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We present robust, model-marginalized limits on both the total neutrino mass (
P

mν) and abundances
(Neff ) to minimize the role of parametrizations, priors and models when extracting neutrino properties from
cosmology. The cosmological observations we consider are cosmic microwave background temperature
fluctuation and polarization measurements, supernovae Ia luminosity distances, baryon acoustic oscillation
observations and determinations of the growth rate parameter from the Data Release 16 of the Sloan Digital
Sky Survey IV. The degenerate neutrino mass spectrum (which implies the prior

P
mν > 0) is weakly

or moderately preferred over the normal and inverted hierarchy possibilities, which imply the priorsP
mν > 0.06 and

P
mν > 0.1 eV respectively. Concerning the underlying cosmological model, the

ΛCDM minimal scenario is almost always strongly preferred over the possible extensions explored here.
The most constraining 95% CL bound on the total neutrino mass in the ΛCDMþP

mν picture isP
mν < 0.087 eV. The parameter Neff is restricted to 3.08� 0.17 (68% CL) in the ΛCDMþ Neff model.

These limits barely change when considering the ΛCDMþP
mν þ Neff scenario. Given the robustness

and the strong constraining power of the cosmological measurements employed here, the model-
marginalized posteriors obtained considering a large spectra of nonminimal cosmologies are very close
to the previous bounds, obtained within the ΛCDM framework in the degenerate neutrino mass spectrum.
Future cosmological measurements may improve the current Bayesian evidence favoring the degenerate
neutrino mass spectra, challenging therefore the consistency between cosmological neutrino mass bounds
and oscillation neutrino measurements, and potentially suggesting a more complicated cosmological model
and/or neutrino sector.

DOI: 10.1103/PhysRevD.106.043540

I. INTRODUCTION

Cosmological measurements are continuously improv-
ing the limits on the fraction of the energy’s budget in the
universe in the form of massive neutrinos in an impressive
way: the tightest limit to date within the most economical
ΛCDM scenario is

P
mν < 0.09 eV at 95% CL [1,2] based

on the combination of Planck temperature, polarization
and lensing observations [3,4] and SDSS-IV data [5,6].
Despite the fact that the aforementioned limit is based
on the minimal ΛCDM model, current cosmological
limits on

P
mν should be regarded as robust, in the sense

that they are difficult to avoid in simple extensions
of the standard ΛCDM, e.g., models relaxing the flatness
assumption or the inflationary parameters, using the Planck

data. Indeed, by relaxing the cosmological constant—
minimal dark energy scenario—the neutrino mass bounds
could even get tighter [7,8]: the 95% CL limit would beP

mν < 0.08 eV in this case. There are however some
other (not so simple and straightforward) extensions of the
ΛCDM model which could lead to larger departures from
the baseline 95% CL upper bound of 0.09 eV. That would
be the case of nonstandard neutrino physics [9–16], exotic
dark sectors [17–21], a mixed hot dark matter scenario
[22–28], or a modified CMB lensing pattern, parametrized
this case by Alens [29–33], among other possibilities.
Another source of variability in the neutrino mass

bounds is due to the underlying neutrino mass spectrum:
the input from neutrino oscillation experiments imposes a
lower bound on the neutrino mass which is approximately
0.06 eV (0.10 eV) in the normal (inverted) schemes,
characterized by m1 <m2 <m3 and m3 <m1 <m2,
respectively. While current cosmological measurements
are unable to extract the precise ordering of the individual
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neutrino masses [34], oscillation data only provides weak
to moderate preference for the normal mass ordering
(2–2.7σ) [35–37]. The upper limit on

P
mν will inevitably

rely on the lower limit established for the prior, i.e., 0, 0.06
and 0.1 eV for the degenerate, normal and inverted neutrino
mass spectra respectively.
It is therefore clear that the role of parametrizations,

priors and models may lead to different constraints on the
cosmological neutrino mass. Here, following the method of
Ref. [38], we exploit Bayesian model comparison tech-
niques to compute model-marginalized cosmological
parameter limits on

P
mν. The structure of the manuscript

is as follows. We start in Sec. II describing the para-
metrizations, the numerical and the statistical methods and
the cosmological observations exploited in our analyses.
Sections III and IV detail the limits obtained within
cosmologies in which the total neutrino mass or the
effective number of relativistic degrees of freedom are free
parameters to be constrained by data. We perform an
exhaustive screening of different parametrizations, priors
and models, computing also the marginalized bounds on
both

P
mν and Neff . We conclude in Sec. V.

II. ANALYSIS SETUP

We shall present in what follows the parametrizations
and models explored, detailing our numerical analyses, our
statistical method and the cosmological observations used
to constrain

P
mν and Neff in a model-marginalized

manner.

A. Parametrizations

As mentioned above, one crucial aspect in parametrizing
neutrino masses in cosmological analyses is how one
implements the neutrino mass hierarchy. The three possible
standard choices are to consider three degenerate neutrino
masses (DH) and simply impose that they are positive
(
P

mν > 0), or either implement the constraints that take
into account neutrino oscillation results, thus enforcing the
masses to have a normal (NH) or inverted hierarchy (IH).1

The difference between these three possibilities is the lower
limit on the allowed

P
mν prior, that neutrino oscillations

impose within the NH and IH scenarios: given the
measured values of Δm2

21 and jΔm2
31j, we implement a

lower limit of
P

mν > 0.06 eV (NH) or
P

mν > 0.1 eV
(IH), respectively.

B. Numerical calculations

Cosmological observables are computed with the pub-
licly available Boltzmann solver code CAMB [40]. To derive

bounds on the proposed scenarios, we make use of the
efficient and well-known COSMOMC [41], publicly available
at http://cosmologist.info/cosmomc/, which we use to
constrain the cosmological parameters by means of
MCMC sampling. This cosmological package is equipped
with a convergence diagnostic following the Gelman and
Rubin prescription [42]. Additionally, the COSMOMC pack-
age supports the Planck 2018 likelihood [4]. In order to
compute the Bayesian evidences we exploit the
MCEVIDENCE [43] tool.

C. Statistical method

The goal of this paper is to show the robustness of
cosmological results obtained by the most powerful
combination in Ref. [2] when extensions of the minimal
ΛCDMmodel are considered, by using Bayesian evidences
to compute a model-marginalized 1D posterior on
both

P
mν and Neff . Such model-marginalization tech-

nique has been used recently in [38], where Planck 2015
data was exploited to show that a relatively large variation
of the

P
mν limits was allowed when extending the

cosmological model to take into account additional para-
meters, such as the universe curvature, Neff or dark energy
parameters.
In the following, we shall summarize our statistical

method. Let us consider a set of models, indicated with
Mi. In order to compute the model-marginalized posterior,
one needs the model posterior probabilities pi:

pi ¼
πiZiP
jπjZj

; ð1Þ

where πi indicates the model prior probability and Zi its
Bayesian evidence (marginal likelihood), and the sum runs
over all the considered models.2 The model-marginalized
posterior pðθjdÞ for some parameters θ, given some data d
is then computed as

pðθjdÞ≡X
i

pðθjd;MiÞpi; ð2Þ

where pðθjd;MiÞ is the parameter posterior within the
model Mi. Assuming that all the models have the same
initial prior πi and using the Bayes factors Bi0 ¼ Zi=Z0

with respect to the favored model M0 within the set, one
can rewrite the previous expression to read,

pðθjdÞ ¼
P

ipðθjd;MiÞBi0P
jBj0

: ð3Þ

It is easy to notice that the contribution from each model to
the model-marginalized posterior depends on its Bayes

1It is unlikely that present and near-future cosmological
measurements will be able to distinguish the details of these
scenarios by measuring the effect of the independent mass
eigenstates [39].

2Notice that, in principle, infinite models should be consid-
ered. In practice, however, most of the models are disfavored
enough by data to be irrelevant in the calculations.
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factor with respect to the preferred one, or in other words on
how much the model is efficient in describing the data, so
that if the Bayes factors are large in favor of the simplest
model (which is normally the preferred one), its extensions
will have a small impact on the model-marginalized
posterior.
The effect of prior is broader than simply modifying the

Bayesian evidences. In particular, in the case of open
likelihoods, such as in the case of the sum of neutrino
masses, which are unconstrained from below, the posterior
results can strongly vary if the prior choice is modified. One
typical example, already introduced in Sec. II A, relates to
whether one should consider neutrino oscillation results
when imposing the prior range on

P
mν: this choice has an

impact on the Bayesian limits one obtains, see e.g.,
[30,44,45]. The prior choice may also have strong impacts
on the determination of the mass ordering, see e.g.,
[34,46,47].
In order to avoid the dependency on prior in determining

credible intervals, one possibility is to compute frequentist-
like limits, based for example on maximum likelihood
methods, which do not require the integration of the
posterior over the parameter space. Another method,
introduced more than twenty years ago [48–50] and more
recently revived in [51], considers an analysis method
based on Bayes factors to eliminate the dependence
of the bounds on the parameter prior. Given some
model M which contains a parameter x, the “relative
belief updating ratio” Rðx1; x2jd;MÞ can be defined as
follows:

Rðx1; x2jd;MÞ≡ Zx1
M

Zx2
M

; ð4Þ

where the Zx
M is defined as the Bayesian evidence of model

M, but fixing x to a specific value3:

Zx
M ¼

Z
Ωψ

dψπðψ jMÞLMðx;ψÞ; ð5Þ

where ψ represents all the parameters in modelM except x,
which can vary in a parameter space Ωψ , πðψ jMÞ is their
prior (notice that the x prior is not included here) and L is
the likelihood.
From Eq. (4), we easily understand that the relative belief

updating ratio does not represent a probability, as it is the
ratio of two evidences. This is important because instead of
integrating over the parameter space of x in order to obtain
a bound, we simply have to study the function values in
order to determine which are the constraints on x. For
example, one can define as strongly disfavored the values
of x for which Rðx1; x2jd;MÞ< T, where T is a given

threshold, e.g., T ¼ expð−3Þ. From the equation, and
taking into account the fact that (5) is independent of
the prior on x, we also learn that Rðx1; x2jd;MÞ is
completely prior-independent. Moreover, using the Bayes
theorem, it is possible to show that another way to write the
function Rðx1; x2jd;MÞ is

Rðx1; x2jd;MÞ ¼ pðx1jd;MÞ=πðx1jMÞ
pðx2jd;MÞ=πðx2jMÞ ; ð6Þ

where πðxjMÞ is the unidimensional prior on x. This is the
most convenient expression to obtain the functionR from a
MCMC run.
In the case of open likelihoods, it is particularly

convenient to compute the relative belief updated ratio
to compare any value of the parameter x to the reference x0
value toward which the likelihood becomes insensitive to
the parameter. In the case of neutrino masses such reference
value is zero: the RðPmν; 0jdÞ function is expected to be
one at small values of

P
mν, when data cannot (yet)

discriminate between a tiny value of
P

mν and zero, and to
be suppressed at large

P
mν, which data do disfavor at

some level of significance.
Finally, let us notice that the definition of

Rðx1; x2jdÞ can be easily extended to perform a model
marginalization:

Rðx1; x2jdÞ≡
P

iZ
x1
Mi

πðMiÞP
jZ

x2
Mj

πðMjÞ
; ð7Þ

where now the evidences Zx
Mj

are computed within a
specific model and πðMjÞ is the model prior. In order
to write Rðx1; x2jdÞ using the parameter prior and
posterior, the simplest assumption is to consider the same
prior πðxÞ within all the models. In such case, Eq. (7)
becomes:

Rðx1; x2jdÞ ¼
pðx1jdÞ=πðx1Þ
pðx2jdÞ=πðx2Þ

; ð8Þ

where pðxjdÞ is the model-marginalized posterior in
Eq. (2).

D. Cosmological data

We describe in what follows the data combination used
here, see Ref. [2] for more details. The cosmological
observations used in the following are

(i) Planck: The cosmic microwave background (CMB)
temperature and polarization power spectra from the
final release of Planck 2018 plikTTTEEEþ
lowlþ lowE [3,4]. We also consider the CMB
lensing likelihood [52].

(ii) Pantheon: Type Ia supernovae from the Pantheon
sample [53], consisting of 1048 data points.

3We also assume that the prior on x is independent on the other
parameters and vice versa.

MODEL MARGINALIZED CONSTRAINTS ON NEUTRINO … PHYS. REV. D 106, 043540 (2022)

043540-3



(iii) Baryon acoustic oscillations (BAO)4: We exploit
here the baryon acoustic and redshift space distor-
tionsmeasurements fromSDSS spectroscopic galaxy
and quasar catalogs. More precisely, we make use of
the BOSS [55] DR12 and the eBOSS [56] DR16
cosmological observations. The DR12 is exploited in
the BAO only form, while in the case of DR16 we
profit from the BAOþ RSD form [57,58] for both
luminous red galaxies (LRGs), and quasars (QSOs).

III. RESULTS ON THE SUM
OF NEUTRINO MASSES

Results obtained in simple extensions of ΛCDMþP
mν are shown in Table I, for the DH, the NH and the

IH parametrizations.5 From what regards parametrizations
of the neutrino mass spectrum pattern, the upper bounds onP

mν depend on the assumed hierarchy, with higher
bounds corresponding to the IH case, as the parameter
space is shifted toward higher values of

P
mν by the prior

limits. The tightest bounds are instead obtained within the
DH case. Notice, from the second column of Table I, which
shows the values of the Bayes factors, that the DH spectrum
is always favored with respect to the oscillation-driven
schemes: the preference for the DH spectrum is weak or
moderate when confronted against the NH and IH pos-
sibilities, respectively. Concerning the underlying cosmo-
logical model, the ΛCDM minimal scenario is almost
always strongly preferred over the possible extensions
explored here.

TABLE I. Bayes factors with respect to the simplest model in the table, constraints at 68% and upper limits at 95% CL, for the
ΛCDMþP

mν model and its extensions (see also Table II).

Cosmological model lnBF
P

mν[eV] Neff Ωk αs r w0 wa Alens

þP
mν DH 0.0 <0.0866 � � � � � � � � � � � � � � � � � � � � �

NH 1.90 <0.129 � � � � � � � � � � � � � � � � � � � � �
IH 3.37 <0.155 � � � � � � � � � � � � � � �

þP
mν þ Neff DH 3.54 <0.0968 3.06�0.17 � � � � � � � � � � � � � � � � � �

NH 5.33 <0.131 3.11� 0.17 � � � � � � � � � � � � � � � � � �
IH 6.85 <0.163 3.15� 0.17 � � � � � � � � � � � � � � � � � �

þP
mν þ Ωk DH 5.05 <0.111 � � � 0.0009� 0.0019 � � � � � � � � � � � � � � �

NH 6.48 <0.143 � � � 0.0018� 0.0019 � � � � � � � � � � � � � � �
IH 7.72 <0.180 � � � 0.0023� 0.0019 � � � � � � � � � � � � � � �

þP
mν þ αs DH 5.14 <0.0908 � � � � � � −0.0044� 0.0066 � � � � � � � � � � � �

NH 6.81 <0.128 � � � � � � −0.0043� 0.0067 � � � � � � � � � � � �
IH 8.33 <0.157 � � � � � � −0.0046� 0.0067 � � � � � � � � � � � �

þP
mν þ r DH 4.15 <0.0898 � � � � � � � � � <0.127 � � � � � � � � �

NH 5.96 <0.130 � � � � � � � � � <0.122 � � � � � � � � �
IH 7.58 <0.156 � � � � � � � � � <0.124 � � � � � � � � �

þP
mν þ w0 DH 3.51 <0.139 � � � � � � � � � � � � −1.046� 0.033 � � � � � �

NH 4.58 <0.165 � � � � � � � � � � � � −1.058þ0.033
−0.030 � � � � � �

IH 6.68 <0.204 � � � � � � � � � � � � −1.070þ0.038
−0.030 � � � � � �

þP
mν þ ðw0 > −1Þ DH 5.09 <0.0848 � � � � � � � � � � � � < − 0.962 � � � � � �

NH 7.16 <0.125 � � � � � � � � � � � � < − 0.967 � � � � � �
IH 8.85 <0.157 � � � � � � � � � � � � < − 0.968 � � � � � �

þP
mν þ w0 þ wa DH 4.70 <0.224 � � � � � � � � � � � � −0.933þ0.077

−0.089 −0.52þ0.43
−0.29 � � �

NH 5.11 <0.248 � � � � � � � � � � � � −0.917þ0.081
−0.090 −0.65þ0.42

−0.30 � � �
IH 6.58 <0.265 � � � � � � � � � � � � −0.921þ0.078

−0.095 −0.68þ0.45
−0.31 � � �

þP
mν þ Alens DH 3.52 <0.166 � � � � � � � � � � � � � � � � � � 1.071þ0.037

−0.043

NH 4.12 <0.189 � � � � � � � � � � � � � � � � � � 1.086þ0.037
−0.043

IH 4.91 <0.216 � � � � � � � � � � � � � � � � � � 1.101þ0.035
−0.041

Model marginalized DH – <0.102

4For updated limits on
P

mν exploiting full-shape galaxy
clustering measurements instead of the information encoded in
the geometrical BAO signal, see Ref. [54].

5It is very important to assess the reliability of our results. The
bounds found here within the DH case agree with those presented
in Ref. [2], which exploits the very same data combination.
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Interestingly, the most constraining bound is not
obtained within the ΛCDMþP

mν DH case (which
is 0.087 eV at 95% CL), but within the ΛCDMþP

mν þ
w0 > −1 DH scenario (

P
mν < 0.085 eV at 95% CL). It is

well known that when the cosmological constant
assumption is relaxed and the possibility of a general dark
energy fluid with an equation of state is adopted instead, the
constraints on the neutrino mass are strengthened if
restricting the parameter space to the physical region,
i.e., to w0 > −1 [7,8]. The less constraining case for the
DH parametrization is the ΛCDMþP

mν þ w0 þ wa
model, for which the 95% CL limit exceeds 0.22 eV
(DH). Concerning the mean values and bounds on the other
parameters, as Neff , notice that these two parameters are not
strongly correlated, as the error on Neff (0.17 at 68% CL)
are identical to those obtained when extracting only Neff
(see the first row of Table III). The limits on the inflationary
parameters αs and r are almost identical to those obtained
within the minimal ΛCDM picture (see also Ref. [59]), and
the same is true for the curvature of the universe Ωk (see
also Ref. [30]) when BAO and Planck are combined
together.6 On the other hand, it is well known that there
exists a degeneracy between the dark energy equation of
state w and the sum of the three active neutrino massesP

mν [45,63–76]. Cosmological neutrino mass bounds

become weaker if the dark energy equation of state is taken
as a free parameter which can take values also in the
phantom region, i.e., w < −1. The reason for this is due to
the fact that if w is allowed to vary, the dark matter energy
density can take very high values and therefore a larger
neutrino mass would be allowed.
Finally, when considering the purely phenomenological

parameter Alens, a positive degeneracy is expected between
the former parameter and

P
mν: an increase in the

neutrino mass will imply a depletion in the CMB lensing
signal, as neutrinos are hot relics which suppress structure
formation at small scales. This reduction can be compen-
sated by increasing the Alens parameter, which controls the
amount of smoothing induced in the CMB peaks by
lensing [29–33,77]. The last row of Table I depicts the
model marginalized7 value of

P
mν for the DH case for

the different models explored here. Interestingly, this
marginalized limit is extremely tight,

P
mν < 0.102 eV

at 95% CL, clearly stating the robustness of cosmological
neutrino mass limits and the minor role of the assumed
underlying cosmology when considering very powerful
and constraining cosmological data sets, as those
exploited here.
The situation is qualitatively similar if we consider the

ΛCDMþP
mν þ Neff model and its extensions, as

TABLE II. Bayes factors with respect to the simplest model in the table, constraints at 68% and upper limits at 95% CL, for the
ΛCDMþP

mν þ Neff model and its extensions.

Cosmological model lnBF Neff
P

mν[eV] Ωk αs r meff
ν;s[eV] YHe w0

þP
mν þ Neff DH 0.0 3.06� 0.17 <0.0968 � � � � � � � � � � � � � � � � � �

NH 1.79 3.11� 0.17 <0.131 � � � � � � � � � � � � � � � � � �
IH 3.31 3.15� 0.17 <0.163 � � � � � � � � � � � � � � � � � �

þP
mν þ Neff þ Ωk DH 4.63 3.02� 0.19 <0.112 0.0011� 0.0021 � � � � � � � � � � � � � � �

NH 6.34 3.05� 0.18 <0.149 0.0019� 0.0021 � � � � � � � � � � � � � � �
IH 7.34 3.06� 0.19 <0.179 0.0025� 0.0022 � � � � � � � � � � � � � � �

þP
mν þ Neff þ αs DH 4.76 2.98� 0.19 <0.0892 � � � −0.0057� 0.0077 � � � � � � � � � � � �

NH 6.59 3.06� 0.19 <0.129 � � � −0.0041� 0.0075 � � � � � � � � � � � �
IH 8.15 3.11� 0.19 <0.161 � � � −0.0036� 0.0076 � � � � � � � � � � � �

þP
mν þ Neff þmeff

ν;s DH 4.16 <3.39 <0.0901 � � � � � � � � � <0.304 � � � � � �
NH 6.06 <3.43 <0.130 � � � � � � � � � <0.280 � � � � � �
IH 7.72 <3.45 <0.159 � � � � � � � � � <0.247 � � � � � �

þP
mν þ Neff þ w0 DH 3.11 2.99� 0.18 <0.124 � � � � � � � � � � � � � � � −1.047� 0.034

NH 4.39 3.00� 0.18 <0.165 � � � � � � � � � � � � � � � −1.061� 0.034
IH 5.24 3.02� 0.18 <0.194 � � � � � � � � � � � � � � � −1.071� 0.035

þP
mνþNeffþðw0>−1Þ DH 5.23 3.08� 0.17 <0.0894 � � � � � � � � � � � � � � � <− 0.959

NH 6.90 3.14� 0.17 <0.130 � � � � � � � � � � � � � � � <− 0.963
IH 8.58 3.17� 0.17 <0.159 � � � � � � � � � � � � � � � <− 0.967

Model marginalized DH – 3.05þ0.19
−0.18 <0.100

6See Refs. [60–62] for a discussion about the BAO and Planck
compatibility when the curvature is allowed to vary.

7Notice that this limit is computed by considering also the
models reported in Table II.
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reported in Table II, although of course the constraints are
slightly relaxed by the additional freedom that the Neff
parameter brings (in particular, when the primordial
Helium-4 fraction is considered to be a free parameter,
see the next section). In this extended model, the
most constraining bound on the total neutrino mass is
not obtained within the minimal ΛCDM framework (in
which it reads

P
mν < 0.097 eV at 95% CL) but in the

ΛCDMþP
mν þ Neff þ αs case, in which the 95% CL

upper bound is
P

mν < 0.089 eV within the DH
neutrino mass spectrum. The loosest limit for each of
the three neutrino mass spectra is instead always found
within the ΛCDMþP

mν þ Neff þ w0 model, in whichP
mν < 0.124, 0.165 and 0.194 eV at 95% CL in the DH,

NH and IH schemes respectively. As in the ΛCDMþP
mν cosmology, we also report in the last row of

Table II the model marginalized values of both
P

mν

(
P

mν < 0.1 eV at 95% CL) and Neff (3.05
þ0.19
−0.18 , errors at

68% CL) for the DH case. These values provide again a
strong assessment of the robustness of the cosmological
data sets used here and ensure the reliability of the
cosmological limits on neutrino properties, as they are
extremely stable and tight.
Figure 1 illustrates the 1D posteriors obtained within

each model in Tables I and II, in various scales of gray
depicting the Bayes factors (the black line is the simplest
and most favored model, ΛCDMþP

mν), together with
the model-marginalized posterior obtained using Eq. (3) (in
red). With respect to previous results [38], we can notice
from the tables that the Bayesian evidences now strongly
disfavor extended models with respect to the simplest one,
as the constraining power of the data combination exploited

here clearly supersedes that of the one employed in
Ref. [38], which restricted exclusively to the CMB mea-
surements from the Planck satellite 2015 data release. The
crucial message is that the model-marginalized posterior
is much closer to the one obtained within the simplest
7-parameters extension of the ΛCDM and that taking into
account additional extensions of the simplest cosmological
model has therefore very little impact on the bounds onP

mν: current cosmological neutrino bounds are robust
and little model dependent.
Figure 2 shows the R function, Eqs. (6) and (8), within

each model. This quantity is independent of the shape and
normalization of the prior and it is statistically equivalent to
a Bayes factor between a model where

P
mν has been fixed

to some value and one where
P

mν ¼ 0. Since cosmo-
logical observations are insensitive to the value of

P
mν

when this quantity is very small, the functionR is expected
to be equal to one for small values of

P
mν, while it

decreases when large values of
P

mν become disfavored.
Similarly to the Bayes factor case, one can compare the
limits within each possible extension of the ΛCDM
scenario by means of the Jeffreys’ scale [78,79]. The
horizontal lines in Fig. 2 show the values lnR ¼ −1 and
−3, which separate regions where the significance is none,
weak and moderate, accordingly to the Jeffreys’ scale we
adopt here, from [79]. Notice that for the case of models
which have the best Bayesian evidences (see darker lines),
the function R decreases much faster, disfavoring moder-
ately values of

P
mν > 0.1 eV. In extended models,

represented by the lighter curves and contributing less to
the model marginalization, the value

P
mν ¼ 0.1 eV is

either unable to be disfavored or only weakly disfavored.

IV. RESULTS ON THE EFFECTIVE NUMBER OF
RELATIVISTIC SPECIES

The results on Neff , shown in Table III, are qualitatively
different from those on

P
mν, since the likelihood is closed

and it is possible to constrain this parameter to be different
from zero. We only illustrate the DH, NH and IH cases
when considering the Neff þ

P
mν extension. Notice that

the preferred values are shifted toward higher Neff in the IH
case with respect to the DH or NH ones, the reason for that
there is a (very mild) degeneracy between Neff and

P
mν.

From Table III one can notice that the Neff mean values
and errors do not vary significantly in the ΛCDM exten-
sions, except when the primordial Helium-4 fraction YHe is
free (broader errors) or a sterile neutrino is considered (in
this very last case, Neff > 3.044 by prior). It is well-known
that constraints on Neff from CMB observations mostly
come from their effect on the photon diffusion scale at high
multipoles, see Ref. [80], and from the early integrated
Sachs Wolfe effect, see Ref. [81]. However,the primordial
Helium-4 fraction also modifies the ratio of damping to
sound-horizon scales since it affects the electron number
density. Consequently, there exists a significant degeneracy

FIG. 1. Model-marginalized 1D posterior for
P

mν (in red),
considering the extensions of the ΛCDM þP

mν model from
Tables I and II. Black and gray lines show the 1D posterior within
each model, where the darker lines are those that contribute most
to the model marginalized posterior, i.e., they have the best
Bayesian evidences. Vertical lines indicate the values 0.06 and
0.1 eV, corresponding to the approximate lower limits for

P
mν

within the NH and IH cases.
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between Neff and YHe, making the error bars approximately
a factor of two larger than when the Helium-4 fraction is not
allowed to freely vary. In the case of massive sterile
neutrinos with a mass meff

ν;s, there is a new degeneracy
and only an upper bound is found for Neff in perfect
agreement with Planck 2018 results, despite the fact that
our constraints on meff

ν;s are tighter due to the most
constraining power of our data combination. We also report
in Table III the model marginalized value of Neff
(Neff ¼ 3.07þ0.19

−0.18 , with 68% CL errors), extremely close
to the mean value and errors found in the case in which the
neutrino mass is also included as a free parameter in the

analysis (see Table II) and also very close to the result
within the minimal ΛCDM cosmology when only Neff is
considered to be a free parameter, see the very first row of
Table III.
In analogy to the previous section, we report the model-

marginalized posterior in Fig. 3, together with the 1D
posteriors within each model, with grayscale colors where
black corresponds to the preferred model. Also in this case,
we can see that the model-marginalized posterior (red) is
very close to the one obtained within the ΛCDMþ Neff
model (in black). Since the likelihood is closed, we do not
show the results in terms of theR function for Neff, as they
would be qualitatively equivalent to the standard Bayesian
constraints.

FIG. 2. Model-marginalized relative belief updating ratio R
[48–51] for

P
mν, considering the extensions of the ΛCDMþP

mν model from Tables III and II. Black and gray lines show the
R function within each model, where the darker lines are those
that contribute most to the model marginalization, i.e., they have
the best Bayesian evidences. Vertical lines indicate the values
0.06 and 0.1 eV, corresponding to the approximate lower limits
for

P
mν within the NH and IH cases. Horizontal lines show the

significance levels expð−1Þ and expð−3Þ.

FIG. 3. Model-marginalized 1D posterior for Neff (in red),
considering the extensions of the ΛCDM þ Neff model from
Tables III and II. Black and gray lines show the 1D posterior
within each model, where the darker lines are those that
contribute most to the model marginalized posterior, i.e., they
have the best Bayesian evidences. The vertical line indicates the
standard value Neff ¼ 3.044 [82–84].

TABLE III. Bayes factors with respect to the simplest model in the table, constraints at 68% and upper limits at 95% CL, for the
ΛCDMþNeff model and its extensions (see also Table II).

Cosmological model lnBF Neff
P

mν[eV] Ωk αs meff
ν;s[eV] YHe w0 wa

þNeff 0.0 3.08�0.17 � � � � � � � � � � �� � � � � �� � � �
þNeff þ

P
mν DH 3.54 3.06�0.17 <0.0968 � � � � � � � �� � � � � �� � � �

NH 5.34 3.11�0.17 <0.131 � � � � � � � �� � � � � �� � � �
IH 6.86 3.15�0.17 <0.163 � � � � � � � �� � � � � �� � � �

þNeff þΩk 4.83 3.04�0.19 � � � 0.0015�0.0020 � � � � �� � � � � �� � � �
þNeff þαs 5.00 3.03�0.19 � � � � � � −0.0051�

0.0074
� �� � � � � �� � � �

þNeff þmeff
ν;s 4.39 <3.41 � � � � � � � � � <0.249 � � � � �� � � �

þNeff þYHe 2.26 3.17þ0.27
−0.31 � � � � � � � � � � �� 0.240�0.018 � �� � � �

þNeff þw0 2.95 2.99�0.18 � � � � � � � � � � �� � � � −1.052�0.033 � � �
þNeff þðw0>−1Þ 5.21 3.12�0.17 � � � � � � � � � � �� � � � <−0.963 � � �
þNeff þw0þwa 3.80 2.91�0.18 � � � � � � � � � � �� � � � −0.934�0.083 −0.51þ0.36

−0.30

Model marginalized – 3.07þ0.19
−0.18
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V. CONCLUSIONS

Present bounds on the neutrino masses and abundances,
despite their robustness, unavoidably depend on the model,
parametrization and prior assumptions. Namely, constraints
tend to relax when theminimalΛCDM scenario is extended,
and also when the lowest possible value for

P
mν is

increased from the physical one (i.e.,
P

mν > 0) to those
imposed by neutrino oscillation inputs (i.e.,

P
mν > 0.06 orP

mν > 0.1 eV, depending on the precise neutrino mass
hierarchy). In this regard, obtaining model-marginalized
limits on both the total neutrino mass (

P
mν) and abundan-

ces (Neff ) are absolutely mandatory to quantify and account
for the role of parametrizations, priors and models
when extracting neutrino properties from cosmology.
By means of Planck cosmic microwave background
temperature fluctuation and polarization measurements,
supernovae Ia luminosity distances, baryon acoustic oscil-
lation observations and determinations of the growth rate
parameter from the Data Release 16 of the Sloan Digital Sky
Survey IV, we have presented such limits in this manuscript.
Applying Bayesian evidence methods, we find that the
degenerate neutrino mass spectrum is weakly or moderately
preferred over the normal and inverted hierarchy possibil-
ities, respectively. Concerning the underlying cosmological
model, the ΛCDM minimal scenario is almost always
strongly preferred over some possible extensions which
include a nonvanishing spatial curvature, a time varying
dark energy equation of state, a running of the scalar spectral
index or a nonstandard normalization of the lensing power
spectrum, among others. The most constraining 95% CL
bound on the total neutrino mass in the ΛCDMþP

mν

picture is
P

mν < 0.087 eV in the degenerate neutrino mass

spectrum. The parameter Neff is restricted to 3.08� 0.17
(68% CL) in the minimal ΛCDMþ Neff scenario. These
limits barely change when considering simultaneously the
ΛCDMþP

mν þ Neff scenario, or when computing the
model-marginalized limits (

P
mν < 0.102 eV and Neff ¼

3.07þ0.19
−0.18 respectively). If upcoming cosmological observa-

tions keep disfavoring the normal or inverted neutrino mass
spectra versus the degenerate case, searches for new physics
within the neutrino or the gravitational sectors of the theory
may be motivated.
To conclude, the model-marginalized limits on

P
mν

and Neff in the different scenarios explored here are
extremely stable and very close to their values in the
minimal ΛCDM scenario. In particular, our results clearly
state the reliability of the observational data sets used here.
In more general grounds, the bounds reported here ensure
the robustness of the cosmological limits on neutrino
masses and abundances, despite the underlying model
assumed for the evolution of our universe.
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