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Analogous Hawking radiation and quantum entanglement
in two-component Bose-Einstein condensates: The gapped excitations
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The condensates of cold atoms at zero temperature in the tunable binary Bose-Einstein condensate
system are studied with the Rabi transition between atomic hyperfine states where the system can be
represented by a coupled two-field model of gapless excitations and gapped excitations. We set up the
configuration of the supersonic and subsonic regimes with the acoustic horizon between them in the
elongated two-component Bose-Einstein condensates, trying to mimic Hawking radiations, in particular
due to the gapped excitations. The simplified steplike sound speed change is adopted for the subsonic-
supersonic transition so that the model can be analytically treatable. The effective-energy gap term in the
dispersion relation of the gapped excitations introduces the threshold frequency @, in the subsonic
regime, below which the propagating modes do not exist. Thus, the particle spectrum of the Hawking
modes significantly deviates from that of the gapless cases near the threshold frequency due to the modified
gray-body factor, which vanishes as the mode frequency is below @,,;,. The influence from the gapped
excitations to the quantum entanglement of the Hawking mode and its partner of the gapless excitations is
also studied according to the Peres-Horodecki-Simon (PHS) criterion. It is found that the presence of the
gapped excitations will deteriorate the quantumness of the pair modes of the gapless excitations when the
frequency of the pair modes in particular is around @ ~ @,;;,. On top of that, when the coupling constant
between the gapless and gapped excitations becomes large enough, the huge particle density of the gapped
excitations in the small @ regime will significantly disentangle the pair modes of the gapless excitations.

The detailed time-dependent PHS criterion will be discussed.

DOI: 10.1103/PhysRevD.106.044016

I. INTRODUCTION

The program of the analog models of gravity is an
attempt to implement laboratory systems to mimic various
phenomena that happen in the interplay between general
relativity and quantum field theory such as in black holes
and the early Universe. The aim is to devise experiments of
real laboratory tests that provide insights in the phenomena
and further probe the structure of curved-space quantum
field theory. The beginning of analog gravity dates back to
the pioneering work of Unruh [1], who used the sound
waves in a moving fluid as an analog to light waves
in curved spacetime and further showed that supersonic
fluid can generate a “dumb hole”, an acoustic analog of a
“black hole”. From there, the existence of analog-photonic
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Hawking radiations due to the presence of the acoustic
horizon can be theoretically demonstrated. Since its develop-
ment, the analog gravity program has received much
attention to explore fundamental physics through interdis-
ciplinary research among particle/astrophysicists and con-
densed matter physicists (for a review see [2]). Despite the
early start of theoretic investigations, great progress has also
been made recently in experimental analog gravity to
advance its technologies for realizing the Hawking effects.
One of the most successful systems is the Bose-Einstein
condensations (BECs). The work of [3] is a first exper-
imental observation of Hawking radiation extracted from
the correlations of the collective excitations that agree with
a thermal spectrum with the temperature estimated from
analog surface gravity. Also, the time dependence of the
Hawking radiation in an analog black hole is observed in [4].

Most of the works for BEC analogous black holes
consider the Hawking radiations due to the gapless exci-
tations analogous to the massless scalar particles. As the
Hawking temperature rises to the order of the mass scale of
some massive particles, the production of these massive
particles also becomes significant [5]. The aspects of the
analog models of the gapped excitations of the BECs have
been explored in [6-8], where the energy-gap term is either
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induced from the transverse wave number inversely propor-
tional to the size in the perpendicular direction in the
elongated quasi-one-dimensional system or added by hand
as a toy model. One of the main features for the gapped
excitations includes the existence of the minimum fre-
quency ®@p,, below which in the subsonic regime the
propagating modes do not survive resulting in the total
reflection of radiation coming from the supersonic regime
at the horizon. The other feature is that solving the
dispersion relation can find the nonvanishing zero-
frequency mode where their density-density correlation
functions reveal the undulation phenomenon in the super-
sonic regime. In this work, we will focus on the gapped
excitations created from the binary BECs. Two-component
BECs have been experimentally studied using the mixture
of atoms with two hyperfine states of 3’Rb [9] or the
mixture of two different species of atoms [10-14]. In the
analog-gravity program, the class of two-component BECs
subject to laser- or radio-wave induced Rabi transition
between different atomic hyperfine states has been pro-
posed to serve as an “emergent” spacetime model, which
provides very rich spacetime geometries, such as a specific
class of pseudo-Finsler geometries, and both bimetric
pseudo-Riemannian geometries and single-metric pseudo-
Riemannian geometries of interest in cosmology and
general relativity [2,15-18]. In fact, this class of the
two-component BEC systems with the Rabi interaction
exhibits two types of excitations on condensates; the
gapless excitations due to the “in phase” oscillations
between two respective density waves of the binary system
and the gapped excitation stemming from the “out-of-
phase” oscillations of the density waves in the presence of
the Rabi transition, which are respectively analogous of the
Goldstone modes and the Higgs modes in particle physics.
In addition, in [19] the dynamics of collective atomic
motion by choosing tunable scattering lengths through
Feshbach resonances has been studied with the introduced
effective parameter characterizing the miscible or immis-
cible regime of binary condensates and their stabilities.
In this system, we plan to set up the configuration of the
supersonic and subsonic regimes with the acoustic horizon
between them. We consider the simplified steplike sound
speed profile to implement the subsonic-supersonic tran-
sition in the elongated two-component Bose-Einstein con-
densates using the tunable couplings between the atoms
through the Feshbach resonances [20,21] so that the
configuration can be analytically treatable. Although the
problem of this sudden transition gives the infinity acoustic
surface gravity, the corresponding Hawking temperature
still can be read off from the obtained spectrum of the
Hawking modes. More realistic transitions can be consid-
ered in the waterfall configuration that relies on full
numerical studies to explore its physics. The experimen-
tally spatial variation of the interaction strengths to fit into

the configuration is challenged but feasible [22-24]. We
first find the dispersion relation of the gapped excitations and
identify the various modes in both supersonic and subsonic
regimes. The energy-gap term is governed by the Rabi-
coupling constant € between two hyperfine states of
Bose-Einstein condensates [2], mqg v/Q, which is tunable
experimentally. In addition, a spatial varying of the Rabi-
coupling constant is also doable experimentally [23], which
allows to design two different effective-energy gaps on the
subsonic and supersonic regimes. The matching between
two sets of the wave functions in subsonic/supersonic
regimes allows us to define the S-matrix, whose elements
can be experimentally determined from the density-density
correlation functions [3]. One of the main results in this
paper then comes from the study of the quantum entangle-
ment between the Hawking mode and its partner of the
gapped excitations by employing the Peres-Horodecki-
Simon (PHS) criterion [25-27]. On top of that, to this
binary Bose-Einstein condensate system, it provides the
opportunity to study the analog-gravity phenomena in the
open quantum system, where the gapless excitations
are treated as the system and the gapped excitations as an
environment. The same idea has been employed to examine
the effect of quantum fluctuations due to the gapped
excitations on phonon propagation in the binary BECs
system to build up an analogous model of the light cone
fluctuations induced by quantum gravitational effects in
[28]. Here we study the entanglement between the Hawking
mode and its partner of the gapless excitations under the
influence of the environment of the gapped excitations.
We organize this paper as follows. In Sec. II, we
introduce the model of interest and construct the gapped
excitations in the supersonic/subsonic configuration where
the acoustic horizon is present between them in a binary
BECs system. In Sec. III, the matching of the mode
functions of two sides of the acoustic horizon is carried
out to obtain the scattering coefficients for three outgoing
channels. In Sec. IV, we study density-density correlation
functions. Section V is devoted to the study of the non-
separability of the gapless excitations influenced by the
gapped excitations. We conclude the work in Sec. VI.

II. THE MODEL

A. The Bogoliubov-de Gennes equations
in coupled Bose condensates

We consider the binary BECs of the same atoms in two
different internal hyperfine states. We then assume that a
strong cigar-shape trap potential is used where the size of
the trap L, along the axial direction, say in the x-direction,
is much larger than the size of L, along the radial direction.
Therefore, the system (in units of # =k = 1) can be
treated in the pseudo-one-dimension with the Lagrangian
given by
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L= [ax{ 3 | (#i0, - 0,08)

a=A.B

1 ~ ~ ~
- < axlpzaxq‘a + Va‘Pltha +
2m

where m is atomic mass and V,, Vjy are the external
potential along the axial direction on the hyperfine states A
and B. The field operators obey the equal-time commuta-
tion relations

[, (. 1), P, 1)] = 8,6(x = ). 2)

The interaction strengths of atoms between the same hyper-
fine states and different hyperfine states are given by
Ugyp, Ugp, and Uyp, respectively. The coupling strengths
are related with the scattering lengths a as U = 2a/mL?>.
Experimentally, the values of scattering lengths can be tuned
using Feshbach resonances such as two hyperfine states of
87Rb [9,11]. In addition, we introduce a Rabi-coupling term
by shining the laser field or applying the radio wave with the
strength given by the Rabi frequency, Q.

The corresponding time-dependent equations of motion
are obtained as

N 1 PN nr on | on
i@,‘I‘A = [—%a§+VA(X)+UAAT;TA+ UAB‘PI?TB:| ‘“PA
——lPB, (33)

N 1 PN PP IO
i@,‘I‘B = {—%aﬁ + VB()C> + UBB\PE‘PB + UABTZLPA] lPB
2y, (3b)

The condensate wave functions are given by the expect-
ation value of the field operator (¥,) = y, e~ ', where they
are governed by the stationary Gross-Pitaevskii (GP)
equations [29]

r = | 3+ Val0) 4 Ul + Ul |
S, (@)
1
Wy = [—%@% + Vp(x) + Upslws|” + UAB|WA|2:| Ve
= (4b)

with the chemical potential x. The condensate wave
functions define the density p, and the phase 6,

Palx)ee). (5)

Meanwhile, the continuity equation gives the relations

wa(x) =

v4(x)p,(x) = constant (6)

with the condensate-flow velocities 9,0, (x)/m = v,(x).
Here we choose the scattering parameters in this binary
systems so as to have a stable and miscible state of the
background condensates where py = pp =p and 64 =
O0p =0, and also Uyy = Ugg = U [20,21]. The detailed
analysis of the choice of the parameters can be found in our
previous work [28]. We further assume that p = p, is a
constant across the whole condensate. We also consider the
constant condensate-flow velocity v, = vg = —v (v > 0)
from the positive x to the negative x. For the interaction
strengths, we consider the steplike change for U(x), namely

Ul, X<0,

m@:{ (7)

U, x2x>0,

giving the steplike change of the sound speed across x = 0
while keeping U,p and Q uniform across the condensate.
The experimentally spatial variation of the interaction
strengths is challenging but feasible [22-24]. Additionally,
the external potential is chosen to satisfy [30,31]

Vi+ U+ Usp)po—2/2=V,+ (U, + Usg)po — /2.
(8)

The perturbations around the stationary wave function
are defined through

lf,a = <Lf1a>(1 +(I§a)v (9)

where the perturbed fields ¢, obey the equal-time com-
mutation relations

A

Bole ). G (4. 0] =~ 648 —x)  (10)

Po

with a = A, B. Substituting (9) into (3) and using the GP
equations we found the Bogoliubov-de Gennes equations

a 1 . i . L
i0,pa = =5~ Bba = — 0:00upa + Upo(dha + b3)
m m
N A Q . N
+ Uaspo(ds + bj) + 5 (64— &s). (11a)
. ~ l ~ i A A A
i0,hy = =~ Biby = — 0:00upy + Upo(dhs + §)
m m
N N Q . N
+ Usppo(da + ) +3(¢B_¢A)v (11b)

where U has a steplike form across x = 0.
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The system of equations (11) can be further decoupled
by means of the field transformation

ba = 7 (¢A + ¢B) (12a)
N 1 . N
¢p:7§(¢A_¢B)’ (12b)

where the fields qu and qap are due to the density and
polarization fluctuations, respectively. It will be seen that
the field qad of the gapless excitations and the field 43 p Of the
gapped excitations are analogous to the Goldstone and
Higgs modes in particle physics.

In this time-translational invariant system, the field
operators (f)d and (]3 » can be decomposed in the frequency
domain

Bute.t) =3 [ dolduiuni (e

it + dZ)j(pij (.X) eiwq ’

(13a)

JEOEDD / dw[byjh poj(X)e™" + b, 5, (x)e™"].
J
(13b)

Apart from the integration over the various frequencies w,
for each w, there exist either the outgoing channels or
incoming channels j to be summed over that will be
discussed later. Notice that in the above decomposition,
the propagating modes are involved where the range of the
frequency for each channel j of the gapless and gapped
excitations for having the propagating modes can be
different and relies on the dispersion of relation to be seen
next. The detailed expansions will be shown in a precise
manner below when all the modes in each side of x are
determined. In (13), the creation and annihilation operators
satisfy the canonical commutation relations, namely

[dwj,aT] [bwj,bT,,]—éré(a) o).  (14)

Substituting (12) into (11), one obtains the wave equations
for the mode functions ¢,,(x) and ¢, (x)

. 1
|:(Cl) - ”]ax) + 2mp0 p065:| ¢dm

= [(U + Uag)po)(diow + ®aw) = 0, (15a)
|:(60 - i?]ax) - Zr;po Poai} (D)
+ (U + Unp)pol(Paw + Paw) = 0, (15b)

and

. 1
{(w - lvax) + 2mp0 poa)ZC:| ¢Pw

| —

(U UAB)pO + Q:| <¢p(u + (ppw)

Q
5 (d)p 10} (pp(u) =0, (168.)
(0 iv0,) = 5~ po
W — 1V0, zmpOPO X (ppm
Q
U UAB):DO + ((pp w + Qopw)
Q
E (¢p,m - (ppw) =0. (16b)

Together with (10), the normalization of the mode func-
tions is given by
Po

(17)

[ 5 (065 3) = 0 () (0] =

with s = d, p.

B. Plane wave solutions and dispersion relations

Assuming the plane wave solutions for each side of
x =0 in the background of the homogenous condensate
given by

oo (X, 1) = Age™ O, (18a)

Do (X, 1) = Bype™ @, (18b)

we obtain the dispersion relation for the gapless excitations
k4
(a) + Uk)2 = (,’5](2 +4—}nz (19)

with the sound velocity

cy= (U +’:AB)[)0. (20)

Also the dispersion relation for the gapped excitations are

found to be

k*
(w+ vk)? =c k2+4—2+meff (21)

with the speed of the excitations
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(U= Usp)po + L
S CELF 22)
and the effective energy-gap term

Meff = \/2(U — Uyp)poQ + Q% (23)

due to the Rabi-coupling effects [32]. The healing length of
two types of the excitations is given respectively by

s=d,p. (24)

The steplike change of the parameters in (7) reflects in the
sudden change of sound speeds (20), (22), and effective-
energy gap in (23) at x = 0.

The mode amplitudes are obtained from the wave
equations (15)—(16). According to the normalization con-
ditions (17), the coefficients of the plane wave solutions
in (18) follow the relation

1 | dk

Ayl? = |Byl? = £—|—|.
| sk| | sk| 2775,00 dw

(25)

After some algebra we find

-  + vk + k*/2m
N S/ 2m), 0+ o)
—(w + vk) + k*/2m
/302 /2m) v o + 0k)

A

By = , (26)

- o + vk +k*/2m + Q
8o 2m + Q)0+ o)
=04 vk)+K/2m+Q
" B 2m + Q)0+ ok

A

B

. (27)

where v, is the group velocity v, = dw/dk. In (25), the
positive (negative) sign corresponds to positive (negative)
norm branch.

In order to create Hawking radiations, one needs the
supersonic and subsonic configuration such that
(28a)

Cd,l << Cd,rv

Cpi <V <Cp s (28b)
through the choice of U; < U, in each side of x = 0 while
keeping the flow velocity of the condensates a constant.
The schematic plot of the setup is in Fig. 1. The Mach
numbers are defined as [33,34]

Ux)

FIG. 1. The schematic plot depicts two sides of x = 0. The
supersonic region x < 0 has the sound speed ¢; < v, while the
subsonic region x > 0 has the sound speed ¢, > v. This setting is
achieved by tuning the intraspecies interaction as U, > U, in (7).
This works for both gapless and gapped excitations.

v v
mg;=—, and mg, =—,
s,l Cs.r

s=d,p. (29)

The requirement m,, < 1 < my,; leads to the subsonic
region (x > 0) and the supersonic region (x < 0) separated
by a sudden change of the speed at x = 0 so that the acoustic
horizon emerges. Analogous Hawking radiations given by
the gapless excitations have been studied extensively [35].
Here we would like to focus on the gapped excitations
instead, which themselves can create analogous Hawking
radiations. Additionally, turning on the interaction between
the gapless and gapped excitations opens the possibility to
study how the gapped excitations influence the analogous
Hawking radiations from the gapless excitations.

C. Gapped excitation modes

We now investigate the wave numbers of gapped exci-
tations with a fixed frequency w from solving the dispersion
relation (21). Dispersive effects of the system lead to four
solutions for the wave numbers. In the supersonic region or
downstream region in x < 0 with ¢,,; < v, the solutions are
qualitatively illustrated in Fig. 2. Two of the solutions
k., k,; are from the dispersion of the relation of the positive
comoving frequencies branches and the other two k_;, k,;
are from the negative comoving frequencies branches when
® < Opac- When o > @y, the solutions of the wave
numbers k_;, k,; will change to complex values, leaving
two real-number solutions k_;, k,; only. The wave number
kmax and the frequency @, are determined by requiring
do k=k,,, — 0, from the dispersion of relation in the negative

dk
comoving frequencies branch, namely

k4
o= —vk - \/C;Zk2 + i + mZ . (30)

To have analytical expression of @, and k.., we consider

small meg, limit, where mc3 , & mv* > meg,, leading to
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2
a)/mcp’l

kgp,l

0
k&p,l

FIG. 2. The frequency w varies with wave number k according to the dispersion relation of gapped excitation (21) (solid line with
lighter color) and gapless excitation (19) (dashed line with darker color). In the left panel, a given @ gives four real-valued roots when
@ < Wy, However, in the right panel two real-valued roots exist only for @ > @y, We consider the single-metric geometry ¢, = ¢,

Upy > Q. Then, to order mgff’ ;» the solution of k., can be

expressed as k., = kgﬁx + k};;x where
m\/v1 /80%_1 + 02— 4c§’1 + 92
- V2

corresponds to the gapless case [35], and the correction due
to m.g is obtained as

k9 =

. (31

2m*[2¢5 ;m* + (K92
(Jinan )2 [6¢2 2 + (Finar )]

Kinix =

The resulting w,,,x can be then approximated by @, =

wﬁﬁ&x + a)ggx with

k(o) 4
0 max
- \/C?;,z(kgngx)z + (4m2> . (33)

2m? [Zc;lmzwﬁ?ﬁx + 2(k,(r?2x)3v + 3(k§§3x)2w§?3x]
0 0
(ki )62 2+ (kigax )]
+O(my,). (34)

Met,1

Aslong as ¢, ; < v, a)ggx is negative, leading to a smaller

value of w,,x due to the effective energy gap term m; as

compared with a)fffgx corresponding to the gapless cases. The

existence of the two real-number solutions of the wave

numbers in the negative comoving frequencies branch allows
the quantum states with negative norm that open a window
to trigger the subsequent analogous Hawking radiation.
Roughly speaking, the above analytical results can provide
an estimate of the value of @,.

In the subsonic region (¢, , > v) and also in the upstream
for x > 0, when @ > w,;,, there are two solutions k., k,,
of the real numbers obtained from the positive comoving
frequencies branch and the other two wave numbers k., of
the complex numbers from the negative comoving frequen-
cies branch. See Figs. 2 and 3 for more details.

In fact, from the supersonic to subsonic region, the
solution of k, shifts from the negative comoving frequen-
cies branch to the positive comoving frequencies branch
whereas the solution & shifts in stead from the positive
comoving frequencies branch to the negative comoving
frequencies branch, then becoming complex-valued in the
subsonic region. On the contrary, the solutions of &, and k_
remain in the positive and negative comoving frequencies
branches on both regions, but k_ becomes complex-valued
in the subsonic region. The minimum frequency w,;;, can
be obtained, when two real wave number solutions merge,
with the approximate value in the small m.g limit, namely
mel & mv? > meg as [7,36]

@Opip = %meftﬂr' (35)

p.r

For o < wp,;,, all four wave numbers are complex values,
where two of them are the decaying modes and the other
two are growing modes. The propagating modes together
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vl ¥ T~ vl T~ ¥~ Vi vl ¥ T~~~  ~__“ vr
ul ¥ T~ T ur ul ¥ ~—~
S~ ur bl T~ 7~ ur
+1 NN\ + NN A
— NN\ A T +r - NN\ T +r = T T +r
O<w< Dyin Wypin < O < Oy @ > Wy

FIG. 3.

Schematic representation of the scattering modes and the decaying modes. In the downstream (supersonic) region, there are

four plane wave modes, while in the upstream (subsonic) region, there are only two plane wave modes and one decaying mode. The
amplitudes for each mode can be solved by the matching conditions in (43).

with the decaying modes will be taken into account on the
matching at x = 0 between two sides of the modes. Here
we assume that the growing modes will not be excited. In
Fig. 3, we draw the corresponding moving direction of each
mode according to the sign of the group velocity v,

The analytical solutions of the wave numbers can only
be explored in the limits of small frequency @ and the
|

effective energy gap mey when u = meyy/ mcf, <1 and
v=w/ mcf, < 1. In the case of the supersonic wave, for
@ < Wy, tWO of the solutions with small wave numbers
of order much smaller than 1/&, in (24) are obtained by

treating the term k*/4m? in the dispersion relation (21)
perturbatively to yield

3
v + \/(112 —c)mZy + w*c? cy [w + \/(1}2 — o) + vch,J
k, = 2 _ 2 1= + O ut) o, (36)
Cp—v 8(c3 — 112)3\/(1)2 —ch )P + 1A
3
vw — \/(vz — 5 )my + w*cs, cy [w - \/(112 -+ I/zc%J
ki = s L+ + 00t ut) (37)
cp—v 8((:%,—1;2)3\/(1)2—0%,)/424—1/203,

The other two solutions with large wave numbers of the order of 1/£,,, where the dispersive term in the dispersion relation

is dominant, are approximated by

vw chu? (v? 4 c3)ch?
k — 1 )4 pP/=p O 4’ 4
* vz—c;‘l{ T —ap o ap TV
I chu? (202 + %) ch?
+2 2 _ 2 1= p _ p/-p O 4’ 4 . 38
v c”{ 8(v* —c2)? 8(v* —c3)? + 00 i) (38)

In the subsonic region, both k. become complex values.
Notice that the nonzero zero-frequency modes will play an
important role in forming the undulations in the density-
density correlation functions to be discussed later.

If we switch off the Rabi frequency Q = 0 (mq = 0),
and replace ¢, by ¢, the resulting (36)—(38) are identical to
the wave numbers obtained in [35] for the gapless exci-
tations. For ¢, < v of the supersonic region, and in the case
of ¢, ~ v under consideration, Ky, ~ mc,, in (31) gives the
value @,y NmC%, obtained from (33). Thus the above
approximate solutions in (36)—(38) valid in particular for
<K mcf, fail to give the value of w,,,,. Nevertheless, for

[
¢, > v of the subsonic region, the value of @y, in (35),
below which all four solutions become complex valued,
can be obtained by setting k, =k, using the above
approximate expressions.

III. MODE FUNCTIONS AND SCATTERING
MATRICES

A. Matching of mode functions

We proceed by considering the matching of the wave
functions at x = 0, in which both wave functions at x > 0
and x < 0 must change smoothly
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¢/ (07.1) = ¢/ (0" 1),
0,¢/(07. 1) = 0,/ (0. 1),

¢/ (07.1) = ¢/ (0. 1),
0,7 (07.1) = 0,/ (0. 1),
(39)

where again j denotes outgoing or incoming channels.
According to the dispersion relation of the gapped exci-
tation, for a given frequency there exist four wave numbers
for each side of x =0 (21).

For each channel j, the general solution is a linear
superposition of the four solutions

Culd)m + Cﬂld)w + C+l¢+l + C_I(,b_l forx <0
Cor"" +C oy +C g™ +C_p™" forx>0

(40)

)=

Similarly, we have

(1.x) {Cu,(p”’—kCU,(p” +Copt+Cp™ forx<0
sx = N
(p Cur(pur + C?)rq)yr + C+r(p+r + C—rq)_r fOI‘ x> 0

(41)

Using (40) and (41) together with (18) in the matching
condition (39), one can write the result in the following
matrix form

Cul Cur
c, C,
: = My > (42)
C+l C+r
c., C._,
where
Mscat = Wl_lWr (43)

with W, and W, given by

Auh Allh A+h A—h
Buh B'l}h B+h B—h
W= A ik, A ik AT kAt |
ik,,B"" ik,,B"" ik ,,BT" ik_,B™"
h=1r. (44)

To figure out M., we adopt the results of the mode
functions as well as their wave numbers in the small @
expansion and consider the leading terms only. The
coefficients C's will be connected to the elements of the
S-matrix to be determined later.

B. Construction of the S-matrix

The density fluctuation field operator for the gapped
excitation are then decomposed in terms of the in or the out
basis. In this paper, we mainly focus on the effects of the
modes from the negative comoving frequencies branch
with @ < @y, In the region @;, < @ < W4, as shown in
Fig. 3, three modes with the wave functions ¢}/, If’ move
toward x = 0 and the other three modes with the wave
functions ¢4", ¢/, and ¢%' move away from x = 0, which
form the respective incoming and outgoing channels. For
the three outgoing (incoming) channels, the corresponding
out (in) states involving the linear superposition of all
relevant plane wave solutions in their respective channels
form a out (in) basis [35]. The details of particular modes
involved in each of outgoing channels will be specified
below. Although the decaying modes are considered on the
matching of the wave functions, they will decay and thus
will not contribute to the asymptotic states in the scattering
processes. Additionally, the existence of the solutions
ki, k_; from the negative comoving frequencies branch
in the supersonic region leads to the negative norm states
that destabilize the vacuum state of the system with the
corresponding creation/annihilation operators, denoted by
(b=Limyt p=bin and (5L, hLo" . The mode expansion
can then be expressed as

¢p (x’ [) _ /1 max d(l){ [l;g)r,inq&;r,in + l’;$l,in¢;l,in + (l;:(lbin)-rqsl—)l,in} + [(l’;g,r,in)-}-(p;r,in + (B$l,in)-[-qo;—l,in + l’;:i}in(p;l,in] } (458_)
Dmin

_ /mmax dw{ [I;Z)r,outqslu?r,out_F l;g)l.outd);;l,out + (l;il{;)out)fgb;t)l,out] + [(I;er,out)f(p%r.out_F (l;gl,out)f(p%l.out +lszl(;)out(p%l.out] }
Dmin

(45Db)

The relation of the in basis to the out basis is through the S-matrix, which can be defined for the wave function ¢ as [31,37]

vr,in ur,out
P P
+1,in _ Q. vl,out _
p =S P =
—l,in ul,out

bp bp

Sur.+l
Sur,—l

ur,out

Sur,vr Svl.w Sul,vr p
vl,out
Sv1,+1 Sul,+l P . (46)
Svt—t Sul—i Pt
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The same transformation also applies to the wave function ¢.
This in turn gives the Bogoliubov transformation,

l;ur.out Sur,vr Sur,+l Sur,—l l’)‘vr,in
bi,l ot = Svl,vr Sv1,+1 Svl’_l b(’tl "
(bzl(bom)T Sul.vr Sul.-‘rl Sul.—l (b:i;m) .
(47)

Those scattering amplitudes are obtained by solving the
matching equations in (42) for all mode functions from each
incoming/outgoing mode channels. The current conservation
in an asymptotic region require that

S™hS =1,

with n = diag(1,1,-1). (48)

Correspondingly, the scattering coefficients have the relations

‘Sur,vr|2 + |Sur,—&-l|2 - |Sur,—l‘2 =1 (493)
|Sul,1ﬂr|2 + |Sul,+l|2 - ‘Sul,—l|2 =-1, (49b)
|Svl$1)r|2 + ‘Svl,+1|2 - |S1/‘l,—l|2 = (490)

The minus sign in the left-hand side of the relations is because
of the incoming modes k_; of the negative norm states, and the
minus sign in the right-hand side is due to the outgoing modes
k,; of also the negative norm state. Both modes are in the
supersonic regime.

For 0 < w < w;,, since in the subsonic region the
propagating modes do not exist, there are then two
incoming modes and outgoing modes in the supersonic
region [6] with the mode expansion given by

b, (x.1) = / {[b“ ingrlin 4 (pLinyi ¢E““}
+ [(b“ M)yt + b g, } }
Awm‘" da){ bl/l out 1)1 out | (Z;ZIL;)OUt)qu%LOm]

+ |:(b1/l out)} vl, out Z;ZICL,OMQD%I’OM} } (50)

The S-matrix can be constructed from the wave function ¢

below or the wave function ¢ by
< ;l,in> s ( ]L;I,Out> B <Syl,+l Sul,+l>< %I,Out>
¢;l,in ¢%Z,0ut S“,_[ Sul.—l q%l,out
(51)

giving the Bogoliubov transformation,

( bAz)l,out )_ <S1)l,+l Svl.—l)( l’)\(ng,in > (52)
(htLoutyt Surst Su—1) \ (62N )

The current conservation in this case becomes

S™wS=n, with 5= diag(1,-1). (53)
Explicitly, the scattering matrix elements thus have the
relations

|S1)l,+l‘2 - |S1;l,—l|2 =1 (543)

|Sul,+l|2 - |Sul.—l|2 = (54b)
Apparently the existence of the negative norm states results
in the Bogoliubov transformations involving the mixture
of the creation and annihilation operators giving particle
production.

Finally, when @ > @,,,, all the negative norm states
disappear, the mode expansion is given in terms of the
positive norm states as

(ﬁp ()C, t) — / dw{ {l’)‘g)r,in¢;r,m b+l in ;l 1n:|
wmax
-+ (B‘gjr,in)f(pzr.in + (Bil,in)i—(p;l,in} }

(9
fur,out gur,out (wlout yvlout
= [ aw{[Brayn s Boge]

@max

+ -(5Z,r’OU[)T¢Zr’Out + (5Zl,out)fq0;l$0utj| } (55)

The scattering matrix S is thus defined from the wave
function ¢ below or the wave function ¢ by

( ;;r,in> _S. (¢Zi‘.0m> _ (Sur,vr Svl,vr) <¢Iu7r’0m>
;l,in zl,out Sur.+l Svl,Jrl %l,out ’

(56)
where the corresponding Bogoliubov

becomes
jur.out fvr,in
(bZ,’ ! ) B <Sur,w Sur,+l> (bi,’ ) (57)
folout | p+Li
bZ,’OU Svl,vr Svl,—H b:; n
with no mixture of the creation and annihilation operators,

showing no particle production. Thus, the scattering matrix
elements satisfy the relations

transformation

|Sur,vr|2 + |Sur.+l|2 = 1 (58a)

|Svl,vr‘2 + |Svl,+l|2 =1 (58b)
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(@)
0 /\VI/ /_%/ Sur,vr
ul ur
0 o — o ~— "1

(®)

FIG. 4. Schematic representation of ur outgoing channel scattering processes when @,(= @pin) < ® < @,y in (a) and when o <

wr(: wmin) in (b).

We shall consider the process outgoing channels in, @;, <
@ < Opax, 0 < ® < O, regimes, respectively, using the
approximate formulas of the wave functions and their wave
numbers obtained in the previous discussions.

C. ur outgoing channel

To construct the ur outgoing (ur, out) channel in the
region Wy, < @ < Wy, one might consider that an out-
going ¢} wave with unit amplitude moves away from
x =0 due to the scattering of the incoming ¢;" mode
moving toward x = 0 with amplitude S, ,, in the subsonic
region, the gb;rl modes in the supersonic region with S, .,
and (j);l in a particular negative norm state with S, _;, as
shown in Fig. 4. In addition, the decaying mode ¢;" will
be also taken into account on the matching calculations.
However, in the region @ < @y, the ¢;" mode becomes
a decaying mode with the vanishing amplitude in the
|

asymptotic region so all S,..,, S, /S, Vvanish.
According to the above description, the matching equations
can be written as

0 1
0 Sur.or
= M Y ) (59)
Sur,+l Cur,+r
Sur,—l 0

where we have replaced C; by the specific expression
Sin.out'

Using the result of M., given in (43) and (44) one
solves easily the system of equations (59). Up to two
leading-order terms in the small @ expansion for ® < @,
to guarantee the unitary relation (49a), we find that

\V4 2mcp.r'lr(1)2 - Ci,l)3/4\/0%.r -

02(\/05,., —-v* 4+ i\/v2 - ci',) 1

Sur—1 =94~ —=
" (C%,‘, - C?y,l><cp,r + m/lr) \/5
o -1
+ {2 va(c%” - C;l)(l)z - 01,1)3/4(0%1 - v2)<cp.r + Uﬂr)] v Cp,rnra)[21]6 + 1}4(6%,r - 46?;.1)
+ 27)2(254;,1 + c‘},,r - 3C%).1C%7,r) + c;.lc%,_, —ix(v? - cf,,,)(c%,,r +20?)] + O(0*?) 30(0 — w,.), (60)
Uy — Cpr 3/2
Suror = |——LL 4+ O(0?) | 6(w — w,), 61
\/m(vz - C?)71)3/4\/C§’r - 1)2<\/C — =i v - C%J> 1
Sy = —
- (C%Lr - C?),Z)(Cp,r + U”r) \/5
o -1
+ |:2 zmy(ci,r - Cf;,l)(yz - C%;,l)3/4(cfz,r - 02)(617.1 + er)} V Cp,r”lrw[2U6 + 1]4(6%1 - 46%7,[)
+ 21}2(20‘[‘,’1 +ch, - 3c%’lc]2,,,) + cf,’lc%,, +iZ(v? - cﬁ‘l)(c?,_, +20?)] 4+ O(0*?) 30(0 — w,.), (62)
where 77, = \/1 —w?/@?*, T = \/(vz —c7 )¢y, —1v*), and @, is the minimum frequency @y, (35).

044016-10



ANALOGOUS HAWKING RADIATION AND QUANTUM ...

PHYS. REV. D 106, 044016 (2022)

5

ur
‘PO

2
w/mcp’l

ur

FIG.5. The Hawking spectrum njy, varies as a function of  (in
the unit of mclz,' ) with different Rabi frequencies; &/p,U; = 0.0
(red), 3.3 x 10™* (blue), and 6.6 x 10~* (green). The solid lines
are based on the numerical computation with details stated in the
text, while dashed lines are due to the analytical prediction in
(63). We consider m,; =7/5,m,, = 3/4, with U,/U; = 8/3,
Uup/U; =1/3.

These scattering coefficients can also be obtained numeri-
cally from the matching equations (59) together with the
normalization condition (25). Those scattering coefficients
will be used as the inputs to numerically produce Figs. 5
and 8. Moreover, in these analytical expressions, the step
function 6(w —w,) is added in each equation, when
® < ®,(= wy;,) all the modes of the subsonic (upstream)
region will become decaying or growing waves. The
growing modes are ignored and the decaying modes can
not reach the asymptotic region x — oo. One expects that
particle production occurs in the region (x < 0) as a result of
encountering the total reflection at x = 0.

To realize the radiation due to particle production from

the negative norm states, we first consider the particle
distribution function n}, = (04|47 5710,,,). We then apply
the relations in (47), where the mode mixing occurs in the
ur outgoing channel from the negative norm states ¢[‘,l , to

. _ 2 . .
give nyy, = |S,, _|*, yielding

n[u);} = |Sur,—l|2

_ 2mcp,r77r(1}2 - C?),l)3/2 (C%J,r - 1)2) l
(C%.r - c?),l)(cp,r + UI/[}’)Z @
2¢, on,
- m + O(w) 9(&) - (1),). (63)
p.r r

The ¢} modes are called the Hawking modes. The small
o expansion of the particle distribution function of the
Hawking radiation satisfies the Planck distribution

r

o)~ 1 o

accompanying by the gray-body factor I' [38—41] approxi-

mated as
Ty 1
(=2 _-4...).
(a) 2+ ) (65)

Then the effective Hawking temperature and its gray-body
factor can be read off from the small @ expansion of (63) in
terms of Mach numbers (29) as follows [42]:

. mc%.r(l - m%r)m%r(mil - 1)3/2

= . (66)
! 2y (m3y =3 )
4 ritr
r—_ Mprllr (67)

(1 + mp.rnr>2 .

The effective temperature is monotonically decreased as
m,, . (m, ;) increases (decreases) toward unity. Especially
Ty — O0asm,, — 1 or/and m,; — 1 where the analogous
horizon disappears. As for the gray-body factor, the relation
[=1-|S,.,|*is justified showing that some flux of the
particles moves through x = 0 from the subsonic regime.
As compared with the gray-body factor of the gapless cases
by sending w, — 0 giving 5, — 1 [38,40]
dm,, ,

(68)

o0 1+ m,, )
Here in (67) of the gapped cases the Mach numbers seem to be
dressed by the parameters 7/, becoming frequency depen-
dent. But these effective Mach numbers have no effects to the
Hawking temperature. In particular, when o — @,, n, = 0
leads to the gray-body factor I' — O consistent with [36]. This
is just the critical value of frequency, below which the
excitations in the supersonic regime move toward x =0
and then are totally reflected away from x = 0, leading to no
Hawking radiation to be observed in the subsonic regime.
Thus, for w < w,, all S, 1, S,r—1, Sur.pr vanish.

D. ul outgoing channel

We now discuss the ul outgoing channel in the down-
stream region of x < 0, which reveals information about
the 4)7,1 modes, the partner modes of the Hawking radia-
tions. The ul outgoing channel involves the mode ¢Zl of the
negative norm state with the unit amplitude plus three
incoming modes, namely ¢, with the amplitude S,; _;, ¢}
with the amplitude S, ;;, and ¢} with the amplitude S, ,,,
as shown in Fig. 6. The decay mode ¢} with the amplitude
C,1.+, 1s included also in this calculation. Now the match-
ing equations become

044016-11
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() 1 ®) ¥
0 /\v/ /&/ Sul,vr 0 — .
ul ur ul
L —Y 1« — e ur
+1 . +1 . T Cul.ur
Su1_+1 ~ o~~~ Sul.+l TN N ¥
Suti ~ T~ S Sut-1 ~ e
R Cul,+r T Cul,+r

FIG. 6. Schematic representation of u/, out-channel scattering processes when o, < ® < @y, in (a) and ® < o, in (b).

1 0
0 Suiw
S — Mgcat . (69)
ul,+1 Cul,+r
Sul-1 0
As before we solve the scattering coefficients for @ < @, in the small @ expansion
s m(cga,r - Uz)<7)2 - C?),Z)3/4(cp,rnl + Cp,l”lr) <\/C§7,F -+ i\/v2 - C%,l)
Ll =
! V 2Cp,177160(02,r - cZ l)(cp,r + Unr)
-1
+[4v2vimu(e, - & ) = )4, = ) e, + o))
x Vo{c,[=2vc, (), = ;) +m(v* = ¢ ) (e, +20) (=c ) — iZ + 07)]
+ ”r[ 2” nl( pl - Cp r) + Cp l( pl —-v )(Cp,r =+ 202)(C?7,l + X - 1}2)]} + 0(0)3/2), (70)
Ui — Cpa o [Cprllr 3/2
S = Ow—w,) + O(w?), 71
ul,vr Cp,r n v, Cp,ll/ll ( r) ( ) ( )
s m<C%7,r - UZ)(UZ - C%}.Z)3/4(Cp,r7]l + Cp,l']r)(\/ C%;,r -0 - i\/ v* - C?y,[)
ul+1 —
" V4 2Cp,l’71w(cz.r - C?) l)(cp,r + W/]r)
-1
+ [4\/5\/%’1}(C%r - C?LZ)(’UZ - cp )3/4( p r— 1}2)\/ Cp,lnl(cp,r + v”r)i|
x Vaolc,[=2vc, (¢}, = ;) +m(v* = ¢ ) (chp +20°) (=c  + i+ 07)]
+,[=20%m(ch = 5 )+ cp (07 = ¢ ) (chr +20%) (¢ +iZ+ 0P)]} + O(@™?), (72)

where 17, = /1 + w%/a) and w; = me (v? - cpl)/c - In particular, when w < w, the ¢} mode turns out to be

growing modes to be ignored giving the vanishing S, ,,. These coefficients satisfy the unitary relation (49b).
The number density n4", = (0,3 |6 5L 10;,) for the partner modes of the Hawking radiations is

np -0 — |Sul +l| + |Sul vr|2
— (mp,lnl + mp,rnr) <& _ 1 + mp,lnlmp,rnr > mp,rrlr<1 - ’/np,lnl)2
mp,lnl(l + mp,r”r)2 w 2(mp,l’71 + mp.r'lr) mp,lnl(l - mp.rnr)z

Ow-w,)+0(w) forw, <®< Opu.

(73)
2 2 2 2
_ ( i, i+ my |, ) Ty LV m, g = Amg | (m, o = 1) W)
- 2 2 5
T S0 (o 2 1) 2
for 0 < w < w,. (74)
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Since qﬁ]“,’ mode itself is the negative norm states with the
mode mixing of the incoming modes of the positive norm
states, namely, the o, ¢, modes, we then write the
particle density n _w in terms of the Hawking temperature
Ty obtained above. Note that both |S,,; ;> and |S,;,,|* can
not be cast into the Planck distribution in the small

modes, which are (/5,‘,’ of the negative norm state with
the amplitude S,; _;, w1th the amplitude S,; ;,, and ¢}’
with the amplitude S,,,.,}, (see Fig. 7). The corresponding
matching equations are

expansion leading to the nonthermal nature of n’;,’_,,,, 0 0
the result also found in the work [36]. In general,
|Sut.or|> < |S,u1.41/>. The above features are also true in el 2 (75)
the gapless cases by setting 1, =7, = 1. Sut,+i Cot 4r
Svl,—l 0
E. vl outgoing channel
Finally we compute the v/ outgoing channel of the
positive-norm qﬁf;l mode with unit amplitude plus incoming  giving the following scattering coefficients
|
(Uz - c%,1)3/4 m(C?),r - 1}2)(6'],_,7’]1 - cp,lnr) (\/C%,r - 7)2 + i\/vz - c?),l)
Spt—1=—
' AV Zcp.l”lw(c%?,r - Cf),l)(cp.r + U’?r)
-1
+ [4vavimu(e, - 2 )07 = 2 4, = ) yep(e,, + )]
X \/E{Cp,r(_zvcp.l(cfy,l - Cp.r)z - 771[” - Cp,[)(cp.r + 27)2)(_6‘%.1 + i+ 1}2)]
+ 0,20 (2 = 3 + cpu(v? = 3 ) (ch, +207) (= 4+ i+ 7))} + O(w/?), (76)
Cp,l + Ny cpm”r 3/2
oy = / 0w — w,) + O(w’/?), 77
vlor Cp,r + o, Cp,l’]l ( r) ( ) ( )
(7)2 - Cp )3/4 m(c%,r - 1)2)(6’],’,171 - C]),[”r) (\/C?),r - 7}2 - i\/vz - C?J,[)
Sot 1 =
o AV ch,lnlw(ci.r - C;,l)(cp,r + U’?r)
-1
+ [4\/5\/%7)((/%1 -c 1)(”2 - Cp )3/4(Cp r Uz)\/ Cp,lnl(cp,r + m’lr)}
X\/_{Cpr[ 2Ucpl(cpl c%?r) _77[(1} _Cf;l)( +21} )( _i2+1}2)]
+n,20%m(ch, = 5, + cpulcy = v7)(ch, +20%)(ch, +iZ = 0?)]} + O(0™?), (78)

which obey the unitary relation (49c). The particle density
nl, defined as (05|62 'b./|0;,) turns out to be

nbl, =[S, (79)
(@)
| /\Vl/ Y Suw
0 Y Y .
va,\/\j}\/,
Sut1 ~ T~ +r _________ C

due to the mode mixing from the negative norm state qb;l.

Another consistency check comes from the fact that
nul vl

p—w — Npy = Npg, given by the current conservation
requirement in (53). When @ < @, = @p,;,, since there is
no Hawking radiation emission n%, = 0, then n4_, = n’\,.

(©)

+l ........... Cvl,ur
TN N Y
Svl,+l
-1
Svl -l TN N 7 +r C,

FIG. 7. Schematic representation of v/, out-channel scattering processes when @, < @ < @y, in (a), and @ < w, in (b).
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(b)

0 0.05 0.1 0.15 0 0.05 0.1 0.15

wlmc?

2
ol w/ me,,

FIG. 8. The spectrums of n% p » in (a) and n? p,,, in (b) vary as a function of @ (in units of mcf)’l) with different Rabi frequencies;
Q/poU; = 0.0 (red), 3.3 x 107* (blue), and 6.6 x 10~* (green). The analytical predictions drawn as dashed lines are obtained from (73)—
(74) and (79) while the numerical results, whose details are stated in the text, are presented with solid lines. The parameters are the same

as that used in Fig. 5.

Once the frequency is larger than w,, the emergence of
Hawking radiation will drastically decrease production of
nbl,. See Fig. 8(b) for detail.

IV. DENSITY-DENSITY CORRELATIONS

Density-density correlation functions of the gapped
excitations can assess the analog Hawking radiation by
measuring the correlation between modes in the supersonic
and subsonic regimes. The approximate expressions of
scattering coefficients for each outgoing channels obtained

|

co
5ﬁp (X, t) — / da)[bz}r outxzr oul( )
wmax

wmax
/ bur ,out [u)r out(x l) + b1/l out)(vl 0ut(x’ t) 4
Dmin

in the last section can help realize the density-density
correlation function. To proceed, the density and the
associated phase operators can be defined in terms of

the fields q@s and q@i as

§ﬁs :%: ¢;s +§?7§ . 5@\ _ $s —$I
2, 2 2i

, s=d,p. (80)

Then the density fluctuation operator for the gapped
excitations can be expanded as

bbl outle out(x, l‘)]

(Bt = (v, ),

wmm N i
/ w[by "y O (1) + (B Ty (x. 1)] + Hec., (81)

where

20 = (#p+9p)/2 (82)

have the formulas given in (40) and (41) according to different out basis. The equal-time correlation function is defined as

Gp(x,x') =

<Oin| {‘sﬁp(t’ x)7 5ﬁp

(£, ) }On) (83)

where we consider in-vacuum initial state, and {, } is the anticommutation bracket. Employing the Bogoliubov transforms

(47), (52), we have (83) written as
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<{5ﬁl7(x’ t)’éﬁp(xl7t)}>w = (|Surw| + |Sur+l|2+ |Sur 1| ) urOut( )XIM’rOUt*( ,)

1S utr® + 1S utal* + Sur—a P " () ™ ()
1Sutor P+ 1Sur il 4 18w " ()5 ()
Survr ulur+Sur+lSul+l+Sur lSul l) wom(x

ur,out

ul,outx ()C ) + xe ( ) ul outx ()C))

+ (
+ (
+(
+ SurworSoor + Sur1Sy40 +
+ (8

In the end, we will sum over all possible Fourier frequen-
cies w. In Fig. 9, we present the full numerical result of the
correlation function at equal time, which has the same
pattern as in paper [8]. Our result can be compared with the
pattern of the density-density correlation function of the
gapless excitations in [31,42]. The upper-right quadrant
x> 0,x' > 0 reveals the correlation of the right-moving
positive norm modes ¢} with themselves, which shows a
clear peak along x = x’ line, and the correlations vanish
when x # x’ due to the atom-atom repulsive interactions.
This peak pattern of the gapped excitation is almost the
same as for the gapless excitation. The major difference in
the density correction function is manifested in the other
three quadrants discussed separately below.

A. The quadrant of correlation function
within x < 0,x’ >0 orx > 0,x <0

For x> 0,x <0,
function G, (x,

the density-density correlation
x') involves the correlations of the

ul,out vl,outx
ullr l/l Lr+Sul+lSvl+l+Sul lSLl l) ( ))(P

p
Sur lSu[ [) ur, oul( ) vl,outx ()C/) +)(W out( ) vl,outs ()C))
( ) ul, out( ) vl,outx (X)) +c.c.

+Xp
(84)

|
right-moving positive norm modes ¢7" outside the hori-
zon at x’ > 0 and the left-moving negative norm modes

”1 inside the horizon at x < 0 as well as the left-moving
pos1t1ve norm modes qb,”,’ also inside the horizon at x < 0.
Apart from the peaks along the two lines denoted by i and
ii respectively in Fig. 9, which appear in both gapped
and gapless cases [8,31,42], the ripples are found in the
region below the line i [7,8]. The pattern of G ,(x,x’) in
the quadrant x < 0,x” > 0 is the same as in the quadrant
x > 0,x" < 0 according to the symmetry along the diago-
nal line x = x/.

The lines of the peaks and the ripples can be analytically
studied as follows. Applying (60) and (70) to (84) and
collecting the relevant terms in the region of x < 0,x" > 0,
the equal-time correlation function of the upper-left quad-
rant turns out to be

G,(x <0,x >0) = / w28, 1Sy W () 2SSy s (W ()] e
Dpmax mp r(mp M + )(mp M +mp rr]r)\/ pl
N/ dw cos (kx — k,,x')
@min 4”:001)771( mp )( my 1y + 1
m%}.r(mp,lnl - 1)(mp.1771 - mp,rrlr) \/ m?).l -1
- 5 cos (kyx —ky,x') | . (85)
47zp0m//l(mpl - mp.r)(’np.rnr + 1)

Here the lines i, ii can be determined by the above integral evaluated at @ =

®max- One can approximate the integrand with

n, =n;=11n (85) as @ — w,,, and then consider the integral at w,,,, to find

(mp,l + 1)m?

+ ”ﬁi_”)}

2 _ : X
my,,—1 sin [wmaX(v—cp,,

G,(x<0,x'>0)~

drpov(m,, , + 1)(m,,; —m,,) x 4 ¥
v=Cpy | CpyV
_ 2 2 : X X'
(mp’l 1)mp’r m, 1 sin |:a)max (1)+CP-1 + cp,r—@’)]

4”p0mp.l(mp,r + 1)(mp,l + mp.r)

)

X
v+Cpy Cpr—0
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The peaks occur in the lines, 003

I = Y = — * s 002
v=Cpy Cpr—

B X x'

1= = - s
v+ Cpy Cpr— 0

which are attributed to the correlations of (j);‘,’ — ¢} modes
(the line i) and ¢f,l — ¢ modes (the line ii), respectively.
The same formula for determining the line 7 is found for the
gapless cases in [35] as long as wy,,x > @, , leading to the
gapless results [3]. The line ii is also obtained. In particular,
the magnitude of the density correlations along the line i is
much larger than that in the line of ii, which is shown in
Fig. 9 and also in [8] for the gapped cases, and in [8,31,42] o e fg 20 e
for the gapless cases.

The pattern reveals the ripples in the region of

!
7
7
7
7
'Y
7
74

X . FIG. 9. The density-density correlation function pattern is
v ) ) v=Cpi obtained from numerical computations of the integral (83) with
- to be realized by studying the phase 6 = k,;x —  the scattering coefficients, wave numbers and mode amplitudes

Cpr—¥

ky,x (0 = k,x—k,x') of the integrand of the first also numerically obtained with the details stated in the text. We
have used the parameters m,; =7/5, m,,=3/4, and

Q/pyU, = 6.6 x 107*,

(second) term in (85) as a function of w. At the points
of this region, the phase € decreases with @ as @ starts
from the lower limit of the integral, namely w,, and then
increases instead with w as @ reaches wy,,y, developing the | inimum value of the phase 6 along the lines with the
local minimum of 6, around which values of w give vt gnq U
significant contributions to the respective integral (85). Ty Ty
The wavelength of the ripples can be estimated from the  &1VINg respectively

slops which are perpendicular to i, ii

/li = {ZEUmp,l(l - m?),l)(mp,r - l)z(mp,r + 1)}/{m§;_l(mp,r - l)z(mp,r + 1) \/ a)12 + w%

+ w,[2m;.lmf,7, - mi,lmf,,r(mp,l +m,,) - mpﬁlmpyr(mi_l + mf,’r) + m;l + mf,y,] }, (87a)

Aij = {2zwmp’,(1 - m;l)(mp,, —1)%(m,, + 1)}{mi’l(mp,r = 1)2(m,, + 1)/ o] + w?

2 2
+ a)r[2m;71m§’,,r —m2 my (my, = my, ) —m,m, (3, +m;,) + mf,,l - mf’,’,]}. (87b)
In general, 1;; < 4; can be seen in Fig. 9, and both wavelengths are inversely proportional to @; and @,. However, in the

region of = - > = x’_y ripples disappeared because both phases 6 = k,;x — k,,x' and 0 = k,;x — k,,x' monotonically
p- p.r

decrease with w that lead to the phase cancellation when integrated over w.

B. The quadrant of correlation function within x < 0,x" < 0

In the lower-left quadrant of x < 0,x’ < 0, the density correlations account for the negative norm mode ¢;‘,l and the
positive norm mode qbl”,l in the supersonic regime. The correlation pattern shows a cone shape of the group of the peaks
in Fig. 9, where a similar behavior also appears in the gapless cases [3]. However, for the gapped cases, again the
peculiar pattern of the undulations due to the existence of the zero-frequency modes are also shown as in the paper [8].
To understand the origin, notice that the density correlation function obtained from the relevant terms of (84) in the
region of x < 0,x’ <0 is
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Gp(x<0,x’<0):A " dao{(1 4 2|2 o (x) o

+ 28-Sy lep " e () +

() A (L2081, + 208w 0P p ™" ()5 ()

ul, oul( ))(Zl out*( >] —l—C.C.}, (88)

where the first line contributes the peaks mainly along the line of x = x/, and again due to the atom-atom repulsive
interaction the correlation vanishes when x # x'. The second line manifests the correlations of the ¢"/ and ¢*/ modes
expressed explicitly in terms of the mode functions ¢ and ¢ through (82) by

my r)(mi 1’712 + 1)(’"%,1’712 -

m rls*)

/wmax d m l(l -
~ 1)
0 8”/)01”71 \/ M~ 1( %,r)(mp,rrlr + 1)2

where the magnitude is given by inserting the scattering
coefficients in (70) and (76). Thus the cone-shape
boundary of the two lines can be determined by evalu-
ating the above integral at its upper limit @,,,,. In this
case, because wy,,x > w;, where #,, — 1 is considered,
the integral evaluated at the upper limit leads to the
similar formula as in (86), giving the two lines to be

x x' x x'

, and = , (90
mp’l—l—l mp_l—l—l mp’l—l ( )

mp_l -1

which are the same as in the gapless cases in [31]. The
magnitude of the density correlations on the two lines are
the same. The slopes of the lines (i and ii) only depend on
m,,; since both modes are at x < 0, x' < 0. The increasing
m,, ; can increase the effective temperature 7' in (66) but
decrease the angle of cone, namely, reducing the area of
the undulations confined in the cone.

The undulations, which show up only for the gapped
cases, can be understood analytically as follows. Their
typical wavelength A near the direction of x = x’ can be

extracted directly form the phase 8 = k,;x — k,;x' in the
region of small @ given by
2 z(v? = 2
P =) ”*’), (91)
(kul - kvl) ©=0 Cpi0

which is consistent with Fig. 9. The zero-frequency modes
in the solutions of the momentum &, and k,, in (36) and (37)
in the supersonic region for the gapped cases play a key role
in determining the wavelength of the undulations. The
phase 0 outside the cone decreases monotonically with @
that leads to the phase cancellation when integrating over @
so that the undulations disappear.

V. QUANTUM ENTANGLEMENT BETWEEN
HAWKING MODES AND ITS PARTNERS

A. The Peres-Horodecki-Simon criterion

This section devotes to the discussion of quantum
entanglement in this system. We first briefly introduce

[cos (k,x — kyx") + cos (kyx' — k,x)], (89)

the criterion of the quantum entanglement between the
Hawking mode and its partner. The quantum entanglement
and/or the nonseparability of the bipartite systems can be
explored based upon the Peres-Horodecki-Simon criterion
[25-27,43], which then is adapted to assess the entangle-
ment through the simple measure [44]

Apt = nigr,nbl, — |chi 2. (92)
The formula uses the particle number density n,, and their
cross correlations defined as

%uul <Om | bur.outl’?‘ﬁl,out|oin>

= Sur,vr ul,or + Sur, +lSul A+ = Sur, lSul - (93)

Here we consider the pair modes of the positive norm state
¢"", the analogous Hawking mode in the subsonic regime,
and the negative norm state ¢"/, the partner mode in the
supersonic regime. Using the unitary properties of the
S-matrix, the measure then becomes

A;ZJMI = _|Sur,—l|2' (94)
Apparently, the values of A4 are always negative
implying that two modes are quantum mechanical entan-
glement. The above discussions hold true for both gapless
and gapped excitations.

Here is the side issue about how the nonzero particle
number distribution for the incoming modes in the subsonic
regime affects the entanglement of the Hawking mode and
its partner [40]. It is quite straightforward to generalize
the above formulas by considering the incoming ¢}" mode

with the nonzero particle distribution function npr}“. In the
gapped cases, it reads

A%ZJMI (|Sul1/r| |Sur l| ) Wln |Sur 1

. ® > w,,

(95)

which can be rewritten as

044016-17



WEI-CAN SYU, DA-SHIN LEE, and CHI-YONG LIN

PHYS. REV. D 106, 044016 (2022)

Aur,ul
po _
|Sur,—l|2

Suraition™ = 1 (96)
with

5ur,ul _ |Sul,vr|2 - |Sur,—l|2 _ (mp,l’/ll - mp,r”]r)z' (97)

|Sur,—l|2 4mp,l’71mp,r’1r

In (97), 6, 1s always positive, and thus can not possibly
be set to vanishing since m,;,7; > 1 in the supersonic
region and m,, ,,n, < 1 in the subsonic region. §,,,; can
be tuned to zero so as to avoid the reduction of entangle-
ment in the gapless cases (7, — 1) under the condition of
v;c; = v,c, [40].

B. Inhomogeneous equations

As for the quantum entanglement in the BEC systems,
which are affected by the omnipresent environment,
there have been extensive studies in various fluctuating
environmental degrees of freedom [45—48]. Here the binary
systems have the parameter window to turn on the
interactions between gapless and gapped excitations.
More specifically, we would like to study how the gapped
excitations treated as an environment affect the quantum
entanglement between the Hawking modes and their
partners of the gapless excitations. This is an extension
of our previous work in [28], where the gapped excitations
serve as the environmental degrees of freedom to induce the
sound cone fluctuations, the analogous light cone fluctua-
tions given by the quantum gravitational effects. To turn on
the interactions, we relax the restriction of the parameters to
have small difference between two intra-species interaction
Uya, Upp while other restrictions such as p; = p, = py,
vy =v,=-v(v>0), Q& =Q,=Q still hold. Then, the
interaction between gapless and gapped excitations starts at
t = 0 with the interaction term

‘Cint = —ap(z)b'ﬁpéﬁd (98)
The interaction strength « is given by
a = (Ugs — Upp)O(1). (99)

We assume that two degrees of freedom are completely
decoupled when ¢ < 0, and establish their own excitations
under the super-subsonic configuration, namely ¢ ; < v <
¢s, for s =d, p. After turning on the interaction, the
gapped excitations start to influence the quantum entangle-
ment of the pair modes of the gapless excitations, resulting

in the time dependent A{U*’/ developed above. The coupled
equations of motion for 67, of the gapless excitations and
on,, of the gapped excitations defined in (80), which can be
adapted from (15)—(16) by including the above interaction
term, are obtained as

R 1 1 . ap .
(0, — v0,)261, + > 02 (ﬁ 02 — 2mc§,> Sy = 2—,; R,

(100)

1 1 R R
(0, — v0,)?6A, + %aﬁ (% 05 — 2mc§,> O, + moi,

:Z—‘;}(a}% —2mQ)si,. (101)
Thus, the general solution of (100) is the sum of two parts,
the homogeneous solution 6n,, and the inhomogeneous
solution én 4, namely

5ﬁd(x, t) = 5”,1\‘1‘0()6, t) —|—5ﬁd’1(x, t) (102)

The homogeneous solution én, obeying the source-free
equation (100) is very much the same as in the gapped
excitations with the mode expansion (81), where the
creation/annihilation operators and also the mode functions
are replaced by the counterparts denoted by d}:)/ a, and
xa4(x, 1) defined as in (82) and obtained from (18) and (26).
The wave number k, of the gapless cases for each
incoming/outgoing modes are those in (37) and (38) by
setting mey = 0 and replacing ¢, by ¢4(,,). The maxi-
mum wave number of the gapless case for having the
negative norm states in the downstream at x < 0 is found
to be kﬁfgx in (31), again by replacing ¢, 1O cqq -
The threshold momentum turns out to be zero for the
gapless cases. In the end, the density-density correlations
used later to identify the quantities n{;, and cg /, with which
to compute the criterion A "in (92) in the gapless cases,
will have the same form as in (84). All the S-matrix
elements in the gapless case are those of the gapped cases
in (60)—(62) for the ur outgoing channel, (70)—(72) for
the ul outgoing channel, and (76)—(78) for the v/ outgoing
channel by taking the limit of m.; = 0 and replacing
Cp(r) BY Caq )

On the other hand, the inhomogeneous solution on
obeys Eq. (100) due to the source term from dn,,, which is
the solution of (101). The solution of én, can also be
written as the homogeneous solution 6n,, and the inho-
mogeneous solution that depends linearly on ony;.
According to [49,50], substituting the solution on, =
on, +on,; back to the Eq. (100) of én, gives the
damping term from the contribution of én,, and leaves
on , in the right-hand side of the equation as a source term.
Since the interaction term of the gapless and gapped
excitations involves second order spatial derivatives, the
damping effect of the momentum dependence can be
parametrized as

y(k) = (apo)?[k* (k> + 2mQ) /4m?] /2m>; (103)
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[46]. In the hydrodynamical approximation with small k
and w, the relevant parameter from the gapped excitations
to the damping term is mg, giving the correct dimension

of y. Here we will focus on the saturated value of A"wf
whereas the effect of the damping term damps out the
oscillatory time-dependent terms, leading to saturation. The
relaxation time scales can be estimated from 1/y. Strictly
speaking, the effects from the gapped excitations to the
gapless degrees of freedom can be obtained by integrating
out the gapped excitations as in [28]. This then leads to the
Langevin equation that takes into account not only the
fluctuations of the gapped excitations manifested in the noise
term but also the damping effect. This deserves future
studies.

So, the fluctuations of the gapped degrees of freedom
will give the corrections to the density-density correlation
function of the gapless excitations through the solution of
ong, due to the source term 671,

5ﬁd’1(x,t):/_oodx//_oodt/gret(x,t,x’,t’)%@i/ﬁﬁpwo(x’,t’).
(104)

The Fourier transform of the retarded Green’s function is
defined as

dwdk N ,
gret(xvt§xl,t/):/2w2 grel(w k) _lm(t_t)elk(x_x) (105)
with the solution
(0, ) =

T¢ wv == . ’
Jret (@ + vok)? + 2iy (k) — 3k> — K* /4m?
(106)

which includes the damping effect. The inhomogeneous
solution for the small wave number consistent with the
|

hydrodynamical approximation lying within y < vk
becomes
g (x, 1)
apyi
=—— [ dX'dro(’)o(t -1
20 [ avarow)o( - v)
/dk [ —i(wq-(k)=iy(k))(t=1') _ e—i(wd+(k)—iy(k))(t—t’)]
X
2 04 (k) = g (K)
x e =2 51 o (¥, 1), (107)
where, w,__, are given by
wq_(k) = —vk — /K> + k*/4m?,  (108a)
g, (k) = —vk + /K> + k*/4m>.  (108b)

The frequencies w,_ and w,, are obtained from the
dispersion relation (19) of the gapless excitations of the
negative and positive frequencies branches, respectively.
Substituting the mode expansion of 67, ; expressed in (81)
and integrating over the space, time and also the wave
number, we end up with the formula

Shg(x.1)
_ / " do (Bt 4 by
@max
+ / " dao B - (B Ty 4 B!
Dmin
+ /0 " dap{ (B w4 B f e, (109)

where we have defined the effective mode functions

. apo 1 — e_y[k ]e i wd—[k] (” ! ] — e_y[kj]e l((’)d+[k] w)[> k2 out
wl(x,t ———( . J ;(J X, 1), 110a
W)= o] = ] =)~ (on ] = 5] = @) ) Bargs %7 Y (1102)
. ap 1 — e_}'[_kj]e_i(wdf[_k/]-'»w)t 1 —_ e_y[_k,/']e_i(wuH»[_k_/]+w>t ( ) outs
Wf_<x,t>:—2—°< e - . £ (en),  (110b)
m\ o,_[~k;| —iy[-k;] + @ 0, ]-k]—iy[-k;]] + o ) Aoy k]

with

Awgy [k | = w4 [k ] -

wd+[k =

=24/ c%,k? + k;!/4m2

for the channels j including j = ur, ul, vl with the wave number k; of the gapped excitations obtained from a fixed w.
The Green’s function serves as a window function that smears the effect from the gapped excitations to the gapless

excitations.
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We are now ready to calculate the correlation function of
the gapless excitations including the corrections from the
gapped excitations for a particular frequency

Gyo(x, ;X' 1) = (in|{6ri(x, 1), 67y (x', 7' ) }]in),,
= (in[{ng0(x. 1), 8 (x', ') }|in),,
+ (in|{87iy 1 (x, 1), 64 (x', ') }]in),,
= Gupo(x. X 1) + Gy (x. X, 1),
(111)

where the initial state is given by the in-vacuum state of
the gapless and gapped excitations [in) = |0;y) gapless ®@
|Oin) gappea- The first term is the correlation function of
the unperturbed gapless excitations. This is quite a straight-
forward calculation to compute G ,0(x, ; X', ') by starting
from the mode expansion of the gapless excitations in (13a)
where the mode functions are written in (18) in terms of the
coefficients in (26). The wave numbers denoted by kj,
together with the S-matrix elements S¢ associated with the

Bogoliubov transformation of the creation/annihilation
operators as in (47) can be read off from the gapped
excitations in (37) and (38) and the above S-matrix
elements by replacing ¢, — ¢, and also setting mqe = 0
or Q = 0 limit. The second term comes from the modifi-
cation due to the gapped excitations. In this study, we
consider both gapless and gapped excitations are under
the supersonic-subsonic configuration in the monometric
in (15)-(16) choosing Q = 4pyU,p < poU. Also, for small
Rabi coupling Q giving small m.; « vQ in (23), the
sound-speed difference ¢, — ¢y < Q in (20) and (22) is
small, and controls the smallness of the wave number
difference k; — k,; o« Q < 1/£ in various modes. We then

can approximate w’, in (110) of the gapped excitations by

wl, (x, 1) = W ()" (x, 0)[1 4+ iO(x(k; — kgy))],  (112a)

W (1) =
4 (1) S

wl (x, 1) 2 WL(0)) ™ (x. 1) [1 — iO(x(k; — kg;))],  (112b)
where
|
. _% <A[ka —+ B[ka> <1 — e_y[kj]te_i(wd—[kj]_w)t 1 - e_y[kj]te_i(wd+[kj]_w)t> k? (113a)
Ag, +Ba, ) \ oa_lkj] —ir[kj] — o wqi k] —irlk;] — o ) Awog.lkj]
(113b)

Wi (1) = W ().

As long as the length scales in the hydrodynamic approxi-
mation of our interest are of order of the correlation length &
or beyond it, it leads to the considerably small error to
be ignored safely. Therefore, one can rewrite the functions

252" (x, 1) in (81) of the gapped excitations defined in
(82), (18), and (27) in terms of A,,kj and B,,kj (27) by the

Gao(x, X5 1) 2 [(14+2I85, _i17) + (14 20 Sy YWY ()W (1) g™ (x, )™ (¢, 1) + c.c.,

and in the interval 0 < ® < @y,

Gyop(x, x51) =~ (1+ 2S‘,fr’_[\2))(zr’°“t(x, Ox M (X 1) + c.c.

functions )(fi’ x, t) of the gapless excitations in terms of
Ag, and By in (26) instead.

According to different quadrants in the (x,x’) plane,
we summarize the correlation functions as follows. For
the upper-right quadrant x > 0,x' > 0 in the interval
Wiin < a)S‘Dmu’

out (

For the upper-left quadrant x < 0,x" > 0 in the interval @, < ® < Oy,

G o (x, X5 1) =~ (2859

ur,—l

+ (289, _S% 428,18k

ur,—l

and in the interval 0 < @ < @y,

Gao (%X 0) = (284, _,Sui i (. 0l (x.0) + (284, ST ™" (7 o™ (1) + cc.

(114)
(115)
S+ 2Sur.—1521,_1W1’(l)W;(l))ZZr’Om(x', Dy (. 1)
WU (WP (1) )y o (x t))(zl’om* (x,1) +c.c., (116)
(117)

Finally, for the lower-right quadrant x < 0, x’ < 0 in the interval of @, < ® < Opaxs
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de(x’ x/;t) = {[ + 2(|Sul w|2 + |Sul+l )] +

[( +2|S1)l 12)
and in the interval 0 < ® < W,

de(x’ xl;[) = {[ + 2(|Sul 11r|2 + ‘SulJrl )] +

+(1 42087, +

C. Nonseparability of Hawking-partner pairs

Having gotten the correlation functions, we can extract
the effective mean occupation number 1+ 2n%" and

1 +2n" from the correlation functions in x > 0,x’ > 0

and x < 0,x' <0, and the cross correlation terms 2!

from the correlation function in x < 0, x’ > 0 [46,47]. For a
given frequency of the pair mode of the gapless excitations,
due to the bilinear coupling between the gapless and
gapped excitations, the corrections from the gapped exci-
tations also come from the modes with frequency w. Thus,
when @i, < ® < Opax

nir, = 18t P+ (1Sur i +1/2) (120a)
nzllﬁu = (|Sulvr|2 + |S l+l| )

(lSulwr' + |Sul,+l|2 + 1/2)| (IZOb)
cint = S84 _SG_+ Sur Sy WW. (120¢c)

The criterion AZ;;”Z in (92) can be computed, using the
unitary relations of gapless and gapped excitations leads to

1
roul u
AZI&)M z_|Sur l|2+ |S r, l|2< + |Sul,+l|2>|W+[|2

1
s, |( T |sw,_l|2) W
_(Sdr lStui;F lSur,—lS:;
L o(wlp).

L WEWH e
(121)

With no influence from the gapped excitations, A% is
negative meaning that the Hawking modes ¢%" and their
partner modes (/)(’;l are quantum mechanically entangled.
The effects of the gapped excitations contribute the
modlﬁcatlon of the occupation number density n/ and
n“! in (120a) and (120b) that increase the value of A} ul
diminishing the separability. However, the cross correlatlon
term |c4*|? in (120c) decreases A% strengthening the
entanglement, but its effect is less than that of n!j/ and ”Zi;
due to the relative smallness of the overlap between wHr

(L4 20180 4 [Sut aPIWE (W ()40 (. )44 (o 1
(14 2080 YW W (O™ e, 1 (1) + e

(118)

(1 208w YW ()W (1) g (e 1) ™™ (1)
(14 218, P )W (OW () (e 1)y (1) + cc.

(119)

and W*. The net effects of the gapped excitations raise
A driving the pair modes toward disentanglement.

However, when 0 < @ < @p,;,, since the ¢"" modes of
the gapped excitations are not the propagating modes, the
modification only acts on s, while the other two terms
remain unaffected. Thus,

nZ(ru |Sur 12’ (1228')
ndw - (|Sul vr|2 + |S I+l| ) (|Sul,+l|2 + 1/2)|W5‘rl|2’
(122b)
C?z;ul = Sﬁr 1557,—1- (122c)
The criterion Azrm”l given by (122) becomes
ur, ul 2 2 1 2 ul|2
A |Sur l‘ + |Sur I| §+ |Sul,+l| |W+|
+O(wHP) (123)

also increasing A} ! with the tendency to disentangle the
pair of modes.

The time evolution of A% for various values of w is
plotted in Fig. 10. To understand the behavior, one can
approximate |W""|? and |W*|? from (113) as

wur|2 1+ e 2lkult — 27kl cos [(w — w . [Ky,])1]
(WY o 21k _ k. 1)2
4 [ ur] + (CU a)d+[ ur])
Kir (124a)
X, a
(Awdi [kur])z
Wil o 1T ekl — 271kl cos [(@ — wy_[ku))1]
+

72 [kul] + (CU — W4 [kul])z
ki

X R T (124b)

For a given frequency w, the wave numbers of the Hawking
modes and their partners of the gapped excitations k,,
and k,; can be given from (37) in the setting of the
supersonic-subsonic configuration. For @ < @,;,, the cor-

rections to A%/ in (123) only come from the term |W"/|2.
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FIG. 10. The time evolution of AZ:;)”I as a function of the time in
unit of period 7, = 2z/w with the parameters Mach number
my, = 0.63, m,; = 1.63, the coupling constant a/U; = 0.13,
the Rabi frequency Q/p,U; = 6.6 x 10~*. Considering (a) @ =
0.041Ty < Wi = 0.157Ty, AZ;)'“Z behaves as an underdamped
oscillation, (b) w = 0.124T < Wy, = 0.157Ty, Af}g”l behaves
as an overdamped oscillation, and (¢c) @ = 0.16Ty > o, =
0.157Ty, the behavior of AZ;;”I has mixture of overdamped
oscillation for #/ mode and underdamped oscillation for ur mode.
The dashed lines indicate the values of Aj/ l;)“l with no corrections

from the gapped excitations.

However, when @ > w,,,, the terms of W%  and W”Jf
contributes to the corrections in (121). Due to the fact
that the damping factor y[k,;| > ylk,,] for a given w, the

ur,ul

saturation of A" will take longer time. As for the
saturated values in Fig. 11, it is evident that the large
corrections occur in frequency that respectively minimize
yZ [kur] + (CO — W4y [kur])2 and }/2 [kul] + (C() — Wy- [kul])2
when o ~ w,;, as anticipated. And for large enough

value a, the behavior of 1/w in the thermal spectrum n'y, =

|S.-—i|> given by (63) will significantly deteriorate the
quantum entanglement of the pair modes of the gapless
excitations as seen in the expression (123) and Fig. 11.
The presence of the environmental field at finite temper-
ature that deteriorate the quantumness of the pair modes
of the gapless excitations in the BEC system has been
studied in [44]. Here the effects the gapped excitations
serving as the environmental degrees of the freedom in two-
component BEC systems even though they are in their
vacuum states are to provide the stochastic noise that not

0 0.1 0.2 0.3 0.4
wlTy

FIG. 11. Late-time saturation of A% is plotted as function
of w in unit of effective temperature Ty. By varying the Rabi
frequency Q/poU;: (a) 6.6x 107, (b) 1.33x 1073, and
(c) 2x 1073, we show AZ;”I with two different values of the
mutual coupling constants a/U,;:0.1 (red-dotted line) and 0.17
(blue-dashed line). Other parameters are chosen as m,, , = 0.63,
mp; = 1.63.

only induces the sound cone fluctuations in [28] but also
reduces the quantum entanglement of gapless excitation
pairs. The similar reduction mechanism on the quantum-
ness of the modes will expectedly be seen in the BEC/BCS
crossover models of the ultracold Fermi systems as the
noise manifested from quantum density fluctuations in
condensates of ultracold Fermi gases of the gapped modes
is found to lead to fluctuations in phonon times-of-flight in
the BEC regime [51].

VI. SUMMARY AND OUTLOOK

We investigate the properties of the condensates of cold
atoms at zero temperature in the tunable binary Bose-
Einstein condensate system with the Rabi transition
between atomic hyperfine states where the system can
be represented by a coupled two-field model of gapless
excitations and gapped excitations, analogous to the
Goldstone modes and the gapped Higgs modes in particle
physics. We then set up the configuration of the supersonic
and subsonic regimes with the acoustic horizon between
them by means of the spatially dependent coupling
constant between two hyperfine states in the elongated
two-component Bose-Einstein condensates. The aim is to
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try to mimic Hawking radiations, in particular due to the
gapped excitations with the tunable energy-gap term
induced by the Rabi coupling constant. In this work, the
simplified steplike sound speed profile is adopted to
implement the subsonic-supersonic transition so that such
a system be analytically treatable. Two sets of the wave
functions of the gapped excitations can be determined by
matching them at the acoustic horizon using the obtained
dispersion relations. The existence of the negative norm
states in the supersonic regime leads to the mixing between
the creation operator and the annihilation operator through
the Bogoliubov transformation, and thus triggers the
particle production, the analog Hawking radiation. The
effective energy-gap term in the dispersion relation of
the gapped excitations gives a threshold frequency @, in
the subsonic regime in the analog Hawking modes, below
which the propagating modes do not exist. Thus, the
particle spectrum of the corresponding Hawking modes
significantly deviates from the gapless cases near the
threshold frequency resulting from the modified gray-body
factor, which vanishes as the mode frequency is below the
threshold frequency. The other feature is that the energy
gap term introduces the zero-frequency modes, which leads
to the density-density correlation function with the peculiar
pattern of the undulations in the supersonic regime. Their
wavelength can be determined by the effective energy gap
with cone-shaped boundaries depending on the March
number of the condensate fluid in the supersonic regime.

The created radiations of the gapped modes will influ-
ence the quantumness of the pair of the Hawking mode
in the subsonic regime and its partner in the supersonic
regime of the gapless excitations by turning on the
interactions between the gapless and gapped excitation
through tuning their own atomic coupling constants. We
consider the limit of the small Rabi coupling constant
giving the small difference in the wave numbers for a
given frequency between the gapless and gapped excita-
tions as compared with the inverse of the healing length &.
In the hydrodynamic approximation, the corrections to the

density-density correlation function of the gapless excita-
tions due to the gapped excitations can be written in terms
of the wave functions of the gapless excitations, resulting
in the effective density-density correlation function. Then,
from there the effective S-matrix elements of the gapless
excitations with the corrections from the gapped excitations
can be extracted. The measure of the quantum entangle-
ment is according to the PHS criterion to be computed from
the obtained effective S-matrix elements. The negative
value of the PHS measure of the pair modes indicates
the nature of the quantum entanglement. It shows that the
presence of the gapped excitations created from the in-
vacuum state, although they are quantum entangled, will
significantly deteriorate the quantumness of the pair modes
of the gapless excitations created also from the in-vacuum
state when the frequency of the pair modes is around the
threshold frequency, @ ~ w,;,. On top of that, when the
coupling constant between the gapless and gapped excita-
tions becomes large enough, the huge particle density of the
gapped excitations in the small @ regime will significantly
disentangle the pair modes of the gapless excitations.

Here the damping term is added from the type of the
coupling between the gapless and gapped excitations and can
be derived via the influence functional approach following the
work of [28]. After integrating out the degrees of freedom of
the gapped excitations, the corresponding Langevin equations
for describing the gapless excitations can be derived with the
damping term and the accompanying noise term that man-
ifests quantum fluctuations of the gapped excitations. One can
find the time-dependent PHS measure from which to decode
the more precise time scales after which the measure is settled
to some final value. Additionally, we may extend our analysis
from 1 4 1 spacetimeto 2 + 1 spacetime, to mimic the effects
from the acoustic spinning black holes.
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