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Many alternative theories of gravity screen a Yukawa-type potential. This article shows Keplerian-type
parametrization for the solution of Yukawa type potential accurate equations of motion for two nonspinning
compact objects moving in an eccentric orbit, using the mean anomaly. From the analytical solution some
of the post-Keplerian parameters are derived. Consequently, a bound from the Solar System is presented.
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I. INTRODUCTION

Cosmological measurements from the last few decades
show that the general theory of relativity (GR) is not the
complete solution for gravity theories. The measurements
from the type Ia supernova [1], baryon acoustic oscillations
(BAO) [2–5], and the cosmic microwave background
(CMB) [6] give strong evidence at least for one modifi-
cation beyond GR, which is the cosmological constant Λ
[7–12]. However, the question whether GRþ Λ is the final
theory of gravity or a small part from a bigger theory
remains an open question [13].
In order to constrain other theories of gravity there

are many tests from the laboratory [14] to compact objects
[15,16]. The two-body solution for alternative theories
also yields a strong constraint from the Solar System, the
galactic star center [16–57], and others systems [58].
One of the simplest ways to test gravity is to constrain

the existence of a Yukawa additional term, such that the one
particle Newtonian potential assumes the form

VðrÞ ¼ GM
r

ð1þ αe−m·rÞ; ð1Þ

whereM is the total mass of the system,G is the Newtonian
constant, and r is the separation between the two objects.
For the Yukawa couplings, α is the Yukawa strength and
m is the Yukawa mass. When α goes to zero the Yukawa
interaction is reduced into the Newtonian one. When m
goes to zero the Newtonian constant is modified to
Gð1þ αÞ. Such a correction arises whenever the force is
mediated by a scalar particle of mass m. Therefore testing

gravity is equivalent to testing the existence of a fifth force
of scalar nature.
The analysis of a Yukawa potential in a two body problem

has been studied in different approaches [59–66]. In this
Letter, we derive an analytical solution for the Yukawa
potential using the equations of motion for compact binaries
moving in eccentric orbits. We employ similar techniques
which allowed is to obtain a simple parametrization for the
solution of post-Newtonian (PN) accurate equations of
motion for compact binaries in eccentric orbits [67]. The
approach yields a close elegant solution and we constrain
these parameters with different astrophysical systems.
The plan of this work is as follows: Section II solves the

relativistic correction with the Yukawa potential. Section III
introduces an analytical solution for the Yukawa potential
in the Newtonian limit. Section IV solves the relativistic
correction to the Yukawa potential. Section V performs
data comparison with the Solar System. Finally, Sec. VI
summarizes the results.

II. MEAN AND TRUE KEPLERIAN MOTION

We begin by summarizing some known solutions about
the two body problem. The Keplerian parametrization
for Newtonian motion is analytically solved in celestial
mechanics [68]. The conservation of the energy and the
angular momentum reads

ϵ ¼ 1

2
v2 −

GM
r

; l ¼ r2 _θ; ð2Þ

where ϵ is the total energy per the reduced mass, l is the
total angular momentum per the reduced mass, r is the
separation and the dot sign is the derivative with respect to
time. Figure 1 shows the effective potential with and*db888@cam.ac.uk
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without the relativistic correction. The total velocity in
polar coordinates is v2 ¼ _r2 þ _θ2r2 ¼ _r2 þ l2

r3. In order
to solve the problem it is useful to parametrize the
separation as

r=a ¼ 1 − er cos η: ð3Þ

The exact solution for Eq. (2) is described by the well-
known relations

2π

T
ðt − t0Þ ¼ η − e sin η; ð4aÞ

θ ¼ ν̃≡ 2tan−1
� ffiffiffiffiffiffiffiffiffiffiffi

1þ e
1 − e

r
tan

η

2

�
: ð4bÞ

e is the eccentricity, a is the semimajor axis, and n ¼ 2π=T
is the frequency. These quantities are related to the energy
and the angular momentum via

a ¼
ffiffiffiffiffiffiffiffi
GM
−2ϵ

r
; e2 ¼ 1þ 2l2ϵ;

2π

T
¼ ð−2ϵÞ3=2

GM
¼

ffiffiffiffiffiffiffiffi
GM
a3

r
; ð5Þ

which corresponds to the Keplerian 3rd law. Equation (4a)
defines the mean anomaly. Two running angles are used to
describe the instantaneous position on the ellipse, namely θ
or the true anomaly and ν or the eccentric anomaly. Figure 2
shows the two anomalies and the relation between these.

III. YUKAWA POTENTIAL SOLUTION

In this section the solution for the Newtonian potential is
generalized via the Yukawa potential. The total energy
reduced energy is

ϵ ¼ 1

2
_r2 −

GM
r

ð1þ αe−m·rÞ þ l2

2r2
: ð6Þ

In order to find the relation between the energy and the
angular momentum to the eccentricity and the semimajor
axis, we use edge condition, where the time derivative of
the separation is zero:

_r½að1� eÞ� ¼ 0: ð7Þ

The separations að1� eÞ are the extremal separations.
Inserting this condition into Eq. (6) yields the relations

ϵ ¼ −
GM
2a

½1þ α − 2αðm · aÞ�; ð8aÞ

l2

GMað1 − e2Þ ¼ 1 − α −
f
2
ð1 − e2Þ; ð8bÞ

where f ¼ αm2a2. Invoking the condition (3) into (6) gives
a differential equation that relates _η into η:

1

_η
¼ −

1 − e cos η
4

ð2ðα − 2Þ þ ðe2 − 3Þf þ 2ef cos ηÞ: ð9Þ

Here, we assume m · a ≪ 1 and we take the second order
correction. The integration gives the elegant solution

2π
t − t0
T

¼ η − et sin ηþ e2r
f
8
sin 2η; ð10Þ

with

FIG. 1. An effective comparison between the Newtonian
potential (blue), the low energy Yukawa potential (orange),
and Yukawa potential with a relativistic correction (green).

FIG. 2. A demonstration for the difference between mean
anomaly η and the true anomaly θ. The ellipse is the true motion
of the celestial body and the circle is the theoretical circle that
surrounds the elliptical motion.
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et ¼
�
1þ 2 − e2r

4
f

�
er; ð11aÞ

T ¼ 2π

ffiffiffiffiffiffiffiffi
a3

GM

r �
1 −

α

2
þ 3

4
f

�
: ð11bÞ

Using the chain rule over the true anomaly gives

dθ
dη

¼
_θ

_η
¼ l=r2

_η

¼
ffiffiffiffiffiffiffiffiffiffiffi
1−e2

p

1−ecosðηÞ
�
1þα

2
þf

�
e2

4
−
1

2
ecosðηÞþ1

4

��
: ð12Þ

Solving the integral yields the solution for the true anomaly
vs the mean anomaly:

2π
θ − θ0
Φ

¼ νþ f
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
ðη − νÞ; ð13Þ

with

ΦYuk

2π
¼ 1þ α

2
−
f
4

�
1 − e2 − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p �
: ð14Þ

Therefore, the precession rate reads

ΔθYuk ¼
α

2
−
f
4

�
1 − e2 − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p �
: ð15Þ

The time eccentricity is modified due to the Yukawa
potential presence as in the post-Newtonian correction to
the Newtonian potential. The period and the precession are
effected as well and could be constrained from the standard
Solar System planets measurements. Figure 3 illustrates the
motion of the particle with positive and negative values
of α. The sign changes the direction of the motion.

IV. RELATIVISTIC CORRECTIONS

We examine the motion of a test mass of the
Schwarzschild spacetime. The particle is moving freely
on a timelike geodesic of the spacetime. It can be shown
that the relativistic correction changes the angular momen-
tum part in the effective potential by [68]

l2

2r2

�
1 −

GM
rc2

�
: ð16Þ

The dimensionless ratio GM=r · c2 is the Schwarzschild
correction in the effective potential. Following the same
procedure for the modified potential, and taking separations
að1� eÞ as an extremal one, yields the relations

ϵ¼−
GM
2a

�
1þα−2αm ·a−

β

2
ð1þαÞð1−e2Þ

�
; ð17aÞ

l2

GMað1 − e2Þ ¼
�
1þ β

2
ðe2 þ 3Þ

��
1þ α −

f
2
ð1 − e2Þ

�
;

ð17bÞ

where we define the dimensionless parameter:

β ¼ GM
ac2ð1 − e2Þ : ð18Þ

For β ≪ 1 the correction agrees with the post-Newtonian
correction for massless and spinless body. Invoking the
condition (3) into the modified energy equation gives a
differential equation that relates _η into η:

_η−1 − _η−1ðβ¼0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3=GM

p ¼ β

16
ð1 − e2Þðeρ − 3Þð2ðα − 2Þ

þ fðe2 þ 6eρ − 7ÞÞ: ð19Þ

As in the classical case, using the chain rule over the true
anomaly gives

FIG. 3. Illustration of the analytical solution of the system (10)
and (13) with different values of positive α (orange) and negative
α (blue). The Yukawa potential produces precession also for the
extended Newtonian case.
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dθ
dη

−
dθ
dηðβ¼0Þ

¼ −
β

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p

16ðeρ − 1Þ2 ðeðeð2ðαþ 2Þ þ ðe2 þ 4ÞfÞ þ 2eðe2 − 9Þfρ2

þ ρð14ðαþ 2Þ þ e4f þ 2e2ðα − 5f þ 2Þ þ 41fÞÞ − 3ð6ðαþ 2Þ þ 7fÞÞ: ð20Þ

The solution for the differential equation yields the same
Eq. (10) with modified time eccentricity and the period:

et
e
¼ 1þ 2 − e2

4
f −

β

2
ð1 − e2Þ

�
1 −

2þ e2

8
f

�
; ð21aÞ

T

2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3=GM

p ¼ 1 −
α

2
þ 3

4
f þ 3

16
βð1 − e2Þð4 − 2αþ 7fÞ:

ð21bÞ

The modification for the Yukawa potential modified for the
time eccentricity only in the second order. Also the leading
PN order of the time eccentricity is modified only from the
second order. However, the period is modified only also
by the first order α both in the Newtonian and the PN
expansion terms.
Solving (20) yields the solution for the true anomaly vs

the mean anomaly:

2π

Φ
ðθ − θ0Þ ¼ νþ f

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
ðη − νÞ þ β

2

e
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
sinðηÞ

2 − 2e cosðηÞ
ð22Þ

with the precession

ΔθYuk;1PN ¼ Φ
2π

− 1 ¼ ΔθYuk þ ΔθYuk;Mod; ð23Þ

where ΔθYuk;Mod is the modification for the precession due
to the first order correction,

ΔθYuk;Mod

β
¼ e2 þ 9

4
þ α

9þ e2

8
þ f
16

�
3þ e4

− 2
� ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − e2
p

þ 2
�
e2 þ 18

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p �
: ð24Þ

The precession rate depends also on the dimensionless
parameter β and also on the Yukawa parameters α and f.
It is possible to take the first order corrections for the
precession rate and state:

Δθ ≈ ΔθGR þ ΔθYuk: ð25Þ

The corrections to the relativistic case also include α and f
in the next order correction.

V. DATA COMPARISON

In order to complete our discussion on the interactions in
two body motion we add the Solar System constraint [69].
The comparison is done with the χ2 function,

χ2 ¼
�
Δθob − Δθðα; mÞ

σθ

�
2

; ð26Þ

where Δθob � σθ is the observed precession of the planets
and Δθðα; mÞ is the prediction from the model. We include
the precession data of the Solar System from [70]. The
combined constraint is approached by using the combined
likelihood from the precession measurements from the
Solar System.
Regarding the problem of likelihood maximization,

we use an affine-invariant Markov chain Monte Carlo
sampler [71], as it is implemented within the open-source
packaged POLYCHORD [72] with the GetDist package [73] to
present the results. The prior we choose is with a uniform
distribution, where α ∈ ½0.; 1.�, mðAU−1Þ ∈ ½0.; 1�.
Figure 4 shows the precession constraint from the Solar

System constraint. Table I below summarizes the final
values. We see that adding the Solar System constraints
gives very little changes to the modified gravity parameters.
However, adding the Cassini bound (β2 < 10−5) (see [74])
reduces the final value of α into ∼10−7 and increases the
possible bound value of m.

FIG. 4. The contour plot for the Yukawa potential from the
Solar System precession. The point (0, 0) corresponds to GR with
no additional interaction.
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VI. DISCUSSION

The Yukawa-like correction to the Newtonian potential is
an established result of many modified gravity theories. This
article derives Keplerian-type parametrization for the sol-
ution of Yukawa type potential accurate equations of motion
for two nonspinning compact objects moving in an eccentric
orbit. The modifications are encoded in two parameters: the
strength α and the scale mass m of the Yukawa term.

In this Letter we used the mean anomaly paramerization
with the Yukawa potential and we derived an exact
analytical solution for two body motion. Moreover, we
derived an analytical term for the modified Keplerian
3rd law and the precession terms. With the latest NASA
and Cassini bounds we derived the bounds for the Yukawa
strength and mass.
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