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Next-to-leading order (NLO) QCD corrections to the γ� → QQ̄-Reggeon vertex are calculated, where
QQ̄ denotes a heavy quark pair cc̄ or bb̄. The heavy quark mass effects on the photon impact factor are
found to be significant, and hence may influence the results of high energy photon-photon scattering and
heavy quark pair leptoproduction. In our NLO calculation, similar to the massless case, the ultraviolate
(UV) divergences are fully renormalized in the standard procedure, while the infrared (IR) divergences are
regulated by the parameter ϵIR in dimensional regularization. For the process γ� þ q → QQ̄þ q, we
calculate all NLO coefficients in terms of ϵIR, and find they are enhanced due to the heavy quark mass, as
compared with the light quark case, and the enhancement factors increase rapidly as the quark mass
increases. This might essentially indicate the quark mass effect, in spite of the absence of real corrections
that are needed in a complete NLO calculation. Moreover, unlike the γ� to massless-quark-Reggeon vertex,
the results in the present work may apply to the real photon case.
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I. INTRODUCTION

High energy diffractive scattering can be well described
by the Pomeron exchange mechanism [1–5]. Within
the framework of quantum chromodynamics (QCD), the
Balitskii-Fadin-Kuraev-Lipatov BFKL) Pomeron [6–8], the
so-called hard Pomeron, is viewed as the Green’s function
of two interacting Reggeized gluons with vacuum quantum
number, which is evaluated by resuming the leading energy
logarithms in perturbative QCD (pQCD) applicable regime,
e.g., all ðαs ln sÞn terms in leading logarithmic approxima-
tion (LLA) and all αsðαs ln sÞn terms in the next-to-leading
approximation (NLA). People noticed that the virtual
photon-photon scattering is an ideal process [9,10] to
testify the BFKL predictions and hence the pQCD calcu-
lation reliability, which is highly expected in the study of
strong interaction physics. The cross section σγ

�γ�
tot is

calculable in the BFKL approach with relatively high
precision and can be realized in experiment through a
measurement of the reaction eþe− → eþe− þ X by tagging

the outgoing leptons at high energy electron-positron
colliders, like LEP and more optimistically CEPC [11]
or ILC [12] in the future. Moreover, the recently proposed
electron-ion colliders like EIC [13] and EicC [14] may also
be good places to study the single diffractive process and
hence on small-x physics at lower energies.
Until now, the leading order (LO) BFKL predictions for

the eþe− → eþe− þ X process have been confronted to the
LEP data [15–17], in which the experimental measurement
is found above the two-gluon-exchange model result, while
below the leading order BFKL Pomeron prediction. Now
that the next-to-leading order (NLO) corrections to the
BFKL kernel are ready and numerically big and negative
[8,18], the higher order corrections may lower the BFKL
Pomeron exchange calculation and approach to the exper-
imental measurement. However, in the NLO BFKL calcu-
lations, there is still a task remaining: calculating the
NLO corrections to the coupling of the BFKL Pomeron
and the external photons, which is called photon impact
factor [19–21].
The photon impact factor can be obtained by calcula-

ting the discontinuity of the process γ� þ Reggon → γ� þ
Reggon process in light of the optical theorem, which tells
us that the discontinuity is proportional to the scattering
amplitude, γ� þ Reggon → QQ̄, squared. The Reggon is
identified with the elementary t-channel gluons. The NLO
corrections to the photon impact factor with massless
internal quarks were given in Ref. [22], while here the
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QðQ̄Þ are massive quarks, charm, or bottom quarks. In the
NLO calculation, analogous to Ref. [22], we calculate the
NLO corrections to γ� þ Reggon → QQ̄ amplitude on, for
example, the left-hand side of the discontinuity line, and
the leading QQ̄g intermediate state on both sides of the
discontinuity line. The calculation of the NLO QCD
correction hence proceeds in three steps: (i) calculate the
NLO corrections to the γ� þ Reggon → QQ̄ vertex, (ii) cal-
culate the leading order vertex γ� þ Reggon → QQ̄g, and
(iii) carry out the integration over the phase space of the
intermediate states. In fact, here the calculation procedure is
similar to the massless case performed in Ref. [22]. In this
paper, as in [22], we give the results of the first step, in
which the vertex is extracted from the scattering process
γ� þ q → QQ̄þ q in the high energy limit.

II. TECHNICAL PRELIMINARIES

The kinematics of the γ� þ q → QQ̄þ q process is
illustrated Fig. 1, where q and p are the 4-momenta of
photon and incident quark respectively. In the calculation, ε
represents the polarization vector of the photon, s is the
collision energy of the γ�q system, and m is the mass of
the heavy quark. The Lorentz invariants shown include
s ¼ ðqþ pÞ2, Q2 ¼ −q2, ta ¼ k2, tb ¼ ðq − k − rÞ2,
M2 ¼ ðqþ rÞ2, t ¼ r2, and x ¼ Q2=2p · q, the Bjorken
scaling variable.
The momenta k and r can be decomposed in the Sudakov

form, i.e.,

k ¼ αq0 þ βpþ k⊥; ð1Þ

r ¼ t
s
q0 −

ta þ tb − 2m2

s
pþ r⊥; ð2Þ

with q0 ¼ qþ xp, q02 ¼ p2 ¼ 0, and βs ¼ k2⊥þm2

1−α −Q2.

The typical Feynman diagrams for NLO corrections are
shown in Fig. 2. Of these diagrams, except Fig. 2(n), the
upper part quark-antiquark exchange diagrams are implied.
For the color octet t-channel configuration, the sum of all
diagrams has to be antisymmetric if we interchange the
quark and antiquark: k → q − k − r, λ → λ0, where λ, λ0 are
the helicities of the quark and antiquark, respectively. In
particular, the “box” graph shown in Fig. 2(n) has to be
antisymmetric by itself. Throughout the calculation,
Feynman gauge is employed, and for the t-channel gluons
the metric tensor is decomposed into

gμν ¼
2

s
ðpμq0ν þ pνq0μÞ þ g⊥μν ð3Þ

as usual. Note, in practical calculations, the transverse term
is not taken into account, whose contributions are sup-
pressed by powers of s. We use the helicity formalism as
well, and then our results can be expressed in terms of the
following matrix elements similar to [22], i.e.,

Ha
T ¼ ūðkþ r; λÞp=k=ελavðq − k; λ0Þ; ð4Þ

Ha
ε ¼ ūðkþ r; λÞ=ελavðq − k; λ0Þ; ð5Þ

Ha
k ¼ ūðkþ r; λÞ=kλavðq − k; λ0Þ; ð6Þ

Ha
p ¼ ūðkþ r; λÞpλavðq − k; λ0Þ; ð7Þ

Ha
kε ¼ ūðkþ r; λÞ=k=ελavðq − k; λ0Þ; ð8Þ

Ha
pε ¼ ūðkþ r; λÞp=ελavðq − k; λ0Þ; ð9Þ

Ha
pk ¼ ūðkþ r; λÞp=kλavðq − k; λ0Þ; ð10Þ

Ha
m ¼ ūðkþ r; λÞλavðq − k; λ0Þ: ð11Þ

Here λa are the generators of the color group. Note that
the last four helicity matrix elements do not exist in [22],
which always come up with the factor of m.
Taking high energy limit in the calculation, where

t; Q2; ta; tb; M2; m2 ≪ s; ð12Þ

and do not impose any restrictions on the remaining
invariants, we then obtain the following amplitude

T ¼ g2Tð0Þ þ g4Tð1Þ; ð13Þ

with

Tð0Þ ¼ Γð0Þ;a
γ�→qq̄

2s
t
Γð0Þ;a
qq ; ð14Þ

andFIG. 1. Kinematics of the process γ� þ q → QQ̄þ q.
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Γð0Þ;a
qq ¼ 1

s
ūðp − r; λ0Þq0λauðp; λÞ: ð15Þ

The only unknown piece of the NLO amplitude is Tð1Þ,
which corresponds to the processes in Figs. 2(a)–2(n) and
will be calculated analytically in the following.

III. CALCULATION METHODS

The method we use in our calculation will be briefly
described in the following before presenting the explicit
results.
In our calculation the Mathematica package FEYNARTS

[23] is applied to generate the Feynman diagrams and
amplitudes that are relevant to our process. We use
FEYNCALC [24] to calculate and simplify the amplitudes.
Color in the t-channel is projected onto the antisymmetric

octet as done in [22]. After simplifying the Dirac matrix
and employing the Dirac equation of motion, we express
the amplitudes as the combination of helicity matrix
elements and Passarino-Veltman integrals. For integrals
that contain divergences, we separate the divergence part
from the finite one. The high energy limit is taken
throughout our calculation, i.e., t; Q2; ta; tb;M2; m2 ≪ s.
In this work an extra scale m exists in comparison to

[22], and it is too lengthy and redundant to turn all the
Passarino-Veltman integrals into scalar integrals or loga-
rithms and dilogarithm functions. For amplitudes that do
not contain divergences and high energy scale s, we express
them as the combination of Passarino-Veltman integrals
and helicity matrix elements. The numerical values of these
integrals will be evaluated by LOOPTOOLS [25]. For the
pentagon diagram in Fig. 2(n), the reduction method given
in [26] is employed to reduce the corresponding integrals to

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j)

(m) (n)

(k) (l)

FIG. 2. Feynman diagrams for the process γ� þ q → QQ̄þ q.
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box integrals. In the end we find our result agrees with that
in [22] when taking the m → 0 limit.

IV. ANALYTIC RESULTS

The NLO amplitudes in Tð1Þ of our concern can be
expressed in terms of different diagrams:

Tð1Þ ¼
X13
i¼1

ðAi þ ĀiÞ þ A14: ð16Þ

Here, the subscripts i denote diagrams in Fig. 2, and the
amplitudes Āi represent those with quark-antiquark inter-
change in Ai.

A. Results of two- and three-point diagrams

We categorize the diagrams similar to [22]. The results of
Fig. 2(a) and its conjugate one are given below, which are
split into divergent and finite parts in the MS scheme:

A1 ¼
Nc

2

eef
ð4πÞ2−ϵ

2

tðta −m2ÞΓ
ð0Þ;a
qq

�
3ðHa

T þmHa
pεÞcΓ

ϵ
þHa

T ½6m2C0ð1Þ þ 12C00ð1Þfin
þ ð5m2 − 2tþ 3taÞC1ð1Þ þ ð3m2 − tþ taÞC2ð1Þ þ 2taC11ð1Þ þ 2ðm2 − tþ taÞC12ð1Þ
þ 2m2C22ð1Þ − 2� þ αsHa

ε ½2m2C1ð1Þ þ ð3m2 − taÞC2ð1Þ þ 2taC11ð1Þ þ 2m2C22ð1Þ
þ 2ðta þm2ÞC12ð1Þ� þmHa

pε½3ðta þm2ÞC0ð1Þ þ 12C00ð1Þfin þ 2ðm2 − tþ 3taÞC1ð1Þ
þ ð3m2 − 2tþ 5taÞC2ð1Þ þ 2taC11ð1Þ þ 2ðm2 − tþ taÞC12ð1Þ þ 2m2C22ð1Þ − 2�

þ 2αsmHa
kε½C1ð1Þ þ C2ð1Þ þ C11ð1Þ þ 2C12ð1Þ þ C22ð1Þ�

�
: ð17Þ

Here Cið1Þ ¼ Ciðta; t; m2; m2; 0; 0Þ with i the coefficient
index. The definitions of all the loop integrals such as C0,
Cij,D0, Di;j;k are standard and given in the Appendix for
reference. The subindex fin means the finite part of the
loop integrals. Note, the above result does not contain any
infrared divergences, while the ultraviolet divergence
remains only in C00ð1Þ, which can be properly regulated.
Numerical evaluation of the finite part may be performed
by means of LOOPTOOLS [25] in the MS scheme. The Ci

functions can be reduced into a certain scalar one-loop
integral and then expressed as the combination of logarithm
and dilogarithm functions. Nevertheless, such kind of
reduction may yield a lengthy result and be difficult to
read. Due to this reason, we do not perform further
reduction on Ci functions; its numerical evaluations are
carried by LOOPTOOLS directly.
The result of the conjugate diagram of Fig. 2(a) can be

expressed as

Ā1 ¼
Nc

2

eef
ð4πÞ2−ϵ

2

tðtb −m2ÞΓ
ð0Þ;a
qq

�
3ðHa

T þmHa
pε − sHa

ε þ 2ðHa
k −mHa

mÞε · pþ 2Ha
pε · rÞcΓ

ϵ

þ ðHa
T þ 2Ha

pε · rþ 2Ha
kε · pÞ½6m2C0ð1̄Þ þ 12C00ð1̄Þfin þ 2ð3m2 − tþ tbÞC1ð1̄Þ

þ ð5m2 − 2tþ 3t2bÞC2ð1̄Þ þ 2m2C11ð1̄Þ þ 2ðm2 − tþ tbÞC12ð1̄Þ þ 2tbC22ð1̄Þ − 2�
þ sHa

ε ½−6m2C0ð1̄Þ þ ð3ðα − 3Þm2 þ 2t − ð1þ αÞtbÞC1ð1̄Þ − 12C00ð1̄Þfin
þ ðð2α − 7Þm2 þ 2t − 3tbÞC2ð1̄Þ þ 2ðα − 2Þm2C11ð1̄Þ þ 2ðα − 2ÞtbC22ð1̄Þ
þ 2ððα − 2Þm2 þ tþ ðα − 2ÞtbÞC12ð1̄Þ þ 2�
þ 2ðα − 1ÞsmðHa

kε þHa
mε · rÞ½C1ð1̄Þ þ C2ð1̄Þ þ C11ð1̄Þ þ 2C12ð1̄Þ þ C22ð1̄Þ�

þmðHa
pε − 2ε · pHa

mÞ½ð9m2 − 3tbÞC0ð1̄Þ þ 12C00ð1̄Þfin þ ð9m2 − 2t − tbÞC1ð1̄Þ

þ 2ð4m2 − tÞC2ð1̄Þ þ 2m2C11ð1̄Þ þ 2ðm2 − tþ tbÞC12ð1̄Þ þ 2tbC22ð1̄Þ − 2�
�
: ð18Þ

Here, Cið1̄Þ ¼ Ciðm2; t; tb; m2; 0; 0Þ.

SUN, CHEN, QIAO, and CHAO PHYS. REV. D 106, 034027 (2022)

034027-4



The calculation procedure of Fig. 2(d) is similar to that of Fig. 1, and its result reads:

A4 ¼ −
1

2Nc

eef
ð4πÞ2−ϵ

4

tðta −m2ÞΓ
ð0Þ;a
qq

�ðHa
T þmHa

pεÞcΓ
2ϵ

þHa
T ½ðm2 − tþ taÞC0ð4Þ

þ ð3m2 − tþ taÞC1ð4Þ þ ð2m2 − tþ 2taÞC2ð4Þ þ 2C00ð4Þfin þm2C11ð4Þ
þ ðm2 − tþ taÞC12ð4Þ þ taC22ð4Þ − 1� þ αsHa

ε ½ðm2 − taÞC0ð4Þ − taC1ð4Þ
þ ðm2 − 2taÞ2C2ð4Þ −m2C11ð4Þ − ðta þm2ÞC12ð4Þ − taC22ð4Þ�
þmHa

pε½ð2ta − tÞC0ð4Þ þ ð2m2 − tþ 2taÞC1ð4Þ þ ðm2 − tþ 3taÞC2ð4Þ
þ 2C00ð4Þfin þm2C11ð4Þ þ ðm2 − tþ taÞC12ð4Þ þ taC22ð4Þ − 1�

− αsmHa
kε½C1ð4Þ þ C2ð4Þ þ C11ð4Þ þ 2C12ð4Þ þ C22ð4Þ�

�
; ð19Þ

where Cið4Þ ¼ Ciðm2; t; ta; 0; m2; m2Þ.
The result of the conjugate diagram of Fig. 2(d) is

Ā4 ¼ −
1

2Nc

eef
ð4πÞ2−ϵ

4

tðtb −m2ÞΓ
ð0Þ;a
qq

�ðHa
T þmHa

pε − sHa
ε þ 2ðHa

k −mHa
mÞε · pþ 2Ha

pε · rÞcΓ
2ϵ

þHa
T ½ðm2 − tþ tbÞC0ð4̄Þ þ ð3m2 − tþ tbÞC1ð4̄Þ þ ð2m2 − tþ 2tbÞC2ð4̄Þ

þ 2C00ð4̄Þfin þm2C11ð4̄Þ þ ðm2 − tþ tbÞC12ð4̄Þ þ tbC22ð4̄Þ − 1�
þ sHa

ε ½ððα − 2Þm2 þ t − αtbÞC0ð4̄Þ þ ðt − 3m2 − αtbÞC1ð4̄Þ
þ ððα − 3Þm2 þ t − 2αtbÞC2ð4̄Þ − 2C00ð4̄Þfin − αm2C11ð4̄Þ
þ ðt − αm2 − αtbÞC12ð4̄Þ − αtbC22ð4̄Þ þ 1�
þ 2ðHa

kε · pþHa
pε · rÞ½ðm2 − tþ tbÞC0ð4̄Þ þ 2C00ð4̄Þfin

þ ð3m2 − tþ tbÞC1ð4̄Þ þ ð2m2 − tþ 2tbÞC2ð4̄Þ þm2C11ð4̄Þ
þ ðm2 − tþ tbÞC12ð4̄Þ þ tbC22ð4̄Þ − 1�
þmðHa

pε þ 2Ha
mε · pÞ½ð2m2 − tÞC0ð4̄Þ þ ð4m2 − tÞC1ð4̄Þ þ ð3m2 − tþ tbÞC2ð4̄Þ

þ 2C00ð4̄Þfin þm2C11ð4̄Þ þ ðm2 − tþ tbÞC12ð4̄Þ þ tbC22ð4̄Þ − 1�

þ ð1 − αÞmðHa
kε þ 2Ha

mε · rÞ½C1ð4̄Þ þ C2ð4̄Þ þ C11ð4̄Þ þ 2C12ð4̄Þ þ C22ð4̄Þ�
�
; ð20Þ

with Cið4̄Þ ¼ Ciðm2; t; tb; 0; m2; m2Þ.
The diagrams in Figs. 2(e) and 2(f) belong to the NLO corrections to the lower vertex Γð1Þ;a

qq . Their results are

A5 ¼ −Nc
eef

ð4πÞ2−ϵ
2

tðta −m2ÞΓ
ð0Þ;a
qq ðHa

T þmHa
pεÞcΓ

�ð−tÞ−ϵ
2ϵ

þ 1

�
; ð21Þ

and

A6 ¼
1

2Nc

eef
ð4πÞ2−ϵ

2

tðta −m2ÞΓ
ð0Þ;a
qq ðHa

T þmHa
pεÞcΓð−tÞ−ϵ

�
2

ϵ2
þ 3

ϵ
þ 8

�
: ð22Þ

In the zero mass limit, it is obvious that these two amplitudes are just Eqs. (35) and (36) in [22].
Figures 2(g)–2(i) contribute to both the upper and lower vertices, and we find

A7þ8 ¼
eef

ð4πÞ2−ϵ
2NccΓð−tÞ−ϵ
tðta −m2Þ Γð0Þ;a

qq ðHa
T þmHa

pεÞ
�
5

3ϵ
þ 31

9

�
; ð23Þ
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and

A9 ¼ −nf
eef

ð4πÞ2−ϵ
2cΓð−tÞ−ϵ
tðta −m2ÞΓ

ð0Þ;a
qq ðHa

T þmHa
pεÞ

�
2

3ϵ
þ 10

9

�
: ð24Þ

The results of conjugate diagrams of Figs. 2(e)–2(i) can readily be obtained by substituting ðHa
T þmHa

pεÞ with
ðHa

T þmHa
pε − sHa

ε þ 2ðHa
k −mHa

mÞε · pþ 2Ha
pε · rÞ and making the replacement ta → tb.

The result of vertex correction diagram Fig. 2(j) can be expressed as follows:

A10 ¼ −
CFeef
ð4πÞ2−ϵ

4

tðta −m2ÞΓ
ð0Þ;a
qq

�
−ðHa

T þmHa
pεÞcΓ

2ϵ
þHa

T ½m2C0ð10Þ þQ2C2ð10Þ

þ ðm2 þQ2 þ taÞC1ð10Þ − 2C00ð10Þfin −m2C11ð10Þ þ ðQ2 þ ta −m2ÞC12ð10Þ
þQ2C22ð10Þ þ 1� þmHa

pε½m2C0ð10Þ þ ðQ2 þ 2taÞC1ð10Þ þQ2C2ð10Þ
− 2C00ð10Þfin −m2C11ð10Þ þ ðQ2 −m2 þ taÞC12ð10Þ þQ2C22ð10Þ þ 1�
þ 2ε · k½ðmð2mHa

p þHa
pkÞ − taHa

pÞC1ð10Þ þmðmHa
p þHa

pkÞC11ð10Þ

þHa
pðm2 − taÞC12ð10Þ�

�
: ð25Þ

Here Cið10Þ ¼ Ciðm2; ta;−Q2; m2; 0; m2Þ.
The NLO amplitude of the conjugate diagram of Fig. 2(j) is

Ā10 ¼ −
CFeef
ð4πÞ2−ϵ

4

tðtb −m2ÞΓ
ð0Þ;a
qq

�
−
ðHa

T þmHa
pε − sHa

ε þ 2ðHa
k −mHa

mÞε · pþ 2Ha
pε · rÞcΓ

2ϵ

þ ðHa
T − sHa

ε þ 2Ha
kε · pÞ½m2C0ð10Þ þ ðm2 þQ2 þ tbÞC1ð10Þ þQ2C2ð10Þ

− 2C00ð10Þfin −m2C11ð10Þ þ ðQ2 −m2 þ tbÞC12ð10Þ þQ2C22ð10Þ þ 1�
þmHa

pε½m2C0ð10Þ þ ð2m2 þQ2ÞC1ð10Þ þQ2C2ð10Þ − 2C00ð10Þfin −m2C11ð10Þ
þ ðQ2 −m2 þ tbÞC12ð10Þ þQ2C22ð10Þ þ 1� þ 2Ha

pk½C1ð10Þ þ C11ð10Þ�
× ðε · rþ ε · kÞ þ 2mHa

p½ðð2m2 − tbÞC1ð10Þ þm2C11ð10Þ þ ðm2 − tbÞC12ð10ÞÞε · k
þ ðm2C0ð10Þ þ ð3m2 þQ2ÞC1ð10Þ þQ2C2ð10Þ − 2C00ð10Þfin þQ2C12ð10Þ
þQ2C22ð10Þ þ 1Þε · r� þ 2mHa

m½ð−m2C0ð10Þ − ð2m2 þQ2ÞC1ð10Þ −Q2C2ð10Þ
þ 2C00ð10Þfin þm2C11ð10Þ þ ðm2 −Q2 − tbÞC12ð10Þ −Q2C22ð10Þ − 1Þε · p

− sðC1ð10Þ þ C11ð10ÞÞðε · rþ ε · kÞ�
�
; ð26Þ

with Cið10Þ ¼ Ciðm2; tb;−Q2; m2; 0; m2Þ.
The result of the quark self-energy diagram Fig. 2(k) is

A11 ¼
eef

ð4πÞ2−ϵ
2CFcΓ

tðta −m2Þ2 Γ
ð0Þ;a
qq

�ð7m2 − taÞHa
T þ 2ðta þ 2m2ÞmHa

pε

ϵ

þ lnðm2Þ½ðta − 7m2ÞHa
T − 2ðta þ 2m2ÞmHa

pε� þ
4taðta þm2ÞmHa

pε − ðm4 − 10tam2 þ t2aÞHa
T

ta

þ lnð1 − ta
m2Þðta −m2Þððm4 − 6tam2 þ t2aÞHa

T − 2taðta þm2ÞmHa
pεÞ

t2a

�
ð27Þ
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and the amplitude of the conjugate diagram of Fig. 2(k) reads

Ā11 ¼
eef

ð4πÞ2−ϵ
2CFcΓ

tðtb −m2Þ2 Γ
ð0Þ;a
qq

�ð7m2 − tbÞðHa
T − sHa

ϵ þ 2Ha
kε · pþ 2Ha

pε · rÞ
ϵ

þ 2ð5m2 − 2tbÞmðHa
pε − 2Ha

mε · pÞ
ϵ

þ 1

ta

�
ðHa

T − sHa
ϵ þ 2Ha

kε · pþ 2Ha
pε · rÞ

�
−tbð7m2 − tbÞ lnðm2Þ −m2 − tb

tb
ðm4 − 6m2tb þ t2bÞ ln

�
m2 − tb
m2

�

−m4 þ 10m2tb − t2b

�
þ 2mðHa

pε − 2Ha
mε · pÞ

�
−tbð5m2 − 2tbÞ lnðm2Þ

−
m2 − tb

tb
ðm4 − 5m2tb þ 2t2bÞ ln

�
m2 − tb
m2

�
−m4 þ 8m2tb − 3t2b

���
: ð28Þ

B. The box diagrams

Here, we present the results of box diagrams. In the calculation of diagrams in Figs. 2(b) and 2(c), the four-point integrals
have to be considered. After taking the high energy limit and eliminating the s suppressed terms, in the end the results turn
out to be quite simple, that is

A2þ3 ¼
eefNc

ð4πÞ2−ϵ
cΓ

tðta −m2ÞΓ
ð0Þ;a
qq ðHa

T þmHa
pεÞ

�ð−tÞ−ϵ
ϵ2

−
3ðm2Þ−ϵ
2ϵ2

þ ðm2Þ−ϵ
ϵ

�
ln

�
−
αs
m2

�
þ ln

�
αs
m2

�
þ ln

�
−t
m2

�

− ln

�
1 −

ta
m2

��
− ln

�
−

t
m2

��
ln

�
−
αs
m2

�
þ ln

�
αs
m2

��
− ln

�
1 −

ta
m2

�
2

−
3π2

4
þ C0ð1Þ

�
: ð29Þ

Here, C0ð1Þ ¼ C0ðta; t; m2; m2; 0; 0Þ, as in A1.
The results of diagrams conjugating to Figs. 2(b)

and 2(c) can be obtained by taking the following replace-
ments: ta → tb, α → 1 − α, ðHa

TþmHa
pεÞ→ ðHa

TþmHa
pε−

sHa
ε þ2ðHa

k−mHa
mÞε ·pþ2Ha

pε ·rÞ.
Note that there are ln s terms in the amplitudes of

Figs. 2(b) and 2(c), and also their conjugate partners.
Next, we give the result of the adjacent box as shown

in Fig. 2(l),

A12 ¼ Γð0Þ;a
qq

2s
t

�
eef
s

��
−

1

2Nc

�
2

ð4πÞ2−ϵ
�
cΓ
ϵ
A−1
12 þ A0

12

�
;

ð30Þ

in which the divergent part A−1
12 is

A−1
12 ¼ −ðHa

T þmHa
pεÞ

M2xr lnðxrÞ
m2ð1 − x2rÞ

; ð31Þ

with

xr ¼ −
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

2m2þM2

q

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

2m2þM2

q ; ð32Þ

and M2 ¼ ðqþ rÞ2, defined in the above paragraph.
The finite term A0

12 is given in the Appendix. The
amplitude of the conjugate diagram of Fig. 2(l) goes as

Ā12 ¼ Γð0Þ;a
qq

2s
t

�
eef
s

��
−

1

2Nc

�
2

ð4πÞ2−ϵ
�
cΓ
ϵ
Ā−1
12 þ Ā0

12

�
;

ð33Þ

where the divergent term

Ā−1
12 ¼ −

M2xr lnðxrÞ
m2ð1 − x2rÞ

½Ha
T þmHa

pε − sHa
ε

þ 2ðHa
k −mHa

mÞε · pþ 2Ha
pε · r�: ð34Þ

The finite piece is also given in the Appendix.
The opposite box diagram Fig. 2(n) does not contain any

divergence, its lengthy analytic expression is presented in
the Appendix.

C. The pentagon diagram

In this subsection we deal with the pentagon diagram
Fig. 2(m). The calculation procedure is complicated and is
performed by computer algebra. Due to the fact that the
integrals depend upon the large scale s, they can be greatly
simplified in the high energy limit. The results are as
follows:

A13 ¼ Γð0Þ;a
qq

Nc

2

eef
tð4πÞ2−ϵ

�
1

ϵ2
Að−2Þ
13 þ 1

ϵ
Að−1Þ
13 þ Að0Þ

13

Δ

�
:

ð35Þ

Here,
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Δ ¼ αðα − 1Þm4 −m2ðtþ αðα − 1Þðta þ tbÞÞ þ αðα − 1ÞðQ2tþ tatbÞ; ð36Þ

Að−2Þ
13 ¼

�
−ðHa

T þmHa
pεÞ

�
1

ta −m2
þ 1

tb −m2

�
þ sHa

ε − 2ðHa
k −mHa

mÞε · p − 2Ha
pε · r

tb −m2

�
; ð37Þ

and

Að−1Þ
13 ¼ 2

�
ðHa

T þmHa
pεÞ

�
lnðmÞ

�
1

ta −m2
þ 1

tb −m2

�
þ lnð1 − ta

m2Þ
ta −m2

þ lnð1 − tb
m2Þ

tb −m2

þ ðtb − taÞ lnðα−1α Þ
ðta −m2Þðtb −m2Þ

�
−
sHa

ε − 2ðHa
k −mHa

mÞε · p − 2Ha
pε · r

tb −m2
ln

�ðta −m2Þα
mð1 − αÞ

��
: ð38Þ

The finite piece Að0Þ
13 in (35) is listed in the Appendix. Note,

we can reproduce the massless result [22] when taking the
m → 0 limit in the above expressions.
We can obtain the amplitude of the conjugate diagram of

Fig. 2(m) by replacing s → −s in the D0ð1Þ, D0ð2Þ, D0ð3Þ,
D0ð4Þ, andDið14Þ → −Dið14Þ. With there replacements one
can easily find that the energy dependence ln s terms in
Fig. 2(m) cancel the terms in its conjugate diagram. Therefore,
the energy dependence terms merely come from A2þ3 þ Ā2þ3.
For convenience, we give all the results derived from

Mathematica, which are in [27].

V. RENORMALIZATION

The results of our considered process contain both
infrared and ultraviolet divergences. The ultraviolet diver-
gences may be renormalized via standard procedure, i.e.,
canceled by counterterms, in modified minimal subtraction
(MS) scheme here. The infrared divergences may be
canceled out when the soft gluon radiation process
γ� þ Reggeon → QQ̄g is taken into account.
The ultraviolet divergences exist only in the self-energy

and triangle diagrams, which are

AUV
1 ¼ eef

ð4πÞ2−ϵ
2ðHa

T þmHa
pεÞ

tðta −m2Þ Γð0Þ;a
qq

3NccΓ
2ϵUV

; ð39Þ

AUV
4 ¼ eef

ð4πÞ2−ϵ
2ðHa

T þmHa
pεÞ

tðta −m2Þ Γð0Þ;a
qq

�
−

cΓ
2NcϵUV

�
; ð40Þ

AUV
5 ¼ eef

ð4πÞ2−ϵ
2ðHa

T þmHa
pεÞ

tðta −m2Þ Γð0Þ;a
qq

3NccΓ
2ϵUV

; ð41Þ

AUV
6 ¼ eef

ð4πÞ2−ϵ
2ðHa

T þmHa
pεÞ

tðta −m2Þ Γð0Þ;a
qq

�
−

cΓ
2NcϵUV

�
; ð42Þ

AUV
7þ8þ9 ¼

eef
ð4πÞ2−ϵ

2ðHa
T þmHa

pεÞ
tðta −m2Þ Γð0Þ;a

qq
cΓ
ϵUV

�
5

3
Nc −

2

3
nf

�
;

ð43Þ

AUV
10 ¼ eef

ð4πÞ2−ϵ
2ðHa

T þmHa
pεÞ

tðta −m2Þ Γð0Þ;a
qq

cΓ
ϵUV

CF; ð44Þ

and

AUV
11 ¼ eef

ð4πÞ2−ϵ
2

tðta −m2Þ2 Γ
ð0Þ;a
qq

cΓ
ϵUV

2CFðð7m2 − taÞHa
T

þ 2ðta þ 2m2ÞmHa
pεÞ: ð45Þ

For the ultraviolet divergence discussed above, when
taking the massless limit we can find it is in agreement with
the result in [22]. We denote Z2, Z3, Zm, Zg as the quark-
field, gluon-field, mass, and coupling renormalization
constants, respectively. Note, in our calculation the renorm-
alization constants Z2 and Zm are defined in an on-shell
scheme, while Z3 and Zg are given in a MS scheme, which
tells us

Z2 ¼ 1 −
αs
4π

CF

�
1

ϵUV
þ 2

ϵUV
− 3γE þ 3 ln

�
4πμ2

m2

�
þ 4

�
;

ð46Þ

Z3 ¼ 1þ αs
4π

�
5

3
Nc −

2

3
nf

��
1

ϵUV
− γE þ lnð4πÞ

�
; ð47Þ

Zg ¼ 1 −
αs
4π

�
11

6
Nc −

1

3
nf

��
1

ϵUV
− γE þ lnð4πÞ

�
; ð48Þ

and

Zm ¼ 1 − 3
αs
4π

CF

�
1

ϵUV
− γE þ ln

�
4πμ2

m2

�
þ 4

3

�
: ð49Þ

After including the counterterms, all of the above ultra-
violet divergences and those divergences from their con-
jugate diagrams are canceled out. Hence our results will be
ultraviolet finite.

VI. NUMERICAL RESULTS

In the following we show the mass effect numerically in
NLO corrections of the photon impact factor. Since in this
work the infrared divergences still exist, the NLO ampli-
tude squared can be expressed as
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jMNLOj2 ¼ MNLOM�
LO ¼ ðMBorn þMLoopÞM�

LO

¼ jMj2Born þ
1

ϵ2
jMj2Loop IR2 þ

1

ϵ
jMj2Loop IR1

þ jMj2Loop finite: ð50Þ

We then can evaluate respectively the mass effects for the
Born term jMj2Born, second-order infrared divergent term
jMj2Loop IR2, first-order infrared divergent term jMj2Loop IR1,
and NLO finite term jMj2Loop finite.
In the numerical evaluation, we take the following inputs:

nf ¼ 5; Q ¼ 7 GeV; μ ¼ Q2;

α ¼ 0.2; ta ¼ tb ¼ t ¼ 50 GeV2: ð51Þ

In our calculation, the quark massm varies from 0 to 6 GeV,
then nf ¼ 5 (in the physical world the charm quarkmass and
bottom quark mass are about 1.4 and 4.7 GeV, respectively).
In order to demonstrate the resultsmore clearly, we define the

ratio RðmÞ ¼ jMj2
jMj2m¼0 GeV

, and the ratios of jMj2Born, jMj2LoopUV,
jMj2Loop IR2, jMj2Loop IR1, and jMj2Loop finite. The inputs s are
taken as s ¼ 1000 GeV2 and s ¼ 2000 GeV2, respectively.
The curves are shown in Fig. 3.
From Fig. 3 we can see that, for s ¼ 1000 GeV2 and

s ¼ 2000 GeV2, the curves change little. As the quark
mass gets larger, the NLO amplitude squared also gets
larger quickly, even for the jMj2Loop IR1, the ratio is nearly 20
when the quark mass is 6 GeV. So we may conclude that, in
the γ� → QQ̄-Reggeon vertex, the quark mass effects on
the photon impact factor are significant, and may influence
the results of high energy photon-photon scattering and
heavy quark pair leptoproduction.

VII. CONCLUSIONS

In this paper, we calculated the process γ� þ q →
QQ̄þ q at NLO with fully virtual corrections in the high
energy limit for massive quark pair QðQ̄Þ, which tells
the coupling of the Reggeized gluon to γ� → QQ̄. This
calculation is just the first step of our final purpose, to
obtain the complete NLO corrections to the photon impact
factor and checking the BFKL pomeron prediction for the
process γ� þ γ� → γ� þ γ� at high energies.
In our calculation all contributions from loop diagrams,

i.e., self-energy, triangle, box, and pentagon diagrams, are
regulated in dimensional regularization scheme and the
ultraviolet divergences are renormalized by adding the
corresponding counterterms. In the end, the infrared diver-
gences still exist in the result, which would be canceled
after taking account of the real corrections.
We find that for the γ� þ q → QQ̄þ q process in the

massive quark case, the quark mass effects are significant at
the next-to-leading order of accuracy, which indicates that
for heavy quark diffractive photoproduction, the quark
mass is indispensable. Our result might essentially show
the quark mass effect, in spite of the absence of real
corrections, which are needed in a complete NLO calcu-
lation. Moreover, for the photon impact factor with heavy
quarks, the photon is legitimate to be real in order to
guarantee the perturbative QCD calculations applicable.
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APPENDIX A: DEFINITION OF THE LOOP INTEGRALS

The loop integrals in LOOPTOOLS are defined as

C0ðp2
1; p

2
2; p

2
3; ðp1 þ p2Þ2; m2

1; m
2
2; m

2
3Þ ¼

ð2πμÞ4−2ϵ
iπ2

Z
d4−2ϵq

½q2 −m2
1�½ðqþ p1Þ2 −m2

2�½ðqþ p1 þ p2Þ2 −m2
3�
;

D0ðp2
1; p

2
2; ðp1 þ p2Þ2; ðp2 þ p3Þ2; m2

1; m
2
2; m

2
3; m

2
4Þ

¼ ð2πμÞ4−2ϵ
iπ2

Z
d4−2ϵq

½q2 −m2
1�½ðqþ p1Þ2 −m2

2�½ðqþ p1 þ p2Þ2 −m2
3�½ðqþ p1 þ p2 þ p3Þ2 −m2

4�
;

ð2πμÞ4−2ϵ
iπ2

Z
d4−2ϵq

qμ

½q2 −m2
1�½ðqþ p1Þ2 −m2

2�½ðqþ p1 þ p2Þ2 −m2
3�
¼

X2
i¼1

Cip
μ
i ;

ð2πμÞ4−2ϵ
iπ2

Z
d4−2ϵq

qμqν

½q2 −m2
1�½ðqþ p1Þ2 −m2

2�½ðqþ p1 þ p2Þ2 −m2
3�
¼ gμνC00 þ

X2
i;j¼1

Cijp
μ
i p

ν
j ;

ð2πμÞ4−2ϵ
iπ2

Z
d4−2ϵq

qμ

½q2 −m2
1�½ðqþ p1Þ2 −m2

2�½ðqþ p1 þ p2Þ2 −m2
3�½ðqþ p1 þ p2 þ p3Þ2 −m2

4�
¼

X3
i¼1

Dip
μ
i ;

ð2πμÞ4−2ϵ
iπ2

Z
d4−2ϵq

qμqν

½q2 −m2
1�½ðqþ p1Þ2 −m2

2�½ðqþ p1 þ p2Þ2 −m2
3�½ðqþ p1 þ p2 þ p3Þ2 −m2

4�

¼ gμνD00 þ
X3
i;j¼1

Dijp
μ
i p

ν
j ;

ð2πμÞ4−2ϵ
iπ2

Z
d4−2ϵq

qμqνqρ

½q2 −m2
1�½ðqþ p1Þ2 −m2

2�½ðqþ p1 þ p2Þ2 −m2
3�½ðqþ p1 þ p2 þ p3Þ2 −m2

4�

¼
X3
i¼1

ðgμνpρ
i þ gνρpμ

i þ gμρpν
i ÞD00i þ

X3
i;j;k¼1

Dijkp
μ
i p

ν
jp

ρ
k: ðA1Þ

All of the coefficients such as Cij, Dijk can be evaluated numerically by LOOPTOOLS.

APPENDIX B: THE LENGTHY AMPLITUDES

In the following, we list the expressions that are not given in the main body of the paper:

A14 ¼ Γð0Þ;a
qq

2s
t

�
eef
s

��
Nc

2

�
1

ð4πÞ2 fH
a
T ½3m2D0ð14Þ þ 2ð3m2 − tþ tbÞD1ð14Þ

þ ð2m2 þQ2 − 2tþ 2ta þ 4tbÞD2ð14Þ − 3Q2D3ð14Þ þ 6D00ð14Þ þ 5m2D11ð14Þ
þ ð4m2 þQ2 − 5tþ ta þ 5tbÞD12ð14Þ þ 4ðm2 −Q2 − taÞD13ð14Þ
þ ðm2 þQ2 þ 4tbÞD22ð14Þ − 2ð2m2 þQ2 − 2tbÞD23ð14Þ − 3Q2D33ð14Þ�
þmHa

pε½ð3m2 þQ2 þ 2ta − 2tbÞD0ð14Þ þ ð5m2 þ 2Q2 − 2tþ 3taÞD1ð14Þ
þ ð3m2 þ 3Q2 − 2tþ 4ta þ tbÞD2ð14Þ −Q2D3ð14Þ þ 6D00ð14Þ
þ ð4m2 þQ2 þ taÞD11ð14Þ þ ð4m2 þ 3Q2 − 5tþ 2ta þ 4tbÞD12ð14Þ
þ 2ð2m2 −Q2 − 2taÞD13ð14Þ þ ð2m2 þ 2Q2 þ 3tbÞD22ð14Þ
þ 4ðtb −m2ÞD23ð14Þ − 3Q2D33ð14Þ�
þHa

p½ε · rð4m2D1ð14Þ þ 2ðQ2 − 3m2 þ 2taÞD2ð14Þ − 4Q2D3ð14Þ þ 8D00ð14Þ
þ 4m2D11ð14Þ − 2ðm2 −Q2 − taÞD12ð14Þ þ 4ðm2 −Q2 − taÞD13ð14Þ
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− 2ðm2 −Q2 − 2tþ tbÞD22ð14Þ þ 4ðta −m2ÞD23ð14Þ − 4Q2D33ð14Þ
− 20D002ð14Þ − 2ðm2 − tþ tbÞD122ð14Þ þ 2ðQ2 −m2 þ taÞD123ð14Þ
− 2tbD222ð14Þ þ 2Q2D233ð14Þ þ 2ðm2 þQ2 − tbÞD223ð14ÞÞ
þ ε · kð−6m2D0ð14Þ − 2ð5m2 − 2tþ 2tbÞD1ð14Þ − 2ð5m2 − 2tþ 2tbÞD2ð14Þ
− 2Q2D3ð14Þ þ 4D00ð14Þ þ ð4t − 6m2 − 4tbÞD11ð14Þ þ 4ðta − tbÞD13ð14Þ
− 10ðm2 − tþ tbÞD12ð14Þ − 2ð2m2 − 2tþ 3tbÞD22ð14Þ þ 4ðta − tbÞD23ð14Þ
− 2Q2D33ð14Þ − 20D001ð14Þ − 20D002ð14Þ − 2ð2m2 − tþ tbÞD112ð14Þ
þ 2ðQ2 −m2 þ taÞD113ð14Þ − 2ðm2 − tþ 2tbÞD122ð14Þ þ 2Q2D133ð14Þ
þ 2ð2Q2 þ ta − tbÞD123ð14Þ − 2tbD222ð14Þ þ 2ðm2 þQ2 − tbÞD233ð14Þ
þ 2Q2D233ð14ÞÞ� þ sHa

ε ½−2αm2D0ð14Þ þ ðm2 þQ2 − ð7m2 þQ2ÞαÞD1ð14Þ
þ ðð3 − 5αÞm2 þQ2 þ 2t − 2ta − 2ðQ2 þ tbÞαÞD2ð14Þ − 2ð1þ 2αÞD00ð14Þ
þ ðm2 þQ2ð1þ 2αÞÞD3ð14Þ − ðð1þ 3αÞm2 − ð1 − αÞðQ2 þ taÞÞD11ð14Þ
þ ðð2 − 3αÞQ2 þ ta − tb − αð3m2 þ 2ta þ 3tbÞ þ 2ðαþ 1ÞtÞD12ð14Þ
þ ððQ2 þ taÞð2αþ 3Þ − ð1þ 2αÞm2ÞD13ð14Þ
þ ðm2 þQ2 − tb − 2αðm2 þQ2 þ tbÞÞD22ð14Þ − 2D003ð14Þ
þ ðð3þ 2αÞm2 þ 3Q2 − ð1þ 2αÞtbÞD23ð14Þ þ 2ð1þ αÞQ2D33ð14Þ
þ 2ðα − 1ÞðD001ð14Þ þD002ð14ÞÞ þ ðα − 1Þð2m2 − tþ tbÞD112ð14Þ
þ ððα − 2Þm2 þ ð1 − αÞðQ2 þ taÞÞD113ð14Þ þ ðm2 − tþ 2tbÞðα − 1ÞD122ð14Þ
þ ð−m2 þ tþ ðα − 2Þtb − 2Q2ðα − 1Þ þ ð1 − αÞtaÞD123ð14Þ
þ ðta −m2 þ ð2 − αÞQ2ÞD133ð14Þ þ ðα − 1ÞtbD222ð14Þ
þ ðm2 þQ2 − 2tb − αðm2 þQ2 − tbÞÞD223ð14Þ
þ ðm2 − tb −Q2ðα − 2ÞÞD233ð14Þ þQ2D333ð14Þ�
þ 2mHa

m½2sðð1þ αÞD2ð14Þ þ 2D12ð14Þ þ ð3 − αÞÞD22ð14Þ þ ðαþ 2ÞD23ð14Þ
þ ð1 − αÞD112ð14Þ þ 3ð1 − αÞD122ð14Þ þ ð2 − αÞD123ð14Þ þ 2ð1 − αÞD222ð14Þ
þ ð3 − αÞD223ð14Þ þ 2D233ð14ÞÞε · rþ 2sð2αD0ð14Þ þ ð1þ 3αÞD1ð14Þ þ 4αD2ð14Þ
þ 2D11ð14Þ þ 4D12ð14Þ þ ð2þ αÞD13ð14Þ þ 2D22ð14Þ þ ð1þ αÞD23ð14Þ þD133ð14Þ
þ ð1 − αÞD111ð14Þ þ 4ð1 − αÞD112ð14Þ þ ð2 − αÞD113ð14Þ þ 5ð1 − αÞD122ð14Þ
þ ð5 − 2αÞD123ð14Þ þ 2ð1 − αÞD222ð14Þ þ ð3 − αÞD223ð14Þ þD233ð14ÞÞε · k
þ ð−ðm2 þQ2 þ 2taÞD0ð14Þ − ð2m2 þ 2Q2 þ 3taÞD1ð14Þ − ðm2 þ 3Q2 − 2t

þ 4ta þ tbÞD2ð14Þ − ðm2 þQ2ÞD3ð14Þ − 6D00ð14Þ − ðQ2 þ taÞD11ð14Þ
− ð3Q2 − tþ 2taÞD12ð14Þ − 2Q2D13ð14Þ þ ðtb − 2m2 − 2Q2ÞD22ð14Þ
− 4Q2D23ð14Þ −Q2D33ð14Þ þ 2D001ð14Þ þ 4D002ð14Þ þ 2D003ð14Þ þm2D111ð14Þ
þ ð3m2 − tþ tbÞD112ð14Þ þ ð2m2 −Q2 − taÞD113ð14Þ þ ð2m2 − 2tþ 3tbÞD122ð14Þ
þ ð2m2 − 3Q2 − t − 2ta þ 2tbÞD123ð14Þ þ ðm2 − 2Q2 − taÞD133ð14Þ þ 2tbD222ð14Þ
þ ð3tb − 2m2 − 2Q2ÞD223ð14Þ þ ðtb −m2 − 3Q2ÞD233ð14Þ −Q2D333ð14ÞÞε · p�
þ 2Ha

k ½2sðð1 − αÞD2ð14Þ þ ð1 − αÞD12ð14Þ − αD23ð14Þ þ ðα − 1ÞD122ð14Þ
þ ðα − 1ÞD123ð14Þ þ ðα − 1ÞD222ð14Þ þ ðα − 2ÞD223ð14Þ −D233ð14ÞÞε · r
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þ 2sðð1 − αÞD2ð14Þ − ð1þ αÞD13ð14Þ − αD23ð14Þ þ ðα − 1ÞD112ð14Þ
þ ðα − 1ÞD113ð14Þ þ 2ðα − 1ÞD122ð14Þ þ ð2α − 3ÞD123ð14Þ −D133ð14Þ
þ ðα − 1ÞD222ð14Þ þ ðα − 2ÞD223ð14Þ −D233ð14ÞÞε · kþ ð2m2D0ð14Þ
þ 4m2D1ð14Þ þ ðm2 þQ2 þ 2ðta þ tb − tÞÞD2ð14Þ þ ðm2 −Q2ÞD3ð14Þ
þ 2D00ð14Þ þ ðm2 þQ2 − 2tþ ta þ 2tbÞD12ð14Þ þ ðm2 −Q2 − taÞD13ð14Þ
þ ðm2 þQ2 þ tbÞD22ð14Þ þ ðQ2 −m2 þ tbÞD23ð14Þ − 2D002ð14Þ − 2D003ð14Þ
−m2D112ð14Þ −m2D113ð14Þ þ ðt −m2 − tbÞD122ð14Þ þ ðQ2 − 2m2 þ tþ ta

− tbÞD123ð14Þ þ ðQ2 −m2 þ taÞD133ð14Þ − tbD222ð14Þ þ ðm2 þQ2 − 2tbÞD223ð14Þ
þ 2m2D11ð14Þ þ ðm2 þ 2Q2 − tbÞD233ð14Þ þQ2D333ð14ÞÞε · p�
− 4mHa

pk½ð2ðD0ð14Þ þD11ð14Þ þD22ð14ÞÞ þ 4ðD1ð14Þ þD2ð14Þ þD12ð14ÞÞÞε · k
þ ðD0ð14Þ þD1ð14Þ þ 3D2ð14Þ þ 2D12ð14Þ þ 2D22ð14ÞÞε · r�
þ 2msHa

kεðð1 − 2αÞD0ð14Þ þ ð2 − 3αÞD1ð14Þ þ ð2 − 3αÞD2ð14Þ þ ð1 − αÞD11ð14Þ
þ 2ð1 − αÞD12ð14Þ þ ð1 − αÞD22ð14Þ þD13ð14Þ þD23ð14ÞÞg: ðA2Þ

and Dið14Þ ¼ Diðm2; t; m2;−Q2; tb; ta; m2; 0; 0; m2Þ.
A0
12 ¼ −Ha

T ½ð3m2D0ð12Þfin þ ð4m2 −M2ÞD1ð12Þfin þm2D11ð12ÞfinÞ
þ ð2m2 þM2ÞðD2ð12Þ þD12ð12Þ þD22ð12Þ −D123ð12Þ −D223ð12ÞÞ
− 2D00ð12Þ þQ2D33ð12Þ − 6D003ð12Þ þQ2D333ð12Þ
− ðm2 −Q2 − taÞD133ð12Þ − ð2m2 − 2Q2 − ta − tbÞD233ð12Þ�
þmHa

pε½−ð3m2 þ ta − tbÞD0ð12Þfin − ð4m2 þ 2Q2 − tþ 3taÞD1ð12Þfin
− ðQ2 þ taÞD11ð12Þfin þm2D111ð12Þfin − ð2m2 þM2ÞðD2ð12Þ þD22ð12Þ
−D112ð12Þ −D122ð12Þ −D223ð12ÞÞ − ðQ2 þ tÞD12ð12Þ − 2Q2D13ð12Þ
−Q2D33ð12Þ þ 6D001ð12Þ þ 6D003ð12Þ þ ð2m2 −Q2 − taÞD113ð12Þ
þ ð4m2 − 3Q2 þ t − 2ta − 2tbÞD123ð12Þ þ ðm2 − 2Q2 − taÞD133ð12Þ
þ ð2m2 − 2Q2 − ta − tbÞD233ð12Þ −Q2D333ð12Þ þ 2D00ð12Þ�
þ sHa

ε ½αm2ðD0ð12Þfin þ 3D1ð12Þfin þ 2D11ð12ÞfinÞ þ 2αD00ð12Þ
þ ðð1þ αÞm2 þ t − ta − αð2Q2 þ ta þ tbÞÞD2ð12Þ − αQ2D3ð12Þ
þ ð4αm2 þ ð1þ αÞt − ð1þ 2αÞta − 2αtb − 3αQ2ÞD12ð12Þ
− ð2αQ2 − αm2 þ ð1þ αÞtaÞD13ð12Þ þ αð2m2 − 2Q2 − ta − tbÞD223ð12Þ
þ ðð1þ 4αÞm2 þ ð1þ αÞt − 3αQ2 − ð1þ 2αÞta − 2αtbÞD22ð12Þ
þ ðð1þ 2αÞm2 − ð1þ αÞta − αtb − 4αQ2ÞD23ð12Þ − αQ2D233ð12Þ
− αQ2D33ð12Þ þ 2ðα − 1ÞD001ð12Þ − 2ð1 − 3αÞD002ð12Þ − 2D003ð12Þ
þ αð2m2 þM2ÞðD122ð12Þ þD222ð12ÞÞ þ αðm2 −Q2 − taÞD123ð12Þ�
þ sHa

kε½ð2α − 1ÞD0ð12Þfin þ ð3α − 2ÞD1ð12Þfin
þ ðα − 1ÞD11ð12Þfin −D12ð12Þ −D13ð12Þ�
þ 2mHa

pk½ð2D0ð12Þfin þ 3D1ð12Þfin þD11ð12ÞfinÞε · k
þ ðD0ð12Þfin þD1ð12Þfin −D12ð12ÞÞε · r�
þ 2sHa

k ½ðD2ð12Þ þD12ð12Þ þ ð1þ αÞD13ð12Þ þD22ð12Þ þD23ð12Þ
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þ ð1 − αÞD113ð12Þ þD123ð12Þ þD133ð12ÞÞε · kþ ðð1 − αÞðD2ð12Þ
þD12ð12Þ þD22ð12Þ −D123ð12ÞÞ − αD23ð12Þ −D223ð12Þ −D233ð12ÞÞε · r�
þ 2msHa

m½ð−2αD0ð12Þfin − ð1þ 3αÞD1ð12Þfin − 2D11ð12Þfin þ ðα − 1ÞD111ð12Þfin
−D2ð12Þ − 2D12ð12Þ − ðαþ 2ÞD13ð12Þ −D22ð12Þ −D23ð12Þ −D112ð12Þ
þ ðα − 2ÞD113ð12Þ −D123ð12ÞÞε · kþ ðð1þ αÞD2ð12Þ þ 2D12ð12Þ þ ð1þ αÞD22ð12Þ
þ ð2þ αÞD23ð12Þ þ ð1 − αÞD112ð12Þ þ ð2 − αÞD123ð12Þ þD122ð12Þ þD223ð12Þ
þD233ð12ÞÞε · r�
− 2Ha

p½ð−2m2D0ð12Þfin − ð2m2 −M2ÞD1ð12Þfin þ ðm2 þM2ÞD11ð12Þfin
− ðm2 þQ2 þ tÞD2ð12Þ − ðm2 þQ2ÞD3ð12Þ þ ð4m2 − 3Q2 þ t − 2ta − 2tbÞD12ð12Þ
þ 4D00ð12Þ þ ð2m2 − 3Q2 − ta − tbÞD13ð12Þ þ ð2m2 − 2Q2 − ta − tbÞD22ð22Þ
þ ð2m2 − 4Q2 − ta − tbÞD23ð12Þ − 2Q2D33ð12Þ þ 6D002ð12Þ þ 6D003ð12Þ
þ ð3m2 þM2ÞD112ð12Þ þ ð2m2 −Q2 − taÞD113ð12Þ þ 2ð2m2 þM2ÞD122ð12Þ
þ ð5m2 − 4Q2 þ t − 3ta − 2tbÞD123ð12Þ þm2D111ð12Þfin þ ð2m2 þM2ÞD222ð12Þ
þ ðm2 − 2Q2 − taÞD133ð12Þ þ ð4m2 − 3Q2 þ t − 2ta − 2tbÞD223ð12Þ þ 4D001ð12Þ
þ ð2m2 − 3Q2 − ta − tbÞD233ð12Þ −Q2D333ð12ÞÞε · kþ ðm2D1ð12Þfin þm2D11ð12Þfin
þ ðQ2 −m2 þ taÞD2ð12Þ −Q2D3ð12Þ þ 2D00ð12Þ −Q2D33ð12Þ þ 2D002ð12Þ
þ ðm2 −Q2 − taÞðD13ð12Þ þD22ð12ÞÞ þ ðm2 − 2Q2 − taÞD23ð12ÞÞε · r�
þ 2ε · pHa

k ½−m2D0ð12Þfin − 2m2D1ð12Þfin −m2D11ð12Þfin − ð2m2 þM2Þ
× ðD2ð12Þ þD12ð12Þ þD22ð12Þ −D123ð12Þ −D223ð12ÞÞ −m2D3ð12Þ −Q2D33ð12Þ
þ 4D003ð12Þ þm2D113ð12Þ þ ð2m2 − 2Q2 − ta − tbÞD233ð12Þ −Q2D333ð12Þ
þ ðm2 −Q2 − taÞD133ð12Þ�
þ 2mHa

mε · p½ðm2 þQ2 þ taÞD0ð12Þfin þ ðm2 þ 2Q2 þ 2taÞD1ð12Þfin
þ ðQ2 −m2 þ taÞD11ð12Þfin −m2D111ð12Þfin þ ðQ2 þ tÞD2ð12Þ
þ ðm2 þ 2Q2ÞD3ð12Þ þ ð2Q2 − 2m2 þ ta þ tbÞD12ð12Þ þ 2Q2D33ð12Þ
− ðm2 − 3Q2 − taÞD13ð12Þ − ð2m2 − 2Q2 − ta − tbÞD23ð12Þ − 4D001ð12Þ
− ð2m2 þM2ÞðD112ð12Þ þD122ð12Þ þD223ð12ÞÞ þ ðQ2 − 2m2 þ taÞD113ð12Þ
− ð4m2 − 3Q2 þ t − 2ta − 2tbÞD123ð12Þ − ðm2 − 2Q2 − taÞD133ð12Þ
− 4D003ð12Þ þ ð2Q2 − 2m2 þ ta þ tbÞD233ð12Þ þQ2D333ð12Þ�: ðA3Þ

Here Dið12Þ ¼ Diðm2; m2; t;−Q2; 2m2 þM2; ta; m2; 0; m2; m2Þ.

Ā0
12 ¼ −Ha

T ½ð3m2D0ð12Þfin þ ð4m2 −M2ÞD1ð12Þfin þm2D11ð12ÞfinÞ
þ ð2m2 þM2ÞðD2ð12Þ þD12ð12Þ þD22ð12Þ −D123ð12Þ −D223ð12ÞÞ
− 2D00ð12Þ þQ2D33ð12Þ − 6D003ð12Þ − ðm2 −Q2 − tbÞD133ð12Þ
− ð2m2 − 2Q2 − tb − taÞD233ð12Þ þQ2D333ð12Þ�
−mHa

pε½ð3m2 þ ta − tbÞD0ð12Þfin þ ð4m2 − tþ 2ta − tbÞD1ð12Þfin
þ ð2m2 −Q2 − tbÞD11ð12Þfin þm2D111ð12Þfin þm2D3ð12Þ
þ ð2m2 þM2ÞðD2ð12Þ þD22ð12Þ þD112ð12Þ þD122ð12Þ −D223ð12ÞÞ
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þ ð4m2 − 3Q2 þ t − 2ta − 2tbÞD12ð12Þ − 2Q2D13ð12Þ þQ2D33ð12Þ
þ 6D001ð12Þ − 6D003ð12Þ − ðQ2 þ tbÞD113ð12Þ − ðQ2 þ tÞD123ð12Þ
þ ðm2 − tbÞD133ð12Þ − ð2m2 − 2Q2 − ta − tbÞD233ð12Þ þQ2D333ð12Þ�
þ sHa

ε ½ðαþ 2Þm2D0ð12Þfin þ ðð3αþ 1Þm2 −M2ÞD1ð12Þfin
þ ð2α − 1Þm2D11ð12Þfin þ ðαm2 þ ð1 − 2αÞQ2 − αta þ ð1 − αÞtbÞD2ð12Þ
þ ðm2 þ ð1 − αÞQ2ÞD3ð12Þ þ 2ðα − 2ÞD00ð12Þ
þ ð2ð2α − 1Þm2 þ ð2 − 3αÞQ2 þ ðα − 1Þðtþ 2tbÞ þ ð1 − 2αÞtaÞD12ð12Þ
þ ð2ð1 − αÞQ2 þ ðα − 1Þm2 þ ð2 − αÞtbÞD13ð12Þ
þ ðð4α − 3Þm2 þ ðα − 1Þtþ ð2 − 3αÞQ2 þ ð1 − 2αÞta þ 2ð1 − αÞtbÞD22ð12Þ
þ ðð2α − 3Þm2 þ ð1 − αÞta þ ð2 − αÞtb − 4ð1 − αÞQ2ÞD23ð12Þ
þ ð2 − αÞQ2D33ð12Þ þ 2αD001ð12Þ þ 2ð3α − 2ÞD002ð12Þ − 4D003ð12Þ
þ ðα − 1Þð2m2 þM2ÞðD122ð12Þ þD222ð12ÞÞ þ ðQ2 −m2 þ tbÞD133ð12Þ
þ ð2ðα − 2Þm2 þ ð3 − 2αÞQ2 − tþ ð2 − αÞðta þ tbÞÞD223ð12Þ
þ ððα − 3Þm2 þ ð2 − αÞQ2 − tþ ta þ ð2 − αÞtbÞD123ð12Þ þ ðα − 1Þm2D112ð12Þ
þ ðð3 − αÞQ2 − 2m2 þ ta þ tbÞD233ð12Þ þQ2D333ð12Þ −m2D113ð12Þ�
þ sHa

kε½ð2α − 1ÞD0ð12Þfin þ ð3α − 1ÞD1ð12Þfin þ αD11ð12Þfin þD12ð12Þ
þD13ð12Þ� þ 2mHa

pk½ð2D0ð12Þfin þ 3D1ð12Þfin þD11ð12ÞfinÞε · k
þ ðD0ð12Þfin þ 2D1ð12Þfin þD11ð12Þfin þD12ð12ÞÞε · r�
þ 2sHa

k ½ðD2ð12Þ þD12ð12Þ þ ð2 − αÞD13ð12Þ þD22ð12Þ
þD23ð12Þ þ αD113ð12Þ þD123ð12Þ þD133ð12ÞÞε · k
þ ðð1 − αÞðD2ð12Þ þD12ð12Þ þD22ð12ÞÞ þ αD113ð12Þ þD133ð12Þ
þ ð2 − αÞðD13ð12Þ þD23ð12ÞÞ þ ð1þ αÞD123ð12Þ þD223ð12Þ þD233ð12ÞÞε · r�
þ 2msHa

m½ð−2αD0ð12Þfin þ ð1 − 3αÞD1ð12Þfin þD11ð12Þfin þ αD111ð12Þfin
−D2ð12Þ − ð1 − αÞD13ð12Þ −D22ð12Þ −D23ð12Þ þD112ð12Þ þ ð1 − αÞD113ð12Þ
−D123ð12Þ −D133ð12ÞÞε · kþ ðD1ð12Þfin þ ð1þ αÞD11ð12Þfin þ αD111ð12Þfin
−D2ð12Þ þ ð1þ αÞð2D12ð12Þ þD22ð12Þ þD112ð12ÞÞ þ ð1 − αÞD113ð12Þ
þ αD23ð12Þ − αD123ð12Þ þD122ð12Þ −D133ð12Þ −D223ð12Þ −D233ð12ÞÞε · r�
− 2Ha

p½ð−2m2D0ð12Þfin − ð2m2 −M2ÞD1ð12Þfin þ ðm2 þM2ÞD11ð12Þfin
þm2D111ð12Þfin − ðm2 þQ2 þ tÞD2ð12Þ − ðm2 þQ2ÞD3ð12Þ þ 4D00ð12Þ
þ ð4m2 − 3Q2 þ t − 2ta − 2tbÞD12ð12Þ þ ð2m2 − 3Q2 − ta − tbÞD13ð12Þ
þ 4D001ð12Þ þ ð2m2 − 2Q2 − ta − tbÞD22ð12Þ þ 6D002ð12Þ þ 6D003ð12Þ
þ ð2m2 − 4Q2 − ta − tbÞD23ð12Þ − 2Q2D33ð12Þ þ ð3m2 þM2ÞD112ð12Þ
þ ð2m2 −Q2 − tbÞD113ð12Þ þ ð5m2 − 4Q2 þ t − 2ta − 3tbÞD123ð12Þ
þ ðm2 − 2Q2 − tbÞD133ð12Þ þ ð4m2 − 3Q2 þ t − 2ta − 2tbÞD223ð12Þ
þ 2ð2m2 þM2ÞD122ð12Þ þ ð2m2 þM2ÞD222ð12Þ −Q2D333ð12Þ
þ ð2m2 − 3Q2 − ta − tbÞD233ð12ÞÞε · k
þ ðm2D0ð12Þfin þm2D1ð12Þfin þm2D11ð12Þfin þm2D111ð12Þfin
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− ðQ2 þ taÞD2ð12Þ þ ð4m2 − 3Q2 þ 2t − 3ta − 2tbÞD12ð12Þ
þ ðm2 − 2Q2 − taÞD13ð12Þ þ ð3m2 − 2Q2 þ t − 2ta − tbÞD22ð12Þ
þ ðm2 − 2Q2 − taÞD23ð12Þ þ 4D001ð12Þ þ ð3m2 þM2ÞD112ð12Þ
þ 4D002ð12Þ þ ðm2 −Q2 − tbÞD113ð12Þ þ 2ð2m2 þM2ÞD122ð12Þ
þ ð3m2 − 3Q2 − ta − 2tbÞD123ð12Þ þ ð2m2 þM2ÞD222ð12Þ
þ ð2m2 − 2Q2 − ta − tbÞD223ð12Þ −Q2D133ð12Þ −Q2D233ð12ÞÞε · r�
þ 2ε · pHa

k½−2m2D0ð12Þfin − ð2m2 −M2ÞD1ð12Þfin þ 2D00ð12Þfin þ 2D003ð12Þfin�
þ 2mHa

mε · p½ð2m2 þQ2 þ taÞD0ð12Þfin þ ðm2 þ 2Q2 − tþ 2ta þ tbÞD1ð12Þfin
−m2D11ð12Þfin − ð2m2 − 2Q2 − ta − tbÞD2ð12Þ þ 2Q2D3ð12Þ − 2D00ð12Þ
þ ðQ2 − 2m2 − tþ ta þ tbÞD12ð12Þ − ð2m2 − 2Q2 − ta − tbÞD23ð12Þ
þ ðQ2 −m2 þ tbÞD13ð12Þ þQ2D33ð12Þ þ 2D001ð12Þ − 2D003ð12Þ�: ðA4Þ

Here Dið12Þ ¼ Diðm2; m2;−Q2; t; 2m2 þM2; tb; m2; 0; m2; m2Þ.

Að0Þ
13 ¼ Ha

Tfαðα − 1Þtðta − tbÞ½ðα − 1ÞsD0ð2Þ − αsD0ð1Þ�
− ðα − 1Þð2Δþ ðα − 1Þαðta − tbÞðta −m2ÞÞsD0ð3Þ
− αð2Δþ ðα − 1Þαðtb − taÞðtb −m2ÞÞsD0ð4Þ
− ½2ðα − 1Þαm6 þm4ð2ðα2 − α − 1Þt − 3ðα − 1Þαðta þ tbÞÞ
þm2ð2tðαðα − 1ÞQ2 − αðα − 2Þta þ ð1 − α2ÞtbÞ − 2t2

þ ðα − 1Þαðt2a þ 4tatb þ t2bÞÞ þ ðα − 1Þαð2t − ta − tbÞðQ2tþ tatbÞ�D0ð14Þg
þ ðsHa

ε − 2ðHa
k −mHmÞε · pÞftðα − 1Þαðta −m2ÞðαsD0ð1Þ − ðα − 1ÞsD0ð2ÞÞ

− αð−Δþm2t − ðα − 1ÞαQ2tÞsD0ð4Þ þ ðα − 1Þ2αðta −m2Þ2sD0ð3Þ
− ½−ðα − 1Þαm6 þ αm4ððα − 1Þð2ta þ tbÞ − 2ðα − 2ÞtÞ
þm2ðαtð−ðα − 1ÞQ2 þ 2αðta þ tbÞ − 2ð2ta þ tbÞÞ þ 2t2 − ðα − 1Þαtaðta þ 2tbÞÞ
− ðα − 1Þαð2t − taÞðQ2tþ tatbÞ�D0ð14Þg
þ 2tΔðHa

T þmHa
pε − sHa

ε − 2Ha
pε · kþ 2ðHa

k −mHa
mÞε · pÞD0ð14Þ

þmHa
pεftðt − ðα − 1Þαðta − tbÞÞðαsD0ð1Þ − ðα − 1ÞsD0ð2ÞÞ

− ½2ðα − 1Þαm4 −m2ð3tþ ðα − 1Þαðta þ 3tbÞÞ
þ tð2ðα − 1ÞαQ2 þ tbÞ þ ðα − 1Þαtbðta þ tbÞ�αsD0ð4Þ
− ½2ðα − 1Þαm4 −m2ðtþ ðα − 1Þαðtb þ 3taÞÞ
þ tð2ðα − 1ÞαQ2 − taÞ þ ðα − 1Þαtaðta þ tbÞ�ðα − 1ÞsD0ð3Þ
− ½2ðα − 1Þαm6 þm4ðtð2α2 − 4α − 1Þ − 3ðα − 1Þαðta þ tbÞÞ
þm2ðtð−2α2ðta þ tb −Q2Þ þ 2αð3ta þ tb −Q2Þ − ta þ tbÞ
− 2t2 þ ðα − 1Þαðt2a þ 4tatb þ t2bÞÞ
þ ðQ2tþ tatbÞðð2α2 − 4αþ 1Þt − ðα − 1Þαðta þ tbÞÞ�D0ð14Þg
þ 2mtHa

pkε · pf−αtD0ð1Þ þ ðα − 1ÞtD0ð2Þ
þ αðtb −m2ÞD0ð4Þ − ðα − 1Þðta −m2ÞD0ð3Þ
þ ð1 − 2αÞðm4 −m2ðta þ tbÞ þQ2tþ tatbÞD0ð14Þ=sg
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þ 2Ha
pftðαðα − 1Þsðm2 − taÞε · r − tm2ε · pÞαD0ð1Þ

þ tðαðα − 1Þsðta −m2Þε · rþ tm2ε · pÞðα − 1ÞD0ð2Þ
þ ðta −m2Þðαðα − 1Þsðm2 − taÞε · r − tm2ε · pÞðα − 1ÞD0ð3Þ
− ðsðΔ −m2tþ ðα − 1ÞαQ2tÞε · rþm2tðm2 − tbÞε · pÞαD0ð4Þ
− ½ð2α − 1Þm2tðm4 −m2ðta þ tbÞ þQ2tþ tatbÞε · p=s
þ ðm2 − taÞðΔþm2tð1 − 2αÞÞε · r − 2tΔε · k�D0ð14Þ
− 2tΔε · kðD1ð14Þ þD2ð14ÞÞ − 2tΔε · rD2ð14Þg: ðA5Þ

and

D0ð1Þ ¼ D0ðm2; 0; 0; ta; αs; t; m2; 0; 0; 0Þfin
D0ð2Þ ¼ D0ðm2; 0; 0; tb; ðα − 1Þs; t; m2; 0; 0; 0Þfin
D0ð3Þ ¼ D0ðm2; 0; αs;−Q2; ðα − 1Þs; ta; m2; 0; 0; m2Þfin
D0ð4Þ ¼ D0ðm2; 0; ðα − 1Þs;−Q2; αs; tb; m2; 0; 0; m2Þfin: ðA6Þ

Dið14Þ is defined in the above paragraphs. The finite parts of these four-point integrals can also be obtained from [28], or
evaluated by LOOPTOOLS numerically.
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