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Null shells are a useful geometric construction to study the propagation of infinitesimally thin
concentrations of massless particles or impulsive waves. After recalling the necessary and sufficient
conditions obtained in [M. Manzano and M. Mars, Classical Quantum Gravity (2021)] that allow for the
matching of two spacetimes with null embedded hypersurfaces as boundaries, we will address the problem
of matching across Killing horizons of zero order in the case when the symmetry generators are to be
identified. The results are substantially different depending on whether the boundaries are nondegenerate or
degenerate, and contain or not fixed points (in particular, in the former case the shells have zero pressure but
nonvanishing energy density and energy flux in general). We will present the explicit form of the so-called
step function in each situation. We will then concentrate on the case of actual Killing horizons admitting a
bifurcation surface, where a complete description of the shell and its energy-momentum tensor can be
obtained. We will conclude particularizing to the matching of two spacetimes with spherical, plane, or
hyperbolic symmetry without imposing this symmetry on the shell itself.
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I. INTRODUCTION

Thin shells (also known as surface layers) are idealized
geometrical objects introduced in General Relativity to
describe concentrations of matter or energy that can be
considered to be located on a hypersurface. Depending on
the causal character of the hypersurface, thin shells are
called null, timelike, spacelike, or mixed (when the causal
character is point-dependent). The standard way of gen-
erating spacetimes containing thin shells is by matching
two spacetime regions (one at each side of the shell). The
matching theory in the context of General Relativity is well
developed and has received contributions from many
authors. Key milestones are the seminal work by
Darmois [1] in the timelike and spacelike cases and its
extensions to the null case by Barrabés-Israel [2] (see also
[3] for a useful reformulation). The general causal character
was studied in [4,5].

The Darmois matching formalism for non-null bounda-
ries consists of joining two spacetimes (M*, g%) with
differentiable boundaries QF by providing an identification
between the boundary points and between the full tangent
spaces on QF. For the matching to be possible, the
spacetimes are required to verify the so-called shell (or
preliminary) junction conditions (see, e.g., [4,6]) which
force the boundaries to be isometric with respect to their
induced metrics. The resulting spacetime satisfies the Israel
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equations [7] and describes a thin shell whose matter
content is directly linked to the jump of the extrinsic
curvatures. In the general causal character case, the shell
junction conditions require that the identification of the
boundaries maps the corresponding first fundamental forms
and that the identification of the full tangent spaces fulfils a
suitable orientation requirement [5]. The Israel equations
for shells of arbitrary causal character were first obtained in
[8]. Expressions for the jumps of other curvature compo-
nents across matching hypersurfaces of arbitrary causal
character were derived in [9] by means of the formalism of
tensor distributional calculus.

Many explicit examples of null shells in specific sit-
uations have been discussed in the literature, often by
imposing additional symmetries, e.g., spherical symmetry.
We refer to [10-21] and references therein for examples. In
the previous paper [22], we determined the necessary and
sufficient conditions that allow for the matching of two
general spacetimes with null boundaries. In order to
address the problem of matching, we made use of the
so-called hypersurface data formalism [8,23] with which
one can abstractly analyze hypersurfaces of arbitrary
signature in pseudo-Riemannian manifolds. For embedded
hypersurfaces, the ambient metric, the embedding and a
choice of transversal vector (the so-called rigging vector)
determines the metric data. In this framework, the junction
conditions simply impose that the metric hypersurface data
of QF must coincide and, in the null case, the central
objects on which the matching depends are a diffeomor-
phism W between the set of null generators of QF and the
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so-called step function H, which geometrically corresponds
to a shift along the null generators. Moreover, the matching
requires that any spatial section on Q7 is isometric to its
corresponding image in Q'. The energy-momentum con-
tents of the resulting shell can be explicitly written in terms
the geometry of the ambient spaces and the identification of
the boundaries. The fundamental results in [22] required
for the present work are summarized, and expanded in
certain directions, in Sec. II.

Generically, given any two spacetimes (M*, g*) with
null boundaries it will not be possible to join them. When
the matching is permitted, there will exist (in general) one
unique way of matching, i.e., only one suitable identifica-
tion of the boundary points and the full tangent spaces that
makes the metric hypersurface data of both sides agree.
However, as discussed in Sec. 4 in [22], there are some
cases in which multiple (even infinite) matchings are
feasible. This particularly occurs when the boundaries
QF are totally geodesic embedded null hypersurfaces.
Perhaps the most prominent example of totally geodesic
null hypersurfaces are the Killing horizons. In such case,
the spacetimes on both sides have additional structure,
namely the Killing vectors generating the horizons, and it is
natural to impose that the matching preserves this sym-
metry, i.e., that the resulting spacetime admits a continuous
vector field, which is Killing on both sides. This situation
corresponds to the case when the matching process iden-
tifies the Killing vector fields with respect to which the
boundaries Q* are Killing horizons. This problem includes,
for example, matchings of black hole spacetimes with
nonzero temperature across geodesically complete Killing
horizon boundaries, or matchings across nondegenerate or
degenerate Killing horizon boundaries with or without
fixed points. This is the problem we set out to analyze
in this paper.

Actually, we study a considerably more general situa-
tion, namely the matching across Killing horizons to order
zero. It turns out that the identification of a pair of
preselected null tangential vector fields, one from each
side, restricts severely the set of all possible step functions.
For that it is not necessary that these null fields are Killing
vectors. One merely needs to assume that the boundaries
are totally geodesic and the set of zeroes of the preselected
null fields share the basic features that the set of zeros of
Killing vectors have. This is what defines the notion of
Killing horizons to order zero (see Definition 5). These
objects are in fact closely related to the well-known
concepts of nonexpanding horizons, and their particular-
izations of weakly isolated horizons and isolated horizons
(general references are, e.g., [24-29]). While normally
nonexpanding horizons are diffeomorphic to S? x R, we
shall only require that the topology of Q* is Si xR,
S C QF being a spacelike submanifold. The main differ-
ence between nonexpanding horizons and Killing horizons
of zero order is that we preselect a null field & tangent to

QF (called symmetry generator) such that the set of points
S* = {p € Q¥|£*|, = 0} is either the union of smooth
connected closed submanifolds of codimension two or the
empty set. Non-expanding horizons are totally geodesic as
a consequence of assuming that the matter model satisfies a
suitable energy condition. In the setup of Killing horizons
of zero order the property of being totally geodesic is
incorporated in the definition, so we can dispose of any
a priori restriction on the matter model.

In this paper, we will assume constancy of the surface
gravity of &%, which is defined by grad(g* (£, &%) =
-2k EF on QF\S*. We keep the standard terminology of
calling Q*\S* degenerate (if k7 = 0) or nondegenerate (if
Kgi # 0). We will see that the presence or absence of points

where the null vectors &* vanish, as well as the causal
character of S* in the former case, strongly affects the
matching and by extension the types of shells that can be
constructed. In particular, when S* are both nonempty, we
will prove that they must be identified in the matching
process, which concretely forces them to have the same
causal character, as well as the same number of connected
components. Furthermore, the matching will require the
surface gravities K‘? to be either both zero or both nonzero,

and the allowed step functions will take a simple, linear
form. Moreover, the resulting shell necessarily has vanish-
ing pressure. The matching, however, still admits the
following freedom: in the degenerate case, one can select
two sections (one at each side) and impose their identi-
fication whereas in the nondegenerate case it is possible to
choose the initial velocity along the null generators off the
submanifolds S* (which are now spacelike). When the
boundaries are free of fixed points, the matching admits
more possibilities. All of them are studied in Sec. IV, and
the result is summarized in Theorem 1 of that section.
Once the matching across Killing horizons of order zero
has been completed, we return to the case of Killing
horizons. We perform an in-depth analysis of perhaps
the most physically interesting situation, which occurs
when the boundaries are nondegenerate Killing horizons
containing bifurcation surfaces. For this particular case, we
use Racz-Wald coordinates [30] to derive the explicit
expression of the energy-momentum contents of the shell
(Theorem 2 in Sec. V). We obtain that, although the
pressure is zero, some effect of compression or stretching
of points is taking place because the velocity along the null
generators of .7 differs from one generator to other. As a
consequence we find a nonzero energy flux which points
toward null generators with higher velocities. Another
remarkable result is that there appears a change of sign
on the energy density of the shell when the bifurcation
surfaces are crossed. This is a really puzzling behavior
which seems to point out the possibility that the physical
interpretation of the energy-density of the shell is not what
we are used to in other physical contexts. Perhaps this
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behavior is somehow linked to the causality change of the
Killing fields from future to past across the bifurcation
surface, but this is pure speculation. We stress however, that
these results are fully compatible with the shell field
equations obtained by Barrabés and Israel [2] for the case
of null hypersurfaces. We even include an explicit proof of
this in Sec. V.

The paper concludes with the general matching of two
spherical, plane or hyperbolic symmetric spacetimes across
nondegenerate Killing horizon boundaries containing bifur-
cation surfaces. We work in arbitrary (n + 1) spacetime
dimension and do not impose any a priori restrictions on
the shell (in particular we do not assume that it respects the
background spherical/plane/hyperbolic symmetry). The
shell depends on an arbitrary positive function «, constant
along the generators (so, effectively defined on a section).
The explicit expressions of the tensors determining the
matter content of the shell are explicitly derived, first
without imposing any restriction on the Einstein field
equations and then for the specific A-vacuum case. The
energy density depends on the Laplacian of @ and on the
jump of the ambient Ricci tensors. Whenever nonzero,
the energy density unavoidably changes sign when crossing
the bifurcation surface. The energy-flux depends on the
gradient of @ and it is constant along the null generators. In
the A-vacuum cases, the matching allows for different
values of A on each side but fixes the jump of the mass in
terms of the jump [A]. An example of particular interest
occurs when [A] < 0. Then, it is possible to construct a
shell of null dust (hence with vanishing energy flux) which,
from a fully physically reasonable state of positive energy
density, evolves in the deterministic manner dictated by the
field equations into a state with negative energy density
after crossing the bifurcation surface. Shocking as this may
seem, in appears to us that such state of negative density
should be considered as fully physical.

Before describing the structure of this paper, let us
provide a few potential applications of our work here. One
problem that we plan to address in the future is to analyze
interiors of the Kerr black hole with matter/energy sup-
ported on the horizon. Of particular interest is the case of
the near horizon geometry of the Kerr black hole (see, e.g.,
[31,32] and references therein) because of the fact that in
such case there are two different Killing generators that one
can identify. A related setup with an, a priori, even more
rich behavior involves matchings across so-called multiple
Killing horizons [33,34]. Another problem where our
results are of potential interest is in constructing spacetimes
where the null shell produces a trapped surface in the
exterior region. Such spacetimes can be helpful to test the
validity of the Penrose inequality in the null case [35-37].

The organization of the paper is as follows. Section II is
divided into three parts. First, we revisit some results and
identities concerning the geometry of embedded null
hypersurfaces, and we present the necessary geometric

objects and assumptions. We continue with a brief sum-
mary of the basic notions on the formalism of hypersurface
data. In the third part we recall the results from [22] needed
for this work and then we complement and expand them in
several directions. With the aim of rewriting some of the
results in [22], we firstly provide identities concerning
the pullback to the abstract manifold of tensor fields on the
boundaries. We also analyze the behavior of the tensor
fields defining the matter content of the shell under changes
of the foliations of the boundaries. In Sec. III, we recall
some well-known properties of Killing horizons, and
introduce the notion of Killing horizon of zero order.
Section IV is devoted to the actual problem of matching
two spacetimes across null boundaries which are Killing
horizons of zero order. We analyze separately the cases of
both boundaries being degenerate, both being nondegen-
erate and one being degenerate and the other one non-
degenerate. As already mentioned, the particular case of
matching across nondegenerate Killing horizons containing
bifurcation surfaces is fully addressed in Sec. V. We
conclude the main body of the paper by studying the
general matching of two arbitrary spherical, plane or
hyperbolic symmetric spacetimes admitting a Killing hori-
zon with a bifurcation surface. The specific matchings of
two spacetimes of Schwarzschild and Schwarzschild-
de Sitter are addressed in detail. The paper finishes with
two appendixes. In Appendix A, we give the proof of the
pullback identities described in the last part of Sec. II
Appendix B establishes a geometric expression needed in
Sec. V that links the ambient Ricci tensor and geometric
quantities at one boundary © when this is a nondegenerate
Killing horizon with bifurcation surface. This result is
known and it is included merely in order to make the paper
self-consistent (and because our derivation is very direct
and simple).

A. Notation

Given a manifold M and a point p € M, the tangent
and cotangent spaces at p are denoted by T, M, T, M
respectively. As always, T M refers to the corresponding
tangent bundle and I'(TM) to its sections. Given an
embedding ®, we use the standard notation of ®* and
@, for its pull-back and push-forward respectively. We also
let (M) = C*(M,R) and F*(M) C F(M) its subset
of no-where zero functions. Our signature convention for
Lorentzian manifolds (M, g) is (=, +, ..., +) and we let V
denote the Levi-Civita covariant derivative of g and ¢(X,Y)
(also (X,Y),) be the scalar product of two vector fields
X,Y € T(TM). Our convention of indices on an (n + 1)-
dimensional spacetime is

a,p,...=0,1,....n, i,j,...=1,...n

1,J,...=23,...,n,
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and parenthesis (resp. brackets) denote symmetrization
(resp. antisymmetrization) of indices. We write the space-
time dimension as n 4 1 and assume throughout that
n>1.

II. PRELIMINARIES

As indicated in the Introduction, the aim of this paper is
to determine the necessary and sufficient conditions that
allow for the matching of two spacetimes (M=, g*) across
Killing horizons of zero order such that the symmetry
generators get identified. This section is devoted to intro-
ducing several background notions and results needed later.
Further details can be found in [22].

A. Geometry of embedded null hypersurfaces

We start by recalling general properties of null hyper-
surfaces (general references are [38,39]). We begin with the
standard notion of embedded null hypersurface.

Definition 1: (Embedded null hypersurface) Let (M, g)
be an (n + 1)-dimensional spacetime and X a manifold
of dimension n. An embedded null hypersurface is a
subset Q C M satisfying that there exists an embedding
®:X - M such that ®(X) = Q and that the first funda-
mental form y := ®*(g) of X is degenerate.

We define null generator k of Q as any null nowhere zero
vector field which is tangent to Q everywhere. Since there
exists one unique degenerate direction along €, all null
generators are proportional to each other. Besides, they are
pregeodesic, i.e., for any null generator k, there exists a
function k;, € F(Q) named surface gravity such that
V. k = k;k. One can always find a null generator k which
|

A
B
C
D

(A)  kisan affine future null generator.
(B)
(©)
(D)

Consider a point p, € €2, the section S, a point p €
Ss(po) and two vectors Z,W €T ,S,,. The (positive
definite) induced metric & of Sy, at p is h(Z,W)|, =
(Z.W),|,. We let h¥ be its associated contravariant metric.
Given a basis {v],} of T,S,(,,) and its corresponding dual
{w'|,}, the components of h and h* are denoted by /;; and
h" respectively. Capital Latin indices will be raised and
lowered with these metrics.
Given a basis {L, k, v;}, we define n scalar functions

Q= —<L,k>g > 0, Y= _<L7 Dl>g’ (24)

L is a future null vector field everywhere transversal to Q.

is in addition affine (i.e., with ;) [39,40]. In the following
and with full generality, we let k be future and satisfy this
property.
The following definitions will be useful for our purposes.
Definition 2: (Spacelike section, tangent plane and
foliation of Q) Let Q be an embedded null hypersurface
and k be an affine future null generator. Assume the
existence of a section S C Q and let s € F(Q) be the
solution of the equation k(s) =1 with initial condition
s|z = 0. Then, the section S is defined as the subset
Sy, =1{p € Q|s(p) = 50,50 € R}. (2.1)
Given p € Q and the section Sy(,) C €2, the tangent plane
T,Sy(p) 1s defined as
T

Sy = {X € T,Q[X(s) = 0}. (2.2)

P
The family of spacelike sections {S,} define a foliation of
Q given by the levels of s, i.e., the subsets of constant s.

By construction, s increases toward the future. In
addition to the existence of S, we also require that all
the level sets of the function s, i.e., the sections {S}, are
diffeomorphic to each other. As discussed in [22], the
requirements above amount to assume that the topology of
Qis S, x R, with the null generators along the direction of
R. This global restriction will be henceforth supposed. It is
worth stressing, however, that s always exists on suffi-
ciently small open sets, so all the results below always
apply on such sets. We construct a basis {L,k,v;} of
I'(TM)|q satisfying the following properties:

Each v, is a spacelike vector field verifying that v, | » €T ,Ssp ateach p € Q.

The basis vectors {k, v; } are such that [k, v;] = O and [v;, v;] = 0.

(2.3)

|
on Q, the one-form 6, (Z)|,, ’=$<vzk,L>g »» the 2-covariant
tensor @"(Z,W)|, := (VL, W),|, and the second funda-
mental form x*(Z, W)|, = (Vk. W),|, of S, at p. If L
had been chosen to be orthogonal to Sy, (i.e., y; = 0)
then 6, and ®" would be the torsion one-form and second
fundamental form of S, along L. However, it is
convenient for our purposes to allow L to be unrelated
to the sections. In the general case 6, and @OF are
generalizations of those quantities and still encode extrinsic
information of the sections. However, we emphasize that

O is not symmetric in general. For later purposes, we also
recall the well-known relation between the rate of change of
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the induced metric along k and the second fundamental
form of the section (see, e.g., [39])

k(h(UKvUI)) = 2)(]((”1’”10- (2-5)

The next result (Lemma 1 in [22]) gives the tangential
covariant derivatives of the basis vectors.

Lemma 1: Let Q be an embedded null hypersurface,
{S,} a foliation of Q defined by s and {L, k, v;} be a basis
of I'(TM)|, satisfying conditions (2.3). Then, the tangen-
tial derivatives of the basis vectors read:

1 1
Vv = ;Xk(vl» vy)L + p (v;(yy) + O (v, v5)
= Thwi)k + Yok, (2.6)
Vkvl = V“k

1
— —<0'L(111) —l—;l;/Bxk(v,, UB))k +x* (v, v8)vg,

(2.7)
ka = Kkk (28)
1
VL =nL - gw’(n,w, + O (v, v)))k
+ (ny” + O (v, 07))v,, (2.9)
k I
VkL = <@_Kk> <L _wk_l_llllvl)
@ @
o
+ (k(w;) + @oL(v))) ;k— o), (2.10)
where TX and #; are defined by
1
TJKI = <<UK,V1;,UJ>9+;I/IK;(k(1}1,UJ)>, (211)
1
ny = ;”1(‘/’) +o.(vy) ). (2.12)

Remark 1: A straightforward calculation based on
[v, v;] = 0 yields

1
T = EhKA(UI(hAJ) +vy(har) = valhyy))

1
+;WKX]{(UI’UJ)- (2.13)

B. Metric hypersurface data and hypersurface data

The concepts of (metric) hypersurface data [8,23], which
we summarize next, constitute a natural framework to study
the matching, as they provide the necessary setup to study

hypersurfaces of arbitrary causal character from a com-
pletely abstract viewpoint.

Let X be an n-dimensional manifold endowed with a
2-symmetric covariant tensor y, a 1-form ¢ and a scalar
function #(>). The four-tuple {X,y,7,£?} defines metric
hypersurface data provided that the symmetric 2-covariant
tensor A[, on T,Z x R defined as

Al,((W.a).(Z.D)) =7|,(W.Z) + at] ,(Z)
+bt|,(W) + abt?)|

W.ZeT,Z, a, b eR, (2.14)

has Lorentzian signature at every p € Z. The five-tuple
{Z.7.£,¢@, Y} defines hypersurface data if additionally
to the metric hypersurface data {X,y, 2, £ (2>} one alsohas a
symmetric 2-covariant tensor Y on X.

Since A , is nondegenerate, we can consider its
inverse contravariant tensor Al » € T,Z x R Splitting its
components as

Al,((@.a), (B.b)) = P|, (@) + an|,(§)

+ bn|, (@) + abn®®
a,beR

p’
a.peTZ, (2.15)
defines a symmetric two-contravariant tensor (field) P, a
vector (field) n and a scalar (field) n® on X. By definition

of A, it follows (see Egs. (3)—(6) in [8]):

y(n,-) +n?¢ =0, £(n) =1-n®rR),

(2.16)

(2.17)

The abstract notion of (metric) hypersurface data con-
nects to the geometry of hypersurfaces via the concept of
embedded (metric) hypersurface data [23]. The data
{Z,7,¢, f(z)} is embedded in a spacetime (M,g) of
dimension n+1 if there exists an embedding ®:X < M
and a rigging vector field ¢ along ®(X) (i.e., a vector field
which is everywhere transversal to ®(X)) satisfying
D*(g)=y, @ (9(¢,)=¢, @*(9((.0))=¢P). (2.18)
The hypersurface data {X, 7,7, £, Y} is embedded if, in
addition to (2.18), it holds

1

: (2.19)

Hypersurface data has a built-in gauge freedom that
corresponds to the nonuniqueness of the rigging vector
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field. Let {2,y 2, /%, Y} be hypersurface data, z € F*(X)
and W e€TI'(TX). The gauge transformed hypersurface
data  {Z.Gw) (7). Gew)(©). Gow)(€P). Gowy(Y)} is
(Definition 3.1 in [23])

g(z,W)<7/) =7,
G (£?)) = 2(6P) +26(W) +y (W, W)), (2.20)
Gew) (&) =2(C+y(W.")).

1
e (V) =2Y +5 (£ @dz+dz @) +£7).  (2.21)

This gauge transformation induces the following trans-
formations on P, n and n'® (Lemma 5 in [8]):

Gew)(P)=P+nPW@W-WQn-n®W, (2.22)

g(Z,W) (n(z)) = Z_Zn(z).
(2.23)

Throughout this paper, the boundaries to be matched will
be null hypersurfaces, which means that n®?) = 0 and that
the first fundamental form y is degenerate with degenerate
direction n [cf. (2.16)].

C. Matching and shell junction conditions

We conclude the preliminaries with a summary of the
matching problem across null boundaries. This problem is
studied in detail in [22]. Consider two (n + 1)-dimensional
spacetimes (M™, g*) with respective null hypersurfaces Q*
as boundaries. Let {L*, k*, vF} be basis of ['(TM™*)|q=
according to (2.3) and s* € F(QF) be foliation defining
functions constructed as in Definition 2. The matching of
(M=, g*) requires the fulfilment of the so-called shell
(also called preliminary) junction conditions (see, e.g.,
[1,2,4,6,7,41-43]). In the language of hypersurface data,
they impose [8] that the embedded metric hypersurface data
of QF agree. We therefore let {Z,7,#,7>), Y*} be hyper-
surface data embedded in (M*, g*) with embeddings ®*
and riggings ¢* to be determined in the process of matching.

Performing a matching amounts to providing an identi-
fication between the boundary points (ruled by the diffeo-
morphism @ := ®* o (®7)71:Q~ - QF) as well as a
correspondence between transverse directions given by the
identification of {*. We hence take coordinates {4, y*} on X,
A being a coordinate along the degenerate direction of y, and
introduce new basis {{*, €7 |+ (y) = PF[,(0)), € lot(g) =
@[, (0,1} to be identified in the process of matching. With
full generality, one can adapt ®~ (or {e; }) and {~ to the
geometric quantities already introduced on Q~, and let all the
information of the matching be contained in ®* and .

For simplicity, given any function & € F(X), we will
make the slight abuse of notation of writing & o (®%)~! €
F(Q*) also as h. The matching procedure implies the

existence of functions {H(4,y*), h!(y*)} satisfying the
conditions that d;H > 0 and det (d,sh’) # 0 such that the
following decompositions hold (Sec. 3.3. in [22]):

(2.24)

1
el =pk*, ef =akt+bjv}, C+:ZL++Bk++CKUIJQ,
(2.25)
where
p=0,H >0,

aj=0uH, b} =0’ (2.26)

B—_ P paBy ), )

(er
A:;alH>0’ :26/1H + Wy Wp°,

cl = i—Hhﬂa)SH, (2.27)

and @ = (b™")} (0, H — Ly7o,H) + Ly} Observe
that the coefficients b7 do not depend on the coordinate A.

All the matching information is therefore encoded in
{H(A,y*),h'(y")}. Besides, A and H(A,y") satisfy

{s7To® =4 stod"=H}onX. (2.28)

The function H(Z,y*) is named step function, since it
measures a kind of jump along the null direction when
crossing the matching hypersurface. The last condition
imposed by the matching procedure is that any pair of
points p € Q~, ®(p) € Q" must verify that

This constitutes an isometry condition between the sub-
manifold S,y C €~ and its corresponding image on Q.

The identification of ei requires the existence of a diffeo-
morphism ¥ between the set of null generators on both
sides. The geometry of the shell is determined by the jump
[Y]:==Y" =Y~ [cf. (2.19)]. In particular, the components
of the energy-momentum tensor of the shell are 7!'! =
—(n' P Y ) = ()Y ) = =) Y
The explicit expressions of all these quantities were
obtained in [22], and are included in the next proposition.

Proposition 1: Let V! be the Levi-Civita connection on
a section {4 = const.} C X. Then the components of the
tensors Y+ are given by
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_ - - 5/140_>
Yo =0 (K el B
11 k p
Vi~ 0w
= oo T80,
Y = 0L (v, v). (2.30)
) 0,0,H 0,0~
Yi = ¢ <K,j+aﬂH gﬂ;} —;—_), (2.31)
0,16,JH
Y=o (*V”H bbo +( )+ a;H
XUt (5.0p) Voo _aw_;), 232
¢ o, H 207 2¢
. K[ VIHV/H V. HbE 0,y
Y=o
0,H (0,1 )?
2V” Hbje,. (vg) bAbBG)“(vA,U;F)
0,1 pTo,H
| I, -
+X1;(k (vr,v7) VpVﬂH v([(b§>l//§>_v(]l//j>
@ oH o,H ¢ o,H o~ )
(2.33)

and the components of the energy-momentum tensor of the
shell are

7= _ﬁ KktquVﬂH _ VyHbfaﬂllE
7 9,H @t (0,H)*
_2V|HbYs (vf) | bibBOL (), vh)
0,H oo, H
X'9< (v, v7)  VIVIH  V(bBy))
*0,1 0,1H q)*()ﬁH

Viw; e (. v;))

(2.34)

@ @

0,0,H
o,H

XLZk (UJ7UL)
ptoH

M
= p <K';_+VJH +

~ (bt () - o;(vm), (2.35)

1J
u__7 + _ Qo H
T° = —E (Kk+a/1H— K'k— + a/lH ),

(2.36)

where pr/j, VH(b 3 z//B) are derivatives of the covariant
tensors yydy’, bfwidy' defined on the sections {4 =
const.} C X and

e =@ 0uH + biyy, X' =y (e, - Ayy),
1 X!
X! = "3 A (€7 + Ay7). (2.37)

In these expressions the primary geometric objects are
tensors defined on the boundaries Q+, and their transfer to
the abstract hypersurface X is performed via the explicit
appearance of the quantities b (in the case of the QF
boundary; for the other boundary Q~ the transfer is
immediate because of the fact that we are choosing the
map ®~ to be the identity between X and Q7). These
expressions have the advantage that are fully explicit,
which is a desirable feature when matchings of concrete
spacetimes are to be performed. However, this form can
also obscure the geometric interpretation of some quan-
tities. It is therefore of interest to provide the results from
Proposition 1 with a more covariant interpretation. This
different perspective will be particularly useful in Sec. V,
and requires some prior considerations regarding the pull-
back to T of tensor fields and their derivatives on Q.

Let {w., @'} be the dual basis of {k*, v} and, for
each constant Ay, let f, be the trivial embedding of the
section {4 = Ay = const.} onto X. Consider any pair of
p-covariant tensor fields 7+ on Q* with the property that

T(.. k5. =0, ie, T*=T; , 0l ®. .00

By (2.24)—(2.25), their pullback tensors T = (®*)*(T*)
on X are

T- = T (ey,, ...,e,‘p)dy’l ®...Qdy"r
=T5.1,d" ® ... ®dy", (2.38)
T+t = T+(eZ, ...,e}:)dy" Q... dy"r
A)
= byl by Th Ay ® . ® dy', (2.39)

while the corresponding pullback tensors fj(Ti) on the
sections {4 = const.} C X are

[T =T dy" ® ... ®dylr,

LT =0l TS, dy @ .. @dy'r. (2.40)

In order to avoid cumbersome notation we shall still call

fi(T*) as T*. This slight abuse of notation is harmless

since the context will make clear the precise meaning.
Let us introduce the tensor fields w* := z//, o',

6}, = O'Li( Pol, 0 =0 (vf, 17w, ® @, and
25 = (vF, 7)o, ® @, on QF and, in accordance
to the notation above, use a tilde to denote their pullbacks to
¥ and to the sections {4 = const.}. The jump of T+ on

will be correspondingly defined as
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[T] = (1) (T*) — (@) (T7) =T " -T~. (241)
As already indicated, the appearance of the coefficients b}
in the expressions of Proposition 1 is a consequence of
making the pullback to X or to a section {4 = const.} C X
of the corresponding tensors on QF. Consequently, the
expressions will take a more elegant form when written in
terms of tilde quantities. Moreover, the derivatives Vyy/],
VI(bBy}) on the sections {4 = const} C X will also
acquire a clear geometric meaning. It is immediate to
rewrite all expressions in Proposition 1 in terms on this new
notation. In this paper we shall only need them particu-
larized to k¥ = 0 so, for the sake of brevity we only do the
rewriting in this specific case.

Proposition 2: Let V! be the Levi-Civita connection on
a section {4 = const.} C X. If k* are chosen affine (i.e.,
with kf = 0), then the components of the tensors Y+ read

_ o Ve awy . o
Y ==00", Yi,=—¢7 6, — 12 - 21’ YIJ:®(1J)’
(2.42)
0,00H 0,0~
YT1=<0‘<321 -2 ) (2.43)
2 @
0,00H Xy, Vo= o
Y =9 (-6 + 20 +)(JL _ ﬂi _ ,W/_J ’
,H @ oH 2¢ 2¢
(2.44)
l ~ Il 77~ A
o _ o (VIVH Vo, 2VHE O,
o aAH ¢+(01H)2 aﬂH (ﬂ+a/1H
o -+ | ~—
Xl){[] VUW‘I _ v<1w'l) (2 45)
o H  ¢to,H o ) '

while the components of the energy-momentum tensor of
the shell are

1" V\ViH ViHow, 2VIHE  X'pp
o\ H ¢ (0,H)* 0,H @ o,H
~ ~_ A+ \—
+ VM _ Vu% 6(11) _ O (2.46)
ptH o @toH ¢ ) '
T” :7/_” ala)'JH_ XL)?;L _ [5_ ] T]j — aﬂa/lH
o\ oH ¢to,H V) @ 0,H’
(2.47)

where again X! and X* are defined by (2.37).

The choice of the foliation defining functions s* is
highly nonunique, which makes it interesting to study the
behavior of the tensor fields Y* and the energy-momentum

+

tensor of the shell z under transformations of the functions
sT. As in the previous proposition, we restrict the dis-
cussion to the case when the null generators k* have been
chosen affine, i.e., K,ﬂf — (0. However, the conclusions of
this section also hold in general, namely when «i # 0.

Foliations of manifolds by codimension one submanifolds
always admit a freedom of reparametrization of the foliation
defining function. The restriction of the generators k* being
affine and future and s satisfying k*(s*) = 1 reduces the
full reparametrization freedom to s* — g*s* + s, with
constants s and g* > 0. This gives rise to the natural
question of how expressions of Proposition 2 may be affected
by this freedom. From the fact that the matching has been
performed assuming that the map @~ is the identity (see
(2.24)), i.e., by identifying the boundary Q™ and the abstract
manifold X, the changes above are of different conceptual
nature and hence have different effects in the minus and in the
plus sides. Concerning the (M™, g") side, this freedom
translates into multiplying H by ¢" and shifting by s
(cf.(2.28)) as well as changing Lt as L™ — gt L* sothatg™
is preserved. Moreover, k™ transforms as k™ — q%k*. It is
easy to check that Egs. (2.30)—(2.36) all remain invariant
under a reparametrization of this type. For that it suffices to
notice that A — g*A, X! —» ¢*X! and X! - ¢*X".

The transformation s~ — ¢~s~ +s; is more subtle
precisely because of the trivial identification between Q~
and X. By (2.28), we know that s~ — g~s~ + s induces in
turn the change 1 — g~4 + s; on X. However, the degen-
erate direction of X is defined by a vector field n which is
proportional to d,. Thus, scaling and shifting 4 amounts to

taking a new vector field n' = q% n, i.e., to perform a gauge

transformation G, ) with z = ¢~ and W = 0. Once more,
condition k~(s~) = 1 forces k= — q]—_ k= which means that,
in order to preserve ¢~, we again need L~ — ¢~ L™. It is
immediate to check that all this entails di — ¢~d4,
0= =01 ¥7 = q wi, O (v7,v7) » g O (v, v)),
){’f(v,‘,v;)eql_x’f(v,‘,v}) and leaves ¢, w7y, 6. (v7)
and @' (v],v}) unchanged. By virtue of expressions
(2.30)—(2.33), it follows that Y f, remain unchanged,
Yi - ql_Yﬁ and Y7, — ¢~Y7, as in this case A — qL_A,
XL - XL, and X' = ¢g~X'. Since

YE = YEdA @ dA+ YE(dA @ dy' + dy ® di)

+YhdY' ® dy’, (2.48)

we conclude that the transformation of the tensor Y+ is

Y* — ¢~ Y*, which is consistent with the gauge behavior

(2.21). Concerning z, it follows from (2.34)—(2.35) that the

components transform as 7'! — g~ ¢!!, 7 > ¢! ¢/ —>qi_r”

and hence the tensor
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T= 1116,1 ® 6,1 + ’L'l'/(a;L ® ayl + 6},1 ® 0/1) + leayl ® ayj
(2.49)

transforms as 7 — ql_r in agreement with Proposition 7 in

[8]. The tensor 7 not being invariant is a consequence of the
fact that there is no canonical volume form on null hyper-
surfaces. Each choice of rigging (or of gauge at the abstract
level) gives raise to a different volume form. From the gauge
transformation of such volume forms it follows that the
product 7 does remain invariant (see Lemma 3.5 in [23]). It
is therefore important to bear in mind that from a physical
point of view 7 is a density, i.e., a physical magnitude per unit
volume, hence the necessity of this scaling behavior under
the transformation s~ — g~s~ + s3.

The standard physical interpretation of the components of
the energy-momentum tensor is as follows (see, e.g., [44]). In
872G = ¢ = 1 units, p = 7' is the energy density, j4 := 7'4
an energy-flux and the pressure p is given by 42 := py48.

III. KILLING HORIZONS

The basic object of this paper is the so-called Killing
horizon of zero order, which we define in this section. To
motivate its definition, we recall first the definition and
general properties of Killing horizons. General references
are [45,46].

Definition 3: (Killing horizon) Let £ be a Killing vector
in a spacetime (M, g). An embedded null hypersurface .5
where & is null, nowhere zero and to which & is tangent
defines a Killing horizon of £.

Definition 4: (Bifurcation surface, bifurcate Killing
horizon) Let £ be a nontrivial Killing vector in a spacetime
(M, g) and assume that there exists a connected spacelike
codimension-two submanifold S of fixed points, i.e., where
£|s = 0. This submanifold S is called bifurcation surface,
and the set of points along all null geodesics orthogonal to
S comprises a bifurcate Killing horizon with respect to €.

A Killing horizon . may have one or several connected
components. However, one can always select .77 to be such
that its topological closure .7 is a smooth connected
(necessarily null) hypersurface without boundary. This shall
be henceforth required. We will let S denote the set of fixed
points of & within /7, i.e., S := {p € J|&|, = 0}. The set
of fixed points of a Killing vector £ is the union of connected
totally geodesic closed submanifolds of even codimension
(this is proven in [47,48] for the Riemannian and pseudo-
Riemannian cases respectively). Therefore, the Killing
vector & cannot vanish on open subsets of 7. We will
make use of this fact later.

Since ¢ is null and normal along 7, there exists a
function k; € F (), called surface gravity and defined by

grad((£.8),) L - 2%f <= V£ZLrs (31

The surface gravity k; is constant along the null generators
of J7 (see, e.g., [45]). For the purposes of this paper, let us
also assume that k; is actually constant on .7#’. This holds in
many situations of physical interest, namely when (a) the
Einstein tensor of the spacetime (M,g) satisfies the
dominant energy condition [46,49], (b) the Killing vector
field £ is integrable, i.e., it verifies € A dé = 0 [30], (c) for
any bifurcate Killing horizon [30,45,50], (d) for multiple
Killing horizons [33,34,51]. We however emphasize that
the constancy of the surface gravity restricts the class of
horizons under consideration (see, e.g., [29] for a situation
where a nonconstant surface gravity implies a rather
different behavior of the properties of the horizon).
Constancy of x; on .7 allows for a trivial extension to
€ as the same constant. We use the standard terminology
of calling .%#, s# degenerate (resp. nondegenerate) if
k: =0 (resp. k: #0). Moreover, we assume k; to be
positive in the nondegenerate case. Since k; is constant,
this entails no loss of generality, as one can always take —&
as the Killing vector field whenever k; < 0 (cf. (3.1)).
We shall henceforth require that all assumptions from
Sec. II also apply on .7Z. This allows us to take an affine
future null generator k (i.e., with x; = 0) and a function
s € F () satisfying k(s) = 1 everywhere. We construct a
basis {L.k,v;} of I'(TM)|5; according to (2.3). By

uniqueness of the null generator, there is a function F €

F () defined by

¢ ZFk. (3.2)
It is clear that F vanishes exactly at the fixed points of &.
Equations (2.8) and (3.1) together with our choice x; = 0
give

k& ZFV(F) Zk(F)E = k. Zk(F).  (3.3)

where the implication holds because the set of zeros of &
always has empty interior. The solution is

FZf + s, (3.4)
where the integration function f € F (%) satisfies k(f) =0.
Summarizing

¢

Z(f +xzs)k, where k(f) = 0. (3.5)
In the matching problem, this equation holds on both
boundaries 7. Since k* are proportional to e}
(cf. (2.24)—(2.25)) the functions f* o ®* (or simply f*)
do not depend on the coordinate A1 along X, i.e.,

fL=r70".
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We have already defined S as the set of fixed points of &

within .. The following lemma focuses on its causal
character.

Lemma 2: In the setup above, if (i) k¢|57z #0 and
S # @, then S is given by the implicit equation s = —,{—5

and defines a bifurcation surface. If (ii) 1<5|% =0, S is
either empty or is the union of smooth connected codi-
mension-two null submanifolds of .7Z defined as the zeros
of f.

;:roof. —We shall make use of the fact that ' cannot vanish
on open submanifolds of 7. Let {s, u'} be null coordinates
on . adapted to k, i.e., k = d,. From (3.5), we have ful)
and the Killing vector vanishes at points where k:s = —f.
When k; # 0 this implies (i) at once. When k; = 0, .§|y =
fk and either (a) f vanishes nowhere along .7 and hence
S = @ or (b) there exist several smooth connected codi-
mension-two subsets {.7-"(,-)} cH (i=1,2,..) where f
vanishes, and hence S= U; F ;). The fact that each con-
nected component F ;) is a null submanifold is a conse-
quence of f depending only on the spatial coordinates {u’}
and not on s. (]

We next analyse how the geometric quantities introduced
in Sec. II are restricted by the Killing equations
(Vx&.Y),+(Vyé.X),=0, X,Y € [(TM)|5;. Combining
(3.3), (3.5) with expressions in Lemma 1 gives

Vké = K'ék,
1
V,E= (UI(F) - F(”L(UI) + ;V/B){k(vl» UB)))k

+ Fx*(v;, v8)vg. (3.6)
Clearly {X =k,Y =k} and {X = k,Y = v;} satisfy the
Killing equations identically. When {X = v, Y = v,},
using that y* is symmetric yields Fy*(v;,v;) = 0.
Consequently, y* must vanish away from the zeroes of
F and by continuity on /7, i.e., # is totally geodesic. This
simplifies Eqgs. (2.6)—(2.7), which now read as

1
P :5(91(1/11) + 0" (v, 0)) = Yhw)k+ Yok, (3.7)

vv,k = _GL(UI)k’ (38)
where Y7, = (vX,V, v,),. As both V,v,, V, k are
tangent to .7, the connection V defines a map
V:I(TH) xT(TA#) - T(TH). This property is well
known to hold for any totally geodesic embedded null
hypersurface (see, e.g., [24]).

We can now introduce the definition of Killing horizon
of zero order.

Definition 5: (Killing horizon of zero order, KH,)) Let
(M, g) be a spacetime, Q C M be a smooth connected null

hypersurface without boundary and &€ I'(TQ) a null

vector. Define S:={p € Q[¢|, = 0}. Then 77, = Q\S

is a Killing horizon to order zero if:

(a) S is the union of smooth connected closed submani-
folds of codimension two.

(b) 7, is totally geodesic.

The surface gravity k: of a KHy, is defined on .77, by means

of (3.1).

From now on we shall call fixed point set the submani-
fold S and symmetry generator the vector £ defining a KH,,.
All the notation introduced above for Killing horizons is
kept for KH,. Note that, in particular Q = 77,

As we did for Killing horizons, we again assume that Kg
is constant on %, (and extend it to .7, as the same
constant) and either positive or zero, and call 7, /7,
nondegenerate and degenerate respectively in each case. In
addition, we require that all assumptions of Sec. II also
apply to 77 ,. Given an affine future null generator k of /7,
and a function s € F () satisfying k(s) = 1 on 7, the
condition that £ does not vanish on open submanifolds of
€, together with the constancy of the surface gravity Kg
imply (3.5) because (3.3) still holds. For the same reasons,
the results from Lemma 2 are also valid for KH, By
definition of KHy, y* =0 on H,. By condition (a) in
Definition 5, it follows by continuity that y* = 0 on /7,
Thus, (3.7)—(3.8) are also true for KHys.

Obviously any Killing horizon .77 of a Killing vector &
such that .7 is a smooth connected hypersurface is also a
Killing horizon to order zero.

IV. MATCHING ACROSS KH,: SYMMETRY
GENERATORS IDENTIFIED

Let us now address the matching problem. We shall
consider two spacetimes (M™*, g*) with boundaries 7
being the closures of two KH, with respect to the symmetry
generators £© and satisfying all the assumptions of Secs. II
and III. Our aim is to study the matching of (M¥, g*)
across 3 in the case when £ are identified up to a
multiplicative constant.

Let {L*, k*, v } beabasis of [(TM* )| . according to
(2.3) and s* be foliation defining functions constructed
following Definition 2. We follow the same convention of
[22] and let the rigging vector fields be such that {~ points
outwards and £ inwards. As discussed in [22], this restricts
the possible matchings by forcing that .77 lies on the future
of (M~, g~) while 7] lies on the past of (M*, g"). We
encode the freedom of rescaling the symmetry generators &+
with a nonzero real constant a, i.e., we let the matching
identify &~ and a&*. Specifically the map ®: .77, — %S
satisfies @, (&7) 7 = a&ﬂﬁg. We recall that the combi-
nation of the definitions of {7 } and the choices (2.24) forces
d,H > 0. Equation (3.2) together with (2.24)—(2.25) yields
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7 7 aFtet
W0 g B el , 4.1
ag i 1)
0t B D)L @, (Fh) 2 @, (F-em) 2 Fet.
(4.2)

Identifying the symmetry generators £, aé' hence forces

7 +
F- 2o aF (4.3)
The matching procedure therefore requires the submanifolds
S¥ to be mapped to each other via ®. In [22], we proved that
a general matching across totally geodesic null boundaries
allowed for an infinite set of possible step functions. This was
aconsequence of all leaves {s* = const.} being isometric to
each other. Because of condition (4.3), this is no longer true
here. Away from the zeroes of F*, the integration of (4.3)
determines H up to an integration function. This solution,
however, may be difficult to find in general. The problem
becomes simpler under the assumptions of k being affine
(which implies no loss of generality) and Kfft being constant.
Then, inserting (3.4) into (4.3) and using (2.28) gives

a(f* +xfH) a(f* +«; H) 0

- N=— > =
RN o,H IR

where here, and in the following, all equations are meant to
hold on the abstract manifold ¥ (unless otherwise stated).
Since f* are A-independent, (4.4) can be easily integrated to
obtain the explicit form of H. Note that the second expression
in (4.4) only holds away from the points in (®*)~!(S*). The
value of H on those points is determined by continuity. The
positivity of d;H forces

sign(a)sign(f* +x; H) = sign(f~ +«z4), (4.5)
or in more geometric terms, that both symmetry generators
{&, a&*} must be simultaneously either future or past. This
of course is consistent with the fact that {&~, aé™} are to be
identified. We now study separately the matching for the
cases (a) K‘? =0, (b) K? #0, and (c) k; =0, k7 #0 or
Kz #0, K‘; =0.

A. Case of £ degenerate

When K?: vanish, we know by Lemma 2 that S is either
empty or the union of smooth connected codimension-two
null submanifolds of /#,. The fact that the map ® is a
diffeomorphism forces both boundaries to have the same
number of such submanifolds.

af*(y:‘) >0 and

Equation (4.4) with k3 =0 requires

F=0%
yields the explicit form of the step function,
+
Ay =00 n, s
6"
where H(y*) is an integration function. Once we select the

tuple {a, &, T}, the only remaining matching freedom is
encoded in the function H(y*) (the scalar functions f= are
known beforehand as the spacetimes to be matched are
assumed to be known, cf. (3.5)). In order to understand this
freedom, let us call “velocity” the rate of change of s*
along a null generator of /3. The velocity along the null
generators of /7 is totally determined (outside of S) by
the identification of {£7, a&™}. However, there still exist a
freedom to select any pair of sections, one on each side, and
force their identification via ®. This is the freedom encoded
in the arbitrary function H(y*). Note that the step function
(4.6) is linear in A. This means in particular that the most
general shell that can be generated under these circum-
stances has vanishing pressure (cf. (2.47)).

B. Case of £© nondegenerate

We now study the case when both 73 are nondegen-
erate. By Lemma 2, we know that S* are either empty or
sections defined by S* := {p € A|f* + Kzs*], =0}
We define the submanifolds 775, #F b

A= {p € HE|F +xEst], <0},

A= {p € HG|f* +xzs*], > 0}, (4.7)
so that S5 =AU E (hence Ay = AEUSTUAT).
Since we are assuming nothing on the geodesic complete-
ness of /g , we do not exclude the cases when any of 7,
HE and S* are empty. Note that, when 7%, #F are
nonempty they are by definition KH,, s. For later purposes,
we also introduce the nonzero constant & := ax} (k7).
Note that sign(k) = sign(a) because we have chosen the
orientations of &* such that k7 > 0.

Let us start by considering the case ST # @. As already
discussed, the fixed point sets must be identified in the
matching process. Let us show that in such case, (4.4)

forces k to be equal to one. We apply the I’Hopital rule to
(4.4) and get

akto,H
lim 0,H S ’

A>—=
K

=Kk lim ,H <= k=1.
P

5 ¢

(4.8)

Thus a= KE(K;)_I >0 and Eq. (4.4) becomes 0,H =

( +H )( + )71 > 0. Its integration yields
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A — (A

In ) (f )—l—H(/l,yA) =In (a(yA) ! (3} )—l—/lD, (4.9)
Ke Ke

where a(y?) is a positive integration function.

Equation (4.5) allows us to conclude that

H(A,y“):a(y/‘)</1+f_’g )> —fl(g L e >,
(4.10)

In combination with the results in Sec. IVA we conclude
that whenever ./ are degenerate or contain nonempty
fixed point sets any matching of (M=, g*) across . in
which the symmetry generators {£7,aé"} are identified
requires the surface gravities {x;, aK;} to coincide.
|

. @A) =HF

Hy = Hy
(a) { 0 ! with

Pl — A

Ty =Hy
(b) { ®(y) =)  with

= HF

Moreover, the step function must be linear in the coordinate
4, which excludes matchings giving rise to shells with
nonvanishing pressure.

It is also physically interesting to study the matchings
when no null generator of .7 crosses any fixed point set,
i.e., when S* are both empty. Integrating (4.4) now leads to

FEOM) +xFHA Y = ay)If~ (") +xzAF (4.11)

where a(y?) is a nonzero positive integration function. We
analyse the cases @ > 0 (i.e., Kk > 0) and @ < 0 (i.e.,k < 0)
separately. For the former, condition (4.5) gives
sign(f* + K?H) = sign(f~ +«z4), which only allows
for the matchings (see (a), (b) in Fig. 1)

A + (A
() = 0 ) 4 e L0
¢ ¢
A +(yA
HO) = =22 ) g - L2
4 ¢

On the other hand, a < 0 together with (4.5) entail sign(f* + K;H) = —sign(f~ + k;z4), whence (see (c), (d) in Fig. 1)

Hy = H5
& { s
%Ozﬂp
oy = A
(d {_O .
A = AF

. ®HF) =) with H(Ay*)=—

A . + (VA
" it =

A A
o5y = A with H(y) = 20 () i L0,

+
Ke Ke

The function H can be written in a form that covers all cases at once by defining

€ := sign(k)sign(f~ + x; 4)

(@ ®),.

HH .
+

y

. £
=
»»’"'.t'.'.xM -

(4.12)
© @
M+ :
Y Ay
M-
%_

FIG. 1. Possible matchings (a)—(d) of two spacetimes (M=, g*) across their respective boundaries .77 in the case when they are
nondegenerate KHs without a fixed points set. Here boundaries directly in front of each other are to be identified and the dot represents

the point at which the fixed points set would be located if the horizons .7 extended further.
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and writing

H(iyA) = if (ealy)|f~(4) + k74 = £+ ().

a(y?) > 0. (4.13)
However, it is important to emphasize that the expression of
H is only part of the matching, as the signs also restrict the
possible boundaries to be identified as indicated above and
in Fig. 1. Let us also stress that the matchings (a)—(d) allow
for shells with pressure, as the derivatives of (4.13) are
given by

0H = |ala(y")|f~(»") + kA" >0,

R—1)0,H
0,0,H = &1
o £y

¢

= p(a,yh) X (4.14)

As discussed in Sec. 6 in [22], the pressure accounts for the
compression/stretching of points when crossing the match-
ing hypersurface. This means, in particular, that this effect
takes place whenever & # 1.

The function a(y*) introduces a freedom in the matching
that we analyze next. Its role is easy to understand when
S* = @. Like in the case with vanishing surface gravity of
Sec. IVA, it corresponds to the freedom of selecting a
section on each side and impose their identification via ®.
The interpretation of this freedom is less obvious when
S* # @, because these two sections are forced to be mapped
to each other. In order to understand this, we again call
“velocity” the rate of change of s* along a null generator of
JE. Both when JZF are degenerate and when JZ; are
nondegenerate with S* = @, identifying two sections not
only provides a mapping between their points, but also of the
velocity along the null generators of .#* at the sections.
This information is encoded in the symmetry generators to
be identified. However, for nondegenerate .7 containing
fixed point sets S* # @, the mapping between the subsets
S* only provides information on the identification of their
points. The velocity along the null generators remains
unfixed, as both symmetry generators vanish on S*. The
freedom in the function a corresponds precisely to the
freedom of selecting the initial velocities at ST that rule
the identifications off the fixed points set. Once we are off
S*, the velocity of the identification is determined by the
identification of the symmetry generators themselves, just as
in the previous cases.

C. Case of &€~ degenerate, £* nondegenerate

Now we address the case when one boundary is
degenerate and the other is not. The two possibilities

Kz =0, st # 0 and k7 # 0, Kg = 0 are completely analo-
gous except for the fact that the boundary .77 lies on the
future of the spacetime (M, g~) while /7] lies on the
past of (M™, g"). If the symmetry generator vanishes on
the nondegenerate boundary the matching is impossible.
This is a direct consequence of Lemma 2 because the fixed
points set in the degenerate boundary can never be a
spacelike cross section.

We therefore analyze the case when the nondegenerate
symmetry generator is everywhere nonvanishing. By
Lemma 2 again, the symmetry generator of the degenerate
boundary must also be free of fixed points, i.e., we have
S* = @. Without loss of generality, we take the degenerate
symmetry generator to be future. Let first JZ; be the
degenerate boundary and note that the choice or causal
character of &~ requires f~ > 0. Then, (4.4) forces
a(ft+ K';H ) > 0 and can be integrated to get

1 aki i
HA YY) =— (a(yA)eXp< < ) - af*(yA)>,
ar; 6"
a(y4) > 0. (4.15)
The alternative case when 7] is the degenerate boundary
is analogous. Now f* > 0, sign(a) = sign(f~ + x;4) and
the integral of (4.4) is

af* ("),

H(A,y4) = p;
¢

(@I~ +xzaD),  a(y?) >0,
(4.16)

for whatever sign of a. Summarizing, when a > 0 (resp.
a < 0), a degenerate horizon .7#; can be matched with a
nondegenerate horizon 7] = ' (resp. H§ = Hy)
with step function given by (4.15); and a nondegenerate
KH, 7, = 5 (resp. # = ;) can be matched with
a degenerate horizon %& with step function (4.16) and
a>0 (resp. a <0). It is worth stressing that the step
functions (4.15)—(4.16) are not linear, so the shell has
nonzero pressure. Matchings of this type are allowed
irrespectively of the extension of the degenerate horizon
(which can even be geodesically complete) while the
nondegenerate horizon is always limited by the fact that
the would-be fixed point set must be absent. As before,
from a physical point of view it is the presence of pressure,
and its associated compression/stretching that makes a
matching of this type possible.

We collect the results from Secs. IVA, IV B, and IV C in
the following theorem.

Theorem 1: In the setup of Secs. II and III, let a €
R\{0} and consider the matching of two spacetimes
(M*, g*) with boundaries .5 in which two null
symmetry generators {&~,aé™} with surface gravities
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{KE, aKZ{} are to be identified. Then, the fixed points sets
S* must be identified via ® and

(i) if s} are degenerate, the matching is possible with
step function (4.6);

(ii) if #; are nondegenerate and S* # @, the matching
requires the surface gravities {7, akg} to coincide
and the step function is given by (4.10);

(iii) if #; are nondegenerate and S* = @, the only
possible matchings are (a)—(d) in Sec. IV B with step
function (4.13);

@iv) if %6 (resp. %B’ ) is degenerate with future
§_|76 # 0 (resp. £7[55+ # 0) and H§ (resp. Hy)
is nondegenerate and with ST = @ (resp. S~ = @),
the matching can be performed with step function
(4.15) (resp. (4.16);

(v) the matching between a degenerate and a non-
degenerate boundaries is impossible when any of
them contains fixed points.

Moreover, in cases (i) and (ii), the resulting null shell has
vanishing pressure. Finally, the matching allows for the
freedom of selecting a section on each side and imposing
their identification via @ in (i), (iii) and (iv); and the
freedom of setting the initial velocities at ST in (ii).

V. KILLING HORIZONS WITH
BIFURCATION SURFACES

From a physical point of view, perhaps one of the most
interesting situations correspond to nondegenerate Killing
horizon boundaries with a bifurcation surface. As men-
tioned in the introduction, this covers all black hole
spacetimes with nonzero temperature and whose bounda-
ries are geodesically complete Killing horizons. It therefore
makes sense to analyze this case in more detail.

We already know that a Killing horizon satisfying the
assumptions of Secs. II and III is, by definition, a KH,.
Thus, the matching across nondegenerate Killing horizons

A containing bifurcation surfaces S* falls into item
(i1) in Theorem 1. However, since now we have much
stronger conditions, namely the existence of a Killing
vector on each side, we can restrict the matching far more.
We postpone for a future paper the corresponding analysis
for the remaining cases.

Our first task is to find explicit expressions for the tensor
fields Y* which, as we shall see, turn out to be severely
restricted. To ease the notation we drop from now on
the + in the expressions until the actual matching is
performed.

Consider a nondegenerate boundary .7 with a bifurca-
tion surface S. For this case, a natural choice of coordinates
are the so-called Rdcz-Wald coordinates {u, v, x"} [30].

These coordinates can be constructed so that 77 = {u=0},
S ={u =0,v =0} and the nondegenerate Killing vector
£ and the spacetime metric g are given by

& = ke(—uo, + v9,), (5.1)
g = —2G(w, x°)dv(du + uw,(w, x)dx")
+ 7ap(@, xC)dx"dx", (5.2)

where k; € R is the surface gravity of &|—7, @ :=uv
and G, wy, 745 € F(M). Moreover, these coordinates have
a residual freedom that allows one to set G| = const,
which we enforce from now on. The nonzero compo-

nents of the inverse metric are ¢ =-L, ¢ =
w74 8w, wp and g4 = —uy*Bwyg, where 748 is the inverse
of }_/AB.

As affine null generator of JZ, we select' k = 0d,. The
natural choice of scalar function defining a foliation {S,} of

A is s = v (recall Definition 2). Under these conditions,
we construct a basis according to (2.3) by taking
{L==%0, k=0, v, =0,}. The induced metric on the

o

sections {v = const.} is Ay := 74|, and we let V, R be
respectively the corresponding Levi-Civita covariant
derivative and Ricci tensor.

By item (ii) in Theorem 1, we know that the surface
gravities of the Killing vectors to be identified by the
matching must coincide. Moreover, we are allowed to
choose a priori these vectors so that they have the same
surface gravity on both sides. This clearly entails, in
particular, that @ = 1. Observe that the combination of
(5.1) and (3.5) implies f = 0 which, together with (4.10),
yields H(2,y*) = a(y*)A in this case.

To determine Y+ from Egs. (2.42)—(2.45), it remains to
obtain the tensors ¢; and @F. The quantity o (v;) is
computed very easily. One gets

7 1

GL(UI) - Eg(vdxl aw au) = _Fﬁlg/m):/ - Fg;] ==

Since L is orthogonal to the leaves {v = const.}, 6 is
the torsion one-form of these sections. Expression (5.3)
therefore gives the metric coefficients w,;|-; a geometric
meaning.

The computation of @ (v, v;) is more cumbersome
because there appears a term involving derivatives of 7 off
JF. To handle this term we use an identity derived in
Appendix B. More specifically, we shall use expression
(B11), which relates d,7;; with geometric objects on the
boundary and with the spatial tangent components of the
ambient Ricci tensor, namely R;; := Ric(vy,vg). We
compute

'One immediately checks that k is an affine null generator, as
kavukﬂ ‘7ﬁ :F/Z'U |7f :gﬁuavguv |7/ = %éaLG|7/ = %%aa}G‘? =0.
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7 7 1
@L('Ul,v]) = (Valauaa J) = Grﬁlgﬂj

7 1 2N

= aruﬂ/AJ = %au)YIJ

(5.4)

Observe that in the present case @ is the second
fundamental form of the sections {v = const.} in the
direction L, again due to the fact that L is perpendicular
to the foliation.

As also proven in Appendix B, each term inside the
parenthesis of (5.4) is independent of the coordinate ». In

o+
particular, this applies to R,p which, in addition, is forced
to verify that

o — O+
Ryupl, =bibpRyle,). YPES™, ®(p)esSt (5.5)

because the bifurcation surfaces S* must be isometric and

mapped to each other via ®. The scalars b] on A do not
depend on v either, because from (2.25)—(2.26)

et (b]) _ b}

k*(b7) = 0,H  0,H

=0. (5.6)

Consequently, R,z and b, b%R 45 take the same value for all
points of the null generators containing p € S~ and
®(p) € S* respectively. The fact that null generators must
be identified by the matching entails that condition (5.7)
holds everywhere, i.e.,

o — 0+ —_— —_
RAB|p:bz{1béRIJ|(I>(p)’ VpeA, ¢(p)€%+, (5.7)
From now on we remove the explicit writing of p and
®(p) in this expression and similar ones. The trivial

identification between .7~ and X ensures that the pullback

o

(®°)*(R ) coincides with the Ricci tensor Rl on the
sections {4 = const } C Z. Consequently, it must hold that

Rl = (0%)'(R") (cf. (2.38)-(239)).

In (5.4) there appear covariant derivatives of the one-
forms w* == widx!, on . We need to compute their
pullbacks onto X and relate the result to VH derivatives of
the corresponding pullback one-forms w= := (®*)*(w*).
In Appendix A we derive a general 1dent1ty of this type for
totally geodesic null boundaries, valid for general covariant
tensors that annihilate the null generators on each of its
entries. Applying Lemma 3 in Appendix A together with
k= (wi) = 0 it follows

v ° 1.0 ° 1
5 (RIJ —Ry; ) (Viw; +V,w)) +§WIWJ) .

wy =Wy, bywy =y,
o I A1B + _ vlls+
Viw; = Vg, b,bJVAwB = V. (5.8)

Inserting this into (5.3) and (5.4) we obtain that the
pullback tensors 6+ and @F become

~+
W
or = 2 (5.9)
é— i R —RH _1 VH~— v||~— 1~_~_
1 _2 1J 1J 2( Wy + JW,)+2WI wy |,
(5.10)
~ al [ - 1
0}, =% (Riy= Rl =3 9 + Vi) + 1)) ).
(5.11)

It is useful to introduce the following tensors & and E* on
the leaves {4 = const.} C X

=W

I
~+ . ~+ Via
GI _W[ _2 Ult )

& 1

=3 (R Rl =5 (Ve + Ve 455757 ). (512
To understand why these tensors are of relevance, let us
relate £ and ©. For that we compute Vﬂgj + Vﬂcj and
g/ to get

vHvH v|| vH
Viej + Ve = Vw4Vl —aTe o),
(5.13)
e = Wi — > (W} Via + ) V)
I I
4 Vi)(Vya) §V1“> . (5.14)
a

Comparing with (5.11) we conclude that

Iyl &+
Ehi= (v Voo lw;v”a+w+va)> ”. (5.15)

o a 2a

This relation simplifies drastically the final expression
for the tensors Y and 7 as given in Proposition 2.
Particularizing (2.42)-(2.47)to ¢ = 1,57 = 0, H(4,y*) =
a(y*)A and ¥ = 0, one finds
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Yy, =0, Yy, = -6y, Y, =0y

R

Y} = é((VMa —2V),a5t)3+ 67)), (5.16)
T — (aﬁa - [5—,]), (5.17)

1 i 05 ~_
=yl (a(v,v,a—zv'(',aa;)ﬂf—@,,) . (5.18)

Inserting (5.9)—(5.12) and (5.15) into (5.16)—(5.18), we get
the final expressions collected in the following theorem.

Theorem 2: Assume the setup of Theorem 1 and con-
sider a matching in which the boundaries ./#* are non-
degenerate Killing horizons containing bifurcation surfaces
S*. Construct Récz-Wald coordinates {u.,v.,x1} so
that J#* = {u, =0} and S* = {u. =0,v, =0} and
in which the Killing vector fields and the corresponding
metrics are given by (5.1)—(5.2). Select £* to have the same
surface gravities (which forces a = 1) and let o = 9;H.
Then, the tensors Y+ and the energy-momentum tensor of the
shell = can be expressed in terms of the tensors

b
g] '_WI 2 a

1 T N
:ﬁ==5<Rﬁ—Ru—§(Vﬁ+Vﬂﬁ)+—ﬁﬁ>, (5.19)

2
as
Yo =0, vy =-%, y;—EA
11 B 1J D) ) 1J —=1J"
& -
Yf =0, Y{= 5 Y, =Bk (5.20)
~ 1 =
o =—yMEL A, Tl[:_iyu[gj]’ 77=0. (5.21)

Remark 2: Note the intrinsic curvature term R/l drops
out from the jump [E]. The underlying reason is the already

o o—
mentioned isometry condition (®)*(R ) = (®7)*(R ).

The results (5.20)—(5.21) allow us to conclude that the
matter-content of the shell, given by Y* and z, exclusively
depends on the choice of @, on the intrinsic and extrinsic
geometry of the bifurcation surfaces S* (recall thats; and @
are the torsion one-form and the transverse null second
fundamental form in this case) and on the pullback to these
surfaces of the Ricci tensors of the ambient spacetimes
(M=, g*), which together determine the form of the tensors
EtandE* according to the equations (5.3), (5.12), and (5.15).

The components of Y+, 7 are either constant along the
null generators or linear in 4. It is worth mentioning that the
energy density of the shell is either identically zero or

unavoidably changes its sign at the bifurcation surface.
Besides, the energy current j’ is independent of A, which
means that the flux of energy is insensitive to the change of
sign on the energy of the shell. This raises some questions
concerning the physical interpretation of the quantities
pi=11 jl:==71" and p:= (n—1)"'y,57*8. We include
below some comments in this regard.

Let us call velocity the rate of change of the foliation
defining functions along the null generators ei and
acceleration to the rate of change of the velocity. As discussed
in [22], the pressure p accounts for the effect of self-
compression or self-stretching of points when crossing from
" to . The identification between .7#~ and X always
gives velocity equal to one on this side. For this reason, the
effect of self-compression/self-stretching only appears when
there exists nonconstant acceleration along the generators of
. As also shown in [22], the energy density of the shell
increases when points are compressed and vice versa.

Nevertheless, despite the shell has vanishing pressure in
the present case, some effect of compression or stretching
of points is still taking place because the velocity along the
null generators of .7 ", ruled by the function a, is different
for each generator. As a consequence there appears an
energy flux which points toward null generators with
higher values of a, i.e., with greater velocities (which,
however, are still constant along the generator, hence
yielding zero pressure). Note that the fact that the currents
depend on the jump of the torsion one-forms could also be
expected, as these tensors are the projection on k of the
variation V*, .k along the leaves {s* = const.} C T
The greater the jump of these tensors, the more difference
there is in the lengths of k*, which yields a greater jump on
the velocities along the generators of both sides.

We find the change of sign on the energy density of the
shell p across the bifurcation surface really puzzling, and we
donotknow yet how to interpret this. The result suggests that
the causality change of the Killing fields from future to past
across the bifurcation surface somehow affects the energy
density of the shell. We emphasize however, that this
behavior is fully compatible with the shell field equations
obtained by Barrabés and Israel [2] for the case of null
hypersurfaces. This of course had to be the case and we
include an explicit proof in next section because this yields a
nontrivial consistency check of our results.

A. Surface layer equations

The tensors Y+ and energy-momentum tensor on a shell
satisfy the so-called Israel equations (also known as shell
equations or surface layer equations). In the framework of
hypersurface data, they read [8]

1 1
\/ﬁaeu(v |det A|e*¢),) —ET“b(Y:b +Y,) = [pel;
(5.22)
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\/M—Aaa”(\/ |detA|Tbc7/ca __T aﬂ“]’bd*[‘]a]v (523)

where {0' = 1,0" = y'}, [p,] = p; = p7, V] =T = T3,
and the bulk energy and momentum quantities p~, J are
defined by

pi = —(@*)*(Ein®(¢*, %)),

JE = —(®F)*(Ein*(-,1%)). (5.24)
Here Ein™ denotes the Einstein tensor of (M®, g*) and v*
is the (unique) normal vector to the hypersurface, normal-
ized to g=(¢*, %) = 1.

In the present case v = —e7 . Moreover, Ein* (k*, k*) = 0
as a consequence of the Raychaudhuri equation and
Ein*(k*,v;) = 0 because the surface gravities k7 are
constant on = (see, e.g., Egs. (9.2.11), (12.5.22), and
(12.5.30) in [46]). This immediately entails that J* = 0. On

the other hand, in terms of the basis {L*, k*, vT} we can
decompose the inverse metric as ¢ = h48(vE)*(v)F —
(LE)*(k*)P — (L*)P(k*)*. This yields Ricci scalar
R* |5 = h{PRic* (v}, v5) — 2Ric*(L*, k*) and hence

j:y'_)i hABR' +(,t 1 IJRi
Pr =5 ic*(vy, v 2 17

where for the implication we made use of the isometry
condition (2.29).

To prove that the shell equations hold for the tensor fields

+ and 7 of Theorem 2, we compute each term of the left-

hand side of (5.22)—(5.23) separately. We start with (5.22).
The tensor A (cf. (2.14)) is given in this case by

5) = ot = (5.25)

1
0y (\/[det A[ee,) = —
1
L ——— VPSP

| det Al

where in the last equality we inserted (5.19) and
(5.21). Combining (5.25), (5.30), and (5.33), the shell

equation (5.22) follows immediately.
Checking the validity of Eq. (5.23) is almost direct. Since

J* are zero, it suffices to substitute (5.31)—(5.32) into
(5.23) to obtain

T
= —7V[Ry] + v [EE),

0 0 -1
A=|0 y o | (5.26)
-1 0 0

because £} =—¢~ =—1 and ¢; = —y; = 0. Consequently,
|dety| = | det.A|. On the other hand, the fact that .72~ are
totally geodesic entails k*(h7;) = 0 (see (2.5)), from where
it follows that 0 = e (hy;) = 9,y;,. For spatial derivatives
of | dety|, we use the well-known identity

Oy (| dety|) =T,

1
_ 27
|dety| (5:27)

where T'l4, are the Christoffel symbols of VI. The
following expressions are immediate consequences of
(5.20)~(5.21) together with [, = -8 and y,, = 0:

¢, = 1l (5.28)

aby+ _ lly+ Uy+ | Jy+ _ o lly+
Y, =1 Y+ 20 Y VY =200y

(5.29)

ab (y+ - Uiz st oay = Loiis
Yoy +Ye) =57 [RE +e7) =5r @] (5:30)
Tbcyca = Tbjya.l = 51])527”7/1] (531)

0y g =11 0gay 11 + 22 0puy 1 + 7 0guy s, = 0.
(5.32)

By (5.27) and (5.28), it follows

1
9pe (/| dety|7'?)

/| dety]

Bl = Vyr”

1 .
2]+~ (Vg

i + Vi),

: (5.33)

1
0= ﬁ%b( | dety|87547y1y)
dety|sLz!
|det 0;(+/Idety|5,z"y,)).

which is automatically satisfied as nothing inside the

(5.34)

parenthesis depends on A.
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VI. SPHERICAL, PLANE, OR HYPERBOLIC
SYMMETRIC SPACETIMES

To conclude this paper, we apply the formalism above to
study particular matchings of interest. We start by deter-
mining the necessary and sufficient conditions that allow
for the matching of two arbitrary spherical, plane or
hyperbolic symmetric spacetimes admitting a Killing hori-
zon with a bifurcation surface. We then particularize the
results for the cases of two Schwarzschild spacetimes and
two Schwarzschild-de Sitter spacetimes. As usual, we
avoid £ notation until the actual matching is performed.

Let (M, g) be a spherical, plane or hyperbolic symmetric
spacetime and A be its corresponding cosmological con-
stant. Assume that it admits a Killing vector field £ defining
a bifurcation surface S C M. Any spacetime of this kind is
by definition a warped product of a 2-dimensional
Lorentzian manifold (A, g) and an (n — 1)-dimensional
Riemannian space (W, h,) of constant curvature x €
{1,0,—1} [52,53]. We let re F(N) be the warping
function and use Récz-Wald coordinates {u,v,x*} con-
structed as in Sec. V. We again scale a priori the Killing
vectors defining the horizons of each spacetime so that they
have the same surface gravity. In terms of w := uw, the
warped metric is

(6.1)

where § = —2G(w)dudv, G € F*(M
constant).

The induced metric on the bifurcation surfaces
S* ={uy =0,0vy =0} is gF|g: = rihf|e = (r5)?hE,
where rg := r|-; # 0. The map ®:S5~ — S* must be an

) (note that G| is

isometry so the Ricci scalars of g*| s+, which in this case are
given by

(n—=1)(n- 2)xi(r§)‘2, (6.2)
must be preserved by ®. Therefore
e el
— = , (6.3)
(rg) (r5)?
and we conclude that »* must coincide (recall that

x* € {1,0,-1}). From now on we simplify the notation
and write x instead of »*. An immediate consequence of
(6.3) is that the jump [ro] == rj —ry is zero whenever
x #0, and can take whatever value in the plane case
with x = 0.

Since /7~ are totally geodesic, Eq. (2.29) constitutes an
isometry condition between the leaves {s* =const.} C.7#*.
These sections are euclidean planes, spheres of radius r, and
hyperbolic planes when » = 0, x = 1 and » = —1 respec-
tively. The corresponding isometries are respectively euclid-
ean motions, rotations, and hyperbolic rotations. In each case

they are also isometries of the ambient spacetimes, so the
freedom in the matching, encoded in ®, can be absorbed
(with full generality) in the coordinates {u., v, x } in such
a way that the coefficients b/ take the simple form b] = &7.
This will be assumed from now on. Thus (cf. (2.18),
(2.24)—(2.25))
v =g (ef.er) = (”o V1. (6.4)
The metric (6.1) is of the form (5.2) with wf =0 and
7= = rLhE. Consequently, the torsion one-forms o-fi
vanish on /7= (cf. (5.3)). Inserting this into (5.19), it
follows that

=+

s1 = _2% = :

:IJ - 5 (RIJ - Ru])

VIVla
).

= 0.
Sr a

e
& = 5 (R,*, ) (6.5)

The fact that the metric (6.4) is of constant curvature xrg 2

means that its Ricci tensor is

-2
Rp ;= %y, 7, and therefore
(r5)
g =3 (RI_J - —(n,_;)zk 711)’
(6.6)
B _ 1 <R+ (n=2)x V\Vja )
=1 — 2 1~ )

Substituting this in the expressions of Theorem 2 and using
(6.3), we obtain

Y7, =0,
Yy, =0,
_ = =2)x
Y, = % (RIJ - %}’11)»
Yl =0,
dja
YTJ = (6.7)
ViVl ~
i = (5 3 (R = ) )2
v L 1 ay’a’
a
vivle 1.
= —y”< Iaj +§[R”]>/1. (6.8)

The resulting shells have therefore energy density p and
energy flux j/ given by

vivleg 1 . ) o
p= —y”(—’a’ +—[Ru]>/1, F=r=

. (6.9)
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An interesting particular case is when the spacetimes
(M*,g%) to be matched are, in addition, solutions to
the A*-vacuum Einstein field equations

2A*
+ _ +
Ry =" 9ap (6.10)

which impose

(6.11)

Inserting this into (6.7)—(6.8) yields

Yy, =0, Yy, =0,

6)‘1 a

Yy, =0, Yy, =

Ta
. B VHVH
Y, =P Ay Y= <'T'a +/7)+71J)/1,
Igl
T _(7,11 VIZN+ [A])/L

0/0(
1J _ 1] 9
TJ ]/J )a’

(6.12)

7 =0.
where we have defined

L AT _(n—Z)J{
Ay 2(r5)?

(6.13)

It is worth stressing that the constant curvature parameter x
does not appear explicitly in (6.12). It however appears
implicitly in the metric y;; and in the corresponding
covariant derivative V. In the next subsections we particu-
larize further to (the maximally extended) Schwarzschild
and Schwarzschild-de Sitter spacetimes.

A. Schwarzschild spacetime

If the metrics on both sides are Schwarzschild we have
A* = 0and x = 1. By (6.3), the radii i’ must coincide, so
the Schwarzschild mass of both sides is necessarily the
same. We write r( instead of rf)t from now on. Thus, (6.12)
reduces to

- +
Y, = 0, Yy, = 0,
0(;0:
- + __ Ty
Yy, =0, Yy, = Ta
RVl
— _ (n=2)2 + _ [V} Vie 4o
YI-’ - ng Yiss YIJ - a 2r(2) Y1 j”
o =yl Vﬂvﬂal
a 9
L1 1 % (6.14)
- a
7 =0.

The tensor y is the round metric of radius rq so its
Laplace-Beltrami operator is r52Agn1 where Agni is the
Laplacian of the unit (n — 1)-sphere.

For each natural number [/ we let {Y;,}, m=
0,...,N(n,l) = 1 be a collection of linearly independent
solutions of

A1 Yy, =—l(l+n-2)Y,, (6.15)

which, as usual we call spherical harmonics. The number
N(n,l) is (see, e.g., [54])

1 if 1=0,

N(n, 1)
{N(n, h)= (l+?_2> + (ltfﬁ) otherwise. (6.16)

Since {Y,,,} form a complete set of functions over sl
any (sufficiently regular) function a can be decomposed in
this basis. Observe that a can be ensured to be positive by
selecting the coefficient of Y suitably positive and large.
By expressing a as

N(n,l)-1
a =

al.mY[’m, where apm S R, (617)

=0 m=0
the energy density of the shell is given by (cf. (6.14))

o Agl\—la
P=""23
rpa

SR =) Y

2 N(nl)-1
6220 2 m=0 Am¥1m

(6.18)

The simplest case occurs when « is a positive constant.
Then [Y] = 0 and we have complete absence of shell. The
step function H = a4 can be absorbed in the coordinates of
the (M, g") side. This coordinate freedom is a conse-
quence precisely of the fact that Schwarzschild admits a
one-parameter isometry group leaving the Killing horizon,
and its generators, invariant. This ensures that, in the
absence of shell, we recover the global Schwarzschild
spacetime, as we must.

We conclude with a simple but not trivial example in
dimension four (i.e., n = 3). Take

2
a(0) =3/z¥o + %EYQ,O(G) =1 +300529, where
{ foo 72 (6.19)
Yyo= %Pz(cos 0)

and P;(x) denote Legendre polynomials of degree . This
yields energy density and energy fluxes
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~ 3(3cos?’0-1) 4,
r= 143cos?0 rj =

3sinfcosd

_OSIPCOSY oy o,
r5(143cos?0)’ /

(6.20)

In Fig. 2, we plot the functions a(#), j’(0) and the energy
density p(4,60) for A =1, A =0 and 2 = —1 in units where
ro = 1. As already discussed, the energy density changes
sign at the bifurcation surface, despite the fact that the
energy flux is constant along each null generator, including
at the crossing of the bifurcation surface. The figure shows
clearly how the energy flux component j¢ is positive (resp.
negative) whenever the function « decreases (resp.
increases), i.e., the energy flows toward those null gen-
erators with higher values of a.

B. Schwarzschild-de Sitter spacetime

Our final example is the matching of two Schwarzschild-
de Sitter spacetimes. As before, x = 1 and the horizon radii
rg in both sides are forced to be the same so we can simply
write ry. A Schwarzschild-de Sitter spacetime of mass m
and cosmological constant A > 0 may have several, one or
none Killing horizons located at rf depending on the
number of (positive) roots of the polynomial

2A(rf)m 2m

nn-1) (n=1)(n-2) (6:21)

0=P(rl!) = (rl1)"2

1

Since we do the matching on a preselected horizon we
change the point of view, namely we take any positive value
ro and use this expression to determine m in terms of r and
A. The cosmological constants A* on both sides are

allowed to be different. However, once they are selected,
the corresponding masses m™ must have jump

_(n—2)

[m] =

Thus, a priori one can match across a horizon two
Schwarzschild-de Sitter spacetimes with different masses
and cosmological constants but only if the parameters are
related by (6.22).

The matter content of the shell is in this case given by
(6.12). As in the previous section we may decompose the
function a in terms of spherical harmonics. The corre-
sponding expression for the energy density is now

oo N(n,l)-1
p= (ZZ—O l(l +n-— 2) Zm(:no ) al,mYl.m _
- © N(n,l)—1
r% leo Zm(zno ) al.m Yl-,m

Let us conclude with some interesting observations. The
first is that it is impossible to construct a (nontrivial) shell
with vanishing energy density. This is because in such case
it must hold

A2, (6.22)

[A])A. (6.23)

Agra = —r3[A]a. (6.24)
and all solutions of these equation must necessarily have
zeroes, which is not allowed for the matching function a.

An interesting example is when the shell is composed on
null dust, i.e., with identically zero energy-flux. By (6.12),
this requires @ to be a (positive) constant and then the
energy density of the null dust is

(6.25)

FIG.2. Forry = 1 and a(0) given by (6.19), the up-left, up-right and bottom plots show a(8), j°(0) and the energy density p(4, 8) for

A=1,42=0and 1 = —1 respectively.
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The behavior of this null dust is striking. Assume [A] < 0
for definiteness. Then the energy density is everywhere
positive in the past of the bifurcation surface (i.e., for
A < 0) so the system starts being perfectly reasonable from
a physical point of view. The shell then evolves on its own
in a manner dictated by the field equations and ends up in a
state in which the energy density is everywhere negative.
This negative energy density cannot be considered as
unphysical, since it has evolved from a physically reason-
able initial state, the system itself is physically reasonable
(a collection of incoherent massless particles) and its
evolution is dictated by the gravitational shell equations
that follow from the Einstein field equations. This is a
rather surprising behavior.

Furthermore, this behavior is not exclusive of null dust.
In fact, this occurs for more general functions a. It suffices
to select a to be an everywhere positive function on S"~!
and, for A < 0, the energy density p will always be positive
provided that the jump [A] is suitably positive and large.
Then, we have a shell with initial positive energy density
and nonzero energy flux which unavoidably evolves into a
state of negative energy density with no change along
the evolution of the energy flux, which by (6.12) is
independent of A.
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APPENDIX A: PULLBACK TO X OF
COVARIANT DERIVATIVES ON Q*

In this Appendix, we establish a relationship, needed in
Sec. V, between the pullback of covariant derivatives along
the sections of QF and covariant derivatives along the
sections of . We do this under the assumption that )(’f =0
which is the case of interest in this paper. The result is as
follows.

Lemma 3: In the setup of Sec. I (in particular for
covariant tensors T+ on QF satisfying 7=(....k*,...) =0),

|

B _
F”,,—

N = ] =

b= ((0yb7) + b b7 Y Ep).

(BDL(B= kA (0 (BEBT hép) + 0y (BB hEp)

1
= (0™ 0ubh) + 5 (b VEBEBPRE (0E i) + v (i) — i)
(

if the second fundamental form ){’_‘: vanishes everywhere on

o+
Q*, the derivative operators VI and V' satisfy the identities

vaZ]...A/, =V T3, 4, (A1)
~ B B)
VT 4 = b by (VU)K (TS g )
°+
BV Th ). (A2)

In particular, when T is such that k(T a,) =0, one
obtains

~ B B, ° +
VDTX,...A,, - b{bA:"‘bA:,vv_J,rTﬁB_l..‘Bl,' (A3)

Proof—Throughout this proof, we view bJ and hiy :=
= (v3, v}) as scalars defined on the boundaries Q*. Their
pullbacks to X are denoted with the same symbol and we let
the context determine the precise meaning. The Levi-Civita

covariant derivative VI has Christoffel symbols

1
rif = EVBA (0y17as + Op¥ar — 0y¥1y), (A4)
where y;; denotes the components of the induced metric on
the sections {1 = const.} C £ in the coordinates {y*}.
From (2.18), we know that y;; = g*(ef, e7) which,
together with (2.24)—(2.25), yields

v =hy and y, =bibihiy
(hence y2A = (b=1)B(b~1 )4 hLK) (AS)
respectively. The first, together with (2.24), immediately
gives (Al).

To prove (A2), we particularize (2.5) and (2.13) for
2% =0 and use that 9,1b§ = d,.b§ (cf. (2.26)) together
with

Oy hip = ef (hép) = aak™ (h{p) + bhvf (hip)

(b=)EREE(2(0,107 Vi + b7 (yrhip) + b7 (0 ki) — (BB DT (i)

= byl (hép). (A6)
Substituting y;; from (AS) into (A4), one obtains
= 0 (b7 b7 hép))
(A7)
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where in the last equality we inserted (2.13). Expanding the
derivative 0T, as (cf. (2.39))

~ B B
OuTh a0 =By b 0u(Th 4)

Ep: B

+ bA]-- 1 lb Hr]
1 1 1 t+
i=1

+
X TB,...B,-_ILB,-H...B],

B,
by (0%

(A8)
and inserting it into V| Ty 4 =0uTh 4 =30, Il%  x

TXI...A[,IBA[H...A,) gives
- B B
VTS 4 = bh by (ay,(Tgl“_Bp)
_ZbCTJr TBI .B; ,KB,-HA..B,,)’ (A9)

after taking (A7) into account. By (2.25)—(2.26), we can
rewrite 0Ty as

+ (Tt
ay’TB]“.BI, =€ (TB].HB,,)

= (VIH)K* (T}, )+ bSvE(TS, ).

so (A9) becomes

~ B,
VI3, = O (TR (T )

+bf(vz<Ta..Bp>

14
—ZTT)) (AL0)

i=1

The coefficients YK, are obviously symmetric in the
indices A, B [see (2.13)] and it holds

U+ (hE) - T+%<1hz1 - T+§IhltL
=V, (<UK’1]J+> )= T+§(1th_T+§1hIJEL

= (Vg vp) g+ (Vorvg vg) = T b, =T G gy

1 + +
= e i ) =0, (AT

where in the last line we used (2.11) and that ;(’f =0.
This means that, for any covariant tensor field on Q* of the
form Q" = Q+,1,__1pa)ﬂr‘ ®..Q a)ff (i.e., satisfying that
Q" (....,k",...) =0) the operator D" defined by

+J, J +J,

+ _ E: +L o+l
D+Q = Iy.. l T KQ Iy.. 11U:+1 gy

is the Levi-Civita covariant derivative on the sections

o+
{s™ =const.} (i.e., D™ =V ). This together with (A10)
proves (A2) as well as (A3). =

APPENDIX B: RICCI TENSOR ON
NONDEGENERATE KILLING HORIZONS

In this appendix, we compute explicit expressions for the
Ricci tensors of the ambient spacetimes when the bounda-
ries are nondegenerate Killing horizons. The results are not
new and are included for the sake of completeness. We do
the computation in Rdcz-Wald coordinates which yields the
results quite directly. For a different, more geometric,
approach we refer to [39].

We work in Rdcz-Wald coordinates {u,v,x} in a
neighborhood of a nondegenerate boundary .7 with a
bifurcation surface S as described in Sec. V (in particular,
without loss of generality the function in the metric (5.2)
has been chosen to be constant on the horizon .7#). The
identity V, Vgt + R¢p & = 0, which can be explicitly

written as
04058 +&(Uhs) + 175058 +Tpa0pé” —T7,0,6 =0, (B1)
simplifies to
E(Tp) + KT8 = Ty + Ty — Ta
— 5,8 +T8) =0 (B2)

when using (5.1), which yields 0,&" = x:(625, — 5454),
0,05&" = 0. The set of equations (B2) constitutes a hier-
archical system of ODE which one easily solves as

T, =ofl,.  Th=ull,  Ti =T
a = Wy, Uip = ulp, (B3)
Iy, = uly,, Iy, =ofl, Ty =10,
Da = VL, Uip = ol s (B4)
T, = UFBu’ Tz, = "‘FBm Tie = FBC’ (B5)

where lA“’;ﬁ are functions depending on {w := uv,x"}.
Besides, one finds

{ FZA|? - _% (_aAG + augvA)|% - _%augva_f
FZA'? = _% (_aAG - aug7)A)|% = %augw““_f

. 1
= Dl = —Tialzz = EWA|%, (B6)
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which,
(B3)-(BY) yields

together with 9, =0 and

}u/|jf - uaa)r

w7 =

0, z 0,y + 0,14 +0cTg, Zy =1, + 54 +0pl B,
(B7)
9514 Z 9y, + 05104 + 95T, Z 9513, (B8)
y
FZUF%A = ( w Tp + F ) BA = F DFBQA <B9)
Fﬂ Fl/ zru I_‘Ll _|_I_‘ I_‘U +FC I_‘
Bv™ uA Bu™ uA Byt vA BD™ CA
7 7 1 PN
z 2%, +F1€DF2A J:i/ EWAWB +FgDFLC)A- (B10)

Let V be the Levi-Civita covariant derivative on the
sections {v = const.}, i.e., defined with respect to h,p =

74 B|% =745(0,x’) and R, its Ricci tensor. Obviously
these objects only depend on the coordinates {x}, i.e., are
independent of the section {v = const. }. From (B3)—(B4) it
follows

1

' _ v 7 1
[a = Eau}/AB G ~—~ 0,748 = FBA G =~ 0,748

u

1
gy = 2G

1 _ _
+ EQMD(()AYDB + 087pa

(049vB + 0pgsa — 0,7 ap)
_ |
- aDJ’AB) - 59 0u¥ AB

7 1 _
= FBA_ (VAWB + VBWA) =~ 0,7 AB>

2G

from where one concludes
RAB — OMF’;;A - OBFZA + F/’jVF%A - F%DFZA

7, ec D e A AC AD
=0cl'ga — 01'pa + Unel'sa — spl'ca

N . 1
+ s +1pa — 5 WAWs
7Y 1
=Rpap+3 (VAWB + vBWA) + Gaw}’AB
1
—EWAWB. (Bll)

Observe that the right-hand side of (B11) is independent of
v, so the same is true for the components R,z of the
ambient Ricci tensor at the Killing horizon.
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