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Axionlike particles (ALPs) are promising dark matter candidates. They are typically described by a
classical field, motivated by large phase space occupation numbers. Here we show that such a description is
accompanied by a quantum effect: squeezing due to gravitational self-interactions. For a typical QCD axion
today, the onset of squeezing is reached on us scales and grows over millennia. Thus within the usual
models based on the classical Schrodinger-Poisson equation, a type of Gross-Pitaevskii equation, any
viable ALP is nonclassical. We also show that squeezing may be relevant on the scales of other self-
gravitating systems such as galactic haloes, or solitonic cores. Conversely, our results highlight the
incompleteness and limitations of the classical single field description of ALPs.
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I. INTRODUCTION

The search for dark matter is one of the main challenges
of modern physics. A viable and popular dark matter
candidate is a light (mass m <« 1 eV) self-gravitating
quantum scalar field, such as the QCD axion or any other
axionlike particle (ALP). Extensive experimental searches
focus on its distinct wavelike signatures [1-3], and its
theoretically expected coupling to matter [4—6]. This type
of ALP dark matter, also including ultralight or “fuzzy dark
matter,” is usually described by a classical scalar field rather
than particles [7-16]. The classical field description is
motivated by the de Broglie wave length A5 = A/ (mv,ps)
being significantly larger than the interparticle distance d,
and thus the mean phase space occupation number
(Agen/d)? is large. If a misalignment mechanism produces
the ALP then initially it would be in a coherent state [7,8],
and thus a classical field.

An open question is whether dark matter can exhibit
observable quantum features. The difference between quan-
tum and classical dynamics can be subtle, and there are
several nonclassicality measures in quantum information
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science [17]. One such nonclassicality witness is the
inability to represent the system in terms of classical
mixtures of coherent states. The most prominent quantum
effect of this form is squeezing [18]. In the context of
quantum optics, squeezing of bosonic systems is a well-
established benchmark for nonclassicality that has been
observed in a range of different systems [19-22], with many
applications in quantum-enhanced metrology [23] and
quantum information processing [24,25]. The electromag-
netic case is also instructive to understand the difference
between the classical and quantum states of the ALP. The
starting point of quantum optics and our understanding of
the difference between classical and quantum coherence was
the Hanburry-Brown-Twiss experiment [26]. It focused
on the correlation between intensities from a beam of light
that is received at two spatially separated detectors. While
the observed correlations can be described classically,
Glauber [27] and Sudrashan [28] used it to develop a
quantum description of light that showed how one could
distinguish classical from quantum effects: photon number
correlations can exhibit classical or quantum features—the
latter typically referred to as antibunching. Squeezed light is
a particular quantum state that may exhibit such quantum
signatures that can be verified experimentally. As we will
show in this work, ALPs may well be in such a state.

In this paper we consider the dynamics of a self-
gravitating quantum field and show that it undergoes rapid
self-squeezing due to self-interactions, a quantum feature
that cannot be captured by a classical field description. Our
results hold in the standard framework used for describing a
classical scalar field, the Gross-Pitaevskii equation (GPE)
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in the form of the Schrodinger-Poisson equation. The
squeezing happens on ps timescales and is continuously
reproduced. We show formation of squeezing in three
different physical scenarios: on cosmological scales, galac-
tic scales, and in solitonic cores that form in a galactic
centers. These scenarios have the common feature that they
are approximately self-gravitating. On even smaller scales,
such as haloscopes (ground based experiments searching
for axions) [29] we find that squeezing becomes negligible
even if the galactic halo undergoes strong squeezing. A
QCD axion, for example, reaches 9 dB squeezing—
reduction of the vacuum noise for one quadrature (and
simultaneous increase for the opposite quadrature) by an
order of magnitude—after less than 100 us for the cos-
mological volume down to the solitonic core volume. Thus,
under standard assumptions about the dynamical descrip-
tion of the ALP, we arrive at the result that an initial
“classical” quantum state quickly evolves into a non-
classical squeezed state. In contrast to previous works
[14,30], here we find an example of quantum behavior that
forms very rapidly. The results suggest that either ALPs
exhibit non-negligible quantum features or that the usually
adopted classical description by a single classical GP scalar
field is incomplete.

II. THE ALP MODEL

We model the axionlike particle using a nonrelativistic
scalar quantum field (x, 7). In a cosmological setting it is
embedded in a homogeneously and isotropically expanding
Friedmann-Robertson-Walker (FRW) universe. The result-
ing Heisenberg equation of motion of (x, ) is, see for
instance [31],

PN n? . - .
lhatl//(x, l) = —WVZW(X,Z) +mCD(x,t)l//(x,t),
4zGm

V2 (x,1) = (" (e, 0 (e, 1) = (e ) (1)) (1)

A(r)

where A(?) is the scale factor, which appears due to our
use of comoving coordinates x. We remove the homo-
geneous mode, denoted by the overbar, from the source
of the gravitational potential in the Poisson equation.
Our approach therefore does not quantize the homo-
geneous mode of the ALP. This allows us to avoid an
IR divergence and conceptual issues of such a Newtonian
quantum cosmology. The homogeneous mode obeys the
Friedmann equation H(r)? = 32€ p,A(r)=3. Here, A() is
the scale factor of the universe normalized to A(y) = 1,
where 1, is the present age of the universe. H = A(1)/A(t)
is the Hubble expansion rate, and p, = mn, the present-
day mean energy density of the ALP, with n, the present
ALP mean number density and m the mass of the ALP.
We set the speed of light as ¢ = 1. For simplicity, we
neglect here other types of matter and the cosmological

constant.' To be consistent with the gravitational potential
being entirely due to the ALP in (1) we focus on a purely
ALP dominated background cosmology. For our pur-
poses, this is a sufficiently accurate description of the
late universe. While a cosmological constant could be
trivially included (and will not change the order of
magnitude of our results), inclusion of other types of
clustering matter would require a quantum mechanical
modeling which is beyond the scope of this paper, but will
likely play a crucial role in the quantum-classical tran-
sition of the ALP.

A. Hartree ansatz

Our approach to solve the Heisenberg equation (1) is to
impose the Hartree ansatz for the wave function of the ALP
quantum field, and—crucially—the assumption that this
ansatz remains dynamically valid, which guarantees the
validity of the GPE [32-35]. By doing so, we treat the ALP
in a conservative way since the GPE remains valid, but at
the same time obtain an analytically tractable nonlinear
quantum description. The large squeezing at very short
timescales that we find here is precisely due to guaranteeing
the validity of the GPE by assuming the Hartree ansatz.
Thus our results show that squeezing should arise whenever
this ansatz is justified.

The Hartree ansatz for the ALP quantum state implies
that only a single mode with mode function w(x,?) and
operator a(t) is relevant such that approximately

Pxt) = ‘”(j]’{) a(h) @)

with all other modes g//(x t) contributing to y(x,1)
neglected. This means that negligence of these other
modes defines y(x, ¢) and a(¢) through (2). The normali-

zation /N is for convenience and implies that the
resulting GPE, for quantum states |¥(z;)) containing N
(or approximately N) particles, will not depend on N in
the limit N — c0.? Examples of such Hartree states are
“nonclassical” Fock states |N) = - (af(#,))"|0), or

VNI
“classical” coherent states |a) = e™V/2 Z;‘;O\% |n), with

a = +/N so that J(x, 1))|a) = w(x, t)|a). The state |a)
describes a classical field configuration wy(x,7,) with
negligible quantum fluctuations Var(y)'/?/y = N=1/2,

'Inclusion of a cosmological constant is straightforward and
would not affect our approach based on (1), the order of
magnitude of our results and our conclusions. On the other
hand, inclusion of additional degrees of freedom will affect
the quantum coherence, as discussed in Sec. III.

*The GPE field is normalized to [, d*x|y(x,7)|> = N, so that

the spatial average is |y|> = N/V = n,. Here V is the comoving
volume, assumed to be very large, roughly the size of the Hubble
volume H 3,
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B. System of Kerr and Gross-Pitaevski equations

Projecting the Heisenberg equation (1) onto the mode
function, that is —= fv d*x(y*(x,1)Eq.(1)), we obtain the
Kerr oscillator equatlon for a(r):

w(t)a(t) + 2 (t)a’(t)a(t)a(t) (3a)

with coefficients (see Appendix E for a more rigorous
derivation),

i0,a(t) =

olt) = (1) - (o) (30)
u) =i | axvwnown. ()
90 = Yy |, PR, (30)
10 =55 [ @k Ge)

_ _%w( ). (3f)

The last equality (3f) follows from the Gross-Pitaevskii
equation for w(x, ), which is identical in form to the
Heisenberg equation (1) with all the “hats” removed; see
Appendix E for a derivation.

Note that the common approach in the ALP literature is
to set yr(x, ) — w(x,t), and thus a(¢) — /N. While this
indeed solves (3), it is not strictly a valid solution since it
does not satisfy [@,a'] = 1. It neglects the quantum noise
which undergoes strong squeezing and can therefore grow
in time, as we will now show.

The relevant dynamics of & is equivalent to a Kerr-
Hamiltonian which is well known in quantum optics
[19,36] and in the context of Bose—Einstein condensates
(BECs) [32]. An initially coherent state |a = /N ) evolves
unitarily according to the Hamiltonian H = hwa'a+
The Helsenberg equation of motion ifd = [a, H] is equiv-
alent to (3) with time-independent coefficients and with the
solution a(r) = e~"(@+24'()a(t)1) 4(1,). As we show below,
assuming these parameters to be constant is a good approxi-
mation for the timescales we consider. In the following we set
t; = 0 to simplify expressions.

C. Quadrature squeezing
Defining the quadrature operator X,(f) = a(r)e 0+
a'(t)e®, where @ is the quadrature angle, squeezing is
present at @ = 0_(¢) if the minimal variance V_(r) =
Var(f((,_(,)(t)) <1 is below the vacuum level (see

Appendix A for more details). One effect of the non-
linearity is to generate such squeezing, which is still

described in the Gaussian approximation and takes place
on much shorter timescales than non-Gaussian effects such
as generation of superposition states [36]. In the limit of
large N, the minimal variance is given explicitly in
Appendix B, Eq. (B3). We define the squeezing timescale
as the time on which V_(#) crosses below 2 ~ 0.135, i.e.,
the vacuum noise is reduced by a factor 0.135 (or about
9 dB squeezing). Or in terms of the squeezing parameter

r(r) = —%m V_(1), (4)

the squeezing timescale is r(ty,) = 1. This yields

sinh(1) =~ 0.6. (5)

N =

N|Z|tsqz =

For large N, V_(t) approaches 0 very closely, with its
minimum corresponding to a maximum of r(z) given

Fmax = In(371/225/6N1/0) ~ In(N'1/9), (6)
with 7(fpax) = Fmax and
Ny |tmax = 273N6 ~0.3N/0, (7)

The squeezing angle defining the orientation of the
squeezed quadrature can be approximated by

— —arctan(2yN1) — (w + 2yN)1, (8)

4>|=x
m|~

0_(1) ~ sgn(x1)

which for 7> t,, approximately corotates with the

classical solution a, (1) = ae="(“+%N) of the Kerr model
which is a good approximation to the mean (a(z)). The
conjugate quadrature with 0 = 6_ + /2 is exactly anti-
squeezed. The N-dependent phase shift provided by the
arc tangent approximately cancels for 7> 7y, with the
remaining offset at #,,,, vanishing as sgn(yz,,c )N~/ thus
producing an approximately amplitude-squeezed state.?

D. Estimation of the Kerr model parameters

We can express the parameters (3f) that govern the
dynamics and the squeezing in terms of known cosmo-
logical parameters and the ALP mass. We estimate @(a) by
treating w(x, t) in perturbation theory (see Appendix D), or
by solving for it numerically using the full GPE. In both
cases one approximately finds

1, _

67)(14) = K(A) :zyrms =5

S

3Equation (8) corrects previous results, Egs. (26)—(28) in [37].
We also note that our expressions for r,, and f,,, are more
accurate than those presented in Eq. (8) of [38].
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where mK is the average ALP kinetic energy, and vZ,, is
the density weighted average of the ALP velocity field
squared, see [31], or in the context of cold dark matter
(CDM) Eq. 106 in [39]. Numerical simulations show
v2ns(A = 1)~ 107% in the present-day universe. This is
the result of nonlinear structure formation through gravi-
tational instability of y from primordial density perturba-
tions. On scales larger than Ay = 7/ (M), |y (x,1)[?
and the density of cold dark matter are virtually the
same [1,10,31,40]. Therefore estimating K(z) can be
done with any conventional CDM N-body simulation or
CDM nperturbation theory. The squeezing timescales are
determined by y which is related to the average potential
energy W = %N v [31]. Using the Layzer-Irvine equation
LIA(W(A) + K(A))] = —K(A), Eq. 47 of [31], we get
with K(A) « A from (9), W = —3 K. Thus combined

3a(1)

(0 =-357

S e ==20(). (10

We have therefore tied all parameters appearing in the Kerr
oscillator to a simple expression for @(z), Eq. (9), entirely
fixed by known cosmological parameters and the ALP
mass .

The number N of axions in the volume V, with
V13 < Hg', is approximately

-5

N g0 g0 eV (11)
m m

Note that this number deviates from ALP mode occupation

numbers used elsewhere in the literature, e.g., 10%! in [41]

and 10%® in [13] which refer to phase space occupation

numbers in the early and late universe, respectively. Our N

is the occupation number of the single GP mode.

E. Onset of squeezing

We find the squeezing timescale of the ALP in the
present-day universe from (5), (9), and (10) to be

tsqz =

~

7 11075 eV
_hapagt 107 eV 0o (1)
m

2
MUrms Vrms

Sl

We have thus shown that squeezing is rapidly generated for
an ALP, much faster than the age of the universe ~H! ~
10" s for all m > 10722 eV. In other words, the single
mode treatment of the ALP predicts quantum effects for the
full mass range of viable ALP models on cosmologically
short timescales. This also justifies our approximation of
the Kerr model parameters by the their present-day values,
since |@/w| =~ |y/x| =~ H. Note that the (quantum) squeez-
ing timescale Agp/vums Of the operator a(f) essentially
coincides with the (classical) coherence timescale of the GP
field y(x, 1), see for instance [42].

For a QCD axion with m ~ 107> eV, this timescale is
about 66 ps. One can compare this to other quantum
mechanical timescales appearing in the Kerr model, such
as the Ehrenfest timescale fgy, = N'/21,y,, or Schrodinger
“cat” creation time ., = Niyy, [36]. Both of these time-
scales far exceed the age of the universe for the ALP
mass range.

F. Maximal squeezing

The maximum squeezing that can be produced in ALPs
is obtained by inserting (11) into (6):

1105
rmax:36+61n0 v

(13)
This immense squeezing is similar in size to the squeezing
of inflaton perturbations produced during inflation, which
is known to lead to observably large quantum signatures
[43-46]. The time t,,., Eq. (7), at which maximal
squeezing is reached, is

1075 eV

7/6
e = 0.51,,NV/6 == ( ) 3500 yr. (14)

Therefore even the extreme squeezing r,,,, would be easily
reached in the present universe, justifying our use of
constant Kerr model parameters, for m > 10712 eV.

Since @+ 2Ny =0 the squeezing angle evolves
slowly between §_ ~ —Z and _ ~ — 2 N~'/® in the interval
0 < t <t This implies that there is an approximately
fixed quadrature for which squeezing remains strongest and
grows as r(t) over an extended period .

As an example we show in Fig. 1 the evolution of an
initial coherent state with a = 2000 into a squeezed
coherent state using the Wigner representation. Over time,
the quadrature squeezing grows as the quadrature rotates,
while the number fluctuation remains constant (see the
Appendices B and C for more details).

We also consider two other physical situations with
drastically smaller volumes for which the GPE dynamics,
or equivalently the Hartree ansatz, may be better justified:
galactic haloes and solitonic cores in dark matter haloes.
The calculations are analogous to the cosmological case,
but without the scale factor in Eq. (1). The details are
presented in the Appendices H and I, and the results are
summarized in Table I. Importantly, the onset of squeezing
is independent of N, thus similar timescales ,y, are found.
In Appendix I we also show that squeezing of axions
contained in a volume that is not gravitationally bound,
such as an axion haloscope. In this scenario the haloscope
volume is part of a larger gravitationally bound volume,
the galactic halo which is modeled using the Hartree
state ansatz adopted in this paper, and exhibit negligible
squeezing.
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FIG. 1. Squeezing generated through unitary time

evolution of a dark matter coherent state |@) in the Hartree
approximation visualized by the Wigner function W(z,t) =
(zh)"Ya|D(z)(=1)2"4D" (z)|a), see [47], where D(z) =
¢'='4_ Darker hues of blue correspond to larger values of
W. Top: initial coherent state. Middle: onset of squeezing.
Bottom: maximal achievable squeezing for v/N = 2000. The
initial time ¢ = 0 is an arbitrary moment in the late universe (i.e.,
close to today). The red (large) dot indicates the classical solution
ag(t) = a = 2000, and the black (small) dot the quantum mean
field (a(r)). The classical solution is time independent since (3f)
holds for the ALP.

The simple approximation used here is common in the
study of ALPs; it assumes a single GP mode (the Hartree
ansatz which assures the validity of the GPE). This GP
mode may well approximate some physical situations such
as the solitonic core.

II1. DISCUSSION

Some important conclusions can be drawn from the
results based on this simple model. One is that the quantum
effect described here accompanies the dynamics whenever
the GP assumption is established through the common

TABLEI. Timescales and size of squeezing due to gravitational
self-interactions of the ALP, for various physical scenarios.
refers to the timescale on which 9 dB squeezing (r =1) is
formed, while 7,,,, is the time for which the maximal squeezing
T'max 1S reached. In comparison, fgp,, is the Ehrenfest timescale
which is often considered as a benchmark for the breakdown of
the classical field description. Our results show that quantum
effects arise on much shorter timescales.

Cosmology Solitonic core Milky Way
lqz (us) 66(%) 1400(10-; eV) 33(%)
fmax (YD) 3500(10°€V); 0.5(107eV); 33000 (10" V)i
m m m

Fmax 36+ Ln(10eV) 24 4 Ln(10” V) 3p 4 Ljp(10”eV)

tene (Y1) 1035(10*; eV)% 102! (10*; eVy2 1032(10*;@/)%

Hartree ansatz. Thus even for large occupancies a single
classical field description that is commonly assumed in
ALP cosmology [10-16] is incomplete. Our results there-
fore also highlight the need to scrutinize the range of
validity of the GP ansatz in cosmology, which is at the core
of many predictions of ALP behavior such as interference
fringes [1]. Another conclusion is that the quantum effect
we describe would be continuously regenerated on very
short timescales even if the ALP state were to collapse onto
a coherent state through environmental decoherence.

While a similar nonrelativistic QFT description for ALPs
was previously used [14,48-51], the specific quantum
effect we isolate here is novel in the context of ALPs
and takes place on much shorter timescales than other
expected quantum phenomena. This squeezing timescale is
related to some previous findings. It matches the “classical
break time” introduced in [30], which characterizes the
onset of nonlinearities in the classical description. It can
also be related to the thermalization timescale found in
[41,48], where a plane wave mode expansion was used to
study thermalization of macroscopically occupied modes.
The relaxation of these modes forms a BEC with an
extension of the entire Hubble patch [48]. This thermal-
ization timescale can be related to our squeezing timescale
as Hty, ~ # Thus mode thermalization and self-squeez-
ing are efficient at distinct periods with thermalization
happening before self-squeezing.

It is instructive to compare our results to quantum effects
in laboratory BECs. Quantum revivals due to the Kerr effect
have been demonstrated [52], as well as spin-squeezing of
internal states [53]. The ground state of a trapped BEC has
been shown to be a squeezed displaced state [54], as found
here, see the Appendix G. However, in lab experiments the
trapping typically dominates self-interactions and the free-
fall time is very short. Thus dynamical generation of self-
squeezing as described here has not been observed yet, but
a related theory for cold atoms has been developed [55-57]
and experiments with self-squeezed BECs might become
feasible in the near future.

From a purely theoretical perspective, our results
show that quantum effects are present in ALPs even in
the limit where one typically assumes a purely classical
description—the GP equation from the Hartree ansatz is in
fact accompanied by a quantum effect that cannot be
avoided. But experimentally, it would be a challenging
task to show nonclassicality, more formidable than verifi-
cation of ALPs in the first place. To understand this better,
let us consider the verification of squeezing of light which
was developed theoretically and experimentally in the
1980s using homodyne detection [58,59], which measures
the squeezed quadratures directly but which also requires
control of a reference coherent state. Axions, if they exist,
would be very difficult to control due to their feeble
interactions such that a homodyne detection scheme and
other forms of quantum state tomography, see e.g., [60],
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that require control of a reference quantum state seem
unrealizable for the axion. Thus the proposals to detect
squeezing in condensed cold atoms mentioned in the
previous paragraph, e.g., [55-57], might not be applicable
to axions. Another idea is to attempt to transfer the
squeezing of the axion field into a squeezing of the
haloscope’s cavity mode and then infer the squeezing of
that electromagnetic mode using the methods for detecting
squeezed light. This approach might not be able to detect
the Kerr-squeezing of the Hartree mode because the
squeezing of the axion field on scales of the haloscope
volume is severely reduced, see Appendix I. Thus, the
indirect tests through interferometeric correlation functions
as mentioned in the Introduction might be better suited for
squeezing verification in axions. This could be achieved by

measuring the intensity correlation function GEZ)(t -1)=
(a'(r)a’(a(t)a(r')) [61,62]. At t = ¢’ squeezed states of
light can have 0 < G§2> /(a'a) < 1 so that detected photons
are “antibunched,” whereas for a coherent state this is equal
to 1 as a consequence of the Poissonian statistics. Any other
classical phase space distribution of the electromagnetic
radiation field can only exceed this value, which is why
squeezed light is called nonclassical. In the case of Kerr-
squeezing discussed in this paper, however, the squeezing
antibunching does not occur, see the dashed line in Fig. 3.
This is related to the fact that the fundamental dynamics
preserves the number state. It is thus expected that detecting
the squeezing of the axion, given a detection of the axion in
the first place, will be a difficult task and will require new
approaches or the study of indirect consequences on other
fields.

A multimode treatment will not necessarily inhibit
squeezing, which is an inherent consequence of the self-
interactions. For instance number-squeezing was experi-
mentally observed in a multi-well-trapped BEC [63], and in
the context of scalar field dark matter quadrature squeezing
of the GP mode has been observed to persist in a toy model
where the Hartree ansatz was replaced by five Fourier
modes [64]. Multiple localization sites, analogs of ALP
DM haloes, are known to lead to the emergence of several
macroscopically occupied GP-like fields [65]. A systematic
approach that reveals the necessity for and determines the
dynamics of additional mode functions has been estab-
lished in [34,66], and applied to what could be considered
analog situations of ALP cosmology [67,68]. These latter
studies revealed that collision events between BEC solitons
composed of attractively interacting atoms can necessitate a
dynamical increase of required c-number fields, even if the
initial state was accurately described by a single GP field.
Large squeezing is also prone to decoherence when addi-
tional interactions are taken into account [46,69]. For
example, adding baryons would a priori prevent the pure
state Hartree ansatz (2) for the ALP that is used throughout
this paper. Other extensions of relevance will be the
addition of unresolved modes of the ALP or even more

exotic coupling mechanisms such as time-dilation induced
effects [70]. These will add to the decoherence of the
system and likely limit the attainable squeezing. But since it
is constantly regenerated we expect squeezing to persist at
least on some timescales. The multimode treatment, inclu-
sion of environments, and resulting decoherence will be
considered in subsequent work.

IV. CONCLUSION

In this paper we have shown quantum squeezing in ALP
models of dark matter, using the Hartree approximation
which guarantees the validity of the Gross-Pitaevskii
equation. Our results highlight the quantum nature of the
models, even when they are expected to yield purely
classical results. Nonclassical squeezed states are contin-
uously formed at very short timescales in different physical
scenarios. On the one hand, our results motivate searches
for observable signatures of quantum effects of ALP dark
matter. On the other hand, the results challenge the validity
of the simple models that are routinely employed in ALP
cosmology.
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Note added.—After submission of this article a related
work appeared [71], in which two-mode squeezing of the
axion is discussed. The mechanism and the type of
squeezing studied in [71] is different from that discussed
here. In our mechanism squeezing is due to self-gravity,
i.e., the nonlinear self-interaction of inhomogeneities of the
scalar field in the late universe, whereas in [71] squeezing
of the inhomogeneous modes of the axion is a linear
process due to the strong time dependence of the expansion
of space in the very early inflationary universe [43—46].

APPENDIX A: QUADRATURE VARIANCE AND
SQUEEZING

A quadrature is defined as

A

Ry(1) = a(t)e + a'(1)e, (A1)
and has variance
Var(X,y(1)) = 1 +2((a’ ()a(1)) - |(a(1)]?)

+ e720Var(a(r)) + e2?Var(a'(r))  (A2)
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where Var(0) = (0*) — (0)?. The minimizing angle 0_ is
e2i0-(1) — _ w (A3)
Var(a' (1))

leading to the minimal variance V_(7) = Var(X, (1)),

V_(1) = 1 +2({a"(n)a(r)) — [(a(1))?) - 2[Var(a(1))].

(A4)

Since Var(a' (7)) = (Var
dients are (a(t)), (a*(1)), a

APPENDIX B: DETAILS OF THE KERR MODEL

It is convenient to write # = h(w — y)i + hyi? because
the linear and nonlinear parts of A commute in this form so
that U = ¢=ifli/h = =il0=2)iho=ixii® For a coherent state
|a) this implies (a'a) = |a|?> = N. We assume again with-
out loss of generality that a = v/N.

To evaluate V_ and 6_ in the Kerr model, the only
additional quantities we need are (@) and (a*). We calculate
these expectatlon values using the result eABe At =
0w [A, By, where [A,B],=[A,[A,B],_y], [A, B], = B.
Assigning A = iHt/hand B = a,or B = a2, gives U~'a U
and U~'a*U which can be evaluated using [a, 4] = 1, and
results in

@) = (a|0~'a U |a)

— qe~i®!p—2N sinz()(t)e—iN sin(2yt) (Bl)
(@) = (a|U™'@*Ula)
—_ a26—12(m+)()te—2N sin2(2)(t)e—iN sin(4yt) . (BZ)

Inserting this into (A3) and (A4) gives the squeezing angle
0_(t) and size V_(z) for the Kerr oscillator. The resulting
expressions are difficult to analyze further analytically due
to their nonalgebraic structure. In [38] a very accurate
algebraic approximation for V_(¢) has been obtained by
substituting N — 7/(yt) and performing a Taylor expan-
sion in ¢ (with 7 fixed) which gives

873(5+127%) 167

V_(t) =1 —4drs + 82> + N N

s=V1+47%,

7= Nlylt.

(B3)

Note that V_(¢) is independent of the sign of y. To obtain
the squeezing timescale we hold 7 fixed while taking the
limit N — oo in (B3). Then we solve —31n V_(ty,) = 1 for
Isq, to obtain (12). To obtain the time of maximal squeezing

Nix|t

Nl)(ltsqz E

Fmax
=t
[en]
v

10 100 1000 104 103

le|=~/N

FIG. 2. Squeezing timescales 7y, and f,, (upper panel) and
maximal squeezing (lower panel), and their scaling with N, for
the Kerr model. Full lines are exact, dashed lines approximations
used in the main text.

we replace |y|t — ZN~>/® in (B3), and while holding 7
fixed, we expand in 1/N. The leading term is

(B4)

Taking a 7 derivative, we find the minimum at 7,,,, = 27%/3,
which gives (7). Inserting this back into V_(%,,) corre-
sponding t0 ryyx = — 510 V_ (%) results in (7). Figure 2
ShOWS 7, fmax»> @nd 7,y as a function of N, and compares
our approximations (dot-dashed) for (5), (7), and (6) to
their exact result (full lines).

Finally we calculate 6_. We proceed in a similar fashion
as we did for V_. We insert (Bl1) and (B2) into
Var(a)/(Var(a))* and we replace N — T/(yt). Then we
take the log and Taylor expand the result in y¢ with the
result

i o e ST(2T + )
~—_] —idwt B
0-=-y4 n<e 2T — i ) (B3)
i 2T +i
=—-1 —wt —2T. B6
4 n<2T— i) @ (B6)

This can be simplified into the expression (8). The signum
function in (8) arises due a branch cut in the log.

APPENDIX C: SQUEEZED COHERENT STATES

Displacement operator
D(p) = et V'a ()

and squeeze operator
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KOPP, FRAGKOS, and PIKOVSKI

PHYS. REV. D 106, 043517 (2022)

N

§(0) = edC@=C@) (C2)
have the properties
D' (p)aD(p) = a+ p, (C3)
S7()a8(¢) = acosh(p) — ate?? sinh(p), (C4)
where
{ = pe’? (C5)
with p > 0. A squeezed coherent state is defined as
18.¢) = D(B)5()[0).- (Co)
Evaluating (A4), (A3) we find
(@) = p. (C7)
V_=e?, (C8)
0_ = ¢. (C9)

Since we know (a(1)), V_(t)=:e=>") and 6_(1) for the
Kerr oscillator, see (B1), (B3), (8), we can construct an
approximate solution to the Kerr oscillator quantum state in
the Schrodinger picture as |WSC(1)) ~ |(a(z)), r(z)e0-1).
In the main text we have approximated (a) ~ a.(t). This is
justified because we consider quantum evolution only up to
the time fa 2 0.5N'/61,, which is much smaller than the
Ehrenfest time fgy, = N'/?1,.

The squeezed coherent state approximation breaks down
due to non-Gaussianities around the time ¢,,,,. In order to
verify that a squeezed coherent state is a good approxi-
mation to the Kerr-evolved coherent state until 7., we
evaluate

Var(i) = % (cosh(4p) — 1) + N(cosh(2p)

— cos(2¢) sinh(2p)) (C10)
for the squeezed coherent state |v/N,r()e*?) with
¢ =0_(t) and ¢ =0 in Fig. 3. We see that inclusion
of the squeezing orientation is crucial to match the value
Var(i) = N of the Kerr-evolved coherent state. This
also explains the “coincidence” of O_(fyy) ~ZN71/°
and Vﬂr/ >~ N6, As can be seen in the lower panel of
Fig. 1, this combination of angle and vertical extension of
the phase space distribution leads to an order unity range in
radial direction that is independent of N.

— 77— T

_ 2f $=0_(1)]

z | ]
S L

5 41 ]
z |

% |

-8 , ]

) 0 O 1 O 2 o 3 o 4 .

o=r()
FIG. 3. Var(f) for a squeezed coherent state |f, pe??) with

p=+N=10° and p = r(t) with 0 < r(t) < rp. of the Kerr
oscillator (B3). Inserting ¢ = 0 corresponds to amplitude squeez-
ing, accompanied by fi-squeezing, whereas inserting ¢ = 0_(r)
of the Kerr evolution prevents 7i-squeezing. The dashed line
shows Var(#) for a reference Kerr state.

APPENDIX D: PERTURBATION THEORY
ESTIMATE OF K(A)

The goal of this appendix is to show the physical origin,
the approximate order of magnitude, as well as the
A-scaling of the kinetic energy K(A). This result was used
TO derive a relation (10) between y and @ appearing in the
Kerr oscillator equation (3). A more precise estimate of
K(A) could be extracted from a cosmological N-body or
Schrodinger-Poisson simulation if needed.

The mean kinetic energy mK(A) and the mean
potential energy mW(A) of an ALP can be evaluated in
perturbation theory. Here we use linear perturbation theory
of cold dark matter modeled by a pressureless perfect fluid,
with particle density n(x,7) and velocity field u(x,?)
satisfying the Euler-Poisson equation. Since approximately

I \Vy (x,1)]> = n(x.f)|u(x. )], see e.g. [10,31], the
mean kinetic energy per mass is
1
K(A) = 2A2N//d3xn(x,A)u2(x,A) (D1)
= L/ dxn(x, A2 (x,A) (D2)
2N Jy ' '

where v = u/A is the peculiar velocity field, and u is the
canonical velocity field. In linear perturbation theory the
comoving density field can be written as n(x, A) = ny(1 +
5(x, A)) with the density perturbation §(x, A) related to the
velocity field via Vv = —AH§(x, A). During the assumed
matter dominated expansion A/A = H = HyA~3/? we thus
get to leading order in perturbation theory

K(A) z% /V P (x, A) (D3)
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A
— [ EPx*(x,A=1).

=5V g (D4)

In Fourier space, taking the limit V — oo, this becomes

A Pk |5(A=1)
K(A) ~—H? D5
=55 [ S5 (03)
L,
= EA'Urms(A = 1)7 (D6)
N , [ dk
Vims(A = 1) =Hj [ —5P(k,A=1), (D7)
2z
where we wused the ergodic theorem to replace

|6x|*> — P(k = |k|), and performed the angular integrals.
For a standard matter power spectrum P (k) this evaluates to
1073, The actual value of v2 ¢ used in the main text is about
a ten times smaller due to our negligence of the cosmo-
logical constant. Inclusion of a cosmological constant in
linear perturbation would give rise to an overall prefactor
f? =0.27 and slightly shallower scaling than A, namely
K  (AHf)?. Here f ~Qf/" is the growth rate of linear
matter density perturbations, Q, = Q,, (A H3/H? the
fraction of matter, and H = Hy(Q,,0A™> + 1 -Q,,0)"/?
the expansion rate.

APPENDIX E: DERIVATION OF THE COUPLED
GPE AND KERR OSCILLATOR

Throughout this section we work in the Schrodinger
picture, so that the quantum state | ¥(¢)) of the nonrelativistic
ALP is time dependent. For simplicity we discard the
cosmological evolution, so that the Hamiltonian is

A

h2
H= /d3x%V¢/T(x)V¢/(x)

2 S e e W (0 W (!
_ Gl d3xd3x/l// (x)V/ (x )l///(x)l//(x ) . (El)

2 Ix — x|

|¥(r)) satisfies the Schrodinger equation
ina, (1)) = HW(1)). (E2)

The Hartree ansatz for an n-particle wave function in the
Schrodinger picture is

W, (x1,...x,, 1) = P(x1,0)...0(x,,, 7).

Here we introduced the normalized one-particle wave

function ¢(x, ). This n-particle state can be written basis

independent as |n,t>:¢+?(l3+(t))”|0>, where b'(1) =

[ &xp(x, 1)y (x) and y?"’(x) is the time-independent
field operator in the Schrodinger picture. A generic

(E3)

(e.g., initially coherent) Hartree state |¥(z)) then takes
the form

() =3 61

n=0

n.1). (E4)

Our goal is to derive evolution equations for ¢(x, ) and
¢, (). Varying the action S = [dt(¥(t)|H — iho,|¥(1))
with respect to ¢*(x, ¢) and ¢} () gives

iho,p(x,1) = —%quﬁ(x, 1) +Mm<b(x, Dep(x,1),

(1)
(E5)
V20 (x, 1) = 4nGmii(1) | (x. 1) 2, (E6)
ihd,c, (1) = (n, t|/H — ihd,|n, t)c, (1), (E7)
(n t|n~VH = id,|n. 1) = n(w(t) — x(1)) + ny(1), (E8)
() =Y _le,()n, (E9)
n2(1) =Y |e, ()P, (E10)
(1) = a(t) = u(1). (E11)
(1) = /d%% [Ve(x, 1), (E12)
u(t) =—i / Bxd*(x,1)0,¢p(x, 1), (E13)

2hn(t)

(1) = /d3x(I)(x, Hlpx, 1) (E14)

Neglecting the time dependence of w and y we find

er(t) = ¢, (1 = 0)e-@=Dmxm®)  (B15)
which is the solution of the Schrédinger equation for a Kerr
oscillator. For an initial coherent state |¥(r =0)) = |a)

with @ = /N we have c,(t=0) = e‘N/z% so that

n(t) = N and F(r) = N? + N. The ¢ evolution equations,
(ES) and (E6), then simplify to

ihd,p(x, 1) = —%Vng(x, 1) + m®(x,1)p(x,1), (El6a)

V20 (x, 1) = 4zGmN|p(x. 1), (E16b)

which is the GPE used in the main text, after redefining

w=¢V/N and restoring the scale factor A(r).
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Equations (E15), (E16) then establish the validity of the
constraints [ d°x|¢(x,1)]*> = 1and >, |c,(1)]> = 1, which
we could have enforced via Lagrange multipliers [34].
Noticing that (n,t|H — ind,|n.1) = (n|H|n), with |n) =
In,t =0) and H = h(w — y)i + hya?, we verify (3) for
a(r) = e/7p(r = 0)e~™"/" in the Heisenberg picture.

In the main text we have worked in the Heisenberg
picture where ¥ (x,7) = ¢(x,1)a(t). As a check let us
compare the result of the mean field (a|(x,1)|a) =
¢(x,t)(ala(t)|a) in the Heisenberg picture to that in the
Schrodinger picture (W(z)[yr(x)|¥(¢)). For this we assume
(x) = ¢(x,1)b(r). This seems somewhat odd since (x)
should be time independent but is not. This is merely an
artifact of restricting the field operator to contain only the
single GP mode, and does not pose a problem. We thus
have (W(1)[i(x)[¥(2)) = ¢ (x, 1) (¥(2)[b(1)[¥(1)). Let us
focus on (¥(¢)|b(¢)|¥(r)) and switch to the “Kerr picture”
that we define through |Yx(z))=>_,c,(1)|n,t=0).
Clearly, (‘P(t)|b(t)|‘1’(t)> = (Pk(1)|b(z = 0)|Wk(7)). This
equals to (Wk(t = 0)|e/2h(1 = 0)e~HI/M\P (1 = 0)) =
(ala(r)|a), and we have established the equivalence to the
Heisenberg picture calculation. Similar calculations estab-
lish the equivalence of all correlators and thus in particular
the squeezing.

In summary, using a variational ansatz for a quantum
state in the Hartree approximation we have derived the
coupled GP and Kerr oscillator equations for an initial
coherent state of a nonrelativistic ALP field.

APPENDIX F: SQUEEZED STATE
APPROXIMATION
a(t;)

In the “Kerr picture” where P(x, 1) =w(x, 1) i and
[Pk (1)) = e~M"/"|q), the quantum state can be approxi-
mated by a squeezed coherent state

PR (1) = D(ac(1)S(r(1)e**-)[0).  (F1)

where D(f) = P ()=Fa(n) and S(¢) = (& (1) =¢ (@ (1:))?)
are the displacement and squeezing operators, respectively
[61]. Properties of this state are shown in Figs. 1 and 3 (the
curve labeled by 6_).

A “classical” wave function |¥§ (7)) would then be a
state with a(z;)|P¢(¢)) = a.(¢)|¥°(z)) at all times, which
is only true for a coherent state WS (¢)) = D(a.(¢))|0). The
fidelity [(¥R(1)| ¥R (1))> = [{0I3(r(1)e*?-)|0)[* decays
at the squeezing time 7, indicating deviation from the
classical approximation.

APPENDIX G: GROUND STATE IN A
SINGLE-GP-MODE APPROXIMATION

If thermalization as described in [48] indeed keeps the
axion at its momentary ground state | ¥, (7)), then it might

be natural to expect that this ground state is related to our
squeezed state. Reference [48] does not explore the nature
of this ground state. However, the ground state of a self-
interacting BEC in the single mode approximation is
discussed in [32,54]. To leading order in a perturbative
solution @ = a + da, this ground state is found to be a
squeezed coherent state

¥ (1)) 2 €0 (1)) (G1)
matching our approximate solution (F1) at #,,,, apart from
some irrelevant global phase. Squeezing in the Kerr
model reaches a maximum only because the quantum state
ceases to be well approximated by a Gaussian after 7.
Interestingly, the relation to the BEC ground state might
persist even when non-Gaussianities are included: it was
found in [32,54] that the ground state Wigner function of
the Kerr Hamiltonian is bent into a “banana” producing a
so-called number-squeezed state.

APPENDIX H: SOLITONIC CORES

For the solitonic core case, the relevant parameter to
compute in order to obtain the squeezing timescale is

1 m

N;(E/Vdecp(x, Dlw(e, D, (HI)

2N h

where we have assumed that y is constant in time for the
timescales in which we are interested. Assuming a spheri-
cally symmetric dark matter halo and making use of the
radial core density profile in [1], it is straightforward to find
the Newtonian potential by solving the Poisson equation.
Inserting (H1) into (5), we get

m r. \?2
tgy =2 x 10852 V() gy (m2
sz 2% (10-22 eV) (kpc) yr. - (H2)

where r, is the solitonic core radius. It is convenient to
express the squeezing timescale in terms of the host halo
mass M. To achieve that, we make use of the relation
between the core radius r, and the core mass M, [1]

re 55x 10 My,
kpe  ( > M,

(H3)

m
1072 eV

and then express the core mass in terms of the host halo
mass M, [72]

L (44X 1075 2 s
)6 — M3M3,
(0 By O

_ 1 £
Wa
where 7z =A~! —1. For further details, the reader is

referred to [72]. The squeezing timescale as a function
of the host halo mass is given by

M, (H4)
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(H5)

1072 eV /M3
=7 x 10| — (=2 .
oo ) ( m ) <Mh .

For a dark matter halo of mass M, = 2 x 10'2 M we find

1075 eV
loqr = 1400( ) us (Ho)
The number of axions inside the solitonic core is
M 1073 eV\?2
N:—”:3x1062( © ) : (H7)
m m

Having obtained the squeezing timescale and the total
number of axions inside a solitonic core, it is straightfor-
ward to compute f,.c, "max> and fgp,. The values can be
found in the main text (Table I).

APPENDIX I: AXION HALOSCOPE AND
MILKY WAY

The Hartree, or single mode, ansatz can only be applied
to sufficiently isolated systems. In the present context of a
purely dark matter dominated universe this means that the
volume to which we can apply the Hartree ansatz must be to
a good approximation self-gravitating. This was the case
for the entire universe and the solitonic core. The axions
within a haloscope volume are not self-gravitating, in the
sense that their motion is dominated by the external galactic
gravitational potential and not their self-gravity. To remain
consistent with the Hartree ansatz, the premise of this
work, we assume that the whole galactic halo—plausibly
the smallest self-gravitating volume containing the
haloscope—is described by a Hartree state under time
evolution and then focus on the squeezing within a
subvolume comprising the haloscope as the observable.
This provides an estimate of the squeezing timescale for
axions within a haloscope.

The entire galactic halo contains N axions and the
assumed Hartree ansatz implies that the only relevant
operator is

a= / B (x, ) (x. 1), (11)

where ¢(x,1) = w(x,1)/v/N is the l-particle wave func-
tion of a galactic axion. We now decompose ¢(x, ) into

two orthogonal functions ¢, :=%¢(x, 1)0,(x) and

ﬂ¢(x 1)(1=6,(x)), where 6,(x) equals 1
w1th1n the haloscope and vanishes outside of it, and N,
is the number of axions in the haloscope. We then have

. VNiy VN-N,,
a—\/ﬁb—i- TN ¢ (12)

with [a,a'] = [b, b ] =[&. e =1, [bel]=[e,b']=0
and [b,a'] = %
b= [ @i 0pte.n), (13)
¢ = / Bxgp (x, 1) (x. 7). (14)

A similar decomposition has been employed in [73,74] to
investigate the entanglement between a subvolume and the
remaining part of a BEC. The squeezing of the haloscope

mode b is given by
—2|Var(b(r))|.
(I5)

VE(1) = 14+ 2((b" (0b(1)) = [(b(1)) )

where we assume as before that the initial quantum state
(the quantum state in the Heisenberg picture) of the galactic
halo is in an a(z;)-mode squeezed coherent state |a). We
have shown that unitary evolution can be approximated
by U(t) = D(v/N)S(r(1)e**-(0) D (/N), see Egs. (C1),
(C2), and (F1). Using the commutation relation between a
and b operators we find using a calculation similar to that

presented in Appendix B

Aiovaac 2, VN
D' (a)bD(a) = b + N (16)
ST Ob 8 = {/1? (acosh(r) — ate?®-sinh(r)),  (I7)

with @ = /N and ¢ = re??-. Using these results (I5) can
be simplified most easily in the “Kerr picture,” see
Appendix F, to give

Vi) = 1 +%(V_(t) _ 1), (18)

where V_(t) = ¢ is the minimal variance of &. Note

that although this result looks quite intuitive it is nontrivial
since the a-squeezed coherent state is not a product state of
a ls-squeezed coherent state and a ¢-squeezed coherent
state, such that the haloscope subvolume is entangled with
the rest of the halo.

This means that at 7, defined by V_(r,y,) = ¢
the galactic @ mode gets significantly squeezed, the b mode
squeezing is

, when

V(i) = 1+ 50 (e2 = 1), (19

or assuming N, /N < 1
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Ny,
0. 43 — L r(tyg) = 1.

r(tsqz) = (110)

Thus, the squeezing of a subvolume (b mode) is
significantly reduced compared to squeezing of the full
volume (a4 mode), and bounded by N,/N, the ratio
of the number of axions in the subvolume and the total
number of axions. Similarly, the maximum squeezing of
the b mode is drastically reduced. Since r,, < co, one
finds

N
P (tax) S 0.5 Wh < Fiax- (111)

For the galactic halo we assume a stationary Navarro—
Frenk—White density profile [75]

(112)

to calculate y. The parameters p, and R vary from halo to
halo. Solving the Poisson equation, the gravitational
potential is

O(r) = — 4”Gp°R LD 1y <1+i> (113)
R R,
so that
Ne =37 | @@ (114)
X = 2Nfl X X).

A sufficiently accurate approximation to the total gravita-
tional energy is given by

| M 1
Nyo-2MW g ~Mygo

I
2 Nh 2h (13)

where ® =~ 107 is the average Galactic potential and
Myw =~ 10'2 My the Galactic mass. Substitution of Ny
into (5) gives

(116)

To evaluate the timescale of maximal squeezing (and its
magnitude expressed by r.,.) we need

N — MMW _ 1083 (10_5 CV) ‘
m m

(117)

Furthermore, we need to find the approximate number of
axions in the axion haloscope volume [76]

M =8k 1073
Nh:_:m%)(mls(u) (118)
m m m

Inserting this into (6) and (7) we get

1 1075 eV
~31.8 +-In[ ——— 119
+6 n< - ) (119)

and

1075 eV\s
fmax = 0.51,,N'/® ~ 33000 (75:) ’ (120)
m
For comparison, we find that the Ehrenfest timescale is
approximately g, = /Nty =~ 1032(meW)%yr.
Finally, let us evaluate the numerical value of the

squeezing of the haloscope mode at 7y, and #,,,,. We find
from (I10) and (I11) that
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