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The worldline of a spinning test body moving in curved spacetime can be provided by the Mathisson-
Papapetrou-Dixon equations when its centroid, i.e., its center of mass, is fixed by a spin supplementary
condition (SSC). In the present study, we continue the exploration of shifts between different centroids
started in a recently published work [lason Timogiannis et al., Phys. Rev. D 104, 024042 (2021).],
henceforth paper I, for the Schwarzschild spacetime, by examining the frequencies of circular equatorial
orbits under a change of the SSC in the Kerr spacetime. In particular, we examine the convergence in the
terms of the prograde and retrograde orbital frequencies, when these frequencies are expanded in power
series of the spin measure and the centroid of the body is shifted from the Mathisson-Pirani or the Ohashi-
Kyrian-Semerdk frame to the Tulczyjew-Dixon one. Since in paper I we have seen that the innermost stable
circular orbits (ISCOs) hold a special place in this comparison process, we focus on them rigorously in this
work. We introduce a novel method of finding ISCOs for any SSC and employ it for the Tulczyjew-Dixon
and the Mathisson-Pirani formalisms. We resort to numerical investigation of the convergence between the
SSCs for the ISCO case, due to technical difficulties not allowing paper I's analytical treatment. Our
conclusion, as in paper I, is that there appears to be a convergence in the power series of the frequencies
between the SSCs, which is improved when the proper shifts are taken into account, but there exists a limit
in this convergence due to the fact that in the spinning body approximation we consider only the first two

lower multipoles of the extended body and ignore all the higher ones.
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I. INTRODUCTION

The two-body problem is a fascinating yet challenging
problem in general relativity. Having to simultaneously
determine the motion and the gravitational field of a binary
system, which are governed by the field equations [1,2],
pushes both analytical and numerical methods to their
limits [3-5]. Technical and conceptual challenges arise
even in the case that the presence of one of the bodies is
prescribed by a fixed spacetime background, while the
other is approximated as a test body. In this seemingly
simple limit, one has to still find a way to describe the
motion of an extended test body in a curved spacetime
background. To tackle this issue, the pioneering works of
Mathisson [6], Papapetrou [7], and Dixon [8] have pro-
vided a theoretical framework, in which the extended
body’s structure is described by a series of multipole
moments. In the simplest setup of this framework, only
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the first two multipoles are taken into account, i.e., the pole
and the dipole, while the quadrupolar as well as higher
moments are neglected. In this pole-dipole approxima-
tion, the body has apart from its mass an internal angular
momentum, i.e., a spin. The equations of motion of this
spinning test body, if we consider only gravitational
interactions, reduce the Mathisson-Papapetrou-Dixon
(MPD) equationsl [9] to the following set of equations:

ppr 1

o~ g RS M)
DSH

T prut — u' p?, (2)

which evolve the four-momentum p* along with the spin
tensor S*¥ of the test body and where % = u'V, denotes the
covariant derivative in the direction of the four-velocity

Ut = dzﬁ/l)’ since we choose 4 to be the proper time; z#(4) is

'"The MPD equations can be obtained through the covariant
conservation of the stress-energy tensor T+ of the extended body.
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the coordinate position of the representative worldline of
the test body. The rest mass of the extended spinning body
can be dually defined, either with respect to the four-
momentum g := /—p*p, (dynamical mass) or with respect
to the four-velocity m := —p*u, (kinematical mass). The
measure of its spin, by contrast, is uniquely defined as

1
§? =55 S. (3)

which discloses the spacelike character of the antisym-
metric spin tensor S**.

The underdetermination issue of the MPD set of equa-
tions has been thoroughly examined since the initial
derivation of the equations. As a result, a great abundance
of different constraints, known as spin supplementary
conditions (SSCs), has been developed in order to address
it (see, for instance, [10], which can serve as a relatively
recent review on SSCs). In brief, the SSCs required to close
the MPD system of equations fix the centroid of the body,
whose evolution in time forms the representative worldline.
The centroid serves as the point against which the spin is
calculated. All the established SSCs can be written cova-
riantly in the form V,$* =0, where V" stands for the
reference timelike vector, which is often normalized to
V¥V, = —1, like the test body’s four-velocity does. Once a
SSC is imposed, it is possible to introduce a spin four-

vector by means of the Levi-Civita tensor €,,,,, that is,
1
S, = —Eeﬂw,,V”S/’”, (4)
while the inverse relation of Eq. (4) reads
SP0 = —e" S, V,. (5)

The pole-dipole version of the Mathisson-Papapetrou-
Dixon formalism appears to be adequate for modeling an
extreme mass ratio inspiral (EMRI) [11,12], i.e., a compact
astrophysical object, like a neutron star or a stellar mass
black hole, captured into an inspiral orbit, around a central
supermassive black hole. The latter are extremely massive
objects residing at the core of many galaxies, including our
own Milky Way. EMRIs are among the prime targets for
space-based gravitational wave detectors like the Laser
Interferometer Space Antenna [13] and, as such, play a vital
role in the gravitational research which will be conducted in
the couple of decades to come until its launch.

In paper I [14], we probed the impact of the centroid’s
alteration, on the characteristic features of an extended
spinning test body, expanded in power series with respect to
its spin measure, within the context of EMRIs. Namely, we
examined whether the orbital frequency of an inspiralling
body, moving in an arbitrary circular equatorial orbit
around a massive nonrotating uncharged black hole, is
preserved under the transition to another centroid of the

same physical body governed by a different SSC. One of
the main concluding remarks of paper I was that the
appropriate shift between centroids is not a gauge trans-
formation as in flat spacetime for the pole-dipole approxi-
mation, and, consequently, the convergence between the
discussed SSCs holds only up to quadratic spin terms and
cannot be achieved for the whole power series. The primary
objective of the present work remains almost the same.
More precisely, we extend our investigations to a more
general spacetime, i.e., the Kerr spacetime background, by
testing if the spherical symmetry breaking affects the
degree of this convergence between three particular SSCs:
(i) the Tulczyjew-Dixon (TD) SSC [15,16], which uses
V¥ := p¥/u as a future-oriented timelike vector and
under which u and S are constants of motion,
independently of the background spacetime [17,18];
(i) the Mathisson-Pirani (MP) SSC [6,19], which uses
V¥ :=u’ as a future-oriented timelike vector and
under which m and S are constants of motion, inde-
pendently of the background spacetime [17,18]; and
(iii) the Ohashi-Kyrian-Semerak (OKS) SSC [10,20,21],
which promotes V¥ to an additional variable of the
system and an evolution equation % = 0 is defined
for it. Under this SSC, the two different notions of
mass are identical, i.e., 4 = m, and constant upon
evolution along with S [10,17]. Moreover, under the
OKS SSC, the test body’s four-momentum and four-
velocity are correlated linearly, or, in other words,
p* = pu’ = mu”, in complete analogy to the geo-

desic limit.”
Besides the SSC-dependent constants of motion, there are
the spacetime-dependent integrals of motion originating
from a Killing vector &, which expresses a background’s
symmetry. For an extended test body, such an integral of

motion reads

1
C= fﬂpﬂ - Efy;ysﬂy’ (6)

(see [15] for a derivation). Hence, the stationarity and the
axisymmetry of the Kerr metric lead to the conservation of
the energy E and of the z component of the total angular
momentum of the spinning body J,, respectively. These
quantities can be written as [22]

S [ g

E=-p+ 2\~ %(gzzp.rvz - gtt,rv¢)’ (7)
S Yoo

J.=py+ 51/ _?<gt(/),rv¢ —= 9pp.r V1) (8)

*Note that for spinning bodies p* and u* are not necessarily
parallel. Their relation is given by p* = uu* + u, 25, with the
second term on the right-hand side known as the hidden

momentum.
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in the special case of circular equatorial orbits and hold for
any stationary, axisymmetric spacetime with reflection
symmetry along the equatorial plane (SAR spacetime).

The structure of this article is organized as follows.
Section II revisits the issue of determining the innermost
stable circular orbit (ISCO) of a spinning test body in
curved spacetime, by suggesting a novel method to
calculate it. Such a revision is necessary for contrasting
the ISCO frequencies, as functions of the Kerr spin param-
eter, produced under three different formalisms, the TD, MP,
and OKS SSCs, analyzed numerically in Sec. III. The
technical details concerning the power series expansion
method or the analytical algorithm constructed for finding
circular equatorial orbits are kept at a minimal extent, since
the respective discussions in paper I were presented in a
rather general form, valid for the Kerr spacetime as well. As a
result, Sec. IV includes the comparisons of the orbital
frequencies for generic circular equatorial orbits, whereas
the appropriate shifts between the different SSCs are applied
and discussed in Sec. V. Finally, Sec. VI summarizes the
primary findings of this work.

A. Units and notation

The symbolism of paper I has been followed throughout
the pages of this study, where the central Kerr black hole’s
mass is denoted by M and the conserved notion of mass on
each case (u under TD and OKS SSCs or m for the MP
SSC) is identified with the rest mass of the inspiralling
body, while M > u and M > m is satisfied, respectively.
For future reference, let us also underline that the Kerr spin
parameter is normalized with respect to the central black
hole’s mass, similar to the circular equatorial orbit radius,
ie., d:=4; and 7:=y. As for the remaining physical
quantities involved in the present work, we use the common
conventions, introduced in Refs. [14,22,23], under which
the dimensionless orbital frequency and the test body’s spin
are given by Q= MQ as well as ¢ := /%M (TD and OKS

SSCs) or ¢ := ﬁ (MP SSC), correspondingly. In Sec. V,
though, an alternative notation has been chosen, with &
representing the dimensionless spin of the extended test
body under the TD SSC. In any case apropos of EMRISs,
|o| < 1 appears to be a quite reasonable conception. Last
but not least, all calculations have been made in geometric
units, in which the speed of light and the gravitational
constant are set to ¢ = G = 1. Moreover, the Riemann
tensor is defined as RY, , =k, ['¢, — 0%, — I, T'% + 0,1,
while the Christoffel symbols are computed from the
metric with signature (—,+,+,+), expressed in terms
of the standard Boyer-Lindquist coordinates {t,r,6,¢}.
Einstein’s summation convention has been followed, with
all indices running from O to 3. The Levi-Civita tensor is
given by €,,,, = \/=9€,,ps» With the Levi-Civita symbol
€r0p = 1, and g is the determinant of the background
metric.

II. INNERMOST STABLE CIRCULAR ORBITS

The innermost stable circular orbit constitutes a stability
limit for circular equatorial motion of a particle around a
black hole. Namely, orbits with » > rjgco are stable, while
the ones with r < rigco are unstable. The techniques
implemented to determine the radius of this particular orbit
for geodesic motion in a Kerr spacetime span from the
important analytical contribution of Bardeen, Press, and
Teukolsky [24] to more recent endeavors like Ref. [25]. In
the case of a spinning body, the first works dealing with the
issue can be tracked back to Refs. [26,27]. Since then,
many papers have dealt with the ISCO issue either numeri-
cally [22,28] or analytically [29]. In particular, in the latter
work, a spinning body’s ISCO radius has been evaluated in
a Taylor expansion form for the general Kerr background,
with emphasis given on the Schwarzschild and extreme
Kerr examples.

The present section provides an alternative insight to the
problem, by using a post-Newtonian analogy, where the
ISCO of an equal mass spinning binary is defined in terms
of the minimum Bondi binding energy circular orbit (see
for instance, [30]). Thus, the derivation of the ISCO radius

follows from the demand that % =0, or, equivalently,
% = 0, for the energy and the z component of the total
angular momentum of circular equatorial orbits around a
Kerr black hole. This can be seen in Figs. 1 and 2 for the
TD, MP, and OKS SSCs.

Although the proposed procedure lowers the differ-
entiation rank—when compared to the effective potential
method—its implementation entails a series of major
technical setbacks, particularly under the OKS SSC.

Consequently, along the following lines we will give
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FIG. 1. The plot illustrates the dimensionless energy of an

extended spinning test body moving in circular equatorial orbits
of different radii, for 6 = —0.9 and @ = —0.9, under the TD, MP,
and OKS SSCs. The minimum of these functions corresponds to
the ISCO radius, which is in agreement with the values and the
methods provided in Ref. [31]. Note also that the curves
associated with the TD as well as MP SSCs are nearly indis-
tinguishable, for the whole range of dimensionless radii.
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FIG. 2. The panel depicts the z component of the total angular
momentum in appropriate units (J, = ”J—M orJ, = mj—M based on the
SSC chosen to close the MPD equations; see, for instance,
[14,22,23]) of a spinning body, as computed under the TD, MP,
and OKS conditions, versus its distance from a Kerr black hole’s
center, for 6 = —0.9 and @ = —0.9. Once again, the ISCO radius
is detected at the minima of the three curves, whereas the TD and
MP prescriptions appear to be very similar.

(a) a subtle description of the analytical algorithm con-
structed to determine the ISCO radius, in the case of the
Kerr geometry, for each SSC separately and (b) numerical
results for the TD and MP SSCs.

A. Tulczyjew-Dixon SSC

To find the ISCO radius under the TD SSC, one replaces
the reference four-vector V¥ := p¥/u in Eqgs. (7) and (8), for
the spinning body’s energy and z component of its total
angular momentum, respectively, a process that yields

(aMS — ur’)p, + MSp
- O

;o S(Ma* — rP)p, + (ur’ + aMS)py

2z 3

(10)
ur

In addition, the time and azimuthal covariant components
of the four-momentum are substituted by its contravariant
counterparts, i.e., p, = g,,p*, that are given by Egs. (22)
and (23) in paper I, with the orbital frequency €, expres-
sed in terms of the orbital radius, through Eq. (21) in the
above-mentioned paper as well. We wish to underline at this
point that the + sign corresponds to corotation, whereas the —
sign is related to counterrotation, with respect to the total
angular momentum J, as in paper I. Consequently, the
desirable result arises, which is that the energy and the total
angular momentum along the z axis have transformed into
functions of r. The procedure discussed above alludes that
the issue of finding the ISCO radius has been addressed
for the TD SSC, since it allows the computation of the
minima of the functions E(r; a; S) and J_(r; a; S). The exact

TABLE 1. The location of the last stable orbit 7igco for a
spinning body rotating around a Kerr black hole, described by the
TD SSC, presented with four-digit accuracy. These values were
acquired within the Mathematica environment by determining the
minima of the E(r;a;S) function. More technical details are
provided in a Mathematica notebook as Supplemental Material
[33] of the present article called NotebookTDSSC.

A

a

c -0.9 0.0 +0.9

-0.9 10.0629 7.2135 3.1472
-0.5 9.5171 6.7294 2.8411
-0.1 8.8903 6.1594 2.4294
+0.1 8.5365 5.8325 2.2155
+0.5 7.7104 5.0633 1.8726
+0.9 6.6062 4.0834 1.6632

expressions of theses functions can be found in Refs. [11,32]
and in the Supplemental Material Mathematica notebook
NotebookTDSSC [33] of the present article. As an example
of the novel technique, we provide the ISCO radius for
different values of the dimensionless spin and Kerr parameter
in Table I. These values are in agreement with the results
found in other works; see, e.g., [22,23,31].

B. Mathisson-Pirani SSC

Under the imposition of the MP condition, the observer
comoves in a reference frame, which coincides with the
rest frame of the extended spinning body. Thus, the
reference four-vector corresponds to the test body’s four-
velocity, or, in other words, V¥ := u”, and Eqs. (7) and (8)
take the form

MS(uy, + au,) — Pp,

)
7”3

E =

(11)

;o S(Ma* = r*)u, + Mauy) + rp,

z r3

(12)

Similarly to the TD SSC, p, as well as p, have to be
expressed with the aid of the metric selected to characterize
spacetime, p, = g, p”, while an analogous association,
u, = g,u’, is also taken into consideration. These con-
straints combined with the definition equation of the orbital
frequency, Q = u?/u’, and relations (8), (25), and (26) in
paper I as well, provide the test body’s energy together
with the z component of its total angular momentum as
functions of r and €. For the last step of the derivation, the
orbital frequency is substituted, by solving Eq. (27) in
paper I, for the case of the Kerr background. An extensive
discussion regarding the physically accepted solutions is
presented in Ref. [34] for the Schwarzschild black hole
limit, the arguments of which can be generalized to the
Kerr black hole background as well. Finally, from the
proposed analysis, one acquires the expressions E(r; a; S)
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and J,(r;a; S),” with the ISCO radius determined by the
minima of each function. By implementing this method,
we were able to derive the ISCO radius for a spinning test
body moving in Kerr spacetime as can be seen from the
numerical examples in Table II, which are in complete
accordance with the results presented in Refs. [22,23].

C. Ohashi-Kyrian-Semerak SSC

In the OKS framework, we use the standard notation for
the reference four-vector V¥, associated to the observer of
the spinning test body. Under this assumption, Egs. (7) and
(8) for the energy and the total angular momentum along
the z direction become

MS(Vy+aV,) —mriu,

E= ; ,

. (13)

;o S[(Ma* = )V, + MaV | + mriu,

z 3

. (14

In paper I, we presented a novel analytical technique for
finding the orbital frequency of a spinning test body,
moving in circular equatorial orbits around a central,
massive Schwarzschild black hole, under the OKS SSC.
In this work, we generalize to the case of a Kerr black hole.
As a result, the combination of the orbital frequency
|

TABLE II. The table illustrates the location of the last stable
orbit 7gco for a spinning body rotating around a Kerr black hole,
described by the MP SSC, given with four-digit accuracy. The x
symbol denotes the failure of the algorithm for large spin values
and d > 0. The same pattern is also observed in the effective
potential method; see, for instance, Table I in Ref. [23]. We
employ the FindRoot routine of Mathematica in order to locate
the last stable orbits, by limiting the search region to the
corresponding values of the TD SSC in Table I. A more thorough
analysis is also included in a Mathematica notebook called
NotebookMPSSC as Supplemental Material [33].

A

a
c -0.9 0.0 +0.9
-0.9 10.0617 7.2084 X
-0.5 9.5170 6.7290 2.8147
—0.1 8.8903 6.1594 2.4294
+0.1 8.5365 5.8325 22154
+0.5 7.7089 5.0575 1.8412
+0.9 6.5704 3.8774 X

definition relation Q = u?/u’ with Egs. (15) and (16) in
paper I reads

M(1—aQ)(Vi—aV?) = r*QV?, (15)

along with the equation

mrru' [M(1 — aQ)? — r*Q?] = =3MSa(1 — aQ) (V' — aV?) + MSr?[2V?(1 — aQ) + Q(V' — aV?)]. (16)

The emergence of the (V' —aV?) terms in Eqgs. (15) and (16) is crucial for the derivation of the polynomial equation
satisfied by the extended, spinning test body’s orbital frequency. This is achieved by taking advantage of the normalization
condition of the reference four-vector V*, i.e., V¥V, = —1, apart from relations (15) and (16), which gives

QMm% —2Mm?*r'? —AMm?a*r'® + M*r°(3m?a® + S?) + a>?M?r’ (5m?a* + 78%) + 6a>M>S*r® + 15a*M?*S*r°
—2M3a*r*(m*a* — 148?) — a*M* PP [M?*(m*a® — 128?) — 9a*S?] + 30M3abS?r?> + 28a°M*S?r + 8aSM> S?}
+2M a3 {3m*r'® —3Mm?r® — Mr’ (8m?a® + 38%) — 6M?S?r® — 12Ma>S?r + 5a’M*r*(m*a® — 85°)
+3Ma’r}[M?(m*a* — 85%) — 3a>S?] — 54a*M?S?r? — 68a* M3 S?r — 24a*M*S?} + MQ*—-2m?*r'0 + 3Mm?r°
+ Mr’(18m*a* — §?) + 6M*S*r® + 3Ma>S?r> — 4a’M?*r*(5m?a® — 185%) — 3a>M>r* (Sm*a® — 245?)
+132a*M?S?r? + 260a* M3 S?r + 120a*M*S?] + 2aM?>Q3{—4m?r" + 38?1 + 2Mr*(5m*a* — 45?)
4 PRMA(5m2a? — 1282) + 9a2S2] — 24Ma>S*r2 — 120a>M2S2r — 80a>M? 5%}
+ M2Q{m?r" = 2Mr*(Sm?a® + 25°) = 3P [M? (5m*a® — 48%) + 3a%S?] — 18Ma*S*r? 4+ 100a*M?S?r + 120a>M>S?}
+2aM3Q(m?r* + 3Mm?r? + 652r? — 4AMS?r — 24M>S?) — M*(m*r® + 48%r — 8M S?) = 0. (17)

Just for a brief cross-check note that Eq. (17) is identical
to the corresponding polynomial included in paper I, when
a = 0. Contrary to the Schwarzschild black hole limit, the

The lengthy expressions of E(r;a;S) and J_(r;a;S) can be
found in the Supplemental Material Mathematica notebook
NotebookMPSSC [33].

|
presence of the Kerr parameter in the general case renders
the sextic equation technically unsolvable. The latter
contrast is well understood, if we notice that for the
Schwarzschild background spacetime the odd coefficients
vanish, and Eq. (17) reduces to a cubic polynomial equation
with respect to Q2. Thereby, the lack of a Q(r;a;S)
function suggests that the discussed algorithm of Sec. II
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for finding ISCOs is not applicable under the OKS SSC.
Thus, the effective potential method introduced in
Refs. [22,23] is a necessity rather than a choice for this
specific SSC, unless one is able to solve a generic sextic
polynomial equation.

III. ISCO COMPARISONS

The notion of ISCO is important for the study of compact
object mechanics, since it divides the equatorial orbits
with respect to their stability. Noticeably, ISCO apparently
marks the maximum regime of convergence for spinning
test bodies’ orbital frequencies, among different SSCs,
according to our findings in paper I. The latter fact origi-
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FIG. 3. The top panel represents the alteration of the O(c?)

term for the ISCO orbital frequency of a spinning test body, due
to the presence of the Kerr parameter (in appropriate units),
computed under the three examined SSCs, respectively. Fur-
thermore, the bottom panel illustrates the absolute value of the
relative difference of the QS.ISCO measured in the OKS reference
frame, compared to the corresponding term of the TD SSC, on the
logarithmic scale. The comparison between the MP and the TD
SSC has been omitted, since the relative discrepancies appear at
higher order.

nates from the dynamically invariant nature of the last
stable orbit, which is described in depth in our previous
work. As a result, we prefer to start the comparisons from

the ISCO frequencies, based on the analysis of Sec. III
in paper 1. With that being said, the discussion of Sec. II
indicates that the numerical manipulation of the problem is
unavoidable. Regarding the power series expansion method,
we recall the orbital frequency form Q = Q6" + O(5°),
with n varying from O to 4.

The expansion coefficients €, for each SSC are com-
puted by substitution in Egs. (21) and (27) in paper I as well
as Eq. (17) of the present work. Particularly, for the ISCO
orbital frequency investigated here, we employ the effective
potential method, introduced in Refs. [22,35], in order to
evaluate numerically the location of the last stable orbit, in
terms of a power series expansion. As a consequence, the

T T
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FIG. 4. The top panel depicts the O(c*) term of the extended
test body’s orbital frequency at the ISCO radius versus the
dimensionless Kerr parameter @, under the TD, MP, and OKS
formalisms correspondingly. In addition, the bottom panel
demonstrates the absolute value of the relative difference of
the Q4.ISCOv determined in the MP and OKS reference frames,
contrasted to the TD SSC, on the logarithmic scale.
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power series of the ISCO orbital frequency is derived from
the power series of the circular equatorial orbit frequency,
when the replacement 7 = Fgcq takes place. The results are
summarized in Figs. 3 and 4, where we recover the same
trend that governed the Schwarzschild case as well [14];
that is, the TD and MP SSCs are identical up to O(c?)
terms, while the convergence of the OKS SSC is weaker
and limited to quadratic spin terms. In an effort to argue
quantitatively, we established the relative differences

AQMSCO and AQ4_ISCO given by the relations:

A Q3 oks.1sco — 3.DsCo
AQj3 1500 = ———= — ) (18)
€23 1D 1sCO
94 sscasco — a1, ISCO
AQy 500 = (19)
Q41D 1sco

We use logarithmic scale for the graphs, since the relative
discrepancies of the OKS SSC increase for positive values
of the Kerr parameter. It is also worth noticing that the cusp
appearing in both lower panels in Figs. 3 and 4 just
corresponds to an alteration of sign of the relative differ-
ence and, therefore, is not related to any singularity. Let us
now focus our interest on the frequency of arbitrary circular
equatorial orbits (CEOs).

IV. CEO COMPARISONS

In the present section, we implement the power series
expansion method, introduced in paper I, in order to
determine the orbital frequency of an extended test body,
moving in circular equatorial orbits around a Kerr black
hole, under the TD, MP, and OKS SSCs, respectively.
Namely, we wish to test if the fundamental findings of
paper I are affected by the change of type of the background
spacetime. The basic mathematical tools employed for the
comparison can be found in paper I (given in a generalized
SAR version), with a quick review also included in Sec. III.
For the sake of completeness, we note that the solution of
the system of Eqgs. (21) and (27) in paper I and Eq. (17)
of the current work yields a pair Q, (7, @), with the upper
sign corresponding to prograde orbits, while the lower sign
is related to retrograde orbits. The results are listed in
Table III.

Table III provides a first indication concerning the linear
agreement of all examined SSCs, without the application of
any centroid corrections, since all Qli terms are identical.
The lengthy expressions for the higher-order contributions
of the expansion are included in the Appendix, where we
can verify that the TD and MP SSCs have a stronger level of
convergence, being compatible up to O(c?) terms. For an
assessment of the produced results, note that when a
vanishes the columns of Table I in paper I are recovered,
while the Q. of Table III are also valid in the geodesic
limit. We would like to mention at this point that a similar

TABLE IIl. The power series expansion coefficients for the
frequencies €2 of circular equatorial orbits around a central Kerr
black hole, for the TD, MP, and OKS SSCs. The lengthy

expressions of €y, Qy,Q, are given in the Appendix.

Qn TD SSC MP SSC OKS SSC
0 1 1 1
0(e) TP F aVF
O(c") 3(+a—7) 3(+a—V7) 3(+a—V7)
2 aEVRP)? 2V/F(a+VP)? 2HaEVF)?
O(Uz) AzTD(f»‘i) AzMP(ﬁ a) 20Ks(f a)
0(03) 5}3,TD(f» a) 93,Mp(ﬁ a) Q3 OKs(f a)
O(c*) Q,mo(F,a) Qmp(7, @) Q4 oks (7. )

analysis is given in Ref. [36], where the authors derive
quadratic in spin expansions of the orbital frequency of a
test body moving in circular equatorial orbits around a Kerr
black hole, under the TD and MP SSCs. Although our
findings are in accordance with Eq. (34) in Ref. [36], the

authors state that the in for the TD and MP SSCs are
different. In fact, this is inaccurate, since Eq. (40) in
Ref. [36] can be further simplified in order to match with
our proposed result.

V. CENTROID CORRECTIONS

The discussion in Secs. II and III designates that the
maximum convergence of the test body’s orbital frequen-
cies under the examined SSCs is attained at ISCO. For that
reason, in the present section, we improve the agreement of
the expansions in Table III by shifting properly from the
MP or OKS reference frames to the TD frame. This choice
has been made in order to avoid undesirable consequences
correlated with the MP and OKS SSCs, like the notorious
helical motion of the MP SSC (for further explanations, see
paper I). The mathematical idea behind the centroid shift
can be found in Ref. [21] and has been employed in paper I
for the Schwarzschild case. In brief, the spin tensor is
transformed through the equation

S = W 4 phozt — pSz, (20)

when the centroid’s worldline is shifted toward z¥ = z¥ +
07" with

5 g
o =P (21)

i
and ji> = —§,,p*p° defined as the dynamical rest mass. We

remind at this point that the tilde symbol denotes the
quantities measured in the TD reference frame, whereas
the rest quantities are computed within the MP or OKS
frameworks, respectively. Following the main structure of
paper I, we consider the option of radial shifts of the
centroid, justified by the analysis which can be found in
Appendix B of the aforementioned work. Namely, this
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analysis showed that other center of mass shifts either lead
to unphysical effects or are not practical for calculations.

A. Radial linear corrections

The introduction of the correction in Eq. (21) can dras-
tically improve the power series convergence, summarized
in Table III. This is achieved by considering a radial shift of
the form

pST+ p¢S¢r n or
//‘2 //‘2 (gtzg¢¢ — i
ptstr 4 p¢S¢r

/42 (gttgd)(/) - gt(/)2)

or =

+ gd)(/),r(gtlp(/) - gtq’;pt)]S(/)r + |:

+ 9ppr(Gupy — g,¢pz)2]} + O(6r%).

The fundamental correction of the position of the
centroid arises by neglecting the O(6r) term in the rhs
of Eq. (23), for the sake of simplicity. In paper I, we
delineate the algorithmic process followed to derive ér in
terms of a power series expansion, in a form that is valid for
every SAR spacetime and, therefore, can be applied for the
Kerr metric as well (the interested reader can find a more
sophisticated analysis in Sec. IV A in paper I). As a result,
the radial distance in the first column in Table III is adjusted
accordingly based on Eq. (22), for the TD-MP and TD-

TABLE IV. The power series expansion coefficients for the
frequencies €2 of circular equatorial orbits around a central Kerr
black hole, for the TD and MP pair of SSCs, when 7 # r.

Q, TD SSC MP SSC
0(c") aiI\/F ailx/f‘*

1 3(£a—V7F) 3(a—V7)
(9(02) 2RtV 2R atVR)?
O(c?) Asz(f»d) Az.MP(ﬁ a)
0(03) Qs,MP(f» a) 5}3,Mp(f, a)
O(e") Qp(,a) Qq pp(F. 4)

TABLE V. The power series expansion coefficients for the
frequencies Q. of circular equatorial orbits around a central Kerr
black hole, for the TD and OKS pair of SSCs, when 7 # r.

Q, TD SSC OKS SSC

0 1 1
O(c”) atVi atVP

! 3(Ea-vi) 3(ka—V7)
0fe’) 2V/F(a+V)? 2WHaEVF)?
O(c?) AZOKS('A'»&) Q) oks (7. )
O(a?) A/3.TD(’¢ﬂ a) 93 oks (7, @)
0(04) QZ,TD(ﬁ a) Q4 OKs(fs a)

F=r+6r, (22)

with 6r described by Eq. (21). In our first approximation,
we assume that the spin measure of the test body is
preserved under the alteration of SSC, i.e., 6 = 0. The
expansion of Eq. (21) in terms of the shift 6r, for the
generic Kerr case, leads to

) {[gtt,r(g¢¢pt = 954Pp) + 9ip.r(9uPp = 99 P)IS” + [919.-(Gpp Pt — G4 P p)

] (9. GpaPt = 90Pp)* + 2919 (Gpp P — 919P ) (GuPp — GipP1)

(23)

I

OKS pair of SSCs. The results are demonstrated in
Tables IV and V, the lengthy expressions of the higher-
order than Ql terms of the expansion are given in the
Appendix.

Tables IV and V confirm the pattern shown for the
Schwarzschild background spacetime, which was dis-
cussed in paper I. Namely, the imposition of the centroid’s
shift fixes the discrepancies in the O(s?) terms of the TD-
MP pair of SSCs and removes the dissimilarity in the O(c?)
terms for the TD-OKS pair of conditions. The inclusion of
the complete expression of or from Eq. (23) leads to the
quantities €3’ TD(r d) (TD-MP pair) as well as Q (7, a)
(TD-OKS palr) but does not further improve the degree of
convergence among the examined SSCs.

B. Spin measure corrections

An exhaustive analysis on the behavior of the centroid of
a spinning test body should take into account the firmly
SSC-dependent nature of the spin measure. In other words,
the transition between different SSCs alters the represen-
tative worldline with respect to which the moments are
evaluated, a process that affects the measure of the spin
itself. In the present section, we consider the case & # o,
and we produce the corresponding power series expansions
for the Qi orbital frequencies. The latter is achieved by
combining Egs. (3) and (20) for a spinning test body
moving in circular equatorial orbits around a supermassive
Kerr black hole. Recall that for that kind of orbit the only
nonvanishing components of the spin tensor are S = —S"*
along with S = —S?". The described expansion pro-
cedure yields

“The functions Q' (7, @) and Q1 (7, @) are presented in the
Appendix.
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SQ = S2 + 5r{grr[g¢¢.r(sr¢)2 - 2gt¢,rSr¢S,r

N2 r ré Szgrr.r
+gtt,r(S ) + 2(ptS - p(/,S )] +—

rr

+ O(6r%). (24)

For the next step of the derivation, we shall make
all quantities appear in Eq. (24) dimensionless, which
is a subject that is discussed in the following para-
graphs, for the pair of TD-MP and TD-OKS SSCs,
respectively.

1. TD-MP relation

In order to acquire a 6 = f(o) relation for the shift from
the MP to the TD centroid, we should divide both sides of
Eq. (24) by ji>M?. We also notice that the linear approxi-
mation in or of the spinning body’s inverse square of the
dynamical rest mass reads

~ g N g(/)(ﬁ; g p
/’tz 2 /’tz(gﬂg{ﬁ(ﬁ gt(ﬁ2)2 . ! :

u

+ 2919 (9pp Pt = 91pPp)(9uP g — GipP1)

+ 944 (9uPy — gn/)pz)z}} +O(6r7). (25)
Since 6 and o are not identically defined, i.e., 6 = %,

while 5 =5,

M
mass u with the kinematical rest mass m, both measured
in the MP reference frame. Such a link is provided in

Ref. [34]; more precisely,

one needs to correlate the dynamical rest

SaKS ﬂ Str _ Sr¢ 2
2=+ ;ZP Pa _ o> 9r(Ps S2P¢ ;.

which coincides with the expression derived in Eq. (44) in
Ref. [14] for the Schwarzschild background spacetime.
Consequently, the desirable relation between 6 and ¢ in
terms of a power series expansion takes the form

O0O—0

_3(aF VAAat F 1603VF + 16027 + 40>V — 4a2#* F 2a(a* + 4)VPo*

24 + V(7 - 3)]?

3@ F VABEF £8aVF ~(a +6)F ¥ 24 VP 458 — o*

B2a + VA7 - 3)] +0(@). (26)

which reduces to Eq. (47) in paper I'in the Schwarzschild black hole limit. Equation (26) implies that the orbital frequency
expansion coefficients that satisfy the inequality €,,, < O(c¢?) are not influenced by the alteration of the spin measure. By

substituting the function & = £ (o) to the Qj'tp (7, 4), we extract the quantity QZ:TD(f, @) (included in the Appendix), which

remains indifferent to the Q4.Mp(f, @) term. The latter fact provides a concrete indication that the convergence of the
frequency power series cannot be further improved.

2. TD-OKS relation

The constancy of the dynamical rest mass under the OKS SSC simplifies drastically the process of deriving a 6 = h(o)
correlation, which governs the transition from the OKS frame of reference to the TD frame. The division of both sides of
Eq. (24) by ji*M?, combined with Eq. (25), implies that

5> — o’ = 5r{grr[g¢¢,r(0“”)2 + 241,66 + gy, () (Pio" = pyo'®)]

1
+ Gz{grr,r + . -
9rr M (gttg¢¢ — Gip )

24 =
o

tt,r\Yopp Pt — JtpF ¢ thp,r\Ypp Pt — Jtp ¥ ¢
900 GpaPt = 9P3)* + 2910 (GppPi — GipPp)

X (9uPp = 9pP1) + 94.r(GuPp — GipP1)?] } } + O(8r%), (27)

where we introduced the normalized (but not necessarily dimensionless) spin tensor 6 = /%’ for the sake of brevity. The

complicated expression in Eq. (27) takes a more compact form, when one is limited in the case of circular equatorial orbits;
more specifically,
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3(a F V) [£4a* — 168°VF £ 168°F + 483VF F 407 + a(a% - 8V’

0—0 =

Vil3[2a + V(7 - 3)]2

3(a F VA (2a Vi Fa# + avVi® £27° F %)0°

+

In correspondence with the former set of SSCs, we exploit
the & = h(c) relation in order to produce the Q' (7, d)
function from the Qg’TD(f, a) function (look in the
Appendix for the full expressions). It is also clear from
the form of Eq. (28) that it applies modifications only to the
cubic or higher contributions, but the gap between the TD
and OKS SSCs remains unbridgeable.

VI. CONCLUSIONS

In the present article, we continue the investigation of the
equivalence of the Mathisson-Papapetrou-Dixon equations
under different spin supplementary conditions, a project
that started in Ref. [14]. More specifically, we examine the
orbital frequencies produced by an extended spinning body
moving in circular orbits around the equatorial plane of a
supermassive Kerr black hole, under the Tulczyjew-Dixon,
the Mathisson-Pirani, and the Ohashi-Kyrian-Semerdk spin
conditions. For this reason, we exploit the general frame-
work, which has been founded in Ref. [14] for an arbitrary,
stationary, axisymmetric spacetime with reflection sym-
metry. The results of the frequencies comparison summa-
rized in Table III indicate that the aforementioned spin
supplementary conditions converge up to linear order
in spin, while the Tulczyjew-Dixon and the Mathisson-
Pirani SSCs appear to have a stronger level of convergence.
It should be stressed that throughout our work only the
nonhelical Mathisson-Pirani centroid was studied and
the obtained results hold only for this centroid choice.
The introduction of the centroid position corrections can
adequately improve the agreement by one order of spin, as
1s clear from Tables IV and V. Hence, the central conclusion
of Ref. [14] for the Schwarzschild spacetime is also valid
for the more general Kerr background; that is, the examined
spin supplementary conditions are in accordance up to
quadratic spin terms.

Q2,TD(f7 d) =

ViB2a £ V(7 - 3)]

+O(ch). (28)

|

The ISCO frequencies play a significant role in under-
standing the physical reason behind the observed discrep-
ancies among the Tulczyjew-Dixon, the Mathisson-Pirani,
and the Ohashi-Kyrian-Semerdk spin supplementary con-
ditions. As a stability limit, the innermost stable circular
orbit marks the maximum level of convergence among the
orbital frequency expansions within the pole-dipole regime.
The latter claim becomes more apparent in Figs. 3 and 4,
where we confirm that the Tulczyjew-Dixon compared to
the Mathisson-Pirani spin supplementary condition agree
up to cubic spin terms, whereas the Tulczyjew-Dixon and
the Ohashi-Kyrian-Semerdk conditions diverge more rap-
idly. In the process of performing the frequency compari-
son between the SSCs at ISCO, we were able to formulate a
novel method for finding the radial position of these
marginally stable circular orbits. Even if there should be,
in principle, a way to provide analytical expressions in the
case of the TD and MP SSCs, we restrict our confirmation
on numerical results. The reason behind this decision is
extremely long and complicated analytical formulas.
Actually, in the case of the OKS SSC, the problem of
determining the ISCO using this novel method is more
fundamental, since one has to obtain analytically the roots
of a sextic polynomial equation.
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APPENDIX: EXPANSION COEFFICIENTS

The present section of the article contains large expres-
sions related to the orbital frequency power series expan-
sions, demonstrated in Secs. IV and V.

3(a F VF)(F942 — aVF-3a VP F1/2)

8V (a+ Vi)

’

3(a F V(T8 - aVi-3a VP F77)

Q \p(7,d) =

8V (a+ V)

’

3(a F V) (F6a3 + 25a2VF F 214 7 =3@2VF + 64 = 3V F 34/ + 5V7)

Qz,oxs(ﬁ é) =

8V (a+ VP24 + V(7 -3))
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3(aFVF) (£450* -30°VFF 162°74364° VP £42a°12 —26aV PP 927 +9a Vi £87*)

Q ?,fl: )
i) 16V (V)
A 3(@FVR)[E9085-117a4FF238% 4+ 11704V P 21832 - 17022V P + 1827 (322 —1)]
Q3,MP(V,G):
16V (a£VP)* RatVi(F-3)]
(aZF\[ 572V £ 112/ +9(a>—8)VP £9a#5 +32v/711]
16V (a+ V) [2a+F(7P=3)] ’
0, o (P2) 3(aFVF)[-96a° £437a%/F-3a3#(209+124%) F6a*(—48+a2) VP +318a3 P F3a%(158+9a%) Vi
3,0Kks\7»d)=

1674 (a+ VP )*2a+VF(7-3))2
3(aFVF)[-99a7 (—2+a%) £4138°VF 36347 £12(6-72°) VP + 16847

N 1674 (a£ VP 2a+ Vi (7=3))?

| 3(aFVA)[E3(-28+3a%) V' -394 +£32V/7 1]

| 1674 (VP ) 2a+ Vi (7-3))

3(aFVF)[F9452° 420705/ F£5730%F— a3 (67+126942) VP F9094472 + 130543 V7]

(7= 128ViB(a+VP)
3(aFVF)[F3027° (22507 -59) —6030° Vi £1354%7* ~3a(-149+4502)Vi° F1350%7° +51aV/i T 1379
| 128V7B3 (a+ V) ’
Q4MP(?’&):3(&:F\/§)[:F3780 81986447 \/FF4761a°7—a5(1921+885642) V7))
128V3P (a£ Vi)’ 2a+ Vi (7-3)]?
3(aF V) [£30*12(~317+38222%) +9a° (61 +142942)Vi° Fa*#* (12823 +872122)]
" 128V (a5 a7 (7-3))?
| 3(aF V) [3a° (108307 = 1747) V7 £981 (177+1492a%) —a* (45094>—5888) V7 F94°75 1379+ 87a°)]
| 128ViB(a£VP) pat Vi (P-3))
3(aFV7)[9a(63+152a2) Vi a2 (121562 -6668) —3a(2074%—559) V712 F977(269+10742)]
i 128V (a4 V/7)5 2at/F(7—3)]?
3(aFVF)[-a(871+13582) Vil F 159 (~178+942) —45aV/ 7' F6857]
128VB (a£ V) Ra+Vi(7-3))? ’
B, s &):3(a:p\/§)[i216a —7564°/FF 484227 7+a°(30385+ 140442) VPP F94572 (6747 +94022)]

128VB (a+ V) [2a+VF(7-3))?

3(aFVF)[9a* (583149394 Vi* £9a° 1 (~1863+3538a%+294a%) —9a* (9316+1281a°) V7|

N 128V8 (a7’ 2a+VF(7-3))

3(aFV)[F 1843 #(~4013+51a%)+3a (=7209+215754+999a*) V7 94 1% (12007+8944°)]

N 128V B (a+ VP )5 [2a+V/F(7-3)]

| 3(aFVF)[-98%(~7392+13994%) VT £9a75 (~1485+67844% + 189a*) 94> (1757+68%) V7 1]

| 128V/3B (V7S 2a+Vi(7=3))°

(aZF\/—)[ ar(~3230+19514%)+3(—891+12181a%481a%) V15 £ 18478 (~1429+113a2)]
128V (a+ Vi) 2a+/F(7=3))?

3(aFVF)[-9(~625+968a2) Vi1 F 452 (—230+3a%) +9(~435+11322) V710 7184571049717

128V3B (a+ ViR 2a+V/i(7-3)] '
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3(aFV/F)[F3780a8+1178447 /78793457 —414° (89+2164%) V)]

@i (Fa)= 128V 53 (a3 2007 (7—3))2
3(aFVF)[£21a%72(293+8664%)+343 (—777+5750%)V 1 Fat*#3 (22807+872142)]
| 12873 (a5 20+ V/F(7—-3)]2
3(aFVF)[30% (396322 +6061)VH +3a27 (166042 —2349)—a% (450942 + 14080) vV 72 £342#5 (5079+133942)]
| 1283 (a7 )5 2ak Vi (7—3))2
3(aFV/7)[9a(—897+280a%) VT a7 (121542 +10612)+3a(11342+5039) VB 377 (—1767+767a%)]
128V (a+ V)5 2a+VF(7-3))2
3(aFV/7)[-a(6823+135a2) Vi 738 (—1594+45a%) 4723V 7 F10697]
128V (a+ V)5 2a+V/F(7-3))? ’
& &):3(5;;\/?) [£2048° 52845 \/F+257a*P+343 (39+164a%) V> F786a4#2—5704° V)

16V (a+£ Vi) 2a+VF(7=3))2
3(aFVF)[£3a2P (13922 4-414)—34(126+894%) V7 F87142#4 +3a(279+4042) V7]
16V (a£VP)*Ra+/F(7-3)]2
3(aTFV/F)[£2475 (822 -9)—456aV/F1 +£979(16+42)+57aV P F1677)
16V (a£VP)*Ra+/7(7-3)]2 ’
3(aFVF)[F12168a°+53340a8/FF6364247 —ab 1814344280442V 34572 (2326344886042 )
Qi ()= 128V (a£ Vi) 2407 (7-3)]3
3(aFV/7)[-9a*(2489+8581a%) VS F9a%73 (711+24466a%46730a* ) +3a* (94516 +47597a%) V7|
128V#3 (a3 )5 2a+VF(7-3))?
3(aF V) [£180° 7 (=4379+3341a%) ~3% (3753+1205054>+144094*) Vi +£34° 7 (81307 +150622°)]
128V (a+ V)5 2a+VF(7-3))?
3(aTV7)[13562(~16+1127a%) V1127275 (8794883242 +5934%) —3a%(—17353+32444%) V1]
128V (a V) 2a£V/F(7-3)]
3(aFV/7)[£9a77(50384-9105a2) —3(4347+16187a%+879a%) V1 F6ar (3487+154142)]
128V#3 (a+ V)5 2a+VF(7-3))?
3(aFV/F)[9(1601+1768a%) V#7794 (—206+1542) -3 (1961442942 V19 +75a7104-971v/#21]
128V3B (a V) 247 (7-3)] ’
3(aTV/7)[F3780a8+11784a7v/FF9561a°7—a% (2497+88564%) V7))
128VB3 (a+ V)5 2a+/F(7-3))2
(aqE\/_)[i3A4A2(2563+6062A) 943 (515410722 vV Fa*#3(201194-872142)]
128V (a+VP )5 2a+V/F(7-3))?
3(aF V)33 (3963a%+8237)V/i 342 (50842 —4653) —a3 (450942 +13312) VP +3a%#5 (8535+133942)]
128V (a+Vi3)5 2a+/7(7-3)]2
3(aTFV7)[154(=999+40a2) VT Fa2#(1215a%+12916)+3a(11342+7471) V13 £977 (—8454-21322)]
128V3B (a£ V)’ 2a£VF(7-3)]2
3(aFVF)[-a(8743+135a2) Vi 738 (—2234+45a%)+723aV 7 F14537)]
128V (a+ V)5 2a+v/F(7-3))? ’

O (7.0) =
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3(aFVF)[£20405-62405\/F+40104P+343 (103+1644%) Vi F 184272 (16+57a%) —3784° V7]

Qg,TD(?ﬁ):

3(aFVF)[£3a%

16V (a+£VP)* a7 (7-3)]?
(139224622)—9a(106+51a%)V7 F96742#* +3a(503+4042) V7]

16V (a£VP)* Ra+/F(7-3)]?

3(aFVF)[E720 (28—

7)—648aV/ T +379(128+34%)+57aVF P F6477)

T

Ol (7.0)=

16V (a£VP)* Ra+ /i (-
3(aFV/F)[£768a8-3840a7 /7614427430728 (a—1)(a+1)V#)]
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