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Modified time-delay interferometry with an optical frequency comb
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Both the fluctuations of the onboard lasers and clocks in a space-based gravitational wave interferometer
can significantly decrease the sensitivity of the detector to an unacceptable performance level.
Implementing a self-referenced optical frequency comb (OFC) driven by the onboard laser can establish
the relationship between these two phase fluctuations. This makes a modification of the time-delay
interferometry (TDI) combinations, which is originally used to reduce the larger laser phase noise, to
simultaneously reduce the phase noises of the onboard lasers and clocks. At present, only a few typically
modified combinations with an OFC have been constructed. In this work, we develop a general method
obtaining all of the modified TDI combinations, the core of which is a skillful substitution of the time-delay
operator. More specifically, with a skillful substitution, one can directly derive the modified TDI
combination from an arbitrary TDI combination. This method avoids studying how to reconstruct the

modified TDI combination with an OFC.
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I. INTRODUCTION

The direct observation of gravitational waves (GWs) is
of great significance to astronomy and cosmology [1].
Many organizations are actively preparing various types
of GW detection plans [2-11]. A GW signal has been
first successfully detected by the ground-based detector
Advanced Laser Interferometer Gravitational Wave
Observatory (LIGO) [12], and then more GW events
have been observed [13-15]. Even so, space-based
GW detection corresponds to rich wave sources and
can open a new window in the low-frequency band, such
as 0.1 mHz—1 Hz, that cannot be detected by the ground-
based detector, which is expected to provide key infor-
mation for the basic physics related to early cosmic
evolution processes.

A typical space-based GW detector, such as the Laser
Interferometer Space Antenna (LISA) [7], consists of three
spacecraft separated by long distances, and each spacecraft
is equipped with two optical benches (OBs) fixed on the
spacecraft platform and two test masses flying in drag-free
orbits. The GW signal is expected to be extracted from
the change in separation between the adjacent spacecraft
measured by heterodyne laser interferometry. In this
process, the test-mass acceleration noise and the laser shot
noise constitute the instrumental noise floor, which deter-
mines the sensitivity limit of the detector. Experimentalists
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are also committed to achieving this experimental level.
To avoid getting a false signal, the errors and noises
exceeding the instrumental noise floor should be reduced
by improving the experimental technology, perfecting the
theoretical model, or developing good data processing
methods. Here, we focus on studying data processing
methods to reduce noise.

The laser phase noise is the dominant noise source in the
onboard measurements for a typically space-based GW
detector. For the heterodyne one-way measurement
between any two spacecraft, the laser noise is about 6—
11 orders of magnitude larger than the GW signal in the
target frequency band [16-18]. Usually, the separations
between the spacecraft change over time due to the orbit
dynamics, leading to that different arms of the interferom-
eter cannot be maintained as an equal distance. This greatly
affects the differential effect of laser noise as well as the
similar noises in the experimental system. To achieve the
required experimental sensitivity, time-delay interferometry
(TDI) is proposed to cancel the laser noise [19] and has also
been developed in the matrix representation recently [20].
In essence, as a data postprocessing technique, TDI is to
construct a virtual interferometer with equal arm lengths by
making the detection data streams time shifted and then
synthesized, so as to realize an excellent differential
performance of the noises.

In recent years, the TDI technique is further extended to
also remove the second-largest noise source, the fluctua-
tions of the onboard clocks. Generally speaking, there are
two strategies: One is the ultrastable oscillator (USO) noise
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calibrated [21-25], and the other is the optical frequency
comb (OFC) system connected [26,27]. For the first
strategy, the laser beams are sideband modulated to gen-
erate additional interspacecraft measurements, which allow
one to remove the USO noises from the data streams
processed by the TDI combinations aiming at removing the
laser noise, while the GW signals are preserved in the
resulting USO-calibrated data. In the previous work [25],
we have made an effort to develop a more generalized USO
calibration algorithm. For this strategy, an electro-optic
modulator (EOM) is used to modulate the clock noise to
the laser phase, and then the clock noise is transmitted with
the laser between the spacecraft. As the power of the laser
diminishes considerably when they travel millions of
kilometers between spacecraft, a high-power outgoing
laser, such as watt level, is needed. However, it is not
easy to directly handle such high laser power for a
commercial EOM. Alternatively, one can also make an
EOM to modulate a low-power laser, and the power
amplifier is designed after the EOM, while the phase
fidelity between the carrier and the sideband should be
maintained to precisely preserve the information of the
laser and clock noises. Both of these are challenging
technical developments. For the second strategy, a self-
referenced OFC driven by the onboard laser is used to
coherently link the fluctuations of the laser and clock, and
then one can simultaneously remove the laser and clock
noises by modifying the TDI combination. This strategy
does not require a phase modulator to generate sidebands to
measure the clock noise. The onboard OFC technique has
great potential in a space-based GW detection mission,
since it can simplify the onboard interferometry system
in some degrees; what is more, the space operation of
frequency combs has been reported recently [28], showing
that the comb system is gradually approaching the require-
ments of future space missions. Although the equipment
size and weight and the power consumption shall be
carefully designed, which is greatly challenging in fact,
the microcombs being found in a number of applications
[29] could be able to offer a solution to this problem. For
the innovative OFC TDI scheme [26], it is equivalent to
search the modified TDI combination to remove the
transfer function-modified laser noise. Currently, a few
typically modified TDI combinations with an OFC have
been constructed. In this work, we will study how to
develop a more general method to derive the modified TDI
combinations with an OFC.

The remainder of the paper is organized as follows. In
Sec. 1I, we simply review the general measured data
streams for GW detection, as well as the USO-calibrated
TDI technique eliminating the laser and clock phase
noises. In Sec. III, we introduce the OFC system, based
on which the measured data streams are simplified;
furthermore, we discover a skillful substitution of the
time-delay operators, based on which a general method is

developed to derive the modified TDI combinations with
an OFC system. In addition, we take the modified second-
generation TDI combinations as an example to present the
analysis. The concluding remarks are given in the last
section.

II. GENERAL MEASURED DATA STREAMS AND
NOISE ELIMINATION FOR GW DETECTION

The notations and conventions follow the definition for
the LISA array in Ref. [30]. As shown in Fig. 1, the three
spacecraft are labeled 1, 2, and 3, and each spacecraft
carries two OBs labeled with primed or unprimed indices,
depending on whether the received laser beam is propa-
gating clockwise or counterclockwise around the LISA
triangle as seen from above the plane of the constellation.
The optical paths between two adjacent satellites are
denoted by L; and L;, and the index i corresponds to
the opposite spacecraft. L; - L3 — L, (Lyy — Ly — L)
forms a counterclockwise (clockwise) circulation. The unit
vectors 7; and 7y represent the propagating directions of
the laser beams in the counterclockwise and clockwise
fashion, respectively. To express the time-delayed data
streams, the six time-delay operators D; and D; with i = 1,
2, 3 and i/ = 1',2',3" are introduced, which act on any
function f () as

D;f(t) = f(1),; = f(t = L;(1)).
DyD;f (1) = (1) ju = Dif (1 = Lj(2))
=flt=Li(1) = Li(t = Li(1))). (1)
where the indices j and k can take the values

1,2,3,1,2/,3" and the speed of light follows the con-
vention ¢ = 1.

In general, four measurements are performed per OB:
the interspacecraft carrier-to-carrier heterodyne measure-
ment s¢, recording the information of the passing GW by
measuring the beat note of the incoming light from the

FIG. 1. Notation of the lasers and links in LISA.
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distant spacecraft and a local oscillator from the OB; the
proof mass-to-OB metrology measurement ¢;, reading out
the test mass motion by measuring the beat note of the
local oscillator reflected off the test mass and another local
oscillator from the adjacent OB; the bench-to-bench
metrology measurement z;, measuring only the beat note
of the two local oscillators, not involving the test mass; the
interspacecraft sideband-to-sideband heterodyne meas-
urement s¢?, achieved by modulating the laser beams
exchanged by the spacecraft and comparing the sidebands
of the received beam against those of the transmitted
beam, which can be used to calibrate out the USO phase
fluctuations from the TDI combinations. For the real
measurements, the data need to be digitized in an
analog-digital converter triggered from the USO (see
Fig. 2). As the USO itself is noisy, clock noise is
introduced in the sampling process. Alternatively, this
measurement can be realized by adopting an OFC system
to relate the clock noise to the laser noise. Therefore,
the measured data are contributed by the GW signal
and also some noises. This paper mainly involves the

|

FIG. 2. Schematic diagram of the proof masses and OBs in
spacecraft 1.

laser noise, clock noise, OB displacement noise, the test-
mass displacement noise, and the laser shot noise. In
the USO adopted case, the phase measurements in space-
craft 1, shown in Fig. 2, can be written as the following
form [25]:

s{ = Hy 4+ D3py — py + 2avy (i3 - D3Ay + iy - Ay) + Ny — ayq;.,

si" = Hy 4+ Dspy — py + 2wy (i3 - D3Ay + iy - Ay) + Ny + myDsq, — miq; — ¢14;,

€ = py — p1 — 4wy (iy - 6, — fiy - Ay) + py — biqy,

Ty = pyr —p1+ur —biq
and

$6 = Hy + Dyps — py + 2mw3(iiy - Ay + iy
sifb = Hy + Dyps — py + 2av3(#; - &1’ + iy

-DyAs) + Ny —ayq;,
*DylAs) + Ny + m3Dyqs —myq, — cyqy,

ey = py— py —4av (y - 6y — iy - Ay) +py = bygy,

Ty = p;— pr + 1 —brq.

Here, H, and H, are the GW signal, p; and py,
respectively, represent the phase noises of the lasers in 1
and 1’ OBs [note that, due to the Doppler effect in the
interspacecraft beat note frequency, a scaling factor
should be introduced to the time-delay operator to match
the TDI algorithms for the interferometric measurements
expressed in units of frequency and phase; therefore,
when the TDI variables are expressed in unit of frequency,
all the time-delay operators should be replaced by
(1 —L;)D;, and the detailed discussion can be seen in
Ref. [31]], &,- and &,-r correspond to the displacement

noises of the i and i/ OBs, and 5, and &, are associated

(3)

with the mechanical vibrations of test masses with respect
to the local inertial reference frame. N| and Ny represent
the laser shot noises. As the shot noise is inversely
proportional to the laser intensity, we omit its effect in
streams &, €y, 71, and 71, which describe the beat notes
between two local oscillators with strong laser intensities.
uq and py are the noises introduced by the optical fibers
linking the two OBs in one spacecraft and have been
assumed to be independent of the propagating direction of
the laser beams within them. g; is the clock noise in phase,
and the coefficients a,, ay, by, by, c;, and ¢y can be
expressed as the below form:
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RZ1e - L3) -
fi ’
14 l—L/ — Uy
ay =0 Ly) -
fi
=y
fi
vy — vy
i LA
fi 1
vy +my f)(1 = L3) = (v +my fy)
S ’

cy = (3 +m3f3><1_L2’)_(V1’+m1’f1)’ @)

fi

bll -

cp =

Vit1y & —T;  V(iy1y

where v terms represent the frequencies of the laser

beams, [, terms are the ratio of the interspacecraft relative
velocities to the light speed, f terms are the frequencies of
the USOs, and m terms are integer numbers defining the
modulation frequencies. The influences of Doppler
motion on these coefficients are extremely small, which
will be omitted in this paper. Similarly, one can obtain the
streams in the other two spacecraft by cyclic permutation
of the indices: 1 -2 -3 — 1.

To eliminate the laser phase noise with primed indices
and the OB noises, one can make suitable linear combi-
nations of the data streams and obtain six synthetic carrier-
to-carrier interspacecraft interference data streams:

ni=s

.
; -1
l vy 2 Vigt

=H; +Di_1pit1 — pi + 2nvayizy - [Disi8(iv1y — 6] + Ni + bi 1 Dis1qiyy — aiq;,

Vi & — 1Ty Vi

€i-1 —Ti1 T T Ty

My = s — -
i V(i-1y

Dy ——

2

=Hy + D1y pi-1 = i + 2m0i47iip ~ [6p — D(igrydini] + Ny + (by — ay)q; (5)

as well as six synthetic sideband-to-sideband interspace-
craft interference data streams:

c sb
si—s7 _ fin

ri = 9i = Dis19i1 ® 4i — Dis1qis1»
i m(i+1)l fi i + i +
si =Sy fin
ry = ﬁ = 2 9i = Dit1yqi-1 ® 4i = D1y giaa-

(6)

Based on these 12 synthetic data streams in Egs. (5)
and (6), the USO-calibrated TDI technique can be fully
replicated to eliminate the laser noises and clock noises.
Specifically, it combines the six carrier-to-carrier data
streams to eliminate the three laser phase noises, and the
general form of an arbitrary TDI combination can be
expressed as [32]

3

TDI = Z (Pini + Pimy), (7)
i-1

where P; (P) is the polynomial of the time-delay operators
D; and Dy. The instrumental noise floor and GW-signal
response of the detector after TDI combinations have been
also studied [33-35]. Furthermore, combing the six side-
band-to-sideband data streams, one can eliminate the three
clock noises. The related analysis can be referred to
Refs. [24,25]; we will not go into detail here.

III. MODIFIED TDI IN THE GW DETECTION
WITH AN OFC SYSTEM

A. Measured data streams for GW detection
with an OFC system

The phase fluctuations of the laser and clock can be
linked by using an OFC. As shown in Fig. 3, the local laser
and the optical frequency comb are combined at the beam
splitter, and the comb laser can be locked to this local laser
by adjusting the repetition frequency. Consequently, the
radio frequency (rf) reference f; can be generated by
dividing the repetition frequency, which is actually

RF out

Beam splitter

laser >

Local laser signal

Clock reference

—s>——

Incoming laser signal

Photodiode

FIG. 3. OFC technique generating a microwave signal coherent
to the laser.
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traceable to the local laser with a specific down-conversion
factor. As a result, the relationship between the clock phase
noise ¢;(¢) and the laser phase noise p;(¢) in the ith
spacecraft can be obtained as

_ Jgpi(t) + Agi(h). (8)

i

qi(1)

Since the residual noise Ag;(t) characterizing the coher-
ence level between the laser frequency and the clock
frequency has been experimentally demonstrated to be
extremely small in the interested frequency band of space-
based GW detection [36], this term will be omitted in our
analysis. Based on Eq. (8), the 12 synthetic data streams,
shown by Egs. (5) and (6), can be rewritten as

nP*C = H; +D;_, <1 +bip fl+1)l’z+1 (1 +a; Ji >Pz
Vi v

+ 27yt - [Di—15(i+1)’ — 6]+ N,

nFC = Hy + Diipiypioy — {1 + (ay - bi’)ii] Di

i

+ 27y iy - [67 — DigrySi1] + Ny, )
fi fi
VZQFC ==p;—Di, ! Pi+1>
i it+1
fi fi-
F?FC =—Di- D(H—l)’ o 11’:’—1- (10)

From Egs. (9) and (10), all of the clock noises have been
effectively converted into laser phase noises in the OFC
connected case.

B. Modified TDI combinations with an OFC system

In fact, whether the lasers are operated with sideband
modulations or not, six carrier-to-carrier data streams can
be obtained and combined to construct the modified TDI
combinations to remove both the laser and clock phase
noises, i.e., the three effective laser phase noises. At the first
sight of the form of Eq. (9), one may naturally think of
rewriting the effective laser phase noise terms as the forms
of Di_1piy1 — pi and D1y Ppi—y — P> so that the standard
TDI combinations capable of eliminating the laser phase
noises can be applied directly. However, after some
attempts, one may find that this idea is not feasible. As
an option, one can also reconstruct the modified TDI
combinations in a similar way as searching the standard
TDI combinations. In this case, one needs to go through
the whole searching process again to reconstruct each
modified TDI combination. Here, we consider constructing
the forms of the laser phase noise terms as D;_; Div1 — Pi
and @(,» +1yPi-1 — P> thereby, the standard TDI combina-

tions but replacing D by D can be used to eliminate the
effective laser phase noises.

Based on Eq. (9), it is convenient to rewrite the
heterodyne measurements in the following forms:

ni = pi IW?FC Dz 1Piv1 — Pi +Pi_1{H' + 27”/(i+1)’ﬁi—1 - [KiD;_ 10311y — 5] + Ny},

iy =Ky~ 'n0F¢ = D(:+1)’Pi—1 —pi+ Ky H{Hy + 2aw;_ 0y - [ - Ky D(:+1)’51 1]+ Nk, (11)
|
where p;, K;, and K/ are equal to laser phase noise, absorbing the clock noises, free to the
first order of the velocity of the spacecraft separation, we
il = (1 +a Jl) can substitute Eqs.' (1}) a.nd (13) into the form of the
! v;) arbitrary TDI combination in Eq. (7). In this way, one can
f directly derive the modified TDI combination with an OFC
K,™'= ( + b ’H) pi L, system from an arbitrary TDI combination aiming at
Vit standard laser noise suppression. We take the derivation
K, = [1 + (ar — by )f 1} (12) of the modified second-generation TDI combinations as an
vi| example to present the process in the following.

and the new time-delay operators are expressed as

Dy =K;'D_y. b(i+l)’ =K; "' Diivry.  (13)

Since the time-delay operators are time dependent, any
pairs of the delay operators do not commute. This means it
is impossible to completely eliminate the laser frequency
noises by delaying and synthesizing the data streams. In

order to use the time-delay technique to make the effective

The forms of the typical second-generation TDI combi-
nations have been well demonstrated in Refs. [32,37]. For
the Michelson combination, we can obtain the modified
one as

XOFC = [DyDyDy Dy — 1N[(7y + fivs) + (v + Fiz) 3]

— [D3Dy Dy Dy = 1[(fiy + fi3.) + (1 + 7123) 2]
= K, 2K 2Ky 2 K372 XPFC (14)
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with

XP¥C = [DyD,D3Dy — K\ Ky Ky K3 [K K3 (K1 Kypy ™!

X PP+ n9) + K3 (nDFC + p3 ™' n9h0 ) 43
— [D3sD3yDy D, — K Ky Ky K;|[K Ky K3 (nOFC
+p3 ‘171?5/‘:) + (K1 Kypy~'n{FC +’70Fc) 2. (15)

Here, the effective laser noises, originating from the
original laser phase noise and the clock noise, in the data
streams have been suppressed free to the first order of the
velocity of the spacecraft separation. The clock noises in
the synthetic carrier-to-carrier interspacecraft interference
data streams shown in Eq. (5) include two parts: One is
from the interspacecraft carrier-to-carrier measurements s¢
and s3; the other is from the bench-to-bench measurement
Tit1 — T(i+1y and 7; — 7y, which is introduced to eliminate
the laser phase noises with primed indices. If the latter
clock noises are neglected, i.e., K;”' = p,”!, Eq. (15)
returns to the same result with Eq. (34) in Ref. [26].

Similarly, we can derive the modified Sagnac combina-
tion as

afre = = [DyD\D, — 1fity + it iy + ]

— [DyDyDy — Nty + it + 73,13
=K, 'Ky Ky Ky T K T Ky e (16)

with

aP*¢ = [D3Dy D, — K K, K] [Ky KynFC + Kyn§ts

+I’]2/ l 2/] [D27D17D3/ - Kl/Kz/K3/] [K1K2K3
X p1 7 PFC + Ko Kapy ™' P8¢ + Ksps 0905 ). (17)

the modified fully symmetric Sagnac combination as

g€ = [Dy Dy — D\]ii33 — 13 + 1.y
— [D3D; = D[y, — o + i)
=K, 'Ky Ky Ky T K T Ky TGP (18)
with
¢PFC = [KyDyDy — Ky Ky Dy ](K K3py~ lﬂ?lfrc K3’10FC
+ K3K3p37'195°) — [K3D3D, — K1 K3Dy /]
x (Kym{h© = Ksz'/’z_lﬂgg/C + Kon9y), (19)

the modified Relay combination as

U9 = D, [Dy Dy Dy — N{iiy + vy +ityoy + iy
=i} = [DyDyDy = D {iiyan + vy + vy}
=K} 2Ky 2Ky 2Ky 2 USFC (20)
with

UPFC =D\ [Dy Dy Dy — Ky Ky Ky|[Ky Ko KymS"
+ KoKy + Kongiyy + Kopa ™ 3y
~ KKy Ky Kyp,™ OFC] [DyDyDy — Ky Ky Ky
x Dy [Kym3ts, + Ky Koyn' e +n0, ], (21)

the modified Beacon combination as

POFC = D,[D, Dy — I]Dz’[fh’ 3y + oy + iy — i35
- Dy [Dle - I]Dz [0 + 11312 + 12 = 112 2]
- K2_2K2/_2K3_2K31_2P?FC (22)
with
POFC = D,[D\ Dy — K,Ky]Dy [K2K377§)/FC + K>K3p,7!

—-1,,0FC

X ’72;1/3/ + K3p’) ’73 113 K2K3K3’.03 177(3)13:’(:]
- D3/ [DIIDI - K2K3/]D2[K2K21K3/p2 1]’[201;(:
+ Kynglls +n3i, — KaKyng'yl, (23)

and the modified Monitor combination as

EOFC = DDy Dy — I|Dslifns + ity 13) — (D1 Dy — 1]
x [t — i) — D3 [DyDy — Dy iy o + i)
+ [DyvDy = 1fityan — iy
= KKK, 2Ky 2EPFC (24)
with
E?FC
— KDy~ [DyDy — KoKy ]Ds [Ka Ky py ™05 + 79

—Kl'[D1D1’—K2K3'HK1P1 1’1(1)1;1/ K\ K,Kyp,~ ! OFC]
- K\D3'[D,Dy — K,Ky]Dy [Kzﬂy.z/ + szz“n?l%]
+ K, [DyD, — K2K3][’11/ K2K3”71/ <. (25)

Note all of the time-delay operators in Egs. (14), (16), (18),
(20), (22), and (24) are D, while those in Eqgs. (15), (17),
(19), (21), (23), and (25) are D. Equations (17), (19), (21),
(23), and (25) are similar to Egs. (43), (47), (50), (53), and
(60) in Ref. [26]. As a;,a;, b, 1, by ~ 1 and f;/v; ~1078
in Eq. (12), the noise floor and the GW response function
for the data stream processed with the modified TDI
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combinations are nearly the same as those with the standard
TDI combinations.

IV. CONCLUSION

The onboard OFC system has great potential to be
implemented in a future space-based GW detection mis-
sion, since it may simplify the onboard interferometry
system. This motivates researchers to study the modified
TDI combinations applicable to the noise elimination for
GW detection with an OFC. As the OFC technique has
linked the laser and clock noises, these modified combi-
nations can simultaneously eliminate these two noises. In
this work, based on the characteristics of the synthetic
carrier-to-carrier interspacecraft interference data streams,
we find that, with a skillful substitution of the time-delay
operators, the modified TDI combinations can be directly
derived from the standard TDI combinations aiming at laser
noise elimination. Furthermore, we take the derivation of
the modified second-generation TDI as an example to

present the analysis process. In addition, if the USO system
is replaced by the OFC system and all of the lasers are
sideband modulated in space-based GW detection, both the
six synthetic carrier-to-carrier and six synthetic sideband-
to-sideband interspacecraft interference data streams in
Egs. (9) and (10) can be obtained, and one can fully
replicate the USO-calibrated TDI technique to eliminate the
laser and clock noises. Therefore, the modified TDI
combinations and USO-calibrated TDI technique can be
combined to mutually check the effectiveness of noise
reduction.
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