
boundary condition x = 0, i.e., Ay = 0. In this section,
we investigate a typical mass squared case in the region of
—1 < u?¢* < 0, where there are two normalizable modes.
An analysis of QNMs in this case is well motivated from
various contexts, e.g., [37-40].

The QNM frequencies are determined by A /A; = k. It
is hard, in general, to obtain their analytic expressions
except for k = co,0. We numerically solve the algebraic
equation Ay /A; = k, where A} and Ay, are functions of @
and are given by Egs. (2.14) and (2.15), respectively.

"The Dirichlet or Neumann boundary conditions require that the
leading term of (r/ry )=V g or 0,((r/ry)'=V'H#'¢ ) vani-
shes near r — oo, respectively, while the Robin boundary condition
requires their linear combination vanishes [27]. The domi-
nant behaviors of (r/ry)' V17 ¢ and 0,((r/ry)'=V 7 $)
are governed by A; and Ay, respectively. Hence, Ay = Oand Aj; = 0
correspond to the Dirichlet boundary condition and the Neumann
boundary condition, respectively.

(A3)

|
Figure 2(a) presents the flow of the QNM frequencies of
the fundamental mode with m = 1, u>¢? = —0.75,ry /¢ =
1 in the complex @ plane when we continuously increase
—k in the range of —k € [—1000, 3]. At the beginning
—k = —1000, the QNM frequencies are in good agreement
with the analytic expressions with the Dirichlet boundary
condition, i.e., Eq. (2.18). As—« increases, |Im[w]|
decreases, while |[Re[w]| increases up to —k ~ —2 and turn
to the decrease. At —k = 0, the QNM frequencies are in
good agreement with the analytic expressions with the
Neumann boundary condition, i.e., Eq. (2.20). As —«
further increases, the trajectories approach the imaginary
axis with Im[w] < 0, and intersect the imaginary axis at
—Kk = —kK,. ~ (0.84. Finally, the trajectory splits into two on
the imaginary axis, one moving in the positive direction on
the axis and the other moving in the negative direction. The
dynamics is linearly stable for —x < —«.. We notice that
there is a special value —x = —ky(> —«,) such that ® = 0
and below which exponentially growing modes exist. In
other words, for —k > —kj, the dynamics is linearly
unstable due to the boundary condition."?

Figure 2(b) shows the relation between the imaginary
part of the QNM frequencies of the fundamental mode and
k. Weset m = 1, 4%¢> = —=0.75, and ry /€ = 1.4, 1.0, 0.7,
which are denoted by the green, blue, and red lines,
respectively. Each line bifurcates into two at x = k. It
can also be seen that Im[w] vanishes at —x = —k =~ 0.53,
0.84, 1.29 for ry/¢ =14, 1.0, 0.7, respectively, and
unstable modes exist for —x > —k,.

2. p*¢* = -1 case

In this case, the Robin boundary condition is
Anpr/Aisr = 1/kgr (kgr € R), where Ajpr and Ay g
are given in Eq. (2.17). We numerically solve
Ay pr/Argr = 1/kpr for w. Figure 3(a) demonstrates the
flow of the QNM frequencies of the fundamental mode
with m = 1, y?¢* = —1,ry /¢ = 1 when we increases kg
in the range of kg € [—-1000,1]. At the beginning

">This kind of instability has been investigated in [39] for the
rotating BTZ black hole case and in [40] for the Reissner-
Nordstrom-AdS-black hole case. We note that in pure AdS, there
is a condition k > K, for which no exponentially growing modes
appear [27,40]. In the BTZ spacetime, the critical value x, differs
from the pure AdS case.
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(a)QNM frequencies in the complex plane

FIG. 2. Left: flow of the QNM frequencies with respect to « for
m = 1,u*¢* = —0.75, ry /¢ = 1.0. The arrows denote the direc-
tion to which —« increases. The red and black points represent the
QNM frequencies for the Dirichlet condition case in Eq. (2.18)
and the Neumann condition case in Eq. (2.20), respectively.
Right: relation between the imaginary part of the QNM frequen-
cies and —«x for m = 1, u>¢*> = —0.75, and ry /¢ = 1.4, 1.0, 0.7,
which are denoted by the green, blue, and red lines, respectively.
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(a)QNM frequencies in the complex plane (b)Im(w) and kpr
FIG. 3. Left: flow of the QNM frequencies with respect to xpp

for m = l,ﬂzfz = —1,ry/¢ = 1.0. The arrows denote the di-
rection to which kg increases. The red points represent the QNM
frequencies for the Dirichlet-Neumann boundary condition case
in Eq. (2.22). Right: relation between the imaginary part of the
QNM frequencies and xgp for m = 1,4*¢> = -1, and
ry/¢ = 1.4, 1.0, 0.7, which are denoted by the green, blue,
and red lines, respectively.

k = —1000, the QNM frequency is in good agreement with
the analytic expression (2.22). As kgp increases, the QNM
frequencies approach the imaginary axis with Im[w] < 0,
and intersect the imaginary axis at kg = kpg,. =~ —0.38.
Finally, the trajectory splits into two on the imaginary axis,
one and the other moving in the positive and negative
direction on the axis, respectively. The dynamics is stable
for kgp < kpg.. There exists a special value kg = kppo(>
kgr.) such that @ =0 and beyond which exponentially
growing modes exist."

YIn the pure AdS case, there is a condition kg < kg beyond
which exponentially growing modes appear [27].

Figure 3(b) shows that the relation between the
imaginary part of the QNM frequencies of the funda-
mental mode and kgp. We set m = 1, u%>¢? = —0.75, and
ry/¢ = 1.4, 1.0, 0.7 which are denoted by the green,
blue, and red lines, respectively. Each line bifurcates into
two at Kpp = Kpg.. It can also be seen that Im[w]
vanishes at kppg=~—0.92,-0.38, 0.84 for ry/¢ =14,
1.0, 0.7, respectively, and unstable modes exist
for kg > Kppy.

APPENDIX C: ASYMPTOTIC BEHAVIORS OF
D, ® AND D, ®

We discuss the asymptotic behaviors of D,;® and
D; ;@ near the horizon and infinity. As mentioned in
Sec. 1V, because the mass ladder operators D, and Dj
are not globally regular, D, ;® and D;;® are also not
globally regular even if @ is a globally regular solution.
This can be seen in the factor e*'#?/?, i.e. the mapped
solutions are not globally smooth in ¢ direction, in the
following discussion. Thus, the mass ladder operators
Dy, and D3, fail to generate a QNM from the QNM
solution ®. However, as is stated in Sec. VIB, the
multiple actions with appropriate combinations of Dj
and Dj,, are regular operators and they can generate
a QNM.

1. At the horizon

We consider the asymptotic behavior of a mapped
solution near the horizon. Performing the mass ladder
operators D, and D3, on the exact solution (4.1), the
asymptotic behaviors at r — ry are calculated to

.2
_w Qwl? + kory —im€ (r—rg\ i
Dy, @ = —27%4A =4 )
e er Iy

X [1 + O(r - rH)]e_iweri(m_iV?H)w,

. . 0
P iwl? + kyry + imt (r—ry\ 55
3k er

'y

X [1 4+ O(r — ry)]e~iortim+ife, (C1)

2. At infinity: Originally from the
QNM with the Dirichlet boundary condition

We perform the mass ladder operators on @, which
satisfies the Dirichlet boundary condition. Performing the
mass ladder operators D, ;. and D3, on the exact solution
(4.1) with the Dirichlet boundary condition, the asymptotic
behaviors at infinity are
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(@f* = ry(2 +v) —imf)(0f? + ry(2 +v) + im?)

DZ,k q) = -

3tv .
Ay <FTH) % [1 + O(l/r2)]e—imt+i(m—i7H)q7’

* 2ra (2 +v)
D @ (0f* +iry(2 +v) + m€)(@f? — iry(2 +v) — mf)
M 23,62 +v)

Performing the mass ladder operators D,; and D5, on
the exact solution (4.1) with the Dirichlet boundary con-
dition, the asymptotic behaviors at infinity are

2(1 1+v
Dy @ =— ( +D)AH <r7H> [140(1/r)]
X e—iwt+i(m—i%’)(p’
2 1 1+v
D3 @ = u+y) Ay <r7H> (14 0(1/r)]

% e—iwt+i(m+ir7’7)(/7 .

(C3)

3. At infinity: Originally from the QNM with the
Neumann boundary condition

We perform the mass ladder operators on ®, which
satisfies the Neumann boundary condition. Performing the
mass ladder operators D, ;, and D3, on the exact solution
(4.1) with the Neumann boundary condition, the asymp-
totic behaviors at infinity are

2(14+v ry\
Dy, @ = ( >AI (7”’) [14+0(1/r)]
% e—i(ut+i(m—ir7H)(p’
2(1 +v) rg\-l )
D3 @ = - 7 A - [1+0(1/r%)]

% e—ia)tJri(eriVTI?)(p .

(C4)

Performing the mass ladder operators D,; and D;; on
the exact solution (4.1) with the Neumann boundary
condition, the asymptotic behaviors at infinity are

(iwf?* +ryv—imf)(iwt? — ryyv+imf)

Dy &=

2r4fy
1-v -
X Ap (r—H> [140(1/2))eiot+ilm=iFe,
r
D.\ @ (iwf?* + ryv+imf) (iwt? — ryv—imf)
3k P=—

2r4ty

1-v .
X A (r—H> [14+0O(1/r2)]etertim+ipe —(C5)
r

3+v ) ) .
AII <FTH) X [1 + O(l/r2)]e—1mt+z(m+z7*,1)1p‘ (CZ)

APPENDIX D: MASS LADDER OPERATORS
ON THE QNMS WITH THE
ROBIN BOUNDARY CONDITION

Here, we perform the mass ladder operators D; ;, on the
QNM with the Robin boundary condition. The asymptotic
behaviors of the field with y?¢? = u(v + 2) at infinity are

@ = A K%’) T+ o0/m)

+ K<’”f> aron /rz))] emiorting(D1)

‘I)|£y:=o;1) = Aypr [(m) In <VH> + KBFri
r r r

+ O(l/r'i):| e—ia)t-&—im(p. (D2)

In the derivation of Eq. (D1), for simplicity, we have
assumed that v is not an integer; thus, the expression of the
QNM has no logarithmic term."*

1. Asymptotic behaviors at infinity: v > —1 case

We perform the mass ladder operators on ®, which
satisfies the Robin boundary condition. Performing the
mass ladder operators D; ;. on the exact solution (4.1) with
the Robin boundary condition, the asymptotic behaviors at
infinity are

B (24 v)ry — iwf?)? + m*£? )3
4ry (1 +v)(2 +v)

DO,k+¢) = -

r

X (1 + 0(1/,,2))} e—i(m+i;—§1)t+im(p’

AIK%”)_H(I +O(1/P))

3 (24 v)ry + iwf?)? + m*¢? 'y 3+v
4r3(14+v)(2+v)

r

X (1 + O(]/rZ)):| e—i(w—i;—’g)ﬂrimm’

“If  is an integer, in general, the expression of the QNM has
logarithmic terms. Then, the asymptotic behaviors include the
contribution of E in Eq. (2.13).
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Dy ® = w/\l {('f)_l_y(l +O(1/12))

B (2+v)ry + imf)? + w*¢* i\
4r3(1+v)(2 +v)

r

X (1 + 0(1/},2)):| e—iwt—}—i(m—ir?H)(p’

I
(24 v)ry — im?)? + *¢* TH 3tv
4r5(14+v)(2 +v)

Dy ® = _2Ey) K’T”yl_y(l +O(1/P))

r

% (1 + O(]/rz)):| e—iotti(m+it)y. (D3)

Note that D, ; @ and D5 ;@ are not globally regular due to
the factor e*"#?/*. It can be seen for Doy @ and Dy @
that comparing with Eq. (D1), those are the asymptotic
forms of a solution with y?¢? = (v + 1)(v + 3), which
satisfies the Robin boundary condition. We notice that
defining the Robin boundary condition parameter for the
mapped solutions, X,, in the same manner as «, that is
different from «, i.e.,
ro—iwf?) 2 m2 2
- ((2+:3'§11(] +Ui2)+t) : K, for Do-k+’

_(C+)rytiot*)?+m* 2
4r2,(14v) (24v) x, for Dl’k+'

(D4)

K— K, =

Thus, for v > —1, the mass ladder operators Dy,  and
Dy, keep the Robin boundary condition but change the
Robin boundary condition parameter. In general, &, is
complex even if the original « is real. To our knowledge, the
physical interpretation of the solution of which the Robin
parameter is complex has not been known. As an interest-
ing case, when the original frequency w is purely imagi-
nary, &, is real. As can be seen in Fig. 2(a) in Appendix B,
the purely imaginary w indeed exists.

Performing the mass ladder operators D, on the exact
solution (4.1) with the Robin boundary condition, the
asymptotic behaviors at infinity are

Doyk7¢:¥m [x(%) l+y(l +O(1/1%)

ry+iwt*)? +m2e? (ry\ v
‘@HLZ@LBm (f) “*O“”W}

—i(w+ i;—Ig) t+ime
: ’

Xe

D, ®= —%IT;L”)AI |:K' (%’) l+U(l +0O(1/1%))

ol )y )

—i(u)—i;—g) t+ime
i ’

Xe

Dy, ®= —2(1;U)A1 [K<'";’> asoasr)

e ) o

X e—iwt+i(m—ir7’7)(p’
2(1 I+v
D3,k_cD: ( ;y)AI[K(rTH> (1"’0(1/"2))
(vry +im€)? + 0*¢* (ry\ 1~
— 1+0(1/r?
* 4riv(v+1) r (1+0(1/r)

X e—ia)t+i(m+ir7’7’)(p‘

(D5)

Note that D,; ® and Dj;; ® are not globally regular
due to the factor e*"#¢/?_ It can be seen for Dj; ® and
D ;_® that comparing with Eq. (D1), those are the asym-
ptotic forms of a solution with u?#? = (v—1)(v+1),
which satisfies the Robin boundary condition. Defining
the Robin boundary condition parameter for the mapped
solutions, &;, in the same manner as «, that is different
from «, i.e.,

_ (vrytiet®)?+m*£?
4rkv(v+1)k , for Do’k—’

(D6)

K=K =
! _ (vry—iwt?)?+m*£> for D
4r2 v(v+1)k ’ Lk_+

Thus, for v > —1, the mass ladder operators D, and D, ;_
also keep the Robin boundary condition but change the
Robin boundary condition parameter. The resulting
parameter X; is not necessarily real but is real at least
when the original frequency w is purely imaginary [see
Fig. 2(a)].

2. Asymptotic behaviors at infinity: v = —1 case

We perform the mass ladder operators on @, which
satisfies the Robin boundary condition for v = —1I.
Performing them on the exact solution (4.1) with the
Robin boundary condition, the asymptotic behaviors at
infinity are

A —i(w+ityt+im
Dy ® = ;.fFe (o+if)r+ ”’{(l—f—(’)(l/rz))

(iry +mf + of?)(iry — m€ + ot?)
2rs
—14+2y+w(l+a)+y(l+b) ra\2
yryl@ +wl) <_)

xﬂnr+0@»}
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A —i(w—i")t-+im
T R “’[(1+O(1/r2)>

(iry +ml — wf?)(iry — mt — wf?)
2r%
—1+2y +y(a) +y(b) )2
2 tyla) tul) <_>

x (In r—i—O(l))},

4
(irg — m€ + o) (iry — m¢ — of?)
2r

A L
Dz._l(b _ _AILBF e—uut+1(m—17”)(p |:(1 + O(]/,Q))

A T
D3,—lq) _ I;BF e—z(ut+z(m+17)</) |:(1 4 (’)(l/rz))
(iry +mf + of?)(iry + mt — of?)
2ry
—14+2y+w(a)+w(l+ b)K (r_H)2
2y +w(a) +w(b) A

x (In r—l—@(l))],

(D7)

where a, b, and c are given in Eq. (2.8) and p?¢? = —1.
Note that D, _;® and D5 _;® are not globally regular due
to the factor e*#%/% It can be seen for Dy_®and D|_|®

that comparing with Eq. (D1), those are the asymptotic
forms of a solution with v = 0, which satisfies the Robin
boundary condition. Defining the Robin boundary con-
dition parameter for the mapped solutions, &, that is
different from «, i.e., 5

—1+2y~|—1//(1+a)+1//(b)K <r_H>2
2 +yla)+yd) T\

% (In r+0(1))},

(irH+mz,”+(uf2)(irH—merwfz) —1+2y+y(1+a)+y(1+b)

.7 2 @yt <ee for Do, (D8)
K=
(irg+mt—wf?)(irg—mt—wt?) —1+2y+y(a)+y(b)
- 2ry ’ 27+yw(lg)+w(v1;) KBF» for Dy .
Thus, for v = —1, the mass ladder operators keep the Robin boundary condition but change the Robin boundary condition

parameter. As far as we numerically confirm, & in Eq. (D8) is real when @ is purely imaginary [see Fig. 3(a) for an
illustration of the existence of the purely imaginary w].

APPENDIX E: COEFFICIENTS OF THE ASYMPTOTIC FORMS OF THE MAPPED SOLUTIONS

Here, we present the explicit forms of the coefficients of the asymptotic forms of the mapped solutions D ;, ® and
D, ® in Egs. (4.6)—(4.11):

il (o iH A . .
cox, =2 I-igm(wtih) erz(a);z - X [r(ks(2+ ki) —v(2 +0)) + (0f? + mt — ikyry)(wf? —m€ — ikyiry)],
.2 a1 A
erp, = =2 T 22, (EI)
H

(D) (W* +ml +i(2+v)ry)(@f* —ml +i(2+v)ry)

_ — A s
ok, 22722 1 v) “
= £—1(2 2 —ml —i(2
cﬁ) _ (0wl + m 2+ l/)rh;)(a) m i2+ y)rH)AH, (E2)
+ 2r5 2 (2 +v)
2(1 +v 2(1 +v
Co k)_ = ( 2 )AH’ chk)_ == ( 2 )AH’ (E3)
4 /4
(N) 2(1 + IJ) (N) 2(1 + I/)
0k, — — 22 AIs 1k, — 22 AI’ (E4)

"Note that kgr = 0 does not lead to & = 0, and instead, gives a finite value.

044052-15



TAKUYA KATAGIRI and MASASHI KIMURA

PHYS. REV. D 106, 044052 (2022)

N (@ +ml —ivry)(wf* — m¢ — ivry)

¢ I
0k 2y ’

N) (wf? + mt + ivry) (@€ — m¢€ + ivry)

Cle. =

(DN) (w? +ml + iry)(wf? —m€ +iry) =1+ 2y +w(l +a) +w(l +b)

218 %

Ay, (ES)

Co—1 —

AI.BF?

2ry? 2r +wl(a) +w(b)
oN) (@€ —mt —iry) (0 + mf —iry) =1+ 2y +w(a) + y(b)
ey = > Ay BF- (E6)
2ryt 2y +w(a) +w(b)
Note that k;, = =2 —v and k_ = v in Eq. (E1). We also note that the coefficients ¢, and c(()l’)k)+ vanish for the fundamental

(N)

modes with the Dirichlet boundary condition; ¢ ;_and coljc_ vanish for the fundamental modes with the Neumann boundary

(DN)

condition; ¢y _; and ¢, _;" vanish for the fundamental mode with the Dirichlet-Neumann boundary condition.
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