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Interface effects of quark matter: Light-quark nuggets and compact stars
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The interface effects of quark matter play important roles in the properties of compact stars and small
nuggets, such as strangelets and nonstrange quark matter (udQM) nuggets. By introducing a density
derivative term to the Lagrangian density and adopting Thomas-Fermi approximation, we find it is possible
to reproduce the results obtained by solving Dirac equations. Adopting certain parameter sets, the energy
per baryon of udQM nuggets decreases with baryon number A and become more stable than nuclei at
A Z 300. The effects of quark matter symmetry energy are examined, where udQM nuggets at A ~ 1000
can be more stable than others if large symmetry energy is adopted. In such cases, larger udQM nuggets
will decay via fission and the surface of a udQM star will fragment into a crust made of udQM nuggets and
electrons, which resembles the cases of a strange star’s crust. The corresponding microscopic structures are
then investigated adopting spherical and cylindrical approximations for the Wigner-Seitz cells, where the
droplet phase is found to be the most stable configuration with udQM stars’ crusts and udQM dwarfs made
of udQM nuggets (A =~ 1000) and electrons. For the cases considered here, the crust thickness of udQM
stars is typically ~200 m, which reaches a few kilometers if we neglect the interface effects and adopt
Gibbs construction. The masses and radii of udQM dwarfs are smaller than typical white dwarfs, which
would increase if the interface effects are neglected.

DOI: 10.1103/PhysRevD.106.034016

I. INTRODUCTION

As we increase the density of baryonic matter, a decon-
finement phase transition takes place and forms quark matter.
The strange quark matter (SQM, composed of u, d, and s
quarks) obtained in this process was expected to be the
QCD ground state [1-3], where SQM objects with various
sizes may exist in the Universe, e.g., strangelets [4—7],
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nuclearites [8,9], meteorlike compact ultradense objects
[10], and strange stars [11-13]. However, in the framework
of chiral models, SQM is unstable due to a too large s quark
mass [14,15]. An interesting proposition was raised recently
suggesting that, instead of SQM, the nonstrange quark
matter (udQM) may be the true ground state [16]. This
indicates the possible existence of udQM nuggets and
udQM stars, while ordinary nuclei do not necessarily decay
into udQM nuggets due to a large enough surface tension
[16-18]. Extensive investigations on the properties of
nonstrange quark stars were then carried out in recent
years [19-23].

One important factor that affects the properties of
strangelets and udQM nuggets is the interface effects of
quark matter, and in particular, the surface tension ¢ that
accounts for the energy contribution. Adopting the MIT
bag model with a bag constant B, it was found that a
small strangelet can be destabilized substantially at
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6'/3 ~ B'/* [4], while the minimum baryon number for
metastable strangelets A, < o> [5,24]. If the surface
tension is smaller than a critical value with ¢ < o, there
exist strangelets at a certain size that are more stable than
others [25]. This leads to significant implications for SQM
objects, where large strangelets are expected to decay via
fission [26] and a strange star’s surface fragments into a
crystalline crust composed of strangelets and electrons
[27]. For udQM nuggets, due to the absence of s quarks,
the critical surface tension o, is likely larger than that of
strangelets [26-28]. According to the recent estimations
with various effective models [29-39], it was shown that
the surface tension value is likely small, i.e., ¢ <30
MeV/fm?. In such cases, it is relatively easy for udQM
to fulfill the condition ¢ < o, indicating the possible
existence of crusts inside udQM quark stars and a new
family of white dwarfs (udQM dwarfs). Additionally, it
was shown that quark matter may have a large symmetry
energy [40—44], which further increases o and affects the
properties of udQM objects [18]. Note that, if the strange-
lets or udQM nuggets inside those stars are small, the
finite-size effects are dominated by curvature effects rather
than by surface tension [45]. In such cases, the criterion
0 < 04 1s no longer valid and the contribution of curvature
effects needs to be accounted for. Meanwhile, the predic-
tion of a small ¢ is neither unanimous nor conclusive. The
surface tension value may be strongly enhanced by new
terms arising from vector interactions, which would inhibit
the formation of quark star crusts [46,47].

In addition to the surface tension, other aspects of the
interface effects also play important roles. Because of
confinement of color charge, the quark wave functions
approach zero on the surface, which leads to quark
depletion and contributes to the interface effects. For
strangelets, it was shown that quark depletion has sizable
impacts on their sizes and charge properties [48—52], while
the curvature term plays an important role, especially for
small objects [45,53-55]. To account for those effects, it is
favorable to solve the Dirac equations and obtain the
structure of quark-vacuum interface self-consistently,
e.g., those in Refs. [29,37]. Nevertheless, for large objects,
to obtain all the wave functions of quarks requires extensive
computational resource, which limits its application in
various scenarios. It is thus necessary to adopt a simpler
approach that accounts for the general properties of inter-
face effects. This was done in the framework of the bag
model, where an analytical formula that introduces a
modification to the density of states was proposed, i.e.,
the multiple reflection expansion (MRE) method [5,53-56].
However, the MRE method describes the depleted quarks
with a delta function, which oversimplifies the surface
structure and is not applicable for other models with more
realistic confining potential, e.g., the linear confinement in
the framework of an equivparticle model [37]. In such
cases, we consider an effective approach that introduces a

density derivative term to the Lagrangian density, which
well reproduces the surface and curvature contributions
with a detailed surface structure.

In this work, we thus examine the effectiveness of the
density derivative term in describing the interface effects,
where the properties of strangelets and udQM nuggets are
investigated. For udQM nuggets that are more stable at
certain sizes, we further investigate the nonuniform struc-
tures composed of those nuggets and electrons, which
may persist inside quark stars and white dwarfs [18]. It is
found that, for a given parameter set, a quark star with
M = 0.03 M can support a stable crust (~200 m thick) on
its surface, while the maximum mass of udQM dwarfs
decreases and becomes smaller than 1.4 M if the interface
effects are accounted for. The paper is organized as follows.
In Sec. I we present the theoretical framework of the
equivparticle model, where a density derivative term was
added to the original Lagrangian density to mimic the
interface effects. To investigate the impact of symmetry
energy, an isospin-dependent term is added to the quark
mass scaling. Then the structures of strangelets, udQM
nuggets, and the crystalline structures of quark star crusts
are obtained adopting Thomas-Fermi approximation. The
numerical results are presented in Sec. III. We draw our
conclusion in Sec. IV.

II. THEORETICAL FRAMEWORK

To investigate the properties of quark matter and the
corresponding objects, we adopt the equivparticle model
that treats the strong interaction with density-dependent
quark masses [40,57-66]. The Lagrangian density for the
equivparticle model is fixed by

L= Zl/_/l[lyﬂay - mi(nu’ ng, ns) - eqi}/ﬂAﬂ]y/i
i

1
- ZAML/AW + 'Cder + 'Ce + ’C/u (1)
1 vy vy v
Ljer = —;§5Vaﬂ(l//i7’ull/i)a”(l//j7 I//j)’ (2)

£6,M = l/_/e,;t[i}/ﬂay —Mey + ezyﬂAﬂ]We,w (3)

where y; represents the Dirac spinor of quark flavor i,
m;(ny) is the equivalent quark mass, n; = (r;7%;) is the
number density, ¢, is the charge (g, =2¢/3 and
da = q5; = —e/3), and A, is the photon field with the field
tensor

A, =0,A,—0,A,. (4)
An additional density derivative term L, is introduced to

account for the average interface effects, which was not
included in our previous studies [37]. As will be illustrated
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in this work, by properly adjusting the effective parameter
oy and adopting Thomas-Fermi approximation (TFA), we
can reproduce the results obtained by solving the Dirac
equation under mean-field approximation (MFA) [37,67].
Note that, if other contributions to the interface effects are
considered [29,68], the parameter §y, may be altered. The
Lagrangian density £, , accounts for the contribution of
leptons (e™, u~) with m, , being their masses, which should
be included if electrons and/or muons are present.

In the past decades, various types of quark mass scalings
were proposed to describe the strong interaction among
quarks. For example, for density-dependent quark masses

m;(ny) = mjg + my(ny), (5)

the bag model suggests an inversely linear scaling m; =
B/3n, [69], where ny, = ;_, 4 n; is the baryon number
density and m,o = 2.2, myy = 4.7, and my, = 96.0 MeV
are the current masses of quarks [70]. An inversely cubic
scaling m; = Dny 13 was derived if the contributions of
linear confinement and in-medium chiral condensates were
considered [71]. Further consideration of the 0ne—§luon—
exchange interaction suggests m; = Dn, 173 _ Cntl,/ [61],
while perturbation theory at ultrahigh densities gives
my = Dny 3 4 Cntl,/ 3 [63]. An isospin-dependent term
was also introduced to examine the impacts of quark
matter symmetry energy, which was given by m;(n,, ) =
mio + Dni''? —1,6D e P, with 7, being the third
component of isospin for quark flavor i and § = 3(n,; —
n,)/(ng + n,) as the isospin asymmetry [40]. Recently, we
have proposed a similar mass scaling [18]

ml(nb, 6) = Dngl/S + (jl’lli/3 + C152nb, (6)

where the first term corresponds to linear confinement with
a confinement parameter D [71]. Depending on the sign
of C, the second term represents the contribution of one-
gluon-exchange interaction (C < 0) [61] or the leading-
order perturbative interaction (C > 0) [63]. The third term
accounts for the quark matter symmetry energy [18]. In
contrast to the mass scaling proposed in Ref. [40], here m;
is identical for different quark flavors, i.e., neglecting the
isovector-scalar channel.

Adopting the mass scaling in Eq. (6), the mean-field
vector potential for quark type i in MFA can be fixed
according to variational method, which is obtained with

dm
dn~I Z ns + eq;Ag + 36, Vny,. (7)

Ui=u,d,s

Vi:

Here n{ = (@;y;) represents the scalar density of quark
flavor i. The density derivative term of quark masses on the
right-hand side is introduced to maintain thermodynamic
self-consistency. In fact, for any effective models with
density-dependent masses or coupling constants, the density

derivative terms appear naturally according to fundamental
thermodynamics, which have been discussed extensively in
various publications, e.g., those in Refs. [57,63,72-76]. The
second term represents the contribution from Coulomb
interaction and is fixed by

V2Ay = - Z qin;. (8)

i=u.d,s.eu

Note that the third term in Eq. (6) has led to the isovector
contributions in the vector potentials of quarks. Since
leptons have nothing to do with strong interaction and take
constant masses, the first and third terms vanish and Eq. (7)
becomes V,, = —e?A,.

The total particle number N, is obtained by integrating
the density n;(7), i.e.,

N, = / ni(F)dr. (9)

The total energy of the system is determined by

M=E, +/ Bévnb(?)Van(?) —|—%(VA0)2] dr.  (10)

Here E, represents the contributions of kinetic energy and
strong interaction with density-dependent quark masses,
which will be fixed based on different approaches intro-
duced in the following.

A. Spherically symmetric objects

For a spherically symmetric system, the Dirac spinor of
fermions can be expanded as

v =1 (L7 Vel

r nK(l")O"r

with G, (r)/r and F,(r)/r being the radial wave func-
tions for the upper and lower components, while Y ém 0,9)
is the spinor spherical harmonics, i.e.,

Yh, =Y (L1172,

l.s,

Jsm)Y 1y (12)

The quantum number « is defined by the angular momenta
(1,j) as k = (=1)7T#1/2(j 4 1/2). The Dirac equation for
the radial wave functions in MFA is then obtained as

Vi+m; - 4 + X Gn GnK
Covt wim)len)=lir) o
ar + ” Vi —m; ch FnK
For given radial wave functions, the scalar and vector
densities can be determined by
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mi(r) = 4;,,2 | IGu(r)? = [Fua(r)]],  (14a)
k=1
4,,1,22 (G ()P + [Fr(r)[].  (14b)

k=1

The total energy of the system can then be fixed by Eq. (10)
with

Z[Zskl [asrninviowr]. o)

For strangelets and udQM nuggets, we neglect the con-
tribution of leptons. The Dirac equation (13), mean-field
potentials in Egs. (6) and (7), and densities in Eq. (14)
are solved via iteration in coordinate space with the grid
width 0.005 fm, where quarks occupy the lowest energy
levels and reaches f stability. More detailed discussion on
the numerical treatments can be found in our previous
studies [37,67].

B. Thomas-Fermi approximation

For a system with a large number of particles, instead of
solving the Dirac equation as indicated in Sec. II A, the
Thomas-Fermi approximation also provides relatively good
estimations for its properties In the framework of TFA, we
have Ey = [&y(F)d®r for the total energy in Eq. (10),
where the local klnetlc energy density £y(7) is fixed by

I/ld
& = Z/ p —5\/p*+m?
dm?* (v
= S . 16
7 167[2 <ml> ( )

Here f(x) = [x(2x> + 1)Vx* + 1 — arcsh(x)], d; (= 6 for
quarks and 2 for leptons) is the degeneracy factor, and v; is
the Fermi momentum of particle type i. The scalar and
vector densities are determined by

d.m:3 . d.u3
n = g(i)v n = (17)

47 m; 6r%’

where g(x) = xv/x* + 1 — arcsh(x). Note that m;, n,, n;,
and &, represent the local properties of quark matter and
vary with the space coordinates, which can be determined
by the constancy of chemical potentials in order for the
system to be stable, i.e.,

wi(F) = \/vi(F)* + my(F)? + V;(¥) = constant. ~ (18)

Once the density profiles satisfy Eq. (18), the total energy M
of the system reaches a minimum. We thus adopt the

imaginary time step method [77] and readjust the density
profiles iteratively. As convergency is reached with a
vanishing deviation of local chemical potentials
S"i{Au?), the total mass of the system can be fixed by
Eq. (10), where the equivalent mass and vector potentials are
obtained with Eqgs. (6) and (7).

Here we apply TFA to two types of objects, i.e., the
spherically symmetric objects in the absence of leptons
(strangelets and udQM nuggets) and the Wigner-Seitz
(WS) cell that describes the microscopic structures in
quark stars’ crusts. Since quark propagation around the
quark-vacuum interface is absent in TFA, it is essential to
adopt the density derivative term Ly, in Eq. (2) for finite-
sized objects. The corresponding effective parameter &y
is fixed by reproducing the results obtained by solving
the wave functions as illustrated in Sec. I A. For those
predicting udQM nuggets that are more stable than heavier
ones, we then investigate the possible formation of crys-
talline structures in quark stars [27,28], where spherical and
cylindrical approximations for the WS cell are adopted
[78-82]. In particular, the Laplace operator in Egs. (7)
and (8) is reduced to one-dimensional, i.e.,

1D: vig(7) - L (19)
2 r r
2D: V() = dfrg ) +;dﬁ(r ) o)
2
3D: vig(r) = LA 22U o)

with ¢ = ny, and A,. The density profiles and mean fields
are then obtained with fast cosine transformation, where
the reflective boundary conditions at » = 0 and r = Ry, are
fulfilled with Ry, being the WS cell radius. At fixed average
baryon number density n;,, we then search for the optimum
cell size Ry by minimizing the energy per baryon, where
the p-stability condition p,, + p, = p, + p, = pg = p, and
global charge neutrality condition ) ; ¢;N; = 0 are satisfied.
By assuming various dimensions with geometrical sym-
metries, five types of structures can be obtained based on
TFA, i.e., the slab phase in Eq. (19), the rod/tube phases in
Eq. (20), and the droplet/bubble phases in Eq. (21). A more
detailed illustration on the numerical recipe can be found in
Refs. [83,84]. Note that at small n,, electrons take up most of
the space in a WS cell, leading to a too large cell size Ryy.
In such cases, as was done in Ref. [84], we divide a WS cell
into a core (r < R;,) and a spherical shell (R;, < r < Ry).
For the droplet phase, we take R;, = 60 fm.

III. RESULTS AND DISCUSSIONS
A. Strangelets

To reproduce the results obtained by solving Dirac
equations (oy = 0) [37,67], one needs to adjust the
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TABLEI The coefficient 6y for the density derivative term L.,
in Eq. (1), where n represents the density of SQM at P = 0. The
strength C; for the symmetry energy term in Eq. (6) has little
impact on the values of &, which is taken as C; = O here.

C VD (MeV) ny (fm™3) 5, (10710 MeV*4)
-0.5 180 0.37 -0.5
0 156 0.24 -1.15
0.1 150 0.16 -15
0.7 129 0.099 -3.6

effective parameter dy for the density derivative term L,
in Eq. (2). Particularly, we reproduce the energy per baryon
of p-stable (u, = u,; = p,) strangelets with TFA, where in
Table I the corresponding values of &y for various sets of
parameters (C, C; = 0, D) are presented. It is found that dy,
takes negative values and its absolute value is increasing
with the density n, at vanishing external pressure, which
resembles our previous findings with both surface tension
and curvature term increasing with ng [37,67].

Few examples on the obtained energy per baryon of
p-stable strangelets are presented in Fig. 1, which are
decreasing with baryon number A = (N, + N, + Ny)/3
due to the interface effects. Adopting the values of &,
indicated in Table I, it is shown that our calculation with
TFA well reproduces the results obtained by solving the
Dirac equations of quarks. Note that the energy per baryon
obtained with TFA varies smoothly with A. However, if
we solve the Dirac equations and examine the energy per
baryon of strangelets, there are slight fluctuations due to the
shell effects in single particle levels of quarks. This causes
deviations at small A, which are expected to become
insignificant at large baryon numbers, e.g., A = 300.

N —=— C=-0.5,VD= 180 MeV ]

.\ N —+— C=0,VD=156 MeV
%935_-\,\_ —+—C=0.7,VD=129 MeV ]
2
S 930f
>
©
Qg5
(]

o
& 920
[}
C
W5 |
910
100 1000 10000
Baryon number
FIG. 1. Energy per baryon (M/A) of f-stable strangelets

obtained with TFA (solid line), which are compared with those
predicted by explicitly solving Dirac equations (symbol + line).

In the framework of TFA, the density profiles of
strangelets at fixed baryon number A are obtained by
fulfilling the constancy of chemical potentials in Eq. (18),
where the local densities are fixed by Eq. (17). In Fig. 2, we
present the density profiles of strangelets at A = 1059.
With the inclusion of the density derivative term Ly, in
Eq. (2), the density profiles obtained with TFA generally
coincide with those from quark wave functions. Since there
exist several nodes in quark wave functions, as indicated in
Fig. 2, the density profiles obtained with Eq. (14) fluctuate
and do not take constant values even at the regions far from
the surface, leading to minor discrepancies between those
obtained with the two methods. It is expected that the
discrepancies should eventually vanish at large enough A,
where the TFA is expected to give a good description of the
system. Nevertheless, in the surface region of a strangelet,
the densities obtained with TFA are larger than those
predicted by quark wave functions, where the situation
reverses at regions slightly beneath the surface. Such a
deviation on the surface is caused by the quark-vacuum
interface, which cannot be fixed by increasing the baryon
number A.

The charge-to-mass ratio (f, = Z/A), strangeness per
baryon (fg = S/A), and ratio of root-mean-square radius to
baryon number (r, = (r2)!/2/A!/3) for p-stable strangelets
are presented in Fig. 3. The charge number and strangeness

0.5

0.4
0.3

n, (fm?)

0.2
0.1F
0.0

ny (fm3)

| C=0.7,VD= 1291MeV

0 5 10 15
r (fm)

FIG. 2. Comparison between the density profiles in strangelets
determined by wave functions with Eq. (14) (solid) and TFA with
Eq. (17) (dashed).
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" C=-0.5,vD=180 MeV]
—+—C=0,YD=156 MeV T
. ——C=0.7,YD=129 MeV 1

0.3
N 02 //

0.1 7'

N N P | N N o
0.0F T f\l /.:. I/'\I-flj‘I.,;\.I,..-\..-\.,l.l}\l’kl'l"-}'I.'.'i'.'.\':.\l'"'

Y A

. 04 .-/./'/

02 ]

Aaaaa,
0.0 A Aa !"'!A! /A'A'A—ArAéfe,AAAA—A"'AVA'A\A'AAAA'A AAAAAAL

~ A-A-AAAAAAAAAAA
A"‘A—AA'A~A-A'KAA'A—A—A'AVA—AVA—A-AA‘A*A—A'A—A—A-‘ AAAAAAAALAAAA

1.0 p* ]

09 -

I (fm)

0.8 -

0.7 4

100 1000 10000
Baryon number

FIG. 3. Charge-to-mass ratio (f), strangeness per baryon (f),
and the ratio of root-mean-square radius to baryon number (r)
for p-stable strangelets, in correspondence to those in Fig. 1.

of a strangelet are fixed by Z = (2N, — N, — N,)/3 and
S = N,, with N; being the total particle number of quark
flavor i. Since the single particle levels of quarks are
discrete, the sequential occupation of lowest energy levels
causes fluctuations in the charge-to-mass ratio and strange-
ness per baryon, which will eventually become insignifi-
cant at large A. In such cases, as indicated in Fig. 3, the TFA
with density derivative term well reproduces the results
determined by solving Dirac equations. Nevertheless, there
exists a slight deviation for both f¢ and r,, where the TFA
underestimates f¢ and overestimates ry, which is mainly
caused by the discrepancies of density profiles in the
vicinity of the quark-vacuum interface as indicated
in Fig. 2.

B. udQM nuggets

Now let us examine the properties of udQM nuggets,
adopting the same parameter sets as strangelets in Sec. III A.
It is worth mentioning that, in order to reproduce the
experimental baryon masses with various effective models,
the typical mass for strange quarks is usually ~2-3 m, e.g.,
the MIT bag model [85-87], nonrelativistic quark cluster
model [88,89], and potential models [90]. In such cases,
strangelets may not be stable due to the large strange quark
masses, where s quarks never emerge if the p-stability

950
3
s 940
<
S 930
920
+——+—+ + ———+—+—+—++
—=— C=-0.5,YD=180 MeV ]
0.3 —+—C=0,VD=156 MeV
L —+—C=0.7,YD= 129 MeV |
SNo02F Tl
0.1
e § —
1 0 LA\AA~A/AVA7AA\AA~A_—A-A~A—AVLA'A'ATA'A/A'AVAA/A/A~AA~AA—AVAVAA*A - )
— 09 —
£
O Qgfrenenen et tetet e ]
0-7 :,.;._r.;.,:,.,.,-,.,-‘.,.—-~|-l~-r-r.r-—-r.-l—lr---—ll-—l—l—l—ll i
M|

1000 10000
Baryon number

FIG. 4. Energy per baryon, charge-to-mass ratio, and ratio of
root-mean-square radius to baryon number of udQM nuggets.
The dashed curves correspond to the properties of strangelets
indicated in Figs. 1 and 3, where the same parameter sets are
adopted as indicated in Table I.

condition is fulfilled and strangelets are then converted into
udQM nuggets.

In Fig. 4, we present the energy per baryon, charge-to-
mass ratio, and ratio of root-mean-square radius to baryon
number for udQM nuggets, which are obtained by taking
large enough m,. The dashed curves indicate the properties
of strangelets corresponding to those in Figs. 1 and 3,
where mgyy = 96.0 MeV. It is evident that adopting the
same Jy as in strangelets well reproduces the energy per
baryon and charge-to-mass ratio of udQM nuggets with
TFA, both of which are decreasing with A. In comparison
with strangelets, we find udQM nuggets become more
massive with the energy per baryon increased by up to
40 MeV, while the magnitude is proportional to fg for
the strangelets indicated in Fig. 3. For the cases obtained
with the parameter set C = 0.7 and \/l_) =129 MeV, the
properties of udQM nuggets are similar to those of
strangelets with rather small fg. The energy per baryon
of udQM nuggets considered here is larger than that of the
heaviest -stable nucleus 2%Hs with M/A = 931.74 MeV
[91-93], which permits the existence of udQM nuggets, as
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940 udQM nuggets
3
g 930
%: 920
910
0.4
0.3
N
0.2
0.1
0.0 [—+—+—+HH——+—+—+HH—— ::3:....,_
0.90 |- C,= 80 MeV Im_—
L | e
E ©® - _
:; 0.85 - _‘/-J-\_..JJ""'"'"" -
0.80 [ L T
108 10* 10°
Baryon number
FIG.5. Same as Fig. 4, but adopting the parameter set C = 0.1,

/D = 150 MeV, and various values of C ;- The curves encircled
by the shaded areas indicate the properties of udQM nuggets.
The coefficient of the density derivative term is taken as
Sy = —1.5 x 10710 MeV#, which is indicated in Table I.

266Hs and lighter nuclei do not decay into them.
Nevertheless, only the udQM nuggets obtained with
C =0.7 and \/5 = 129 MeV become stable as baryon
number increases. In general, we note udQM nuggets are
more positively charged and less compact in comparison
with strangelets. The charge-to-mass ratios obtained with
various parameter sets are close to each other, which is
mainly caused by the similar values of symmetry energy
(Egym =~ 15 MeV) predicted by those parameters.

The symmetry energy of quark matter in Fig. 4 mainly
stems from the kinetic contributions, while in principle, the
interaction among quarks could alter its value [40—44], e.g.,
the formation of u — d quark Cooper pairs (2SC phase) [41].
Insuchcases, as proposed in our previous study [ 18], we have
included the third term in Eq. (6) to examine the effects
of quark matter symmetry energy Ejyn,, which increases
with C;. As indicated in Fig. 5, we first fix oy
(= —1.5 x 1071 MeV*) by reproducing the properties of
udQM nuggets and strangelets in the framework of TFA,
where the parameter set C = 0.1, \/5 = 150 MeV, and
C; = 0O is adopted. Since the third term in Eq. (6) is propor-
tional to the baryon number density n,, the corresponding
contribution is thus insignificant in the surface region in

comparison with the first term (Dny 1/ 3), as it provides a
confining potential. In such cases, we expect varying C; has
little impact on the values of 6y, where the value of 6y, fixed at
C; = 0 is adopted for the cases with nonzero C;.

Similar to the cases in Fig. 4, it is found that udQM
nuggets indicated in Fig. 5 are more massive and positively
charged than strangelets, while the radii become larger as
well. We note that the udQM nugget at A = 266 is more
stable than 2°Hs adopting C; = 0, which is forbidden since
no incidents of finite nuclei decaying into udQM nuggets
have been observed. This problem can be fixed if large
symmetry energies with C; =40 and 80 MeV fm?® are
adopted, where udQM nuggets become unstable compared
with finite nuclei. With the increase of Egy,,, there exist
udQM nuggets at A ~ 1000 that are more stable than
others, where the energy per baryon is even smaller than
the infinite quark matter indicated by the half-solid tri-
angles in Fig. 5. In such cases, large udQM nuggets will
likely decay via fission and the surface of a udQM star will
fragment into a crust made of the udQM nuggets and
electrons, which resembles the cases of strange stars’ crusts
[27,28]. As Ey, increases with Cy, in contrast to the cases
predicting similar f,’s with C; = 0 in Fig. 4, the charge-to-
mass ratio of udQM nuggets increases with C;. Because of
the additional repulsive interactions from symmetry energy
and Coulomb repulsion with larger f,, the ratio of root-
mean-square radius to baryon number r, for udQM
nuggets becomes larger and increases with A, while that
of strangelets remains almost constant.

C. Compact stars

If either SQM or udQM becomes more stable than
nuclear matter, there should exist stable quark stars
composed of that matter, i.e., strange stars [11-13] or
udQM stars [19-23]. For most of the cases considered here,
we find that both strangelets and udQM nuggets become
more stable as baryon number A increases. Then a stable
quark star is bare on its surface, which is composed of a
sharp quark-vacuum interface covered by an electron cloud
about 1 A thick. In addition to that, as indicated in Fig. 5,
there exist udQM nuggets at certain sizes (A ~ 1000) that
are more stable than others if a large symmetry energy is
employed, which leads to the formation of stable quark star
crusts [18]. According to various investigations on strange
stars, it was shown that crusts made of strangelets and
electrons could exist if the surface tensions ¢ of SQM are
small enough [27,28]. Similar structures are thus expected
to be formed on a udQM star’s surface [18].

Now let us examine such possibilities for udQM stars in
the framework of TFA, where the microscopic structures
of their crusts are determined within a WS cell, i.e.,
adopting the single nucleus approximation. As an example,
we take the parameter set C = 0.1, v/D = 150 MeV, and
C; = 50 MeV fm?, so that udQM nuggets at A ~ 1000 are
more stable than others with M/A < 930 MeV. Based on
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FIG. 6. Density profiles of quarks and electrons in WS cells for
droplet phase at 7, = 1.3 x 10~ and 107 fm~3. The boundary
of the WS cell is indicated by the shaded region.

the numerical recipe introduced in Sec. II B, at fixed
average baryon number density 7, we search for the most
stable configuration among six types of structures (drop-
lets, rods, slabs, tubes, bubbles, and uniform) with optimum
WS cell sizes Ry,. For the nonuniform structures consid-
ered here, it is found that the droplet phase is the most
stable configuration, which is similar to strange stars’ crusts
according to previous investigations [28].

In Fig. 6, we present the density profiles of the droplet
phase at n, = 1.3 x 107* and 10~ fm~3, which is more
stable than other nonuniform structures with the energy per
baryon reduced by 21 MeV. The densities of quarks remain
almost constant within the droplet and vanish at r > R with
R (=16.5 and 12.5 fm) being the position of the quark-
vacuum interface. As we increase r, the density of u quarks
increases and that of d quarks decreases at r 2 R — 10 fm
due to Coulomb repulsion, both of which start to decrease at
r =% R — 3 fmunder the impact of the density derivative term
in Eq. (1) and the confining potential. We have considered
the charge screening effects where the electrons move freely
and fulfill the constancy of chemical potential in Eq. (18). It
is found that R is much smaller than the optimum WS cell
radius Ry, so that most of the space is occupied by electrons.
Since the obtained Ryy is rather large, as was done for the
outer crusts of neutron stars [84], we have divided the WS
cell into two parts at r = R;, = 60 fm, where the electron
density remains constant at r > R;,.

Based on the density profiles illustrated in Fig. 6, we can
fix the droplet size Ry with

20 f—— k star cru
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=
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FIG.7. Dropletsize Ry, WS cell radius Ry, and baryon number
A for the droplet phase in udQM stars’ crusts. The corresponding
structures in neutron stars’ crusts are indicated with red dashed
curves for comparison [84].

2
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nt nd>2>> ’ 22)

Rd_RW<

where ((n, +ng)?) = [ [n,(F) + ny(F)]*d*r/V with V =
471'R{’V/3 being the WS cell volume. The corresponding
quantities that characterize the microscopic structures of
matter inside quark stars’ crusts are illustrated in Fig. 7,
where the droplet size Ry, WS cell radius Ry, and baryon
number A are presented as functions of baryon number
density. It is found that inside the crusts of udQM stars
there typically exist udQM nuggets with Ry ~ 12 fm that
arrange themselves in lattice structures, corresponding to
the most stable udQM nuggets at A ~ 1000 as indicated in
Fig. 5. As the average baryon number density ny, increases,
the size of udQM nuggets increases and eventually the
nonuniform structures become unstable in comparison with
the uniform one, indicating a core-crust transition density
for udQM stars. Meanwhile, the WS cell radius Ry is much
larger than the droplet size R4, which decreases as density
increases. In Fig. 7, we have also included the microscopic
structures of nuclear pasta in neutron stars, which shows the
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Pressures of dense stellar matter in udQM stars and neutron stars as functions of baryon chemical potential y;, and energy

density M/V. The open circles mark the critical pressure and chemical potential, below which the nonuniform structures take place.

similar density-dependent behavior as those in udQM stars.
Nevertheless, the optimum droplet size, WS cell radius, and
baryon number are much smaller, which is mainly attrib-
uted to the much smaller energy contributions from the
surfaces of nuclei.

The equations of state (EOS) for dense stellar matter
inside udQM stars and neutron stars are then presented in
Fig. 8, where the corresponding microscopic structures
are indicated in Fig. 7. For the uniform matter in udQM
stars, the derivative terms in Eqgs. (7)—(10) vanish so that
the corresponding properties of udQM can be obtained
easily by fulfilling the local charge neutrality condition
>_iq;n; =0 and p-equilibrium condition p, =, = pt;— .
In our previous study [18], we have neglected the effects of
charge screening and assumed vanishing surface tension, in
which case the EOS of the udQM stars’ crusts can be fixed
based on Gibbs construction, i.e.,

PQM(ﬂbw“e) =0. (23)

Here Py represents the pressure of pure quark matter in
the absence of leptons and p, = u, + 2u, is the baryon
chemical potential. The volume fraction y of quark matter
in udQM star crusts is fixed by fulfilling the global charge
neutrality condition

2 1
Z(g n, — §”d> = N,. (24)

According to Eq. (23), the pressure is solely from electrons
with P = P,(u,), while the energy density is given by

M/V:)(MQM(/“’bvﬂe)/V+Me(,“e)/V' (25)

The obtained results are then indicated by the blue solid
curve with larger pressure P in Fig. 8, which corresponds to
the limit of vanishing surface tension.

To fix the core-crust transition density indicated by the
open circles in Fig. 7, we consider the equilibrium con-
dition between the uniform and nonuniform phases with

PUniform<’ut) — PNonuniform (/"t) — Pt' (26)

The EOS of udQM stars is then fixed by combining
the nonuniform one at y, < g, and the uniform one at
My, > pi, which is indicated by the black curves in Fig. 8.
We note that there is a large discrepancy between the
electron chemical potentials of the two phases with
pomiform (), ) >y Nonuniform (), ) "I such cases, similar to the
cases of a strange star enveloped by a nuclear crust [12],
there exists a gap of <1 A between the crust and core for a
udQM star, which is supported by Coulomb interaction.
In principle, the phase equilibrium condition in Eq. (26)
is altered slightly under such circumstances with the
local electron chemical potential varying smoothly from
core to crust, e.g., similar to the cases illustrated in
Refs. [48,50,94,95]. Nevertheless, due to the effects of
charge screening, we expect such a variation in the core-
crust transition regions is insignificant for the masses and
radii of quark stars. Note that the gap vanishes if 6 = 0, i.e.,
those determined by Gibbs construction in Egs. (23)—(25)
with the same electron chemical potentials for the uniform
and nonuniform phases at the core-crust transition regions
in udQM stars.

According to the left panel of Fig. 8, it is evident that
udQM is more stable than nuclear matter with larger
pressures. With neutrons dripping out of nuclei, there
exists a liquid-gas mixed phase that forms the inner crusts
of neutron stars, which is absent in udQM stars with the
crusts resembling the outer crusts of neutron stars. Because
of the additional contributions of neutron gas, the corre-
sponding core-crust transition pressure of dense stellar
matter in neutron stars is thus larger than that of udQM
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FIG. 9. Energy per baryon and charge-to-mass ratio for dense
stellar matter in udQM stars and neutron stars as functions of
baryon number density.

stars. The blue curves indicate the pressure of crustal matter
in udQM stars obtained with Gibbs construction, which
correspond to the cases with vanishing surface tension. In
comparison with the more realistic calculation adopting
TFA, the results obtained with Gibbs construction should
be viewed as an upper limit, which indicates a larger core-
crust transition pressure predicted by Eq. (23) with y = 1.

The EOS for the dense stellar matter in udQM stars and
neutron stars are then presented in the right panel of Fig. 8.
The electrons play a major role for the EOS of udQM stars’
crusts as well as neutron stars’ outer crusts, which exhibit
similar trends at M/V < 0.1 MeV/fm?. As indicated in
Fig. 9, for those obtained with Gibbs construction, the
charge-to-mass ratio of udQM nuggets in udQM stars are
lager than that of nuclei in neutron stars, where the situation
reverses if we consider the interface effects with a density
derivative term in Eq. (2). Consequently, as the pressure
increases with electron density, the pressure of the crustal
matter in udQM stars at ¢ = 0 is larger than neutron stars
and smaller if the more realistic calculation with TFA is
adopted. A density jump is observed at the core-crust
transition pressure in quark star matter, which becomes
less evident if Gibbs construction is adopted. This is
distinctively different from neutron star matter, where
the transition takes place smoothly with the formation of
a liquid-gas mixed phase, i.e., nuclear pastas.

In Fig. 9, we present the energy per baryon and charge-
to-mass ratio for dense stellar matter corresponding to the

10'2; -
10'3;
10'4;

10°

n, (fm3)

10
-7 :_ s
10 TFA -| .
10-8 ;__— - - Gibbs |
fmemee Neutron stars !
|
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11.5 12.0 12.5 13.0 13.5 14.0 14.5

FIG. 10. Density profiles of 1.4-solar-mass udQM stars and
neutron star.

EOS indicated in Fig. 8. The energy per baryon of quark
star matter is smaller than that of neutron star matter, which
is permitted by current constraints of nuclear physics since
finite nuclei do not decay into udQM nuggets as illustrated
in Fig. 4. We note there is a large density jump for the quark
star matter obtained with TFA, which decreases if we
reduce the energy contribution from the quark-vacuum
interface and vanishes at ¢ = 0 as indicated by the blue
solid curve. In general, the obtained energy per baryon
increases with density, while the energy per baryon of
udQM becomes smaller if the contributions from the
quark-vacuum interface are neglected. The obtained
charge-to-mass ratio f, for udQM nuggets are smaller
than nuclei in compact stars. Nevertheless, if the interface
effects are neglected, udQM nuggets become infinitesimal
and f, increases to 0.5 as the energy contribution from the
Coulomb interaction vanishes.

Based on the EOSs of dense stellar matter in Fig. 8, the
structures of udQM stars and neutron stars can be fixed by
solving the Tolman-Oppenheimer-Volkov equation. Because
of the peculiar properties of EOS around the core-crust
transition densities, the obtained structures of compact stars
and, in particular, the crusts vary significantly under different
circumstances. To show this explicitly, in Fig. 10 we present
the density profiles of 1.4-solar-mass udQM stars and
neutron star, where for udQM stars both the realistic case
with TFA and the extreme case with ¢ = 0 are illustrated. In
contrast to neutron stars, the density drops abruptly around
the core-crust transition regions, which is attributed to the
absence of inner crusts in udQM stars. The ~200 m thick
crust is supported by the strong electric field of the core with
agap of <1 A between them, which resembles the cases of a
strange star enveloped by a nuclear crust [12]. Nevertheless,
it is worth mentioning that the crust is stable and in
equilibrium with the core, where the baryon chemical
potentials take the same value. The drop of density becomes
less evident if the interface effects are neglected with the
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JO030 + 0451 and PSR J0740 + 6620 [98—101]. The four dots in the right panel are the visual binaries Sirius B, Stein 2051 B, Procyon

B, and 40 Eri B [103].

crust EOS fixed by Gibbs construction, which predicts
much thicker crusts (~2 km) for udQM stars. Note that a
larger core-crust transition density is predicted by Gibbs
construction, while that of the realistic case with TFA may
be altered slightly depending on the electron chemical
potential and charge screening effects in the transition
region [48,50,94,95].

The mass-radius (M — R) relations of udQM stars,
neutron stars, udQM dwarfs, and white dwarfs obtained
under various circumstances are presented in Fig. 11, where
the parameter set C = 0.1, \/5 =150 MeV, and C; =
50 MeV fm? is employed. In the left panel, the M — R
relations for bare udQM stars and udQM stars with the
crust EOS fixed by TFA and Gibbs construction are
presented. The M — R relation of neutron stars obtained
with the covariant density functional DD-LZ1 [84,96] are
indicated for comparison. The shaded regions show the
constraints from the binary neutron star merger event
GW170817 within 90% credible region [97] and the pulse
profile modeling for PSR J0030 + 0451 and PSR J0740 +
6620 according to the Neutron Star Interior Composition
Explorer and x-ray multimirror—Newton data within 68%
credible region [98—101]. It is found that the udQM stars
are consistent with the recent constraints on the masses and
radii of pulsars, while the radii become slightly too large
if 6 — 0. Nevertheless, we should mention that the tidal
deformability of those udQM stars (A4~ 1050) is too
large according to the binary neutron star merger event
GW170817 [97], which may be fixed adopting different
parameters. The bare (unstable) udQM stars are obtained
with the EOS of uniform matter in Fig. 8, where the radii is
fixed at P = 0. In such cases, the differences of radii
between udQM stars with and without crusts give roughly

the crust thickness, since both the phase equilibrium
conditions in Eqgs. (23) and (26) predict core-crust tran-
sition pressure P, ~ 0. It is found that the crust thickness
is typically on the order of 200 m for udQM stars with
M = 0.03 M. The crust thickness grows significantly if
the energy contribution of the quark-vacuum interface is
neglected, which reaches a few kilometers for typical
udQM stars. In order to distinguish udQM stars from
neutron stars, we note that for realistic cases the radius of
udQM stars becomes rather small as the mass decreases,
which can be identified if there exist compact objects with
ultrasmall masses and radii, e.g., 4U 1746-37 [102].

In the right panel of Fig. 11, we present the M — R
relations of udQM dwarfs and white dwarfs adopting the
same parameter sets as in the left panel. Two types of white
dwarfs are examined, i.e., the catalyzed one that fulfills the
p-stability condition and the one with f, = 0.5, composed
of equal numbers of protons and neutrons. The observa-
tional masses and radii for white dwarfs in nearby visual
binaries Sirius B, Stein 2051 B, Procyon B, and 40 Eri B
are indicated with solid dots [103], which are slightly larger
than our predictions with f, = 0.5. Nevertheless, by
considering the effects of finite temperature and adopting
larger f,, the masses and radii of white dwarfs should
increase. The masses of udQM dwarfs are found to be
larger than that of strangelet dwarfs [104], which is mainly
due to the larger charge-to-mass ratio of udQM nuggets.
The maximum mass of udQM dwarfs increases and
approaches the Chandrasekhar limit if the interface effects
are neglected, where the crustal EOS is fixed by Gibbs
construction. As indicated in Fig. 11, the masses and radii
of udQM dwarfs obtained at ¢ — 0 overlaps with those
of massive white dwarfs. In such cases, the possible
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observation of compact stars with masses and radii smaller
than traditional white dwarfs could be used to identify
udQM dwarfs [105].

IV. CONCLUSION

In this work, we examine the interface effects on various
types of quark matter objects, i.e., strangelets, udQM
nuggets, udQM stars, and udQM dwarfs. Particularly,
we show that the interface effects can be described by
introducing a density derivative term to the Lagrangian
density and adopting Thomas-Fermi approximation. By
adjusting the coupling constant dy, for the density derivative
term, the properties of strangelets and udQM nuggets
obtained by solving Dirac equations are then reproduced
with Thomas-Fermi approximation. It is found that, adopt-
ing certain parameter sets, udQM nuggets at A < 300 are
unstable against decaying into nuclei but become stable
at large baryon numbers, which is consistent with current
nuclear physical constraints [16]. Additionally, if we
consider the cases with larger symmetry energies of quark
matter, there exist udQM nuggets at A = 1000 that are more
stable than others. In such cases, large udQM nuggets will
decay via fission and the surface of a udQM star will
fragment into a crust made of the udQM nuggets and
electrons, which resembles the cases of strange stars’ crusts
[27,28]. We then examine the microscopic structures of
dense stellar matter in udQM stars’ crusts, where spherical
and cylindrical approximations for the Wigner-Seitz cell
are adopted [78—82]. It is found that the droplet phase is the

most stable configuration, which coincides with the strange
stars’ crusts according to previous investigations [28]. In
such cases, the crusts in the surface regions of udQM stars
are made of electrons and udQM nuggets in spherical shape
(A = 1000). We then investigate the corresponding struc-
tures of udQM stars and udQM dwarfs. It is found that the
crust thickness is typically ~200 m for udQM stars with
M = 0.03 M, which grows significantly and reaches a few
kilometers if the energy contribution of the quark-vacuum
interface is neglected. For udQM dwarfs, the masses and
radii are smaller than traditional white dwarfs, while the
maximum mass would increase and approach the
Chandrasekhar limit if the interface effects are neglected.
Further investigation on the effects of color supercon-
ductivity [29,106,107] and finite temperature [34,36] are
necessary, which are expected to affect the energy con-
tribution from the quark-vacuum interface and alter the
coupling constant dy, for the density derivative term. In
addition to Coulomb interaction, there may be strong
attractive interactions among quark clusters, e.g., H-dibary-
ons [108-110], which could lead to the very interesting
conclusions of strangeon matter and strangeon stars
[111-113] and should be examined in our future study.
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