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Generic no-scale inflation inspired from string theory compactifications
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We propose the generic no-scale inflation inspired from string theory compactifications. We consider the
Kihler potentials with an inflaton field ¢, as well as one, two, and three Kihler moduli. Also, we consider
the renormalizable superpotential of ¢ in general. We study the spectral index and tensor-to-scalar ratio in
details, and find the viable parameter spaces which are consistent with the Planck and BICEP/Keck
experimental data on the cosmic microwave background (CMB). The spectral index is ng~ 1-2/N ~
0.965 for all models, and the tensor-to-scalar ratio r is 7 ~ 12/N?, 83/N* and 4/N? for the one, two and
three moduli models, respectively. The particular r for two moduli model comes from the contributions of
the non-negligible higher order term in potential. In the three moduli model, the scalar potential is similar to
the global supersymmetry, but the Kéhler potential is different. The E model with @ = 1 and T model with
a = 1/3 can be realized in the one modulus model and the three moduli model, respectively. Interestingly,
the models with quadratic and quartic potentials still satisfy the current tight bound on r after embedding

into no-scale supergravity.

DOI: 10.1103/PhysRevD.106.043514

I. INTRODUCTION

It is well known that inflation solves several problems in
the standard cosmology theory such as the horizon prob-
lem, flatness problem, and large structure of the Universe,
etc., [1-5]. The almost scale-invariant density perturbation
spectrum predicted by inflation is qualitatively consistent
with the cosmological observations, in particular, the
cosmic microwave background radiation (CMB). With
the advent of the era of precise cosmology, more and more
observations have given or will give strong constraints on
the inflationary models. From the Planck 2018 results on
the CMB measurements [6], the scalar spectral index n,,
tensor-to-scalar ratio r, and scalar amplitude A, for the
power spectrum of the curvature perturbations are con-
strained to be n, = 0.9649 4+ 0.0042, rg g0 < 0.056, and
A, =2.10 x 107, respectively. Combining with BICEP/
Keck data, the tensor-to-scalar ratio is further limited to
ro0s5 < 0.036 at 95% confidence level (C.L.) [7]. Such a
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tight bound on r is a big challenge to a lot of previously
popular inflationary models. Interestingly, the inflationary
models inspired from the string low-energy effective actions
can have small tensor-to-scalar ratios r < 0.01 [8-12].

Supersymmetry provides a natural solution to the gauge
hierarchy problem in the particle physics Standard Model
(SM), and is the promising new physics beyond the SM.
Especially, the scalar masses can be stabilized, and the
superpotential is nonrenormalized. Thus, to stabilize the
inflaton potential, we need to consider supersymmetry.
Moreover, gravity plays an important role in the early
Universe during inflation, so it seems to us that super-
gravity theory inspired from string theory is a natural
framework for inflationary model building. However,
supersymmetry breaking scalar masses are at the order
of the gravitino mass in general, and then at the order of the
Hubble parameter due to the large vacuum energy density
during inflation. Thus, the slow-roll parameter # is at the
order one O(1) during inflation, which conflicts with the
slow-roll conditions. This gives rise to the so-called 7
problem [13-15]. As we know, there are a few elegant
solutions: no-scale supergravity [16-24], shift symmetry in
the Kéhler potential [25-37], and helical phase inflation
[38-41], etc.

No-scale supergravity has a vanishing cosmological
constant naturally, and then evades the anti-de Sitter
(AdS) vacua in the generic supergravity theory [16—18].
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Interestingly, no-scale supergravity can be realized by the
Calabi-Yau compactification with standard embedding of
the weakly coupled heterotic Eg x Eg theory [19], as well
as by the similar compactification of M theory on S'/Z,
[20]. The Kihler potential of no-scale supergravity inspired
by the above string theory compactifications [19,20] is

K = =3log(T + T - 2|p:*), (1)

where T is the Kihler moduli, and ¢; denote the matter,
Higgs and inflaton fields. In this paper, for simplicity, we
shall neglect dilaton field and complex structure moduli,
and only consider inflaton field ¢ in the following. Because
Kéhler potential is a logarithmic real function, the 7
problem is solved, and the inflaton potential can have flat
directions as well. In particular, considering the no-scale
supergravity and a Wess-Zumino superpotential, one can
obtain the R + R? Starobinsky model elegantly [21,22]. In
addition to ¢, T can be inflaton field as well [22,23]. Of
course, the predicted n, and r are compatible with the CMB
observations. For the relevant studies on string inflations,
please see Refs. [42-50].

On the other hand, a generalized model named a-
attractor inflation is build by introducing a parameter o
related to the curvature of the inflaton Kéhler manifold
[51]. The inflationary attractors [11,12,52-58] such as T
models and E models predict the tensor-to-scalar ratio r by
a factor a, which are consistent with the current observa-
tions and can be tested in the future. In particular, to
generalize the above no-scale inflation, one can introduce
an « factor in the Kihler moduli

K = =3alog(T + T —2|p]?), (2)

and then study the unified no-scale attractors [55].
Because the above simple no-scale inflation is very
interesting, we have strong motivation to study the generic
no-scale inflation inspired by the string theory compacti-
fications. The first question is what are the generic no-scale
supergravity theories inspired by the string theory com-
pactifications. Previously, one of us (T. L.) has already
studied various orbifold compactifications of M theory on
T%/Z5, T®/Z¢, T/ Z,,, as well as the compactification by
keeping singlets under SU(2) x U(1) symmetry, and then
the compactification on S;/Z, [59]. Thus, the generic no-
scale inflation can be inspired by these compactifications.
Inspired by the compactification by keeping singlets under
SU(2) x U(1) symmetry and then the compactification on
S'/Z, [59], we can consider the Kihler potential with two
Kihler moduli 7';, and one chiral field ¢ as follows:

K = -2log(T| + T, = 2|p|*) —log(T, + T5). (3)

Also, inspired by the orbifold compactifications of M
theory on T°/Z,, and S'/Z, [59], we can consider the

Kihler potential with three Kdhler moduli 7 ;5 and one
chiral field ¢ as follows:

K = —log(T, + T\ = 2|p|*) = log(T, + T,)
—log(T5 +T5). (4)

Previously, a few relevant studies have been done. A
chaotic inflation in no-scale supergravity with string
inspired moduli stabilization, which has two moduli, is
obtained from type IIB string compactification with an
anomalous U(1)y gauged symmetry [60]. The tensor-to-
scalar ratio is consistent with BICEP/Keck experimental
data. In a recent paper [61] with Gong, we have studied the
primordial black holes and secondary gravitational waves
for the generic no-scale inflation with Kihler potentials in
Eq. (3). However, the systematical studies on the generic
no-scale inflation have not been done yet.

In this paper, we shall perform the systematical studies
on the generic no-scale inflation with Kéhler potentials in
Egs. (1), (3), and (4). We consider ¢ as an inflaton field, and
the renormalizable superpotential of ¢ in general. We study
the spectral index and tensor-to-scalar ratio in detail, and
find the viable parameter spaces which are consistent with
the Planck and BICEP/Keck experimental data on the
cosmic microwave background (CMB). The spectral index
is ny =~ 1—=2/N ~ 0.965 for all models, and the tensor-to-
scalar ratio is r ~ 12/N?, 83/N* and 4/N? for the one, two
and three moduli models, respectively. The predicted r for
two moduli models is clearly different from that for other
two models due to the non-negligible higher order term,
which will be explained in detail in Sec. V. In the three
moduli model, the scalar potential is similar to the global
supersymmetry, but the Kihler potential is different. The E
model with a =1 and T model with a =1/3 can be
realized in the one modulus model and the three moduli
model, respectively. Interestingly, the models with quad-
ratic and quartic potentials still satisfy the current tight
bound on r after embedding into no-scale supergravity.

Based on the string compactifications, the coefficients of
the logarithmic term are integers in Kéhler potential. Thus,
it is interesting to build the generic no-scale a-attractor
inflation. We propose the following Kéhler potential:

K = -3alog(T+T -2|¢|*) =3(1 —a)log(T' +T'), (5)

where 0 < @ < 1. From the phenomenological point of
view, the generic attractor will relate the above three kinds
of models with each other, and the predicted n; — r curves
are consistent with CMB experimental results. We shall
preform the detailed study, which will be given elsewhere
in the future.

This paper is organized as follows. We briefly discuss the
generic no-scale supergravity theories inspired by the string
theory compactifications in Sec. II. We show the generic
slow-roll inflation model and field transformation in
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Sec. I1I. Then we study the cosmological predictions n; and
r for the inflationary models with one, two and three
moduli in Secs. [V-VI. Finally in Sec. VII, we make
conclusions with a brief discussion. In the following, we set
the reduced Planck mass M3 = 8zG = 1 for simplicity.

II. THE GENERIC NO-SCALE SUPERGRAVITY
THEORIES INSPIRED BY THE STRING THEORY
COMPACTIFICATIONS

The Lagrangian of the N =1 supergravity can be
written in the form

1 S
L= _ER + K}0,'0"p; =V, (6)

where the Kihler metric is K{T = 0°K/(d¢'0p;). The
effective scalar potential is

oG . 0G
Gl (K i——=3], (7)

= e

where the Kihler function is G = K + In|W|?, and (K‘l);i.

is the inverse of the Kihler metric. Introducing Kihler
covariant derivative

DW =W, + KW, (8)
we obtain the scalar potential
V = eX[D;W(K").DIW = 3|W[2). (9)

To study the inflation in the generic no-scale super-
gravity theories inspired by the string theory compactifi-
cations, we parametrize the generic Kéhler potential and
superpotential as follows:

K=—Nlog(T, +T, -2|¢|*) - ZNi log(T; +T;), (10)
i=23

W=3a(Vag), (11)

3
i=0

where Ny 4+ N, + N3 = 3, T; are Kihler moduli, and ¢ is
inflaton field. According to the number of Kéhler moduli
T, we shall classify the inflationary models as one moduli
model, two moduli model, and three moduli model [61].
We also consider Wy = 0, and the # problem is avoided
since no large mass term is generated [62,63]. For sim-
plicity, we assume inflation along the Re(¢) direction as
well. Moreover, the Kihler metric and covariant deriva-
tive are

¥ 00 -
N,
Kl = Cod 00 (12)
’ 0 0 ’l—g 0
B0 0 me

DW= W(—% N M

2Np , W,
ool Wey ) (13)

where X =T, + T, = 2|¢|*. Y, =T, + T,. Thus, the gene-
ral scalar potential can be written as

_ W, [
2N xVi-tyleyys

(14)

In the following section, we will study inflationary
models with typical Kéhler potential in the general no-
scale supergravity model. Then we will compare the
predictions of these models with CMB observations in
order to find the observational constraints on the parameter
space of the models.

III. INFLATIONARY MODELS

We assume that all the real components of the complex
fields which do not drive inflation have been stabilized,
whereas the inflaton field remains dynamical. Following
Refs. [21,22,64-66], the real and imaginary parts of modulus
T; can be stabilized by adding (T; + T; — 1)* terms and
(T; — T;)* terms into the log terms of the Kihler potential. In
this paper, we fix the moduli 7; with vacuum expectation
values (VEVs) 2(Re(T;)) = ¢; and (Im(T;)) = 0. Also,
without loss of generality, we assume the inflation trajectory
along the real part of the ¢ direction. The scalar potential in
the Jordan frame is

W, [*

V= VO—_v
(c1 = 2| )M

(15)

where V= 1/(2N lclzvzcév3). The inflationary model with
N; =1 is similar to that with the global supersymmetry.

The kinetic term in terms of the field ¢ in Eq. (6) is
noncanonical, so we need to define a new canonical field y,
which satisfies

1 _
50},)((3”;( = K ,;0,00"p (16)
with

2N,(T, —i—Tl)
K(P{P = T T -2 2\2 (17)
(T, +T, o)
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By integrating the above equation, we get the field trans-

formation
1 X
= 4 /—tanh| —=—|. 18
Py (JTN) (18)

Then the scalar potential in the Einstein frame is

V = V;sech®(by)(a, + 2a,+/c; tanh(by)
+ 3azc tanh?(by))?, (19)

where V, =N7lceme; M e;™ and b=1//2N|,m=1—-N,.
Furthermore, the T model and the E model [51] will be
realized by setting Ny = 1 with a; = a3 =0 and N =3
with a; = 0, respectively. Defining ¢ = (¢ + i)/ V2 and
taking T models for example, the squared masses of & are
m; = 8a3/(cyc3) for the ¢* model and m; = 36a3¢°/
(cyc3) for the ¢* model.

In the following calculations, the new canonical field y is
regarded as inflaton. The slow-roll parameters are

2
et ="2 () w0 -mE o

The CMB observations in terms of slow-roll parameters are
ny, = 1—2¢ 4+ 6 and r = 16¢. Under the slow-roll approxi-
mation, the power spectrum can be expressed by

1 Vv

py———
247 M3 €

(21)

and is fixed to 2.10 x 107 by choosing the proper
parameter V, in our calculations.

IV. ONE MODULUS INFLATIONARY MODEL

The simple no-scale supergravity model with one modu-
lus [16,18] can be realized via the Calabi-Yau compacti-
fication with standard embedding of the weakly coupled
heterotic Eg x Eg theory [19] and M theory on S'/Z, [20].
Assuming a Kéhler potential of the form

K=-3In(T+T-2|p) (22)

and substituting N; = 3 and N, = N3 = 0 into Eq. (14),
the scalar potential in the Jordan frame and the Einstein
frame become

W, [*
6(01 - 2|(/’\2>2
= Voe V(1 + AeVH 4 B eVZY,  (23)

(a1=2ay\/c+3a3¢,)? A = 2(a;=3ascy) and

where Vo= 48c7 ’ T ay—2ay\/c+3as¢p’

_a;+2ay,/ci+3azc;

Bl T a—2ay.\/c1+3azc;”

A. Zero parameter models

First, we consider the inflationary case only with one
term in the numerator of the potential (23), which can be
rewritten as

a, =a, =0; V = 3a}sinh* (j})

o).

a, = az =0; V= 3acz cosh* <\)/%> (24)

The minimum of potential is at y,, = 0 and inflation will
occur on the left or right branches. However, in these
models, the second order slow-roll parameters are

n(y) = 2coth? ( \/_> +§

(o) 1)

a, = a; = 0; n(y) = 2tanh2<

01203:0;

aI:a2:0;

ay=a3=0; n(x) =

ﬁ> +5- (25)

Therefore, inflation is unbearable since slow-roll condi-
tions &,
limit y — oo.

B.a;=0 case: A;+B;=-1

For a; = 0, the two parameters A; and B, relate with
each other as A; + B| = —1, and defining a new parameter
d = 3a3,/cy/2a,, the potential (23) becomes

V=Vo(l—eVE (V¥ + 1) +deV¥ - 1)), (26)

with V= a2/12c1 The similar inflation in the simple
Wess-Zumino model has been previously discussed by
Ellis et al. [21]. Here for completeness, we will go through
it as well. The potential with different parameter d are
shown in Fig. 1(a). We note that the potential remains the
same after both parameter d and field y becoming —d and
—y. Therefore, we will only discuss the negative d in the
following calculation.

When d is larger than —1, there is a vacuum at y = 0.
When d is smaller than —1, there are two minima at y,, = 0

andy,, = ‘/—log(d“) and amaximumaty,, = ‘/—log(d“)

From the evolution of the slow-roll parameters in Fig. 2, the
possible inflationary trajectories locate in the region [0, oo]
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0.001¢ 6=1.00p065 6=1.00001 6=07F99957
S
1074
— N=50
105 — N=60
-6 . " . . )
0950 0.955 0.960 0.965 0.970 0.975 0.980
nS
(b)

Inflationary potential (a) and the r versus n, predictions (b) for the inflaton potential in Eq. (26) with parameter d = £0.

XIMp,

()

FIG. 2. The evolution of the slow-roll parameters (a) ¢ and (b) 5 for the inflaton potential in Eq. (26).

for d 2 —1 and the region [y,, . x,,] for d < —1. Others are
ruled out due to the steep potential, and the slow-roll
conditions ¢, |y| < 1 are not satisfied. The cosmological
predictions n, and r for the model in Eq. (26) are numerically
shown in Fig. 1(b) and the inflationary trajectory is in the
large field region y ~ SMp,. The parameter d locates in a tiny
range around +£1.

1. E-model realization

Particularly, when d = -1 or 2a, = —3a3,/c;, the E
model for ¢? [11,51] or Starobinsky inflation model

[21,24] with potential V = V(1 —e"V¥¥)? is realized,
shown in Table 1. The potential can be expanded as

TABLE L

V = V(1 =2e V¥ 4 72V, (27)

The spectrum index, tensor-to-scalar ratio, and e-folding
number are expressed in the form [21,24]

n, ~ 1 _ge— 2/3y + 0(6_2 2/3)()
r o~ 6374e—2 2/3y 4 O(e—4 2/3)()

3 i
N:Ze Y¥ 4 O(e2VH¥) (28)

and

The realization of T and E models in one modulus and three moduli models.

Cases

Vo |[W, |2/ (1 —2¢°)

a; = 0,2a, = =3a3,/c; V, o lei=v20)P Vi (1 — e V2/3)2 E model for ¢?
7 % (e 2gP)? E

Cases V \W¢\2

aj3=0 Vo« |pl? Vp o« tanh? (y/v/2) T model for ¢?

ajp =0 V, o |¢?|? Vi o tanh* (y//2) T model for ¢*
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50 T T T T T T T T T

0.100 ¢
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0 . f . . A . 10- L L ' n N
-6 -4 -2 0 2 4 6 0.950 0.955 0960 0.965 0.970 0.975 0.980
XIMp ng
(a) (b)

FIG. 3.

ng~1-— re—. (29)
Thus, the predictions n, = [0.960,0.967] and r = [0.0033,
0.0048] for N = [50,60] are consistent with Planck and
BICEP/Keck experiments [6,7]. Similarly with the gener-
alization in Ref. [51], replacing N with aN, a factor a will
be added to the leading term of r and the E models of a
attractors are achieved.

C. ay =0 case

The potential becomes

V= Voe VE((eV¥ +1) + d(eV¥ - 1))

(30)
with Vy = a?/48¢? and d = 3asc;/a,. The potential is an
even function in terms of inflaton y, shown in Fig. 3. So we
will consider inflation in the positive field regime. When
d > —1, there is only one minimum at y,, =0 for the
potential and the slow-roll inflation is not allowed due to e,
n > 1. When d < —1, there are two minima at y,,; ,,» =

V/3/2log (—(1 £ v/—d)?*/(1 + d)) and one maximum at
xu =0 for the potential. From Fig. 4, the slow-roll
parameters are & ->4/3 and 5 — 8/3 in the limit

3.0

— d=-1.1
d=0
20F — d=1

251

w 1.5F

1.0

0.5

Inflationary potential (a) and the r versus n; predictions (b) for the inflaton potential in Eq. (30) with parameter d < —1.

y — oo, thus inflation only happens in the region
(s> Pmi]. The predicted observations ng and r are also
shown in Fig. 3(b).

D. a3 =0 case

The potential becomes
V= Vo(l+e Vi) (eV¥ + 1) +deVi—1))"  (31)

with V = a}/48c} and d = 2ay,/c1/a;. The potential is
shown in Fig. 5(a), and remains the same when both
parameter d and field y become negative. Thus, we will
seek the inflation trajectory with d < 0. There is a mini-

mum at y,, = \/%log (777 —1) for potential with —1< d< 0

and a minimum at \/%log(ﬂ) with d < —1. From the

d+1
evolution of slow-roll parameters in Fig. 5(b), we find that
inflation impossibly happens for the model in Eq. (31).

E. General case

To discuss the general case for the inflation model with
one modulus, we will start again with the potential in
Eq. (23). The slow-roll parameters are

5 T T T
a4k
3f

0.0

FIG. 4.

The evolution of the slow-roll parameters (a) € and (b) # for the inflaton potential in Eq. (30).

043514-6



GENERIC NO-SCALE INFLATION INSPIRED FROM STRING ...

PHYS. REV. D 106, 043514 (2022)

50
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VIV,

20}

10f

FIG. 5.

dashed lines correspond to € and 7, respectively.

0.100¢

0.010%

S

1074,
105,

10-6.
0.950

FIG. 6.

50
40f

30f

VIV,

-4 -2

0.001}

— N=50
— N=60
0.955 0.960 0.965 0.970 0.975
Ng
(b)

(c) has A} <0, B >0 and A? > 4B,.

e(y) =

4(B V¥ — 1)’
3 <1 LAV Blez\/zﬂ)z ’

Inflationary potential (a) and the evolution of the slow-roll parameters (b) for the inflaton potential in Eq. (31). The solid and

— A=-6, B=-0.01
A=2, B=-0.1

— A=-4, B=1

— A=-1, B=1

0
XIMp,
(@)
0.100f
0.010%
0.001F
- g
1074,
— N=50
10°: — N=60
10-5L ‘ 0 | 1, ‘
0.980 0950 0.955 0.960 0965 0970 0.975 0.980
ns
(©

n(x) =

4(2 +A1e\@" + AlBle‘/g}( + 2B%e4\@1’)

Inflationary potential (a) and the r versus n, predictions (b)—(c) for the inflaton potential in Eq. (23). Also, (b) has B; < 0, and

3(1+ AeV¥ + B2V

(32)

In the limit y — 400, ¢ — 4/3 and 7 — 8/3, inflation cannot be realized since the slow-roll conditions cannot be satisfied.
By solving V,, = 0, three extreme points are obtained as
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1 /3
X1 = —5\/:105%(31)’

\/A —4BI+A
X2 = log B,
sgn[B]\/A —4B —A
)(3:\/;10g(g 2B L ) (33)
1

The potential with different parameters is shown in Fig. 6(a).
When B; < 0, there is only one minimum for the potential at
Xm = 3, and the CMB predictions are shown in Fig. 6(b).
The spectral index n; is increasing as |A; | decreasing or | By |
increasing. When A; < 0, B; > 0 and A} > 4B, there is a
maximum at y,, = y;, and two minima at y, .2 = ¥23-
Thus, the possible inflationary trajectories are from y, to y,,1
or to y,,», where the CMB predictions are shown in Fig. 6(c).
As|A;| > B, the potential goes back to the case witha, = 0
and the inflation gives the proper CMB observed value; while
for other parameter spaces, there is only one minimum for the
potential at y,, = y1,i.e., V(y,) = (A; + 2y/B;)*. To avoid
the cosmological constant problem, the two parameters are
related as A; = —2+/B;. Thus, the slow-roll parameters in
Eq. (32) become

4 1+\/B_1e\@’f : 4
)3<1—\/_e\/:§9(> 23’
) = 8 (1 + BreV¥ + Be2V¥) 8
ey T

If we ignore the cosmological constant problem, i.e.,
A; # —=24/B;, the slow-roll parameters in Eq. (32) are in
the ranges of

4
Oge(;()<§,

The slow-roll conditions are violated due to the steep slope.
We also show the evolution of slow-roll parameters for

U
n

10 — 7

[ 1

— Ay=-1,B4=1/4 !
1

8 —— A=—1,B,=50 !
r ]

FIG. 7. The evolution of the slow-roll parameters. Solid and
dashed lines are corresponding to ¢ and 7, respectively.

models withA; = —1, By = 1/4and A; = —1, B, =50 in

Fig. 7.

V. TWO MODULI INFLATIONARY MODEL

In this section, we consider the no-scale inflation model
realized via the orbifold compactification of M theory on
T%/Z,, by keeping singlets under SU(2) x U(1) sym-
metry, and then the compactification on S'/Z, [59], where
the Kihler potential with two moduli T, and one chiral
superfield ¢ is

K = =2log(T, + T, =2|p*) = log(T, + T,). (34)
Here, for simplicity we neglect the irrelevant scalar fields.
The scalar potential in Jordan frame is

W, |*

V p—
4C2(

e =2l (35)

\/ci/2tanh (y/2), it

After field transformation with ¢ =
becomes

1+ Aye¥ + Bye™

V=V , 36
0 e)((l n 61)2 ( )
a2a\/_+3ac _ 2(a;-3aszcy)
with V _ 286162 3¢1 , A2 — 7{11—22\/%[:3](1301 and
B, — a;+2ay./ci+3a;zc,
2= a,=2ay\/ci+3azc;”
A. a; =0 case
The scalar potential is
1—e)2(1 4 L exy2
V:VO( S (L +ige) (37)

e*(1+ e*)? ’

where V() = (2612 - 3a3\/ET)2/8C2 and d = 3a3\/2‘_1'/2a2.
From Fig. 8, the potential remains the same after both
parameter d and field y become negative. Therefore, in the
following we will only discuss inflation with d > 0.

When d > /27/32, the potential has three extreme
points: ¥,,1 < ¥m < ¥m> = 0. There are four trajectories for
inflation: on the left side of the minimum y,,;, from the
maximum y,, to its minima y,,; ,,» and on the right sides of
the minimum y,,,. However, slow-roll inflation cannot
occur on the left side of y,,; and on the right side of y,,,,
since the slow-roll parameters ¢ — 1/2 and n — 1 when
ly| > 5Mpy, as shown in Fig. 9. Moreover, we find that
inflation cannot end on the trajectory from y,, to y,,;, and
slow-roll inflation is not permitted from y,, to y,,,» because
of n(yy) greater than 1.

When 0 < d < 1/27/32, the potential has a minimum at
Xmo and the potential has an inflection point when

d = +/27/32. Here, we will discuss the impossibility for
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1.0 ‘ ‘
0.8 -
— d=-2
0.6 ]
= d=—1
S
04l ] — d=0
— d=1
0.2f { — d=2
0.0 ;
0 1 2
XIMp,
(a)

FIG. 8.
(b) The potential with d > 0.

1.0
0.8
— d=0
0.6
d=+27/32
041 —— d=0.95
— d=1
0.2 — d=2
0.0 : 3 :
-5 4 3 -2 A
XIMp
(b)

The inflaton potential in Eq. (37). (a) The potential remains the same after both parameter d and field y become negative.

3.0 :
— d=0
25f
d=[27/32
200 4095
wq5f — d=1
1Of - L S
0.5]
0.0 ‘ ‘ ; ‘ ‘ 3 ‘ ‘ ‘ ‘ ‘ ‘
0 8 -6 -4 -2 0 2 4 0 -8 6 -4 -2 0 2 4
X/Mpy X/Mpy
(a) (b)

FIG. 9. The evolution of the slow-roll parameters (a) ¢ and (b) # for the inflaton potential in Eq. (37).

the inflation along the right side of the minimum. For the
sake of convenience, we choose d = 0, where the potential
becomes

2a3 v
V="Lsinh*(% ). 38
- sin < 2> (38)
In this case, the slow-roll parameters are
e(y) = lcoth2 4
2 2)’
1 (X
n(x) zzcosh()()csch 5) (39)

The parameter # is larger than 1 on the whole trajectory.
Therefore, slow-roll inflation cannot be obtained when
d = 0. Similarly, inflation from the right side of y,, =0
for all d and from the left side of y,,, for d > 1/27/32 is
not allowable as well.

Thus, the feasible inflationary trajectory is on the left
side of y,, =0 for 0 <d <+/27/32. Similar to the
Starobinsky-like E model with one modulus, the predicted
r that satisfy the experimental limits are obtained from a

tiny region for the parameter d < 1/27/32. The results are

shown in Fig. 10, where we also show triple-pack bench-
mark points corresponding to the central and 26 bound
values for observed n,. Thus, the spectrum index is
increasing as the parameter d is decreasing. From the
numerical calculations, one notes that inflation initials at
X+~ —2.26Mp, the higher order term (;=4e*)* of the
numerator in Eq. (37) is not small and cannot be ignored.
When d = ./27/32, the tensor-to-scalar ratio r and

e-folding number are approximate to be

0.100¢ ]
] — N=50]

0.010 - N=60]

0.001%

S

107 .99963
E 6=0.99973

oY

6=0.99967
P

O

6=0.99980

5T
10 3 9.99975
3 6=0.99985

10-6. L L L L L |
0.950 0955 0960 0965 0970 0.975 0.980

ng

FIG. 10. The r versus n, predictions for the inflaton potential in
Eq. (37) with parameter d = \/27/326.
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_8(5-3(8v6 + 13)e* +3(32v6 + 77)e¥)’
= (5 + (246 4 59)et)?
824 — 33616
(116 — 24)et —1031/6 + 252

~

and

., 8192(49 — 20V/6) 83.60

N4 N* (40)

For N = 50-60, the predicted r is about 10~ and con-
sistent with numerical calculations.

B. a, =0 case

The scalar potential becomes

((e¥ +1)> +d(er —1)%)?
e (er +1)?

V=V, (41)

with Vo = a3/(8¢cic,) and d = 3azc,/a;. It is an even
function in terms of y. Thus, for simplicity, we will study
inflation in the positive region y > 0, as shown in Fig. 11.
There is a minimum and maximum at y =0 for the
potential with d > —1/2 and d = —1, respectively.
Also, there is a maximum at y;; = 0 and two minima at

Im =log(=(1+3d+2/d2d+1))/(d+ 1)) and y,, =
log (=(1 —=d +2v/~d)/(d + 1)) respectively for —1 <
d < —1/2 and d < —1. However, the slow-roll inflation
cannot end. To understand this behavior, we choose
d = —1, and the corresponding slow-roll parameters in
terms of the field y are

1 2e* 6e”

E(Z):E—m, ﬂ@()zl—m- (42)

Thus, we have £(0) = 0, 7(0) = —1/2. For y > 0, we have
0<e<1/2,-1/2<np<1,and n — 1 as y — oo. Thus,
we cannot exit the slow-roll inflation.

— d=0
=-3/4

— d=-1

— d=-312

ViV,

XIMp,

FIG. 11. [Inflaton potential in Eq. (41).

C. az3=0 case

The scalar potential with a; = 0 becomes
V="Voe*((e* + 1) +d(e* — 1)), (43)

where Vy = af/8cic, and d = 2a,,/c1/a;. Because the
potential is invariant as d — —d and y — —y (see Fig. 12),
we only need to study the cosmological predictions with
d > 0. There is a minimum at y,, = log (|1 — d|/(1 + d)).
Note that V(y,,) is larger than 0 with d < 1, we have the
cosmological constant problem. However, it still does
not have slow-roll inflation with d > 1. The slow-roll
parameters are

2EeX
(e = ¢)?

withé = (d—1)/(d +1). Ford > 1, we obtain > 1, and
thus the slow-roll conditions cannot be satisfied.

CEYS

T2 —ep n(y) =1+ (44)

D. General case

Now, we discuss the general case whose inflaton
potential is

((er +1)° +di(e = D)((e¥ +1) +dy(e” = 1)))?

V=V
0 e’ (ef +1)?

(45)

with VO = a%/8C162, dl = 202\/3/611 and d2 =
3as,/c1/2a,. The potential remains the same after both
parameters d;, d, and field y become negative. Thus, we
will only discuss inflation with d, > 0. The potential and r
versus n, predictions are shown in Fig. 13. The possible
inflation is along the flat trajectory y < 0. Similar to the
a; = 0 case, the inflation is sensitive to the parameter d,
and the benchmark points corresponding to the central and
20 bound values for observation n, are also shown in
Fig. 13(b). The solid and dashed lines are corresponding to
N =50 and N = 60, respectively. From the numerical
results, we know that the spectrum index increases as the

20

15}
— d=2
d=1
— d=0
— d=1
1 — d=2

ViV,
B

-4 -2 0 2 4

XIMpy
FIG. 12. Inflaton potential in Eq. (43).
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< —— dy=30,d,=0.90 |
S 2000 —— d,=60,d,=0.91 |
1000 : B
0 L 1 n
-6 -4 -2 [} 2 4
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5.x10% 3.0x10°8
0,=0.99221 28x105 | =90
% dy=30
2105k d,=0.926575 26x10°1 =777 dy=-30
----- di=-90
- -
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0950 0955 0960 0965 0970 0975  0.980 0950 0955 0960 0965 0970 0975  0.980
ng ns
(b) ©
FIG. 13. The r versus ng predictions (b),(c) for the inflaton potential (a) in Eq. (45).
parameter d, decreases. Moreover, the tensor-to-scalarratio (i Vo= (a1=2ay/e1+3a5¢,)* Ay = 2(a—3ascy) and
. . . . - ” - — 3 ’
r predicted from models with d; < 0 is larger than that with 1200 T e @2 er+3asey
. | 2 1 Tmou3t]
d; > 0. We plot r versus n, for models with d; = B; = @ 2ay e FBase;”

+30, £90 in Fig. 13(c).

VI. THREE MODULI INFLATIONARY MODEL

In this section, we consider no-scale inflation realized by
the orbifold compactifications of M theory on T°/Z,, as
well as S'/Z, [59], which has three moduli and the Kihler
potential is given by Eq. (10) with Ny =N, = N5 = 1.
Stabilizing the muduli with 7; = T; = ¢;/2, the scalar
potential along the real part of field ¢ is given by

UG

= . 46
2C2C3 ( )

The three moduli inflationary model is similar to that with
the global supersymmetry, and has a non-negative scalar
potential, but the Kihler potential is different. Redefining

the canonical field y with ¢ = \/c,/2tanh (y//2), the
potential becomes

(1 4+ AyeV + Bye?V)?
(1+ V)

V=V, (47)

A. T-model realization: a, ;=0 and a, , =0 cases

When a, ;3 = 0, the inflation model in Eq. (46) reduces to
V o @*. We know that the chaotic inflation [67,68] predicts

2 8
ng~1-——, rer—

N N (48)
which will give a larger r~0.14 for N ~55 and the
inflation with a quadratic potential is ruled out by the
Planck and BICEP/Keck experiments [6,7]. After field
transformation, the T model [51] for the ¢? inflation model
is achieved with potential as

X
V = V,tanh? [ 2= |.
’ (ﬁ)

Similar, the T model [51] for ¢* is realized with aj, =0
and the potential is given by V = V tanh* (y/+/2). We list
the realization of the T model in the three moduli model in
Table I. If the factor N, is generalized to aN,, the T model
of the a attractor can be obtained.

(49)
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For the T model for ¢*", the slow-roll parameters are

e = 4n20sch2(\/§)(),

n = 4n(2n — cosh (vV2y))esch®(v2y).  (50)

The inflation ends at y, = sinh~'(2n)/v/2 with & = 1.
Then the e-folding number can be rewritten in terms of
the inflaton at horizon crossing y.,:

1 2.
N = Ecosh (V2y)

Xe

zﬁ(cosh(\/i)(*)— \/4n27+1) (51)
The cosmological predictions are given by
i 2(n + V4n® + 1+ 4nN)
n+2NV4n? + 1+ 4nN?
16n (52)

r= .
n+2NvV4n? + 1 + 4nN?

Comparing with Eq. (48), the spectral index changes a
little, whereas the tensor-to-scalar ratio is effectively sup-
pressed by the factor 4/N?: n, = 0.9602, r = 0.0016 for
N =50, and n; = 0.9668, r = 0.0011 for N = 60.

B. a; =0 case

The effective potential of scalar field ¢ is

4
V=— \/iaztp + 3a;¢? 2,
CrC3

(53)
and can be rewritten as a three-term polynomial inflation
model V = V|¢ + a¢?|? which predicts a large tensor-to-
scalar ratio r ~ [0.025,0.249] [69] and the parameter space
is partially ruled out by the latest limits. However, the field
@ is noncanonical in the no-scale SUGRA models. In the
following discussion, one will find that tensor-to-scalar
ratio r is suppressed by 1/N? rather than 1/N.

Using the field transformation, the potential with canoni-
cal field y can be rewritten in the general form Eq. (47) with

Vo — (2ay\/c1=3asc)? A — 6asc, _ _2m/ert3ase
0 03 ) 2a,./ci-3azcy’ 3 2a,,/ci-3azc;”
The two parameters A; and B; are interrelated,

A3+ By =—1. After defining a new parameter
d = —3az,/c1/2a,, they become Ay = —2d/(d + 1) and
By =d—1/(d+1). The potential can be rewritten with
two parameters V|, and d as follows:

(d(eV —1)° — eV 4 1)

V =
Yo (1+ eV2)*

(54)

The parameter V, = 4a3c,/c,c3 can be fixed by the power
spectrum A, = 2.10 x 10~ [6] at horizon crossing. One

— 77— 77—

14 7 7 77 RN
— d=0

121 d=0.5
1.0} — d=1 1
- 0.8 — d=1.5 ;
S o6} ]
04l
02}
ecop - — ‘é
-1 0 1 2 3
XIMp
FIG. 14. [Inflaton potential in Eq. (54).

can find that the potential V(—d, —y) equals V(d, y), which
indicates that the negative trajectory y < 0 with d < 0 will
give the same observations with positive trajectory y > 0
with d > 0, and vice versa. For convenience, we study the
inflation by setting d > 0. Inflation with d =0 was
discussed in the previous subsection.

The potential in terms of inflaton field y with different
parameter d are shown in Fig. 14. There is a minimum at
x =0, and the inflation will occur on the negative branch
R, (y < y,, region). Since the steep trajectory in the region
of y < 0 weakly depends on the parameter d, the potential
goes back to that in the previous a; 3 = 0 case (T model)
and the predictions are n; ~0.9602 and r~0.0016 for
N = 50, as well as n, ~ 0.9667 and r ~ 0.0011 for N = 60.
Next, we will study inflation on the positive field branch
x > 0. Similar to the a; 3 = 0 case, the potential with d <
1/2 only has one minimum at y = 0. The inflation can
occur at both branches y > 0 and y < 0, however, the two
inflation trajectories are not symmetric. When the inflation
occurs at the positive branch y > 0, n, and r are very
sensitive to d. The numerical results are shown in Fig. 15 and
ng has a maximum when d = 0.465: n, = 0.9636(0.9697)
for e-folders N = 50(60). When 0.5 < d < 1, the potential
has a minimum at y,, =0 and a maximum at y,, =
V2 tanh™! (1/2d). There are three possible inflation trajec-
tories, labeled as R; (y < y,, region), Ry (¥, <x <xm
region), and R3 (y > yj, region). The parameter is restricted
to arange 0.5 < d < 0.55 for the R, trajectory due to small
n, and lack of e folds. The scalar spectral index n, decreases
as d is increasing and the numerical results are shown in
Fig. 16(a). The last trajectory R; is ruled out since the
potential is too flat where the inflation either cannot end or
cannot last long enough. When d > 1, the potential has two
minima at y,, =0 and y,, = v2tanh™" (1/d) and one
maximum at y,, = v/2tanh~" (1/2d). Thus, there are four
possible trajectories, labeled as R; (y < y,, region), R,
(m, <x <xm region), Ry (yy <y < x,, region), and
Ry (y > y,» region). As discussed above, the inflation in
R, and Rj is forbidden since the e-folding numbers are not
enough. The inflation on R, is similar to that on negative
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(a) The r versus n, predictions for the inflaton potential in Eq. (54) with d < 1/2, (b) n, versus the parameter d, and (c) r

versus the parameter d. The circles and triangles correspond to d = 0 (T model for ¢?) and d = 1/2, respectively.

0.100¢
0.010¢
0.001¢
S

10-4 L

1075¢

-6 L

— N=50

L

N=60 |

0.950 0.955 0.960
ns

(@)

0.965 0.970 0.975 0.980

0.100F
0.010F
0.001
1SS
1074
1075¢
-6 L L L L L
0.950 0.955 0.960 0.965 0.970 0.975 0.980
nS
(b)

FIG. 16. The r versus n, predictions for the inflaton potential in Eq. (54) with (a) 1/2 <d <1 and (b) d > 1.

branch R; and the results are shown in Fig. 16(b). At last, the

above results are summarized in Fig. 17.

As discussed above, e~V is small as the mode crossing
the horizon, then potential (54) is expanded up to the

leading order in e™2%* as

V(1 —ae™?% + O(e 1)),

(55)

where a = 4(1 —2d)/(1 —d) and b = 1//2. The spec-
trum index, tensor-to-scalar ratio, and e-folding number
are

ng~1—8ab?e™2b% + O(e=41) (56)

r~32a?b?e=4r + O(e8r) (57)
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FIG. 17. The r versus n, predictions for the inflaton potential in
Eq. (54). The circles and triangles correspond to d = 0 (T model
for ¢?) and d = 1/2, respectively.

e 4
N~—— —bx 58
O ) (58)
and
2 2
nszl—ﬁ, re s (59)

Thus, the predictions n; = [0.960, 0.967] and r = [0.0016,
0.0011] for N = [50,60] are consistent with the Planck
2018 results [6].

C. a, =0 case

When a, = 0, the potential with canonical field y can be
rewritten as

V=V, (1 + dtanh? <%>>2 (60)

with Vo = a?/cyc3 and d = 3asc;/a,, and we show the
potential with different d in Fig. 18. From the plots, one
notes that the positive and negative branches are symmetric,
and here we will only discuss the inflation for the positive
branch. Thus, we need to find the possible parameter space

T T T T T T T T T T T — T T T

ViV,

-4 -2 0 2 4
XIMpy
FIG. 18. [Inflaton potential in Eq. (60).

of d for inflation. The slow-roll parameters are given by the
following analytic form:

16dtanh?(by)
((d+ 1) cosh (2by) —d +1)*’
d(1—2& cosh (2by) + &, cosh (4by))sech®(by)
B 6(3d — 1)(dtanh?(by) + 1)? ’

E =

with & = (5d +1)/(9d —3) and & = (d + 1)/(9d - 3).
Solving the equations of ¢ =1 and || = 1, we get

2cosh?(by) coth (by)
4 F sinh (2by) '

(A £A,)coth? (by)
cosh (4by)+16 cosh (2by)—65
(Ay£A,)coth? (by) ’
cosh (4by)—16 cosh (2by)+63

e=1-d =

nl=1-d,= (61)

where A, = 8y/cosh (4by) — 4cosh (2by) +4, A=

cosh (4by) +8cosh (2by) — 17, A;=8,/5—4cosh(2by),
and A, = cosh (4by) — 8 cosh (2by) + 15. Due to the
complicated formula, we plot d versus y/Mp in Fig. 19
and find that the inflation will occur at the regime |d| > 1/2
since inflaton will go down to the vacuum of potential
without truncation when |d| < 1/2. The evolution of slow-
roll parameters in terms of inflaton field are shown
in Fig. 20.

When d > 1/2, there is a minimum for the potential at
xm = 0, and the gradient increases as d increases, which
indicates that inflation can be truncated only with large d.
Based on the evolution of slow-roll parameters from
Fig. 20, one can find that inflation will end if the condition
e = 1 is satisfied when d > 1.937, whereas inflation will
firstend at # = 1 until d > 2.291. The predictions n, and r
for N = 50 and 60 are shown with dashed lines in Fig. 21.
As d is rising, the scalar spectral index n; is increasing. In
the limit d — oo, the constant term 1 can be ignored in the
potential (60) and then the « attractor T model for ¢* [51]
can be achieved. As the parameter d locates in the range

—_— =1

— Inl=1

XIMp,

FIG. 19. The parameter d with respect to inflaton y/Mp,.
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FIG. 20. The evolutions of the slow-roll parameters &, n for the inflaton potential in Eq. (60).

—1 < d < —1/2, there is only a maximum for the potential
at y = 0. However, slow-roll inflation cannot happen due to
the large |5|. While d < —1, there is a maximum at y = 0

and two minima at y,, = ++/2 tanh~!(1/1/|d|). From the
evolution of the slow-roll parameters, inflation only occurs
at the region y > y,, and the predictions are shown with
solid lines in Fig. 21. The spectral index n, and the tensor-
to-scalar ratio r slightly depend on the parameter d, and n;
improves when the parameter d goes from —co to —1. In the
limit d — —1, the inflaton y, ~ 6Mp and e~V*- is small
when the pivot scale leaves the horizon, so the potential
(60) can be expanded as

4d 2
Ve Vo(l+d)?(1- eV ) 62
o1+ 2 (1- 15 (62)
0.0020 T T T
0.0018} \*\ B N=50
i Sa Il N=60
0.0016 - \\
~ 0.0014]
0.0012: \\
L \\\\ ]
0.0010 L —~—— ‘ ‘ . . 3
0.956 0.958 0.960 0.962 0.964 0.966 0.968
nS
FIG. 21. The CMB predictions for the model in Eq. (60). The

circles and triangles are corresponding to the T and the E model,
respectively.

The E model [11,51] is carried out and the predicted
observations are

8(4N + 1) 64

~l-— N
s "E =Ny

(1—4N?’ (63)

The numerical results of the predictions for T and E models
are also shown as circles and triangles in Fig. 21, respec-

tively. One notes that the zeroth and first order in eV
expansion for the potential of T and E models are identical,
however, the precise predictions are different due to the

distinction at the higher orders when /2y~ O(1). We
conclude the possible parameter space for d in Table II.

D. a3 =0 case

The inflaton potential in terms of canonical field y is

X 2

V=V l—l—dtanh(—)) , 64

TABLE II. The possible parameter space for d.
d
Condition a, =0 case az = 0 case
e=1 [-o0,—1) [—00,—1] U [1, 0]
U [2.2911, o]
[ =1 [0.5, 2.2911] [-1,-0.5774]
U [0.5774, 1]

No truncation [-0.5,0.5] [-0.5774,0.5774]
No slow roll [-1,-0.5] e
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FIG. 22.

with Vo =aj/coc; and d =2ay,/c/a;. The inflaton
potential is shown in Fig. 22(a), and we will only con-
sider inflation with d > 0, given the equivalent potential
under the exchange (d,y) <> (—d,—y). The slow-roll
parameters are

d*sech*(by)
(1 + dtanh (by))*’

Inflaton potential in Eq. (64) (a) and its possible parameter space for d (b).

Under the slow-roll conditions, the solutions for the
parameter d with respect to inflaton y are

_ 2cosh?(by)
' sinh (2by) £2°
2cosh (by)(A£A,)

|’7‘ > dy = { 8 cosh (2by)+cosh (4h;()—17’ (66)

e=1-

—2i cosh (by)=+sinh (2by)
2isinh (by)+(3—cosh (2by))

y = dsech*(by)(2d — d cosh (2by) — sinh (2by)) . (65) Where A =5sinh (by) 4 sinh (3by), and A, =
(1 + dtanh (by))? 4./cosh (2by). From Figs. 22(b) and 23, one can find that
04 ;' L N B e — T — 7 VE L L — — T T T T T T
03f . d=1/3 S Y S W IR d=23 |
02} ] i
01} N E ]
0.0 I K
0.1 k A 0.0' \/
-0.2 :ﬂ 1 1 1 1 | :‘ " 1 " " " 1 " " " " " " 1 " " " 1 "
-4 -2 (1] 2 4 -4 -2 0 2 4
XIMpy XIMp,

o

1 1 P P |

XIMpy

FIG. 23.

-4 -2 0 2 4
XIMp,

The evolution of the slow-roll parameters ¢ and 7.
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FIG. 24. The r versus n, predictions for the inflaton potential in
Eq. (64). The circles and triangles correspond to T and E models,
respectively.

it is hard to end inflation when |d| < 0.5774 due to the too
flattened potential. When d € [0.5774, 1], inflation ends
first as the condition ||=1 is satisfied, even the condition
e=1 has a solution as d > 0.8. There is no extreme point
for the potential and the inflaton rolls from the positive to
the negative region. The numerical predictions are given by
dotted lines in Fig. 24 and the spectral index n, increases
with d increasing. With other d > 1, there is a minimum for
the potential and inflation can happen in the two trajecto-
ries, right and left sides of the minimum. In both branches,
inflation ends when the condition ¢ = 1 is satisfied. The
predicted n, and r for inflation on the right and left
trajectories are given by solid and dashed lines, respec-
tively, in Fig. 24. As parameter d is increasing, the index n;
on the right trajectory increases, while n, on the left
trajectory decreases. The possible choices for parameter
d are also shown in Table II.

As discussed before, in the limit d — oo, the constant
term 1 can be ignored and the potential in Eq. (64) returns
|

462V (5, — 5,0V’

to tanh?(y/ ﬁ) which is identical to the potential of the T
model for ¢? [51]. In this way, the left and right trajectories
are symmetric and give the same cosmological predictions,
which makes the connection of solid lines and dashed lines
in Fig. 24. While in the limit d — 1, the E model can be
realized by expanding the potential in Eq. (64) on the left
trajectory as V o (1 — £4 ¢V2)?_ That is why our models
connect the T model and the E model in a different
approximation.

E. General case

Finally, we discuss the following generic potential in
Eq. (47). Similarly, the parameter V, can be determined by
the constraint A; = 2.1 x 10~ at horizon crossing. There
are three extreme points for the potential:

—Llo <4A3_2>
)(1_\/5 g A3—2B3 ’
—ilog< \/A§—4B3+A3>

SRV 2B;
1 A3 - Sgn(Bg,)\/A% - 4B3

13 = —zlog | - . (67)
V2 2B;

The potential with different parameters is shown in Fig. 25.
For A; > 2 and B; < 0, the potential has a maximum at
v =1 and a minimum at y,, = y3. Similarly, inflation
occurs in the regions [y, x,,] and [y,,, o] since the slow-
roll conditions are violated in the region [—oo, yy]. The
cosmological predictions in both regions are shown
in Fig. 26. The slow-roll parameters and number of
e-folding are

(eV% + 1)*(1 + AyeV + Bye2V2)?’
 4eV(8) + 28,eV% — 35,6V 425,63V 4 B35,etV¥)

(6% + 1)°(1 + AyeV + Bye?V2)?

1/ 1 B V2y 2y,
Ne=-(——pV2r _23,v2r Vo1, 22, Vs, — s i
4 < 50 4 e + 5% X 5%53 0g (e 4 0)

4

where §) = A3 — 2, 5, = A3 —5A3 + 2B; + 4, 5, = 2A3—
3A3(B3 + 1) + 4B3, 53=A3—5A3B3+2B3(2B3+1), 6, =
A3 —2Bs,y; = A5 —2B; —2,and y, = (A} — 4B3)(-As+
B; + 1), In order to obtain a prediction within the 2o
region of the Planck results, we need B; S —450. Then
these new parameters are approximated to be

8 ~2B;3,  &,~(4-3A3)B;s,

53 ~ 4B§, 54 ~ —2B3

’

(68)

I
Thus, the tensor-to-scalar ratio approximately is

453& -2V,
r=16e~—F— ~256e V¥,
(ByeY?)?

In the region [y, x..], the pivot scale leaves the horizon at
¥+« ~ —=5Mpy, and the tensor-to-scalar ratio is 107, which is
consistent with numerical calculations. Moreover, in the
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Inflaton potential in Eq. (47) with A > 0 (a) and A < 0 (b).
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FIG. 26. The r versus n, predictions for the inflaton potential in Eq. (47) with A3 > 2 and B3 < 0. (a) In the region [y, x,,]; the circles
are in the limit B3 — —oo. The dashed and solid lines are corresponding to N = 50 and N = 60. (b) In the region [y,,, o].
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FIG. 27. The r versus n predictions for the inflaton potential in Eq. (47) with A3 > 2, B3 > 0, and Ay > 2Bj;. (a) In the region

[~00, xu]- (b) In the region [y, oo].

limit B; — —o0, the slow-roll parameters are independent
on the parameter A3. Thus, the predictions are n; ~ 0.9608,
r~3.8x10"*for N = 50 and n, ~0.9672, r ~2.7 x 107*
for N = 60, which locate in the 2¢ region of the Planck
results and are shown as circles in Fig. 26(a). In the figure,
the black scatters of the numerical predictions form a fan

where the two boundaries and vertex of the fan come from
the limits A3 — 2, A3 — o0 and B3 — —oo, respectively.
There is a minimum at y,, = y3 for the potential as setting
Az =2 and B; < 0, so there are two inflationary trajecto-
ries for which the predicted n, and r are also shown in
Fig. 26.
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FIG. 28. CMB observations for the model in Eq. (47) with
0 < A; <2, A; < 2B;. Inflation occurs on the right side of y,,.

When the parameters are in the region Ay > 2, B3 > 0,
and A3 > 2Bj;, the potential has a maximum at y,, = y;.
Inflation can occur on both sides of the maximum where
the predicted n, and r are shown in Fig. 27. In order to get
predictions which are consistent with the experimental
data, the parameters should be A; ~ B; or A; ~2, B3 ~ 0.
While for 0 < A; < 2, and A3 < 2Bj, inflation can occur
on the right side of the minimum y,, = y; for which the
predicted ng and r are shown in Fig. 28.

There are two minima at y,,; = y, and y,,» = y3 and one
maximum at y,, =y, for the potential with A; <O,
B3 >0, and A% > 4B5. Inflation occurs in the regions
[—00, ¥m1] and [y,0, 00|, except the regions [y,,1,xu] and
(¥ Xm2), Where slow-roll inflation cannot be realized due
ton > 1 at y,,. The predicted n, and r are shown in Fig. 29.
Moreover, inflation can happen on both the left and right
sides of the minimum y,, = y; for the potential with
A3 <0, By > 0, A} < 4B5, where the predicted n, and r
are shown in Fig. 30, while for A3 <0, B; <0, and
A3z < 2B5, the potential is a maximum at y,; = y; and a
minimum at y,, = y3. Similarly, the possible inflationary
trajectories are in the regions [—oo,y,,] and [y,,, x»], and
the predicted n, and r are shown in Fig. 31. Especially, the
relationship for parameters is A ~ 2B in the region [y,,, ¥]-
At last, for A; <0, B3 <0, and A; > 2B3, the potential
only has one minimum at y,, = y3, and the predicted n, and
r are shown in Fig. 32. On the right side of the minimum,
the predictions of T and E models can also be covered. For
the rest of the parameter spaces, there is no extreme point
for the potential, and the slow-roll inflation is not possible
on any trajectories.
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FIG. 29. The r versus n, predictions for the inflaton potential in Eq. (47) with A3 < 0, By > 0, and A > 4Bj5. Inflation occurs in the

regions (a) [—o0,x,,1] and (b) [y, ).
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FIG. 30. The r versus n, predictions for the inflaton potential in Eq. (47) with A; < 0, B; > 0, and A% < 4B5. Inflation occurs in the

regions (a) [—0, y,,] and (b) [y,,, =].
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The r versus n predictions for the inflaton potential in Eq. (47) with A; < 0, B3 < 0, and A; < 2Bj5. Inflation occurs in the
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FIG. 32. The r versus n; predictions for the inflaton potential in Eq. (47) with A; < 0, B3 < 0, and A3 > 2B5. Inflation occurs in the
regions (a) [—o0,¥,,] and (b) [y,,, o]. The circles and triangles correspond to T and E models, respectively.

VII. CONCLUSION

We have studied three classes of no-scale inflation
models with one, two, and three moduli which can be
realized naturally via string compactifications. Also, we
considered the general renormalizable superpotential as
three-order polynomials of the inflaton field. The E model
and T model for a fixed a are realized in the one modulus
model and the three moduli model, respectively. They are
connected by the three moduli model in the limits
2a,,/c\/ay; — 1and 2a,,/ci/a; — oo. The detailed analy-
ses of the spectral indices and the tensor-to-scalar ratio have
been preformed, and they are consistent with the Planck
and BICEP/Keck experimental data on the cosmic
microwave background. The spectral index is ny ~1-2/
N ~ 0.965 for all models. Similar to the Starobinsky model,
the tensor-to-scalar ratio r in the one and three moduli models
are r ~2/(b*N?), whereas r predicted in the two moduli
models are r ~ 83 /N* due to the non-negligible contribution
from the higher order term in potential. The parameter b is
defined in terms of N, as d = 1/4/2N,. Thus, we have

b = 1/+/6 for one modulus models and » = 1/+/2 for three
moduli models. The tensor-to-scalar ratio in models with
quartic and quadratic potential is significantly suppressed in
no-scale supergravity, and then they can satisfy the strong
bound from the current observations r( o5 < 0.036. In other
words, no-scale supergravity is a viable framework which
makes the excluded models valid again. In the three moduli
model, the scalar potential is similar to that in global
supersymmetry, but the Kéhler potential is different. Thus,
such no-scale supergravity becomes a bridge between super-
gravity and global supersymmetry.

ACKNOWLEDGMENTS

This work is supported in part by the National Key
Research and Development Program of China Grant
No. 2020YFC2201504, by the Projects No. 11875062,
No. 11947302, and No. 12047503 supported by the
National Natural Science Foundation of China, by the
Major Program of the National Natural Science Foundation
of China under Grant No. 11690021, as well as by the Key
Research Program of the Chinese Academy of Sciences,
Grant No. XDPB15.

043514-20



GENERIC NO-SCALE INFLATION INSPIRED FROM STRING ...

PHYS. REV. D 106, 043514 (2022)

[1] A. A. Starobinsky, A new type of isotropic cosmological
models without singularity, Phys. Lett. 91B, 99 (1980).

[2] A. H. Guth, The inflationary universe: A possible solution to
the horizon and flatness problems, Phys. Rev. D 23, 347
(1981).

[3] A.D. Linde, A new inflationary universe scenario: A
possible solution of the horizon, flatness, homogeneity,
isotropy and primordial monopole problems, Phys. Lett.
108B, 389 (1982).

[4] A. Albrecht and P.J. Steinhardt, Cosmology for Grand
Unified Theories with Radiatively Induced Symmetry
Breaking, Phys. Rev. Lett. 48, 1220 (1982).

[5] D.H. Lyth and A. Riotto, Particle physics models of
inflation and the cosmological density perturbation, Phys.
Rep. 314, 1 (1999).

[6] Y. Akrami et al. (Planck Collaboration), Planck 2018
results. X. Constraints on inflation, Astron. Astrophys.
641, A10 (2020).

[7]1 P. A.R. Ade et al. (BICEP and Keck Array Collaborations),
Improved Constraints on Primordial Gravitational Waves
using Planck, WMAP, and BICEP/Keck Observations
through the 2018 Observing Season, Phys. Rev. Lett.
127, 151301 (2021).

[8] C.P. Burgess, M. Cicoli, and F. Quevedo, String infla-
tion after Planck 2013, J. Cosmol. Astropart. Phys. 11
(2013) 003.

[9] S. Bhattacharya, K. Dutta, M. R. Gangopadhyay, and A.
Maharana, Confronting Kéhler moduli inflation with CMB
data, Phys. Rev. D 97, 123533 (2018).

[10] M. Cicoli, V. A. Diaz, and F. G. Pedrox, Confronting Kéhler
moduli inflation with CMB data, J. Cosmol. Astropart.
Phys. 06 (2018) 034.

[11] R. Kallosh and A. Linde, BICEP/Keck and cosmological
attractors, J. Cosmol. Astropart. Phys. 12 (2021) 008.

[12] J. Ellis, M. A. G. Garcia, D. V. Nanopoulos, K. A. Olive,
and S. Verner, BICEP/Keck constraints on attractor models
of inflation and reheating, Phys. Rev. D 105, 043504 (2022).

[13] E.J. Copeland, A.R. Liddle, D. H. Lyth, E. D. Stewart, and
D. Wands, False vacuum inflation with Einstein gravity,
Phys. Rev. D 49, 6410 (1994).

[14] E.D. Stewart, Inflation, supergravity and superstrings,
Phys. Rev. D 51, 6847 (1995).

[15] M. Dine, L. Randall, and S.D. Thomas, Supersymmetry
Breaking in the Early Universe, Phys. Rev. Lett. 75, 398
(1995).

[16] E. Cremmer, S. Ferrara, C. Kounnas, and D. V. Nanopoulos,
Naturally vanishing cosmological constant in N = 1 super-
gravity, Phys. Lett. 133B, 61 (1983).

[17] J.R. Ellis, A.B. Lahanas, D.V. Nanopoulos, and K.
Tamvakis, No-scale supersymmetric standard model, Phys.
Lett. 134B, 429 (1984).

[18] A.B. Lahanas and D. V. Nanopoulos, The road to no scale
supergravity, Phys. Rep. 145, 1 (1987).

[19] E. Witten, Dimensional reduction of superstring models,
Phys. Lett. 155B, 151 (1985).

[20] T.-j. Li, J. L. Lopez, and D. V. Nanopoulos, Compactifica-
tions of M theory and their phenomenological conse-
quences, Phys. Rev. D 56, 2602 (1997).

[21] J. Ellis, D.V. Nanopoulos, and K. A. Olive, No-Scale
Supergravity Realization of the Starobinsky Model of

Inflation, Phys. Rev. Lett. 111, 111301 (2013); 111,
129902(E) (2013).

[22] J. Ellis, D. V. Nanopoulos, and K. A. Olive, Starobinsky-like
inflationary models as avatars of no-scale supergravity,
J. Cosmol. Astropart. Phys. 10 (2013) 009.

[23] J. Ellis, M. A.G. Garcia, D.V. Nanopoulos, and K. A.
Olive, No-scale inflation, Classical Quantum Gravity 33,
094001 (2016).

[24] J. Ellis, M. A. G. Garcia, N. Nagata, D. V. Nanopoulos, K. A.
Olive, and S. Verner, Building models of inflation in no-scale
supergravity, Int. J. Mod. Phys. D 29, 2030011 (2020).

[25] M. Kawasaki, M. Yamaguchi, and T. Yanagida, Natural
Chaotic Inflation in Supergravity, Phys. Rev. Lett. 85, 3572
(2000).

[26] M. Yamaguchi and J. Yokoyama, New inflation in super-
gravity with a chaotic initial condition, Phys. Rev. D 63,
043506 (2001).

[27] M. Yamaguchi, Natural double inflation in supergravity,
Phys. Rev. D 64, 063502 (2001).

[28] M. Kawasaki and M. Yamaguchi, A supersymmetric topo-
logical inflation model, Phys. Rev. D 65, 103518 (2002).

[29] R. Kallosh and A. Linde, New models of chaotic inflation in
supergravity, J. Cosmol. Astropart. Phys. 11 (2010) O11.

[30] R. Kallosh, A. Linde, and T. Rube, General inflaton
potentials in supergravity, Phys. Rev. D 83, 043507 (2011).

[31] T. Li, Z. Li, and D. V. Nanopoulos, Supergravity inflation
with broken shift symmetry and large tensor-to-scalar ratio,
J. Cosmol. Astropart. Phys. 02 (2014) 028.

[32] K. Nakayama, F. Takahashi, and T. T. Yanagida, Polynomial
chaotic inflation in the Planck era, Phys. Lett. B 725, 111
(2013).

[33] K. Nakayama, F. Takahashi, and T. T. Yanagida, Polynomial
chaotic inflation in supergravity, J. Cosmol. Astropart. Phys.
08 (2013) 038.

[34] F. Takahashi, New inflation in supergravity after Planck and
LHC, Phys. Lett. B 727, 21 (2013).

[35] T. Li, Z. Li, and D. V. Nanopoulos, Natural inflation with
natural trans-Planckian axion decay constant from anoma-
lous U(1)y, J. High Energy Phys. 07 (2014) 052.

[36] C. Pallis and Q. Shafi, From hybrid to quadratic inflation
with high-scale supersymmetry breaking, Phys. Lett. B 736,
261 (2014).

[37] T. Li, Z. Li, and D. V. Nanopoulos, Symmetry breaking
indication for supergravity inflation in light of the Planck
2015, J. Cosmol. Astropart. Phys. 09 (2015) 006.

[38] T. Li, Z. Li, and D. V. Nanopoulos, Helical phase inflation,
Phys. Rev. D 91, 061303 (2015).

[39] T. Li, Z. Li, and D. V. Nanopoulos, Helical phase inflation
and monodromy in supergravity theory, Adv. High Energy
Phys. 2015, 397410 (2015).

[40] T. Li, Z. Li, and D. V. Nanopoulos, Helical phase inflation
via non-geometric flux compactifications: From natural
to Starobinsky-like inflation, J. High Energy Phys. 10
(2015) 138.

[41] M. Sabir, W. Ahmed, Y. Gong, T. Li, and J. Lin, Helical
phase inflation and its observational constraints, J. Cosmol.
Astropart. Phys. 09 (2020) 038.

[42] B.J. Broy, D. Ciupke, F.G. Pedro, and A. Westphal,
Starobinsky-type inflation from o'-corrections, J. Cosmol.
Astropart. Phys. 01 (2016) 001.

043514-21


https://doi.org/10.1016/0370-2693(80)90670-X
https://doi.org/10.1103/PhysRevD.23.347
https://doi.org/10.1103/PhysRevD.23.347
https://doi.org/10.1016/0370-2693(82)91219-9
https://doi.org/10.1016/0370-2693(82)91219-9
https://doi.org/10.1103/PhysRevLett.48.1220
https://doi.org/10.1016/S0370-1573(98)00128-8
https://doi.org/10.1016/S0370-1573(98)00128-8
https://doi.org/10.1051/0004-6361/201833887
https://doi.org/10.1051/0004-6361/201833887
https://doi.org/10.1103/PhysRevLett.127.151301
https://doi.org/10.1103/PhysRevLett.127.151301
https://doi.org/10.1088/1475-7516/2013/11/003
https://doi.org/10.1088/1475-7516/2013/11/003
https://doi.org/10.1103/PhysRevD.97.123533
https://doi.org/10.1088/1475-7516/2018/06/034
https://doi.org/10.1088/1475-7516/2018/06/034
https://doi.org/10.1088/1475-7516/2021/12/008
https://doi.org/10.1103/PhysRevD.105.043504
https://doi.org/10.1103/PhysRevD.49.6410
https://doi.org/10.1103/PhysRevD.51.6847
https://doi.org/10.1103/PhysRevLett.75.398
https://doi.org/10.1103/PhysRevLett.75.398
https://doi.org/10.1016/0370-2693(83)90106-5
https://doi.org/10.1016/0370-2693(84)91378-9
https://doi.org/10.1016/0370-2693(84)91378-9
https://doi.org/10.1016/0370-1573(87)90034-2
https://doi.org/10.1016/0370-2693(85)90976-1
https://doi.org/10.1103/PhysRevD.56.2602
https://doi.org/10.1103/PhysRevLett.111.111301
https://doi.org/10.1103/PhysRevLett.111.129902
https://doi.org/10.1103/PhysRevLett.111.129902
https://doi.org/10.1088/1475-7516/2013/10/009
https://doi.org/10.1088/0264-9381/33/9/094001
https://doi.org/10.1088/0264-9381/33/9/094001
https://doi.org/10.1142/S0218271820300116
https://doi.org/10.1103/PhysRevLett.85.3572
https://doi.org/10.1103/PhysRevLett.85.3572
https://doi.org/10.1103/PhysRevD.63.043506
https://doi.org/10.1103/PhysRevD.63.043506
https://doi.org/10.1103/PhysRevD.64.063502
https://doi.org/10.1103/PhysRevD.65.103518
https://doi.org/10.1088/1475-7516/2010/11/011
https://doi.org/10.1103/PhysRevD.83.043507
https://doi.org/10.1088/1475-7516/2014/02/028
https://doi.org/10.1016/j.physletb.2013.06.050
https://doi.org/10.1016/j.physletb.2013.06.050
https://doi.org/10.1088/1475-7516/2013/08/038
https://doi.org/10.1088/1475-7516/2013/08/038
https://doi.org/10.1016/j.physletb.2013.10.026
https://doi.org/10.1007/JHEP07(2014)052
https://doi.org/10.1016/j.physletb.2014.07.031
https://doi.org/10.1016/j.physletb.2014.07.031
https://doi.org/10.1088/1475-7516/2015/09/006
https://doi.org/10.1103/PhysRevD.91.061303
https://doi.org/10.1155/2015/397410
https://doi.org/10.1155/2015/397410
https://doi.org/10.1007/JHEP10(2015)138
https://doi.org/10.1007/JHEP10(2015)138
https://doi.org/10.1088/1475-7516/2020/09/038
https://doi.org/10.1088/1475-7516/2020/09/038
https://doi.org/10.1088/1475-7516/2016/01/001
https://doi.org/10.1088/1475-7516/2016/01/001

LINA WU and TIANJUN LI

PHYS. REV. D 106, 043514 (2022)

[43] J. Ellis, N.E. Mavromatos, and D.V. Nanopoulos,
Starobinsky-like inflation in dilaton-brane cosmology, Phys.
Lett. B 732, 380 (2014).

[44] M. Cicoli, F. G. Pedro, and G. Tasinato, Poly-instanton
inflation, J. Cosmol. Astropart. Phys. 12 (2011) 022.

[45] X. Gao and P. Shukla, On non-Gaussianities in two-field
poly-instanton inflation, J. High Energy Phys. 03 (2013)
061.

[46] M. Cicoli, S. Downes, and B. Dutta, Power suppression at
large scales in string inflation, J. Cosmol. Astropart. Phys.
12 (2013) 007.

[47] T. Kobayashi, S. Uemura, and J. Yamamoto, Polyinstanton
axion inflation, Phys. Rev. D 96, 026007 (2017).

[48] S. Bhattacharya, K. Dutta, M.R. Gangopadhyay, A.
Maharana, and K. Singh, Fibre inflation and precision
CMB data, Phys. Rev. D 102, 123531 (2020).

[49] M. Cicoli and E. Di Valentino, Fitting string inflation to real
cosmological data: The fiber inflation case, Phys. Rev. D
102, 043521 (2020).

[50] M. Cicoli, FE. G. Pedro, and N. Pedron, Secondary GWs and
PBHs in string inflation: Formation and detectability,
arXiv:2203.00021.

[51] R. Kallosh, A. Linde, and D. Roest, Superconformal infla-
tionary a-attractors, J. High Energy Phys. 11 (2013) 198.

[52] R. Kallosh and A. Linde, Planck, LHC, and a-attractors,
Phys. Rev. D 91, 083528 (2015).

[53] A. Linde, Single-field a-attractors, J. Cosmol. Astropart.
Phys. 05 (2015) 003.

[54] A. Linde, Random potentials and cosmological attractors,
J. Cosmol. Astropart. Phys. 02 (2017) 028.

[55] J. Ellis, D.V. Nanopoulos, K. A. Olive, and S. Verner,
Unified no-scale attractors, J. Cosmol. Astropart. Phys. 09
(2019) 040.

[56] Y. Tang and Y.-L. Wu, Conformal a-attractor inflation with
Weyl gauge field, J. Cosmol. Astropart. Phys. 03 (2020)
067.

[57] Y. Akrami, S. Casas, S. Deng, and V. Vardanyan,
Quintessential a-attractor inflation: Forecasts for stage IV
galaxy surveys, J. Cosmol. Astropart. Phys. 04 (2021) 006.

[58] J. G. Rodrigues, S. Santos da Costa, and J.S. Alcaniz,
Observational constraints on a-attractor inflationary models
with a Higgs-like potential, Phys. Lett. B 815, 136156
(2021).

[59] T.-j. Li, Compactification and supersymmetry breaking in M
theory, Phys. Rev. D 57, 7539 (1998).

[60] T. Li, Z. Li, and D. V. Nanopoulos, Chaotic inflation in no-
scale supergravity with string inspired moduli stabilization,
Eur. Phys. J. C 75, 55 (2015).

[61] L. Wu, Y. Gong, and T. Li, Primordial black holes and
secondary gravitational waves from string inspired general
no-scale supergravity, Phys. Rev. D 104, 123544 (2021).

[62] M. K. Gaillard, H. Murayama, and K. A. Olive, Preserving
flat directions during inflation, Phys. Lett. B 355, 71 (1995).

[63] G. A. Diamandis, J.R. Ellis, A.B. Lahanas, and D. V.
Nanopoulos, Vanishing scalar masses in no scale super-
gravity, Phys. Lett. B 173, 303 (1986).

[64] 1. Garg and S. Mohanty, No scale SUGRA SO(10) derived
Starobinsky model of inflation, Phys. Lett. B 751, 7 (2015).

[65] I. Garg and S. Mohanty, No-scale SUGRA inflation and
type-I seesaw, Int. J. Mod. Phys. A 33, 1850127 (2018).

[66] S.Khalil, A. Moursy, A. K. Saha, and A. Sil, U(1) inspired
inflation model in no-scale supergravity, Phys. Rev. D 99,
095022 (2019).

[67] A.D. Linde, Chaotic inflation, Phys. Lett. 129B, 177
(1983).

[68] P. Creminelli, S. Dubovsky, D. Lépez Nacir, M. Simonovi¢,
G. Trevisan, G. Villadoro, and M. Zaldarriaga, Implications
of the scalar tilt for the tensor-to-scalar ratio, Phys. Rev. D
92, 123528 (2015).

[69] T.Li, Z. Sun, C. Tian, and L. Wu, The renormalizable three-
term polynomial inflation with large tensor-to-scalar ratio,
Eur. Phys. J. C 75, 301 (2015).

043514-22


https://doi.org/10.1016/j.physletb.2014.04.014
https://doi.org/10.1016/j.physletb.2014.04.014
https://doi.org/10.1088/1475-7516/2011/12/022
https://doi.org/10.1007/JHEP03(2013)061
https://doi.org/10.1007/JHEP03(2013)061
https://doi.org/10.1088/1475-7516/2013/12/007
https://doi.org/10.1088/1475-7516/2013/12/007
https://doi.org/10.1103/PhysRevD.96.026007
https://doi.org/10.1103/PhysRevD.102.123531
https://doi.org/10.1103/PhysRevD.102.043521
https://doi.org/10.1103/PhysRevD.102.043521
https://arXiv.org/abs/2203.00021
https://doi.org/10.1007/JHEP11(2013)198
https://doi.org/10.1103/PhysRevD.91.083528
https://doi.org/10.1088/1475-7516/2015/05/003
https://doi.org/10.1088/1475-7516/2015/05/003
https://doi.org/10.1088/1475-7516/2017/02/028
https://doi.org/10.1088/1475-7516/2019/09/040
https://doi.org/10.1088/1475-7516/2019/09/040
https://doi.org/10.1088/1475-7516/2020/03/067
https://doi.org/10.1088/1475-7516/2020/03/067
https://doi.org/10.1088/1475-7516/2021/04/006
https://doi.org/10.1016/j.physletb.2021.136156
https://doi.org/10.1016/j.physletb.2021.136156
https://doi.org/10.1103/PhysRevD.57.7539
https://doi.org/10.1140/epjc/s10052-015-3291-2
https://doi.org/10.1103/PhysRevD.104.123544
https://doi.org/10.1016/0370-2693(95)00773-E
https://doi.org/10.1016/0370-2693(86)90521-6
https://doi.org/10.1016/j.physletb.2015.10.011
https://doi.org/10.1142/S0217751X18501270
https://doi.org/10.1103/PhysRevD.99.095022
https://doi.org/10.1103/PhysRevD.99.095022
https://doi.org/10.1016/0370-2693(83)90837-7
https://doi.org/10.1016/0370-2693(83)90837-7
https://doi.org/10.1103/PhysRevD.92.123528
https://doi.org/10.1103/PhysRevD.92.123528
https://doi.org/10.1140/epjc/s10052-015-3508-4

