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Hydrodynamics can be formulated in terms of a perturbative series in derivatives of the temperature,
chemical potential, and flow velocity around an equilibrium state. Different formulations for this series
have been proposed over the years, which consequently led to the development of various hydrodynamic
theories. In this work, we discuss the relativistic generalizations of the perturbative expansions put forward
by Chapman and Enskog, and Hilbert, using general matching conditions in kinetic theory. This allows us
to describe, in a comprehensive way, how different out-of-equilibrium definitions for the hydrodynamic
fields affect the development of the hydrodynamic perturbative series. We provide a perturbative method
for systematically deriving the hydrodynamic formulation recently proposed by Bemfica, Disconzi,
Noronha, and Kovtun (BDNK) from relativistic kinetic theory. The various transport coefficients that
appear in BDNK (at first-order) are explicitly computed using a new formulation of the relaxation time
approximation for the Boltzmann equation. Assuming Bjorken flow, we also determine the hydrodynamic
attractors of BDNK theory and compare the overall hydrodynamic evolution obtained using this

formulation with that generated by the Israel-Stewart equations of motion and also kinetic theory.
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I. INTRODUCTION

Hydrodynamics is an effective theory constructed to
describe the near-equilibrium dynamics of a many-body
system in the regime where the time and length scales
associated with microscopic interactions are much smaller
than those defined by the variation of conserved quantities.
In the context of kinetic theory, hydrodynamics is expected
to emerge when the evolution of the system can be
reasonably well described in terms of the few moments
of the single-particle distribution function directly associ-
ated with conservation laws [1]. Understanding how this
truncation in the number of degrees of freedom takes place
and how that process depends on the strength of the
interactions define a very active area of research especially
in the relativistic regime [2—4].

Throughout the years, these questions have been inves-
tigated in kinetic theory using mainly three approaches.
The oldest method, pioneered by D. Hilbert more than a
century ago [5,6], was the first to recognize that hydro-
dynamic behavior could be systematically investigated via
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a perturbative expansion. However, even though the lowest
order truncation of the Hilbert series led to the Euler
equations, it was soon realized that this method did not lead
to the celebrated nonrelativistic Navier-Stokes equations
[6]. The derivation of the latter from kinetic theory was
achieved only later by S. Chapman [7,8] and D. Enskog [9],
using a nontrivial modification of Hilbert’s ideas. Their
method has become the standard way to derive hydro-
dynamics from the Boltzmann equation [6,10]. Grad [11]
formulated the third way within which such a reduction
of degrees of freedom can take place in kinetic theory.
Different than Hilbert or Chapman and Enskog, in Grad’s
approach the Boltzmann equation is converted into an
infinite set of coupled equations of motion for the moments
of the distribution function. Hydrodynamics then emerges
from a truncation of such an infinite set of equations in
terms of the lowest order moments, whose evolution
equations are given by the conservation laws. The gener-
alization of the moments method to relativistic kinetic
systems can be found, e.g., in [4,12—17].

Even though the Chapman-Enskog approach can be
formulated in a relativistic covariant manner [4,13,14],
fundamental issues appear after truncation—the corre-
sponding relativistic generalization of Navier-Stokes equa-
tions derived from this approach are incompatible with
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relativistic causality [18,19], and small perturbations
around global equilibrium are unstable [20]. A solution
to these problems was put forward by Miiller [21] and Israel
and Stewart [12,22]. In this approach, instead of using
the constitutive relations characteristic of the Navier-Stokes
formulation, the dissipative currents are promoted to
independent variables that, in turn, obey additional equa-
tions of motion that describe how those variables relax
towards their Navier-Stokes values. Then, causality and
stability constrain the possible values of relaxation times
and coupling constants between the dissipative currents
[20,23-27]. Recently, it has been rigorously proven that
stability in a causal theory is a Lorentz invariant statement
[28,29], and conditions under which thermodynamic sta-
bility imply causality in relativistic fluids have been derived
[30]. The Israel-Stewart (IS) formulation can be derived
from the Boltzmann equation by truncating an infinite
tower of equations obeyed by irreducible moments of the
single-particle distribution function generalizing Grad’s
[11] moments method [12,15-17] or by power-counting
schemes [31,32].

A new solution to the causality and stability problems
was recently proposed by Bemfica, Disconzi, Noronha, and
Kovtun (BDNK) [28,33-36]. This formulation, which is
deeply rooted on effective field theory arguments, when
truncated to first-order in derivatives also leads to con-
stitutive relations for the dissipative currents as in Navier-
Stokes theory, but with the important difference that it
includes timelike derivatives in these relations (i.e., time
derivatives of the hydrodynamic fields are present in the
constitutive relations even in the local rest frame of the
fluid). Conditions that ensure causality, strong hyperbol-
icity, and well-posedness of solutions of the equations of
motion, which are valid even in the full nonlinear regime
and when the fluid is coupled to Einstein’s equations, were
derived in [28,33,35,37,38] and stability was proven to
hold [28,33-36]. BDNK theory also motivates the inves-
tigation of alternative definitions of the hydrodynamic
variables out of equilibrium, the so-called hydrodynamic
frames [39], due to the fact that causality in this framework
requires that some of the coefficients associated with
energy diffusion and the nonequilibrium correction to
energy density must be nonzero in the first-order theory.
This framework has also been explored numerically in
Refs. [40-42], where it was compared to other hydro-
dynamic formulations.

Matching conditions define the local equilibrium state,
which serve as starting point of hydrodynamic expansions.
Consequently, they define the temperature 7', chemical
potential y, and fluid 4-velocity u* of nonequilibrium
systems. In kinetic theory, these definitions are imple-
mented by constraints in the moments of the single-particle
distribution function. Even though they have a significant
effect on the truncation procedures leading to different
formulations of hydrodynamics, the interplay between

these definitions and hydrodynamic attractors [43] are
far from understood. In fact, Ref. [43] proposed that
hydrodynamics should be seen as an attractor which
determines the late-time behavior of many-body systems
and, thus, dictates their approach towards equilibrium. This
has been confirmed in Bjorken [44] and Gubser [45] flow
backgrounds (see, e.g., Refs. [43,46,47] and [48,49]), and
this topic remains under active investigation (for reviews,
see [2,50-52]).

In this work, we provide a systematic perturbative
procedure for the derivation of BDNK theory starting from
the relativistic Boltzmann equation. The various transport
coefficients that appear in BDNK (at first-order) are
explicitly determined, for the first time, using the new
formulation of the relaxation time approximation for the
Boltzmann equation proposed in [53]. For completeness,
we also provide a comprehensive review of the relativistic
Hilbert series and formulate Chapman-Enskog theory for
general matching conditions. Focusing on Bjorken flow,
we determine the hydrodynamic attractors of BDNK
theory and compare the evolution obtained using this
approach with that obtained using Israel-Stewart equations
of motion and also kinetic theory (in the relaxation time
approximation).

This paper is organized as follows. In Sec. II we review
the formulation of hydrodynamic equations using general
matching conditions. Next, in Sec. III, we show how this
general procedure is implemented within kinetic theory. In
Sec. 1V, we discuss the various perturbative procedures
used to derive hydrodynamic equations of motion from
the Boltzmann equation. We implement the well-known
Chapman-Enskog expansion, used to derive relativistic
Navier-Stokes theory, using general matching conditions
and provide formulas that can be used to determine its
transport coefficients. We then proceed to discuss the
Hilbert expansion, which leads to another perturbative
hydrodynamic formulation. Afterwards, we introduce the
perturbative procedure suitable for the derivation of
BDNK formalism in kinetic theory. In Sec. V, we use
the new relaxation time approximation for the relativistic
Boltzmann equation proposed in Ref. [53] to explicitly
compute the transport coefficients present in first-order
BDNK and also those present in the Hilbert series, in the
case of an ultrarelativistic gas. In Sec. VI we initiate our
discussion of Bjorken flow. We first discuss the behavior of
Hilbert’s equations of motion and compare their exact
solution in Bjorken with the solution of relativistic Navier-
Stokes theory. For completeness, we also outline the
corresponding Israel-Stewart equations of motion in
Bjorken flow under general matching conditions, following
[17]. We present numerical and also exact solutions of
BDNK theory for different matching prescriptions and
investigate the corresponding hydrodynamic attractor.
Comparisons between solutions of BDNK, Israel-
Stewart, and kinetic theory (obtained by solving a system
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of moment equations) are also made. Section VII summa-
rizes the main text and states our conclusions and future
plans. Appendix A summarizes the 19 moments truncation
procedure used to obtain the IS equations of motion under
general matching conditions, originally performed in
Ref. [17]. Appendix B shows the procedure necessary to
derive the Chapman-Enskog constitutive relations when
the basis contains the zero modes of the collision term.
Appendix C gives further details on the choice of basis
used to compute transport coefficients. Finally, Appendix D
gives the details concerning the moment equations in
Bjorken flow.

Notation: We use a mostly minus metric signature and
natural units, 7 =c =k = 1.

II. FLUID DYNAMICAL VARIABLES

The main dynamical equations in hydrodynamics come
from the local conservation of energy, momentum, and net
charge,

9,N* =0,
9,T" =0, (1)

where N* is the net-charge 4-current and 7+ is the energy-
momentum tensor. Without any loss of generality, these
tensors can be decomposed in terms of a timelike normal-
ized 4-vector u, w'u, = 1, in the following way:

NV = nu* + ¥,

T = eutu® — PA* + h"u* + hYut + o#*. (2)

The 4-vector u* is identified as the fluid 4-velocity and will
be formally defined after the imposition of the so-called
matching conditions—a procedure that will be discussed
later. Above, we also defined the projection operator
AW = ¢ — yty’. Each term introduced in the decompo-
sition done above can be expressed in terms of projections
and contractions of the conserved currents,

1

p— — v — v
n= uMN”, e= uﬂu,JT” , P= _§A/“’TM ,

= AYNY, = Abu, T, o = A’;;T“ﬁ, (3)
which are identified as the total particle density, the
total energy density, the total pressure, the particle diffusion
4-current, the energy diffusion 4-current, and the
shear-stress tensor, respectively. We note that we have
introduced above the doubly symmetric traceless tensor
AP — (AHIAVP + AVEARP) [2 — APV AP /3,

Next, we introduce a reference local equilibrium state
[22] and separate the particle density, energy density, and
pressure into equilibrium and nonequilibrium parts. In
general,

n = ngy(a, B) + on,
e=go(a, B) + Se,
P=Py(a,p)+11, (4)

where a and f are the thermal potential and inverse
temperature of this (fictitious) reference equilibrium state.
The densities ny, €, and P, are the local equilibrium net-
charge density, energy density, and pressure, respectively,
and are determined in terms of the temperature and thermal
potential using an equation of state. The variables @ and f
are determined by the matching conditions. The variables
on, d¢, and II represent the corresponding nonequilibrium
corrections for the net-charge density, energy density, and
pressure, respectively.

The most widely employed matching condition imposes
that the particle and energy densities are completely
determined by a and f alone as if the fluid were in local
equilibrium. That is, in this case we have the constraints,

n=ny(a,p)=én=0,
€ = gya,p) = se=0. (5)

Then, the temperature and thermal potential are determined
by inverting the thermodynamic functions ny(a,f) and
g(a, f). In order to complete the matching procedure, we
must also define the local rest frame of the fluid; i.e., we
have to define the 4-velocity introduced in the tensor
decomposition of the conserved currents. In this case,
two different constraints are widely employed in the field.
The first is the so-called Landau matching condition (or
Landau picture) which stipulates that no energy diffusion
should occur in the rest frame of the fluid [54],

T u’ = eu < h* =0. (6)

This condition is frequently used in fluid-dynamical
simulations of ultrarelativistic heavy-ion collisions; see
[55-58]. The second is the Eckart matching condition
(or Eckart picture) which imposes that no particle diffusion
should occur in the rest frame of the fluid [59],

Nt =nu' <= 1" =0. (7)

This condition is commonly used in astrophysics applica-
tions [60,61].

It is important to remark that different matching con-
ditions, which differ from Landau or Eckart’s, can in
principle be chosen [62-65]. Indeed, this choice reflects
the fact that there is no unique definition of temperature,
chemical potential, and flow velocity in an out of equilib-
rium state. However, different choices of such matching
conditions do affect the properties of the hydrodynamic
equations of motion—for instance, some choices can lead
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to well-defined behavior while for others causality may
be lost.

In the following, we shall perform our calculations
assuming a wide set of matching conditions, which will
be defined in the next section in the context of kinetic
theory. In this general case, the conserved currents have the
form,

Nt = (ng + on)u + *

T = (go + de)u'u” — (Py + IT)A™ + h*u¥ + h*u* + 7.

(8)

Substituting this expression into the conservation laws (1),
we obtain the following equations of motion (already
projected into their components parallel and orthogonal
to ut):

Dng + Dén + (ng + 6n)6 + 9,1+ = 0, (9a)

Dey + Dée + (&) + 6e + Py +11)0
— 16, + W + u,Dh =0, (9b)

(80+5€+P0+H)DM“—V”(P0+H)
+ 10 + h*AM,u, + A" Dh, + A9,z%, =0, (9¢)

where we make use of the irreducible decomposition of the
4-derivative, 0, = u,D + Vﬂ, with D =u"9, being the
comoving time derivative and V, = A, *d, the 4-gradient,
while 6 =0,u" is the scalar expansion rate and o* =
A} 50,up is the shear tensor.

Different approaches can be used to supplement the
equations of motion (9a)-(9c) with information about
viscous effects. One may provide constitutive relations
satisfied by the nonequilibrium fields and express them in
terms of derivatives of the fluid-dynamical variables that
already appear in equilibrium. This is the case of the
relativistic formulation of Navier-Stokes (NS) theory [54]
and of the recently proposed BDNK theory [28,33-36]—
both these frameworks will be discussed in detail in the
remainder of this paper in the context of kinetic theory. As
mentioned in the previous section, another way to describe
viscous effects consists in postulating that the nonequili-
brium fields are independent dynamical variables which

|

nE/dPEpfp,
yﬂz/dppW)fp’

Sn= / dPE,6f,,

SE/dPElz,fp,
W = / dPE,p¥ f,.,

e = / dPERSf .

obey their own equations of motion (this can be achieved
using entropy arguments or the moments method in kinetic
theory). That is the case of the Israel-Stewart [22] and the
Denicol-Niemi-Molnar-Rischke (DNMR) [31] formula-
tions of relativistic hydrodynamics, where the nonequili-
brium variables relax asymptotically to Navier-Stokes-like
constitutive relations. In this regard, a generalized version
of the moments method [15] has been recently proposed to
consider the case of general matching conditions in
Ref. [17]. Second-order theories have also been derived
under general matching conditions using entropy argu-
ments in [66]. One of the goals of this paper is to compare
the fluid-dynamical solutions that emerge from all these
different formalisms and better understand their differences
and domain of applicability, in particular when uncommon
matching conditions are employed.

III. BOLTZMANN EQUATION AND FLUID-
DYNAMICAL VARIABLES

The relativistic Boltzmann equation is a nonlinear
integrodifferential equation for the single-particle momen-
tum distribution function f(x, p) = f, [13]. Assuming that
we have a one-component gas composed of classical
particles that only interact through binary collisions, the
relativistic Boltzmann equation becomes

pﬂaufp = /dQ dQ/dP/pr’eqq’(quq’ _fpfp’) = C[ p]7
(10)

where p# = (y/m?+ |p|*,p) is the 4-momentum of the
particle and we introduced the transition rate W, ., and

the phase space integration measure dP = d°p/|[(27)* p°].

The particle 4-current and energy-momentum tensor can
be expressed as integrals of f,. Multiplying Eq. (10) by 1
or p¥ and integrating it in momentum-space, one obtains
the conservation laws (1) and identifies

we= [ ap sy,
T"”:/de/‘p”fp. (11)

Hence, from the tensor decomposition (8), it follows that

1
PE—g/dPAﬂ,,p”p”fp,
ﬂﬂ”E/de<ﬂpb>fp

1
HE—3/dPAWp”p”5fP, (12)
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where §f, = fp — fop 18 the nonequilibrium component of
the distribution function, with f,, being the distribution
function in local equilibrium. Above, we introduced the £th
rank projection operator pUi ... pteh = AL pr L pre
given in terms of the 2#-rank projection tensor AJ!"0. The
latter is constructed from the A*¥ projectors in such a way
that it is completely symmetric with respect to permutations
in any of the indices y; - - - u, and v; - - - v, separately, and
also traceless within each subset of indices [13]. For
classical particles, the local equilibrium distribution func-
tion is given by

fop =exp (a—pE,). (13)

It is also convenient to introduce the deviation function,

of
$p=—L, 14
P f()p ( )
which will be widely employed in the remainder of this

paper.

As already mentioned, the local thermodynamic varia-
bles a, f, and u* are defined by matching conditions.
In kinetic theory, these definitions act as constraints
on the deviation function gbp. For instance, the Landau
matching conditions, Egs. (5) and (6), lead to the following
constraints:
<Ep¢p>0:0’ <E[2)¢p>0:07 <Epp<ﬂ>¢p>0:0’ (15)
where we make use of the notation (---)g = [dP(---)fop
to denote integrals with respect to the equilibrium distri-
bution. The Eckart prescription, Egs. (5) and (7), differs
from the Landau one only in the vector constraint, which is
replaced by

<p<ﬂ>¢p>o =0. (16)

Recent developments have created the demand for more
general definitions of the reference equilibrium state
[28,33,35]. And indeed, in kinetic theory, these constrains
can be readily generalized with the usage of arbitrary
moments of the single-particle distribution function. These
can be written in general as
<gp¢p>() =0, <hp¢p>o =0, <Qpp<”>¢p>o =0, (17)
where g, and h,, are linearly independent functions and g,
is a generic function of the microscopic energy. In this
work, we shall use

Ip IEZ, hy = Ey, qp = Ep, (18)
which reduce to Landau matching conditions when
(g,s,z) = (1,2,0), while Eckart matching is recovered

when (g, s,z) = (1,2, 1). We note that, from the point of
view of the Boltzmann equation, the choice of matching
conditions is arbitrary.

IV. PERTURBATIVE EXPANSIONS

The long wavelength, long time behavior of a micro-
scopic theory, the hydrodynamic limit, can be implemented
in kinetic theory as a truncation of a perturbative series
[6,13,14]. The perturbative parameter is the ratio between
typical microscopic and macroscopic scales; e.g., the mean
free path and the length scale at which the hydrodynamic
fields vary significantly, respectively. The first implemen-
tation of such an expansion was developed by Hilbert in the
nonrelativistic case [5,6,67]. The lowest order truncation of
the Hilbert expansion leads to the Euler equations, which
provided the first microscopic derivation of a fluid-dynami-
cal theory. Nevertheless, its higher order truncations failed
to reproduce any reliable dissipative fluid-dynamical theory
[6]. Afterwards, an improved perturbative series expansion
was put forward by Chapman and Enskog [7-9], inde-
pendently. Chapman and Enskog’s approach was broadly
favored, since it led to Navier-Stokes theory—the most
widely employed fluid-dynamical theory in the nonrela-
tivistic regime.

In this section, we discuss the relativistic generalizations
of the Chapman-Enskog and Hilbert series. We then present
a novel perturbative scheme that can be used to system-
atically derive the BDNK equations from kinetic theory. We
present microscopic expressions for the transport coeffi-
cients appearing in all fluid-dynamical theories emerging
from each perturbative scheme, for arbitrary matching
conditions.

A. Chapman-Enskog expansion

The most widespread formalism used in the derivation
of relativistic fluid dynamics from kinetic theory is the
Chapman-Enskog expansion [13]. In the relativistic regime,
this formalism leads to equations of motion for the macro-
scopic quantities which violate causality and are linearly
unstable around global equilibrium [18-20,24,26,30,33,68]
and, for this reason, such theory cannot be applied to
determine the spacetime evolution of relativistic fluids.
Nevertheless, Chapman-Enskog theory illustrates the basic
aspects of the derivation of fluid dynamics from kinetic
theory and shall be discussed in this section assuming
general matching conditions.

In this formalism, a perturbative solution of the
Boltzmann equation is constructed in terms of an expansion
in powers of gradients of the fluid-dynamical fields. In
practice, one converts the original Boltzmann equation into
the following perturbative problem, introducing the book-
keeping (dimensionless) parameter e:

eE,Df, +ep"V, [, = Clfp] (19)
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Conservation of particle number (in binary collisions),
energy, and momentum in microscopic collisions guarantee
that the first two moments of the collision term vanish
[13,14],

/ dPClf,] = 0,

This leads to the general conservation laws (1), which are
actually nonperturbative in the parameter e,

/ dPprClf,] = 0. (20)

o [arrsy=0. o, [arpig,—o. @)

We then consider the following asymptotic solution
for fy:

(s8]

fo= cfy. (22)

i=0

The Boltzmann equation is solved order by order in e
[13,14], leading to equations that can be solved to obtain

the expansion coefficients fg ). A solution of the original
equation is then recovered by setting ¢ = 1. Since € is
inserted multiplying a gradient of f,, it effectively serves as
a bookkeeping parameter to count powers or/and order of
gradients. As we shall demonstrate in the following, the
zeroth-order solution of this series will lead to ideal fluid
dynamics and the first order solution to Navier-Stokes
theory. In practice, it is extremely complicated to obtain any
solution beyond first-order.

To zeroth-order in € one obtains the following nonlinear

equation for fl(,o):
0= Clfy"). (23)

The solution to this equation is well-known, and one

readily identifies £ as the local equilibrium distribution
function. In the classical limit, this amounts to

1) = exp (a — pu,p") = fops (24)

with a and f being Lorentz scalars and #* a unitary timelike
4-vector (u'u, = 1). These quantities, are at this point,
arbitrary functions of spacetime coordinates. We naturally
identify f as the inverse temperature, a as the thermal
potential, and u* as the 4-velocity. As already stated, these
quantities are formally defined by the matching conditions
introduced in Eq. (17).

The algebraic equations obtained from the higher-order
terms in € are obtained by expanding the collision term and
the comoving time derivative of f, in powers of e,

Dfy=DOf, +eDVf, + D[, + ...
Clf] = eCM) +€*C? + ..., (25)

where D) f p and C" denote the nth order contribution in
€ of the comoving derivative of f, and the collision term,
respectively. The expansion of the collision term is simply
obtained by replacing the expansion of the single-particle
distribution into the expression for the collision term. We
have already used that the zeroth-order contribution of the
collision term is zero; see Eq. (23). The expansion of the
comoving derivative is more convoluted and shall be
explained later. Then,

EpD("_l)fp + p*V, ;—1 =Cc, pn>1. (26)
The first order solution satisfies
EpD<0)fp + pﬂvnyp = fOpZ‘¢p7 (27)

where ¢, = f| §,1> /fop defines the first correction to the local
equilibrium distribution and L is the linearized collision
operator,

Ly = / dQ AQ APW eyt 3ty + by — by — o)
(28)

The first order solution ¢§,l) is obtained by inverting the
linear operator L. Before doing so, let us discuss how to
compute D) Jfp- Naively, one would identify this quantity
as Df, (as was done by Hilbert, see the next subsection).
However, Chapman and Enskog argued that the conserva-
tion laws introduce higher order contributions in € into this
derivative. This can be seen using that

Dfop = (Da— E,Df — BDu, p") fop. (29)

Then, with the conservation laws (9), we reexpress this
term as

p
Dfop = | A0 = - Pw V" Po | fop
+ O(6n, 8¢, TLv#, I, 2, (30)

where we introduced the function,

_ —I500 0+ 1o(Io0+ 121) = Eply ol
Lol g — 13,

Ap . (3D

which is written in terms of the thermodynamic integrals,
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1
— _Ado n—2q
In,q - <2q+1)”/dp( A pipa)qEP f()p- (32)
Note that the dissipative currents on,de, I, *, h*, 7
vanish in equilibrium and, thus, they are at least of
O(e). DYf is the zeroth-order contribution of Df,,

and, hence, we can identify it as the zeroth-order contri-
bution in € of Dfqp,

p

D(O)fp = |0 g + Py

P(y)V”PO fOp' (33)

Thus, the equation above is a constraint that must be
enforced when determining the first-order solution of the
Chapman-Enskog expansion. In practice, it guarantees that
any timelike derivative of a fluid-dynamical field must
always be replaced by spacelike derivatives of these fields.
It is this feature that will make the Chapman-Enskog series
an expansion solely in powers of spacelike gradients (i.e.,
there are no time derivatives in the local rest frame of the
fluid). Afterwards, we use the identity,

1

Vﬂﬁ = m (I/lovﬂa — ,BV”PO), (34)

which can be derived directly from Gibbs-Duhem relation,
and Eq. (27) becomes
|

B s noE,
<.,41,—§A’1 PiPs |0+ 1——803_;0 PV a

_ﬁpwpl/)a;w = lA‘¢p (35)

The linear operator L satisfies several fundamental
properties that are relevant to our discussion. First, it is
self-adjoint,

/ dPfopA,LB, = / dPfopBpLA,. (36)

with A, and B, being arbitrary functions of momentum
(modulo some assumptions to ensure convergence).
Furthermore, this operator has five degenerate eigenfunc-
tions (the five microscopic quantities that are conserved in
binary elastic collisions) with a vanishing eigenvalue,

L1=0, (37)

The self-consistency aspect of this approach may be
demonstrated by multiplying Eq. (35) by 1 or p* and
verifying if these compatibility conditions are indeed
satisfied. Using properties (36) and (37) of the linear
collision operator, one finds the equations,

/] E
/dP{(Ap—%A””pﬂp,,)Q—F (1_&)p<ﬂ>vﬂa_ﬂp<ﬂp”>gﬂy:| =0,

o+ Po

noE
Jorel (sl (=)o o

(38)

These conditions are automatically satisfied without imposing any further constraints to the solution since

E
/ dP (Ap —'gA””pﬂpy) —0, / dPE, (Ap —gA””p,,p,,) —0, / dPA’“’p”p,,<1 - g:‘ir ;0> —0, (39)

and the tensors 1, p<”>, and p<” p’“> are elements of an
orthogonal basis [31]. This demonstrates that the approxi-
mation is consistent with the fundamental properties of the
linearized collision term. Note that if the timelike deriv-
atives of the distribution function were not properly
evaluated within the perturbative scheme, this would not
be the case.

Equation (35) is an inhomogeneous linear integral
equation for ¢,. The general solution of this equation is
written as

bp = O3 + I (40)

where ¢‘l}°m is the solution to the homogeneous equation,

f,qﬁp =0, and gb{,’an is a particular solution to the inhomo-
geneous equation. Given the zero-modes of the collision
operator, the homogeneous component is

¢}l;°m =a+b,p", (41)

where a and b, are arbitrary real-valued constants, which
will be determined by imposing the matching conditions
(17) and (18). The arbitrariness in the choice of these
constants is reflected on the fact that the choice of matching
conditions is also arbitrary in kinetic theory.
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Since L is a linear operator, the particular solution s

"= 8,0+ Vpp"V,a + T, p¥plo

part

must have the general form,

(42)

Hvs

where Sp, Vp, and T p are unknown functions of E,. The next step is to replace the particular solution (42) into Eq. (35),

noE, .
(Ao=5apape o (1= 000 ) 00090, o = OF g LIS 4 9,0l LIV ¥+ 0 S LTy ).

This results in coupled integral equations for S, V, and 7.
We now expand these functions using a complete basis of

functions of E,, Pn . n?=01,...,

o0 [Se]

— Z snPELO), Vo = Z vnPﬁ,l),

n=0 n=0

Tp = Z t,1P;(12>.
n=0
(44)

Equation (43) can be decoupled by multiplying it by the

basis elements Pﬁ,f) pl ... pte) and then integrating over
momentum. This leads to the following systems of equa-

tions:

Zsrnsn = /dPPg()) <Ap _gAlo.pﬁp(r)fOp EAV? (453)

SVt = [ ar (@) (1- 5 )1 =5,
- rnYn v 80+P p r

(45b)

STty =F [ dP (& p,p, PP fop=C,o (450)

n

where we defined the following integrals of the linearized
collision term:

SrnE/dPP) [P” ]fOp?
vm_/dPP WP

T,, —/dPPr P "p >£[P£12)p<ﬂpw]f0p' (46)

]fOp,

Equations (45) can be schematically inverted as

I, = Z[T_l}nmcm' (47)

(43)

|
We note that, if the basis contains parts of the homogeneous
solution, the corresponding terms must be removed
from the inversion procedure. We discuss an example of
this procedure in Appendix B. Nevertheless, we remark
that this will not be the case for the basis employed in this
work.

The coefficients of the homogeneous solution are
obtained from the matching conditions (17) and (18),
which when substituted in Eq. (40) lead to the conditions,

Iq,oa + Iq+1,0bﬂu/’t = —<E38p>9,
—(E}S,).

(& pup,)ERVp)o Ve, (48)

IS’Oa + Is+l,0bﬂuﬂ =

I 21byy =

W | =

where it was used that p* = E,u* + p¥) . These are solved

with

_ Iq+l.0<EiY)Sp>0 - <Elq38p>01s+1,0

97
G5+l.q
b”lxt” _ <Elq)Sp>OIs,0 - Iq,0<Ef’SP>0 0,
Gs+1,q

1{(A" p,p,)E3Vp)
b _ - Hev)=prp Ov , 49
W =3 Il e (49)

where G, ,, = 1,,00,00 = 110l mi10-

Finally, combining the results displayed above, we
obtain the solution for the first order Chapman-Enskog
deviation function,

dp = S'pé’ + Vo p¥V,a+ T, p¥p¥lc

J2

(50)

where we defined the scalar functions of £,
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(0) (0) (0) (0)
Im —I Is InIS _I Isn
S _ZZ A ( 0 | Lyt10 +10 | £a1l50 7 190 Ep)v
n>0 m>0 GS'H q GS—H,q
(1)
= ZZ[V_l]ntm (PSI]) - Izn )’
n>0 m>0 IZ+2,1
Ty =3 > [T CuPi. (s1)
n>0 m>0
and the following thermodynamic integral: I1 = -6, on = —&0, oe = x40,
“ (1) “ W = kVta, W = —AVFta,
_ Hv £ rm
I =Gy nyn W Pap ) Eg Py (32) 7 = 2not, (53)
This solution can then be used to obtain the constitutive
relations satisfied by the nonequilibrium corrections under
general matching conditions. Indeed, definitions (12) yield  with transport coefficients given by
|
=3 D B A, E=3 2 S AR 2= =D D T A
n>2 m>2 n>2 m>2 n>2 m>2
K= ZZ[V-wntmJﬁ% EDIDY g
n>1 m>1 n>1 m>1
n=3 > [T CuTt: (54)
n>0 m>0
where
HS,C) _ _l (sz(O) _ I<0>) _ lszqH.o -Gy 12 IE?) X lszH—l,O =Gy Z<(:l)
3 on o 3 Gs+1,q A 3 Gs+1.q !
G G,
3 0 +1,1 (0 s+1.1 (0
Hi(l ) - Ig,,) + Gq—Ign) - ;Isjrg,
s+1.q s+1.q
G G
0 +12 (0 s+1.2 (0
r(fn - Ign) + Gq Ig'n) - G + IE]n>,
s+1,q s+1.q
x 1 L q
o8 = 2y 4 2170
z+2,1
1
P ) (53

The transport coefficients are in general quite involved
functions of temperature and chemical potential. Some
simplification can be made with the usage of phenomeno-
logical approximations of the collision term, such as the
relaxation time approximation [53,69]. It is also relevant to
point out that the choice of matching conditions affect
greatly some of the transport coefficients, which explicitly
depend on the parameters ¢, s, and z necessary to define
the matching conditions. Indeed, if we use the Landau
prescription, (g, s,z) = (1,2,1), we have £ =y = 1= 0.
If, instead, we use the Eckart prescription, then & = y =
k = 0. Alternatively, in a matching condition defined such

I
that ¢ = 0 and s = 2, we would have ¢ = 0. It should also
be noted that, in the massless limit, due to the fact that
A, = —gEf, and A"p,p, = E;, we have that S, =0,
implying that all transport coefficients related to scalar
nonequilibrium fields must vanish; ie., { =&=y =0.
Moreover, we note that the combinations,

cy <()P0> et <0P0) ZZ

n>2 m>2
n A
kt——A= 3 (VBT e

2 o e et

(56)
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are matching-invariant. In the above equations,

o,
5n0 &

Go—Tolsy

DLyl —1311p
= n
Loy— 1ol

’

o,
Oe 0/ ny

1 0 _ 70y, (%P0 0 , (9Po) L0
H,=—=(mT{ -1 =0) 1 =0y 7O,
n 3 (m On 2n ) + an() N 1n + 080 " 2n
S O i ) 57
‘7” On +8() +P0 In ( )
These expressions can be derived using (39) with the >N
identification of the /,,, expressions with the thermody- Jp= Ze Jo' (59)

namic derivatives above.

The equations of motion are obtained replacing the
first order solution for f, in the exact conservation
laws (9), where the nonequilibrium corrections above,
{6e,6n, I, L#, h*, z*}, are determined in terms of the
hydrodynamic variables by the constitutive relations in
Eq. (53). Using the results in [28], it is straightforward to
demonstrate that the resulting equations of motion are
acausal for any choice of matching condition. Therefore,
one can see that the choice of matching condition cannot
render the hydrodynamic theory emerging from the first-
order truncation of the Chapman-Enskog expansion causal
and (linearly) stable.

B. Hilbert expansion

In this section we discuss the other perturbative formal-
ism used to derive a fluid-dynamical framework from
kinetic theory: the Hilbert expansion [1,5,6]. This approach
was originally developed by D. Hilbert in the nonrelativ-
istic context, prior to the Chapman-Enskog theory. As
previously mentioned, the Hilbert approach is not as widely
employed as the former since it does not lead to Navier-
Stokes theory and has not been worked out in detail in the
relativistic regime. Nevertheless, understanding the Hilbert
expansion allows us to comprehend basic aspects and
assumptions made in perturbative derivations of fluid
dynamics and, for this reason, we find it useful to work
out the details of this formalism (including its transport
coefficients) in this section.

The starting point of the Hilbert expansion is identical to
that of Chapman-Enskog theory, where one introduces a
perturbative parameter into the Boltzmann equation,

epro.fp = C| p]. (58)
As shown in the last section, fundamental properties of the
full collision integral (20) lead to nonperturbative con-
servation laws [see Eq. (21)], which act as constraints on
fp- Also similarly to Chapman-Enskog theory, we impose a
perturbative solution for the single-particle distribution
function, as in Eq. (22),

i=0

Then, solutions are found order by order iteratively. After
this task is performed, the bookkeeping parameter € is set
to one.

The zeroth order solution is identical to the one found in
Chapman-Enskog theory, and satisfies

(60)

leading to the local equilibrium distribution function,
already displayed in Eq. (24). Thus, the Hilbert expansion
also recovers ideal fluid dynamics as its zeroth-order
solution. The next order solutions will differ from those
of Chapman-Enskog theory and are obtained from the
equations,

n—1

P, (fopts ) = Fopll 1+ DI 1) m> 1,

=1
(61)

where we defined the bilinear form of the collision
operator,

J[fpv gp] = / dQ dQ/dP/pr/eqq’ (fpgp' - gqfq’)v (62)
and introduced the notation gbg,o) = 1,4’)5,"21) = fg” / fop-
We note that the equations above are different than the
equations resulting from Chapman-Enskog theory. In the
former, timelike and spacelike derivatives of the single-
particle distribution function are explicitly separated on the
left-hand side of the equation. Such timelike derivatives of
the distribution function are then expanded in ¢, leading to a
rearrangement of the perturbative series; see Eqgs. (25)-
(27). This expansion of the timelike derivatives is then
determined systematically using the zero modes of the
linear collision operator, as shown in (33). Historically
speaking, this approach was understood as a correction to
the Hilbert series. As already mentioned, Chapman and
Enskog’s approach was broadly favored, since it led to
Navier-Stokes theory and, thus, provided the first
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microscopic derivation of this widely employed fluid-
dynamical theory. In the remainder of this section we
discuss the original framework proposed by Hilbert and its
implications.

The main feature of the Hilbert expansion is the
emergence of an infinite set of conservation laws that must
be solved independently order by order. This can be seen by
multiplying Eq. (61) with 1 and p* and integrating it in
momentum space, leading to

/ AP0, (Fopd )] = 0.
/ dPp[p"a, (fodi™ )] =0. n>1.  (63)

where we used properties (36) and (37) of the collision

operator, L, and the following property of the bilinear
collision term, J[f, g, [1]:

/dPJ[fp,gp] =0, /de”J[fp,gp] =0. (64)

This implies that the conservation laws of particle number,
energy, and momentum obtained from (58) must be solved
independently order by order in the perturbative parameter
69

9Ny =0, 9,T =0

=0, k>0.  (65)

It is then convenient to decompose this set of conserved
currents in terms of the 4-velocity, as explained in Sec. II,

NYy = / aPp fy) = ngyut + o, (66a)

wo__ v plk
Ték)=/de”p 1

where 1y, ), T, u’(‘k), h’(‘k>, and ﬂ’(‘:) denote,
respectively, the kth order contribution to particle density,
energy density, bulk viscous pressure, particle diffusion
4-current, energy diffusion 4-current, and shear-stress
tensor. Furthermore, at zeroth order, n ) = ng, &) = &,

M) = Py, 1/(‘0) =0, h’(‘()) =0, and ﬂ’(‘(')’) = 0. As we shall see

later, this will be essential in determining the free para-
meters that appear in the homogeneous solutions for ¢§,’1>
in Eq. (61).

For the sake of completeness, we derive the fluid-
dynamical equations stemming from the Hilbert expansion
truncated at first order. First, we note that the five unknown

fields contained in fl(,o); i.e., the temperature, thermal
potential, and 4-velocity, must be determined. In the
Hilbert expansion this task is performed by deriving
equations for these variables. Using Eq. (63) with n =1
or, equivalently, Eq. (65) with k=0, one finds the
conservation laws,

Dl’lo + n09 = 0, (678_)
DSO + (80 + PO)G = O, (67b)
(80 —+ Po)Duﬂ - V”PO = O, (67C)

where, as already explained in Sec. II, ¢y, Py, and n, are
functions of a and . We note that the conservation laws
above are identical to those obeyed by an ideal fluid, even
when the actual system described is out of equilibrium.

We now proceed to determine the first order correction.
First, we take Eq. (61) for n = 1, which reduces to

711
_ v v v v v pﬂa fO :f() L[¢ } (68)
= gu'u’ =Tl A + b u” + iy + mg) . k>0, oo PR
(66b) The left-hand side of Eq. (68) can be irreducibly written as
|
P rio v
p”aufOp = |:EpDa - Elz)Dﬁ - gAﬂ plpa(g + p<#>vya - Epp<”> (ﬁDu;t + vuﬂ) - ﬂp<ﬂp >0uz/ fOp' (69)

Note that the timelike derivatives of temperature, thermal potential, and 4-velocity can be substituted by spacelike ones
analogously to what occurred in Chapman-Enskog theory. Nevertheless, here we have the fundamental difference that this
substitution is exact, and not perturbative, since a, f, and u* satisfy the ideal fluid-dynamical equations; see Eqgs. (67).
Hence, Eq. (68) becomes

B nykE, . A
|:<Ap _gAﬂ PiPs 0+ 1_80:*;0 p<ﬂ>vya_ﬂp<ﬂp >U;w fOp :fOpLd)g)l)’ (70)

which is mathematically equivalent to Eq. (43) obtained in Chapman-Enskog theory, with A, already being defined in
Eq. (31). This allows us to proceed with the same steps performed from Eq. (40)-(47), leading to the particular solution,
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P = Sp0 + Vop¥iV,a+ Tpp¥pie,,.  (71)

where S, V, and 7 are given in Egs. (44) and (47).

As before, this solution must be complemented by a
homogeneous solution, constructed from a linear combi-
nation of the zero-modes of the collision operator,

Py™ =a+b,p*. (72)

The five unknown fields that appear in the homogeneous
solution will be determined in the same way as done
previously for the temperature, thermal potential, and
4-velocity at zeroth order. We derive equations of motion
for these quantities using Eq. (63) with n = 2 or, equiv-
alently, Eq. (65) with k = 1. We note that this procedure
is carried out order by order, always determining the free
parameters of the homogeneous solution using the con-
straints from Eq. (65). This guarantees that the energy-
momentum tensor and the particle 4-current are always
exactly conserved, even when truncated at a given order.
We note that this is a crucial difference with respect to the
traditional Chapman-Enskog theory, where the undeter-
mined coefficients of the homogeneous solution, a and b*,
are determined using matching conditions.

Then, using decomposition (66) for k = 1 and taking
into account that the zeroth order currents obey the zeroth
order conservation laws (67) separately, we have

Dn<1) -+ I’l(l)e -+ a”l/(ll) = (733)
De(y) + (5(1) + H(U)G — 71"::/)0”” + aﬂh’(l) + uﬂDh’(‘U =0,
(73b)
(8(1> + H(l))Du” — V/‘H(l) + /’ll(ll)e
+ 4 A" O, + A Dhy), + A 9pnfy, = 0. (73¢)

These equations are complemented with the constitutive
relation satisfied by the shear-stress tensor,

xy) = 200, (74)

where the transport coefficient # is identical to the one
obtained in Chapman-Enskog theory; see Eq. (54).
Furthermore, the variables n(y), &x), (), v’(‘l), and h’(’1>
can be expressed in terms of the fields a and »* and
gradients of a and u*. Using the decomposition (66) and
definitions (12), we have

ngy = aly o+ (bu)l, o — &40,
ey = alyo + (b, ") + x b,
(
)

H( —61121+ bﬂuﬂ)131+§1_]0,
l/;):—lzlb —|—KHV"0(
h( 1) == —13 lb ﬁHV”a (75)

where we defined the following transport coefficients:

1
n= _<Ep8p>()v XH= <E[2)Sp>ov {u= —§<(A”‘/}papﬂ)8p>0,

A7 p,py) EyVyy
(76)

1
Ky :§<(Aaﬁpapﬂ)vp>o, Ap=—

These transport coefficients depend on the temperature and
thermal potential, which are determined by the zeroth order
equations of motion (67). We note that the homogeneous
solution has five independent degrees of freedom while
n(1ys €1y 1) 1/(‘1>, and h’(ll) define a total of 9 degrees of
freedom. Using (75), we can derive the constraints which
relate the three scalar fields and the two vector fields, which
are given by

G311y = (I1130 = I3 1120) (n(1) + ExB)
+ (Il =131, 0) (e = xu0) +Cnb, (77a)
1 1
e = (P Qe (77D)
Ly W I, W I, 131

In the massless limit, {y = yy =&y =0 and the first
constraint reduces to IT(;) = (1/3)é(y), which is consistent
with the tracelessness property of the of the energy-
momentum tensor in this case. As for the second constraint,
it reduces to v* — (B/4)h* = (ny/12)VFa.

The system formed by the partial differential equa-
tions (67) and (73), together with the constraints (77)
correspond to the fluid-dynamical equations that emerge
from the first-order truncation of the Hilbert expansion.
These equations are not of the form of Navier-Stokes theory
and, for this reason, were readily abandoned for applica-
tions in the nonrelativistic regime. In the relativistic regime
they are not often employed as well even though they do
not appear to display the same pathologies of relativistic
Navier-Stokes theory.

C. New perturbative expansion

In the previous sections we discussed two traditional
perturbative frameworks that can be employed to derive
fluid dynamical equations in relativistic kinetic theory.
Nevertheless, both frameworks have fundamental flaws
that must be addressed. As mentioned before, the
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Chapman-Enskog expansion leads to fluid-dynamical
equations in the relativistic regime that are acausal and
linearly unstable around global equilibrium. On the other
hand, the Hilbert expansion leads to an infinite set of
conservation laws, overestimating the number of conserved
quantities in the fluid. Therefore, it cannot correctly
describe the type of collective excitations that appear
near equilibrium. In this section, we discuss another
perturbative procedure that leads to relativistic fluid-
dynamical equations that do not contain the above men-
tioned undesired and unphysical features: the BDNK
equations [28,33,35,36,70].

For the practical purposes discussed in this paper, the
main difference between the BDNK equations and relativ-
istic Navier-Stokes theory is that the former is built upon
constitutive relations for the dissipative currents that do not
only contain spacelike derivatives of the fluid-dynamical
variables. Alternatively, one can say that the Navier-
Stokes formulation did not include all the possible terms
that appear in a first-order formulation. Even though this
may appear to be a minor difference, it has been proven
that the addition of timelike derivatives of the fluid-
dynamical variables to the constitutive relations can
change the character of the equations of motion in such
a way that causal and stable formulations of hydrodynamics
computed at first-order in derivatives can be obtained
[28,33,35,36,70], as long as a judicious choice for the
definition of the hydrodynamic variables out of equilibrium
are employed.

The main reason the Chapman-Enskog expansion
leads to Navier-Stokes theory and not to BDNK theory
is the replacement of timelike derivatives by spacelike
ones that occurs when obtaining the perturbative solution
for the timelike derivatives of the distribution function
[cf. Eq. (33), for instance]. As already discussed, this
replacement is essential to guarantee the validity of the
compatibility conditions (38) in Chapman-Enskog theory.
As for the Hilbert expansion, the timelike derivatives are
exactly substituted by spacelike ones due to the fact that the
equations of motion include the Euler equations explicitly.
In both cases, the zero modes of the linearized collision
operator lead to conditions that force the replacement of
timelike derivatives of the fluid-dynamical variables by
spacelike ones.

In the following we construct a perturbative solution
using moments of the Boltzmann equation and not
the Boltzmann equation itself. We first integrate the
Boltzmann equatlon with the complete and irreducible
basis P (ﬂE )P, - P,y used in the last sections (the

|

“0,fop = |EpDa— E3Df —

ﬂA’l"plp(,Q + pl V},a - Epp<”>

functions Pff) are not necessarily orthogonal). The pertur-

bative bookkeeping parameter e is then inserted on the left-
hand side of all moment equations,

/ dPPY) (BE, )P, Pupy POt p

— [P BE D pagClry) (8)

Naturally, if the basis elements correspond to 1, p*, we
obtain the usual conservation laws already displayed in
(21). These conservation laws will be treated nonperturba-
tively, as was the case of Chapman-Enskog theory. Thus,
from now on, we shall only consider the remaining basis
elements in our analysis.

Then, as usual, one assumes an asymptotic series
solution for f,,

fo= €fy. (79)

i=0

and Eq. (78) is solved order-by-order in the perturbative
parameter. Indeed, at O(e°), we have

o ClRYl (80)

0= /dPP (BEp) Pl

The fact that integrals over arbitrary basis elements all
vanish implies that C[£{] = 0 and, thus, £ = fop- Next,
collecting all terms of first order in €, we obtain

/ PP (BEY) P - Dy POl o

/ dPPY (BE) ps - b fookdl . (81)

Here, we emphasize that the zero modes of the linearized
collision operator do not enter this set of equations; i.e., the
basis elements 1 and p* are not present in this equation.
This implies that the compatibility conditions that require
the exchange of timelike derivatives of f,, by spacelike
ones in Chapman-Enskog theory, see Eqs. (38), do not
appear in this case. This is a consequence of performing the
perturbative procedure on moments of the Boltzmann
equation and not on the Boltzmann equation itself. The
term inside each integral on the left-hand sides can be
irreducibly written as

(ﬁDu;t + vuﬁ) _ﬂp<”py>0uu fOp' (82)
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Since L is a linear operator, Eq. (81) implies that the
solution for ¢, can be expressed as the sum of a
homogeneous and a particular solution,

bp = Py + B (83)
where the homogeneous has the usual form,
g{)i}""‘ =a+b,p". (84)

Since we do not have any self-consistency or compatibility
conditions that impose the replacement of timelike deriv-
atives of fluid-dynamical variables by spacelike ones, the
particular solution has the general form,

P = Da—I—S Dﬂ+S 9+V,, PV a

+ Vp p“(V,p+ pDu,) +T,p¥p"o,,. (85)
The following steps are essentially the same as those
applied in Chapman-Enskog and Hilbert procedures, and
involve the inversion of the linearized collision operator (in
the subspace excluding its zero modes). We assume that the
functions S, V, and 7 can be expanded in the complete

basis Pﬁ,f) ,

SEPO) = 3w P pl0)

P =S D,

n>0 n>0
T,=Y 1P, (86)
n>0

which leads to the following system of linear equations:
|

L0a + 1oy obyu* = —(EASY)D

ZS Snaﬁé’ aﬂ&)
rn ’

R
> Tty =C,. (87)
to be solved for the coefficients s“*?, »\*” and t,. The

matrices S, V, and T were already deﬁned in (46). We
further define the thermodynamic integrals,

A=) A=z a0 =) - ez
B =37\l BY =37\
C,=—15p1. (88)

Equations (87) can be schematically inverted as

S0 = SIS, AR = SV, B
ty =Y [T, Co. (89)

m

Then, we proceed to obtain the homogeneous solution
(]5}!}"“‘. This is made by substituting Egs. (83) and (84) in the
general matching conditions (17) and (18), in complete
analogy with Eq. (48) in the Chapman-Enskog expansion.
In the present case, this procedure yields

— (E4SP)Dp — (ESS0

Lia + Iy gbuut = —(ESSy))Da — (ESSY\Dp — (E3SY))0

I.151by,

1 a
=3 ((A””pﬂpy)Ef,VE, )>Ovﬂa +

1
3 (& pp )V} (V,8 + D, ). (90)

where we used again that p = E u* + p™ . The equations above can be solved for a, b* u,, and b, which gives

s a a s B s 9 9
L0 B~ (ERST ol ooy Lo ES )0 = ERS Nolro oo EpSy o= (ERSY ol i,
Gs+1,q Gs+1,q Gs+1,q ’
a s ola " 4 s olf
RS oL o= T,0(E3SS™ Yy  (ESSD) oL o=y EsSY Yy (ESS Yol 0= T,0(ESSY),
b, = Da+ Dp+ 0,
Gerl.q Gerl,q Gs+l,q
() P)
1((A"p,p,)E5Vp ) (A" p,p,)E5Vy ")
by =3 MI = 0V1a+3 MI 2L 0(V,+pDuy). (o1)
z+2,1 z+2,1
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Finally, combining the homogeneous solution found above with the particular solution derived in Eq. (89), we obtain the
complete first-order solution of the modified perturbative procedure introduced in this section. The solution can be

expressed as

b = S‘gl)Da + SgﬁDﬁ + Sf,e)é' + 9§“>p<ﬂ>v,,a + 1~/I(,ﬁ)p<”>(vﬂﬂ + pDu,) + ’Tpp<”p”>0# (92)
where we define the momentum-dependent functions,
(0) (0) (0) (0)
1 Lsn —Lgnl Loilso—1,0T
a p.0) a b.0) (0) q+1.0+=sn qnts+1,0 gnts0 q,0=sn
P + + E ) :
Z Z ( Gs+1,q GS+1,q P
e ’ )
e ZZ[V—I]ntI(n 0 (Pm : )
z+2,1
T - Z Z nm (93)

Replacing the solution in (92) into the definition of the dissipative currents (12), we obtain the following constitutive

relations:

5 DB
p

M= k@ rg — ) <%VMﬁ 4 Duﬂ)’

1= ¢@pg—¢#) ©)g, on =

" = 2not,

EDDg — EP)

Db _corg. e ypa—,mPP

— 709
) X )
p B

W= )@k — )P <ﬂ V4B + Du”)

where the microscopic expressions for the fourteen transport parameters introduced above are given by

¢ = IS AW HY . (P =gy [

n,m n,m

80 = D IS A H 80 == IS

)((a) — Z[S_l]nmA(a> r({()’ _ _ﬁz

@) — Z[V—l]nmgg’)ﬁ")’ B — _/}Z[V—l

/1((1) Z[V_l]ntW)‘]y)’ = _ﬂz
n= Z[T_l]nmcmz-g)

The functions H$7) &4 were already defined in
Eqgs. (55). We further notice that the shear coefficient
has the same expression as in Chapman-Enskog and
Hilbert expansions. Furthermore, in the massless limit,
since 5T” :58—31'[ 0, we have that 3¢ = y(@)
3¢ = ) and 30 = 40), Also in this limit, since
Al"plpa— —E3, we have that 3E0) = EP) and 30 =),
even though they are in general not zero. This is in
contrast to what happened in the traditional Chapman-
Enskog expansion where {, £, and y vanish identically in
the m — 0 limit. The constitutive relations (94), combined

(94)
) C(6> _ _Z[S—l} AES)H%')
(ﬁ)HElf) 5(6‘) — _Z[S—l] Af(f)HS::)
Hn)’ Z(e) = _Z[S_ ]nmA( ) 8{),
(95)

I
lead to the BDNK

with the conservation laws (1),
equations [28,33-36].

We also note that, as in Navier-Stokes theory [see Eq. (54)],
the majority of the coefficients are strongly dependent on the
parameters g and s that specify the matching conditions
employed. In fact, for Landau matching conditions,
(¢.5,2) = (1,2, 1), we have &@P0) = yap0) = jlah) = (,
while for Eckart matching conditions, (¢, s,z) = (1,2,0),

one finds &@/0) = y(ap0) — j(@f) — (. Furthermore, for
matching conditions that respect (g,s) = (0,2) we have
that {(*/9) = 0.
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The approach presented in this section provides a
systematic way to derive the BDNK equations from kinetic
theory at nonzero chemical potential. Early work in this
direction was presented in Refs. [33,35], but the latter did
not employ an irreducible basis nor gave explicit expres-
sions for all the transport parameters that are valid at zero
and nonzero chemical potential.

Furthermore, we point out that Navier-Stokes theory can
be obtained from the BDNK equations by replacing the
timelike derivatives of f, a, and u* in the constitutive
relations (94) using a first-order truncation of the con-
servation laws. Performing this substitution, we find the
relation between the transport coefficients appearing in
BDNK theory and those of Navier-Stokes theory. The
result is

o <0Po) sr@ <5a§3> {0 40 (96a)

. <6Po> e <5P0> P 1 £0) (96b)
080 o

|
i 4 (2P0 e 4 "P %o
anO £

ZZ

n>1 m>1

K@ +

€0+P0

where H,, and 7, were defined in Eq. (57).

We would like to close this section with a brief comment
on previous works where a derivation of BDNK theory
from a microscopic description was investigated. As
mentioned above, the first derivation of BDNK theory
from kinetic theory was done in the original works [33,35].
After that, other approaches were pursued in [71,72].
Reference [71] discussed how BDNK may be derived
from holography, using the fluid/gravity correspondence
[73]. They also provided a derivation of BDNK from
kinetic theory using ideas from the Hilbert series.
Reference [72] focused on the effects of a momentum-
dependent relaxation time coefficient on the calculation of
transport coefficients.

V. TRANSPORT COEFFICIENTS IN THE
RELAXATION TIME APPROXIMATION

In order to provide some intuition on the constitutive
relations derived in the previous sections, we calculate all
transport coefficients using a simplified version of the
linearized collision term: the relaxation time approximation

'Some signs are different because of the difference in sign
conventions of definitions (94) and 2.4 of Ref. [34].

“IE

n>2 m>2

oP opP
—x= (a—o) Py + (a—0> 2P+ 9, (96c)
g £ €0 ng

k = k(@ kP, 96d
=) + PO ( )
P
A=A 4 00 (96¢)
& + PO

This implies that, in general, { # 4(9) and k # K("), for
example. This mapping between the coefficients was first
derived via hydrodynamic frame transformations in [34],
with the important difference that, in that reference, the
relation is between the Navier-Stokes coefficients in
Landau matching conditions [only in this particular match-
ing, { and x coincide, respectively, with the matching-
invariant coefficients derived in Egs. (56)] and the BDNK
matching-invariant coefficients,’

aaﬂagy

T, i=a,p, (97)

|

(RTA). Here, since it is essential to consider unconventional
matching conditions (Landau or Eckart matching condi-
tions render the BDNK equations acausal), it is not possible
to employ the relaxation time approximation proposed by
Anderson and Witting [69]. In Ref. [53], a novel RTA for
the relativistic Boltzmann equation was proposed,

By _<¢p,ﬂ> (@),
el TR T T
(dp-720"),
— Iy . (98)
),

where the first term on the right-hand side amounts to the
traditional RTA. The remaining terms are inserted so that
particle number, energy, and momentum are conserved
regardless of the matching condition or energy dependence
of the relaxation time employed.

The counterterms, in their turn, denote a projector in the
linear subspace of conserved quantities, which is spanned
by the orthogonal basis {1, P, p’}. The polynomial P, is
constructed so that it is orthogonal to 1,
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5 Ep\ _ affects the transient evolution of the dissipative currents
Py, =0, (99)
TR/ 0

calculated using Israel-Stewart theory. Using the Ansatz
(98), the computation of transport coefficients is signifi-
cantly simplified and explicitly calculations are carried out
in the next subsection.

where we defined the following scalar product:

|

(¢7l//)f = ”/dP (A/wpﬂpy)f¢pl//pf0p- (100)

2+ 1)
A. Transport coefficients: Massless gas
In general, we consider that the relaxation time depends on with constant relaxation time

the microscopic energy through a power law, Now we apply the relaxation time approximation,

E N7 Eq. (98), to compute the matrix elements that appear in

TR = I (—p> , (101) all perturbative schemes discussed so far; see Eqs. (46). In
r the RTA, the scalar, vector, and tensor sector matrix

which introduces the phenomenological parameter y. In ~ ¢lements become

Ref. [17], it was shown that this parameter significantly

J

0) £ 0) B 7
R E P, E Py, 2P E, .
&g/ﬁﬁ@“ﬁ%@z-@@f@l>+L—§&<ﬁwl)+i7%%ﬁ{ﬁﬂim),
/0 (L3, /o0 (P.2Py), TR 0
(1) Ep
1 1 M @7 p) ) pmE Pr 2 (o E
—2v. =—= [ apPM pW L [P} ~—(pPV P2 P )
3 m 3/ p [ p(y)]fOp Tr 1+ (1,ﬁ>1 =/,
TR
Ly Eli/dPPmprWMPmp polfon ~— (P2 PO LR (102)
15 ™15 r n P{ulvyl) op r s&n T 2-

As shown in the last section, the computation of transport coefficients requires the inversion of matrices of infinite
dimension. In practice this is performed by considering successive finite truncations of these matrices until the result
converges. In this case, the choice of basis plays an important role. Indeed, the existence of convergence and its speed may
depend on the choice of basis. In the present section, we use the set of functions,

=g

(#)
Pm = T \N-n
W)=

m=1,--N, (103)

as our basis in the N'th truncation step. The parameters m, and n, are judiciously chosen so that convergence is achieved. This
basis set is inspired by Refs. [74,75], where a similar set was used to perturbatively compute transport coefficients in gauge
theories at high temperature using an effective kinetic theory approach. In the massless limit, the matrix elements then become

a

e F(r—mg+2—y,2N —2ng)
S = _72ﬂ2tRﬁ3 {F(r+n—2m0—|—2—}/,2N—2n0)— G —y) Fn—my+2—y,2N —2ng)
[(3=y)F(r—mg+2—y.2N —2ng) — F(r +3 —y.2N — 2ny)]

I'(4-y)

X[(3—y)F(n—m0+2—y,2N—2n0)—F(n—m0+3—y,2N—2n0)}},

e’ F(r—my+4—-y,2N —-2n,)
=——— |F -2 4—y,2N —=2ny) — F 4—y,2N -2 ,
=g [Frn=2m, 4 4=y 2N = 20) el (447,28 ~2m)
TVHZ—WF(I’+H—ZMI+6—y,2N—2n1), (104)
where we defined
F(M,N) = dx——e*=T'(M+1)UNN,N—-M,1), 105
1.3 = [ ar e = T+ ) (105)
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with U(a, b, z) denoting the confluent hypergeometric function U(a, b, z) = [1/T'(a)] [° dt e~ (1 + 1)>=*"!, and I'(2)
the Gamma function [76]. Moreover, the source term integrals in Eqgs. (88) are

a

a

(@) _ ¢ ® _ ¢
Ar —WF(r—mo—l—Z,N—no) Ar ——2”2ﬂ3F(r_m0+3,N_n())
@ _ ¢ w __¢
—WF(T—WII—F:S,N—VI]) Br —TZ’BSF(V—WH—’—?),N—I’H)
e
Cr = WF(T—WQ +5,N— nz), (106)

where we note that A@ =(1/ 3)A£ﬂ ) in the massless limit.
For the sake of simplicity, we take a constant relaxation
time in the following calculations; i.e., we set the parameter
y=0.

We compute the transport coefficients using two sets
of matching conditions in which the particle diffusion
4-current is set to zero. We shall refer to these types of
frames as exotic Eckart matching conditions [17]. In the
first type, we use Egs. (17) and (18) imposing (g¢,z) =
(1,0) and s#1, 2 so that *=0 and Sn=0. The
corresponding results for the transport coefficients of the
BDNK equations can be seen in Table I, where we also
indicate the values of n, and m, chosen. In the second type
of matching conditions, we use (¢,z) = (2,0) and s # 1, 2,
so that 1 = 0 and e = 0. The corresponding results for the
transport coefficients of the BDNK equations are listed in
Table II. In these tables, we see that the normalized shear
viscosity coefficient, 1/(Pgzg), which is matching inde-
pendent, converges steadily to 0.8. All other transport

|
coefficients seem to be exactly obtained at each order, as
long as an appropriate choice of basis is employed. The
reason for this behavior is clarified in Appendix C. It is also
clear that &@#) and y(*#) depend on the parameter s
employed to define the matching condition. The results
for &9 and 4 are omitted due to the fact that, in the
massless limit, 3¢ = £¥) and 3y = ). Finally, we
remark that the transport coefficients of Navier-Stokes
theory can be obtained from the results in Tables I and
IT using relations (96).

The transport coefficients in Hilbert theory do not
depend on any matching conditions and are listed in
Table III. As already mentioned, the shear viscosity
coefficient is the same in both BDNK, Navier-Stokes,
and Hilbert formulations. We also remind the reader that
the coefficients {y, £y, ¥y all vanish in the massless limit.
Then, in this regime, the only new coefficients to be
computed are k5 and Ay, which converge to ngrz/3 and
—Py7y, respectively.

TABLEI. BDNK transport coefficients for exotic Eckart frames with (¢, z) = (1,0) and y = 0. The numbers 1, 2, 3, 5, and 10 on each
column mean the first, second, third nontrivial truncation order, respectively.

Transp. coeff. / Trunc. ord. 1 2 3 5 10
n/(Potg) (my =0, ny = 1) 0.428571 0.741457 0.795862 0.799938 0.7999998
2@ /(Pyzg) (my =2, 1y = 1) 1.33333 1.33333 1.33333 1.33333 1.33333
M) [ (Pytg) (my =2, ny = 1) 4.00 4.00 4.00 4.00 4.00

29/ (Potg) (my = =1, np = 1,s = 3) 1.50 1.50 1.50 1.50 1.50

2P/ (Pytg) (mg = —1, ny = 1, s = 3) 7.50 7.50 7.50 7.50 7.50

2D/ (Potg) (mo = =2, g = 1, 5 = 4) 1.00 1.00 1.00 1.00 1.00
2P ) (Pyg) (mg = =2, ng =1, s = 4) 6.00 6.00 6.00 6.00 6.00
TABLE II. BDNK transport coefficients for exotic Eckart frames with (g, z) = (2,0) and y = 0. The numbers 1, 2, 3, 5, and 10 on

each column mean the first, second, third nontrivial truncation order, respectively.

Transp. coeff. / Trunc. ord. 1 2 3 5 10

E@ /(Pytg) (mg = =1, ng =1, s = 3) —-1.00 —1.00 —1.00 —1.00 —-1.00
ED ) (Pytg) (my = =1, ng =1, s = 3) —-5.00 -5.00 -5.00 -5.00 -5.00
ED /(Pytg) (mg = =2, ng =1, s = 4) -0.50 —0.50 —0.50 -0.50 -0.50
ER J(Pytg) (mg = =2, ng =1, s = 4) -3.00 -3.00 —-3.00 -3.00 -3.00
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TABLEIII. Hilbert theory transport coefficients for y = 0. The numbers 1, 2, 3, 5, and 10 on each column mean the first, second, third
nontrivial truncation order, respectively.

Transp. coeff. / Trunc. ord. 1 2 3 5 10
ky/(ngtg) (my =2, ny = 1) 0.33333 0.33333 0.33333 0.33333 0.33333
A/ (Potg) (my =2, n; = 1,5 =3) -1 -1 -1 -1 -1

VI. COMPARISON BETWEEN EQUATIONS OF
MOTION: EXOTIC ECKART FRAMES IN
BJORKEN FLOW

In this section we compare the solutions that emerge
from each perturbative scheme discussed in the previous
sections with solutions of Israel-Stewart theory and exact
solutions of the Boltzmann equation in the relaxation time
approximation. We assume that the system is composed of
massless classical particles with a constant relaxation time.
We shall further assume that the system undergoes a highly
symmetric flow configuration—Bjorken flow [44]. In this
case, we have a longitudinally boost-invariant expanding
fluid with a homogeneous transverse profile. In this setting,
it is convenient to work with hyperbolic coordinates, 7 =

Vt* —z* and n = tanh™!(z/1). Then, the line element of
Minkowski space reads ds*> = dr*> — dx* — dy* — t°dn?

A. Hilbert equations of motion

In Sec. IV B we derived the fluid-dynamical equations
that emerge from the first order truncation of the Hilbert
expansion. We found that the equilibrium fields n,, €, and
ut satisfy the relativistic Euler equation (67), while the
dissipative currents obey the linear differential equa-
tions (73), with the constrains given by Egs. (77). In the
massless limit the coefficients £y and yy vanish and
constraint (77a) reduces to Tl = (1/3)e(). Since all
irreducible first rank tensors vanish in Bjorken flow, the
remaining constraint (77b) is trivially satisfied. With this
information in mind and, using the notation de = (1) the
equations of motion obtained from the Hilbert series in
Bjorken flow are

) n
and the only nonvanishing Christoffel symbols are no + ?0 =0, (108a)
Iy, =7, Il =T = 1/z. In this coordinate system, the
fluid 4-velocity becomes trivial, w* = (1,0,0,0), and the
fluid-dynamical equations simplify considerably. One fur- S+ 5_” —0 (108b)
ther assumes that the system is invariant under reflections 7 '
around the z—axis and, thus, any spacelike vector such as
M, W, V#P,, and V¥a vanishes identically. Finally, in
Bjorken flow the shear tensor, the shear-stress tensor, and &0 + g =0, (108¢)
the expansion rate are expressed as 3t
1 1 2
a’ﬁ:diag(o,——,——,—>, . 48 16¢g,
3t 37t 3¢ o€ + 3 452 (108d)
2= diag(o,—f,—f,;z>,
22 where we defined the normalized time coordinate,
0 — l (107) # = 7/1g, and denoted A = dA/d#. The above equations
T are solved by
|
T T

no(z) = no(To);O,

eoc) = 50(10)60)4/3, 5e(r) = (%)4/3 [58(10) +1—ieo<fo) _16eo(ro)f”

on(z) = 6n(ro)?,

(109)

Hence, it can be seen that the ratio én/n, is time-independent, whereas the ratio Se(z)/ey(7) becomes constant
asymptotically, with a transient component that decays as 1/7. This is quite different than what happens to solutions of
Navier-Stokes theory, which can also be solved analytically in this simplified scenario [4],
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ens(7) = exs(to) <T7°) " exp {—g G - %)] . (110)

This leads to a qualitative difference in the 1/7 expansion
for the normalized total energy. Indeed, for the Navier-
Stokes solution, one finds the following terms when
> 1:

16
457

8NS(T) 16

oo~ () ovlag) [

On the other hand, from Eq. (108), we have for the Hilbert

+] (111)

solution,
%: @m [”i;o(rf)o <+T(()S)g(ro) <io_l>] |

(112)

Hence, the 1/% term of the Hilbert solution still displays a
dependence on the initial condition, something that is not
observed for the Navier-Stokes solution. This indicates that
there are no attractor solutions for 8¢/ in Hilbert theory.
One may see this as a consequence of the infinite set of
conservation laws that appear in this formalism. Finally, we
note that for the Hilbert solution the series in square
brackets ends at first order in 1/%, which is formally
different than the Navier-Stokes solution.

B. Israel-Stewart equations of motion

In this subsection, we write the Israel-Stewart equations
of motion for massless particles undergoing Bjorken flow
with a constant relaxation time. These equations were

|

recently derived using general matching conditions in
Ref. [17], and, for the sake of completeness, the derivation
procedure is summarized in Appendix A. In the following,
we consider two sets of matching conditions.

1. Exotic Eckart matching condition I:
on=0,06e #0 (qg=1,s #2)

In this case, the continuity equation related to particle
number conservation,

ﬁ0+%:0, (113)

decouples from the rest of the equations of motion. The
remaining dynamical equations can be written as

8.()"’%80—58—%%:0,

e + <1 +%>58+ {%— 1]%:0,
ﬁ—é(eo—l—és)—i-(l—l-;lg%)ﬂ—O (114)
2. Exotic Eckart matching condition II: én # 0, 6e =0

(=2, #1)

In this case, the equation of motion related to particle
number conservation does not decouple from the remaining
equations of motion. The dynamical equations can be
expressed in terms of the variables ng, €y, on, and 7 as
follows:

. Ny [(s+4) 1 (s=1)3ngn
__5 — — pu—

ot —om [60F(s+2) TG+ 5-2) e 2

. 1 I'(s+4) 1 (s=1)3ngn
snt (145)0 - 3oz _ o

"+< +%> "+[60r(s+2) 3F(s+2)](s—2) e 7

4

50+—A€0—§:0,

37 7

. 16 38

C. BDNK equations of motion

Now we proceed to write the BDNK equations of
motion, derived in Sec. VA, in Bjorken flow. As above,
this is done assuming a gas composed of massless particles
with a constant relaxation time and assuming two sets of
matching conditions. First with 6n = 0 and d¢ # 0, then
on =0 and de #0. We also discuss the corresponding
attractor solutions of the BDNK equations.

1. Exotic Eckart matching condition I:
on=0,0e#0 (g=1,s +#2)

For this matching condition, the equation of motion for
the particle density decouples and is given by (113). The
remaining equations of motion are

.4 16
£o + B+ — —45%20, (116a)

% (g9 + S¢)
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4
0 _ 5e = 0.

80+ 3%

(116b)

The first equation of motion corresponds to the con-
tinuity equation related to energy conservation (9b) while
the second equation of motion corresponds to the con-
stitutive relation (9). The latter was rewritten in terms of
time derivatives of g, using the equation of state and the
equation of motion for particle density. It is important to
notice that the equations of motion above do not depend
on the matching parameter s, even though the transport
coefficients themselves [cf. Eq. (C5)] do depend on s. This
happens due to a fortuitous cancellation in the last
two terms of Eq. (116b), where we used 14 (y\® +
A0/ =Py =4/3 and &,/ 3y —xP)) = -1,
respectively.

The coupled ordinary first order differential equa-
tions (116a) and (116b) can be solved analytically for ¢,
|

% 2=20)1,() + 2,01 (5) + 2,1 () + al(2 = 20)K, () — 2K,y (5) — 2K, (3)] _

oe(%) =

and Je. This task can be performed by first converting these
equations into a first order ordinary differential equation for
e = b¢/ €y,

16
4522

Be + 562 + 5e — 0, (117)
which is a Ricatti differential equation [77] that can be
solved with the Ansatz de = y/y, leading to

16
7y =0,

— 118
457 (118)

y+y-
whose general solution is y(z) = 7'/2e~"?[al,(z/2)+

bK,(z/2)], where I,(x) and K,(x) are the modified
Bessel functions [76,78] and, in the present -case,

v=4/109/180 ~ 0.778175. Then, we have

As 7 goes to infinity, K, (%) ~ \/7/2t71/2e " and I,(%) ~
(27)~'471/2¢% [78,79]. Hence, the terms of Eq. (119)
corresponding to the /,’s dominate, and any information
about the initial condition is erased. The late time behavior
of the solution becomes

5, 2=20LG) + 7, () + 2, ()
421,3) '

(120)

We note that this also corresponds to the solution of (117)
with a = 0, and thus, it is referred to as an attractor
solution. On the other hand, as # approaches zero, (%) ~
(1/2)T(v)~"(2/2)" and K, (2/2) ~T'(v + 1)(22)7, the K,

42[1,(5) + ak, (3)]

- — Various ICs
- - - Hydro Attractor

& (1)

1/ tr

(a) Late time attractor

FIG. 1.

(119)

terms in Eqgs. (119) dominate and, once more, any infor-
mation about any boundary condition is erased. Hence, the
early-time solution is also universal and becomes

(2 -28)K, () — 2K, (&) — 2K, 1 (3)
42K, (%)

ey = (121)

This can be identified as the solution of (117) with a — o
and is referred to as a pullback attractor (see [80]). Results
for the evolution with various initial or boundary con-
ditions, compared to the corresponding attractor solutions,
can be seen in Fig. 1. There, we further normalize de/¢,
with 1/7.

: —— Various ICs

\ -.-. Early-1 Attractor

05 1 5 10
T/tR

50 100

(b) Early time attractor

Comparison between various solutions of BDNK theory, Eq. (117), and the attractor solutions. (a) The black curves represent

solution (119) with a = 1,2,4,6,8, 10, 14, 18,22, 26, 30, 36,42, 48, 54 and are shown in comparison with the hydrodynamic attractor
(120). (b) The black curves represent the solutions of (119) with a = 1,1/2,1/3,...,1/10 shown in comparison with the early time

attractor (121).
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2. Exotic Eckart matching condition II: én # 0, de =0
(q=2,5s#1)

For the present matching conditions it is convenient to use
ny and 6n as dynamical variables. The equations of motion
are obtained from Egs. (9a) and (9b) assuming an equation
of state of a gas of massless particles, &, = 3ny/f =
3e%/(n*p*), and constitutive relations (C6). Then, we have

. 1
n0+5n +g(}’lo+6n) :O, (1223)
. ong (s=2) 16n
- - on— =0. 122b
Mt T o) T a5 (122b)

In contrast to the previous class of matching conditions,
now the equations of motion depend explicitly on the
matching parameter s. In a direct analogy with the previous
case, we can derive an analytical solution for én = én/n,
that obeys

16
45%2

(bn+1) =0, (123)

which is also a Ricatti differential equation. The latter can
be solved using the changes of variable Sn=y /(A,y) and
z=y+ Ay, with Aj=(s—2)/(s—1), leading to the
simple differential equation for z,

16
F+——7=0,
MAVTTN

(124)
which is solved by z(2) = ae™% + be™A [f eAtHiRas,
and thus,

1 eAS‘H»%

on =—————-1p
As [Fetade + df

~1, (125)

where the only independent integration constant a’ = a/b
has been chosen. The nonanalytic behavior is evident, and
we can express the late-time attractor as

s=3
1.5 .

1.0 —— Various ICs

- - - Attractor

05
rdn (1)
ng (1)
-0.5
-1.0
-8 5 10 50 100
T/tR
(a) s=3

P
eAS'H'E

1

_— 1, 126

A, ﬁ eAJ%-&-f%d% ( )
7o

Ony =

which corresponds to the solution with @’ = 0 displayed in
Fig. 2, compared with solutions (125) for various initial
conditions, i.e., for several values of a’.

D. Matching condition influence on evolution

Now we are in position to compare the solutions of
BDNK’s and Israel-Stewart’s equations of motion and
the corresponding exact solutions from the Boltzmann
equation in Bjorken flow. Here, we also assess the effect
that matching conditions can have on such solutions. Due
to the fact that any spacelike 4-vector is identically zero in
Bjorken flow, this analysis will be limited to the parameters
g and s which define temperature and chemical
potential [cf. (17) and (18)]. In the present section, we
shall only use type I and type II exotic Eckart matching
conditions.

1. Exotic Eckart matching conditions I: 6n =0, 6¢ # 0
(q=1,5s #2)

In this subsection we plot solutions of fluid-dynamical
theories considering matching conditions in which én =0,
but e #0 (¢ =1, s#2). Unless stated otherwise,
we consider initial conditions in which the dynamical
variables are in local thermodynamic equilibrium (note
that, in BDNK theory, the shear-stress tensor is not an
independent dynamical variable and is determined by
constitutive relations). Figures 3 and 4 portray the evolution
of the (normalized) dissipative currents e/ (&, + d¢) and
3n/[4(ey + S¢)]. In Fig. 3, we employ s =3, while in
Fig. 4 we display results for s =4. The corresponding
solution obtained from the Boltzmann equation using the
method of moments [4] (see Appendix D for details)
is displayed in solid black lines, for the sake of
comparison.

s=4
—— Various ICs
- - - Attractor
-1 5 10 50 100
T/tR
(b)s=4

FIG. 2. Comparison of hydrodynamic attractor solutions for different matching conditions, with matching parameter s = 3 (a) and

s =4 (b).
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Evolution of the nonequilibrium fraction of the energy density (right) and the normalized shear-stress tensor, z/(gy + Py +

Se +I1) = 3n/[4(eq + S¢)] (left), for the Boltzmann equation (RTA), Israel-Stewart (IS) and BDNK for type I exotic Eckart and s = 3

and equilibrium initial conditions.
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FIG. 4. Evolution of the nonequilibrium fraction of the energy density (left) and the normalized shear-stress tensor, z/(gy + Py +
be +1I1) = 3n/[4(eq + ¢)] (right), for the Boltzmann equation (RTA), Israel-Stewart (IS), and BDNK for type I exotic Eckart and s = 4

and equilibrium initial conditions.

We find that at late times (7 = 3) all three solutions have
approximately the same evolution for the shear-stress
tensor. The difference observed among the solutions at
early times comes mostly from the fact that we imposed
equilibrium initial conditions for the solutions of Israel-
Stewart theory and the Boltzmann equation, something that
is not possible to implement for the shear-stress tensor in
BDNK theory. On the other hand, the evolution of d¢ is
very different in all three cases. The Israel-Stewart formal-
ism yields a negative sign for this quantity, which is in
qualitative agreement with the solution of the Boltzmann
equation for this variable. However, Israel-Stewart theory
clearly overpredicts the magnitude of this nonequilibrium
correction. As already pointed out in Ref. [17], in the Israel-
Stewart formalism, this happens due to the dominance of
the oe — z coupling coefficient [the last term in the second
equation of (114), see also Table IV], which yields a
negative contribution to de, for s = 3 or 4. In contrast, the

TABLE IV. Couplings in units of 75, and 75, for s = 3, 4 exotic
Eckart matching conditions.

s=3 s=4
Aper [Tse] 1/2 11/10
Aoneltnn] 35/36 251/240

BDNK formalism yields a positive sign for de, due to the
fact that it is driven by the shear term 16/(45%%) in
Eq. (116a). The matching condition has a significant effect
in solutions of the linearized Boltzmann equation and
Israel-Stewart theory, increasing the nonequilibrium cor-
rection as one goes from s = 3 to s = 4. We have already
demonstrated that, for this set of matching conditions, the
solutions of BDNK theory for the normalized nonequili-
brium energy density have no dependence on s.

We now consider solutions of Israel-Stewart, BDNK,
and the Boltzmann equation for several initial values of Je.
The remaining dynamical variables of each theory are still
set to their respective local equilibrium values. The idea is
to visualize the attractor dynamics that each formalism
displays. The results are shown in Fig. 5, where we
considered simulations with 2,6e(%y)/e(%y) = 0, 0.2, and
0.4. As expected, we see that the solutions of each theory
display universal behavior at late times (7 2 5), indicating
the existence of late-time attractor solutions. We note that
such attractor solutions were already explicitly derived for
BDNK theory in Sec. VI C. We also note that the late time
solutions of Israel-Stewart theory and the Boltzmann
equation for de are qualitatively similar, in particular when
it comes to the sign of the energy density nonequilibrium
correction. The quantitative agreement between these
solutions is not very good and worsens as one increases s.
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FIG.5. Comparison between the time evolution (for various initial conditions) of the nonequilibrium correction for the energy density
found by solving the RTA Boltzmann equation, Israel-Stewart (IS), and BDNK using type I exotic Eckart for s = 3 (left) and s = 4
(right). The initial conditions are so that 5e(%,)/[(ey + 6¢)(%9)] = 0, 0.2, 0.4, and, when applicable, (%,) = 0.

The BDNK formalism, on the other hand, clearly has a  equilibrium initial conditions for the corresponding
different attractor solution, which always displays a pos-  dynamical variables of each framework. As it happened
itive energy density nonequilibrium correction. in the last section, for late times (7 2 3) the shear-stress
tensor evolution coincides for all three formalisms.
2. Exotic Eckart matching conditions II: 6n # 0, 8¢ =0 However, for the evolution of the nonequilibrium compo-
(q=2,s#1) nent of the particle number density, 6n, we see that the three

formulations display rather different solutions.
In the present case, solutions of both Israel-Stewart and
BDNK theories are qualitatively similar, displaying neg-
ative values for 6n. In Israel-Stewart theory, this happens

Now we investigate the solutions of fluid-dynamical
theories for the matching conditions where én # 0 but
0e=0 (g=2, s#1). In Figs. 6 and 7, we depict the
evolution of the dissipative currents assuming local

s=3 s=3
\
0.00r == 0-25 \ —RTA
t\ i 0200 ---18
' / \ .- BDNK
6n(r) 005 \ “ /'/ 37 (1) 0.15 N
—_— e A Y
(no + 6n) (1) Ly j 45 (1) \
-0.10f ‘ /! —RTA 0.10 .
oo ---Is
n  BDNK 0.05
-0.15 M,
. . . , , 0.00}/ ) ) - -
1 5 10 50 100 1 5 10 50 100
T/tR tir

FIG. 6. Evolution of the nonequilibrium fraction of the particle density (left) and the normalized shear-stress tensor, /(&g + Py) =
37/ (4€y) (right), found by solving the RTA Boltzmann equation, Israel-Stewart (IS), and BDNK for type II exotic Eckart with s = 3 and
equilibrium initial conditions.

s=4 s=4
0.25"
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(Mo +6m) (1) 40 -\.:‘ ' L ETA ™ 610 =
Aw -
-0.15 \ / .- BDNK 0.05 N
‘ - o 0.00} L —
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T/t tltg

FIG. 7. Evolution of the nonequilibrium fraction of the particle density (left) and the normalized shear-stress tensor, /(&g + Pg) =
37/ (4ey) (right), found by solving the RTA Boltzmann equation, Israel-Stewart (IS), and BDNK for type II exotic Eckart with s = 4 and
equilibrium initial conditions.
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s=3

FIG. 8.

(no + 6n) (1)

s=4

on (1)

Comparison between time evolution of the nonequilibrium correction to the particle density found by solving the RTA

Boltzmann equation, Israel-Stewart (IS), and BDNK for type II exotic Eckart with s = 3 (left) and s = 4 (right) and various initial
conditions. The initial conditions are such that én(%y)/[(n + 6n)(%y)] = 0.0, 0.2, 0.4 and (%) = 0, when applicable.

because of the on — z coupling term in the second equation
displayed in Eq. (115). In contrast to the previous matching
condition, the evolution of én in the BDNK formalism also
yields negative values due to the dominance of the ny/z
term in Eq. (122a). Finally, we note that solutions of the
Boltzmann equation for én differ significantly and always
display positive values for this quantity.

We now consider solutions of Israel-Stewart, BDNK,
and the RTA Boltzmann equation for several initial values
of on. The remaining dynamical variables of each theory
are still set to their respective local equilibrium values. As
in the previous subsection, the goal is to gain some intuition
on the attractor dynamics that each formalism may display.
The results are shown in Fig. 8, where we considered
simulations with én(%)/[(n 4 6n)(%y)] = 0, 0.2, and 0.4.
We see that the solutions of each theory display universal
behavior at late times (7 2 10), indicating the existence
of late-time attractor solutions. Again, we note that such
attractor solutions were already explicitly derived for
BDNK theory in Sec. VI C. For these matching conditions,
one sees that the late time solutions of Israel-Stewart theory
and BDNK theory for én are qualitatively similar, even
though the quantitative agreement between these solutions
is not very good. Both fluid-dynamical frameworks appear
to be unable to describe the solutions for én found in the
Boltzmann equation in the relaxation time approximation.

VII. FINAL REMARKS AND DISCUSSION

In this paper we discussed how relativistic fluid-dynami-
cal theories can be derived from the Boltzmann equation by
imposing different perturbative schemes. First, we showed
how the traditional Chapman-Enskog and Hilbert expan-
sions are used to obtain macroscopic solutions of the
Boltzmann equation for arbitrary matching conditions.
We then introduced a novel perturbative scheme to micro-
scopically derive the BDNK equations of fluid dynamics
from the Boltzmann equation, also considering arbitrary
matching conditions. The main difference between our

approach and the traditional Chapman-Enskog expansion
is to construct a perturbative scheme using moments of
the Boltzmann equation (for a given basis) instead of
the Boltzmann equation itself. With this prescription, the
compatibility conditions for the inversion of the linearized
collision operator are avoided, and one is not required to
replace timelike derivatives of the fluid-dynamical varia-
bles by spacelike ones—a feature of the traditional gradient
expansion that is not present and imposed in the BDNK
equations.

We obtained microscopic expressions for all the trans-
port coefficients of relativistic Navier-Stokes theory,
Hilbert theory, and the BDNK equations. As far as the
authors know, this is the first time such full expressions are
obtained for arbitrary matching conditions. We remark that
the transport coefficients were calculated assuming a
system composed of classical particles that only interact
through binary collisions. However, we note that our
approach can be generalized to compute the transport
coefficients in more realistic systems of phenomenological
interest, such as QCD effective kinetic theory [75]. We then
explicitly calculated these transport coefficients imposing
the relaxation time approximation for the linearized colli-
sion term and assuming that the particles are massless. This
was done using the transport coefficients calculated within
the relaxation time approximation, considering relaxation
times that are energy independent. In this setting, we were
able to obtain analytical solutions of Hilbert theory and the
BDNK equations. We further argued that there are no
attractor solutions of Hilbert theory for the normalized
nonequilibrium energy density fraction. On the hand, we
showed that the BDNK equations display attractor solu-
tions for this quantity.

We then investigated and compared the solutions of these
fluid-dynamical frameworks with exact solutions of the
Boltzmann equation for a gas of massless classical particles
undergoing Bjorken flow. One of our goals was to compare
solutions obtained with different matching conditions and
understand the effect of the latter on such rapidly expanding
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systems. Investigating the solutions of BDNK theory, we
found that the attractor structure is largely affected by the
matching conditions. Indeed, for matching conditions such
that 6n =0 and ¢ # 0, we found that both the late-time
(hydrodynamic) and early-time attractors can be analyti-
cally obtained. This class of matching conditions is
physically motivated by causality [35], and we have seen
that the evolution does not depend on the parameter s, and
neither do the attractors, which is a surprising feature. As
for matching conditions such that én # 0 and oe = 0, there
is only a hydrodynamic attractor, and it depends on the
matching parameter s.

For the sake of completeness, we compare the evolution
and the attractor structure obtained by solving the BDNK
equations of motion with those found by solving Israel-
Stewart theory under general matching conditions and also
the full moment equations of the RTA Boltzmann equation.
The dynamics of the latter two equations of motion is also
affected by matching conditions, with the 19-moments
truncation explicitly depending on the parameter s and the
slight change of variables of the moment equations in the
RTA. At sufficiently late times, we found that the shear
tensor [which in Bjorken flow is reduced to only one
independent function 7z(7)] evolves similarly in BDNK,
Israel-Stewart, and the RTA moment equations. In contrast,
the time evolution profiles displayed by de and on are very
different among the three formulations.

The attractors are also quite different in the three
approaches. This is in contrast to other results obtained
using Landau matching conditions [43,52,81-84],
where the attractors of the hydrodynamic theory match
the one from kinetic theory. This suggests that the
truncation method employed in the alternative matching
conditions for the IS formalism has to be improved
beyond the moments approximation implemented
in Ref. [17]. Moreover, the attractor mismatch may
evidence that other implementations of the alternative
matching conditions may be more adequate to perform the
analysis.

In future works, it would be relevant to analyze
the effects from assuming momentum-dependent relaxa-
tion times into account. Furthermore, an obvious next
step is the calculation of BDNK transport coefficients for
massive particles and also other type of interactions.
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APPENDIX A: MOMENTS METHOD AND
ISRAEL-STEWART THEORY UNDER GENERAL
MATCHING CONDITIONS

In this appendix we summarize the truncation procedure
to obtain Israel-Stewart [12,22] equations of motion
under general matching conditions used in Sec. VIB
and proposed in Ref. [17]. In the Israel-Stewart formalism,
nonequilibrium dissipative currents are considered as
fields with independent dynamics. Thus, for general
matching conditions, none of the hydrodynamic fields
(ng, on, &y, 6, I, ", V*, h*, 7#") are zero and 19 equations
of motion are required to have a closed system in terms of
these variables. Five equations are given by the conserva-
tion laws (9). The remaining equations of motion are
obtained by truncating the exact equations for the irreduc-
ible moments (C2) of the Boltzmann equation, which can
be seen in Refs. [17,31].

To truncate this infinite system of partial differential
equations, in Ref. [17] we followed a generalization of the
ideas put forward by Grad [10,11] in the nonrelativistic
case, and later on by Israel and Stewart [22] under general
matching conditions. Then, we consider the expansion of
the deviation function ¢, = (f, — fop)/fop in an irreduc-
ible and orthogonal basis. This expansion is truncated by
consistently constraining the deviation function with the
definitions of the hydrodynamic fields (12) and the match-
ing conditions (17) and (18). Effectively, this implies
that all nonhydrodynamic moments py' * vanish for
¢ >3 and that the moments coefficients p,, pf and p,”
are linear combinations of the hydrodynamic fields
(6n, de, IL,v#, h*, 7#). This leads to a closed system of
coupled relaxation equations for the dissipative currents
that depend on the parameters ¢, s, and z. These equations
greatly simplify in the massless limit and in the case of
Bjorken flow.

1. Bjorken flow

For Bjorken flow, in the massless limit, and using exotic
Eckart matching conditions such that 6n = 0 and p, = 0, the
equations of motion, which include the conservation laws
and the relaxation equations, can be cast in the form,

. 4 _ 1 1A
&y 37 Tse T ( Tse + 1) [=00) 0
; i L llésn —
oe | + 0 5+ o e oe|l=10],
T 16 __ 16 3841 b1 0
457 457 21t ' 7,

(A1)

where 75, and 7, denote the relaxation times associated with
oe and 7, respectively. For a constant relaxation time,
Tse = T, = Tg. We also have the matching-dependent
coupling constant As.,, which is expressed as
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dsen _ T(s+4)

=7 A2
Tse 2OF(S - 2) ’ ( )

whereas for exotic Eckart matching conditions such that
0e =0 and p, =0, the equations of motion are

1 1 Asnx
o c T 0 TN 0
on 014l o0 on 0
+ Ton T — ,
€ 0 0 = -1 €y 0
7 16 38 | 1 0
g 0 0 -3 5t/ M7
(A3)

where we have the relaxation time 75, related to the
dissipative current on. For a constant relaxation time
75, = Tr. We also have the matching-dependent coupling,

Jowe | s—1 (F(s+4) |
Ton (s —2)[(s+2)

60 _5)' (a4)

In this particular background, the dynamics of ny + én
and gj + Oe are matching invariant. Indeed, summing the
two first rows of Egs. (114) and (115), the result does not
depend on the matching-dependent coefficients zs,, 75,
Asnzs and As.,. Values for the couplings can be seen in
Table IV for the values of s used in the main text.

APPENDIX B: BASIS WITH ZERO MODES

In this appendix, we show the procedure that can be
performed in order to compute transport coefficients in the
Chapman-Enskog expansion in a basis that contains zero
modes. We note that the methods outlined here can be
extended to the modified expansion used to derive BDNK

hydrodynamics. To this end, we use the basis,

PV =E, n=01,.. (B1)
Once again, since the linearized collision term L is a linear
operator, the particular solution ¢gm must have the general
form (42),

" = Sp0 + Vpp"V,a + T p¥plo

A (B2)

The next step is to replace the particular solution Eq. (42)
into Eq. (35), and then we obtain again Eq. (43), which is a
coupled integral equation for S, V, and 7. We proceed by
multiplying this equation by Ej, Ej, p* and Ej p¥p¥) and
integrating in over momentum. Then, after expanding S,
Vp, and 7, as polynomials in E, such that

Sp = s.Ep Vo= v.Ej Ty=> tEp,

n>0 n>0 n>0

(B3)

we have the following systems of equations, which are
analogous to Egs. (45):

r, r ﬂ o
Si‘n E/dPE [ ]f()p7 Alr = /dPEp <Ap _gA/l p/lpt)')fOp’

V., = / dPEypWL[E}
n = / dPE;p% p*' LIE}p Py fops

Equations (B4c) can be schematically inverted as

> Spus, = Al (B4a)

Zvénvn - B/r’ (B4b)

lerntn = Clrv (B4C)

where
|
]fOpv B;’ = /dP(A pﬂpt/)Er (1 _8 +P >f0p7

C = =5 [ dP(8" D0 Egfon (B5)

=> [1"7,,Cp- (B6)

m

As for Egs. (B4a) and (B4b), the inversion process is not so simple due to the presence of zero modes. In fact, these systems

of equations have the matrix forms,
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since they can be incorporated into the homogeneous

000 0 0 - 5o solution by a redefinition of the a and b* coefficients in
6o o o0 0 - S1 0 @™, They are then obtained from the matching conditions
0 0 Sy S»n Sy - s | — | A, ’ (17) and (18), which when substituted in Eq. (40) lead to
0 0 Sy Sy Sy - 55 As the conditions,
Iy0a + I 0bu" = —(E5S,)0.
00 0 0 --\/wn 0 Ioa+ Iy 0bu = —(EpSy)0.
L
0 Vi Vi Vi i I Laiby = 5 (A pp BV Ve, (B9)
0 Vy Vyp Vy .- (%) B, |’
where it was used that p* = E,u" + p . These are solved
with
where the vanishing of the first (the first and the second)
line(s) of the matrix V (S) stems from the self-adjoint I S — (E1S.) ]
property (36). Additionally, Ag =A, = By =0 due to a= 41.0{EpSplo = (EpSplolsi 0,
property (39). Git1g
Hence, to solve the related linear equations, it is <E38p>0 Io—1 q,0< E;‘,SP)O
necessary to remove linear sub-spaces corresponding to bru, = G, 0,
the zero-modes. Then, denoting the submatrices of S’ and w o 'Zq
V' as § and V, respectively, we have as a result of the by :l«A PuP)EyVo)y Vv a. (B10)
schematic inversion, g 3 I 15, :
v, = Z[V_l]nt ms n=12,.., Finally, we have as the solution for the first order Chapman-
mz1 Enskog deviation function,
Sp=Y S, A n=2.3 ... (B8)
=2 bp = Sp0 + Vyp¥V 0+ T, p%pYo,, (B11)

The coefficients related to the zero modes, s, 5, and v
cannot be obtained. Nevertheless, this is not a problem  with
|

Sp _ Z Z[S‘_l}nmAm (E[r; + Iq+1,015+n,0 - Iq+n.01s,0 + Iq+n.OIs.0 - Iq,OIs+n,0 Ep) ’

n>2 m>2 GHI,&/ Gs+1.q
\ (7— 1 2,1
Vp = [V 1]ntm <En _M>v
’ ; mzzl P Iz+2.1
To=>_ > [T lumCus. (B12)
n>0 m>0

From this solution, constitutive relations for the nonequilibrium corrections can be obtained. Indeed, definitions (12) yield

IM=-00, on=-£0, oe=y0,
W =VFta, W = —AVFa,

M = 2770./41/’ (B13)

with transport coefficients given by
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n>2 m>2 n>2 m>2
k=D > VB A=

n>1 m>1 n>1 m>1
n= Z Z[T_l]nmcmln+4,2’

n>0 m>0

where

Dl 0—1ol3

HY = Lo —1yino

G‘ 1,1
Hl(f) = In+l,() - Iqun,OGL + IS+l’l,0

s+1,q
) _ Gs+1,2
Hyp" =—I,20+ Iq+n,0G— -1
s+1.q
I
K 2,1
Jﬂ In+2l+1 I7+n+21’
z+2,
I3,
Jn' =131 ~7 Iy,
242,

where the conclusions of the end of Sec. IV A are also valid
here. The inversion procedure described here also has
consequences for the perturbative procedure outlined in
Sec. IV C. In that case, the zero modes must be explicitly
excluded from the expansion of the functions S@/-0),

V@h) and T.

APPENDIX C: CHOICE OF BASIS FOR THE
COMPUTATION OF TRANSPORT
COEFFICIENTS

In this appendix we show the reason for the specific
choice of the parameters m, and n, which define the bases
used to compute the transport coefficients in Tables I and II.
To this end, we digress to the exact derivation of transport
coefficients using the basis constructed using powers of
energy. In the particular case of RTA, Eq. (98), we employ

the basis so that Py = Ept?, Pl = Ey', Pl = E,,
Pgl) =E,"', ..., and P = E;~" so we have
Dal, 10— Dpl, 20+ flr2.10
1 I'(r+3) r
- VI = Den—plse| b,
= {p TTR) {@ m=hy H
r=234, .., (Cla)
=Vral, p + (VB + pDut)l, 3,
| 1 T(r+5) ]
S PR G ] SRS I S
TR [ o g I(S5)
(Clb)

Gs+1.q

nm = _ZZ nmA H’({( ’
n>2 m>2
Bm']n ’
(B14)
I, 012,11q+1,0 =140l
s+n, Gs+1.q
Gq+l,1
Gs+l,q '
Gq+l,2
s+n,0 Gs+1,q ’
(B15)
21, 4,0% = —apff], r=0,1,2,....  (Clc)
where we defined the irreducible moments,
p};r“ﬂt’ — /dPEI’,pO‘l ..pﬂf>¢pf0p' (Cg)

The hydrodynamic fields correspond to particular instances
of these general moments such that én = p;, de = p,,
V= ph, W = plf, and 7 = pj°. The particular case of a
constant relaxation time allows us to express the collision
integrals solely in terms of a few integer moments. Thus, to
obtain the constitutive relations, one can simply use the
appropriate value of r in Egs. (C1) and use the information
contained in the matching conditions. In terms of the
irreducible moments (C2), the matching conditions of
the type (18) are

q#s, (C3a)

pq:/)S:()’
ph=0.

We start with the coefficients related to scalar hydro-
dynamic fields. In this case we use type I exotic Eckart,
q =1, s # 2, to obtain the transport coefficients, we take
r=s—11in Eq. (Cla), then we have

Dp 1
b = y W Da — 4V <ﬁﬁ — 39) ,

(C3b)

(C4)

with
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)((a) — Tk £0s
(s=1)
(s +2)
#) = ﬁgo, (Cs)

which is consistent with the results of Table I. Otherwise, if
we use type Il exotic Eckart matching conditions, we have
q=2, s# 1. Again, we take r = s —1 in Eq. (Cla) to
obtain

on = EDDq — £ (%ﬂ - %9) , (C6)
with
@ — _g M0
¢ Ris=2)
) — -5 D, (©7)

which is consistent with the results of Table II. Now it is
possible to explain the behavior seen in Tables I and II: we
obtain the exact values from the matrix inversion procedure
because the power which was used in Eq. (Cla) to obtain
the transport coefficients, E;‘,‘l, can be exactly expanded as
the finite sum of basis elements. For instance, for s = 3 we

have chosen the basis (103) with ny = —1 my = 1, and in
this case,
2 3 4
e Pty
1 +x 1+x I4+x
2 3 4 5
) -1 X 3 X X 1 X ’
YT T s U T U
(C8)

for the second and fourth order truncation orders,
respectively.

Similarly, for the vector dissipative currents constitutive
relations, the transport coefficients depend explicitly on the
parameter z used to define the velocity 4-vector u*. Indeed,
if we use Eckart matching conditions, " = 0 (z = 0), then,
we choose r = —1 in Eq. (C1b), and we readily obtain the
constitutive relation for the energy diffusion vector,

1
o= )@ g — 1) (ﬁ VHB + Du”>, (C9)
with
4 4
2@ = g TRE0, AP = 3 Tr€0- (C10)

In the case where Landau matching conditions are used,
h* =0 (z = 1), then we choose again r = —1 in Eq. (C1b),
and we readily obtain the constitutive relation for the
particle diffusion vector,

V= k@O — kP) <% \ES Du”> . (Cl1)
where
k) = nyrg. (C12)
Once again, the power of E}, which was used to obtain the

transport coefficients from Eq. (C1b), E; ! can be exactly
expanded as the finite sum of basis elements. Indeed,

S R .

x  x(14+x) 14x 14x

1 1 1 x x?

-=1 3 3 1 ,

x x(1+x)3+ x(1+x)3+ x(1+x)3+ x(14x)?
(C13)

for the second and fourth order truncation orders,
respectively.

The constitutive relations for the rank-two tensors can be
readily obtained, as they do not depend on matching
conditions and the RTA collision term is diagonal. In this
case, to obtain the constitutive relation for the shear-stress
tensor, we integrate Eq. (98) with Ej Ipp¥). Then, we
have the familiar constitutive relation,

" = 2not, (C14)

with

n = prrlaa, (C15)
which coincides with the expression for the shear viscosity
within the Chapman-Enskog expansion in RTA [53] and is
also consistent with the results of Table I.

APPENDIX D: BOLTZMANN’S MOMENT
EQUATIONS OF MOTION IN BJORKEN FLOW

In this appendix we discuss the set of moment equations
of the Boltzmann equation within the relaxation time
approximation (98) in Bjorken flow [4,48]. In curved
spacetime, the on-shell Boltzmann equation is expressed
as [85-87]

of,
pﬂaﬂfp + rzipapﬂ—p = C[ p]'

. (D1)
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In Bjorken flow, the only nonvanishing components of the
Christoffel symbols are I, = TFZ,, = 1/7; hence,

pfarfp = C{ p]- (DZ)

The Boltzmann equation can be reexpressed in terms of
an infinite set of coupled differential equations for the
irreducible moments of f},. The underlying symmetries of
Bjorken background imply that f,, = f(z, p,, p) and also
that it is possible to expand f in terms of Legendre
polynomials and powers of p®. This motivates the use of
the moments,

pun= [ AP Pop(cos Oy (DY
to describe the dynamics. In the equation above,
P,,,(cos ®) denotes the Legendre polynomial [76] in the
variable cos® = p, /(pr). We further notice that parity
symmetry implies that moments constructed from
P,(cos®) with odd n are zero. If the distribution is that
of particles in local equilibrium (13), then the moments
reduce to

LJI(n+3)
Zﬂ'zﬂ"+3 m,0+

(D4)

pn(,)m = /dP (pT)n+]P2m(COS G)fOp =e

The relevant hydrodynamic variables can be expressed in
terms of the moments in Eqgs. (D3) and (D4),

0
on = pog — pé,é,

no = Poo
0 0
&y = ﬂ§3 0e =pio —P(l,()),
2
T = —5,01,17 (Ds)

where the latter identification can be performed from the

fact that 7 = 7', can be written as

ol

The matching conditions (17) and (18) are expressed as [88]

(Do)

— (0
Pg-1,0 =Py 1,0

Ps—10= ,0@1,0- (D7)

Then, after some algebraic steps, one obtains that the
equations of motion for the moments of (D3) in RTA for
constant relaxation time, y = 0, are

. +pn,m 2m(2m _ 1)(” +2m+ 1)pn,m—l 2m(2m + 1) + (87’)’12 +4m— l)npn,m (n _ 2m)(2m + 1)(21’}1 + 2)pn.m+1
Pnm T3 16m>—1 ? (4m — 1) (4m +3) ? (dm + 1) (4m + 3) z
0y, Tn+3) [(n+3)
= (o= PO =22 _p)sns,, T 68,0, n=0,1,..., m=0,1,..., DS
(pn,m Pn, )+ F(?))/}n ( I’l) n ,0+ﬁn ﬂ,,r(4) EO0pm 0, N m ( )

where 6,,, denotes the Kronecker delta. The equations
above form an infinite system of first-order coupled differ-
ential equations. The symmetry assumptions lead to the fact
that moments with different values of n decouple, and only
trios of consecutive moments couple for the Legendre
index m. For computation purposes this tower is truncated

I
at some high moment m = M,,,. In the computations of
the main text we chose M, = 25 (we checked that our
results are robust with respect to variations of this quantity).
It should also be noticed that the counterterms which are
characteristic of the novel RTA formulation only have an
effect for scalar (m = 0) moments.
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