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We derive analytic covariance matrices for the N-point correlation functions (NPCFs) of galaxies in the
Gaussian limit. Our results are given for arbitrary N and projected onto the isotropic basis functions given by
spherical harmonics and Wigner 3j symbols. A numerical implementation of the 4PCF covariance is compared
to the sample covariance obtained from a set of lognormal simulations, Quijote dark matter halo catalogues,
and MultiDark-Patchy galaxy mocks, with the latter including realistic survey geometry. The analytic
formalism gives reasonable predictions for the covariances estimated from mock simulations with a periodic-
box geometry. Furthermore, fitting for an effective volume and number density by maximizing a likelihood
based on Kullback-Leibler divergence is shown to partially compensate for the effects of a nonuniform window
function. Our result is recently shown to facilitate NPCF analysis on a realistic survey data.
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I. INTRODUCTION

Large-scale structure (LSS) is a powerful observable
with which to elucidate cosmic evolution. To characterize
its spatial distribution, various summary statistics have
been proposed, of which the most prominent are the two-
point statistics, i.e., the two-point correlation function
(2PCF) and its Fourier-space counterpart, the power spec-
trum (e.g., Refs. [1,2]).

Although two-point statistics fully capture information
in the early Universe, assuming a standard inflationary
model with adiabatic perturbations, gravitational evolution
induces nonlinearities in the LSS at late times, spreading
information into higher-order statistics. Furthermore, dif-
ferent mechanisms during inflation can generate distinctive
non-Gaussian signatures [3—7]. These two effects justify
pushing beyond the power spectrum or 2PCF. Examples
include the three-point correlation function (3PCF) [8-14],
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the bispectrum [15-19], skew spectra [20,21], the marked
density field [22,23], and the integrated bispectrum and
trispectrum [24,25]. Methods such as baryon acoustic
oscillation (BAO) reconstruction [26-30], forward model-
ing of the galaxy density field [31-34], and machine
learning techniques have also been proposed as alternative
but complementary approaches to summary statistics.
Previous work has demonstrated that combining two-
and higher-point statistics can break the degeneracy
between linear bias and the amplitude of matter fluctua-
tions, tighten constraints on standard ACDM parameters
[35-38], and provide further insights into the neutrino mass
[39-44] and modified gravity [45,46]. Gravitational evo-
lution imprints a useful shape on the N-point statistics; in
Ref. [47], it was shown that for N = 3 this shape can
potentially provide complementary information to BAO
reconstruction when it is used as standard ruler.

To infer cosmological parameters from the N-point
correlation functions (NPCFs) using Bayes’ theorem with
a Gaussian likelihood, a covariance matrix is required.

© 2022 American Physical Society
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Usually, this is obtained by sampling independent realiza-
tions of the statistic from simulations. However, this
approach introduces sampling variance, which then prop-
agates into the parameter estimates [48—51]. To reduce this
variance, the number of mock catalogs must be much larger
than the dimension of the NPCFs; if the statistic contains
many bins, the computational cost of this poses a signifi-
cant challenge.

An alternative approach is to compute the covariances
analytically. This has been intensively studied especially
for two- and three-point statistics [10,52—62]. Philcox et al.
[63] recently developed an efficient algorithm to measure
the NPCF for arbitrary N; given the high dimensionality of
the NPCFs for large N, this poses a further challenge for
covariance estimation. Thus far, few studies have consid-
ered the covariance of the NPCFs with N > 3. To address
this, here we derive an analytic expression for the NPCF
covariance at arbitrary N. In order to efficiently characterize
the NPCF we work with the isotropic basis functions
developed in Ref. [64]; these have rotational symmetry
in 3D, and may be related to the quantum-mechanical
angular momentum basis states.

An important assumption in our modeling is that the
two-point statistics are the dominant contribution to the
covariance, i.e., we ignore contributions from three- and
higher-point statistics. To test this assumption, we use
simulations that include non-Gaussian effects. For the
majority of this paper, we assume the two-point statistics
to be isotropic, such that the spatial distribution of the
galaxy pairs is independent of the line of sight (LOS). In
practice, a galaxy’s peculiar velocity, induced by its local
gravitational environment, does give rise to redshift-space
distortions (RSD) and thus breaks isotropy. Although the
main tests in this paper focus on the isotropic case, in the
Appendix E we show an analytic expression that includes
the effects of RSD by expanding the anisotropic two-point
statistics in multipoles with respect to the LOS. Finally, we
compare the results of our formalism to the covariance
estimated from mock catalogs with a realistic survey
geometry.

In Sec. II we briefly review the isotropic basis and its
properties, before the NPCF estimator is defined in Sec. III.
In Sec. IV we present our formalism for the theoretical
covariance in the Gaussian random field (GRF) limit: we
start with the basic elements as building blocks for
constructing the Gaussian covariance, present the general
formalism for the NPCF covariance, and end with explicit
expressions for the case of N = 4. In Sec. V we compare
our numerical implementation of the Gaussian NPCF
covariance to a set of lognormal mocks, a set of halo
catalogs from N-body simulations using Quijote simula-
tions and Patchy mocks, where the latter include realistic
survey geometry. We summarize our results in Sec. VI
Appendices A, B, and D provide intermediate derivation

steps as well as consistency checks, Appendix C discusses
the covariance contribution from the disconnected piece of
the NPCF estimators, and Appendix E presents the deri-
vation of the covariance including RSD. The code for
computing the covariance of the connected 4PCFs is
publicly available [65].

II. REVIEW OF THE ISOTROPIC BASIS
FUNCTIONS

In this section we provide a summary of the isotropic
basis functions, including a number of important properties
that will be needed later for the derivation of the theoretical
covariance. Further details can be found in Ref. [64].

A. Construction of the isotropic basis functions

In our notation, the isotropic functions P, are sums of
products of n spherical harmonics Y., multiplied by a
product of Clebsch-Gordan coefficients, denoted by Ci.
They are constructed so as to be invariant under simulta-
neous rotation of all n coordinates:

PA(R) = Z CoY e (B1) = Y (8,), (1)

my...m,

where R stands for a collection of unit vectors &, ..., £,,.
Each unit vector t; is associated with a rotation generator L,
i.e., the angular momentum operator. The isotropic P,
function is an eigenfunction of each operator L? with
eigenvalue ¢;(¢; + 1) and of the operator (Y ", L;)* with
eigenvalue zero (see also the discussion in Ref. [66] for a
generalization of this to D dimensions). We denote the orbital
angular momenta by #;, with m; being their projections onto
the z axis [67]. For n > 3 the combination of a given set of
orbital angular momenta 4, ..., £, is not unique: we need to
specify intermediate orbital angular momenta. These are
constructed from the primary orbital angular momenta, for
example, (L; + L,)? with eigenvalue #,(¢;, + 1), and
analogously for (L, + L, + L3)?, etc. For brevity, we
hereafter call the ¢; “primary” angular momenta, and
the 71, €2, “intermediate” angular momenta.
Further, we use A to indicate the collection of angular
momenta {£, %5, (£12), €3, (€123), -.., £, }, with intermedi-
ate angular momenta in the brackets, and M to represent
the collection of azimuthal angular momentum com-
ponents {m,m,, ...,m,}, with each m; = {-¢;,...,¢;},
my ={=¢15.,....¢0.} and > ¥ 'm; =0. In our con-
vention, the primary angular momenta ¢, £, ... follow the
ordering of the unit vectors: | corresponds to t;, £,
corresponds to T, etc.

The C§ coefficient can be expressed using Wigner 3;
symbols:
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where E(A) = (—1)2,- ‘i and Kk ={ —myy + Cip—
Mmi3 + -+ €12 p_o — Mo ,_o. If the sum of the angular
momenta is even, then £(A) = 1 and P, is real. Otherwise,
E(A) = —1 and P, is imaginary. For n = 2 and n = 3, C{}
becomes

ff// = (_l)f_m‘éK /5K ’
mm 27+ 1 2,0 " m—m'’
Cf|f2f3

s = (_1)f,+fz+f3 < bﬁl bﬂz f3 >, (3)
mp mp mj

with 5?1_ p
line is nonzero only when ¢, £,, and ¢ satisfy the triangular
inequality, |£| — &,| < ¢35 < £, + £,. Furthermore, if any of
the angular momenta are zero, the second line reduces to the
first (see Eq. 34.3.1 of Ref. [68]).

The form of the C§; coefficient is chosen to ensure
orthonormality of the isotropic basis functions. The ortho-
normality relation is

being the Kronecker delta. The result in the second

/ dRP,(R)PY(R)

f— K K DEEE K .. K
= 8p, 0100, X 1 X Op g X X By (4)

Using this, we can expand an arbitrary isotropic function in
this basis,

Z(R) =) ZA(R)PA(R),

with R={r\,rp,....r,} and R={r,r,,....,r,}. By
invoking the orthonormality relation (4), we can obtain
the expansion coefficient

LA(R) = / dR¢(R)P;(R).

In our context, {(R) is the N-point correlation function.
If we expand the function in the basis P,, parity-even
correlators will have real coefficients, but parity-odd
correlators will have purely imaginary coefficients.

B. Useful properties

As we will see in Sec. IVA, the covariance matrix
calculation in the isotropic basis involves pairs of galaxy N-

1)K<fl z th)(o% 4 fm).”
my mp  —mp mpy m3z  —nyo3

)

tuplets. In the limit in which our calculation proceeds, we
assume that the density fluctuations are a Gaussian random
field and hence we focus on products of correlations
between pairs of points. Each of the two N-tuplets can
be understood as a “primary” galaxy at absolute positions x
and x’, respectively. The two primaries are separated by a
vector s. To increase the symmetry of our calculation, we
pretend that the primaries have relative positions around x
and x’ of ry and ry; at the end, we will take the limit that
these go to zero, but retaining them in intermediate steps
turns out to simplify the derivation. Around each “primary”
there are then three “secondaries” whose relative positions
are given by {r;,r,,r3} and {r},r,,r3}, respectively.

We then examine connections between galaxies from the
“unprimed” family and the “primed” family; these con-
nections occur by going along a vector r, then along s, and
then along r’. Thus, any connection gives rise to a three-
argument isotropic basis function. The setup is shown
in Fig. 2.

For an N-point function covariance, we have 2N density
points, and so the number of pairs is N. Thus, the number of
connections is also N, and so we are motivated to look at
products of N isotropic functions of three arguments, i.e.,
[TV Py, ¢¢(E;, £, 8). Furthermore, since we are interested
only in the radial information, the angular part will be
integrated over. Before we dive into the calculation, it is
useful to summarize some useful properties of the isotropic
basis that we will repeatedly encounter in the rest of the paper.

1. Rotation averaging a product of isotropic functions

Consider a product of p spherical harmonics. If we
represent integration over the rotations R by dR with
f dR =1 then, as shown in Ref. [64], averaging over the
rotation group projects out the isotropic components:

P
/ AR [ Ysm (RE) =D CAPAR).
j=1 A

The result is nonzero only if > | ;m; = 0and the Z; satisfy a
generalized triangular inequality, namely, that they can be
combined to make a state of zero total angular momentum.
The sum over A includes all possibilities that can be
constructed from the given primary #’;.

The rotational average of a product of p spherical
harmonics with a common argument is determined in a
similar fashion:
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P P
dR || Y, . (RE) = (4rm)~P/? 204+ 1) CHCh
/ [T o () = (am R [T 22+ 130

= (4z)7P2) “DRCHCH,
A

where M stands for all of the m; and the subscript
0= {0,0,...}, and the sum is over all A consistent with
the given ¢; (by the introduction of intermediate ¢;,, etc.).
We have defined the following coefficient involving the

primary angular momenta:

p
DY =[] \/2¢+1.
j=1

The superscript P stands for “primary.” Since we will use it
often, we write out D} for p = 3 explicitly:

Dl = \/ 24 +1)(2¢; + 1) (247 + 1).

The product of p isotropic functions with three arguments
can be explicitly expressed in terms of spherical harmonics as

P
F14044
- H Cm[m;m:’Yf m; ( )Yf’mf (I’ )Yf// //( ) (5)

Since the isotropic basis does not encode the absolute
orientation of each galaxy N-tuplet, we can average over
orientation of the ¥;, ¥, and § via Eq. (5) with the relative
orientations of directional vectors within each galaxy
N-tuplet fixed. Following this, we find

/ deR’dSHPf oo (B, 8,.8)

(47)" /ZZQAA/AN'DRHCAN'PA(R),PA/(R/)v (6)

AN N

where A, A’, and A" are formed from the primary compo-
nents ¢;, £}, and ¢, respectively. We introduce the quantity

p
oW =TT 3 armchency. (1)

i=1 m;,m/ m!

where the subscripts M, M’, and M"” stand for collections of

{m;}, {m!}, and {m!}. Since ¢l has a mixture of

m; mm

angular momenta, we write out its components explicitly.

2. Orthogonality relation for and product of isotropic
Junctions

We note that after the rotation average in Eq. (6), there is

a product of isotropic functions with arguments R. Since

the P, are a complete basis, it is possible to write products

of two isotropic basis functions with the same argument as

a sum of single isotropic basis functions weighted by a
coupling coefficient:

PAR)Py(R) = D EA)GNMPu(R),  (8)

A

where the phase £(A”) in the coefficient arises due to the
conjugation property of the isotropic function Pj\,,(f{) =
E(N")Pp(R) and we define GM'A" as the generalized
Gaunt integral [64],

GAA E/dRPA(R)PA’(ﬁ)PA”(ﬁ)
P
= (4m)77"2 [H D o Cose* } QWN.(9)
i=1

From its definition we see that GAM'A" is symmetric in A, A/,
and A”; we include its explicit evaluation for n = 2, 3, and

4 in Appendix A.

3. Reordering of arguments

The isotropic function is expressed with arguments
t,,...,t, with the canonical ordering i = 1,...,n (index
sorted from small to large in r;). When we later consider the
covariance, the contraction of the overdensity fields may be
permuted such that the canonical ordering of the indices
is no longer guaranteed. The isotropic functions with
permuted arguments can be expanded in terms of the
canonically ordered ones (since these latter form a com-
plete basis) as

Pr(Rg) = ZBA VP (R, (10)

where G denotes the permutation of the set {1,2,...,n}.

The reordering coefficient of the inverse permutation,
BS,
AN
relation

can be obtained by applying the orthogonality

B/G\/]\/ = /dﬁPA(ﬁG) j\,(ﬁ,)
C\Ert .., f’( 1€G2tY,
Zcmlnglzlglz my, mG]msz]2 Mg H(S i (’_ 1’ (11)

where G™! denotes the inverse permutation of G. Here,
products of Kronecker deltas ensure that A and A’ have the
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same primary angular momenta; however, they may still
differ in intermediate angular momenta.

III. N-POINT CORRELATION FUNCTIONS
The NPCEF is defined as

C("l»"zv -“7rN—1)

= (6(x)8(x +r)8(x 1) - 5(x +ry_y)).  (12)
where the galaxy overdensity is given by §(x) =
n(x)/n — 1, where n(x) is the galaxy number density with
mean 7 and (5) =0. The angle bracket denotes the
ensemble average of the overdensity field.

The expectation value in Eq. (12) can be expanded as a
sum of combinations of overdensity fields at different
spatial positions. In the N = 4 case, the full 4PCF reads

= &(r))é(ry —1r3) + &(r)é(r) —13)
+ &(r3)é(r) —1p) +¢(ry, 12, 13)
= (%(r|, 1. 13) + (1,15, 13), (13)

C(rl » I, 1'3)

which consists of two parts. The connected four-point
function {(ry,r,,r3) captures the non-Gaussian part of
the signal. We denote the other terms, composed of the
products of two-point correlation functions, as the dis-
connected part, {%(r|, r,,13). For N = 4 the disconnected
terms coincide with the 2PCF that sourced by Gaussian
statistics. For N > 4, however, the disconnected piece can
also receive non-Gaussian contributions, such as 2PCF +
3PCF for the SPCF. Our interest here is the non-Gaussianity
induced by the higher-order statistics. For this purpose, we
employ a connected-only estimator that subtracts all of the
disconnected pieces at the estimator level. (For details
regarding the connected-only estimator, see our companion
paper [69].)

In the limit of large volumes V, we can replace the
ensemble average by a spatial integral by invoking ergo-
dicity. This motivates the general NPCF estimator

N dx
Errrstyer) = [ o080+ )+ 7)

X --5(x—|—rN_1), (14)
which is unbiased. Using orthonormality to project this
onto the isotropic basis P, (using n = N — 1) for given

primary angular momenta A = {£, ¢, (¢13), ..., €n_1 } as
in Eq. (4), we obtain the estimator

5 dBx A
gA(’l,rz,---,rN—l):/75(X)H/df‘i5(x—|—ri)

X,Pj/k\<f.lvf‘2"”’f.N—l>' (15)

Explicitly, for the 4PCF, we find

. d’x o
CA(rl,rz,r3) —/75(x)/dr1dr2dr35(x+r1)
X 8(x +12)0(x +13)P; 40, (R, F2, F3).
(16)

Throughout this paper we make two important assump-
tions. First, we work in the Gaussian limit for the
covariance calculation. Even though the gravitationally
induced higher-order statistics entering the covariance in
principle do not vanish, we assume that they are suppressed
compared to the two-point statistics. This assumption greatly
simplifies the derivation below as we will only need to
consider the contractions between two overdensity fields,
and thus may express results entirely in terms of the 2PCF or
the power spectrum. This assumption will be addressed
below by comparing the Gaussian covariance to that obtained
from N-body simulations. Second, we assume that the 2PCF,
and likewise the power spectrum, are isotropic. The majority
of the paper is based on this assumption; however, Sec. V
includes a comparison between the theoretical isotropic
Gaussian covariance numerical simulations including
RSD, which breaks rotational invariance.

We use the following conventions for Fourier transforms:

(k) = [ dre o), o) = [MEk). (17)

where we define [, =(27)7 [ d®k. The 2PCF &(r) and
power spectrum P(k) are related by

(0(ri)o(r;)) = &(Ir:

—rf) = [ Pjerr. as)

Hereafter, we assume isotropy, and thus assume P(k)=
P(k), with k = |k| and &(r) = &(r). In Appendix E we
discuss how to go beyond the assumption of an isotropic
power spectrum.

IV. DERIVATION OF THE GAUSSIAN NPCF
COVARIANCE MATRICES

The covariance matrix for the NPCF is defined as

Cov({(R),C(R"))
=R (R)) - ER))(E (RY)

dxd'x ’<H5x+r () ) =GR E (R)

_ / d_‘/s<g5(x+ri)5(x+r§+5)>—<5(R)><&*(R/)>v

(19)
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where ((R) is the NPCF estimator with coordinates
R ={r;,rs,...,ry_;}, with an analogous definition for
R’. Going from the second to the third line we have defined
the separation vector between the primary galaxies of the
two N-plets as s = x’ — x, and dropped the spatial integral
over x, assuming statistical homogeneity. Strictly, we first
need to apply a Poisson average to discrete tracers, giving
rise to the shot noise term. Here we use abbreviated
notation and replace P(k) = P(k) +#~!, for number
density 7, when we later compare our analytic results to
those from the simulations. We label the vertices containing
ro and 1, as primary vertices (with ry = r, = 0) and label
the (N — 1) points with separations ry, I, ..., Iy_; relative
to the primary as endpoints. In the Gaussian limit we only
need to calculate contractions between pairs of overdensity
fields. The NPCF covariance has 2N overdensity fields and
thus forms N pairs of contractions.

Whereas the definition of the covariance matrix given in
Eq. (19) (evaluated under the assumption of Gaussianity)
includes all possible contractions of 2N density fields, in
this section we consider only pairs that are contractions
between unprimed and primed families, i.e., between r; and
r’]-. We term these contractions (and the corresponding
covariance matrix contribution) “fully coupled” as they
fully couple the unprimed and primed families. Any self-
contraction (i.e., involving contraction of two density fields
within the same family, i.e., between r; and r; with i # j)
arises from the disconnected contributions to the NPCF. We
term any covariance contribution that includes at least one
self-contraction “partially coupled.” All such contributions
vanish in the covariance of the connected-only estimator
[69]. This fact allows us to focus on the fully coupled
covariance terms. The introduction of the connected-only
estimator implies that the disconnected terms can be

isolated and that the calculation of their associated partially
coupled covariance is not strictly needed; we provide its
derivation in Appendix C 1 for completeness.

Below, we derive a general expression for the fully
coupled NPCF covariance matrix under the assumption that
the density fields are Gaussian distributed. In order to offer
a more intuitive understanding of the coupling structure, we
also present a diagrammatic approach to the calculation.

We note that the 3PCF covariance can be obtained from
the results we present here. This covariance has already
been derived via a different approach in Ref. [55]. We used
our formalism to do the derivation and compared with this
earlier result as a check; up to normalization and phase
conventions we found agreement, and we do not display the
derivation here [70]. Instead, after treating the case for
general N, we then proceed to the 4PCF covariance as an
example.

A. Basic elements for the covariance

We first consider the coupling between two endpoints,
specifically, 5(x + r;) from the unprimed family and (x +
s + r;) from the primed family, with i and j between 0 and
N — 1. Such a contraction is represented by the tripolar
structure in Fig. 1. The primary vertices ry and r{, are
indexed as a convenience for keeping track of the permu-
tations of unprimed and primed density fields; we will need
such permutations later in the calculation. However, once
we have computed our desired contractions in the isotropic
basis, we may evaluate the result at ry =0 and r; =0,
since we place the primary vertices at x and x’, respectively.
We display this approach in Fig. 1.

Expanding the contraction (5(x + r;)d(x +s + 1)) in
the isotropic basis, we find

¢l L

(0(x +1)d(x +s+1))) =&(|r) +s —1]) = (47)*2 Z i_fi+f‘//+Lff,f;L(ri» v S)Dl;i,f;LCoooj ,Pf,-f}L(f‘ia F,8).  (20)

4L
J

A detailed derivation of this can be found in Appendix B. The highlighted radial part corresponds to diagram 4 in Fig. 1. To
simplify what follows, we introduce the f integral

k*dk . . .
ff1f2f3(717r2,r3) E/z—ﬂzp(k)hﬁ (krl)m(krz)]@(k”ﬁ, (21)

following Eq. (64) in Ref. [10]. In practice, this is computed in radial bins, wherein we average each spherical Bessel
function (sBF) over r; with weight r7 [see Eq. (D2)]. Importantly, the bin average commutes with the integral and can be
done prior to the k integration, which avoids performing the integral over fine radial bins.

We now consider the forms of Eq. (20) when 7 and j assume different values. There are three distinct cases. First, we have
a primary-to-primary coupling (the highlighted radial part corresponds to diagram 1 in Fig. 1):

(6(x +10)8(x + 5 + 1)) = —o = &(Irg +8 = Xo|)| ;=0 = (47)* £000(0. 0, 5) Pono (0. 0. 8). (22)
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0 0
M 3)
¢ N
'¢ S‘ /‘ﬂ‘
€(Is]) = (47)*/2f00(0,0, s) (4m)*/2 >~ feoe (13,0, ) DjoeCit
£
o 0
@ 0
4
.\ "\
00" L
(4m)3/2 Z(—I)Z,f[wz’ (0,77, 5) Db Co ) [; i, oL (e .8) Dy, e +£Coo0d
r,-’
o
(PSS
6
(4#)72 Z QAA'A”DK”C(I)\”
AN A

FIG. 1. Diagrammatic representation of the basic elements used as building blocks for the fully coupled (i.e., connected) covariance.
Coupling between the overdensity fields across the unprimed and primed families [corresponding to density fields from the first and
second NPCFs in Eq. (19)] is represented by a tripolar structure [diagrams 1-4, cf. Eqs. (20)—(23)]. Each tripolar structure depends on
three vectors: r;, r;-, and s. We use dotted lines to represent the separation vector s. The open circle attached to the end of the dotted lines
can be connected to the one leg of the coupling kernel in diagram 5. Dashed lines depict primary vertices for ry or rf, and solid lines are
for endpoints with nonzero i or j. Diagram 5 is the coupling kernel arising from the rotational average over the unit vectors r, r’, and s
[cf. second line in Eq. (26)]. In the N = 4 case the coupling kernel has four legs. The lower-left diagram (with the cartoon telescope)
shows our coordinate convention. x denotes the absolute coordinate; r; and r’; are the relative coordinates for the unprimed and primed
families, respectively. s is the separation vector between the two families.

Second, we have a primary—to—endpoint coupling. These couplings can be obtained by taking one of r, or r; and their
associated angular momenta to zero. In the first line below, the primary is unprimed and the endpoint is primed. In the
second line, we give the alternate choice, easily obtained by symmetry. Below, the highlighted radial parts correspond to
diagrams 2 and 3 in Fig. 1. We have

<6(X + 1'0)5(X + s + I';)> |l’0 (|l' +s - l'()|)|l.0_0 = 471' 3/22 f()f/f/(o, r/, S)Dgf/f/CS&’)ﬂPoflﬂ (O, I'j, S) (23)

(6(x +1;)6(x + 15 +8))|s o = &(|s + 1G5 —1:])| 2o = (47) 3/22ff0f i, 0, 8) Do, Cooo Pros(£1,0,8).  (24)

Finally, we have an endpoint—to—endpoint coupling, which is already given by Eq. (20).

B. Fully coupled Gaussian covariance

1. General formalism for fully coupled Gaussian NPCF covariance

The covariance defined in Eq. (19) can be expanded into the isotropic basis. Using Eq. (20), each pair contraction can be
written as a Fourier transform of the power spectrum, which can be expressed as a product of the basic elements with
tripolar structure defined in Sec. IV A:
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Cov(((R ")Covan (R, R)PA(R)Py(R)

N-1

d’s
:/V;U (X +16:)0(X + 1, +8))|,.0—r =0

/ 3N/2§ :H } : '—fci+f;+L,-ff .
Git

Coit'L; A
i(rch r; ) £oit'L CO(()O Prg: ZL (rGivr;"S)|rGO:r6:0’
i=0 ¢g;/L
(25)
Covy o (R, R") and use the conjugation property P%,(R') = E(A))P(R’). We

where we define Cov, o ({(R).{(R')) =

denote the permutation by G, with a total of N! permutation terms. Since the basis is isotropic, we can apply Eq. (6) and

rotationally average over dR, dR/, and dS [with the normalization [dS =

AN

X (4”) —-N/2 Q'C(;'C,A//Di,,C()\/,PﬁG (R

/sds

1A " A
X QLGC A IDRNCO PLG (R

where we denote Lg={Z¢0.%G1:--- Con-1)}> L=
{¢,.7),....¢_,} as the angular momenta associated with
the R and R’ vectors, A" ={Ly,Ly,....,Ly_;} as the
angular momentum associated with the separation vector
s, and M” = {My, M, ...,My}. The highlighted coeffi-
cients give rise to the coupling kernel in diagram 5 of
Fig. 1. Notice that the isotropic basis used herein has N
coordinates [instead of N — 1, as in the NPCF definition of
Eq. (15)], given that we evaluate the function at ry = 0 and
r;, = 0 with corresponding angular momenta ¢, = 0 and
£, = 0. Later, we will project the covariance onto the
(N — 1) basis; for clarity, we distinguish the two with the

)) and PE/(R/ )
(4rm)~ 1/2, we find a total

superscript (N). Since both P, (
contain a factor Yu)(fy) =

2
Covy (R, R') = (4r)3N/? / e
G N .Lg

where Z(A)

ZS(A’)COVA’A/(R,R’)'PA(R)’PA,(IA{’) — /%47[ (47) 3N/ZZ

Z (—1)[_E(A)_Z(A/)JFE(A”)]/ZBE;I.AQLGAIAUDA//C(/)\N H ffGif;Li (I"Gl’, r;, N

=220 Z(N) =220 and 2(A") =3, L.

-1 [d3]:

—CaitlL; it iLi
Z H ¢ fegen (er”z’s)Df AL £,Co00 '
G LGLA" i=0

PR

)|rGO:r6:0
N—-1

3N, 2§ E —C i+ +L; /
4ﬂ / Hl T+ iffmf;_Li(rGi,ri,s)

G LgL'A" i=0

NPL RV, (26)

prefactor (4z)~!. This cancels with our normalization

convention for the rotational average. The noncanonically
ordered isotropic function, PﬁG(lAl(éV )), can be rewritten
using the reordering coefficient defined in Eq. (11):

P, (RY) =3 "BZ" P, (RM). (27)

J

Finally, we project the covariance onto the isotropic basis
P4 (R) and P%,(R’) and perform an angular average over r
and r’. Orthogonality forces J — A and L' — A/, giving the
general form for the NPCF covariance:

N-1

)|rGO:r6:Of
i=0

(28)
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Casel ll

Case |

FIG. 2. Schematic for the fully coupled 4PCF covariance (i.e., the covariance of the connected 4PCF). We split the covariance into two
cases. In Case I, the primary vertices (red dots, labeled by rq and r{)) from the primed and unprimed families are mutually coupled and all
of the endpoints (labeled by r; and r}) are coupled. In Case II, the primary vertices are each coupled to an endpoint from the opposite

family.

2. Fully coupled Gaussian 4PCF covariance

Henceforth, we will focus on the fully coupled covari-
ance of the 4PCF. To derive this, we can use the general
form given in Eq. (28); however, as an explicit verification,
we construct the 4PCF covariance in a different manner.
Noticing that contractions with the primary vertices lead to
basis functions involving zero angular momenta, and we
split the fully coupled covariance into two different cases:
those involving a mutual coupling of the primary vertices
8(rp) and 6(rj +s) (left panel of Fig. 2) and those where
|

L(R,R;8) = (5(x +r0)8(x +8 + 1)) |, 0

x (6
S

where we define the shorthand I; in the first line. Here,
{i, j, k} denotes a permutation of the set {1,2,3}, which
does not include the primary vertices at r, and r,. There are
3! = 6 options by which to contract the remaining three
density fields from the primed and unprimed families. In
|

3
(R, R’;s
=0 CaitL

where we denote the collection of angular momenta as
£G = {O,I/ﬂGl,l/ﬂGz,lxﬂCB}, E/ = {O,Lp/,bﬂé,l/pg}, and A =
{0,L,L,,L3}. In principle, these should all involve
intermediate angular momenta; however, the angular mo-
mentum associated with the primary vertex is set to be zero,
and thus the intermediate momenta are uniquely defined.

|s + 1o —1o|)E(ls +7) —rg

)32 ~CGitI+L;
E H47f/ E T f e

f’ i
(rGis 1 5)Dy Cail'L Cogo Pfc,f’ (FGi, B, S)‘rozrg:Ov

the primary vertices couple to the endpoints of the opposite
family (right panel of Fig. 2).

In this decomposition, the fully coupled covariance can
be written as

CoviL (R, R') = Covil (R, R') + Covi\ (R R'). (29)
Next, we will discuss these two cases.
Case I: In this scenario the contraction of the eight

density fields leads to the term

(X" +r)o(x" +s +r))0(X" +1)8(x" +5 + 1)) (6(x" + 1 )6(x" +5 +13))

)E(ls + 15 —rea|)E(ls + 15 = raal)lry = -0,

|
the second line we introduce the notation G to denote a
permutation, with {i, j,k} = {G1, G2, G3}. The six per-
mutations are given explicitly in Table I. Using the basic
elements constructed in Eq. (20), we can express the
product of the four 2PCFs as

(30)

Performing a rotational average of dR, dR’/, and dS over
f¢;, ¥, and § leads to the quantity QA" and a prefactor
(4r)7% for N = 4 When combined with the coefficients

Df oL, and COG’ i ofor i = .,3 [cf. Egs. (6) and (9)],

we obtain the generalized Gaunt integral. The Gaunt

043515-9
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integral for N = 4 involves a product of two 9 symbols and
intermediate angular momenta given in Eq. (A3). However,
one of the 9 symbols can be reduced due to the presence of

GhaNN — = (47)7°D fG]f’L HDKG N Cooo

46
@m) 2] D8 0 Coty ™ f(’;
) H Cait'A Cooo 1
L,

where DI;GI oL in the first line is cancelled by the first 9;
1

symbol, leaving only one 9 symbol in the second line. Here
we introduce a Levi-Civita symbol, defined by 5 =1 if
{G1,G2,G3} is an even permutation of {1,2,3} and —1
otherwise. The values of &; for each permutation G are
given in Table 1. Practically, this leads to a prefactor of
(=1)%1#%2%%5 if the permutation is odd, and unity otherwise.
For the even-parity A this phase does not play a role, but it is
of importance for odd-parity A.

Using Eq. (10), we can restore the canonical ordering
in Rg = {fg).Fg2.Fg3}. For the 4PCF covariance, the
|

CoviV/ (R.R') = (42)* " (-1)
s2ds 1
X/THK—

For illustration, we consider the limit where the corre-
lation function &(s) becomes a Dirac delta function, and the
power spectrum consequently becomes unity. This limit

TABLE I. Explicit forms of the six permutations appearing in
the Case I covariance terms. These arise from the various options
for contracting density fields in Eq. (30). Each term involves a
contraction between rg; and r}. We additionally give the Levi-
Civita permutation factor £; for each.

Gl G2 G3 &
1 2 3 1
1 3 2 -1
2 3 1 1
2 1 3 -1
3 1 2 1
3 2 1 -1

£t Li

zero angular momenta, and the fully determined intermediate
angular momenta: ¢, = £g,¢, = £},and ¢, = ;. The
Gaunt integral in this case reads

0 %61 Za a1 Car Cos
0 7, ¢ A A
0 L, L, L, L, Ls
‘62 Cos
&y s, (31)
L, L
|
reordering coefficient Bg(_] , for (N — 1) = 3 involves only

a phase and the product of three Kronecker deltas:

3
(1-&6)/2 K
¢ géjffg,-—l :

BE, = (—=1)*W (32)

Performing angular averages over R and R’ allows us to set
J — A and pick out the coefficients of the isotropic basis
PA(R) and P, (R’). Altogether, we arrive at the final form
for Case I:

o1 Car Co3

Sl Z D} 1.1, Coo™ S ¢ &y &

LT, oL L
~Cei—Ci+Li) /2P Cfc,f L’f(s)f ( o ] 13
¢,6/L,£000 t60L,(TGis T 5)]- (33)

[

enables a direct evaluation of both Eq. (30) and its
representation (33), providing a useful cross-check of our
calculation.

From Eq. (30), we see that &(s) — 5g](s) implies that
s — 0. Consequently, we have that r| — rg, r) — rgy,
ry — rg3. We now consider the representation in terms of f
integrals. For the first, taking P(k) — 1 gives

kK*dk

5z Jolks) = 85/ (5).

1
Fon(0.0.9) = ). ()

This is simply a representation of the 3D Dirac delta
function with spherical symmetry, which is expected
since f00(0,0,s) = &(s).

The other f integrals can be similarly evaluated in the
limit s — 0 [and again, P(k) = 1]. We have
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ANALYTIC GAUSSIAN COVARIANCE MATRICES FOR GALAXY ...

PHYS. REV. D 106, 043515 (2022)

li_l;%ffc,fﬁ.L(rGiaré"s)
2

. dk . .
leiré ?]fg,-(krGi)]f;(kr:')]L(kS>

k*dk i
— [ S dealbrei)ic )

1 I
S P 8 (ri = )85, . (35)

For the first equality we have noted that, as s — 0, only j
is nonzero, meaning L — 0 and hence £ — ¢’ due to the 3
|

IH(R’ R/;S)

symbol in Eq. (33). We recognize this integral as a Dirac
delta function, as before.

As shown in Fig. 4, this result implies that, in the limit
of uniform power spectra, the covariance for two tetra-
hedra is nonvanishing only when (1) they have zero
separation length and one of their vertices is coincident,
and (2) their sides are the same length, i.e., when one
tetrahedron can be perfectly rotated in 3D to overlap with
the other.

Case I1I: Here we consider sets of contractions that
involve couplings between primary vertices and endpoints
across the two families. Each is of the form

(3(x +7,)8(x +5 + 1)) (5(x" +10)5(x' + 5 +7))), - 0

< (B 1)B(X" + 5+ ) (B(X" + r)oX" +5 7))
Z s —r61)&(s + 1y )E(s — oo +rip)é(s —res + 1), (36)
GH

where {i, j, k} and {i, ', k'} are permutations of the set
{1,2,3}. We write the two sets of permutations as
{i,j,k} ={G1,G2,G3}, {i,j ., k'} ={H1,H2,H3}, where
one set follows a cyclic permutation, due to the explicit
contraction with the primary vertex. Given the symmetry
among the pair ordering, i.e., {j,j} <> {k,k'}, we can
always fix the permutation of one set of endpoints and let the
|

other set explore all permutations. Here we choose G to
follow a cyclic permutation (giving rise to a factor of 3), with
H being a standard permutation including six terms. In total,
there are 18 permutations in this scenario. For clarity, we
write them explicitly in Table II. As before, the primary
vertices at ry and r{, are not permuted.

Including the basic covariance elements, we can write

¢ 108 A A
IH(R’ R’ S) = 2(47[)3/2 Z‘ffcl()fcl (rle 0, S>D12010fclc()g(l)o G]Pfclofcl (rGI 0, S)
G,H

‘1L

(4r) 3/22

‘il
3

3 2 —lgitt +L; C6ilyiLi
x [J@n)> " irfottuttif, o (rgi iy s)D2. o 1,Co00 " Pegy

i=2 CeilhyLi

where the collection of angular momenta is L;=
{£61.0.¢62, €63}, Ly={0.01.C . C3 } and A" = {1,
Lo L3}

To restore the canonical ordering for RG = {fs1,

oo, T3} and Ry = {&,, %, T3}, we again use the
reordering coefficients, in the form

(1= SG/ZH
Jit Gi-1’

2(A)(1-Eg) /ZH . (38)

B, = (-1
BL/ j/ — <

Since we restrict G to cyclic permutations, Bg: ; is merely a

Kronecker delta with a trivial phase. Additionally, the

/ P
”1f0f’,ﬂf’m (0. 7y S)Dof;”f;, Cooo’

b0 " Pos 1 (0.8, 8)

(Fi By,8), (37)

|
phase factor £(A’) does not play a role for even-parity
A, but is of importance for odd-parity A.

As before, we proceed by performing a rotational
average over dR, dR’, and dS, which leads to a generalized
Gaunt integral, involving two 9; symbols, and a sum over
intermediate angular momenta. The presence of zero
angular momenta simplifies the intermediate coefficients,
such that ¢, =7¢g, ¢}, =7}, and, consequently,
¢, =L,. We do not need to consider permutation of
the angular momenta L because their allowed range is fixed
once the unprimed #; and the primed angular momenta ¢,
are explicitly given (due to the triangular inequality). With
these considerations, the generalized Gaunt integral for
N =4 can be simplified as

043515-11



HOU, CAHN, PHILCOX, and SLEPIAN PHYS. REV. D 106, 043515 (2022)

TABLE II.  Explicit forms of the 18 permutations appearing in the Case II covariance terms. These arise from the
various options for contracting density fields in Eq. (36), in particular the contraction of r + rg; with rg, r with
Y, + Iy, Yo + rg, with ry +ryy,, and ry + rg; with rj, + rfy; (noting the symmetry of the final two terms). We
additionally give the permutation factors £; and £y for each.

Gl G2 G3 H1 H2 H3 &6 En
1 2 3 1 2 3 1 1
1 2 3 1 3 2 1 -1
1 2 3 2 1 3 1 1
1 2 3 2 3 1 1 -1
1 2 3 3 1 2 1 1
1 2 3 3 2 1 1 -1
2 3 1 1 2 3 1 1
2 3 1 1 3 2 1 -1
2 3 1 2 1 3 1 1
2 3 1 2 3 1 1 -1
2 3 1 3 1 2 1 1
2 3 1 3 2 1 1 -1
3 1 2 1 2 3 1 1
3 1 2 1 3 2 1 -1
3 1 2 2 1 3 1 1
3 1 2 2 3 1 1 -1
3 1 2 3 1 2 1 1
3 1 2 3 2 1 1 -1
: £c10f¢1 PO} 0Ly o G3thL
GLeLyN' — (47[)—2(2)1;(”4“0)2 H[ A ]CO(()(I) aicocm HICOGZ 2l
=

fei 0 Zg o1 e o3

X 0 7y Cwi Cwr Cus

te Ly L, L, L,

Ce1 Cer Cos
CartsLy A oylsL
= (4n)2(=1)7e ' DE zf’Hszpgmf’H}L;COg(z) Cooo " Cit T L g (39)
Ly L, Lj

where the first 9 symbol yields a factor of (D}; 2, ) ~2. The two 3 symbols involving zero angular momentum cancel with

DI;“K, , giving rise to an overall phase factor.
717 H1

From the definition of the coefficients we find

DRCY = (=113 (2f61 + 1)@ i + 1))+ 1)(265 + 1225 + 1) x Co ' Chag™. (40)

We proceed by combining Egs. (38)—(40), inserting these expressions into the definition of the covariance, and projecting

out the coefficients proportional to P ( A) and PA/(ﬁ’) Noting that £, + ¢, + L, must be an even integer (or else

ng(')f”‘ ' is zero), this factor can be dropped from the overall phase. Altogether, we arrive at the final form for Case II:

a1 Car Ca3
(fe).11 _ / L,L,L
Covy v (R.R) = (4x) 42 EN)(1-En)/2 z D; 22L:Co00" " T T Cs
LiL,L, L, L, L,
s2ds ¢ —gi—t", +L;) /2P iy
X % H[(_l o Dyper 1 Cooo ™ ]
Xff(;,o,f(,(”GhO S)f()f’Hlt”Hl(Q r;ﬁllvs)ft’(;zf}ﬁLz(rGZ’ r’HZ, s)ff(;3f’H3L3(rG37 r};g,s)- (41)
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Case | . Ga\:/a, \

? ? Z : °
(3 /é\) (xi\,) (o @ ...... o) == M. ® ......
G2 ; ‘o
1/\61
Case I ) Hs’\/es \
? ? ! - H
(2D (o)Al = N sl
° H2 §~ \‘o
G1 \'0’

FIG. 3. Diagrammatic representation of a fully coupled covariance matrix with Case I shown in the upper panel and Case II in the
lower panel (as in Fig. 2). Each case can be broken down into two elementary structures: (a) a tripolar structure arising from the
contraction between overdensity fields from the primed and unprimed families, and (b) a coupling kernel given by the rotational average
overr, r’, and s. Moreover, since the covariance involves two primary vertices (one from the primed and the other from the unprimed
family), there are two dashed lines connected to either each other or a solid line. All three pieces are multiplied, summed over the angular
momenta, and integrated over s. In this figure we use G; and H; to denote permutations. For N = 4, the phase (—1)*"(1-¢6)/2 or
(=1)EN)(1=€1)/2 can be directly read off from the plot as one goes around clockwise: an even permutation in the ordering of angular
momenta corresponds to a positive Levi-Civita symbol and always gives a positive phase, while an odd permutation can flip the sign of
the phase for parity-odd correlators. Diagrams 2 and 3 in Fig. 1 can be distinguished from each other by reading the diagram clockwise
(i.e., one cannot change one into the other by a 2D rotation in the page). The following steps are used to build the “snowflake” diagrams
on the right-hand sides of the equation: (1) take the tripolar structures and multiply them with the coupling kernel, and then (2) perform
an integral over the radial part s of the separation vectors.

Case | Case ll

rge rH2’
rG1 res  wrHt rHs’
ro s ro’
rGe = ru2’
, ro’
IG3 = I'H3
rG1=ru1’ o
-rH1’ = G
ro=ro

o

FIG. 4. Covariance calculation for the 4PCF in the limit of zero separation (i.e., where £ becomes a Dirac delta function). Left column:
in Case I, this limit implies that the two tetrahedra overlap at their origin withs — 0, | — rg, 5 = rg,, and ry — rg;. Right column:
the same limit in Case II implies that the two tetrahedra also overlap but with one of the primary vertices sitting on an endpoint from the
other family. Consequently, we find s — rg;, s = —Iry, S = Iy, —Igp, and § = I3 — Igs.
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As before, if we take the limit that the 2PCF is a Dirac
delta function, &(s — rg;) — 51[;](5 —rg) implies the limit
s — rg;. Recalling P(k) = 1, the f integral associated with
the second correlation function becomes

lim fo o (0,75, 5)

L e Yol
. k*dk | .
= sl—l};%] Z—Iﬁ]f(krGl)]f(krlHl)
1 1

In addition, we have s — rg; — 1}y, for i = 2, 3. In this case,
the resulting integral of three spherical Bessel functions can
be simplified using Eq. (3.21) of Ref. [71], which we do not
duplicate here. However, the former work shows the result
to be zero unless the three vectors s, rg;, and ry; form a
closed triangle, coinciding with our delta function
assumption [72]. This result is unsurprising because the
Dirac delta function can be written as an integral of a
product of spherical Bessel functions. It is interesting to
consider the physical picture (see Fig. 4). When the
correlation functions approach delta functions in Case I,
the two tetrahedra also overlap but with their primary
vertices sitting on the endpoint of that side; in particular,
that side of the tetrahedra must have the same length as the
separation vector of each family.

Notably, Cases I and II have similar mathematical
structures, with essentially no differences induced by
distinguishing between the primary vertices and the end-
points. Combining both cases allows us to recover the
general form [see Eq. (28)] including all 4! = 24 permu-
tation terms. We additionally note that all of the above
derivations could be performed in the spherical harmonics
basis and would have the same results. We will not repeat
this derivation here. Finally, the calculation of the 4PCF
covariance for Case I and II can be diagrammatically
represented in Fig. 3.

V. NUMERICAL IMPLEMENTATION AND
COMPARISON WITH SIMULATIONS

A. Implementation of the connected covariance

The ingredients for the analytic covariance calculation
from Eq. (28) comprise the f integrals, a set of coefficients
including the product of DY, Wigner 3; and 9j symbols,
and the phase. In practice, we compute all of these elements
using PYTHON. For efficiency, we evaluate the Wigner 3
and 9; symbols using the SymPy package. We precompute
the f integrals for each radial bin, as well as the coupling
coefficients, before assembling the covariance. These are
stored in dictionary format and loaded during the calcu-
lation. To compute the f integral, which involves fine
binning in k and s, we use an analytic form for the bin-
averaged spherical Bessel functions [see Eq. (D2)], which
is exact and speeds up the implementation. We use 5000

points in k€ [1074,5] h Mpc~! and 4100 points in
s € [107°,10°] h~! Mpc, with both linearly spaced. We
choose these ranges and grid sizes such that, on the one
hand, the arrays fit in the same memory block managed by
NumPy, and on the other hand, they cover the integration
range of interest with sufficiently small grid size. Given
that our aim is to measure the 4PCF up to £, =4,
we compute the f integrals up to £ =8 (considering
L=¢+47¢). To verify the numerical evaluation and
implementation of the bin-averaged f integral, we compare
the resulting forms to an analytic solution for the integral of
a product of three spherical Bessel functions [73], modified
to accommodate for the bin averaging. This is discussed in
Appendix D.

B. Comparison with log-normal simulations

We now compare the theoretical covariance to those
extracted from simulations. First, we use a set of 1000
log-normal mocks at redshift z = 2 with a number density of
~1.5x 107 [A~!' Mpc]= and volume V = 3.9 [Gpc/h]’.
While it may seem more prudent to construct simulations that
match our assumption of Gaussianity, this is nontrivial, since
we require a discrete density field. In principle, one could use
a set of discrete particles which are assigned the Gaussian
random field value as weights. However, this approach does
not correctly reproduce the covariance, since it puts multiple
galaxies at the same position and effectively enhances the
shot noise. The log-normal mocks are generated using
NBODYKIT [74], where the overdensity fields are evolved
according to the Zel’dovich approximation (lowest-order
Lagrangian perturbation theory) [75,76]. We prepare mocks
in both real and redshift space in order to investigate the
impact of RSD on the covariance. The input linear power
spectrum is generated with the cosmological parameters
{90, Quh%, h,ng, 04+ =1{0.31,0.022,0.676,0.97,0.8}  with
a linear bias b; = 1.8. The 4PCFs are measured using
the Encore code [77] at ten radial bins centered at ry;, =
{27,41,...,153} h~! Mpc with a bin width of 14 A~ Mpc.
In this setup, these log-normal mocks have a low level of non-
Gaussianity due to the high redshift and have a relatively high
shot noise.

The sample covariance estimated from mock simulations
is defined as

Y- -BT, (43)

i=1

Coook = —————
mock Nmock -1

where the data vector (!} (with dimension Ny, is the
4PCF measured from the ith mock simulation, and E is the
mean over all N,y realizations. Since the mean is
estimated from the mocks themselves, the definition
includes the prefactor (N o — 1)~

When computing the f integrals in real space, we use the
same input power spectrum that was used to generate the
log-normal mocks. In redshift space the power spectrum is
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the comparison of the correlation matrix (defined by M;; = C;;/

Ciogn (€000, C"000)

(b) Lognormal

Net Bin Index

(c) Comparison of diagonals

Comparison of the analytic and sample covariance matrices for a set of lognormal simulations. The first and second panels show
C;;C;;) for angular momenta {A, A’} = {000,000} in real space.

Panel (a) gives the model prediction for the fully coupled 4PCF correlation matrix, and the panels above and to the left show the
(disconnected) Gaussian 4PCF model in real space. The horizontal and vertical axes indicate 120 radial bins, ordered so that
ry < rp < r3. This gives rise to the block structure in the matrix and the sawtooth shape of the correlation functions. Panel (b) shows the
correlation matrix estimated from 1000 log-normal mocks, with the extended panels showing the measured full 4PCF from the log-
normal mocks in real space. Panel (c) shows a comparison of the diagonal elements of the two covariance matrices; we note that the

values (vertical axis) are logarithmically scaled.

additionally multiplied by the isotropic Kaiser factor
(b* +2fb/3 + f*/5)/b*, with f being the logarithmic
derivative of the linear growth factor with respect to the
scale factor [78]. In both cases, we damp the power spectra
by exp(—(k/ky)?) to avoid numerical issues, setting
ko = 1[Mpc~'h]. We find that the shot noise term is
sensitive to the precise form of the exponential damping
function. For the log-normal mocks, which feature a large
shot noise, we observe better agreement between theory
and simulations when the shot noise damping is not
included.

Figure 5 shows a comparison between the theoretical and
sample covariance from the log-normal mocks for angular
momenta {A, A’} = {000,000} in real space. The 2D plot
in the first panel shows the model prediction for the fully
coupled 4PCF correlation matrix M, where the correlation
matrix is the covariance matrix C normalized by its
diagonal terms, i.e., M;; = C;;/,/C;;C;;. We arrange the
radial bins in the following manner: we start by fixing bins
in r; and r, and loop over r3, then move to the next radial
bin in r, at the same fixed r; and again loop over r3, before
moving to the next bin in r;. This is repeated until all
possible radial binning combinations are explored; this
specific way of arranging the bins is denoted as the net bin
index. During this process we force the radial bin arrange-
ment to be r; <r, <r; In total, we have C3;,=
10!/(7!3!) = 120 radial bins. The radial bin arrangement
also leads to the block structure in the covariance matrix.

The second panel of Fig. 5 shows the measurement from
1000 log-normal mocks in real space with the inset
showing the measurements of the full 4PCF from

Gaussian mocks. Comparing the first and second panels,
we can see that the analytic covariance is able to capture
the off-diagonal features. The covariance for {A, A’} =
{000,000} is mostly positive as a result of the autocovar-
iance for the angular momenta themselves. The third panel
shows a comparison of the diagonal elements of these two
matrices on a log scale. The extended panels at the top and
right of the first panel in Fig. 5(a) show the Gaussian 4PCF
model in real space, where the (disconnected) Gaussian
4PCF consists of a product of two 2PCFs. (See Appendix A
of Ref. [69] for a derivation.) Since the 2PCF is approx-
imately given by a declining power law, the combination
with our radial bin arrangement leads to the sawtooth shape
of the 4PCF. The extended panels at the top and right of
the second panel of Fig. 5(b) are the measured full 4PCF
(including both connected and disconnected terms) in real
space. They both assist the visualization of the block
structure of the correlation matrices.

In order to quantify the similarity between the Gaussian
model prediction and the mock measurements, we perform
a test, which we call the “the half-inverse test.”” This
considers the matrix

S=C"2C,aC V2 —1,

model model (44)
where 1 is the identity matrix. If the two covariances were
identical S which would vanish [79]. Figure 6 shows the
half-inverse test in the left panel, with the eigenvalues of the
4PCF covariance inferred from the model (solid blue curve)
and the mocks (dotted black curve) shown in the right
panel. If the analytic and sample covariance matrices agree,
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FIG. 6. Left: half-inverse test comparing the log-normal simulations and the analytic covariance, both of which are shown in Fig. 5. If
the covariance matrices agree, both the mean and the off-diagonal elements should be noisy fluctuations around zero. For clarity, we plot
only the lower triangle, and give the standard deviation for the off-diagonal elements (6,ondiag)> fOr the diagonal elements (6 iy, ), and for
all elements combined (o). Right: comparison between the eigenvalues of the analytic covariance (solid curve) and log-normal mock

covariance (dotted curve).

the half-inverse matrix should follow a Wishart distribution
[80,81] and we expect the standard deviation of half-
inverse matrix elements to scale as 1/y/Npoq ~ 0.03,
where N, o« = 1000 is the number of mocks. The standard
deviation of the diagonal elements should be 2 times larger
than that of the off-diagonal ones, since the expression for
the variance of a Wishart distribution contains a Kronecker
delta for matrix elements i = j.

For the log-normal mocks, the mean of the half-inverse
matrix elements is (S) =2.3 x 1073, which is much
smaller than their standard deviation. However, we observe
aresidual in the diagonal terms; indeed, the mean of these is
0.180. If we decompose the theoretical covariance into its
diagonal eigenvalue matrix D and a unitary matrix V of
eigenvectors, we can write C_2 = VD=/2V-!_If the
eigenbasis of the analytic covariance is close enough to
the mock-estimated one, the half-inverse test reduces to the
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FIG. 7.

ratio between the eigenvalues of the two covariances. Here,
we see that the eigenvalues of the model covariance are
slightly lower than those of the mock covariance. A
possible explanation for this residual is that the log-normal
mocks have intrinsically high shot noise, which can
generate non-Gaussian (but Poissonian) terms in the
covariance that require modeling beyond the Gaussian
approximation. Another possibility arises from the choice
of input power spectrum. Here, we used the power
spectrum that generated the log-normal mock, instead of
that measured from the log-normal mocks. Due to the log-
normal transformation of the density fields, and post-
Zel’dovich evolution, the two spectra could differ slightly.

Figure 7 is similar to Fig. 5, but shows a comparison
between the two sets of covariances in redshift space.
Compared to the real-space correlation matrix, we see that
RSD slightly enhances the off-diagonal structure for

-12 12 _
Crnodel Clogn Crodel = 1

10-6 —— Model Onon - diag = 0.04
Lognormal mocks 1004 Ogiag = 0.07 0'3
0.2
8040a1=0.04
0.1
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(c) Diagonals (d) Half-inverse test

Same as Fig. 5, but comparing the analytic and log-normal covariances in redshift space. Here we show the results of the half-

inverse test in the same format as Fig. 6(a). The model also works well in redshift space in that it shows comparable coupling structure
for the correlation matrices and the diagonal elements of the covariances. However, we do observe a residual in the diagonal elements of

the matrix for the half-inverse test.
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(c) Comparison of diagonals

Same as Fig. 5, but for the Quijote halo catalog in real space, using 100 simulations. For the simulations with non-negligible

non-Gaussianity, the model can adequately predict various features of the correlation matrix, with a good match for the diagonal

elements of the covariance as well.

{A, A"} = {000,000}. The agreement in the diagonal ele-
ments and the half-inverse test are of a similar level compared
to the real-space test, with a similar diagonal residual found in
the half-inverse test as well. Although our numerical imple-
mentation of the 4PCF covariance ignores higher-order
angular momentum contribution arising from RSD. A more
rigorous treatment of this effect can be found in Appendix E.
This comparison shows that the RSD effect can be largely
accounted for by simply modeling the covariance using an
input power spectrum equal to the RSD monopole. Finally,
we note that the RSD doubles the amplitude of the Gaussian
4PCF model and the full 4PCF measured from the mocks in
the extended panels of Figs. 7(a) and 7(b). These quantities
are dominated by the two-point statistics and the increase in
the amplitude is approximately given by the Kaiser factor to
the fourth power.

C. Comparison with Quijote simulations

To further understand the non-Gaussianity arising from
gravitational evolution and to test the validity of our Gaussian
assumption, we compare the theoretical covariance formal-
ism to the sample covariance measured from the Quijote halo
catalogs [82]. Each of the Quijote simulations has a box size
of V.= 1.0 [A~! Gpc]?, a fiducial cosmology {Q,, Qy, &, 1,
og} = {0.3175,0.049,0.6711,0.9624,0.834}, zero neu-
trino mass, and is at redshift z = 0.5 [83].

We test our algorithm on 100 Quijote halo catalogs
created from 10243 cold dark matter particles. Halos are
identified using a particle number cut Npyic > 150 per
halo, which corresponds to My, = 1.2 x 1013 [h~! M).
This gives 2 times lower shot noise compared to the log-
normal mocks. As before, the catalogs are prepared both in
real and redshift space, and we use the same radial binning.
The f integral is constructed from the power spectrum
monopole measured from the Quijote halo catalogs for both
real and redshift space. For this set of simulations we apply

exponential damping to both the power spectrum and
shot noise.

Figure 8 shows a comparison for {A, A’} = {000, 000}
in real space. Again, we see a positive matrix, but this time
with an enhanced off-diagonal feature, due to the lower
shot noise (approximately lower by a factor of 2 than that of
the log-normal mocks). Figure 9 gives a comparison for the
cross order {A, A’} = {000, 101} in real space. Again, the
analytic correlation matrix is able to capture the features in
the off-diagonal elements seen in the mocks. The overall
negative structure in the correlation matrix is due to the
anticorrelation between the 4PCFs {, and {;¢;. Since we
correlate two different angular distributions, we expect the
structure of the covariance to be asymmetric. The right
panel shows the diagonal elements of the cross covariance
for the theoretical model and the Quijote simulation; here,
the model covariance slightly underpredicts the covariance
diagonal at the small scales seen at the peaks of the
sawtooth shape, but overall the ratio between the sample
and mock covariance oscillates around unity with a
mean (Clock/Cmodel) ~ ().96.

To quantify the similarity between the model predictions
and simulations, we again utilize the half-inverse test. The
left panel in Fig. 10 shows the results for {A, A’} =
{000,000}, while the right panel shows {A,A'} =
{000, 101}, both of which are in real space. In order to
invert the cross covariance, we build a full matrix which
includes the autocovariance {A,A’} = {000,000} and
{A,N'} = {101,101}, which doubles the size of the
matrix. In this case, we do not observe any residuals in
the diagonal of the matrix. Given 100 halo catalogs, the
standard deviation is expected to be of order 1/1/100 =
0.1, matching that found from the data.

In addition, we also perform a comparison for {A, A’} =
{000, 101} in redshift space, shown in Fig. 11. Compared
to the real space, RSD enhances the diagonals by a factor of
~2.3 for this cross covariance term, but its overall shape is
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FIG. 9. Same as Fig. 5, but for the Quijote halo catalog in real space. Here, we plot the cross covariance with angular momenta

{A, A"} = {000, 101}.
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FIG. 10. Half-inverse test for the analytic covariance and sample covariance of the Quijote halo catalog in real space, in the format of
Fig. 6(a). Left: angular momenta A = {000} and A’ = {000}. Right: cross covariance with angular momenta A = {000} and
A = {101}. For comparison we show the full matrix with {A, A’} = {000,000} + {000, 101} + {101,000} + {101, 101}. The
standard deviations for the off-diagonal elements (6,ondgiag)- the diagonal elements (cgi,e ), and all of the elements (o) are given in the

insets.

almost unaffected. From the right panel, we see that the
diagonal elements of the theoretical covariance slightly
underpredict those estimated from Quijote simulations at
small scales, but the mean of the ratio is close to unity,
with (Cmeck /Cmodely 1 04, This is also demonstrated in
Fig. 11(d), which shows no residual from the half-inverse
test. In principle, we could extend our model to include RSD
effects as described in Appendix E; we leave this effort for
future work.

D. Comparison with the MultiDark-Patchy mocks

Finally, to test the impact of the nonuniform survey
geometry, we compare our Gaussian covariance model to a

set of MultiDark-Patchy mocks [84,85] produced for the
Sloan Digital Sky Survey’s Baryon Oscillation
Spectroscopic Survey (BOSS) data release 12 (DR12)
[86,87]. In this test, we focus on the set of Patchy mocks
that match the galaxy clustering of the BOSS constant
stellar mass (CMASS) luminous red galaxy (LRG)
sample at an effective redshift z. = 0.57 in the north
Galactic cap (NGC). The mock catalogs were constructed
using the Planck cosmology {Q,,Q,h,ny,08}=
{0.307115,0.048206,0.6777,0.9611,0.8288}.

For simulations in a cubic box, the volume V entering the
theoretical covariance is simply given by the box size, and
the number density is the ratio between the number of
particles (galaxies or halos) and the volume. For a sample
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Same as Fig. 7, but for the Quijote halo catalog with angular momenta {A, A’} = {000, 101} including RSD. The analytic

covariance well describes the structure of the sample covariance in this scenario.

with survey geometry and a radial selection function, we
generalize the volume and number density estimator of
Refs. [61,88]:

[ & rn* (r)w(r)]?
[ &rnd(r)wd(r)
[ &rnd(r)wi(r

(r)

_ )
Mleff = [ dra’ (r)wd(r)’

Vg =

= (45)
w
where n(r) is the number density of the sample as a function
of redshift and w(r) is the galaxy weight (including both
systematic and weights following [89] (hereafter FKP
weights ). To calculate this, we apply the default weights
provided in the Patchy mocks. These are given by [90]
Wiot = Wikp * Wveto * Wiiber collision» (46)
where the FKP weight is wq,=[1+10*(A~'Mpc)?-n(r)] ",
Wyero 18 @ binary indicating whether the object is excluded by a
veto mask or not, and Wiper coltision 1S @ fiber collision weight.
For Patchy NGC, we obtain 7 = 3.2 x 10~ (h~! Mpc)~3
and Vi = 1.9 (h~! Gpc)?®. However, we caution that this is
only an approximation and does not fully account for the
survey geometry, even for the 2PCF covariance [61].

The input power spectrum is measured from the Patchy
mocks and then fitted using the effective field theory of
large-scale structure [91,92] including one-loop bias, RSD,
counterterms, and infrared resummation [93-95], imple-
mented using the Class-PT code [96]. The 4PCF is
measured from 999 Patchy mocks with random catalogs
of the same volume but 50x larger in number of objects
than the data, and the same radial binning scheme as before.
As above, we apply a Gaussian damping to the power
spectrum and shot noise, which is equivalent to convolving
with a Gaussian smoothing kernel in real space.

To compute the likelihood when performing an analysis
of an NPCF measured from data, or to perform a Fisher
forecast, we must invert the covariance matrix. Inverting
a covariance inferred directly from mocks requires the

number of mocks to be larger than the dimensionality of
the data vector, N, > Ny. However, in the 4PCF case,
we face a high-dimensional data vector and this invertibility
condition is generally not fulfilled.

There do exist approaches to bypass this issue, such
as the data compression scheme of Ref. [16]. This data
compression scheme requires a diagonalizable initial esti-
mate of the covariance, and it then looks for the most
informative subspace of the eigenbasis by ranking eigen-
vectors according to S/N. This subspace may be chosen to
be much lower-dimensional, and hence the covariance in
this subspace can be estimated directly from mocks and
still inverted. However, the initial estimate used to get the
eigenbasis has the full number of degrees of freedom; since
diagonalization is the same fundamental problem as matrix
inversion, one therefore cannot use the mock-based covari-
ance as this initial estimate. Rather, our analytic covariance
may be used as the initial estimate, as indeed was done
in Ref. [69].

The analytic covariance matrix formalism does not include
the window function. However, the 4PCF itself can be edge
corrected (as in Ref. [63]), so the GRF that corresponds to this
is the unwindowed density field. Hence, the appropriate
power spectrum to use in our template is the unwindowed
power spectrum.

We optimize the effective number density and survey
volume used in our template by fitting to the noisy covariance
measured from the mocks. Our motivation is that decreasing
the number density roughly mimics the effect of non-
Gaussianity and RSD, as well as possibly capturing some
of the window function effect outlined above. The difference
between the nominal and effective volumes can be interpreted
as a leading-order correction to the covariance of the survey
geometry. Such optimization helps to bring the analytic
covariance as close to the mock-based one as possible, which
benefits the analysis of the measured 4PCF [69].

To compute this, we create a 2D grid of parameters,
scanning over both the number density and the effective
volume. We maximize a log-likelihood based on the
Kullback-Leibler (KL) divergence using the expected
Wishart distribution for mock covariances [97], following
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FIG. 12. Log-likelihood for the parameters 7 and V. obtained
from fitting the analytic covariance to the sample covariance of
1000 Patchy mocks (including redshift-space effects and non-
uniform survey geometry). The likelihood is constructed using
the KL divergence, as in Eq. (47).

O’Connell et al. [98] and Philcox et al. [99]. This has the
advantage that it only requires the analytic covariance to be
inverted. The log-likelihood involves both the Gaussian
covariance and the sample covariance measured from
Patchy mocks:

— Nmoc — -
- 10g £1 (I’l, Veff) = Tk [TI'(leOdel(n, Veff)Cmocks)

—log det Gy (A Vo) + -+ (47)

As a test, we optimize the likelihood for the Patchy
NGC region using {A, A’} = {000,000}. The 2D grid
is constructed using 7 € [0.2,4.4] x 107* (h~! Mpc)~?

Net Bin Index
20 40 60 80 100 0 20
T

Net Bin Index
4 60 8

with an interval of 2 x 107 (h~'Mpc)™® and Vi €
[0.2,5] (k' Gpc)? in 40 volume bins. Figure 12 shows
a 2D interpolation of the log-likelihood. The degeneracy
direction shows an inverse scaling relation between the
number density and volume; this is as expected, since
lowering the number density increases the shot noise,
which increases the overall amplitude of the covariance,
but it can be suppressed by a higher volume. In fact, the
volume can already be uniquely defined for a given number
density by maximizing the log-likelihood in Eq. (47):
Vet = Ng/Tr[CL 1 Crmock)s Where Ny is the dimen-
sionality of the corresponding data vector. For the
Patchy NGC region, the optimized number density and
volume are given by 1=2.6x10"*(h~'Mpc) =3 and V4 =
1.07 (k=" Gpc)?, respectively. We also perform the same
fitting procedure for the south Galactic cap, obtaining 71 =
2.4 x 107 (h~"Mpc)~2 and V4 = 0.37 (h~! Gpc)?.

The comparison of the correlation matrix for {A, A’} =
{000,000} is shown in Fig. 13. The left and middle panels
show the optimized correlation matrix from the model
prediction and the covariance obtained from the Patchy
NGC mocks, respectively. The right panel shows a com-
parison for the diagonal elements of the analytic covariance
model with and without optimization (solid red curve and
dotted black curve, respectively), and the Patchy mocks
(dashed grey curve). Figure 14 shows the half-inverse test
in the left panel, with the right panel giving the covariance
matrix eigenvalues predicted by the analytic model before
optimization (dotted black curve), after optimization (solid
red curve), and estimated from the Patchy mocks (grey
curve). Before applying the optimization, there is a clear
mismatch between the theoretical prediction and the mock
measurement, both in terms of its diagonal elements and the
eigenvalues. The mean of the half-inverse matrix gives
(S) = 6 x 107*, while the mean of the diagonal is 0.0048.
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(c) Comparison of diagonals

Same as Fig. 5 but for 999 Patchy mocks. These include both RSD and survey geometry. The third panel shows a comparison

of the diagonal elements for the Patchy covariance (grey dashed curve), and analytic covariance with and without optimization (red solid

curve and black dotted curve, respectively).
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FIG. 14. Left: half-inverse test for the model applied to the Patchy NGC mocks for angular momenta {A, A’} = {000,000}, as in
Fig. 6(a). Right: comparison of the eigenvalues for the theoretical covariance before optimization (dotted black curve), after optimization

(solid red curve), and from the Patchy mocks (dashed grey curve).

Since the previous tests using the Quijote mocks indicate
no obvious deviations from RSD not nonlinearity, we thus
suspect that the offset is due to the survey geometry. Fitting
for the number density and effective volume, we find that
one can moderately compensate for this effect.

To this end, we also perform a parameter fit for 13
covariance terms for #; < 1. We find the optimized number
density and volume 7 =2.4x 107 (h=!'Mpc)~® and
Ve = 1.16 (k7! Gpc)®. Figure 15 shows a comparison
of the correlation matrices estimated from the Patchy NGC
mocks and the model prediction; for visibility, we show 11
terms. The approach and the code developed in this work
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FIG. 15.

have no fundamental limitation regarding #,,,,,; we chose to
show up to £,.,x = 4 simply because this is aligned with the
choice made in our 4PCF analysis on BOSS data [69], which
uses this same maximum for the data analysis. Despite an
overall good agreement between the mock correlation matrix
and the model one, we find that different angular momentum
orders are affected by the non-Gaussianity and survey
geometry in different ways. As such, the number density
and effective volume optimized for a specific angular
momentum combination is not necessarily the optimal
combination for the others. This indicates a fundamental
limitation of the fitting approximation.

Correlation matrix model
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Comparison of correlation matrices estimated from Patchy NGC mocks (left) and model (right). Here we display 11 different

choices of A, with each submatrix being the correlation between angular momentum sets {A, A’} = {£,¢,¢5, ¢ £5¢% }. The shot noise
and volume entering the analytic covariance are optimized using 13 choices of A (those involving the first angular momentum being less
than or equal to one). Overall, we find reasonably good agreement between the Gaussian model and the sample covariance. We see some
differences in the off-diagonal terms, and these differences increase with increasing angular momenta. The diagonal terms are relatively
consistent with each other, mostly as a result of the parameter fitting.
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VI. SUMMARY

Summary statistics, such as the N-point correlation
functions, can effectively capture cosmological information
from the spatial distribution of LSS. Throughout the past
decades, significant work has been devoted to developing
pipelines for the analysis of two-point statistics, focused
primarily on the extraction of the BAO position and the
growth parameter, fog [100-108]. The next generation of
surveys—e.g., the Dark Energy Spectroscopic Instrument
[109], the Euclid satellite [110,111], and the Rubin
Observatory [112]—will map out much larger survey
volumes with increased statistical power, facilitating analy-
sis beyond the two-point function.

Higher-order statistics allow us to gain new insight into
gravity-induced nonlinearities and neutrino masses, par-
ticularly in combination with two-point statistics. Further,
they can be used to study scalar parity violation, which
cannot be probed at all for NPCFs with N < 3. A particular
challenge is that higher-order statistics usually imply high
dimensionality; if one pursues a simulation-based covari-
ance estimation, a large number of mocks are required,
which is computationally demanding.

In this paper we discussed an analytic approach to
computing the NPCF covariance. In particular, we decom-
posed the NPCF into the isotropic basis functions described
in Ref. [64], and computed the covariance in this basis.
Assuming the density field to be statistically isotropic (i.e.,
ignoring RSD), this is a natural basis to use, since it has full
3D rotational symmetry.

When constructing higher-order NPCFs, it is important
to subtract any contributions which also appear in the
lower-order statistics, i.e., to use only the connected NPCF.
As we have shown, the full NPCF covariance matrix can be
written as a sum of two pieces, denoted as fully coupled and
partially coupled, with only the former contributing to the
covariances of connected NPCFs. We presented a general
formalism for the NPCF covariance under the assumption
of Gaussianity, which we can further break down into basic
elements as contractions between two overdensity fields.
Each basic element consists of an f integral [Eq. (21)] with
coefficients involving products of angular momenta and 3
symbols multiplied by a phase. We showed that the general
NPCF covariance can be built directly out of these basic
elements by invoking properties of the isotropic basis
functions. In the N =4 case, we explicitly derived the
analytic form for the 4PCF covariance, introducing a
diagrammatic representation to assist with understanding
of the coupling structure. We also numerically imple-
mented the analytic formalism for this case.

We compared our theoretical model—which assumes
Gaussianity, isotropy, and a uniform survey geometry—to
simulations with various levels of realism, including the
log-normal mocks (which have high redshift and high shot

noise, but suppressed gravitational nonlinearity) and the
Quijote simulations (which have low redshift and low shot
noise, and include nonlinear effects). One of the most
interesting conclusions from these numerical tests is that,
even though our naive Gaussian model takes neither RSD
nor gravitational non-Gaussianities into account, it produ-
ces a reasonably accurate estimate of the Quijote cova-
riances in real and redshift space. However, despite a good
overall match for the log-normal mocks, we did observe
spurious residuals via the half-inverse test. In particular, we
found a residual in the diagonal elements, which is likely
due to beyond-Gaussian correlators induced by shot noise
effects. Finally, we also tested our model using the Patchy
mocks. These have a realistic survey geometry, matching
that of the BOSS DR12 CMASS sample. We consider the
possibility in the difference can be ascribed to the survey
geometry, but we defer full exploration of this issue to
future work. Here we account for the difference by fitting
for the number density and the effective volume by
maximizing a likelihood based on the KL-divergence.
Our companion paper [113] showed that the theoretical
covariance can be used as an important tool to facilitate data
compression [16,114], allowing a detection of gravitation-
ally induced non-Gaussianity from the BOSS 4PCF.

This work represents an important step along the path to
constraining cosmology using higher-point functions. A
number of extensions are possible, in particular, including
modeling of window function effects, numerical imple-
mentation of the covariances including RSD, extensions to
higher-order statistics such as the SPCF and 6PCF, and a
more thorough study of the performance of the Gaussian
model in the limit of high shot noise.
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APPENDIX A: EXPLICIT RESULTS FOR THE GENERALIZED GAUNT
INTEGRALS WITH n=2, 3, AND 4

In Sec. II B we discuss the generalized Gaunt integral; here, we present explicit results for n = 2, 3, and 4, following
Ref. [64]. This uses the definition of Eq. (9), which includes the quantity Q A", For n = 2, given the definition of Q in
Eq. (7), we have A — (¢,¢), N = (¢',¢'), and A" — (£”,¢"). This leads to

£ O\
) . (A1)

GAMN — (47)1\/(2¢ + 1) (2f’+1)(2f”+1)(0 0 o

This is a rescaling of the well-known result [115] for the coefficient when a product of two Legendre polynomials is
expanded into a sum over single Legendre polynomials.
For n = 3 the generalized Gaunt integral is given by

AN AN 3 fi l’ﬁ/ f//
GMN = (47) 732 QAN H< i 0 >\/(2f + )2+ 1)(2¢7 + 1)

i-t\0 0
fl fll l’ﬂlll 3
¢, ¢t
= 4n)32 ¢, O 1Y ( R ) 20, + 1)(2¢ + 1) (227 + 1), A2
anry e e AT easnea s e+ (A2)
¢y 4 05
where we have used the definitions of CO(’)O‘ / [see Eq. (4)] and DY tee [see Eq. (5)], and the quantity QMA" §g given by a9j

symbol, after summing over m;, m}, and m; (for i = 1,2, 3).

For n = 4, expanding the Q™" quantity leads to ten Wigner 3j symbols, and consequently the product of two 9;
symbols. The detailed derivation of this was given in Sec. VI.4 and Eq. 71 Ref. [64], leading to the final result:

¢ ¢
ANAN" I I i i i

fl fZ £12 le f3 f4
A T (A3)
e ey o) Ley, o gy

APPENDIX B: DERIVATION OF THE BASIC COVARIANCE ELEMENTS
1. Real space

Here we derive the basic covariance elements presented in Sec. [V A. Without loss of generality, we consider only the
contraction between a single pair of endpoints, neglecting the subindices and denoting the positions as r and r’. The
coupling between two endpoints across the unprimed and primed families can be expanded as

(6(x +T)8(x 5 + 1)) = E( +5 1) = / k(450 p(k)
(4052 57577 [ PR ks )
‘m ¢'m' LM

X Y ()Y g ()Y 11 (K) Y740 (8) 7, (K) Y 1 (B), (B1)

where, as stated in Sec. III, we have assumed isotropy [i.e., that P(k) = P(k)] in the first equality. The second equality
arises from applying the plane-wave expansion three times. Performing the angular integral over k gives the Gaunt integral:
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’ . PN 204+ 1)+ 1)L+ 1) (¢ ¢ L\ /(¢ ¢ L
it = [ a0 R (R () = OO DEEENCEED (6 (47

= (4a)7 D0, Cloa Clihr (B2)
Inserting the definition of the f integral [see Eq. (21)], Eq. (B1) becomes

B(x+1)8(x +5+1)) = (4x)*Y N i (Ar) N f (.7 5) (Ar) VDY, COGECEOEY 0 (B)Y e (B)Y 101 (8)
'L mm'M

(47) 3/22 Ly (1,7 .)DY,, COOLPrpr (B F.8). (B3)
Cf'L

Finally, we give expressions for the contraction of two overdensity fields from the same family. These self-coupling terms
do not occur in the calculation of the covariance of the connected NPCF, but do appear if one considers a covariance which
includes the disconnected piece (as in Appendix C). In this case, r; and r; denote two endpoints from the same family. As
before, we apply the plane-wave expansion to the exponentials in Eq. (18), and then integrate over k to find

(5(x + 1)8(x + 1,)) = &(r 1)) = / 2 POk} 07 DL
(4r) 3/22 D)/V2E + 1f 0(ri. 17, 0)Prgo (£:, £7, 0). (B4)

In the second line, we have written our result in terms of the N = 3 isotropic functions to maintain a consistent structure for
all of the basic elements. If one of the two overdensity fields is a primary, the expectation value is simply a 2PCF:

(6(x +10)8(x + 1)) |y, 0 = &(Iri — o)) |1, -0
= (47)3/2 fo00(r. 0. 0) Py (£, 0, 0). (BS)

2. Redshift space

Below, we derive the basic elements in redshift space, as a preparation for the fully coupled covariance with RSD
discussed in Appendix E. We first expand the power spectrum in terms of Legendre polynomials:

k) = Zpa(k)La(i‘ “h)
ZM 1 POY, ()Y, (), (B6)

where P, (k) is the Ath Legendre multipole of the power spectrum (where 4 is even) and # is the line of sight.
The expectation value of the product of two overdensity fields now reads

(S(x+r)8(x+1 +s)) = ﬂ e (rHs—r) p(k)

/ r'+s—r Z

A

[ S 3 ) ) k)Y ) 6 6

'L mm'M

XY g (F) Y 111 (8)Y g (F)

1 PRy 3 (K)Y 3 (R)

vi¥/s

ok VY3, ()Y, (). (B7)
A

We can perform an angular integral over k:
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/ dRY () () 130 RV, () = S (<1)1G70E GEE

L
= (4n)™ (-1)MDY,, (2L + 1)Ce0T CEEL | conChEs
L

= (4n)"'DP

because of the additional LOS direction 72, we need to consider isotropic functions with four arguments:

fa A o
Prona(B,F,8,0) = E , My

mm' My

To incorporate the power spectrum multipole decomposition, we extend the definition of the f integral as follows:

kK dk
f?lf2f3(’”17rz””3)—/2—7[2

The redshift-space basic covariance element can thus be written as

(B(x +1)8(x + 1 +5)) = (4n)> Y i
0 LA

APPENDIX C: PARTIALLY COUPLED 4PCF
COVARIANCE

1. Fully coupled and partially coupled covariances

In Sec. IVB we present the fully coupled covariance,
which is the relevant part for the connected NPCF estimator.
As before, the connected estimator is obtained by subtracting
the disconnected piece from the full estimator as in Eq. (13).
This feature is now included in the Encore code, and is
discussed at length in our companion paper [69]. For
completeness, however, in this appendix we will discuss
how one may estimate the partially coupled covariance.

We first sketch our reasoning for ignoring the partially
coupled terms in the connected 4PCF covariance.
Following the definition of our estimator, the fully coupled
covariance can be written as

COVfC(R, Rl) = COV(&C’ EC)
= Cov(£,&) = Cov(&y. &)
- COV(c:“, 2dc) + Cov(adc’ Zjdc)’

where the first term in the second equality—the covariance
of the full estimator—is simply the covariance obtained
from all combinations of eight overdensity fields. We use
(6666) to denote the full estimator; given the symmetry, any
one of the overdensity fields can be thought of as a primary
vertex, with the position of its neighbors fixed relative to

(C1)

+1

mm' M~ —MMu
ff’L/lcritr;;’erz”ucgg(,)lal; (B8)
anl(f) Yf’m’ (f‘/)YLM(§)Y/1ﬂ (ﬂ> (B9)
Py(k)je, (kry)je,(kry)je,(krs). (B10)
DY, CoSk o (17 ) Prpp s (R .8, 1). (B11)

the primary. As before, the covariance of the full estimator
consists of both fully and partially coupled parts. Below, we
give an example of a contraction that leads to a partially
coupled term (here with angle brackets representing spatial
integrals rather than statistical expectations):

L =11
Cov(C, ) — (5658)(8'8'8°8).

The disconnected estimator is represented by (58)(56).
Again, we know that the relative position between over-
density fields appears within a (---) integral, but the
relative position between two (---) is free. This leads us
to consider only the self-coupling contractions within an

integral such as <5'_(|;> (§ )5 this contraction is, by definition,

a 2PCF. Contractions such as (5 5>'_<|5 §) must be integrated

over the unfixed pair separation vector, resulting in an
additional volume factor V~!, which leads to a strong
suppression. Below, we list the contractions that contribute
to the partially coupled covariance at leading order:

Cov(Cae, &) — (58)(56)(5'5'88")
Cov(C,Cae) = (56668)(8'8")(8'6")

~ ~ —
Cov(Cae, Gac) — (3.6)(d5)(0"0")(0"0").
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Case |

Case lll

Case IV

FIG. 16. Diagrams for the partially coupled covariance. This figure is analogous to Fig. 2, but gives the terms necessary to model the

disconnected 4PCF covariance.

After counting the permutations, we find 72 terms in each
case, all of which cancel. This leads only to corrections of
O((r2/V)?) and higher, where r,~ 100 h~! Mpc is the
correlation length. This correction is typically ~0.1% and
hence can be neglected when comparing to the measure-
ments from the mock simulations with a box length of
Liox ~ O(1) h~' Gpc. We thus conclude that the fully
coupled covariance does represent that of the connected
4PCF in the large-volume limit.

2. Analytic form

For completeness, we also derive analytic expressions
for the partially coupled covariance. These contributions
are composed of similar structures to the basic elements
shown in Sec. IV A and can be divided into four pieces, as
shown in Fig. 16. All terms involve a self-coupling, i.e.,
the contraction of overdensity fields within a primed or
unprimed family. As a result, the basis function will end up

with one of the angular momenta being zero, with the other
two being equal. This implies that the partially coupled
covariance can be fully characterized by just £ and ¢’. The
fundamental idea of the derivation is similar to that
underlying the fully coupled covariance derivation. First,
we identify the basic elements that contribute to the given
cases. Second, we apply a rotational average over the three
direction vectors t, ¥/, and § and reorder the permuted
coordinates into canonical ordering. Third, we project the
covariance onto the isotropic basis, picking out the terms
proportional to P, (R) and P, (R’). Here we necessarily
need to introduce both permutations G and H because self-
contraction breaks the symmetry of the coupling structure.
As before, we restrict G to cyclic permutations, allowing H
to explore all possibilities.

Case I: The partially coupled covariance in this case
contains the self-contraction between primary vertices, Iy
and r(,, and endpoints of their own family (see Fig. 16).
This can be expressed as

L(R,R;8) = (8(x +10)8(x +161)) (6(X + 8 +10)8(X +8 + 1)) |y —0.)~0

X (B(X +1G2)8(x +5 + 1)) (5(X +163)0(X +8 +173)).

Inserting the definition of the basic elements defined in Sec. IVA, we find
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L(R,R';s) = Z<4”)3/2f000(7617 0.0)Pooo(Ec1. 0, 0)(47)*> fo00 (0, 771 0)Pooo (0, £y, 0)

G.H

3/2 } : —L o+, +L / Corlinla
X (47[)/ [Tl fosz;lsz(}”Gz,er, ) 2f/ LZC Pf(;zf/ Lz(erer’S)
Cort' oLy
x (47)3/? SIS, (g e S)DE L GO (. 5.8). (C3)
’ Co3ly L3\ G3> TH3> £33 Ly~ 000 €63l L3 \1G3> T H3> S )
£3¢4Ls

Given that the sum of the orbital angular momentum must be an even number, £, = ¢, and £53 = ¢;5, the sum reduces
to one over Z, 2, £", with L = (¢,¢), L' = (¢, ¢'),and L" = (L, L). As areminder, the coefficients C and D" are given in
Egs. (4) and (5), respectively. Integrating over s, we find

ds s°ds /
/711 (R.R';s /—5 rG1) r,Hl)(4”)42(_1)f+f+Lfff’L(rG2’ 12 8)f ee1(ras riys. s)
GHL L), ‘0L

(Dzlzf’ )? (ng(,)L)ZQW)(WI)(LL DELC PEG(I'G1,I'62,1'G3)P£' (P15 Brs B ) (C4)

where the rotational average over dS gives a factor of 4z, following our normalization convention. L has one angular
momentum of zero with the other two being equal; the same goes for £}, Expressing the two-argument isotropic basis
functions in terms of those with three arguments, for example, Pz (Fga, £g3) = (47)' /2 Poss(Rg1, FGas Fg3), We obtain an
additional 4z. We now insert the definition of the generalized Gaunt integral for N = 2 [see Eq. (A2)], giving

d*s s°ds /
/711(R R';s /—f rG1) ’JHI)(4”)42(_1)f+ffff’L(rG27ri‘{z’s)fff’L(rG&r}B’S)
GHL L, ¢e'L

¢ L
0 O

4 2 A o
X \/ Zf—i- (22,”’ )(ZL + 1)(0 ) 77[:6(1'01,1'02,1’03)7)&;,(1'/111,l"Hz,l"m)- (CS)

Using Eq. (11), we may restore the arguments to canonical order:
Pr,(Rg) = ZBg;JPJ(ﬁ)’
PL’ RH ZBL/ ]’7)]’ R ) (C6)
In this case, Bg;l ;and BZ’,_I » are given by products of Kronecker deltas since one of the angular momenta is zero. Since the
i "

partially coupled covariance always leads to products of two f integrals, it is useful to introduce the g integral, defined by

kK*dk
/Szdsffﬁ(rl’r2’s)ff’f’/l(r/17r/21s) :/(2 )3]f(krl)Jf(kr2)Jf’(krl)]f’(krz)Pz( )

ngff’f’(rlvr%rl’rz)' (C7)

It is worth noting that, unlike the f integral, the g integral has dimensions of volume. The coefficient (2)~3 appears due to
the definition of the f integral, together with the coefficient in the identity for the integral of two sBFs:

[ sdsis(sas(sh) = 575 6nla =), (c8)
Together with the relation
Z(2L+1)(£ “ L>2—1 (C9)
= o0 0/
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we find the final expression for the partially coupled covariance Case I:

C), (47[)4 d —1 —1
Covﬁsl\),l — Z Z T(—l)f+f \/(2bﬂ+ 1)(21,0/ + ])f(rGl)f(r/Hl)gfff/f/(r(;z, rG3, r'Hz, r/H3)ng,ABIZ/H,A/' (CIO)
GH Lo,

Here we keep the inverse reordering coefficient to make clear that the partially coupled covariance only contributes to the
collection of the three angular momenta with the following form: {A, A’} = {0£7,0¢'¢'} + 8 perms.

Case II: In this case, only one of the primary vertices is connected intra-family wise (as shown in Fig. 16). It can happen
that the primary vertex of the primed tetrahedron is coupled to an unprimed vertex, or the other way around. By symmetry,
we need only discuss one of the two possibilities. The contraction of the eight overdensity fields can be expressed as

In(R.R':8) = (5(x + 1)8(x + T ) 8(x + T6)3(x +5 +15) ;0 g

X (6(X+8+1y,)0(X+8 + 1)) (6(X +153)0(X +5+1))). (C11)

In terms of the basic elements, I;;(R, R’;s) becomes

In(R,R';s) = 2(4”)3/2f000(r01, 0,0)Pooo(E1.0,0)

G.H

X (4”)3/22(—1)f;‘“ff;”f;,lo(r/m’ T2 O\ 20 + 1Pe, o1, 0Ty By, 0)
i
X (4n’)3/22(—1)f02fgm()£62(”Gz,07 $)V 2062 + 1P 004, (B2, 0.8)

‘62
3/2 E L3+l AL P 263315 Y
X (47[) / 17063y 3ffc3f’HSL3(rG3"JH3’S>DKG3K;]3L3COOO Pf63f,1.13L3(rG3’rH3’s)' (C12)
Caslils

Averaging over dS involves only two angular momenta, £, and L3, enforcing £, = L3 = ¢. Similarly, averaging over
dR involves just £, and ;3 and sets £, = 3 = £. Finally, since #;, and 1, are already combined into an isotropic
function, the integration over dR' effectively involves only ¥}, and will result in #7,; = 0. The imaginary phase also
becomes unity.

Using the definition given in Eq. (C7), we have

/Szdsfmf(raz, 0,5)f r0¢(r3- T3+ 8) = Groe0(rG2: 0. 73, g3 ) (C13)

in this case, the g integral can be reduced to an f integral. The final form of Case II reads

Bl 4z " - -1
COV%\)/ = Z Z %(—1)“”0 V2 + )28+ 1)E(rg) f o e0(Firs s 0)9020(rG2- 0. 763 r’m)BﬁGf,\Bg’,ﬁ,A,.
GH Lo.L),

(C14)

The case in which an unprimed primary vertex 5(r;) couples to an endpoint from the primed family 5(r}) follows similarly.
Case III: The next form to consider occurs when both of the primed vertices are coupled to a vertex from the opposite
family. In this case,

Ip(R,R’;8) = (6(X +1g1)8(X + 1) ) (0(X +8 + Ty )0(X + 5 + 1y3))
X (O(x +19)8(X 45 + 1y ) (6(X +1r63)0(X + 8 + 1)) |~ —o- (C15)

Naively, this case also involves an isotropic function of the form P,,,; however, the rotational average over the end-point
vectors forces their paired angular momenta to be zero.
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Inserting our basic elements, we have

In(R,R’;s) = Z (4x) 3/22ff0,f(,| rG1- 762, 0 /2061 + 1Py, 250(FG1.F62.0)
GH

f(;l

x (4x) 3/22ffm £,,,0 0(Figrs T 0)(=1) \/ 200 + 17)/;“/;”0@'}113?12’0)
X (4”)3/22f0f’,,3f’,,3 (0. ”}1373)(—1)%\/ 205 + 17)04,34,3(0’ t3.8)

LﬂH?’
x (4x) 3/22](05’(3/(3 (0,763, s /203 + 1Posysr, (0. Fg3.8). (C16)
‘63

In this case, the rotation average over dR will leave only the ;3 = 0 term since ', and ', are already combined into an
isotropic function. Similarly, averaging over dR’ will force ,; = 0, allowing us to simplify £ =¢ and ¢}, =7¢".
Therefore, the two f integrals associated with £5; and ¢, are given by

/Szdsfooom’ rgs, S)fooo(ov r}n’ S) = 90000(07 13,0, ”fq3)7 (C17)

where we have used the identity for the integral of a product of two sBFs given in Eq. (C8). The final form of Case III reads

471 ’
=3 Z DO 1) 26+ D) f r0(ro1.762:0)f £20(Fiys Pz 0090000 (0. 73,0, 7343 BE \ BE .
G.HL; [l’

(C18)

Case 1V: Finally, consider the direct contraction between two primary vertices, accompanied by the contraction of two
endpoints from each family,

Iy (R R'38) = (5(x +10)3(x +5 + 1), s o
X (8(x + Tg)8(x 4+ T2)) (5(x +'5 + E)3(x +5 + ) 6(x +T2)o(x +5 1)) (C19)

As before, inserting the basic elements leads to

Iiv(R,R’;s) = 2(4”)3/2f000(0’ 0.5)P000(0.0.8)

GH

X (4”)3/22(—1>fG‘ffmfG10(”G1, r62.0)\/ 2661 + 1Py 050(FG1. £62.0)
fGl

x (4)¥2> (=1 for g (0. Py Phs)\/ 2650 + 1Posr o (0.8, #43)
O

X (4x)3/ Z ifatlnthaf, o (rgs, ”prsﬂ)ﬂf 1, Peeey, (B3, Ty 8), (C20)
Castl Ly

simplifying £; = ¢ and ¢, = ¢’. We can see that the rotational average over dS forces Ly = 0, and thus £g3 = ¢;,.
Moreover, since T and tg, are already in an isotropic configuration in P (tg;, Fgo, Fg3), the only allowed values of
63 and £y, are zero. It follows that the isotropic functions reduce to constants: Py, .1 1, (Fg3, Fy,8) = (47)” 3/2 and

ffmfmh(rm, PisS) = fooo(rGs. ryy» ). Integrating over s and using Eq. (C7), we find

/Szdsfom(o’ 0. 5) fooo(7G3 Ph1s $) = 90000(0.0. 763, ”?11)- (C21)

043515-29



HOU, CAHN, PHILCOX, and SLEPIAN PHYS. REV. D 106, 043515 (2022)

The final form of Case IV is given by

CovPyN =37 Z (4)° —1)H\ 20 + )20 + 1)

GH Lg.L),

X fre0(rGrs 7622 0) fore (0. Py T3 ) 90000 (0, 0, rG3er1)B[: ABK’ A (C22)

APPENDIX D: ANALYTIC SOLUTION FOR INTEGRAL OF PRODUCT
OF THREE SPHERICAL BESSEL FUNCTIONS

When radial binning is included, the f integral is evaluated with the bin-averaged sBFs:

k*dk

feene, (11 ra.13) = /2”2P(k)jfl(k; r1)je,(ksra) je, (ki rs), (D1)

where the bin-averaged sBFs are defined as

frzdrj,f (kr;)O(r;)

Je(kiri) = [ r*drO(r))

(D2)

Here ©(r;) is a binning function equal to unity within bin r; and zero elsewhere.

In order to check the evaluation and implementation of the f integral, we compare the numerical result to an analytic form
available when we take a toy model power spectrum. If one uses a power-law power spectrum k" as a toy model, these
integrals have solutions as presented in Ref. [116] and expended upon in Ref. [117]. Here we use a power law damped by an
exponential, and the needed base result can be found in Eq. (24) of Ref. [73]:

Ie (p’ q7 m? n# f, Cl, b, C) = /oo exp(_pk)kqjm (ak>.]l’l(bk>.]f<Ck)dk (D3)
0

In particular, we specialize to ¢ = 2, which is given by Eq. (26) of Ref. [73]. We also set p = 500 and m = n = ¢ = 0. For
fooo(a, b, c) we then have

Lexy(1,2,0,0,05a, b, ¢) = o—— (=T, 4 T¢, 4 T, 4 T4). (D4)

dabc

Here, we have introduced the notation that 7°¢, = tan~!'[(£a £ b & ¢)/p]. In practice, the sBFs with arguments a and b
must be bin averaged, and can be written as

= 3 arznax . amaxk - arznin . amink

k(a?nax - af,nin) ’

where the recurrence relation (Rayleigh’s formula) gives

4 ok, (D6)

jl(Xk) " kdx

Replacing the sBF with the bin-averaged one given by Eq. (D5) and inserting the result into Eq. (D4) (setting ¢ = 6 in order
to use the analytic solution), we have
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lep(1,6,0,0,0;a,b,c) :A exp(—k)k®jy(ak)jo(bk)jo(ck)dk

= - i mm = i b?mn amﬂbﬁlﬂﬁm%mlexp(lﬂ, 0,0, 0; @maxs Dimax> €)
—a2. bl %m%maxlew(l’ 2,0,0,0; dmins bmax» €)
b dimax db‘fnin exp(1.2.0,0. 0 . By )
+azmmb,2nm daéfnm db(fmn exp(l 2,0,0,0; amin, Pmin c)} (D7)

In the above equation we obtain four types of terms, differing by their lower or upper bounds in a or b. Next, we focus on the

general form 47 (...):

d d d d 1
ddbexp()

da db 4abc(

ab(‘+ + Taer + Tabc+ + Tabc ):| .

(D8)

Due to the symmetry of these expressions, in what follows we may focus on just the first term, 79°¢, :

dd (1 g\ _dd(]
dadb \4abc ") dadb \4abc

tan™"[(c + b + a)/p])

a+b 1 ab

— ﬁ (tan‘l[(c+b+a)/p} -

This form remains the same for the rest of the T4%¢, terms,
except for the signs. Inserting Eq. (D9) into Eq. (D7), we
obtain the final result shown in Fig. 17 (dotted black
curves) after integrating over c¢. As an example, we evaluate

Test of fooo(a, b, c)

—— Numerical: a=153, b=27
—— Numerical: a=41, b=55
----- Analytic bin-avg.

le—13

lexp(1,6,0,0,0;a,b,¢)
N

0 200 400 600 800 1000

c [h~Mpc]

FIG. 17. Comparison of the numerical and analytic implemen-
tations of the bin-averaged f integral, setting ¢1 = ¢, = £3 = 0,
and using a damped power-law power spectrum. We evaluate the
integral at radial bin centers a and b as given in the legend, and
their units are 4~! Mpc.

ab 2(a+b+c) >
pP((a+b+c)/p*+1)?
(D9)

(a+b+c)/p*+1

the integral for the two cases a = 153 h™!Mpc, b =
27 h'Mpc and a =41 h~'Mpc, b =55 h""'Mpc. In
both cases the numerical implementation and the analytic
solution display excellent agreement.

APPENDIX E: GAUSSIAN NPCF COVARIANCES
INCLUDING RSD

Here we extend our general expression for the real-space
covariance to include RSD. As a preparation for the
derivation, we extend the O quantity to involve four
angular momenta:

N
QMNNT =TT Y chntd cen wChCaprs - (E1)

m;m; "M
i=1 m;m' M,

where the C{; coefficient is defined in Eq. (2) with

HAAIA//AW o 477: N/z |:H Df fILA CgozoL/{ :| Ql\/\’/\”/\w.
(E2)

Furthermore, averaging over isotropic functions of four
arguments gives
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N
/ ARAR'ASAN [ [ Py.orpns, (b1, 8. 8.10) = (47) ™
i=1

QLLIA//AW ,DR”CA// AWCA/HPZ:( ))Pﬁ’ <ﬁ/(N) ) . (E3)

LL AN

For the fully coupled covariance including RSD we start from Eqs. (25) and (B11):

AN

Next, we apply the rotational average over T,
must be invariant under rotations. We find

AN

Ai
< 1 Tt P S DR CY DRy P (R P (R

(V)

as before, going from R,/ — R leads to a factor of (47)

Lol L
P Gi
ch,-f;L 2:L0000

-1/2

25 Covan (R, R)PA(R)Py(R') = /d s (4r) ZNZH Z T +1 i~CoittiHL;

i=0 L0 LA

ffG /L (rGw )PfG,.f;L,-,l,» (Fgi» f';', S, h) ‘r():f():()' (E4)

, §, and 71. The rotational average over 7 is justified as the isotropic 4PCF

Zg(A/)COVA’A’(R,R/)PA(ﬁ)PA/(R/> _ /S dS )3N/ZZH Z 2/1 +1 fGHFf +L:H£G£/A//Am

i=0 £k

)|r0:r6:0; (ES)

, which cancels with the normalization factor arising from dS.

Next, we use the reordering coefficient to restore the canonical ordering of the arguments, and project both sides onto the
isotropic basis P, (R) and P, (R’). This yields the final form:

s2ds , "
C"VA’A’(R’R/):(“”)SNQ/ 2 ;AH {2@ i, (o i) | (21PN
X BG HL A/A”A/” A”C/\// A///CAI” |r(’0 ,J =0 (E6)
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