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Null shells are a useful geometric construction to study the propagation of infinitesimally thin
concentrations of massless particles or impulsive waves. After recalling the necessary and sufficient
conditions obtained in [M. Manzano and M. Mars, Classical Quantum Gravity (2021)] that allow for the
matching of two spacetimes with null embedded hypersurfaces as boundaries, we will address the problem
of matching across Killing horizons of zero order in the case when the symmetry generators are to be
identified. The results are substantially different depending on whether the boundaries are nondegenerate or
degenerate, and contain or not fixed points (in particular, in the former case the shells have zero pressure but
nonvanishing energy density and energy flux in general). We will present the explicit form of the so-called
step function in each situation. We will then concentrate on the case of actual Killing horizons admitting a
bifurcation surface, where a complete description of the shell and its energy-momentum tensor can be
obtained. We will conclude particularizing to the matching of two spacetimes with spherical, plane, or
hyperbolic symmetry without imposing this symmetry on the shell itself.
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I. INTRODUCTION

Thin shells (also known as surface layers) are idealized
geometrical objects introduced in General Relativity to
describe concentrations of matter or energy that can be
considered to be located on a hypersurface. Depending on
the causal character of the hypersurface, thin shells are
called null, timelike, spacelike, or mixed (when the causal
character is point-dependent). The standard way of gen-
erating spacetimes containing thin shells is by matching
two spacetime regions (one at each side of the shell). The
matching theory in the context of General Relativity is well
developed and has received contributions from many
authors. Key milestones are the seminal work by
Darmois [1] in the timelike and spacelike cases and its
extensions to the null case by Barrabés-Israel [2] (see also
[3] for a useful reformulation). The general causal character
was studied in [4,5].
The Darmois matching formalism for non-null bounda-

ries consists of joining two spacetimes ðM�; g�Þ with
differentiable boundaries Ω� by providing an identification
between the boundary points and between the full tangent
spaces on Ω�. For the matching to be possible, the
spacetimes are required to verify the so-called shell (or
preliminary) junction conditions (see, e.g., [4,6]) which
force the boundaries to be isometric with respect to their
induced metrics. The resulting spacetime satisfies the Israel

equations [7] and describes a thin shell whose matter
content is directly linked to the jump of the extrinsic
curvatures. In the general causal character case, the shell
junction conditions require that the identification of the
boundaries maps the corresponding first fundamental forms
and that the identification of the full tangent spaces fulfils a
suitable orientation requirement [5]. The Israel equations
for shells of arbitrary causal character were first obtained in
[8]. Expressions for the jumps of other curvature compo-
nents across matching hypersurfaces of arbitrary causal
character were derived in [9] by means of the formalism of
tensor distributional calculus.
Many explicit examples of null shells in specific sit-

uations have been discussed in the literature, often by
imposing additional symmetries, e.g., spherical symmetry.
We refer to [10–21] and references therein for examples. In
the previous paper [22], we determined the necessary and
sufficient conditions that allow for the matching of two
general spacetimes with null boundaries. In order to
address the problem of matching, we made use of the
so-called hypersurface data formalism [8,23] with which
one can abstractly analyze hypersurfaces of arbitrary
signature in pseudo-Riemannian manifolds. For embedded
hypersurfaces, the ambient metric, the embedding and a
choice of transversal vector (the so-called rigging vector)
determines the metric data. In this framework, the junction
conditions simply impose that the metric hypersurface data
of Ω� must coincide and, in the null case, the central
objects on which the matching depends are a diffeomor-
phism Ψ between the set of null generators of Ω� and the
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so-called step functionH, which geometrically corresponds
to a shift along the null generators. Moreover, the matching
requires that any spatial section on Ω− is isometric to its
corresponding image in Ωþ. The energy-momentum con-
tents of the resulting shell can be explicitly written in terms
the geometry of the ambient spaces and the identification of
the boundaries. The fundamental results in [22] required
for the present work are summarized, and expanded in
certain directions, in Sec. II.
Generically, given any two spacetimes ðM�; g�Þ with

null boundaries it will not be possible to join them. When
the matching is permitted, there will exist (in general) one
unique way of matching, i.e., only one suitable identifica-
tion of the boundary points and the full tangent spaces that
makes the metric hypersurface data of both sides agree.
However, as discussed in Sec. 4 in [22], there are some
cases in which multiple (even infinite) matchings are
feasible. This particularly occurs when the boundaries
Ω� are totally geodesic embedded null hypersurfaces.
Perhaps the most prominent example of totally geodesic
null hypersurfaces are the Killing horizons. In such case,
the spacetimes on both sides have additional structure,
namely the Killing vectors generating the horizons, and it is
natural to impose that the matching preserves this sym-
metry, i.e., that the resulting spacetime admits a continuous
vector field, which is Killing on both sides. This situation
corresponds to the case when the matching process iden-
tifies the Killing vector fields with respect to which the
boundariesΩ� are Killing horizons. This problem includes,
for example, matchings of black hole spacetimes with
nonzero temperature across geodesically complete Killing
horizon boundaries, or matchings across nondegenerate or
degenerate Killing horizon boundaries with or without
fixed points. This is the problem we set out to analyze
in this paper.
Actually, we study a considerably more general situa-

tion, namely the matching across Killing horizons to order
zero. It turns out that the identification of a pair of
preselected null tangential vector fields, one from each
side, restricts severely the set of all possible step functions.
For that it is not necessary that these null fields are Killing
vectors. One merely needs to assume that the boundaries
are totally geodesic and the set of zeroes of the preselected
null fields share the basic features that the set of zeros of
Killing vectors have. This is what defines the notion of
Killing horizons to order zero (see Definition 5). These
objects are in fact closely related to the well-known
concepts of nonexpanding horizons, and their particular-
izations of weakly isolated horizons and isolated horizons
(general references are, e.g., [24–29]). While normally
nonexpanding horizons are diffeomorphic to S2 ×R, we
shall only require that the topology of Ω� is S�0 ×R,
S�0 ⊂ Ω� being a spacelike submanifold. The main differ-
ence between nonexpanding horizons and Killing horizons
of zero order is that we preselect a null field ξ� tangent to

Ω� (called symmetry generator) such that the set of points
S� ≔ fp ∈ Ω�jξ�jp ¼ 0g is either the union of smooth
connected closed submanifolds of codimension two or the
empty set. Non-expanding horizons are totally geodesic as
a consequence of assuming that the matter model satisfies a
suitable energy condition. In the setup of Killing horizons
of zero order the property of being totally geodesic is
incorporated in the definition, so we can dispose of any
a priori restriction on the matter model.
In this paper, we will assume constancy of the surface

gravity of ξ�, which is defined by gradðg�ðξ�; ξ�ÞÞ ¼
−2κ�ξ ξ� on Ω�nS�. We keep the standard terminology of
calling Ω�nS� degenerate (if κ�ξ ¼ 0) or nondegenerate (if
κ�ξ ≠ 0). We will see that the presence or absence of points
where the null vectors ξ� vanish, as well as the causal
character of S� in the former case, strongly affects the
matching and by extension the types of shells that can be
constructed. In particular, when S� are both nonempty, we
will prove that they must be identified in the matching
process, which concretely forces them to have the same
causal character, as well as the same number of connected
components. Furthermore, the matching will require the
surface gravities κ�ξ to be either both zero or both nonzero,
and the allowed step functions will take a simple, linear
form. Moreover, the resulting shell necessarily has vanish-
ing pressure. The matching, however, still admits the
following freedom: in the degenerate case, one can select
two sections (one at each side) and impose their identi-
fication whereas in the nondegenerate case it is possible to
choose the initial velocity along the null generators off the
submanifolds S� (which are now spacelike). When the
boundaries are free of fixed points, the matching admits
more possibilities. All of them are studied in Sec. IV, and
the result is summarized in Theorem 1 of that section.
Once the matching across Killing horizons of order zero

has been completed, we return to the case of Killing
horizons. We perform an in-depth analysis of perhaps
the most physically interesting situation, which occurs
when the boundaries are nondegenerate Killing horizons
containing bifurcation surfaces. For this particular case, we
use Rácz-Wald coordinates [30] to derive the explicit
expression of the energy-momentum contents of the shell
(Theorem 2 in Sec. V). We obtain that, although the
pressure is zero, some effect of compression or stretching
of points is taking place because the velocity along the null
generators ofH þ differs from one generator to other. As a
consequence we find a nonzero energy flux which points
toward null generators with higher velocities. Another
remarkable result is that there appears a change of sign
on the energy density of the shell when the bifurcation
surfaces are crossed. This is a really puzzling behavior
which seems to point out the possibility that the physical
interpretation of the energy-density of the shell is not what
we are used to in other physical contexts. Perhaps this
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behavior is somehow linked to the causality change of the
Killing fields from future to past across the bifurcation
surface, but this is pure speculation. We stress however, that
these results are fully compatible with the shell field
equations obtained by Barrabés and Israel [2] for the case
of null hypersurfaces. We even include an explicit proof of
this in Sec. V.
The paper concludes with the general matching of two

spherical, plane or hyperbolic symmetric spacetimes across
nondegenerate Killing horizon boundaries containing bifur-
cation surfaces. We work in arbitrary ðnþ 1Þ spacetime
dimension and do not impose any a priori restrictions on
the shell (in particular we do not assume that it respects the
background spherical/plane/hyperbolic symmetry). The
shell depends on an arbitrary positive function α, constant
along the generators (so, effectively defined on a section).
The explicit expressions of the tensors determining the
matter content of the shell are explicitly derived, first
without imposing any restriction on the Einstein field
equations and then for the specific Λ-vacuum case. The
energy density depends on the Laplacian of α and on the
jump of the ambient Ricci tensors. Whenever nonzero,
the energy density unavoidably changes sign when crossing
the bifurcation surface. The energy-flux depends on the
gradient of α and it is constant along the null generators. In
the Λ-vacuum cases, the matching allows for different
values of Λ on each side but fixes the jump of the mass in
terms of the jump [Λ]. An example of particular interest
occurs when ½Λ� < 0. Then, it is possible to construct a
shell of null dust (hence with vanishing energy flux) which,
from a fully physically reasonable state of positive energy
density, evolves in the deterministic manner dictated by the
field equations into a state with negative energy density
after crossing the bifurcation surface. Shocking as this may
seem, in appears to us that such state of negative density
should be considered as fully physical.
Before describing the structure of this paper, let us

provide a few potential applications of our work here. One
problem that we plan to address in the future is to analyze
interiors of the Kerr black hole with matter/energy sup-
ported on the horizon. Of particular interest is the case of
the near horizon geometry of the Kerr black hole (see, e.g.,
[31,32] and references therein) because of the fact that in
such case there are two different Killing generators that one
can identify. A related setup with an, a priori, even more
rich behavior involves matchings across so-called multiple
Killing horizons [33,34]. Another problem where our
results are of potential interest is in constructing spacetimes
where the null shell produces a trapped surface in the
exterior region. Such spacetimes can be helpful to test the
validity of the Penrose inequality in the null case [35–37].
The organization of the paper is as follows. Section II is

divided into three parts. First, we revisit some results and
identities concerning the geometry of embedded null
hypersurfaces, and we present the necessary geometric

objects and assumptions. We continue with a brief sum-
mary of the basic notions on the formalism of hypersurface
data. In the third part we recall the results from [22] needed
for this work and then we complement and expand them in
several directions. With the aim of rewriting some of the
results in [22], we firstly provide identities concerning
the pullback to the abstract manifold of tensor fields on the
boundaries. We also analyze the behavior of the tensor
fields defining the matter content of the shell under changes
of the foliations of the boundaries. In Sec. III, we recall
some well-known properties of Killing horizons, and
introduce the notion of Killing horizon of zero order.
Section IV is devoted to the actual problem of matching
two spacetimes across null boundaries which are Killing
horizons of zero order. We analyze separately the cases of
both boundaries being degenerate, both being nondegen-
erate and one being degenerate and the other one non-
degenerate. As already mentioned, the particular case of
matching across nondegenerate Killing horizons containing
bifurcation surfaces is fully addressed in Sec. V. We
conclude the main body of the paper by studying the
general matching of two arbitrary spherical, plane or
hyperbolic symmetric spacetimes admitting a Killing hori-
zon with a bifurcation surface. The specific matchings of
two spacetimes of Schwarzschild and Schwarzschild-
de Sitter are addressed in detail. The paper finishes with
two appendixes. In Appendix A, we give the proof of the
pullback identities described in the last part of Sec. II.
Appendix B establishes a geometric expression needed in
Sec. V that links the ambient Ricci tensor and geometric
quantities at one boundary Ω when this is a nondegenerate
Killing horizon with bifurcation surface. This result is
known and it is included merely in order to make the paper
self-consistent (and because our derivation is very direct
and simple).

A. Notation

Given a manifold M and a point p ∈ M, the tangent
and cotangent spaces at p are denoted by TpM, T�

pM
respectively. As always, TM refers to the corresponding
tangent bundle and ΓðTMÞ to its sections. Given an
embedding Φ, we use the standard notation of Φ� and
Φ� for its pull-back and push-forward respectively. We also
let F ðMÞ ≔ C∞ðM;RÞ and F �ðMÞ ⊂ F ðMÞ its subset
of no-where zero functions. Our signature convention for
Lorentzian manifolds ðM; gÞ is ð−;þ;…;þÞ and we let ∇
denote the Levi-Civita covariant derivative of g and gðX; YÞ
(also hX; Yig) be the scalar product of two vector fields
X; Y ∈ ΓðTMÞ. Our convention of indices on an ðnþ 1Þ-
dimensional spacetime is

α; β;… ¼ 0; 1;…;n; i; j;… ¼ 1;…;n

I; J;… ¼ 2; 3;…;n;
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and parenthesis (resp. brackets) denote symmetrization
(resp. antisymmetrization) of indices. We write the space-
time dimension as nþ 1 and assume throughout that
n ≥ 1.

II. PRELIMINARIES

As indicated in the Introduction, the aim of this paper is
to determine the necessary and sufficient conditions that
allow for the matching of two spacetimes ðM�; g�Þ across
Killing horizons of zero order such that the symmetry
generators get identified. This section is devoted to intro-
ducing several background notions and results needed later.
Further details can be found in [22].

A. Geometry of embedded null hypersurfaces

We start by recalling general properties of null hyper-
surfaces (general references are [38,39]). We begin with the
standard notion of embedded null hypersurface.
Definition 1: (Embedded null hypersurface) Let ðM; gÞ

be an ðnþ 1Þ-dimensional spacetime and Σ a manifold
of dimension n. An embedded null hypersurface is a
subset Ω ⊂ M satisfying that there exists an embedding
Φ∶Σ → M such that ΦðΣÞ ¼ Ω and that the first funda-
mental form γ ≔ Φ�ðgÞ of Σ is degenerate.
We define null generator k ofΩ as any null nowhere zero

vector field which is tangent to Ω everywhere. Since there
exists one unique degenerate direction along Ω, all null
generators are proportional to each other. Besides, they are
pregeodesic, i.e., for any null generator k, there exists a
function κk ∈ F ðΩÞ named surface gravity such that
∇kk ¼ κkk. One can always find a null generator k which

is in addition affine (i.e., with κk) [39,40]. In the following
and with full generality, we let k be future and satisfy this
property.
The following definitions will be useful for our purposes.
Definition 2: (Spacelike section, tangent plane and

foliation of Ω) Let Ω be an embedded null hypersurface
and k be an affine future null generator. Assume the
existence of a section S̃ ⊂ Ω and let s ∈ F ðΩÞ be the
solution of the equation kðsÞ ¼ 1 with initial condition
sjS̃ ¼ 0. Then, the section Ss0 is defined as the subset

Ss0 ≔ fp ∈ ΩjsðpÞ ¼ s0; s0 ∈ Rg: ð2:1Þ

Given p ∈ Ω and the section SsðpÞ ⊂ Ω, the tangent plane
TpSsðpÞ is defined as

TpSsðpÞ ≔ fX ∈ TpΩjXðsÞ ¼ 0g: ð2:2Þ

The family of spacelike sections fSsg define a foliation of
Ω given by the levels of s, i.e., the subsets of constant s.
By construction, s increases toward the future. In

addition to the existence of S̃, we also require that all
the level sets of the function s, i.e., the sections fSsg, are
diffeomorphic to each other. As discussed in [22], the
requirements above amount to assume that the topology of
Ω is Ss0 ×R, with the null generators along the direction of
R. This global restriction will be henceforth supposed. It is
worth stressing, however, that s always exists on suffi-
ciently small open sets, so all the results below always
apply on such sets. We construct a basis fL; k; vIg of
ΓðTMÞjΩ satisfying the following properties:

ðAÞ k is an affine future null generator:

ðBÞ Each vI is a spacelike vector field verifying that vIjp ∈ TpSsðpÞ at eachp ∈ Ω:

ðCÞ The basis vectors fk; vIg are such that ½k; vI� ¼ 0 and ½vI; vJ� ¼ 0.

ðDÞ L is a future null vector field everywhere transversal toΩ: ð2:3Þ

Consider a point p0 ∈ Ω, the section Ssðp0Þ, a point p ∈
Ssðp0Þ and two vectors Z;W ∈ TpSsðp0Þ. The (positive
definite) induced metric h of Ssðp0Þ at p is hðZ;WÞjp ≡
hZ;Wigjp. We let h♯ be its associated contravariant metric.
Given a basis fvIjpg of TpSsðp0Þ and its corresponding dual
fωIjpg, the components of h and h♯ are denoted by hIJ and
hIJ respectively. Capital Latin indices will be raised and
lowered with these metrics.
Given a basis fL; k; vIg, we define n scalar functions

φ ≔ −hL; kig > 0; ψ I ≔ −hL; vIig; ð2:4Þ

onΩ, the one-form σLðZÞjp≔ 1
φh∇Zk;Ligjp, the 2-covariant

tensor ΘLðZ;WÞjp ≔ h∇ZL;Wigjp and the second funda-
mental form χkðZ;WÞjp ≡ h∇Zk;Wigjp of Ssðp0Þ at p. If L
had been chosen to be orthogonal to Ssðp0Þ (i.e., ψ I ¼ 0)
then σL and ΘL would be the torsion one-form and second
fundamental form of Ssðp0Þ along L. However, it is
convenient for our purposes to allow L to be unrelated
to the sections. In the general case σL and ΘL are
generalizations of those quantities and still encode extrinsic
information of the sections. However, we emphasize that
ΘL is not symmetric in general. For later purposes, we also
recall the well-known relation between the rate of change of
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the induced metric along k and the second fundamental
form of the section (see, e.g., [39])

kðhðvK; vIÞÞ ¼ 2χ kðvI; vKÞ: ð2:5Þ

The next result (Lemma 1 in [22]) gives the tangential
covariant derivatives of the basis vectors.
Lemma 1: Let Ω be an embedded null hypersurface,

fSsg a foliation of Ω defined by s and fL; k; vIg be a basis
of ΓðTMÞjΩ satisfying conditions (2.3). Then, the tangen-
tial derivatives of the basis vectors read:

∇vIvJ ¼
1

φ
χ kðvI; vJÞLþ 1

φ
ðvIðψJÞ þΘLðvI; vJÞ

−ϒK
JIψKÞkþϒK

JIvK; ð2:6Þ

∇kvI ¼ ∇vI k

¼ −
�
σLðvIÞ þ

1

φ
ψBχ kðvI; vBÞ

�
kþ χ kðvI; vBÞvB;

ð2:7Þ

∇kk ¼ κkk ð2:8Þ

∇vIL ¼ ηIL −
1

φ
ψJðηIψJ þΘLðvI; vJÞÞk

þ ðηIψJ þΘLðvI; vJÞÞvJ; ð2:9Þ

∇kL ¼
�
kðφÞ
φ

− κk

��
L −

ψ Iψ I

φ
kþ ψ IvI

�

þ ðkðψ IÞ þ φσLðvIÞÞ
�
ψ I

φ
k − vI

�
; ð2:10Þ

where ϒK
JI and ηI are defined by

ϒK
JI ≔

�
hvK;∇vIvJig þ

1

φ
ψKχ kðvI; vJÞ

�
; ð2:11Þ

ηI ≔
�
1

φ
vIðφÞ þ σLðvIÞ

�
: ð2:12Þ

Remark 1: A straightforward calculation based on
½vI; vJ� ¼ 0 yields

ϒK
JI ¼

1

2
hKAðvIðhAJÞ þ vJðhAIÞ − vAðhIJÞÞ

þ 1

φ
ψKχ kðvI; vJÞ: ð2:13Þ

B. Metric hypersurface data and hypersurface data

The concepts of (metric) hypersurface data [8,23], which
we summarize next, constitute a natural framework to study
the matching, as they provide the necessary setup to study

hypersurfaces of arbitrary causal character from a com-
pletely abstract viewpoint.
Let Σ be an n-dimensional manifold endowed with a

2–symmetric covariant tensor γ, a 1–form l and a scalar
function lð2Þ. The four-tuple fΣ; γ;l;lð2Þg defines metric
hypersurface data provided that the symmetric 2-covariant
tensor Ajp on TpΣ ×R defined as

AjpððW; aÞ; ðZ; bÞÞ ≔ γjpðW;ZÞ þ aljpðZÞ
þ bljpðWÞ þ ablð2Þjp;

W; Z ∈ TpΣ; a; b ∈ R; ð2:14Þ

has Lorentzian signature at every p ∈ Σ. The five-tuple
fΣ; γ;l;lð2Þ; Yg defines hypersurface data if additionally
to the metric hypersurface data fΣ; γ;l;lð2Þg one also has a
symmetric 2-covariant tensor Y on Σ.
Since Ajp is nondegenerate, we can consider its

inverse contravariant tensor Ajp ∈ T�
pΣ ×R. Splitting its

components as

Ajpððα; aÞ; ðβ; bÞÞ ≔ Pjpðα; βÞ þ anjpðβÞ
þ bnjpðαÞ þ abnð2Þjp;

α; β ∈ T�
pΣ; a; b ∈ R ð2:15Þ

defines a symmetric two-contravariant tensor (field) P, a
vector (field) n and a scalar (field) nð2Þ on Σ. By definition
of A, it follows (see Eqs. (3)–(6) in [8]):

γðn; ·Þ þ nð2Þl ¼ 0; lðnÞ ¼ 1 − nð2Þlð2Þ;

ð2:16Þ

Pð·;lÞ þ lð2Þn ¼ 0; Pð·; γð·; XÞÞ ¼ X − lðXÞn;
γð·; Pð·;αÞÞ ¼ α − αðnÞl; ð2:17Þ

The abstract notion of (metric) hypersurface data con-
nects to the geometry of hypersurfaces via the concept of
embedded (metric) hypersurface data [23]. The data
fΣ; γ;l;lð2Þg is embedded in a spacetime ðM; gÞ of
dimension nþ1 if there exists an embedding Φ∶Σ↪M
and a rigging vector field ζ along ΦðΣÞ (i.e., a vector field
which is everywhere transversal to ΦðΣÞ) satisfying

Φ�ðgÞ¼ γ; Φ�ðgðζ; ·ÞÞ¼l; Φ�ðgðζ;ζÞÞ¼lð2Þ: ð2:18Þ

The hypersurface data fΣ; γ;l;lð2Þ; Yg is embedded if, in
addition to (2.18), it holds

1

2
Φ�ðLζgÞ ¼ Y: ð2:19Þ

Hypersurface data has a built-in gauge freedom that
corresponds to the nonuniqueness of the rigging vector
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field. Let fΣ; γ;l;lð2Þ; Yg be hypersurface data, z ∈ F �ðΣÞ
and W ∈ ΓðTΣÞ. The gauge transformed hypersurface
data fΣ;Gðz;WÞðγÞ;Gðz;WÞðlÞ;Gðz;WÞðlð2ÞÞ;Gðz;WÞðYÞg is
(Definition 3.1 in [23])

Gðz;WÞðγÞ ≔ γ;

Gðz;WÞðlð2ÞÞ ≔ z2ðlð2Þ þ 2lðWÞ þ γðW;WÞÞ; ð2:20Þ
Gðz;WÞðlÞ≔ zðlþ γðW; ·ÞÞ;

Gðz;WÞðYÞ≔ zYþ1

2
ððl⊗ đzþđz⊗lÞþ£zWγÞ: ð2:21Þ

This gauge transformation induces the following trans-
formations on P, n and nð2Þ (Lemma 5 in [8]):

Gðz;WÞðPÞ¼Pþnð2ÞW⊗W−W⊗n−n⊗W; ð2:22Þ

Gðz;WÞðnÞ ¼ z−1ðn−nð2ÞWÞ; Gðz;WÞðnð2ÞÞ ¼ z−2nð2Þ:

ð2:23Þ
Throughout this paper, the boundaries to be matched will
be null hypersurfaces, which means that nð2Þ ¼ 0 and that
the first fundamental form γ is degenerate with degenerate
direction n [cf. (2.16)].

C. Matching and shell junction conditions

We conclude the preliminaries with a summary of the
matching problem across null boundaries. This problem is
studied in detail in [22]. Consider two (nþ 1)-dimensional
spacetimes ðM�; g�Þwith respective null hypersurfacesΩ�

as boundaries. Let fL�; k�; v�I g be basis of ΓðTM�ÞjΩ�

according to (2.3) and s� ∈ F ðΩ�Þ be foliation defining
functions constructed as in Definition 2. The matching of
ðM�; g�Þ requires the fulfilment of the so-called shell
(also called preliminary) junction conditions (see, e.g.,
[1,2,4,6,7,41–43]). In the language of hypersurface data,
they impose [8] that the embedded metric hypersurface data
of Ω� agree. We therefore let fΣ; γ;l;lð2Þ; Y�g be hyper-
surface data embedded in ðM�; g�Þ with embeddings Φ�

and riggings ζ� to be determined in the process of matching.
Performing a matching amounts to providing an identi-

fication between the boundary points (ruled by the diffeo-
morphism Φ ≔ Φþ ∘ ðΦ−Þ−1∶Ω− → Ωþ) as well as a
correspondence between transverse directions given by the
identification of ζ�.We hence take coordinates fλ; yAg onΣ,
λ being a coordinate along the degenerate direction of γ, and
introduce new basis fζ�; e�1 jΦ�ðqÞ ¼ Φ�� jqð∂λÞ; e�I jΦ�ðqÞ ¼
Φ�� jqð∂yIÞg to be identified in the process of matching. With
full generality, one can adapt Φ− (or fe−i g) and ζ− to the
geometric quantities already introduced onΩ−, and let all the
information of the matching be contained in Φþ and ζþ.
For simplicity, given any function h ∈ F ðΣÞ, we will

make the slight abuse of notation of writing h ∘ ðΦ�Þ−1 ∈
F ðΩ�Þ also as h. The matching procedure implies the

existence of functions fHðλ; yAÞ; hIðyAÞg satisfying the
conditions that ∂λH > 0 and det ð∂yJhIÞ ≠ 0 such that the
following decompositions hold (Sec. 3.3. in [22]):

e−1 ¼ k−; e−I ¼ v−I ; ζ− ¼ L−; ð2:24Þ

eþ1 ¼βkþ; eþI ¼aIkþþbJI v
þ
J ; ζþ¼ 1

A
LþþBkþþCKvþK;

ð2:25Þ

where

β ¼ ∂λH > 0; aI ¼ ∂yIH; bJI ¼ ∂yIh
J; ð2:26Þ

A ¼ φþ

φ− ∂λH > 0; B ¼ φ−

2∂λH
hABþ ωðþÞ

A ωð−Þ
B ;

CI ¼ φ−

∂λH
hIJþω

ðþÞ
J ; ð2:27Þ

and ωð�Þ
A ≔ ðb−1ÞIAð∂yIH − 1

φ− ψ−
I ∂λHÞ � 1

φþ ψþ
A . Observe

that the coefficients bJI do not depend on the coordinate λ.
All the matching information is therefore encoded in

fHðλ; yAÞ; hIðyAÞg. Besides, λ and Hðλ; yAÞ satisfy

fs− ∘ Φ− ¼ λ; sþ ∘ Φþ ¼ Hg onΣ: ð2:28Þ

The function Hðλ; yAÞ is named step function, since it
measures a kind of jump along the null direction when
crossing the matching hypersurface. The last condition
imposed by the matching procedure is that any pair of
points p ∈ Ω−, ΦðpÞ ∈ Ωþ must verify that

h−IJjp ¼ bKI b
L
J h

þ
KLjΦðpÞ: ð2:29Þ

This constitutes an isometry condition between the sub-
manifold SsðpÞ ⊂ Ω− and its corresponding image on Ωþ.
The identification of e�1 requires the existence of a diffeo-
morphism Ψ between the set of null generators on both
sides. The geometry of the shell is determined by the jump
½Y� ≔ Yþ − Y− [cf. (2.19)]. In particular, the components
of the energy-momentum tensor of the shell are τ11 ¼
−ðn1Þ2γIJ½YIJ�, τ1I ¼ ðn1Þ2γIJ½Y1J�, τIJ ¼ −ðn1Þ2γIJ½Y11�.
The explicit expressions of all these quantities were
obtained in [22], and are included in the next proposition.
Proposition 1: Let ∇k be the Levi-Civita connection on

a section fλ ¼ const:g ⊂ Σ. Then the components of the
tensors Y� are given by
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Y−
11 ¼ φ−

�
κ−k− −

∂λφ
−

φ−

�
;

Y−
1J ¼ −φ−

�
σ−L−ðv−J Þ þ

∇k
Jφ

−

2φ− þ ∂λψ
−
J

2φ−

�
;

Y−
IJ ¼ ΘL−

− ðv−ðI; v−JÞÞ; ð2:30Þ

Yþ
11 ¼ φ−

�
κþkþ∂λH þ ∂λ∂λH

∂λH
−
∂λφ

−

φ−

�
; ð2:31Þ

Yþ
1J ¼ φ−

�
κþkþ∇k

JH − bBJ σ
þ
LþðvþB Þ þ

∂λ∂yJH

∂λH

−
XLχ k

−
− ðv−J ; v−LÞ
φþ

∂λH
−
∇k

Jφ
−

2φ− −
∂λψ

−
J

2φ−

�
; ð2:32Þ

Yþ
IJ ¼φ−

�
κþkþ∇k

IH∇k
JH

∂λH
−
∇k

ðIHbBJÞ∂λψ
þ
B

φþð∂λHÞ2

−
2∇k

ðIHbBJÞσ
þ
LþðvþB Þ

∂λH
þ
bAðIb

B
JÞΘ

Lþ
þ ðvþA ;vþB Þ

φþ
∂λH

þX1χ k
−
− ðv−I ;v−J Þ
φþ

∂λH
þ∇k

I∇k
JH

∂λH
þ
∇k

ðIðbBJÞψþ
B Þ

φþ
∂λH

−
∇k

ðIψ
−
JÞ

φ−

�
;

ð2:33Þ

and the components of the energy-momentum tensor of the
shell are

τ11 ¼ −
γIJ

φ−

�
κþkþ∇k

IH∇k
JH

∂λH
−
∇k

IHbBJ ∂λψ
þ
B

φþð∂λHÞ2

−
2∇k

IHbBJ σ
þ
LþðvþB Þ

∂λH
þ bAI b

B
JΘLþ

þ ðvþA ; vþB Þ
φþ

∂λH

þ X1χk−
− ðv−I ; v−J Þ
φþ

∂λH
þ∇k

I∇k
JH

∂λH
þ∇k

I ðbBJψþ
B Þ

φþ
∂λH

−
∇k

Iψ
−
J

φ− −
ΘL−

− ðv−I ; v−J Þ
φ−

�
; ð2:34Þ

τ1I ¼ γIJ

φ−

�
κþkþ∇k

JH þ ∂λ∂yJH

∂λH
−
XLχ k

−
− ðv−J ; v−LÞ
φþ

∂λH

− ðbBJ σþLþðvþB Þ − σ−L−ðv−J ÞÞ
�
; ð2:35Þ

τIJ ¼ −
γIJ

φ−

�
κþkþ∂λH − κ−k− þ

∂λ∂λH
∂λH

�
; ð2:36Þ

where ∇k
Iψ

−
J , ∇k

I ðbBJψþ
B Þ are derivatives of the covariant

tensors ψ−
I dy

I, bAI ψ
þ
Ady

I defined on the sections fλ ¼
const:g ⊂ Σ and

εI ≔ φþ
∂yIH þ bJIψ

þ
J ; XJ ≔ γIJðεI − Aψ−

I Þ;

X1 ≔ −
XJ

2φ−A
ðεJ þ Aψ−

J Þ: ð2:37Þ

In these expressions the primary geometric objects are
tensors defined on the boundaries Ω�, and their transfer to
the abstract hypersurface Σ is performed via the explicit
appearance of the quantities bJI (in the case of the Ωþ

boundary; for the other boundary Ω− the transfer is
immediate because of the fact that we are choosing the
map Φ− to be the identity between Σ and Ω−). These
expressions have the advantage that are fully explicit,
which is a desirable feature when matchings of concrete
spacetimes are to be performed. However, this form can
also obscure the geometric interpretation of some quan-
tities. It is therefore of interest to provide the results from
Proposition 1 with a more covariant interpretation. This
different perspective will be particularly useful in Sec. V,
and requires some prior considerations regarding the pull-
back to Σ of tensor fields and their derivatives on Ω�.
Let fω1

�;ω
I
�g be the dual basis of fk�; v�I g and, for

each constant λ0, let fλ0 be the trivial embedding of the
section fλ ¼ λ0 ¼ const:g onto Σ. Consider any pair of
p-covariant tensor fields T� on Ω� with the property that

T�ð…; k�;…Þ ¼ 0, i.e., T� ¼ T�
A1…Ap

ωA1

� ⊗ … ⊗ ω
Ap

� .

By (2.24)–(2.25), their pullback tensors T̃�≔ðΦ�Þ�ðT�Þ
on Σ are

T̃− ¼ T−ðe−I1 ;…; e−IpÞdyI1 ⊗ … ⊗ dyIp

¼ T−
I1…Ip

dyI1 ⊗ … ⊗ dyIp; ð2:38Þ

T̃þ ¼ TþðeþI1 ;…; eþIpÞdyI1 ⊗ … ⊗ dyIp

¼ bA1

I1
…b

Ap

Ip
Tþ
A1…Ap

dyI1 ⊗ … ⊗ dyIp ; ð2:39Þ

while the corresponding pullback tensors f�λðT̃�Þ on the
sections fλ ¼ const:g ⊂ Σ are

f�λðT̃−Þ ¼ T−
I1…Ip

dyI1 ⊗ … ⊗ dyIp;

f�λðT̃þÞ ¼ bA1

I1
…b

Ap

Ip
Tþ
A1…Ap

dyI1 ⊗ … ⊗ dyIp: ð2:40Þ

In order to avoid cumbersome notation we shall still call
f�λðT̃�Þ as T̃�. This slight abuse of notation is harmless
since the context will make clear the precise meaning.
Let us introduce the tensor fields ψ� ≔ ψ�

I ω
I
�,

σ�L� ≔ σ�L�ðv�I ÞωI
�, ΘL�

� ≔ ΘL�
� ðv�I ; v�J ÞωI

� ⊗ ωJ
� and

χ k
�
� ≔ χ k

�
� ðv�I ; v�J ÞωI

� ⊗ ωJ
� on Ω� and, in accordance

to the notation above, use a tilde to denote their pullbacks to
Σ and to the sections fλ ¼ const:g. The jump of T� on Σ
will be correspondingly defined as
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½T̃� ≔ ðΦþÞ�ðTþÞ − ðΦ−Þ�ðT−Þ ¼ T̃þ − T̃−: ð2:41Þ

As already indicated, the appearance of the coefficients bJI
in the expressions of Proposition 1 is a consequence of
making the pullback to Σ or to a section fλ ¼ const:g ⊂ Σ
of the corresponding tensors on Ωþ. Consequently, the
expressions will take a more elegant form when written in

terms of tilde quantities. Moreover, the derivatives ∇k
Iψ

−
J ,

∇k
I ðbBJψþ

B Þ on the sections fλ ¼ const:g ⊂ Σ will also
acquire a clear geometric meaning. It is immediate to
rewrite all expressions in Proposition 1 in terms on this new
notation. In this paper we shall only need them particu-
larized to κ�k ¼ 0 so, for the sake of brevity we only do the
rewriting in this specific case.
Proposition 2: Let ∇k be the Levi-Civita connection on

a section fλ ¼ const:g ⊂ Σ. If k� are chosen affine (i.e.,
with κ�k ¼ 0), then the components of the tensors Y� read

Y−
11¼−∂λφ−; Y−

1J¼−φ−σ̃−J −
∇k

Jφ
−

2
−
∂λψ̃

−
J

2
; Y−

IJ¼ Θ̃−
ðIJÞ;

ð2:42Þ

Yþ
11 ¼ φ−

�
∂λ∂λH
∂λH

−
∂λφ

−

φ−

�
; ð2:43Þ

Yþ
1J ¼ φ−

�
−σ̃þJ þ ∂λ∂yJH

∂λH
−

XLχ̃−JL
φþ

∂λH
−
∇k

Jφ
−

2φ− −
∂λψ̃

−
J

2φ−

�
;

ð2:44Þ

Yþ
IJ ¼ φ−

�∇k
I∇k

JH
∂λH

−
∇k

ðIH∂λψ̃
þ
JÞ

φþð∂λHÞ2 −
2∇k

ðIHσ̃þJÞ
∂λH

þ
Θ̃þ

ðIJÞ
φþ

∂λH

þ X1χ̃−IJ
φþ

∂λH
þ

∇k
ðIψ̃

þ
J

φþ
∂λH

−
∇k

ðIψ̃
−
JÞ

φ−

�
; ð2:45Þ

while the components of the energy-momentum tensor of
the shell are

τ11 ¼ −
γIJ

φ−

�∇k
I∇k

JH
∂λH

−
∇k

IH∂λψ̃
þ
J

φþð∂λHÞ2 −
2∇k

IHσ̃þJ
∂λH

þ X1χ̃−IJ
φþ

∂λH

þ ∇k
I ψ̃

þ
J

φþ
∂λH

−
∇k

I ψ̃
−
J

φ− þ
Θ̃þ

ðIJÞ
φþ

∂λH
−
Θ̃−

ðIJÞ
φ−

�
; ð2:46Þ

τ1I ¼ γIJ

φ−

�
∂λ∂yJH

∂λH
−
XLχ̃−JL
φþ

∂λH
− ½σ̃J�

�
; τIJ ¼−γIJ

∂λ∂λH
φ−

∂λH
;

ð2:47Þ

where again X1 and XA are defined by (2.37).
The choice of the foliation defining functions s� is

highly nonunique, which makes it interesting to study the
behavior of the tensor fields Y� and the energy-momentum

tensor of the shell τ under transformations of the functions
s�. As in the previous proposition, we restrict the dis-
cussion to the case when the null generators k� have been
chosen affine, i.e., κ�k ¼ 0. However, the conclusions of
this section also hold in general, namely when κ�k ≠ 0.
Foliations ofmanifolds by codimension one submanifolds

always admit a freedom of reparametrization of the foliation
defining function. The restriction of the generators k� being
affine and future and s� satisfying k�ðs�Þ ¼ 1 reduces the
full reparametrization freedom to s� → q�s� þ s�0 , with
constants s�0 and q� > 0. This gives rise to the natural
question of how expressions of Proposition 2may be affected
by this freedom. From the fact that the matching has been
performed assuming that the map Φ− is the identity (see
(2.24)), i.e., by identifying the boundaryΩ− and the abstract
manifold Σ, the changes above are of different conceptual
nature andhence have different effects in theminus and in the
plus sides. Concerning the ðMþ; gþÞ side, this freedom
translates into multiplying H by qþ and shifting by sþ0
(cf. (2.28)) aswell as changingLþ asLþ → qþLþ so thatφþ

is preserved. Moreover, kþ transforms as kþ → 1
qþ k

þ. It is
easy to check that Eqs. (2.30)–(2.36) all remain invariant
under a reparametrization of this type. For that it suffices to
notice that A → qþA, XL → qþXL and X1 → qþX1.
The transformation s− → q−s− þ s−0 is more subtle

precisely because of the trivial identification between Ω−

and Σ. By (2.28), we know that s− → q−s− þ s−0 induces in
turn the change λ → q−λþ s−0 on Σ. However, the degen-
erate direction of Σ is defined by a vector field n which is
proportional to ∂λ. Thus, scaling and shifting λ amounts to
taking a new vector field n0 ¼ 1

q− n, i.e., to perform a gauge
transformation Gðz;WÞ with z ¼ q− and W ¼ 0. Once more,
condition k−ðs−Þ ¼ 1 forces k− → 1

q− k
− which means that,

in order to preserve φ−, we again need L− → q−L−. It is
immediate to check that all this entails dλ → q−dλ,
∂λ →

1
q− ∂λ, ψ−

I → q−ψ−
I , ΘL−

− ðv−I ; v−J Þ → q−ΘL−
− ðv−I ; v−J Þ,

χ k
−
− ðv−I ;v−J Þ→ 1

q−χ
k−
− ðv−I ;v−J Þ and leaves φþ, ψþ

I , σ
�
L�ðv�J Þ

and ΘLþ
þ ðvþI ; vþJ Þ unchanged. By virtue of expressions

(2.30)–(2.33), it follows that Y�
1J remain unchanged,

Y�
11 →

1
q− Y

�
11 and Y�

IJ → q−Y�
IJ, as in this case A → 1

q− A,

XL → XL, and X1 → q−X1. Since

Y� ¼ Y�
11dλ ⊗ dλþ Y�

1Jðdλ ⊗ dyJ þ dyJ ⊗ dλÞ
þ Y�

IJdy
I ⊗ dyJ; ð2:48Þ

we conclude that the transformation of the tensor Y� is
Y� → q−Y�, which is consistent with the gauge behavior
(2.21). Concerning τ, it follows from (2.34)–(2.35) that the
components transform as τ11→q−τ11, τ1I→τ1I , τIJ→ 1

q−τ
IJ

and hence the tensor
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τ ¼ τ11∂λ ⊗ ∂λ þ τ1Jð∂λ ⊗ ∂yJ þ ∂yJ ⊗ ∂λÞ þ τIJ∂yI ⊗ ∂yJ

ð2:49Þ

transforms as τ → 1
q− τ in agreement with Proposition 7 in

[8]. The tensor τ not being invariant is a consequence of the
fact that there is no canonical volume form on null hyper-
surfaces. Each choice of rigging (or of gauge at the abstract
level) gives raise to a different volume form. From the gauge
transformation of such volume forms it follows that the
product τη does remain invariant (see Lemma 3.5 in [23]). It
is therefore important to bear in mind that from a physical
point of view τ is a density, i.e., a physicalmagnitude per unit
volume, hence the necessity of this scaling behavior under
the transformation s− → q−s− þ s−0 .
The standard physical interpretation of the components of

the energy-momentum tensor is as follows (see, e.g., [44]). In
8πG ¼ c ¼ 1 units, ρ ≔ τ11 is the energy density, jA ≔ τ1A

an energy-flux and the pressure p is given by τAB ≔ pγAB.

III. KILLING HORIZONS

The basic object of this paper is the so-called Killing
horizon of zero order, which we define in this section. To
motivate its definition, we recall first the definition and
general properties of Killing horizons. General references
are [45,46].
Definition 3: (Killing horizon) Let ξ be a Killing vector

in a spacetime ðM; gÞ. An embedded null hypersurfaceH
where ξ is null, nowhere zero and to which ξ is tangent
defines a Killing horizon of ξ.
Definition 4: (Bifurcation surface, bifurcate Killing

horizon) Let ξ be a nontrivial Killing vector in a spacetime
ðM; gÞ and assume that there exists a connected spacelike
codimension-two submanifold S of fixed points, i.e., where
ξjS ¼ 0. This submanifold S is called bifurcation surface,
and the set of points along all null geodesics orthogonal to
S comprises a bifurcate Killing horizon with respect to ξ.
A Killing horizonH may have one or several connected

components. However, one can always selectH to be such
that its topological closure H is a smooth connected
(necessarily null) hypersurfacewithout boundary. This shall
be henceforth required. We will let S denote the set of fixed
points of ξ withinH , i.e., S ≔ fp ∈ H jξjp ¼ 0g. The set
of fixed points of a Killing vector ξ is the union of connected
totally geodesic closed submanifolds of even codimension
(this is proven in [47,48] for the Riemannian and pseudo-
Riemannian cases respectively). Therefore, the Killing
vector ξ cannot vanish on open subsets of H . We will
make use of this fact later.
Since ξ is null and normal along H , there exists a

function κξ ∈ F ðH Þ, called surface gravity and defined by

gradðhξ; ξigÞ ¼H − 2κξξ ⇔ ∇ξξ ¼H κξξ: ð3:1Þ

The surface gravity κξ is constant along the null generators
ofH (see, e.g., [45]). For the purposes of this paper, let us
also assume that κξ is actually constant onH . This holds in
many situations of physical interest, namely when (a) the
Einstein tensor of the spacetime ðM; gÞ satisfies the
dominant energy condition [46,49], (b) the Killing vector
field ξ is integrable, i.e., it verifies ξ ∧ dξ ¼ 0 [30], (c) for
any bifurcate Killing horizon [30,45,50], (d) for multiple
Killing horizons [33,34,51]. We however emphasize that
the constancy of the surface gravity restricts the class of
horizons under consideration (see, e.g., [29] for a situation
where a nonconstant surface gravity implies a rather
different behavior of the properties of the horizon).
Constancy of κξ on H allows for a trivial extension to

H as the same constant. We use the standard terminology
of calling H , H degenerate (resp. nondegenerate) if
κξ ¼ 0 (resp. κξ ≠ 0). Moreover, we assume κξ to be
positive in the nondegenerate case. Since κξ is constant,
this entails no loss of generality, as one can always take −ξ
as the Killing vector field whenever κξ < 0 (cf. (3.1)).
We shall henceforth require that all assumptions from

Sec. II also apply on H . This allows us to take an affine
future null generator k (i.e., with κk ¼ 0) and a function
s ∈ F ðH Þ satisfying kðsÞ ¼ 1 everywhere. We construct a
basis fL; k; vIg of ΓðTMÞjH according to (2.3). By

uniqueness of the null generator, there is a function F ∈
F ðH Þ defined by

ξ ¼H Fk: ð3:2Þ

It is clear that F vanishes exactly at the fixed points of ξ.
Equations (2.8) and (3.1) together with our choice κk ¼ 0
give

κξξ ¼H F∇kðFkÞ ¼H kðFÞξ ⇒ κξ ¼H kðFÞ; ð3:3Þ

where the implication holds because the set of zeros of ξ
always has empty interior. The solution is

F ¼H f þ κξs; ð3:4Þ

where the integration function f∈F ðH Þ satisfies kðfÞ¼0.
Summarizing

ξ ¼H ðf þ κξsÞk; where kðfÞ ¼ 0: ð3:5Þ

In the matching problem, this equation holds on both
boundaries H �. Since k� are proportional to e�1
(cf. (2.24)–(2.25)) the functions f� ∘ Φ� (or simply f�)
do not depend on the coordinate λ along Σ, i.e.,
f� ¼ f�ðyAÞ.

GENERAL MATCHING ACROSS KILLING HORIZONS OF ZERO … PHYS. REV. D 106, 044019 (2022)

044019-9



We have already defined S as the set of fixed points of ξ
within H . The following lemma focuses on its causal
character.
Lemma 2: In the setup above, if (i) κξjH ≠ 0 and

S ≠ ∅, then S is given by the implicit equation s ¼ − f
κξ

and defines a bifurcation surface. If (ii) κξjH ¼ 0, S is
either empty or is the union of smooth connected codi-
mension-two null submanifolds of H defined as the zeros
of f.
Proof.—We shallmake use of the fact thatF cannot vanish

on open submanifolds ofH . Let fs; uIg be null coordinates
onH adapted to k, i.e., k ¼ ∂s. From (3.5), we have fðuIÞ
and the Killing vector vanishes at points where κξs ¼ −f.
When κξ ≠ 0 this implies (i) at once. When κξ ¼ 0, ξjH ¼
fk and either (a) f vanishes nowhere along H and hence
S ¼ ∅ or (b) there exist several smooth connected codi-
mension-two subsets fF ðiÞg ⊂ H (i ¼ 1; 2;…) where f
vanishes, and hence S≡ ∪i F ðiÞ. The fact that each con-
nected component F ðiÞ is a null submanifold is a conse-
quence of f depending only on the spatial coordinates fuIg
and not on s. ▪
We next analyse how the geometric quantities introduced

in Sec. II are restricted by the Killing equations
h∇Xξ;Yigþh∇Yξ;Xig¼0, X; Y ∈ ΓðTMÞjH . Combining
(3.3), (3.5) with expressions in Lemma 1 gives

∇kξ ¼ κξk;

∇vIξ ¼
�
vIðFÞ − F

�
σLðvIÞ þ

1

φ
ψBχ kðvI; vBÞ

��
k

þ Fχ kðvI; vBÞvB: ð3:6Þ

Clearly fX ¼ k; Y ¼ kg and fX ¼ k; Y ¼ vIg satisfy the
Killing equations identically. When fX ¼ vI; Y ¼ vJg,
using that χ k is symmetric yields Fχ kðvI; vJÞ ¼ 0.
Consequently, χ k must vanish away from the zeroes of
F and by continuity onH , i.e.,H is totally geodesic. This
simplifies Eqs. (2.6)–(2.7), which now read as

∇vIvJ¼
1

φ
ðvIðψJÞþΘLðvI;vJÞ−ϒK

JIψKÞkþϒK
JIvK; ð3:7Þ

∇vI k ¼ −σLðvIÞk; ð3:8Þ

where ϒK
JI ¼ hvK;∇vI vJig. As both ∇vIvJ, ∇vI k are

tangent to H , the connection ∇ defines a map
∇∶ΓðTH Þ × ΓðTH Þ → ΓðTH Þ. This property is well
known to hold for any totally geodesic embedded null
hypersurface (see, e.g., [24]).
We can now introduce the definition of Killing horizon

of zero order.
Definition 5: (Killing horizon of zero order, KH0) Let

ðM; gÞ be a spacetime,Ω ⊂ M be a smooth connected null

hypersurface without boundary and ξ ∈ ΓðTΩÞ a null
vector. Define S ≔ fp ∈ Ωjξjp ¼ 0g. Then H 0 ≔ ΩnS
is a Killing horizon to order zero if:
(a) S is the union of smooth connected closed submani-

folds of codimension two.
(b) H 0 is totally geodesic.
The surface gravity κξ of a KH0 is defined onH 0 by means
of (3.1).
From now on we shall call fixed point set the submani-

fold S and symmetry generator the vector ξ defining a KH0.
All the notation introduced above for Killing horizons is
kept for KH0. Note that, in particular Ω ¼ H 0.
As we did for Killing horizons, we again assume that κξ

is constant on H 0 (and extend it to H 0 as the same
constant) and either positive or zero, and call H 0, H 0

nondegenerate and degenerate respectively in each case. In
addition, we require that all assumptions of Sec. II also
apply toH 0. Given an affine future null generator k ofH 0

and a function s ∈ F ðH 0Þ satisfying kðsÞ ¼ 1 onH 0, the
condition that ξ does not vanish on open submanifolds of
H 0 together with the constancy of the surface gravity κξ
imply (3.5) because (3.3) still holds. For the same reasons,
the results from Lemma 2 are also valid for KH0. By
definition of KH0, χ k ¼ 0 on H0. By condition (a) in
Definition 5, it follows by continuity that χ k ¼ 0 on H 0.
Thus, (3.7)–(3.8) are also true for KH0s.
Obviously any Killing horizon H of a Killing vector ξ

such that H is a smooth connected hypersurface is also a
Killing horizon to order zero.

IV. MATCHING ACROSS KH0: SYMMETRY
GENERATORS IDENTIFIED

Let us now address the matching problem. We shall
consider two spacetimes ðM�; g�Þ with boundaries H �

0

being the closures of two KH0 with respect to the symmetry
generators ξ� and satisfying all the assumptions of Secs. II
and III. Our aim is to study the matching of ðM�; g�Þ
across H �

0 in the case when ξ� are identified up to a
multiplicative constant.
Let fL�; k�; v�I g be a basis ofΓðTM�ÞjH 0

� according to
(2.3) and s� be foliation defining functions constructed
following Definition 2. We follow the same convention of
[22] and let the rigging vector fields be such that ζ− points
outwards and ζþ inwards. As discussed in [22], this restricts
the possible matchings by forcing thatH −

0 lies on the future
of ðM−; g−Þ while H þ

0 lies on the past of ðMþ; gþÞ. We
encode the freedom of rescaling the symmetry generators ξ�
with a nonzero real constant a, i.e., we let the matching
identify ξ− and aξþ. Specifically the map Φ∶H −

0 → H þ
0

satisfies Φ�ðξ−ÞjH þ
0
¼ aξþjH þ

0
. We recall that the combi-

nation of the definitions offe�a g and the choices (2.24) forces
∂λH > 0. Equation (3.2) together with (2.24)–(2.25) yields
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aξþ ¼H
þ
0 aFþkþ ¼H

þ
0 aFþeþ1

∂λH
; ð4:1Þ

aξþ ¼H
þ
0 Φ�ðξ−Þ ¼H

þ
0 Φ�ðF−k−Þ ¼H

þ
0 Φ�ðF−e−1 Þ ¼H

þ
0 F−eþ1 :

ð4:2Þ

Identifying the symmetry generators ξ−, aξþ hence forces

F− ¼H
þ
0 aFþ

∂λH
: ð4:3Þ

Thematching procedure therefore requires the submanifolds
S� to bemapped to each other viaΦ. In [22], we proved that
a general matching across totally geodesic null boundaries
allowed for an infinite set of possible step functions. Thiswas
a consequence of all leaves fs� ¼ const:g being isometric to
each other. Because of condition (4.3), this is no longer true
here. Away from the zeroes of F�, the integration of (4.3)
determines H up to an integration function. This solution,
however, may be difficult to find in general. The problem
becomes simpler under the assumptions of k being affine
(which implies no loss of generality) and κ�ξ being constant.
Then, inserting (3.4) into (4.3) and using (2.28) gives

f− þ κ−ξ λ ¼
aðfþ þ κþξ HÞ

∂λH
⇒ ∂λH ¼ aðfþ þ κþξ HÞ

f− þ κ−ξ λ
> 0;

ð4:4Þ

where here, and in the following, all equations are meant to
hold on the abstract manifold Σ (unless otherwise stated).
Since f� are λ-independent, (4.4) can be easily integrated to
obtain the explicit formofH. Note that the second expression
in (4.4) only holds away from the points in ðΦþÞ−1ðSþÞ. The
value of H on those points is determined by continuity. The
positivity of ∂λH forces

signðaÞsignðfþ þ κþξ HÞ ¼ signðf− þ κ−ξ λÞ; ð4:5Þ

or in more geometric terms, that both symmetry generators
fξ−; aξþgmust be simultaneously either future or past. This
of course is consistent with the fact that fξ−; aξþg are to be
identified. We now study separately the matching for the
cases (a) κ�ξ ¼ 0, (b) κ�ξ ≠ 0, and (c) κ−ξ ¼ 0, κþξ ≠ 0 or
κ−ξ ≠ 0, κþξ ¼ 0.

A. Case of ξ� degenerate

When κ�ξ vanish, we know by Lemma 2 that S is either
empty or the union of smooth connected codimension-two
null submanifolds of H 0. The fact that the map Φ is a
diffeomorphism forces both boundaries to have the same
number of such submanifolds.

Equation (4.4) with κ�ξ ¼ 0 requires afþðyAÞ
f−ðyAÞ > 0 and

yields the explicit form of the step function,

Hðλ; yAÞ ¼ afþðyAÞ
f−ðyAÞ λþHðyAÞ; ð4:6Þ

whereHðyAÞ is an integration function. Once we select the
tuple fa; ξ−; ξþg, the only remaining matching freedom is
encoded in the function HðyAÞ (the scalar functions f� are
known beforehand as the spacetimes to be matched are
assumed to be known, cf. (3.5)). In order to understand this
freedom, let us call “velocity” the rate of change of s�

along a null generator of H �
0 . The velocity along the null

generators of H �
0 is totally determined (outside of S) by

the identification of fξ−; aξþg. However, there still exist a
freedom to select any pair of sections, one on each side, and
force their identification viaΦ. This is the freedom encoded
in the arbitrary function HðyAÞ. Note that the step function
(4.6) is linear in λ. This means in particular that the most
general shell that can be generated under these circum-
stances has vanishing pressure (cf. (2.47)).

B. Case of ξ� nondegenerate

We now study the case when both H �
0 are nondegen-

erate. By Lemma 2, we know that S� are either empty or
sections defined by S� ≔ fp ∈ H �

0 jf� þ κ�ξ s
�jp ¼ 0g.

We define the submanifolds H �
p , H �

f by

H �
p ≔ fp ∈ H �

0 jf� þ κ�ξ s
�jp < 0g;

H �
f ≔ fp ∈ H �

0 jf� þ κ�ξ s
�jp > 0g; ð4:7Þ

so that H �
0 ≡H �

p ∪H �
f (hence H �

0 ≡H �
p ∪S�∪H �

f ).
Since we are assuming nothing on the geodesic complete-
ness ofH �

0 , we do not exclude the cases when any ofH �
p ,

H �
f and S� are empty. Note that, when H �

p , H �
f are

nonempty they are by definition KH0 s. For later purposes,
we also introduce the nonzero constant κ̂ ≔ aκþξ ðκ−ξ Þ−1.
Note that signðκ̂Þ ¼ signðaÞ because we have chosen the
orientations of ξ� such that κ�ξ > 0.
Let us start by considering the case S� ≠ ∅. As already

discussed, the fixed point sets must be identified in the
matching process. Let us show that in such case, (4.4)
forces κ̂ to be equal to one. We apply the l’Hôpital rule to
(4.4) and get

lim
λ→−f−

κ−
ξ

∂λH¼ lim
λ→−f−

κ−
ξ

aκþξ ∂λH
κ−ξ

¼ κ̂ lim
λ→−f−

κ−
ξ

∂λH ⇔ κ̂¼1: ð4:8Þ

Thus, a ¼ κ−ξ ðκþξ Þ−1 > 0 and Eq. (4.4) becomes ∂λH ¼
ðfþ
κþξ

þHÞðf−κ−ξ þ λÞ−1 > 0. Its integration yields
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ln

����fþðyAÞκþξ
þHðλ;yAÞ

����¼ ln

�
αðyAÞ

����f−ðyAÞκ−ξ
þλ

����
�
; ð4:9Þ

where αðyAÞ is a positive integration function.
Equation (4.5) allows us to conclude that

Hðλ; yAÞ ¼ αðyAÞ
�
λþ f−ðyAÞ

κ−ξ

�
−
fþðyAÞ
κþξ

; αðyAÞ > 0:

ð4:10Þ

In combination with the results in Sec. IVA we conclude
that whenever H �

0 are degenerate or contain nonempty
fixed point sets any matching of ðM�; g�Þ across H �

0 in
which the symmetry generators fξ−; aξþg are identified
requires the surface gravities fκ−ξ ; aκþξ g to coincide.

Moreover, the step function must be linear in the coordinate
λ, which excludes matchings giving rise to shells with
nonvanishing pressure.
It is also physically interesting to study the matchings

when no null generator of H �
0 crosses any fixed point set,

i.e., when S� are both empty. Integrating (4.4) now leads to

jfþðyAÞ þ κþξ Hðλ; yAÞj ¼ αðyAÞjf−ðyAÞ þ κ−ξ λjκ̂; ð4:11Þ

where αðyAÞ is a nonzero positive integration function. We
analyse the cases a > 0 (i.e., κ̂ > 0) and a < 0 (i.e., κ̂ < 0)
separately. For the former, condition (4.5) gives
signðfþ þ κþξ HÞ ¼ signðf− þ κ−ξ λÞ, which only allows
for the matchings (see (a), (b) in Fig. 1)

ðaÞ
�
H −

0 ¼ H −
f

H þ
0 ¼ H þ

f

; ΦðH −
f Þ ¼ H þ

f with Hðλ; yAÞ ¼ αðyAÞ
κþξ

jf−ðyAÞ þ κ−ξ λjκ̂ −
fþðyAÞ
κþξ

;

ðbÞ
�
H −

0 ¼ H −
p

H þ
0 ¼ H þ

p

; ΦðH −
p Þ ¼ H þ

p with Hðλ; yAÞ ¼ −
αðyAÞ
κþξ

jf−ðyAÞ þ κ−ξ λjκ̂ −
fþðyAÞ
κþξ

;

On the other hand, a < 0 together with (4.5) entail signðfþ þ κþξ HÞ ¼ −signðf− þ κ−ξ λÞ, whence (see (c), (d) in Fig. 1)

ðcÞ
�
H −

0 ¼ H −
f

H þ
0 ¼ H þ

p

; ΦðH −
f Þ ¼ H þ

p with Hðλ; yAÞ ¼ −
αðyAÞ
κþξ

jf−ðyAÞ þ κ−ξ λjκ̂ −
fþðyAÞ
κþξ

;

ðdÞ
�
H −

0 ¼ H −
p

H þ
0 ¼ H þ

f

; ΦðH −
p Þ ¼ H þ

f with Hðλ; yAÞ ¼ αðyAÞ
κþξ

jf−ðyAÞ þ κ−ξ λjκ̂ −
fþðyAÞ
κþξ

:

The function H can be written in a form that covers all cases at once by defining

ϵ ≔ signðκ̂Þsignðf− þ κ−ξ λÞ ð4:12Þ

(a) (b) (c) (d)

FIG. 1. Possible matchings (a)–(d) of two spacetimes ðM�; g�Þ across their respective boundaries H �
0 in the case when they are

nondegenerate KH0s without a fixed points set. Here boundaries directly in front of each other are to be identified and the dot represents
the point at which the fixed points set would be located if the horizons H �

0 extended further.
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and writing

Hðλ; yAÞ ¼ 1

κþξ
ðϵαðyAÞjf−ðyAÞ þ κ−ξ λjκ̂ − fþðyAÞÞ;

αðyAÞ > 0: ð4:13Þ

However, it is important to emphasize that the expression of
H is only part of the matching, as the signs also restrict the
possible boundaries to be identified as indicated above and
in Fig. 1. Let us also stress that the matchings (a)–(d) allow
for shells with pressure, as the derivatives of (4.13) are
given by

8<
:

∂λH ¼ jajαðyAÞjf−ðyAÞ þ κ−ξ λjκ̂−1 > 0;

∂λ∂λH ¼ ðκ̂−1Þ∂λH
f−ðyAÞ

κ−
ξ

þλ

⇒ pðλ; yAÞ ¼ð2.47Þ − κ̂ − 1

φ−ðf−ðyAÞκ−ξ
þ λÞ

: ð4:14Þ

As discussed in Sec. 6 in [22], the pressure accounts for the
compression/stretching of points when crossing the match-
ing hypersurface. This means, in particular, that this effect
takes place whenever κ̂ ≠ 1.
The function αðyAÞ introduces a freedom in the matching

that we analyze next. Its role is easy to understand when
S� ¼ ∅. Like in the case with vanishing surface gravity of
Sec. IVA, it corresponds to the freedom of selecting a
section on each side and impose their identification via Φ.
The interpretation of this freedom is less obvious when
S� ≠ ∅, because these two sections are forced to bemapped
to each other. In order to understand this, we again call
“velocity” the rate of change of s� along a null generator of
H �

0 . Both when H �
0 are degenerate and when H �

0 are
nondegenerate with S� ¼ ∅, identifying two sections not
only provides amapping between their points, but also of the
velocity along the null generators of H � at the sections.
This information is encoded in the symmetry generators to
be identified. However, for nondegenerate H �

0 containing
fixed point sets S� ≠ ∅, the mapping between the subsets
S� only provides information on the identification of their
points. The velocity along the null generators remains
unfixed, as both symmetry generators vanish on S�. The
freedom in the function α corresponds precisely to the
freedom of selecting the initial velocities at Sþ that rule
the identifications off the fixed points set. Once we are off
S�, the velocity of the identification is determined by the
identification of the symmetry generators themselves, just as
in the previous cases.

C. Case of ξ − degenerate, ξ + nondegenerate

Now we address the case when one boundary is
degenerate and the other is not. The two possibilities

κ−ξ ¼ 0, κþξ ≠ 0 and κ−ξ ≠ 0, κþξ ¼ 0 are completely analo-

gous except for the fact that the boundary H −
0 lies on the

future of the spacetime ðM−; g−Þ while H þ
0 lies on the

past of ðMþ; gþÞ. If the symmetry generator vanishes on
the nondegenerate boundary the matching is impossible.
This is a direct consequence of Lemma 2 because the fixed
points set in the degenerate boundary can never be a
spacelike cross section.
We therefore analyze the case when the nondegenerate

symmetry generator is everywhere nonvanishing. By
Lemma 2 again, the symmetry generator of the degenerate
boundary must also be free of fixed points, i.e., we have
S� ¼ ∅. Without loss of generality, we take the degenerate
symmetry generator to be future. Let first H −

0 be the
degenerate boundary and note that the choice or causal
character of ξ− requires f− > 0. Then, (4.4) forces
aðfþ þ κþξ HÞ > 0 and can be integrated to get

Hðλ; yAÞ ¼ 1

aκþξ

�
αðyAÞ exp

�
aκþξ λ
f−ðyAÞ

�
− afþðyAÞ

�
;

αðyAÞ > 0: ð4:15Þ

The alternative case when H þ
0 is the degenerate boundary

is analogous. Now fþ > 0, signðaÞ ¼ signðf− þ κ−ξ λÞ and
the integral of (4.4) is

Hðλ;yAÞ¼afþðyAÞ
κ−ξ

lnðαðyAÞjf−ðyAÞþκ−ξ λjÞ; αðyAÞ>0;

ð4:16Þ

for whatever sign of a. Summarizing, when a > 0 (resp.
a < 0), a degenerate horizon H −

0 can be matched with a
nondegenerate horizon H þ

0 ≡H þ
f (resp. H þ

0 ≡H þ
p )

with step function given by (4.15); and a nondegenerate
KH0 H −

0 ≡H −
f (resp. H −

0 ≡H −
p ) can be matched with

a degenerate horizon H þ
0 with step function (4.16) and

a>0 (resp. a < 0). It is worth stressing that the step
functions (4.15)–(4.16) are not linear, so the shell has
nonzero pressure. Matchings of this type are allowed
irrespectively of the extension of the degenerate horizon
(which can even be geodesically complete) while the
nondegenerate horizon is always limited by the fact that
the would-be fixed point set must be absent. As before,
from a physical point of view it is the presence of pressure,
and its associated compression/stretching that makes a
matching of this type possible.
We collect the results from Secs. IVA, IV B, and IV C in

the following theorem.
Theorem 1: In the setup of Secs. II and III, let a ∈

Rnf0g and consider the matching of two spacetimes
ðM�; g�Þ with boundaries H �

0 in which two null
symmetry generators fξ−; aξþg with surface gravities
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fκ−ξ ; aκþξ g are to be identified. Then, the fixed points sets
S� must be identified via Φ and

(i) if H �
0 are degenerate, the matching is possible with

step function (4.6);
(ii) ifH �

0 are nondegenerate and S� ≠ ∅, the matching
requires the surface gravities fκ−ξ ; aκþξ g to coincide
and the step function is given by (4.10);

(iii) if H �
0 are nondegenerate and S� ¼ ∅, the only

possible matchings are (a)–(d) in Sec. IV B with step
function (4.13);

(iv) if H −
0 (resp. H þ

0 ) is degenerate with future
ξ−jH −

0
≠ 0 (resp. ξþjH þ ≠ 0) and H þ

0 (resp. H −
0 )

is nondegenerate and with Sþ ¼ ∅ (resp. S− ¼ ∅),
the matching can be performed with step function
(4.15) (resp. (4.16);

(v) the matching between a degenerate and a non-
degenerate boundaries is impossible when any of
them contains fixed points.

Moreover, in cases (i) and (ii), the resulting null shell has
vanishing pressure. Finally, the matching allows for the
freedom of selecting a section on each side and imposing
their identification via Φ in (i), (iii) and (iv); and the
freedom of setting the initial velocities at S� in (ii).

V. KILLING HORIZONS WITH
BIFURCATION SURFACES

From a physical point of view, perhaps one of the most
interesting situations correspond to nondegenerate Killing
horizon boundaries with a bifurcation surface. As men-
tioned in the introduction, this covers all black hole
spacetimes with nonzero temperature and whose bounda-
ries are geodesically complete Killing horizons. It therefore
makes sense to analyze this case in more detail.
We already know that a Killing horizon satisfying the

assumptions of Secs. II and III is, by definition, a KH0.
Thus, the matching across nondegenerate Killing horizons
H � containing bifurcation surfaces S� falls into item
(ii) in Theorem 1. However, since now we have much
stronger conditions, namely the existence of a Killing
vector on each side, we can restrict the matching far more.
We postpone for a future paper the corresponding analysis
for the remaining cases.
Our first task is to find explicit expressions for the tensor

fields Y� which, as we shall see, turn out to be severely
restricted. To ease the notation we drop from now on
the � in the expressions until the actual matching is
performed.
Consider a nondegenerate boundary H with a bifurca-

tion surface S. For this case, a natural choice of coordinates
are the so-called Rácz-Wald coordinates fu; v; xAg [30].
These coordinates can be constructed so thatH ¼fu¼0g,
S ¼ fu ¼ 0; v ¼ 0g and the nondegenerate Killing vector
ξ and the spacetime metric g are given by

ξ ¼ κξð−u∂u þ v∂vÞ; ð5:1Þ

g ¼ −2Gðω; xCÞdvðduþ uwAðω; xCÞdxAÞ
þ γ̄ABðω; xCÞdxAdxB; ð5:2Þ

where κξ ∈ R is the surface gravity of ξjH , ω ≔ uv
andG;wA; γ̄AB ∈ F ðMÞ. Moreover, these coordinates have
a residual freedom that allows one to set GjH ¼ const,
which we enforce from now on. The nonzero compo-
nents of the inverse metric are guv ¼ − 1

G, guu ¼
u2γ̄ABwAwB and guA ¼ −uγ̄ABwB, where γ̄AB is the inverse
of γ̄AB.
As affine null generator of H , we select1 k ¼ ∂v. The

natural choice of scalar function defining a foliation fSsg of
H is s ¼ v (recall Definition 2). Under these conditions,
we construct a basis according to (2.3) by taking
fL ¼ 1

G ∂u; k ¼ ∂v; vI ¼ ∂xIg. The induced metric on the

sections fv ¼ const:g is hIJ ≔ γ̄IJjω¼0 and we let ∇∘ , R∘ be
respectively the corresponding Levi-Civita covariant
derivative and Ricci tensor.
By item (ii) in Theorem 1, we know that the surface

gravities of the Killing vectors to be identified by the
matching must coincide. Moreover, we are allowed to
choose a priori these vectors so that they have the same
surface gravity on both sides. This clearly entails, in
particular, that a ¼ 1. Observe that the combination of
(5.1) and (3.5) implies f ¼ 0 which, together with (4.10),
yields Hðλ; yAÞ ¼ αðyAÞλ in this case.
To determine Y� from Eqs. (2.42)–(2.45), it remains to

obtain the tensors σL and ΘL. The quantity σLðvIÞ is
computed very easily. One gets

σLðvIÞ ¼H
1

G
gð∇∂xI

∂v; ∂uÞ¼H
1

G
Γμ
vIgμu¼H − Γv

vI¼H
wI

2
: ð5:3Þ

Since L is orthogonal to the leaves fv ¼ const:g, σL is
the torsion one-form of these sections. Expression (5.3)
therefore gives the metric coefficients wIjH a geometric
meaning.
The computation of ΘLðvI; vJÞ is more cumbersome

because there appears a term involving derivatives of γ̄ off
H . To handle this term we use an identity derived in
Appendix B. More specifically, we shall use expression
(B11), which relates ∂ωγ̄IJ with geometric objects on the
boundary and with the spatial tangent components of the
ambient Ricci tensor, namely RIJ ≔ RicðvA; vBÞ. We
compute

1One immediately checks that k is an affine null generator, as
kα∇αkβjH ¼Γβ

vvjH ¼gβu∂vguvjH ¼δβv 1
G∂vGjH ¼δβv u

G∂ωGjH ¼0.
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ΘLðvI;vJÞ ¼H
1

G
gð∇∂xI

∂u;∂xJÞ ¼H
1

G
Γμ
uIgμJ

¼H 1

G
ΓA
uI γ̄AJ ¼H

v
2G

∂ωγ̄IJ

¼H
ðB:11Þ

v
2

�
RIJ−R

∘
IJ−

1

2
ð∇∘ IwJþ∇∘ JwIÞþ

1

2
wIwJ

�
:

ð5:4Þ

Observe that in the present case ΘL is the second
fundamental form of the sections fv ¼ const:g in the
direction L, again due to the fact that L is perpendicular
to the foliation.
As also proven in Appendix B, each term inside the

parenthesis of (5.4) is independent of the coordinate v. In

particular, this applies to R
∘ �
AB which, in addition, is forced

to verify that

R
∘ −
ABjp ¼ bIAb

J
BR
∘ þ
IJjΦðpÞ; ∀p∈S−; ΦðpÞ∈Sþ ð5:5Þ

because the bifurcation surfaces S� must be isometric and
mapped to each other via Φ. The scalars bJI on H þ do not
depend on v either, because from (2.25)–(2.26)

kþðbJI Þ ¼
eþ1 ðbJI Þ
∂λH

¼ ∂λbJI
∂λH

¼ 0: ð5:6Þ

Consequently, R
∘ −
AB and bIAb

J
BR
∘ −
AB take the same value for all

points of the null generators containing p ∈ S− and
ΦðpÞ ∈ Sþ respectively. The fact that null generators must
be identified by the matching entails that condition (5.7)
holds everywhere, i.e.,

R
∘ −
ABjp¼bIAb

J
BR
∘ þ
IJjΦðpÞ; ∀p∈H −; ΦðpÞ∈H þ: ð5:7Þ

From now on we remove the explicit writing of p and
ΦðpÞ in this expression and similar ones. The trivial
identification betweenH − and Σ ensures that the pullback

ðΦ−Þ�ðR∘ −Þ coincides with the Ricci tensor Rk on the
sections fλ ¼ const:g ⊂ Σ. Consequently, it must hold that

Rk ¼ ðΦ�Þ�ðR
∘ �Þ (cf. (2.38)–(2.39)).

In (5.4) there appear covariant derivatives of the one-
forms w� ≔ w�

I dx
I
� on H þ. We need to compute their

pullbacks onto Σ and relate the result to ∇k derivatives of
the corresponding pullback one-forms w̃� ≔ ðΦ�Þ�ðw�Þ.
In Appendix Awe derive a general identity of this type for
totally geodesic null boundaries, valid for general covariant
tensors that annihilate the null generators on each of its
entries. Applying Lemma 3 in Appendix A together with
k�ðw�

I Þ ¼ 0 it follows

w−
I ¼ w̃−

I ; bJI w
þ
J ¼ w̃þ

I ;

∇∘ −
I w−

J ¼ ∇k
I w̃

−
J ; bAI b

B
J∇

∘ þ
Aw

þ
B ¼ ∇k

I w̃
þ
J : ð5:8Þ

Inserting this into (5.3) and (5.4) we obtain that the
pullback tensors σ̃� and Θ̃� become

σ̃�I ¼ w̃�
I

2
; ð5:9Þ

Θ̃−
IJ ¼

λ

2

�
R̃−
IJ − Rk

IJ −
1

2
ð∇k

I w̃
−
J þ∇k

Jw̃
−
I Þ þ

1

2
w̃−
I w̃

−
J

�
;

ð5:10Þ

Θ̃þ
IJ ¼

αλ

2

�
R̃þ
IJ − Rk

IJ −
1

2
ð∇k

I w̃
þ
J þ∇k

Jw̃
þ
I Þ þ

1

2
w̃þ
I w̃

þ
J

�
:

ð5:11Þ

It is useful to introduce the following tensors ς̃� and Ξ̃� on
the leaves fλ ¼ const:g ⊂ Σ

ς̃−I ≔ w̃−
I ;

ς̃þI ≔ w̃þ
I −2

∇k
Iα
α ;

Ξ̃�
IJ ≔

1

2

�
R̃�
IJ−Rk

IJ−
1

2
ð∇k

I ς̃
�
J þ∇k

J ς̃
�
I Þþ

1

2
ς̃�I ς̃

�
J

�
: ð5:12Þ

To understand why these tensors are of relevance, let us

relate Ξ̃þ and Θ̃þ. For that we compute ∇k
I ς̃

þ
J þ∇k

J ς̃
þ
I and

ς̃þI ς̃
þ
J to get

∇k
I ς̃

þ
J þ∇k

J ς̃
þ
I ¼∇k

I w̃
þ
J þ∇k

Jw̃
þ
I −4

∇k
I∇k

Jα

α
þ4

ð∇k
IαÞð∇k

JαÞ
α2

;

ð5:13Þ

ς̃þI ς̃
þ
J ¼ w̃þ

I w̃
þ
J −

2

α
ðw̃þ

I ∇k
Jαþ w̃þ

J ∇k
IαÞ

þ 4
ð∇k

IαÞð∇k
JαÞ

α2
: ð5:14Þ

Comparing with (5.11) we conclude that

Ξ̃þ
IJλ¼

�∇k
I∇k

Jα

α
−

1

2α
ðw̃þ

I ∇k
Jαþ w̃þ

J ∇k
IαÞ

�
λþ Θ̃þ

IJ

α
: ð5:15Þ

This relation simplifies drastically the final expression
for the tensors Yþ and τ as given in Proposition 2.
Particularizing (2.42)–(2.47) to φ ¼ 1, ψ̃�

I ¼ 0,Hðλ; yAÞ ¼
αðyAÞλ and χ̃ ¼ 0, one finds
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Y−
11 ¼ 0; Y−

1J ¼ −σ̃−J ; Y−
IJ ¼ Θ̃−

IJ;

Yþ
11 ¼ 0; Yþ

1J ¼ −σ̃þJ þ ∂yJα

α
;

Yþ
IJ ¼

1

α
ðð∇k

I∇k
Jα − 2∇k

ðIασ̃
þ
JÞÞλþ Θ̃þ

IJÞ; ð5:16Þ

τIJ ¼ 0; τ1I ¼ γIJ
�
∂yJα

α
− ½σ̃J�

�
; ð5:17Þ

τ11¼−γIJ
�
1

α
ð∇k

I∇k
Jα−2∇k

ðIασ̃
þ
JÞÞλþ

Θ̃þ
IJ

α
−Θ̃−

IJ

�
: ð5:18Þ

Inserting (5.9)–(5.12) and (5.15) into (5.16)–(5.18), we get
the final expressions collected in the following theorem.
Theorem 2: Assume the setup of Theorem 1 and con-

sider a matching in which the boundaries H � are non-
degenerate Killing horizons containing bifurcation surfaces
S�. Construct Rácz-Wald coordinates fu�; v�; xA�g so
that H � ¼ fu� ¼ 0g and S� ¼ fu� ¼ 0; v� ¼ 0g and
in which the Killing vector fields and the corresponding
metrics are given by (5.1)–(5.2). Select ξ� to have the same
surface gravities (which forces a ¼ 1) and let α ¼ ∂λH.
Then, the tensorsY� and the energy-momentum tensor of the
shell τ can be expressed in terms of the tensors

ς̃−I ≔ w̃−
I ;

ς̃þI ≔ w̃þ
I −2

∇k
Iα
α ;

Ξ̃�
IJ ≔

1

2

�
R̃�
IJ−Rk

IJ−
1

2
ð∇k

I ς̃
�
J þ∇k

J ς̃
�
I Þþ

1

2
ς̃�I ς̃

�
J

�
; ð5:19Þ

as

Y−
11 ¼ 0; Y−

1J ¼ −
ς̃−J
2
; Y−

IJ ¼ Ξ̃−
IJλ;

Yþ
11 ¼ 0; Yþ

1J ¼ −
ς̃þJ
2
; Yþ

IJ ¼ Ξ̃þ
IJλ; ð5:20Þ

τ11¼−γIJ½Ξ̃IJ�λ; τ1I ¼−
1

2
γIJ½ς̃J�; τIJ ¼ 0: ð5:21Þ

Remark 2: Note the intrinsic curvature term Rk drops
out from the jump ½Ξ̃�. The underlying reason is the already
mentioned isometry condition ðΦþÞ�ðR∘ þÞ ¼ ðΦ−Þ�ðR∘ −Þ.
The results (5.20)–(5.21) allow us to conclude that the

matter-content of the shell, given by Y� and τ, exclusively
depends on the choice of α, on the intrinsic and extrinsic
geometryof thebifurcation surfacesS� (recall thatσL andΘL

are the torsion one-form and the transverse null second
fundamental form in this case) and on the pullback to these
surfaces of the Ricci tensors of the ambient spacetimes
ðM�; g�Þ, which together determine the form of the tensors
ς̃� and Ξ̃� according to the equations (5.3), (5.12), and (5.15).
The components of Y�, τ are either constant along the

null generators or linear in λ. It is worth mentioning that the
energy density of the shell is either identically zero or

unavoidably changes its sign at the bifurcation surface.
Besides, the energy current jI is independent of λ, which
means that the flux of energy is insensitive to the change of
sign on the energy of the shell. This raises some questions
concerning the physical interpretation of the quantities
ρ ≔ τ11, jI ≔ τ1I and p ≔ ðn − 1Þ−1γABτAB. We include
below some comments in this regard.
Let us call velocity the rate of change of the foliation

defining functions along the null generators e�1 and
acceleration to the rate of change of thevelocity.Asdiscussed
in [22], the pressure p accounts for the effect of self-
compression or self-stretching of points when crossing from
H − toH þ. The identification betweenH − and Σ always
gives velocity equal to one on this side. For this reason, the
effect of self-compression/self-stretching only appears when
there exists nonconstant acceleration along the generators of
H þ. As also shown in [22], the energy density of the shell
increases when points are compressed and vice versa.
Nevertheless, despite the shell has vanishing pressure in

the present case, some effect of compression or stretching
of points is still taking place because the velocity along the
null generators ofH þ, ruled by the function α, is different
for each generator. As a consequence there appears an
energy flux which points toward null generators with
higher values of α, i.e., with greater velocities (which,
however, are still constant along the generator, hence
yielding zero pressure). Note that the fact that the currents
depend on the jump of the torsion one-forms could also be
expected, as these tensors are the projection on k of the
variation ∇�

v�I
k� along the leaves fs� ¼ const:g ⊂ H �.

The greater the jump of these tensors, the more difference
there is in the lengths of k�, which yields a greater jump on
the velocities along the generators of both sides.
We find the change of sign on the energy density of the

shell ρ across the bifurcation surface really puzzling, and we
donot knowyet how to interpret this. The result suggests that
the causality change of the Killing fields from future to past
across the bifurcation surface somehow affects the energy
density of the shell. We emphasize however, that this
behavior is fully compatible with the shell field equations
obtained by Barrabés and Israel [2] for the case of null
hypersurfaces. This of course had to be the case and we
include an explicit proof in next section because this yields a
nontrivial consistency check of our results.

A. Surface layer equations

The tensors Y� and energy-momentum tensor on a shell
satisfy the so-called Israel equations (also known as shell
equations or surface layer equations). In the framework of
hypersurface data, they read [8]

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij detAjp ∂θað
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j detAj

p
τablbÞ −

1

2
τabðYþ

ab þ Y−
abÞ ¼ ½ρl�;

ð5:22Þ
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1ffiffiffiffiffiffiffiffiffiffiffiffiffiffijdetAjp ∂θbð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jdetAj

p
τbcγcaÞ−

1

2
τbd∂θaγbd¼½Ja�; ð5:23Þ

where fθ1 ¼ λ; θI ¼ yIg, ½ρl� ≔ ρþl − ρ−l , ½Ja� ≔ Jþa − J−a ,
and the bulk energy and momentum quantities ρ�l , J

�
a are

defined by

ρ�l ≔ −ðΦ�Þ�ðEin�ðζ�; ν�ÞÞ;
J� ≔ −ðΦ�Þ�ðEin�ð·; ν�ÞÞ: ð5:24Þ

HereEin� denotes the Einstein tensor of ðM�; g�Þ and ν�
is the (unique) normal vector to the hypersurface, normal-
ized to g�ðζ�; ν�Þ ¼ 1.
In thepresent caseν¼−e�1 .Moreover,Ein�ðk�; k�Þ ¼ 0

as a consequence of the Raychaudhuri equation and
Ein�ðk�; v�I Þ ¼ 0 because the surface gravities κ�ξ are

constant on H � (see, e.g., Eqs. (9.2.11), (12.5.22), and
(12.5.30) in [46]). This immediately entails that J� ¼ 0. On
the other hand, in terms of the basis fL�; k�; v�Ag we can
decompose the inverse metric as gαβ� ¼ hAB� ðv�A Þαðv�B Þβ −
ðL�Þαðk�Þβ − ðL�Þβðk�Þα. This yields Ricci scalar
R�jH � ¼ hAB� Ric�ðv�A ; v�B Þ − 2Ric�ðL�; k�Þ and hence

ρ�l ¼H
� 1

2
hAB� Ric�ðv�A ; v�B Þ ⇒ ρ�l ¼ 1

2
γIJR̃�

IJ; ð5:25Þ

where for the implication we made use of the isometry
condition (2.29).
To prove that the shell equations hold for the tensor fields

Y� and τ of Theorem 2, we compute each term of the left-
hand side of (5.22)–(5.23) separately. We start with (5.22).
The tensor A (cf. (2.14)) is given in this case by

A ¼

0
B@

0 0 −1
0 γ 0

−1 0 0

1
CA; ð5:26Þ

because l1¼−φ−¼−1 and lI ¼ −ψ−
I ¼ 0. Consequently,

j det γj ¼ j detAj. On the other hand, the fact that H � are
totally geodesic entails k�ðh�IJÞ ¼ 0 (see (2.5)), from where
it follows that 0 ¼ e−1 ðh−IJÞ ¼ ∂λγIJ. For spatial derivatives
of j det γj, we use the well-known identity

1

j det γj ∂yIðj det γjÞ ¼ ΓkA
AI; ð5:27Þ

where ΓkA
BI are the Christoffel symbols of ∇k. The

following expressions are immediate consequences of
(5.20)–(5.21) together with la ¼ −δ1a and γ1a ¼ 0:

τablb ¼ −τ1a ð5:28Þ

τabY�
ab ¼ τ11Y�

11 þ 2τ1IY�
1I þ τIJY�

IJ ¼ 2τ1IY�
1I

ð5:29Þ

τabðYþ
abþY−

abÞ¼
1

2
γIJ½ς̃J�ðς̃þI þ ς̃−I Þ¼

1

2
γIJ½ς̃I ς̃J�: ð5:30Þ

τbcγca ¼ τbJγaJ ¼ δb1δ
I
aτ

1JγIJ ð5:31Þ

τbd∂θaγbd ¼ τ11∂θaγ11þ2τ1I∂θaγ1Iþ τIJ∂θaγIJ ¼ 0:

ð5:32Þ

By (5.27) and (5.28), it follows

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij detAjp ∂θað
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j detAj

p
τablbÞ ¼ −

1ffiffiffiffiffiffiffiffiffiffiffiffiffij det γjp ∂θað
ffiffiffiffiffiffiffiffiffiffiffiffiffi
j det γj

p
τ1aÞ

¼ −∂λτ11 −
1ffiffiffiffiffiffiffiffiffiffiffiffiffij det γjp ∂yIð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j det γj

p
τ1IÞ

¼ γIJ½Ξ̃IJ� −∇k
I τ

1I

¼ γIJ½Ξ̃IJ� þ
1

4
γIJð∇k

I ½ς̃J� þ∇k
J½ς̃I�Þ;

¼ 1

2
γIJ½R̃IJ� þ

1

4
γIJ½ς̃I ς̃J�; ð5:33Þ

where in the last equality we inserted (5.19) and
(5.21). Combining (5.25), (5.30), and (5.33), the shell
equation (5.22) follows immediately.
Checking the validity of Eq. (5.23) is almost direct. Since

J� are zero, it suffices to substitute (5.31)–(5.32) into

(5.23) to obtain

0 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffij det γjp ∂θbð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
j det γj

p
δb1δ

I
aτ

1JγIJÞ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffij det γjp ∂λð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
j det γj

p
δIaτ

1JγIJÞ; ð5:34Þ

which is automatically satisfied as nothing inside the
parenthesis depends on λ.
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VI. SPHERICAL, PLANE, OR HYPERBOLIC
SYMMETRIC SPACETIMES

To conclude this paper, we apply the formalism above to
study particular matchings of interest. We start by deter-
mining the necessary and sufficient conditions that allow
for the matching of two arbitrary spherical, plane or
hyperbolic symmetric spacetimes admitting a Killing hori-
zon with a bifurcation surface. We then particularize the
results for the cases of two Schwarzschild spacetimes and
two Schwarzschild-de Sitter spacetimes. As usual, we
avoid � notation until the actual matching is performed.
Let ðM; gÞ be a spherical, plane or hyperbolic symmetric

spacetime and Λ be its corresponding cosmological con-
stant. Assume that it admits a Killing vector field ξ defining
a bifurcation surface S ⊂ M. Any spacetime of this kind is
by definition a warped product of a 2-dimensional
Lorentzian manifold ðN ; ḡÞ and an (n − 1)-dimensional
Riemannian space ðW; hϰÞ of constant curvature ϰ ∈
f1; 0;−1g [52,53]. We let r ∈ F ðN Þ be the warping
function and use Rácz-Wald coordinates fu; v; xAg con-
structed as in Sec. V. We again scale a priori the Killing
vectors defining the horizons of each spacetime so that they
have the same surface gravity. In terms of ω ≔ uv, the
warped metric is

g ¼ ḡþ r2ðωÞhϰðxAÞ; ð6:1Þ

where ḡ ¼ −2GðωÞdudv, G ∈ F �ðMÞ (note that GjH is
constant).
The induced metric on the bifurcation surfaces

S� ¼ fu� ¼ 0; v� ¼ 0g is g�jS� ¼ r2�h
�
ϰ jS� ¼ ðr�0 Þ2h�ϰ ,

where r0 ≔ rjH ≠ 0. The map Φ∶S− → Sþ must be an
isometry so the Ricci scalars of g�jS� , which in this case are
given by

ðn − 1Þðn − 2Þϰ�ðr�0 Þ−2; ð6:2Þ

must be preserved by Φ. Therefore

ϰ−

ðr−0 Þ2
¼ ϰþ

ðrþ0 Þ2
; ð6:3Þ

and we conclude that ϰ� must coincide (recall that
ϰ� ∈ f1; 0;−1g). From now on we simplify the notation
and write ϰ instead of ϰ�. An immediate consequence of
(6.3) is that the jump ½r0� ≔ rþ0 − r−0 is zero whenever
ϰ ≠ 0, and can take whatever value in the plane case
with ϰ ¼ 0.
Since H � are totally geodesic, Eq. (2.29) constitutes an

isometry condition between the leaves fs�¼const:g⊂H �.
These sections are euclidean planes, spheres of radius r0 and
hyperbolic planes when ϰ ¼ 0, ϰ ¼ 1 and ϰ ¼ −1 respec-
tively. The corresponding isometries are respectively euclid-
eanmotions, rotations, and hyperbolic rotations. In each case

they are also isometries of the ambient spacetimes, so the
freedom in the matching, encoded in Φ, can be absorbed
(with full generality) in the coordinates fuþ; vþ; xAþg in such
a way that the coefficients bJI take the simple form bJI ¼ δJI .
This will be assumed from now on. Thus (cf. (2.18),
(2.24)–(2.25))

γIJ ≔ g�ðe�I ; e�J Þ ¼ ðr�0 Þ2h�ϰ IJ: ð6:4Þ

The metric (6.1) is of the form (5.2) with w�
A ¼ 0 and

γ̄� ¼ r2�h
�
ϰ . Consequently, the torsion one-forms σ�L�

vanish on H � (cf. (5.3)). Inserting this into (5.19), it
follows that

ς̃−I ¼ 0; ς̃þI ¼ −2
∇k

Iα

α
; Ξ̃−

IJ ¼
1

2
ðR̃−

IJ − Rk
IJÞ;

Ξ̃þ
IJ ¼

1

2

�
R̃þ
IJ − Rk

IJ þ 2
∇k

I∇k
Jα

α

�
: ð6:5Þ

The fact that the metric (6.4) is of constant curvature ϰr−20
means that its Ricci tensor is

Rk
IJ ¼

ðn − 2Þϰ
ðr�0 Þ2

γIJ; and therefore

8<
:

Ξ̃−
IJ ¼ 1

2

�
R̃−
IJ −

ðn−2Þϰ
ðr−

0
Þ2 γIJ

�
;

Ξ̃þ
IJ ¼ 1

2

�
R̃þ
IJ −

ðn−2Þϰ
ðrþ

0
Þ2 γIJ þ 2

∇k
I∇k

Jα
α

�
:

ð6:6Þ

Substituting this in the expressions of Theorem 2 and using
(6.3), we obtain

8>><
>>:

Y−
11 ¼ 0;

Y−
1J ¼ 0;

Y−
IJ ¼ λ

2

�
R̃−
IJ −

ðn−2Þϰ
ðr−

0
Þ2 γIJ

�
;8>><

>>:
Yþ
11 ¼ 0;

Yþ
1J ¼

∂yJα

α ;

Yþ
IJ ¼

�∇k
I∇k

Jα
α þ 1

2

�
R̃þ
IJ −

ðn−2Þϰ
ðrþ

0
Þ2 γIJ

��
λ;

ð6:7Þ

τIJ ¼ 0; τ1I ¼ γIJ
∂yJα

α
;

τ11 ¼ −γIJ
�∇k

I∇k
Jα

α
þ 1

2
½R̃IJ�

�
λ: ð6:8Þ

The resulting shells have therefore energy density ρ and
energy flux jJ given by

ρ ¼ −γIJ
�∇k

I∇k
Jα

α
þ 1

2
½R̃IJ�

�
λ; jJ ¼ γIJ

∂yJα

α
: ð6:9Þ
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An interesting particular case is when the spacetimes
ðM�; g�Þ to be matched are, in addition, solutions to
the Λ�-vacuum Einstein field equations

R�
αβ ¼

2Λ�

n − 1
g�αβ; ð6:10Þ

which impose

R�
AB ¼H

� 2Λ�

n − 1
ðr�0 Þ2hϰAB ¼H

� 2Λ�

n − 1
γAB

⇒ R̃�
AB ≔ ðΦ�Þ�ðR�ÞAB ¼ 2Λ�

n − 1
γAB: ð6:11Þ

Inserting this into (6.7)–(6.8) yields
8>><
>>:

Y−
11 ¼ 0; Yþ

11 ¼ 0;

Y−
1J ¼ 0; Yþ

1J ¼
∂yJα

α ;

Y−
IJ ¼ β−λγIJ; Yþ

IJ ¼
�∇k

I∇k
Jα

α þ βþγIJ
�
λ;8>><

>>:
τ11 ¼ −

�
γIJ

∇k
I∇k

Jα
α þ ½Λ�

�
λ;

τ1J ¼ γIJ
∂yJα

α ;

τIJ ¼ 0.

ð6:12Þ

where we have defined

β� ≔
Λ�

n − 1
−
ðn − 2Þϰ
2ðr�0 Þ2

: ð6:13Þ

It is worth stressing that the constant curvature parameter ϰ
does not appear explicitly in (6.12). It however appears
implicitly in the metric γIJ and in the corresponding
covariant derivative ∇k. In the next subsections we particu-
larize further to (the maximally extended) Schwarzschild
and Schwarzschild-de Sitter spacetimes.

A. Schwarzschild spacetime

If the metrics on both sides are Schwarzschild we have
Λ� ¼ 0 and ϰ ¼ 1. By (6.3), the radii r�0 must coincide, so
the Schwarzschild mass of both sides is necessarily the
same. We write r0 instead of r�0 from now on. Thus, (6.12)
reduces to

8>>><
>>>:

Y−
11 ¼ 0; Yþ

11 ¼ 0;

Y−
1J ¼ 0; Yþ

1J ¼
∂yJα

α ;

Y−
IJ ¼ − ðn−2Þλ

2r2
0

γIJ; Yþ
IJ ¼

�
∇k

I∇k
Jα

α − n−2
2r2

0

γIJ

�
λ;

8>><
>>:

τ11 ¼ −γIJ ∇k
I∇k

Jα
α λ;

τ1J ¼ γIJ
∂yJα

α ;

τIJ ¼ 0.

ð6:14Þ

The tensor γ is the round metric of radius r0 so its
Laplace-Beltrami operator is r−20 ΔSn−1 where ΔSn−1 is the
Laplacian of the unit (n − 1)-sphere.
For each natural number l we let fYl;mg, m ¼

0;…; Nðn; lÞ − 1 be a collection of linearly independent
solutions of

ΔSn−1Yl;m ¼ −lðlþ n − 2ÞYl;m ð6:15Þ

which, as usual we call spherical harmonics. The number
Nðn; lÞ is (see, e.g., [54])

(
Nðn; lÞ ¼ 1 if l ¼ 0;

Nðn; lÞ ¼
�
lþn−2

l

�
þ
�
lþn−3
l−1

�
otherwise:

ð6:16Þ

Since fYl;mg form a complete set of functions over Sn−1,
any (sufficiently regular) function α can be decomposed in
this basis. Observe that α can be ensured to be positive by
selecting the coefficient of Y0;0 suitably positive and large.
By expressing α as

α ¼
X∞
l¼0

XNðn;lÞ−1

m¼0

al;mYl;m; where al;m ∈ R; ð6:17Þ

the energy density of the shell is given by (cf. (6.14))

ρ ¼ −
ΔSn−1α

r20α
λ

¼
P∞

l¼0 lðlþ n − 2ÞPNðn;lÞ−1
m¼0 al;mYl;m

r20
P∞

l¼0

PNðn;lÞ−1
m¼0 al;mYl;m

λ: ð6:18Þ

The simplest case occurs when α is a positive constant.
Then ½Y� ¼ 0 and we have complete absence of shell. The
step functionH ¼ αλ can be absorbed in the coordinates of
the ðMþ; gþÞ side. This coordinate freedom is a conse-
quence precisely of the fact that Schwarzschild admits a
one-parameter isometry group leaving the Killing horizon,
and its generators, invariant. This ensures that, in the
absence of shell, we recover the global Schwarzschild
spacetime, as we must.
We conclude with a simple but not trivial example in

dimension four (i.e., n ¼ 3). Take

αðθÞ ¼ 3
ffiffiffi
π

p
Y0;0 þ

2
ffiffiffi
π

pffiffiffi
5

p Y2;0ðθÞ ¼ 1þ 3

2
cos2θ; where

(
Y0;0 ¼ 1

2
ffiffi
π

p ;

Y2;0 ¼
ffiffi
5

p
2
ffiffi
π

p P2ðcos θÞ
ð6:19Þ

and PlðxÞ denote Legendre polynomials of degree l. This
yields energy density and energy fluxes
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ρ¼ 3ð3cos2θ− 1Þ
1þ 3

2
cos2θ

λ

r20
jθ ¼−

3sinθ cosθ
r20ð1þ 3

2
cos2θÞ ; jϕ ¼ 0:

ð6:20Þ

In Fig. 2, we plot the functions αðθÞ, jθðθÞ and the energy
density ρðλ; θÞ for λ ¼ 1, λ ¼ 0 and λ ¼ −1 in units where
r0 ¼ 1. As already discussed, the energy density changes
sign at the bifurcation surface, despite the fact that the
energy flux is constant along each null generator, including
at the crossing of the bifurcation surface. The figure shows
clearly how the energy flux component jθ is positive (resp.
negative) whenever the function α decreases (resp.
increases), i.e., the energy flows toward those null gen-
erators with higher values of α.

B. Schwarzschild-de Sitter spacetime

Our final example is the matching of two Schwarzschild-
de Sitter spacetimes. As before, ϰ ¼ 1 and the horizon radii
r�0 in both sides are forced to be the same so we can simply
write r0. A Schwarzschild-de Sitter spacetime of mass m
and cosmological constant Λ > 0 may have several, one or
none Killing horizons located at rHi depending on the
number of (positive) roots of the polynomial

0¼PðrHi Þ¼ ðrHi Þn−2−
2ΛðrHi Þn
nðn−1Þ−

2m
ðn−1Þðn−2Þ : ð6:21Þ

Since we do the matching on a preselected horizon we
change the point of view, namely we take any positive value
r0 and use this expression to determinem in terms of r0 and
Λ. The cosmological constants Λ� on both sides are

allowed to be different. However, once they are selected,
the corresponding masses m� must have jump

½m� ¼ −
ðn − 2Þ

n
½Λ�rn0 : ð6:22Þ

Thus, a priori one can match across a horizon two
Schwarzschild-de Sitter spacetimes with different masses
and cosmological constants but only if the parameters are
related by (6.22).
The matter content of the shell is in this case given by

(6.12). As in the previous section we may decompose the
function α in terms of spherical harmonics. The corre-
sponding expression for the energy density is now

ρ¼
�P∞

l¼0 lðlþn−2ÞPNðn;lÞ−1
m¼0 al;mYl;m

r20
P∞

l¼0

PNðn;lÞ−1
m¼0 al;mYl;m

− ½Λ�
�
λ: ð6:23Þ

Let us conclude with some interesting observations. The
first is that it is impossible to construct a (nontrivial) shell
with vanishing energy density. This is because in such case
it must hold

ΔSn−1α ¼ −r20½Λ�α: ð6:24Þ

and all solutions of these equation must necessarily have
zeroes, which is not allowed for the matching function α.
An interesting example is when the shell is composed on

null dust, i.e., with identically zero energy-flux. By (6.12),
this requires α to be a (positive) constant and then the
energy density of the null dust is

ρ ¼ −½Λ�λ: ð6:25Þ

FIG. 2. For r0 ¼ 1 and αðθÞ given by (6.19), the up-left, up-right and bottom plots show αðθÞ, jθðθÞ and the energy density ρðλ; θÞ for
λ ¼ 1, λ ¼ 0 and λ ¼ −1 respectively.
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The behavior of this null dust is striking. Assume ½Λ� < 0
for definiteness. Then the energy density is everywhere
positive in the past of the bifurcation surface (i.e., for
λ < 0) so the system starts being perfectly reasonable from
a physical point of view. The shell then evolves on its own
in a manner dictated by the field equations and ends up in a
state in which the energy density is everywhere negative.
This negative energy density cannot be considered as
unphysical, since it has evolved from a physically reason-
able initial state, the system itself is physically reasonable
(a collection of incoherent massless particles) and its
evolution is dictated by the gravitational shell equations
that follow from the Einstein field equations. This is a
rather surprising behavior.
Furthermore, this behavior is not exclusive of null dust.

In fact, this occurs for more general functions α. It suffices
to select α to be an everywhere positive function on Sn−1

and, for λ < 0, the energy density ρ will always be positive
provided that the jump [Λ] is suitably positive and large.
Then, we have a shell with initial positive energy density
and nonzero energy flux which unavoidably evolves into a
state of negative energy density with no change along
the evolution of the energy flux, which by (6.12) is
independent of λ.
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APPENDIX A: PULLBACK TO Σ OF
COVARIANT DERIVATIVES ON Ω�

In this Appendix, we establish a relationship, needed in
Sec. V, between the pullback of covariant derivatives along
the sections of Ω� and covariant derivatives along the
sections of Σ. We do this under the assumption that χ k

�
� ¼ 0

which is the case of interest in this paper. The result is as
follows.
Lemma 3: In the setup of Sec. II (in particular for

covariant tensors T� on Ω� satisfying T�ð…;k�;…Þ¼0),

if the second fundamental form χ k
þ
þ vanishes everywhere on

Ωþ, the derivative operators∇k and∇∘ �
satisfy the identities

∇k
I T̃

−
A1…Ap

¼ ∇∘ −
v−I
T−
A1…Ap

; ðA1Þ

∇k
I T̃

þ
A1…Ap

¼ bB1

A1
…b

Bp

Ap
ðð∇k

IHÞkþðTþ
B1…Bp

Þ

þ bJI∇
∘ þ
vþJ
Tþ
B1…Bp

Þ: ðA2Þ

In particular, when Tþ is such that kþðTþ
A1…Ap

Þ ¼ 0, one

obtains

∇k
I T̃

þ
A1…Ap

¼ bJI b
B1

A1
…b

Bp

Ap
∇∘ þ

vþJ
Tþ
B1…Bp

: ðA3Þ

Proof.—Throughout this proof, we view bJI and h�AB ≔
g�ðv�A ; v�B Þ as scalars defined on the boundaries Ω�. Their
pullbacks to Σ are denoted with the same symbol and we let
the context determine the precise meaning. The Levi-Civita
covariant derivative ∇k has Christoffel symbols

ΓkB
JI ¼

1

2
γBAð∂yIγAJ þ ∂yJγAI − ∂yAγIJÞ; ðA4Þ

where γIJ denotes the components of the induced metric on
the sections fλ ¼ const:g ⊂ Σ in the coordinates fyAg.
From (2.18), we know that γIJ ≔ g�ðe�I ; e�J Þ which,

together with (2.24)–(2.25), yields

γIJ ¼ h−IJ and γIJ ¼ bAI b
B
J h

þ
AB

ðhence γBA ¼ ðb−1ÞBLðb−1ÞAKhLKþ Þ ðA5Þ

respectively. The first, together with (2.24), immediately
gives (A1).
To prove (A2), we particularize (2.5) and (2.13) for

χ k
þ
þ ¼ 0 and use that ∂yIb

C
A ¼ ∂yAb

C
I (cf. (2.26)) together

with

∂yAh
þ
CD ¼ eþA ðhþCDÞ ¼ aAkþðhþCDÞ þ bLAv

þ
L ðhþCDÞ

¼ bLAv
þ
L ðhþCDÞ: ðA6Þ

Substituting γIJ from (A5) into (A4), one obtains

ΓkB
JI ¼

1

2
ðb−1ÞBLðb−1ÞAKhLKþ ð∂yIðbCAbDJ hþCDÞ þ ∂yJðbCAbDI hþCDÞ − ∂yAðbCI bDJ hþCDÞÞ

¼ 1

2
ðb−1ÞBLhLKþ ð2ð∂yIbDJ ÞhþKD þ bDJ ð∂yIhþKDÞ þ bDI ð∂yJhþKDÞ − ðb−1ÞAKbCI bDJ ð∂yAhþCDÞÞ

¼ ðb−1ÞBLð∂yIbLJ Þ þ
1

2
ðb−1ÞBLbCI bDJ hLKþ ðvþCðhþKDÞ þ vþDðhþKCÞ − vþKðhþCDÞÞ

¼ ðb−1ÞBLðð∂yIbLJ Þ þ bCI b
D
J ϒ

þL
CDÞ; ðA7Þ
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where in the last equality we inserted (2.13). Expanding the
derivative ∂yI T̃

þ
A1…Ap

as (cf. (2.39))

∂yI T̃
þ
A1…Ap

¼ bB1

A1
…b

Bp

Ap
∂yIðTþ

B1…Bp
Þ

þ
Xp
i¼1

bB1

A1
…bBi−1

Ai−1
bBiþ1

Aiþ1
…b

Bp

Ap
ð∂yIbLAi

Þ

× Tþ
B1…Bi−1LBiþ1…Bp

ðA8Þ

and inserting it into ∇k
I T̃

þ
A1…Ap

≔∂yI T̃
þ
A1…Ap

−
Pp

i¼1ΓkB
AiI ×

T̃þ
A1…Ai−1BAiþ1…Ap

gives

∇k
I T̃

þ
A1…Ap

¼ bB1

A1
…b

Bp

Ap

�
∂yIðTþ

B1…Bp
Þ

−
Xp
i¼1

bCI ϒ
þK
CBi

Tþ
B1…Bi−1KBiþ1…Bp

�
; ðA9Þ

after taking (A7) into account. By (2.25)–(2.26), we can
rewrite ∂yIT

þ
B1…Bp

as

∂yIT
þ
B1…Bp

¼ eþI ðTþ
B1…Bp

Þ
¼ ð∇k

IHÞkþðTþ
B1…Bp

Þ þ bCI v
þ
CðTþ

B1…Bp
Þ;

so (A9) becomes

∇k
I T̃

þ
A1…Ap

≔ bB1

A1
…b

Bp

Ap

�
ð∇k

IHÞkþðTþ
B1…Bp

Þ

þ bCI

�
vþCðTþ

B1…Bp
Þ

−
Xp
i¼1

ϒþK
CBi

Tþ
B1…Bi−1KBiþ1…Bp

��
: ðA10Þ

The coefficients ϒþK
AB are obviously symmetric in the

indices A, B [see (2.13)] and it holds

vþI ðhþKJÞ−ϒþL
KIh

þ
LJ−ϒþL

JIh
þ
KL

¼∇vþI
ðhvþK;vþJ igÞ−ϒþL

KIh
þ
LJ−ϒþL

JIh
þ
KL

¼h∇vþI
vþK;v

þ
J igþh∇vþI

vþJ ;v
þ
Kig−ϒþL

KIh
þ
LJ−ϒþL

JIh
þ
KL

¼−
1

φþ ðχ k
þ
þ ðvþI ;vþKÞψþ

J þ χ k
þ
þ ðvþI ;vþJ Þψþ

KÞ¼ 0; ðA11Þ

where in the last line we used (2.11) and that χ k
�
� ¼ 0.

This means that, for any covariant tensor field on Ωþ of the

form Qþ ¼ Qþ
I1…Ipω

I1þ ⊗ … ⊗ ω
Ip
þ (i.e., satisfying that

Qþð…; kþ;…Þ ¼ 0) the operator Dþ defined by

Dþ
vþK
QþJ1…Jq

I1…Ip
≔ vþKðQþJ1…Jq

I1…Ip
Þ−

Xp
i¼1

ϒþL
IiK

QþJ1…Jq
I1…Ii−1LIiþ1…Ip

is the Levi-Civita covariant derivative on the sections

fsþ ¼ const:g (i.e., Dþ ≡∇∘ þ
). This together with (A10)

proves (A2) as well as (A3). ▪

APPENDIX B: RICCI TENSOR ON
NONDEGENERATE KILLING HORIZONS

In this appendix, we compute explicit expressions for the
Ricci tensors of the ambient spacetimes when the bounda-
ries are nondegenerate Killing horizons. The results are not
new and are included for the sake of completeness. We do
the computation in Rácz-Wald coordinates which yields the
results quite directly. For a different, more geometric,
approach we refer to [39].
We work in Rácz-Wald coordinates fu; v; xAg in a

neighborhood of a nondegenerate boundary H with a
bifurcation surface S as described in Sec. V (in particular,
without loss of generality the function in the metric (5.2)
has been chosen to be constant on the horizon H ). The
identity ∇α∇βξ

μ þ Rμ
βναξ

ν ¼ 0, which can be explicitly
written as

∂α∂βξ
μþξðΓμ

αβÞþΓμ
ρβ∂αξ

ρþΓμ
ρα∂βξ

ρ−Γρ
βα∂ρξ

μ¼0; ðB1Þ

simplifies to

ξðΓμ
αβÞ þ κξðΓμ

vβδ
v
α − Γμ

uβδ
u
α þ Γμ

vαδvβ − Γμ
uαδuβ

− Γv
βαδ

μ
v þ Γu

βαδ
μ
uÞ ¼ 0 ðB2Þ

when using (5.1), which yields ∂αξ
β ¼ κξðδvαδβv − δuαδ

β
uÞ,

∂α∂βξ
μ ¼ 0. The set of equations (B2) constitutes a hier-

archical system of ODE which one easily solves as

Γu
uu ¼ vΓ̂u

uu; Γu
uv ¼ uΓ̂u

uv; Γu
uA ¼ Γ̂u

uA;

Γu
vA ¼ u2Γ̂u

vA; Γu
AB ¼ uΓ̂u

AB; ðB3Þ

Γv
vv ¼ uΓ̂v

vv; Γv
vu ¼ vΓ̂v

vu; Γv
vA ¼ Γ̂v

vA;

Γv
uA ¼ v2Γ̂v

uA; Γv
AB ¼ vΓ̂v

AB; ðB4Þ

ΓA
Bu ¼ vΓ̂A

Bu; ΓA
Bv ¼ uΓ̂A

Bv; ΓA
BC ¼ Γ̂A

BC; ðB5Þ

where Γ̂μ
αβ are functions depending on fω ≔ uv; xAg.

Besides, one finds

�Γu
uAjH ¼ − 1

2G ð−∂AGþ ∂ugvAÞjH ¼ − 1
2G ∂ugvAjH

Γv
vAjH ¼ − 1

2G ð−∂AG − ∂ugvAÞjH ¼ 1
2G ∂ugvAjH

⇒ Γu
uAjH ¼ −Γv

vAjH ¼ 1

2
wAjH ; ðB6Þ
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which, together with ∂vΓ̂α
μνjH ¼ u∂ωΓ̂α

μνjH ¼ 0 and
(B3)–(B5) yields

∂μΓ
μ
BA ¼H ∂uΓu

BAþ ∂vΓv
BAþ ∂CΓC

BA ¼H Γ̂u
BAþ Γ̂v

BAþ ∂DΓ̂D
BA;

ðB7Þ

∂BΓ
μ
μA ¼H ∂BΓ̂u

uA þ ∂BΓ̂v
vA þ ∂BΓ̂D

DA ¼H ∂BΓ̂D
DA ðB8Þ

Γμ
μνΓν

BA ¼H ðΓu
uD þ Γv

vD þ ΓC
CDÞΓD

BA ¼H Γ̂C
CDΓ̂D

BA ðB9Þ

Γμ
BνΓν

μA ¼H Γu
BuΓu

uAþΓv
BvΓv

vAþΓC
BDΓD

CA

¼H 2Γu
BuΓu

uAþΓC
BDΓD

CA ¼H 1

2
wAwBþ Γ̂C

BDΓ̂D
CA: ðB10Þ

Let ∇∘ be the Levi-Civita covariant derivative on the
sections fv ¼ const:g, i.e., defined with respect to hAB ≔

γ̄ABjH ≡ γ̄ABð0; xJÞ and R
∘
AB its Ricci tensor. Obviously

these objects only depend on the coordinates fxAg, i.e., are
independent of the section fv ¼ const:g. From (B3)–(B4) it
follows

Γv
BA ¼ 1

2G
∂uγ̄AB ¼ v

2G
∂ωγ̄AB ⇒ Γ̂v

BA¼H
1

2G
∂ωγ̄AB;

Γu
BA ¼ −

1

2G
ð∂AgvB þ ∂BgvA − ∂vγ̄ABÞ

þ 1

2
guDð∂Aγ̄DB þ ∂Bγ̄DA − ∂Dγ̄ABÞ −

1

2
guu∂uγ̄AB

⇒ Γ̂u
BA¼H

1

2
ð∇∘ AwB þ∇∘ BwAÞ þ

1

2G
∂ωγ̄AB;

from where one concludes

RAB ¼H ∂μΓ
μ
BA − ∂BΓ

μ
μA þ Γμ

μνΓν
BA − Γμ

BνΓν
μA

¼H ∂CΓ̂C
BA − ∂BΓ̂D

DA þ Γ̂D
DCΓ̂C

BA − Γ̂C
BDΓ̂D

CA

þ Γ̂u
BA þ Γ̂v

BA −
1

2
wAwB

¼H R
∘
AB þ 1

2
ð∇∘ AwB þ∇∘ BwAÞ þ

1

G
∂ωγ̄AB

−
1

2
wAwB: ðB11Þ

Observe that the right-hand side of (B11) is independent of
v, so the same is true for the components RAB of the
ambient Ricci tensor at the Killing horizon.
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