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We calculate the light-cone wave functions for the QCD Fock components in a transverse virtual photon
necessary for applications at next-to-leading order (NLO) in the QCD coupling, including quark masses.
We present a detailed calculation of both the one-loop wave function for the quark-antiquark Fock
component and the tree-level wave function for the quark-antiquark-gluon Fock component. The quark
masses are renormalized in the pole mass scheme, satisfying constraints from the requirement of Lorentz
invariance. In particular the quark Pauli form factor at NLO is recovered from the on-shell limit of the
quark-antiquark Fock component. We use our result to calculate the next-to-leading-order correction to the
high energy deep inelastic scattering (DIS) transverse structure function on a dense target in the dipole
factorization framework. Together with our earlier result for longitudinal photons, this completes the
calculation of the total deep inelastic scattering cross section in the dipole picture with massive quarks at
next-to-leading order, enabling a comparison with experimental data.
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I. INTRODUCTION

In the limit of high scattering energies, quantum chromo-
dynamics (QCD) is believed to exhibit the phenomenon of
gluon saturation. This means that partial wave scattering
amplitudes can become of the order of unity, i.e. sensitive to
unitarity requirements, even for processes at weak coupling
(transverse) momentum scales. Understanding the behavior
of QCD in this limit has been the object of much attention
both experimentally and theoretically. In addition to high
energy hadronic and nuclear collision experiments, this
small-x regime of QCD can be probed in high energy deep
inelastic scattering experiments, at the HERA collider and
in a future electron-ion collider (EIC) [1,2].
A convenient theoretical tool used to understand the

behavior of QCD in this limit is provided by the color glass
condensate (CGC) effective theory description [3–5]. Here
one starts from the fact that in the small-x limit the
dominant degrees of freedom of the scattering are gluonic
states in the Fock state of the high energy target hadron or
nucleus. One then formulates the high energy scattering
process as an eikonal scattering off a classical color field
[6]. The advantage of this eikonal approximation is that one

works in transverse coordinate space, where the unitarity
of the scattering matrix is manifest. The relevant physical
degrees of freedom describing the dense gluonic target are
eikonal scattering amplitudes of a dilute probe in the target
gluon field, lightlike Wilson lines. The Wilson lines resum
nonlinear interactions involving any number of gluons in
the target, and are thus very well adapted for describing the
nonlinear physics of gluon saturation. For the deep inelastic
scattering (DIS) process at high energy the eikonal scatter-
ing approach leads to the dipole picture [7–11], where one
factorizes the perturbative partonic structure of the virtual
photon from the eikonal scattering of the partonic states
from the possibly dense target.
In recent years the eikonal scattering picture of CGC has

been systematically pushed to next-to-leading-order (NLO)
accuracy for several different processes where a dilute
projectile interacts with the dense color field of the target.
The evolution of the Wilson lines with x (known as the
Balitsky-Kovchegov equation [12–14] for the two-point
function or as the JIMWLK equation [15] more generally)
is now known to NLO including the resummations of
collinear logarithms needed to stabilize the calculation
[16–28] and even to NNLO in N ¼ 4 super-Yang-Mills
theory [29]. There have been several calculations of single
[30–36] and double [37–39] inclusive parton production at
forward rapidity in high energy proton-nucleus collisions.
The inclusive DIS cross section for massless quarks has
been calculated [40–46] and the first descriptions of
experimental data have recently become available [47].
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Still in the context of DIS, exclusive scattering processes
have been studied at NLO in several papers [48–53], as well
as inclusive dijet production [54].
The formalism of light-cone perturbation theory (LCPT)

[6,55–57] provides a calculational and conceptional tool to
develop the picture of high energy scattering in a system-
atical perturbative expansion. We use LCPT to formulate a
weak coupling Fock-space expansion of the quantum state
of the probe, expressed in terms of light-cone wave
functions (LCWF)’s. When Fourier transformed to trans-
verse coordinate space, the LCWF’s are naturally combined
with the Wilson lines describing the target to obtain
scattering cross sections.
In this work we address the DIS process with massive

quarks at one-loop order in QCD perturbation theory. This
calculation is highly relevant both for its phenomenologi-
cal applications and for the development of the LCPT
framework. On the phenomenological side, consistently
describing HERA results for F2 and Fc

2 simultaneously
has been challenging in leading-order fits with BK (or
JIMWLK) evolution [58,59]. For understanding data from
HERA and the EIC in terms of high energy QCD, it will
be important to include Fc

2 in the description at NLO
accuracy. This paper, taken together with our earlier
results for longitudinal photons [60], provides the full
expressions needed to calculate the total DIS cross section
including quark masses.
On the more theoretical level, there are not many LCPT

calculations at higher orders in perturbation theory. While
the LCPT formulation provides a more physical explicit
picture of the scattering process, the technology for loop
calculations has been less developed than in covariant
theory. Both the Hamiltonian formalism and the light-
cone gauge break explicit Lorentz invariance, which can
make intermediate expressions more cumbersome. Also
renormalization has been less well understood in LCPT
than in covariant perturbation theory, both because of the
small number of loop calculations, and the complications
related to Lorentz invariance and the gauge choice. In this
paper we will be faced with the problem of quark mass
renormalization in LCPT. To our knowledge, our calcu-
lation here is the first practical LCPT calculation of a
physical observable at NLO where not just the divergent
part of the mass counterterm is extracted [61–64], but one-
loop mass renormalization is carried out in full in the pole
mass scheme (see also discussion in [65]), and all the
finite leftover NLO terms are calculated with full mass
dependence.
This paper is a part of a series of papers on extending the

CGC (or more generally dipole picture) calculations of
small-x DIS at NLO accuracy to massive quarks using
light-cone perturbation theory. In our first paper [60] we
calculated the photon wave function and the total DIS cross
section for longitudinally polarized photons. The final
result for the wave function, and the cross sections for

both polarizations, are presented in an accompanying
shorter paper [66], but all the details of the calculation
for the transverse photon will be described here. Since
much of the calculation is relatively similar to the previous
calculations with massless quarks [43,44,46] and to the
longitudinal polarization case [60], we will be relatively
brief with the introduction in this paper and move
straight to the point. We refer the reader to these earlier
papers for more background on the physics and the
calculational methods.
In addition to the longitudinal photon case being

algebraically simpler than our present calculation, the
calculation in Ref. [60] also did not encounter the full
complexity of quark mass renormalization in LCPT in the
same way as in this paper (although the issue is discussed
in Ref. [60]). We will in this paper need to fully
renormalize the quark mass in both the propagator
correction (so called “kinetic mass”) and vertex correc-
tion (“vertex mass”). However, we will treat the issue in a
concise way in this paper, ensuring that we get the correct
result that maintains Lorentz invariance of the quark form
factor at one loop. We will return to a more detailed
discussion of mass renormalization, regularization, and
the related issue of the self-induced inertias [67] in a
separate future paper.
The paper is structured as follows. We will first, in

Sec. II, write down the expressions for the total NLO DIS
cross section, defining our notations and normalization for
the LCWF’s. We will then briefly describe the calculation
of the leading-order cross section in Sec. III. At NLO,
before moving to the individual diagrams, we will first
discuss the overall spinor structure, kinematics, and mass
renormalization procedure of the wave functions in Sec. IV.
We then calculate the loop diagrams in Sec. Vand combine
them to get the momentum space mass renormalized
γ� → qq̄ wave function in Sec. VI. This is then transformed
to mixed longitudinal momentum and transverse coordinate
space in Sec. VII. We then write down and Fourier
transform the tree-level γ� → qq̄g wave functions in
Sec. VIII. In Sec. IX we input the wave functions into
the expressions for the cross section and effectuate the
cancellation of the remaining UV divergences between the
contributions of the qq̄ and qq̄g Fock states, to arrive at our
result for the total DIS cross section which is summarized
in Sec. X. We provide brief conclusions and an outlook for
the future in Sec. XI. Several more technical parts of the
calculation are presented in the appendixes.

II. DIPOLE FACTORIZATION FOR DIS:
CROSS SECTION AT NLO

The DIS cross section can be expressed in terms of the
cross section of a virtual photon scattering on the hadronic
target. Following the discussion presented in [60], the total
NLO cross section for a virtual transverse photon scattering
from a classical gluon field takes the form
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σγ
�
T ¼ 2Nc

gX
qq̄F: states

1

2qþ
jψ̃ γ�T→qq̄j2Re½1 − S01� þ 2NcCF

gX
qq̄gF: states

1

2qþ
jψ̃ γ�T→qq̄gj2Re½1 − S012� þOðαemα2sÞ; ð1Þ

where the color factor CF ¼ ðNc
2 − 1Þ=ð2NcÞ and Nc is the number of colors. The phase space sums over the mixed space

quark-antiquark (qq̄) and quark-antiquark-gluon (qq̄g) Fock states are given by

gX
qq̄ F: states

¼
�Y1

i¼0

Z
∞

0

dkþi Θðkþi Þ
2kþi ð2πÞ

�
2πδ

�
qþ −

X1
j¼0

kþj

��Y1
k¼0

Z
dD−2xk

�
;

gX
qq̄g F: states

¼
�Y2

i¼0

Z
∞

0

dkþi Θðkþi Þ
2kþi ð2πÞ

�
2πδ

�
qþ −

X2
j¼0

kþj

��Y2
k¼0

Z
dD−2xk

�
; ð2Þ

where x0 is the transverse coordinate of the quark, x1 that
of the antiquark, and x2 that of the gluon. The reduced
LCWF’s ψ̃ γ�T→qq̄ and ψ̃ γ�T→qq̄g (see the discussion in [60])
are independent of the photon transverse momentum q and
cannot depend on the absolute transverse positions of the
Fock state partons, just on their differences. Finally, the
quark-antiquark ðS01Þ and quark-antiquark-gluon ðS012Þ
amplitudes are defined as

S01 ¼
1

Nc
TrðUFðx0ÞU†

Fðx1ÞÞ;

S012 ¼
1

NcCF
TrðtbUFðx0ÞtaU†

Fðx1ÞÞUAðx2Þba; ð3Þ

for the quark-antiquark ðS01Þ and quark-antiquark-gluon
ðS012Þ amplitudes. Here the fundamental (F) and the
adjoint (A) Wilson lines are defined as lightlike path
ordered exponentials for a classical gluon target

UFðxÞ ¼ P exp

�
−ig

Z
dxþtaA−

a ðxþ; 0;xÞ
�
;

UAðxÞ ¼ P exp

�
−ig

Z
dxþTaA−

a ðxþ; 0;xÞ
�
; ð4Þ

where ta and Ta are the generators of the fundamental and
adjoint representations, respectively.
What we will do in this paper is to calculate the LCWF

ψ̃ γ�T→qq̄ to one-loop order (up to αs) and the gluon emission
LCWF ψ̃ γ�T→qq̄g to tree level, including quark masses. We
will then insert the result into Eq. (1) and subtract and add a
term to make explicit a cancellation of a transverse UV
divergence between the two contributions.

III. LEADING ORDER WAVE FUNCTION

As in the longitudinal case [60], let us first write down
the leading-order LCWF contribution to the transverse
photon splitting into a massive quark-antiquark dipole.
Following the notation shown in Fig. 1, the leading-order
γ�T → qq̄ LCWF can be written as

Ψγ�T→qq̄
LO ¼ δα0α1

EDLO
V
γ�T→qq̄
h0;h1

: ð5Þ

Note that, as in Ref. [60], we do not include the delta
function for overall 3-momentum conservation in the
momentum space LCWF. For the transverse momentum
it is included in the definition of the Fourier transform from
momentum to coordinate space, and for the longitudinal
momentum in the phase space integration measure (2).
The leading-order light-cone energy denominator EDLO
simplifies to

EDLO ¼ −
qþ

2kþ0 k
þ
1

½P2 þ Q̄2 þm2�

¼ 1

ð−2qþÞzð1 − zÞ ½P
2 þ κ2z �: ð6Þ

Here we have introduced the notations

P ¼ k0 − zq ¼ −k1 þ ð1 − zÞq ¼ ð1 − zÞk0 − zk1; ð7Þ

Q̄2 ¼ zð1 − zÞQ2; ð8Þ

FIG. 1. Time ordered light-cone diagram (momenta flows from
left to right) contributing to the transverse virtual photon wave
function at leading order. Here, the quark (antiquark) helicity and
color indices are denoted as h0ðh1Þ and α0ðα1Þ. In the vertex the
light-cone spatial three-momentum q̂≡ ðqþ;qÞ ¼ k̂0 þ k̂1 is
conserved, i.e. qþ ¼ kþ0 þ kþ1 and q ¼ k0 þ k1.
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κz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1 − zÞQ2 þm2

q
; ð9Þ

with the momentum fraction z ¼ kþ0 =q
þ and 1 − z ¼

kþ1 =q
þ with z ∈ ½0; 1�. The interpretation of P is that it

is the relative transverse momentum of the quark-antiquark
pair on the light cone, where the plus-momentum plays the
role of a mass in a two-dimensional nonrelativistic system.
After Fourier transforming to transverse coordinate space,
κz will be the typical inverse size of the dipole.
The transverse photon splitting vertex into massive

quark-antiquark (qq̄) pair is given by

V
γ�T→qq̄
h0;h1

¼ þeefūð0Þ=ελðqÞvð1Þ; ð10Þ

where the parameter ef is the fractional charge of quark
flavor f, e is the QED coupling constant, and the compact
notation for the spinors ūð0Þ ¼ ūðk0; h0Þ and vð1Þ ¼
vðk1; h1Þ has been introduced. The transverse momentum
dependence in the massive spinors u and v and in the
photon polarization vector can be extracted out by using the
decomposition derived in [60]. For the leading-order quark
spinor structure in Eq. (10), this decomposition yields

ūð0Þ=ελðqÞvð1Þ ¼
�

qþ

2kþ0 k
þ
1

����
kþ0 − kþ1

qþ

�
δijðDsÞūð0Þγþvð1Þ þ

1

2
ūð0Þγþ½γi; γj�vð1Þ

�
Pi −mūð0Þγþγjvð1Þ

�
εjλ: ð11Þ

Indeed, in each term in the right-hand side of Eq. (11), the
γþ Dirac matrix projects out the components that depend on
the transverse momenta (and masses) from the spinors u
and v, so that only the components depending only on the
light-cone momenta and on the light-cone helicities (some-
times called good components) survive (see e.g. [43]).
For the DIS cross section, we need to Fourier transform

the momentum space expression of the LCWF, supple-
mented with the delta function for overall transverse
momentum conservation (see [60]), into mixed space.

The reduced wave function ψ̃
γ�T→qq̄
LO is extracted from the

two-dimensional Fourier transform of the wave function

Ψ̃γ�T→qq̄
LO by separating an overall kinematical factor related

to the total transverse momentum, and a color factor, as

Ψ̃γ�T→qq̄
LO ¼ δα0α1e

iðq=qþÞ·ðkþ
0
x0þkþ

1
x1Þψ̃ γ�T→qq̄

LO : ð12Þ

Thus the reduced LCWF in mixed space is given by the
following expression:

ψ̃
γ�T→qq̄
LO ¼ −

eef
2π

���
kþ0 − kþ1

qþ

�
δijðDsÞūð0Þγþvð1Þ þ

1

2
ūð0Þγþ½γi; γj�vð1Þ

�
F ½Pi� −mūð0Þγþγjvð1ÞF ½1�

�
εjλ: ð13Þ

Here we have defined a Fourier transform operator F that corresponds to the Fourier transform of its argument, divided by
the leading-order energy denominator and an overall factor, as

F ½1� ¼ 2π

Z
dD−2P
ð2πÞD−2

eiP·x01

P2 þ κ2z
;

F ½Pi� ¼ 2π

Z
dD−2P
ð2πÞD−2

eiP·x01Pi

P2 þ κ2z
: ð14Þ

We have also introduced the compact notation x01 ¼ x0 − x1 for the difference of transverse coordinates x0 and x1. The
shorthand notation F will be very convenient in the NLO calculation. The evaluation of such Fourier transforms is
discussed in Appendix C.
It is then straightforward to perform the remaining (D − 2)-dimensional Fourier integrals in Eq. (14). All in all, the final

result for the reduced leading-order LCWF in mixed space can be written in the following form:

ψ̃
γ�T→qq̄
LO ¼ −eef

2π

�
κz

2πjx01j
�D

2
−2
���

kþ0 − kþ1
qþ

�
δijðDsÞūð0Þγþvð1Þ þ

1

2
ūð0Þγþ½γi; γj�vð1Þ

�
ixi

01

jx01j
κzKD

2
−1ðκzjx01jÞ

−mūð0Þγþγjvð1ÞKD
2
−2ðκzjx01jÞ

�
εjλ; ð15Þ

where the function KνðzÞ is the modified Bessel function of the second kind. Setting D ¼ 4, it is easy to check that one
recovers the conventional result for the wave function [7].
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IV. STRUCTURE OF THE NLO CORRECTIONS

A. Spinor structure and mass renormalization

Before proceeding to calculate these contributions, let us
first discuss the general Lorentz and gauge invariance
constraints for the wave functions, and its relation to mass
renormalization. As discussed already in our previous
paper [60], the quark mass appears in two separate terms
in the QCD light front Hamiltonian. The mass in the free
fermion term that determines the relation between light-
cone energy k− and light-cone momentum k2 þm2 is
referred to as the “kinetic mass.” On the other hand, as can
be explicitly seen from the decomposition (11), also a part
of the interaction term of the Hamiltonian is linearly
proportional to the mass, which we call the “vertex mass.”
Lorentz invariance at the level of the Lagrangian guarantees
that the two masses stay equal. However, the regularization
procedure of transverse dimensional regularization and a
longitudinal cutoff, which has proven convenient in loop
calculations [43,44,46], breaks Lorentz invariance. One is
left with two options. One is to modify the regularization
procedure to take this into account. It turns out that such a
regularization procedure in fact can be found, by only a
slight extension of the one that has been used so far,
affecting only the treatment of the “self-induced inertia” or
“seagull” diagrams that vanish in our earlier scheme
[57,67,68]. We will discuss this option in more detail in
a future work. The other option is to accept that the two
masses will become different after loop contributions, and
must be renormalized by separate renormalization condi-
tions at each order in perturbation theory. We have verified
explicitly that, at least at one loop, both procedures lead to
exactly equivalent results.
What happens in a practical calculation is the following.

As discussed in the case of the longitudinal polarization
[60], the kinetic mass renormalization is determined
by the “quark propagator correction diagrams.” Here the

renormalization condition in the pole mass scheme is
determined by the requirement that the leading divergence
resulting from the energy denominator approaching zero in
the on-shell limit is absorbed into mass renormalization.
This procedure, discussed explicitly in [60], is identical in
the case of the transverse polarization, since the propagator
corrections completely factorize from the photon vertex. If
the propagator correction diagrams are evaluated with a
Lorentz-invariance conserving regularization scheme, the
ensuing counterterm can directly be used to renormalize
the vertex mass. If, on the other hand, one uses the
straightforward kþ cutoff of [43,44,46], one needs a
separate renormalization condition for the vertex mass,
to restore Lorentz invariance. In the case of the longitudinal
photon polarization, the leading-order vertex does not have
a light-cone helicity flip term proportional to the mass.
There is thus no vertex mass parameter to renormalize and,
and vertex mass renormalization is not needed.
Since the difficult issues with mass renormalization are

related to the interplay of the regularization method and
Lorentz invariance, it is useful to start by checking the
constraints of Lorentz invariance on the wave function. In
the transverse photon case, the NLO correction to the
initial-state LCWF for γ�T → qq̄ must be proportional to the
polarization vector of the photon. It can also only depend
on one transverse momentum vector P, and involve matrix
elements of different Dirac matrix structures between the
quark and antiquark spinors, which can be related to each
other by Dirac matrix commutation relations, and by using
the Dirac equation. Based on these facts it can be seen that
the LCWF can be written as a linear combination of four
independent spinor structures. In fact, for different stages of
the calculation it is convenient to use different bases for
these spinor structures. We start by introducing a basis that
is convenient for the loop calculations and first choose the
independent structures as

ūð0Þ=ελðqÞvð1Þ; ðP · ελÞūð0Þγþvð1Þ;
ðP · ελÞ
P2

Pjūð0Þγþγjvð1Þ; ūð0Þγþ=ελðqÞvð1Þ: ð16Þ

In terms of these four structures we can write the wave function up to NLO in terms of four form factors VT , N T , ST , and
MT which are defined, extracting some constants for future convenience, by

Ψγ�T→qq̄
LO þΨγ�T→qq̄

NLO ¼ δα0α1
eef
EDLO

�
ūð0Þ=ελðqÞvð1Þ

�
1þ

�
αsCF

2π

�
VT

�
þ qþ

2kþ0 k
þ
1

ðP · ελÞūð0Þγþvð1Þ
�
αsCF

2π

�
N T

þ qþ

2kþ0 k
þ
1

ðP · ελÞ
P2

Pjmūð0Þγþγjvð1Þ
�
αsCF

2π

�
ST þ qþ

2kþ0 k
þ
1

mūð0Þγþ=ελðqÞvð1Þ
�
αsCF

2π

�
MT

�
: ð17Þ

Here the form factor VT multiplies the leading-order-like structure, which has both light-cone helicity nonflip contributions,
and flip contributions proportional to the quark mass. Out of the new structures that only appear at one-loop order,N T is a
nonflip contribution and ST and MT are light-cone helicity flip contributions.
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In general, the parametrization of the γqq̄ vertex function
based on Lorentz and gauge invariances, relevant for the
γ�T → qq̄ amplitude, can be written as

ΓμðqÞ ¼ FDðq2=m2Þγμ þ FPðq2=m2Þ qν
2m

iσμν; ð18Þ

where FD and FP are the Dirac and Pauli form factors,
respectively. As explained in Appendix F, one can show
that the form factors VT ,N T , ST , andMT have to obey the
following constraints:

−
�
αsCF

2π

�
m2

P2
ST

				
P2¼−Q̄2−m2

¼ FPðq2=m2Þ; ð19Þ

−
�
αsCF

2π

�
1

ð2z − 1ÞN
T

				
P2¼−Q̄2−m2

¼ FPðq2=m2Þ; ð20Þ

�
αsCF

2π

�
VT

				
P2¼−Q̄2−m2

¼ −1þ FDðq2=m2Þ þ FPðq2=m2Þ;

ð21Þ

MT jP2¼−Q̄2−m2 ¼ 0: ð22Þ

All of these constraints are evaluated at what we call the
on-shell point q2 ¼ ðP2 þm2Þ=ðzð1 − zÞÞ. The on-shell
point corresponds to the kinematical configuration of a
timelike virtual photon decaying to a quark-antiquark pair
with four-momentum conservation. For the DIS process the
virtual photon is spacelike, and the on-shell point is outside
of the physical region. We have, however, analytical
expressions for the form factors, and they can easily be
extended up to the on-shell point. The on-shell point is,
also, the renormalization point in the on-shell, i.e. pole
mass, quark mass renormalization scheme.
Depending on the details of the regularization procedure,

we can use these four constraints in two ways. If the
regularization procedure preserves Lorentz invariance, all
four conditions serve as cross-checks of the result of the
loop calculation. If, on the other hand, Lorentz invariance
needs to be restored, one of the constraint equations
becomes a renormalization condition for the vertex mass.
To see explicitly how this happens, let us see how a vertex
mass counterterm appears in the wave function (17). For the
purpose of mass renormalization, it is convenient to change
from the basis in (17) to a different one, where the
longitudinal component of the polarization vector is elim-
inated using εþðqÞ ¼ 0; q · εðqÞ ¼ 0. This leads to the
following structure:

Ψγ�T→qq̄
LO þ Ψγ�T→qq̄

NLO ¼ δα0α1
eef
EDLO

qþ

2kþ0 k
þ
1

���
kþ0 − kþ1

qþ

��
1þ

�
αsCF

2π

�
VT

�
þ
�
αsCF

2π

�
N T

�
P · ελūð0Þγþvð1Þ

þ 1

2

�
1þ

�
αsCF

2π

�
VT

�
Piεjλūð0Þγþ½γi; γj�vð1Þ þm

��
αsCF

2π

�
ST

��
PiPj

P2

�
εiλūð0Þγþγjvð1Þ

−m

�
1þ

�
αsCF

2π

�
½MT þ VT �

�
εiλūð0Þγþγivð1Þ

�
; ð23Þ

where clearly the first two lines are light-cone helicity
conserving, and the second two flip terms.
Following a bare perturbation theory approach, the mass

appearing in the unrenormalized wave function (17) is in
fact the bare mass m0. One then replaces m0 ¼ m − δm
with δm ∼ αs, and inserts this relation into the equation. In a
renormalized perturbation approach, on the other hand, one
works all the time with the physical quark mass m, and
inserts an additional 3-point vertex mass counterterm in the
Hamiltonian. In both cases, it is obvious that the mass
counterterm at order αs is associated with the last line of
(23), which is the only one where the mass appears at LO,
and gives a contribution of the form

Ψγ�T→qq̄
δm ¼ δα0α1

eef
EDLO

qþ

2kþ0 k
þ
1

fδmεiλūð0Þγþγivð1Þg: ð24Þ

Since the form factor MT is the only one that is only
associated with the same spinor structure, it is clear that the

vertex mass renormalization will affect only the form
factor MT. Thus we can separate MT into the loop
contribution MT

loopðP; z; Q2Þ, which depends on the kin-
ematics, and the constant counterterm

MT ¼ MT
loopðP; z; Q2Þ þMT

c:t:: ð25Þ

It is now clear how to use one of the form factor constraints,
namely the last one (22), as a mass renormalization
condition. One simply determines the counterterm contri-
bution to MT by requiring (22) to be satisfied, i.e.

MT
c:t: ¼ −MT

loopðP; z; Q2Þj
P2¼−Q̄2−m2 : ð26Þ

This also points to a consistency condition that the loop
calculation must, and will, satisfy. Namely, when P2 is set
to the on-shell value P2 ¼ −Q̄2 −m2 the form factor
MT

loopðP; z; Q2Þ must no longer depend on z or Q2.
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Also, if a Lorentz-invariance preserving regularization has
been used, (26) must be automatically satisfied with the
mass counterterm extracted from the kinetic mass renorm-
alization condition. Thus we have established the effect of
the vertex mass renormalization. Once the loop contribu-
tion MT

loopðP; z; Q2Þ is calculated, we will simply subtract
from it its value at the on-shell point, corresponding to the
vertex mass counterterm. The additional check of our result
obtained from comparing the first three constraint equa-
tions (19), (20), and (21) to the well-known result for the
Pauli form factor at one loop in QCD (identical to the QED
result [69,70] up to the replacement αsCF ↔ αeme2f) is
done in detail in Appendix F.
In practical calculations of loop diagrams, we will want

to use a symmetry under exchanging the quark and the
antiquark to restore some contributions, without calculating
the corresponding diagrams explicitly. The relevant sym-
metry here is that the light-cone wave function should stay
invariant if, for a fixed photon light front helicity, one
exchanges both the momenta and the helicities of the quark
and the antiquark. In terms of the invariant momenta the
quark and antiquark transverse momenta are given by k0 ¼
Pþ zq and k1 ¼ −Pþ ð1 − zÞq. Thus the exchange of
three-momenta k̂0 ↔ k̂1 is achieved by the substitution
z ↦ 1 − z and P ↦ −P. The spinor matrix elements
ūð0Þγþvð1Þ, ūð0Þγþ½γi; γj�vð1Þ, and ūð0Þγþγivð1Þ in
Eq. (23) are independent of transverse momenta, and
symmetric under the exchange z ↦ 1 − z. Under exchang-
ing the light-cone helicities h0 ↔ h1, the first light-cone
helicity conserving matrix element ūð0Þγþvð1Þ ∼ δh0;−h1

and the light-cone helicity flip one ūð0Þγþγivð1Þ ∼ δh0;h1
are symmetric, and the second helicity conserving one
ūð0Þγþ½γi; γj�vð1Þ ∼ h0δh0;−h1 antisymmetric. The scalar
form factors only depend on the square of the transverse
momentum P, but have a nontrivial dependence on the
momentum fraction z. Requiring the invariance of the
wave function under the simultaneous exchange k̂0 ↔ k̂1,
h0 ↔ h1 we can then deduce the following symmetrization
requirements for the scalar form factors:

VTð1 − zÞ ¼ VTðzÞ; ð27Þ

N Tð1 − zÞ ¼ −N TðzÞ; ð28Þ

STð1 − zÞ ¼ STðzÞ; ð29Þ

MTð1 − zÞ ¼ MTðzÞ: ð30Þ

We will use these conditions to deduce the correct sign for
the contributions of diagrams related to each other by the
exchange of the quark and antiquark.
Before moving on, let us note that for the purposes of

Fourier transforming the wave function to mixed space
(which is done after mass renormalization) and for calcu-
lating the total DIS cross section, it is convenient to change
the basis yet again. In fact, the Fourier transform of both the
ST contribution and the MT þ VT one are more easily
calculated if one splits the symmetric tensor PiPj into its
trace and a traceless part. This additional reorganization
changes the decomposition (23) into the form

Ψγ�T→qq̄
LO þΨγ�T→qq̄

NLO ¼ δα0α1
eef
EDLO

qþ

2kþ0 k
þ
1

���
kþ0 − kþ1

qþ

��
1þ

�
αsCF

2π

�
VT

�
þ
�
αsCF

2π

�
N T

�
P · ελūð0Þγþvð1Þ

þ 1

2

�
1þ

�
αsCF

2π

�
VT

�
Piεjλūð0Þγþ½γi; γj�vð1Þ þm

��
αsCF

2π

�
ST

��
PiPj

P2
−
δij

2

�
εiλūð0Þγþγjvð1Þ

−m

�
1þ

�
αsCF

2π

��
MT þ VT −

ST

2

��
εiλūð0Þγþγivð1Þ

�
: ð31Þ

It will also turn out that the expression for the combination
MT þ VT − ST=2 will be simpler than the terms sepa-
rately. The spinor matrix elements of this basis ūð0Þγþvð1Þ,
ūð0Þγþ½γi; γj�vð1Þ, and ūð0Þγþγivð1Þ do not depend on the
transverse momentum P and can be factorized from the
Fourier transform. The result of the Fourier transform of
this decomposition is the one already given in the accom-
panying shorter paper [66].

B. Diagrams, energy denominators, and kinematics

The LCPT diagrams relevant for the calculation of the
γ�T → qq̄ LCWF at NLO with massive quarks are shown in
Figs. 2–6. There are four propagator correction diagrams,

(a) and (b) in Fig. 2 and (c) and (d) in Fig. 3, with a gluon
loop attached to the quark or the antiquark. Then, in Figs. 4
and 5, there are four vertex correction diagrams (e), (f), (g),
and (h), corresponding to two different kinematical pos-
sibilities, with longitudinal momentum (which is always
positive) flowing either up from the antiquark to the quark
or vice versa. Finally, in Fig. 6 there is an instantaneous
gluon exchange (i) between the quark and the antiquark, in
which the gluon momentum can either flow upwards into
the quark or downwards into the antiquark. It is convenient
to split up the contribution from this diagram into terms that
are combined with one or the other of the diagrams in Fig. 4
according to the direction of the momentum flow. Due to
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the symmetry of the kinematics by exchange of the quark
and the antiquark between the two classes of graphs, only
the calculation of half of the diagrams is necessary; in this
case we will calculate the ones labeled (a), (c), (e), (g)

and the part of (i) where the momentum flows to the quark
as in (e).
The energy denominators appearing in the diagrams

are the same as in the longitudinal photon case [60].

FIG. 2. Time ordered one-loop quark self-energy diagrams (a) and (b) contributing to the transverse virtual photon LCWF at NLO.
(a) Imposing plus and transverse momentum conservation at each vertex gives q̂ ¼ k̂000 þ k̂1, k̂000 ¼ k̂00 þ k̂, and k̂00 þ k̂ ¼ k̂0.

FIG. 3. Time ordered one-loop instantaneous self-energy diagrams (c) and (d) contributing to the transverse virtual photon LCWF at
NLO. (c) Imposing plus and transverse momentum conservation at each vertex gives q̂ ¼ k̂0 þ k̂1 and k̂00 þ k̂ ¼ k̂0.

FIG. 4. Time ordered one-loop vertex diagram (e) and (f) and contributing to the transverse virtual photon LCWF at NLO.
(e) Imposing plus and transverse momentum conservation at each vertex gives q̂ ¼ k̂00 þ k̂10 , k̂00 þ k̂ ¼ k̂0, and k̂10 ¼ k̂þ k̂1.

FIG. 5. Time ordered one-loop instantaneous vertex diagrams (g) and (h) contributing to the transverse virtual photon LCWF at NLO.
(g) Imposing plus and transverse momentum conservation at each vertex gives q̂ ¼ k̂0 þ k̂1, k̂00 þ k̂ ¼ k̂0.
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Following the notation introduced in Figs. 2 and 4, and imposing the plus and the transverse momentum conservation,
we find

EDa ¼ q− − ½k−
00 þ k− þ k−1 � ¼

q2 −Q2

2qþ
−
�
k2
00 þm2

2kþ
00

þ k2

2kþ
þ k2

1 þm2

2kþ1

�
¼ −kþ0

2kþðkþ0 − kþÞ
��

k −
kþ

kþ0
k0

�
2

þ kþðkþ0 − kþÞqþ
ðkþ0 Þ2kþ1

�
P2 þ Q̄2 þ kþ0 ðqþ − kþÞ

qþðkþ0 − kþÞm
2

��
ð32Þ

and

EDv ¼ q− − ½k−
00 þ k−

10 � ¼
q2 −Q2

2qþ
−
�
k2
00 þm2

2kþ
00

þ k2
10 þm2

2kþ
10

�
¼ −qþ

2ðkþ0 − kþÞðkþ þ kþ1 Þ
���

k −
kþ

kþ0
k0

�
þL

�
2

þ ðkþ0 − kþÞðkþ þ kþ1 Þ
kþ0 k

þ
1

Q̄2 þm2

�
; ð33Þ

where L ¼ −ðkþ0 − kþÞP=kþ0 . It is also convenient to
introduce the change of variables ðk; kþÞ ↦ ðK; ξÞ by
parametrizing the transverse momentum integration in the
loop by the relative momentumK of the gluon with respect
to the quark after the loop as

K ¼ k −
kþ

kþ0
k0 ¼ k − ξk0 with kþ ¼ ξzqþ: ð34Þ

In these notations the energy denominators in Eqs. (32)
and (33) can be cast into the following form:

EDa ¼
1

ð−2qþÞzξð1 − ξÞ ½K
2 þ Δ1�;

EDv ¼
1

ð−2qþÞzð1 − ξÞð1 − zð1 − ξÞÞ ½ðKþLÞ2 þ Δ2�;

ð35Þ

where the momentum variable L and the coefficients Δ1,
Δ2 are given by

L ¼ −ð1 − ξÞP;

Δ1 ¼
ξð1 − ξÞ
ð1 − zÞ ðP2 þ Q̄2 þm2Þ þ ξ2m2;

Δ2 ¼ ð1 − ξÞ
�
1þ ξz

ð1 − zÞ
�
Q̄2 þm2: ð36Þ

In the following subsections, we present the detailed
computation of the NLO form factors corresponding to the
one-loop self-energy diagrams, one-loop instantaneous
diagrams, and one-loop vertex diagrams.

V. CALCULATION OF THE LOOP DIAGRAMS

A. One-loop quark self-energy contribution

In this section we compute the contribution to the
γ�T → qq̄ LCWF in Eq. (17) from the massive quark
self-energy diagrams (a) and (b) shown in Fig. 2.
Applying the diagrammatic LCPT rules formulated in
momentum space yields the expression

Ψγ�T→qq̄
ðaÞ ¼

Z edkZ gdk00 Z gdk000 ð2πÞD−1δðD−1Þðk̄00 þ k̄− k̄0Þ

×ð2πÞD−1δðD−1Þðk̄000 − k̄00 − k̄Þ
NT

ðaÞ
ðEDLOÞ2EDa

¼ 1

16π

Z
kþ
0

0

dkþ

kþkþ0 ðkþ0 −kþÞ
Z

dD−2k
ð2πÞD−2

NT
ðaÞ

ðEDLOÞ2EDa
;

ð37Þ

where the energy denominators are written down in Eqs. (6)
and (32), and the spinor structure coming from the vertices
(note that the summation is implicit over the internal
helicities, gluon polarization, and color) is given by the
numerator

FIG. 6. Time ordered one-loop instantaneous diagram (i) con-
tributing to the transverse virtual photon LCWF at NLO. We only
calculate this in the kinematics kþ0 > kþ

00 , the rest is restored by
symmetry. Imposing plus and transverse momentum conservation
gives q̂ ¼ k̂00 þ k̂10 and k̂00 þ k̂ ¼ k̂0, where k̂ is the momentum
flowing up to the quark.
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NT
ðaÞ ¼ þeefg2taα0α00 t

a
α00α1 ½ūð0Þ=εσðkÞuð00Þ�½ūð00Þ=ε�σðkÞuð000Þ�½ūð000Þ=ελðqÞvð1Þ�: ð38Þ

By making the change of variables ðk; kþÞ ↦ ðK; ξÞ [see Eq. (34)] and regulating the small kþ → 0 (or ξ → 0) divergences
by an explicit cutoff kþ > αqþ (or ξ > α=z) with the dimensionless parameter α > 0, we can simplify the expression in
Eq. (37) to

Ψγ�T→qq̄
ðaÞ ¼ −1

8πqþðEDLOÞ2
Z

1

α=z

dξ
z

Z
dD−2K
ð2πÞD−2

NT
ðaÞ

½K2 þ Δ1�
; ð39Þ

where the detailed calculation of the numerator in Eq. (38), performed in Appendix A, gives

NT
ðaÞ ¼

2g2CF

ξ2ð1 − ξÞ δα0α1V
γ�T→qq̄
h0;h1

�
½1þ ð1 − ξÞ2�K2 þm2ξ4 þ ðDs − 4Þ

2
ξ2½K2 þm2ξ2�

�
: ð40Þ

Similarly as in the longitudinal case, we note that from this expression one obtains both the FDH scheme result by taking the
limit Ds → 4, and the CDR one by setting Ds ¼ D.
Following the same steps as presented in [60], we find

Ψγ�T→qq̄
ðaÞ ¼Ψγ�T→qq̄

LO

�
αsCF

2π

��
−
Z

1

α=z

dξ
ξ
½1þð1−ξÞ2�A0ðΔ1Þ−

2ð1− zÞm2

½P2þ Q̄2þm2�
Z

1

0

dξA0ðΔ1Þ−
ðDs−4Þ

2

Z
1

0

dξξA0ðΔ1Þ
�
;

ð41Þ

where the elementary scalar integral A0 is defined in Ref. [43] (see Appendixes D and E there)

A0ðΔ1Þ ¼ 4πðμ2Þ2−D=2

Z
dD−2K
ð2πÞD−2

1

½K2 þ Δ1�
: ð42Þ

We now perform the renormalization of the kinetic mass precisely as in our earlier calculation for the longitudinal photon
[60] (see Sec. V C). In the end, this amounts to a mass subtraction that makes the leading singularity at the on-shell point
P2 þ Q̄2 þm2 → 0, i.e. Δ2

1 → ξ2m2 [see Eq. (36)] cancel. Note that the denominator P2 þ Q̄2 þm2 in the second term of

Eq. (41) is precisely the kind of doubling of the energy denominator inΨγ�T→qq̄
LO that results from a Taylor series development

in powers of the mass counterterm. Thus the effect of mass renormalization is to replace A0ðΔ1Þ in the second term of
Eq. (41) by A0ðΔ1Þ −A0ðξ2m2Þ. With some abuse of notation we will continue denoting the mass-renormalized wave

function with the same notation Ψγ�T→qq̄
ðaÞ . Together with the explicit expression [43]

A0ðΔ1Þ ¼ Γ
�
2 −

D
2

��
Δ1

4πμ2

�D
2
−2

¼ ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
− log

�
Δ1

μ2

�
þOðD − 4Þ; ð43Þ

we can now evaluate the wave function as

Ψγ�T→qq̄
ðaÞ ¼ Ψγ�T→qq̄

LO

�
αsCF

2π

�
VT
ðaÞ; ð44Þ

where the form factor VT
ðaÞ is given by

VT
ðaÞ ¼

�
3

2
þ 2 log

�
α

z

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
þ log

�ð1 − zÞμ2
Q̄2 þm2

�
− log

�
P2 þ Q̄2 þm2

Q̄2 þm2

��
− log2

�
α

z

�
−
π2

3
þ 3þ 1

2

ðDs − 4Þ
ðD − 4Þ þ IVðaÞ þOðD − 4Þ: ð45Þ

The factor ðDs − 4Þ=2ðD − 4Þ is the regularization scheme dependent coefficient coming from the following integral:
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−
ðDs − 4Þ

2

Z
1

0

dξ ξA0ðΔ1Þ ¼
1

2

ðDs − 4Þ
ðD − 4Þ þOðD − 4Þ; ð46Þ

and we have defined the function IVðaÞ as

IVðaÞ ¼ ðP2 þ Q̄2 þm2Þ
Z

1

0

dξ
ξ

�
−
2 logðξÞ
ð1 − ξÞ þ ð1þ ξÞ

2

��
1

P2 þ Q̄2 þm2
−

1

P2 þ Q̄2 þm2 þ ð1−zÞξ
ð1−ξÞ m

2

�
: ð47Þ

Note that this integral over ξ ∈ ½0; 1� is finite.
The mass renormalized LCWF for the quark self-energy diagram in diagram (b) shown in Fig. 2 can be now easily

obtained by using the symmetry between the diagrams (a) and (b). As discussed in Sec. IVA, this implies that the
contribution to the form factor VT from the antiquark propagator correction diagram (b) is obtained from the diagram (a) by
the substitution z ↦ 1 − z. Using this symmetry we get

Ψγ�T→qq̄
ðbÞ ¼ Ψγ�T→qq̄

LO

�
αsCF

2π

�
VT
ðbÞ; ð48Þ

where from Eq. (45) one obtains

VT
ðbÞ ¼

�
3

2
þ 2 log

�
α

1 − z

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
þ log

�
zμ2

Q̄2 þm2

�
− log

�
P2 þ Q̄2 þm2

Q̄2 þm2

��
− log2

�
α

1 − z

�
−
π2

3
þ 3þ 1

2

ðDs − 4Þ
ðD − 4Þ þ IVðbÞ þOðD − 4Þ ð49Þ

with

IVðbÞ ¼ ðP2 þ Q̄2 þm2Þ
Z

1

0

dξ
ξ

�
−
2 logðξÞ
ð1 − ξÞ þ ð1þ ξÞ

2

��
1

P2 þ Q̄2 þm2
−

1

P2 þ Q̄2 þm2 þ zξ
ð1−ξÞm

2

�
: ð50Þ

Summing the expressions in Eqs. (44) and (48), we obtain for the full contribution of the one-loop quark self-energy to
the γ�T → qq̄ LCWF the result

Ψγ�T→qq̄
ðaÞþðbÞ ¼ Ψγ�T→qq̄

LO

�
αsCF

2π

�
VT
ðaÞþðbÞ; ð51Þ

where the NLO form factor VT
ðaÞþðbÞ can be written as

VT
ðaÞþðbÞ ¼ 2

�
3

2
þ log

�
α

z

�
þ log

�
α

1 − z

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
þ log

�
μ2

Q̄2 þm2

�
− log

�
P2 þ Q̄2 þm2

Q̄2 þm2

��
þ ½logðzÞ þ logð1 − zÞ�

�
3

2
þ 2 logðαÞ

�
− 4 logðzÞ logð1 − zÞ − log2

�
α

z

�
− log2

�
α

1 − z

�
−
2π2

3
þ 6þ ðDs − 4Þ

ðD − 4Þ þ IVðaÞ þ IVðbÞ þOðD − 4Þ: ð52Þ

B. One-loop instantaneous contribution

Let us then calculate the one-loop instantaneous diagrams shown in Figs. 3, 5, and 6. We start by writing down the
expression for the diagram (c) in Fig. 3. Applying the diagrammatic LCPT rules formulated in momentum space yields the
expression
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Ψγ�T→qq̄
ðcÞ ¼

Z edkZ gdk00 ð2πÞD−1δðD−1Þðk̂00 þ k̂ − k̂0Þ
1

EDLOEDa

NT
ðcÞ

2ðkþ
00 þ kþÞ

¼ 1

16π

Z
kþ
0

0

dkþ

kþkþ0 ðkþ0 − kþÞ
Z

dD−2k
ð2πÞD−2

NT
ðcÞ

EDLOEDa
; ð53Þ

where the spinor structure coming from the vertices is given by the numerator

NT
ðcÞ ¼ eefg2taα0α00 t

a
α00α1 ½ūð0Þ=εσðkÞuð00Þ�½ūð00Þ=ε�σðkÞγþ=ελðqÞvð1Þ�: ð54Þ

After making the change of variables ðk; kþÞ ↦ ðK; ξÞ, we can simplify the expression in Eq. (53) to

Ψγ�T→qq̄
ðcÞ ¼ −1

8πqþEDLO

Z
1

α=z

dξ
z

Z
dD−2K
ð2πÞD−2

NT
ðcÞ

½K2 þ Δ1�
; ð55Þ

where the numerator Eq. (54) in these variables simplifies (see Appendix A) to

NT
ðcÞ ¼ −eefg2CFδα0α1

��
−
2

ξ
þ ðDs − 2Þ

�
ūð0Þγþγi=ελðqÞvð1ÞKi þ ξðDs − 2Þmūð0Þγþ=ελðqÞvð1Þ�

�
: ð56Þ

Noting that the term proportional to Ki vanishes upon integration over K, we then obtain

Ψγ�T→qq̄
ðcÞ ¼ þeef

g2CF

32π2qþEDLO
δα0α1ðDs − 2Þmūð0Þ=ελðqÞvð1Þ

Z
1

α=z

dξξ
z

A0ðΔ1Þ: ð57Þ

Next, we compute the diagram (g) in Fig. 5. The expression in momentum space reads

Ψγ�T→qq̄
ðgÞ ¼

Z edkZ gdk00 ð2πÞD−1δðD−1Þðk̂00 þ k̂ − k̂0Þ
1

EDLOEDa

NT
ðgÞ

2ðkþ1 þ kþÞ

¼ 1

16π

Z
kþ
0

0

dkþ

kþðkþ0 − kþÞðkþ1 þ kþÞ
Z

dD−2k
ð2πÞD−2

NT
ðgÞ

EDLOEDa
; ð58Þ

where the spinor structure coming from the vertices is given by the numerator

NT
ðgÞ ¼ −eefg2taα0α00 t

a
α00α1 ½ūð0Þ=εσðkÞuð00Þ�½ūð00Þ=ελðqÞγþ=ε�σðkÞvð1Þ�: ð59Þ

In the ðK; ξÞ variables, we can simplify the expression in Eq. (58) to

Ψγ�T→qq̄
ðgÞ ¼ −1

8πqþEDLO

Z
1

α=z

dξ
½1 − zþ zξ�

Z
dD−2K
ð2πÞD−2

NT
ðcÞ

½K2 þ Δ1�
; ð60Þ

where the numerator in Eq. (59) (see Appendix A) simplifies to

NT
ðgÞ ¼ −eefg2CFδα0α1

��
2

ξ
ūð0Þγþ=ελðqÞγivð1Þ þ ðDs − 4Þūð0Þγþγi=ελvð1Þ

�
Ki þ ξðDs − 4Þmūð0Þγþ=ελðqÞvð1Þ

�
: ð61Þ

Again, the term proportional to Ki vanishes, and we are left with the following expression:

Ψγ�T→qq̄
ðgÞ ¼ þeef

g2CF

32π2qþEDLO
δα0α1ðDs − 4Þmūð0Þγþ=ελðqÞvð1Þ

Z
1

α=z

dξξ
½1 − zþ zξ�A0ðΔ1Þ: ð62Þ

Finally, we focus on the diagram (i) in Fig. 6. We calculate this in the kinematics kþ0 > kþ
00 and denote this contribution as

ðiÞ1. The corresponding expression in momentum space reads
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Ψγ�T→qq̄
ðiÞ1 ¼

Z gdk00 Z gdk10 ð2πÞD−1δðD−1Þðk̂10 þ k̂00 − q̂Þ 1

EDLOEDv

NT
ðiÞ1

ðkþ
00 − kþ0 Þ2

¼ 1

8π

Z
kþ
0

0

dkþ
00

kþ
00 ðqþ − kþ

00 Þðkþ00 − kþ0 Þ2
Z

dD−2k00

ð2πÞD−2

NT
ðiÞ1

EDLOEDv
; ð63Þ

where the energy denominator EDv is defined in Eq. (33) and the spinor structure coming from the vertices is given by the
numerator

NT
ðiÞ1 ¼ −eefg2taα0α00 t

a
α00α1 ½ūð0Þγþuð00Þ�½ūð00Þ=ελðqÞvð10Þ�½v̄ð10Þγþvð1Þ�: ð64Þ

By the change of variables ðk00 ; k
þ
00 Þ ↦ ðK; ξÞ we can simplify the expression in Eq. (63) to

Ψγ�T→qq̄
ðiÞ1 ¼ −1

4πðqþÞ2EDLO

Z
1

α=z

dξ
zξ2

Z
dD−2K
ð2πÞD−2

NT
ðiÞ1

½ðKþLÞ2 þ Δ2�
; ð65Þ

where the numerator in Eq. (64) (see Appendix A) simplifies to

NT
ðiÞ1 ¼ −eefg2CFδα0α1fð4qþ½1 − zð1 − ξÞ�εiλūð0Þγþvð1Þ þ 2qþūð0Þ=ελðqÞγþγivð1ÞÞ½Ki þLi� þ 2qþmūð0Þγþ=ελðqÞvð1Þg:

ð66Þ

Now, since the term proportional to ðKþLÞi vanishes by symmetry due to the integration in K, we obtain

Ψγ�T→qq̄
ðiÞ1 ¼ þeef

g2CF

8π2qþEDLO
δα0α1mūð0Þγþ=ελðqÞvð1Þ

Z
1

α=z

dξ
zξ2

A0ðΔ2Þ: ð67Þ

By comparing the expressions in Eqs. (57), (62), and (67) to Eq. (17), we observe that the instantaneous diagrams
contribute only to the form factor MT as

MT
ðcÞ ¼

ðDs − 2Þð1 − zÞ
2

Z
1

0

dξξA0ðΔ1Þ

¼ −
ð1 − zÞ

2

ðDs − 4Þ
ðD − 4Þ þ ð1 − zÞ

Z
1

0

dξξA0ðΔ1Þ þOðD − 4Þ; ð68Þ

MT
ðgÞ ¼

ðDs − 4Þð1 − zÞ
2

Z
1

0

dξ
zξ

½1 − zþ zξ�A0ðΔ1Þ

¼ −
ðDs − 4Þ
ðD − 4Þ

�
ð1 − zÞ þ ð1 − zÞ2

z
logð1 − zÞ

�
þOðD − 4Þ; ð69Þ

and

MT
ðiÞ1 ¼ 2ð1 − zÞ

Z
1

α=z

dξ
ξ2

A0ðΔ2Þ: ð70Þ

To simplify the expressions in Eqs. (68) and (69) we utilized the relation − ðD−4Þ
2

A0ðΔ1Þ ¼ 1þOðD − 4Þ.
The corresponding contributions from diagrams (d), (h), and ðiÞ2 can be obtained from Eqs. (68), (69), and (70) by

symmetry, as z ↔ 1 − z.

C. One-loop vertex contribution

The only diagrams left to calculate for the full γ�T → qq̄ LCWF at NLO are the nontrivial vertex correction diagrams (e)
and (f) shown in Fig. 4. These two diagrams give contributions to all four form factors introduced in the decomposition
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Eq. (17). Since the contributions coming from the diagrams (e) and (f) are symmetric to each other by exchange of the quark
and antiquark, we need to explicitly calculate only one of them, for example the diagram (e).
For diagram (e), the momentum space expression of the one-loop LCWF can be written as

Ψγ�T→qq̄
ðeÞ ¼

Z edkZ gdk00 Z gdk10 ð2πÞD−1δðD−1Þðk̄00 þ k̄ − k̄0Þð2πÞD−1δðD−1Þðk̄10 − k̄ − k̄1Þ
NT

ðeÞ
EDvEDaEDLO

¼ 1

16π

Z
kþ
0

0

dkþ

kþðkþ0 − kþÞðkþ þ kþ1 Þ
Z

dD−2k
ð2πÞD−2

NT
ðeÞ

EDvEDaEDLO
; ð71Þ

where the numerator (again the summation is implicit over the internal helicities, gluon polarization, and color) is given by

NT
ðeÞ ¼ −eefg2δα0α1CF½ūð0Þ=εσðkÞuð00Þ�½ūð00Þ=ελðqÞvð10Þ�½v̄ð10Þ=ε�σðkÞvð1Þ�: ð72Þ

Applying again the change of variables k ↦ K, we obtain

Ψγ�T→qq̄
ðeÞ ¼ 1

4πqþ
1

EDLO

Z
kþ
0

0

dkþ
�
1 −

kþ

kþ0

�Z
dD−2K
ð2πÞD−2

NT
ðeÞ

½K2 þ Δ1�½ðKþLÞ2 þ Δ2�
: ð73Þ

Before starting to calculate this contribution, it is useful
to make a small power counting argument for the transverse
momentum integrals in relation to the quark masses
and light-cone helicities. One is performing a (D − 2)-
dimensional integral with a total denominator ∼K4 at large
K from the energy denominators. Therefore one can have
UV divergences in the integral if the numerator, coming
from a product of three elementary quark-gauge boson
vertices, is proportional to at least K2. From the decom-
position of the elementary vertex (11) we see that light-cone
helicity conserving terms are proportional to the momentum
Ki, whereas light-cone helicity flip terms are proportional to
one power of the mass ∼m. We will thus have two kinds of
UV divergent contributions, proportional tom0 or tom1. The
first ones behave just like the corresponding diagrams in the
massless case. The second ones, proportional to the mass,
will contribute to the renormalization of the quark (vertex)
mass, which appears linearly in the leading-order vertex.

There will also be 4 kinds of finite contributions, propor-
tional to mn, n ¼ 0, 1, 2, 3. The number of powers of mass
corresponds to the number of light-cone helicity flips
following the quark line. Thus n ¼ 0 and n ¼ 2 contribu-
tions are nonflip contributions for the overall diagram and
can interfere with each other. Similarly n ¼ 1 and n ¼ 3
have an overall helicity flip between the outgoing quark and
antiquark, and can interfere with each other. Only even
powers of the mass up to m4 will appear in the NLO cross
section. Quark masses regulate the energy denominators, so
there are no IR divergences in the transverse integrals.
From a technical point of view, the calculation of the

numerator and the corresponding tensor integrals in
Eq. (73) turns out to be a quite tedious task. Therefore,
the details of the intermediate steps are documented in
Appendix A 3, keeping the main text as readable as
possible. Collecting the results from Appendix A 3, we
find the following result:

Ψγ�T→qq̄
ðeÞ ¼ eef

EDLO
δα0α1

�
αsCF

2π

��
ūð0Þ=ελðqÞvð1ÞVT

ðeÞ þ
�
2kþ0 k

þ
1

qþ

�
P · ελūð0Þγþvð1ÞN T

ðeÞ

þ
�
2kþ0 k

þ
1

qþ

�
P · ελ
P2

Pjmūð0Þγþγjvð1ÞST
ðeÞ þ

�
2kþ0 k

þ
1

qþ

�
mūð0Þγþ=ελðqÞvð1ÞMT

ðeÞ

�
; ð74Þ

where the form factors can be cast into the form:

VT
ðeÞ ¼ −

z
2

ðDs − 4Þ
ðD − 4Þ − zþ

Z
1

α=z
dξ

�
1

ξ
− 2zþ zξ

��
A0ðΔ2Þ þ

ðP2 þ Q̄2 þm2Þ
P2

T −

�
þ
Z

1

α=z
dξ

�
2

ξ
þ zξ
ð1 − zÞ

�
T þ þ zm2

Z
1

0

dξð1 − ξÞξ
�ð1 − 2zÞ
ð1 − zÞ

PjBj

P2
þ ξB0

�
þOðD − 4Þ ð75Þ
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N T
ðeÞ ¼ −zð1 − zÞ ðDs − 4Þ

ðD − 4Þ þ zð2z − 1Þ þ 2zð1 − zÞ
Z

1

0

dξðξ − 2Þ
�
A0ðΔ2Þ þ

ðP2 þ Q̄2 þm2Þ
P2

T −

�
þ 2z

Z
1

0

dξð1 − ξÞ
�
2þ ð2z − 1Þξ

ð1 − zÞ
��ðP2 þm2Þ

P2
PjBj − ð1 − ξÞðP2 þ Q̄2 þm2ÞB0

�
− 2zm2

Z
1

0

dξð1 − ξÞ½1þ 2ð1 − zÞð1 − ξÞ�
�
PjBj

P2
þ ξB0

�
þOðD − 4Þ ð76Þ

ST
ðeÞ ¼ −zþ 2z

Z
1

0

dξð1 − ξÞ
�
−
ðP2 þ Q̄2 þm2Þ

P2
T − þ ξð1 − 2zÞðP2 þm2Þ

ð1 − zÞP2
PjBj − PjBj

− ξð1 − ξÞP2B0 þ ξ2m2B0

�
þOðD − 4Þ ð77Þ

and

MT
ðeÞ ¼

ðDs − 4Þ
ðD − 4Þ

�
ð1 − zÞ þ ð1 − zÞ2

z
logð1 − zÞ

�
þ ð1 − zÞ

Z
1

α=z
dξ

�
−

2

ξ2
A0ðΔ2Þ þA0ðΔ1Þ

�
þ
Z

1

α=z
dξ

�
−
1

ξ
þ z

� ðP2 þ Q̄2 þm2Þ
P2

T − −
z2

ð1 − zÞ ðP
2 þ Q̄2 þm2Þ

Z
1

0

dξð1 − ξÞ2B0 þOðD − 4Þ: ð78Þ

In the above expressions the following compact notation has been introduced:

T − ≡ −ð1 − ξÞ
�
PjBj þ ξP2B0

ð1 − zÞ
�
;

T þ ≡þð1 − ξÞ½ð1 − ξÞðP2 þ Q̄2 þm2ÞB0 − PjBj þ ð1 − zÞξm2B0�; ð79Þ

where the elementary integrals B0 and Bj are the ones defined in Ref. [43] (see Appendixes D and E there).

Diagram (f) is obtained from (e) by exchanging the quark
and the antiquark. Thus, as discussed in IVA, we can obtain
its contribution to the form factors with the substitution
z → 1 − z and changing the sign for N T, so that the
symmetry requirements Eqs. (27), (28), (29), and (30)
are recovered.

VI. FULL MOMENTUM SPACE LCWF

A. Form factor VT

The full form factor VT gets contributions from the self-
energy diagrams (a) and (b) and from the nontrivial vertex
correction diagrams (e) and (f). Consequently, by sym-
metry, one has

VT ¼ VT
ðaÞ þ VT

ðeÞ þ ½z ↔ 1 − z�; ð80Þ

where the mass renormalized expression for the VT
ðaÞ

contribution is given in Eq. (45). To obtain the full VT

contribution in momentum space, we shall next evaluate
further the individual terms appearing in Eq. (75) for VT

ðeÞ.
We follow the same strategy that was used in Ref. [60], and
study the UV divergent and UV finite parts separately.

1. UV divergent part

To evaluate the UV divergent part in Eq. (75), we first
remind the reader that the UV divergent function A0ðΔ2Þ
can be written as

A0ðΔ2Þ ¼
ð4πÞ2−D

2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
− log

�
Δ2

μ2

�
þOðD − 4Þ:

ð81Þ

Before performing the integration over the ξ, we rewrite the
coefficient Δ2 as

Δ2 ¼
z

ð1 − zÞ Q̄
2ðξðþÞ − ξÞðξ − ξð−ÞÞ; ð82Þ

where the zeroes in ξ are given by

ξð�Þ ¼ 1 −
1

2z
ð1� γÞ; with γ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2

Q2

s
: ð83Þ

Substituting Eq. (82) into Eq. (81) and then performing the
remaining ξ integral analytically gives the following result:
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Z
1

α=z
dξ

�
1

ξ
− 2zþ zξ

�
A0ðΔ2Þ ¼ −

�
3z
2
þ log

�
α

z

�� ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
þ Iξ;1 − zð2Iξ;2 − Iξ;3Þ; ð84Þ

where the functions I ξ;i for i ¼ 1, 2, 3 are independent of transverse momenta P and are given explicitly in Appendix B.
Putting everything together, we get

Z
1

α=z
dξ

�
1

ξ
− 2zþ zξ

�
A0ðΔ2Þ ¼ −

�
3z
2
þ log

�
α

z

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
þ log

�
μ2

Q̄2 þm2

��
−
ð1þ 5zÞ

2

þ Li2

�
1

1 − 1
2z ð1 − γÞ

�
þ Li2

�
1

1 − 1
2z ð1þ γÞ

�
þ
�
1þ 1

2z

�
γ log

�
1þ γ

1þ γ − 2z

�
−

1

2z

��
zþ 1

2

�
ð1 − γÞ þm2

Q2

�
log

�
Q̄2 þm2

m2

�
: ð85Þ

2. UV finite parts

Let us then focus on computation of the UV finite part in Eq. (75), which turns out to be quite tricky. It is possible to
directly compute the B0 and Bi integrals, but the result would be too complicated for further analytical integration,
in particular for the required Fourier transform. Instead, we first Feynman parametrize the denominator appearing in B0

and Bi as �
B0

Bj

�
¼
Z

1

0

dx

�
1

−xLi

�
1

½xð1 − xÞL2 þ ð1 − xÞΔ1 þ xΔ2�
; ð86Þ

where L ¼ −ð1 − ξÞP and the denominator can be rewritten as

D≡ xð1 − xÞL2 þ ð1 − xÞΔ1 þ xΔ2 ¼ ð1 − ξÞ½ð1 − xÞP2 þ Q̄2 þm2�
�
xð1 − ξÞ þ ξ

ð1 − zÞ
�

þ ξm2

�
ξð1 − xÞ þ x

�
1 −

zð1 − ξÞ
ð1 − zÞ

��
: ð87Þ

From Eqs. (86) and (87) we then find that a combination appearing in the definition of T þ in Eq. (79) can be expressed as

−PiBi þ ð1 − ξÞðP2 þ Q̄2 þm2ÞB0 ¼
Z

1

0

dx
D

ð1 − ξÞ½ð1 − xÞP2 þ Q̄2 þm2�

¼ Iþ
ð1 − ξÞ − ξm2

Z
1

0

dx
D

ξð1 − xÞ þ x
h
1 − zð1−ξÞ

ð1−zÞ
i

h
xð1 − ξÞ þ ξ

ð1−zÞ
i ; ð88Þ

where the function Iþ is given by the simple expression

Iþ ≡
Z

1

0

dx
ð1 − ξÞ

½xð1 − ξÞ þ ξ
ð1−zÞ�

¼ − logðξÞ þ logð1 − zð1 − ξÞÞ: ð89Þ

The relation in Eq. (88) turns out to be very useful in what follows.
The difficulty in this part of the calculation is that we want to perform the divergent integral

R
1
α=z dξ=ξ analytically. Being

able to do this requires further manipulations of the somewhat complicated functions T � in the integrand. However, the
relations in Eqs. (86)–(89) make it possible to split the

R
1
α=z dξ=ξ integral into a divergent part that can be integrated
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analytically, and a remaining more complicated term that is finite in the limit α → 0. To this end, we first substitute the
expression (88) into the definition of T þ in Eq. (79) yielding the following result:

T þ ¼ Iþ − ξð1 − ξÞm2

Z
1

0

dx
D

ξð1 − xÞ þ x
h
1 − zð1−ξÞ

ð1−zÞ
i

h
xð1 − ξÞ þ ξ

ð1−zÞ
i þ ξð1 − ξÞð1 − zÞm2B0

¼ Iþ þ ξð1 − ξÞ2z2m2

ð1 − zÞ
Z

1

0

dx
D

xh
xð1 − ξÞ þ ξ

ð1−zÞ
i : ð90Þ

Furthermore, we note that one can rewrite the function T − from Eq. (79) as1

T − ¼ A0ðΔ1Þ −A0ðΔ2Þ − T þ þ z2ξð1 − ξÞ
ð1 − zÞ m2B0

¼ − log

�
Δ1

μ2

�
þ log

�
Δ2

μ2

�
− T þ þ z2ξð1 − ξÞ

ð1 − zÞ m2B0: ð91Þ

Finally, combining the expressions in Eqs. (90) and (91), we arrive at the following expression:

T − ¼ − log

�
Δ1

μ2

�
þ log

�
Δ2

μ2

�
− Iþ þm2

Z
1

0

dx
D

z2

ð1 − zÞ2
ξ2ð1 − ξÞ

½xð1 − ξÞ þ ξ
ð1−zÞ�

: ð92Þ

With these intermediate results at hand, we obtain after the direct integration the term proportional to T − in the
expression for VT

ðeÞ given in Eq. (75)

Z
1

α=z
dξ
�
1

ξ
− 2zþ zξ

�
T − ¼ −I ξ;1 þ zð2I ξ;2 − I ξ;3Þ − J ξ;1 þ zð2J ξ;2 − J ξ;3Þ

−
�ð1 − zÞ

2
þ 1

2
log2

�
α

z

�
þ ð1þ 2z − 3z2Þ

2z
logð1 − zÞ − logð1 − zÞ log

�
α

z

�
− Li2

�
−

z
1 − z

��
þm2

Z
1

0

dξ
Z

1

0

dx
D

×
z2

ð1 − zÞ2
ξð1 − ξÞ½1þ zξðξ − 2Þ�h

xð1 − ξÞ þ ξ
ð1−zÞ

i ; ð93Þ

where the functions J ξ;i with i ¼ 1, 2, 3 which depend
explicitly on the transverse momentum P are given in
Appendix B. The point of these manipulations is that we
have now managed to split the integral (93) that had a
divergence in the momentum fraction regulated by α into,
on the one hand, a part where both the momentum fraction
and Feynman parameter integrals have been evaluated and,
on the other hand, a part proportional to m2 where the
integrals remain, but the regulator has been taken to α ¼ 0.

The contribution (93) is, as it appears in the expression
for VT

ðeÞ in Eq. (75), multiplied with 1=P2. However, as can

both be seen in the general decomposition in Eq. (17) and
deduced from the fact that the original expressions before
transverse momentum integrals never have energy denom-
inators ∼P2, such a transverse IR divergent behavior is
completely spurious and must in fact cancel. Thus we know
that in fact the expression (93) must in fact vanish in the
limit P2 → 0. Indeed, one can show that if we rewrite
T − ¼ T − − limP2→0 T − þ limP2→0 T −, where limP2→0 T −
is obtained from Eq. (92) with P2 → 0, we can cast the
integral result in Eq. (93) into the following form:

1This relation follows from the Passarino-Veltman tensor
decomposition for Bi.
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Z
1

α=z
dξ

�
1

ξ
− 2zþ zξ

�
T − ¼

�
3z
2
þ log

�
α

z

��
log

�
P2 þ Q̄2 þm2

Q̄2 þm2

�
− P2m2

Z
1

0

dξ
�

logðξÞ
ð1 − ξÞ2 þ

z
1 − ξ

þ z
2

� ð1 − zÞ
P2 þ Q̄2 þm2 þ ξð1−zÞ

ð1−ξÞ m
2

1

Q̄2 þm2 þ ξð1−zÞ
ð1−ξÞ m

2

− P2m2

Z
1

0

dξ
Z

1

0

dx
D

ð1 − xÞ
DP2→0

z2

ð1 − zÞ2 ξð1 − ξÞ2½1þ zξðξ − 2Þ�; ð94Þ

where

DP2→0 ¼ ð1 − ξÞðQ̄2 þm2Þ
�
xð1 − ξÞ þ ξ

1 − z

�
þ ξm2

�
ξþ xð1 − ξÞ − xð1 − ξÞ z

1 − z

�
: ð95Þ

The “double” denominator DDP2→0 appears after combining the original expression ∼1=D and the subtraction term
∼1=DP2→0 into a common fraction. This expression manifestly vanishes at P2 → 0 and thus cancels the factor 1=P2

multiplying it in Eq. (75), as it should. As a separate point, we also note that the remaining ξ and x integrals in Eq. (94) are
finite and could be done analytically. However, it turns out that they, unlike the parts that diverge as α → 0, need to be kept
in an unintegrated form in order to Fourier transform our expressions into mixed space later. The form (94) is the one we
then use to obtain the final result.
Finally, for the T þ term appearing in Eq. (75) we obtain after the direct integrationZ

1

α=z
dξ

�
2

ξ
þ zξ
ð1 − zÞ

�
T þ ¼ 1

2
þ ð1 − zÞ

2z
logð1 − zÞ − 2 logð1 − zÞ log

�
α

z

�
þ log2

�
α

z

�
− 2Li2

�
−

z
1 − z

�
þm2

Z
1

0

dξ
Z

1

0

dx
D

z2

ð1 − zÞ2
xð1 − ξÞ2½2ð1 − zÞ þ zξ2�

½xð1 − ξÞ þ ξ
ð1−zÞ�

: ð96Þ

3. Collecting the UV divergent and finite terms

Collecting all the UV divergent and UV finite terms together, we can cast the one-loop form factor VT
ðeÞ into the following

form:

VT
ðeÞ ¼ −

�
3z
2
þ log

�
α

z

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
þ log

�
μ2

Q̄2 þm2

�
−
ðP2 þ Q̄2 þm2Þ

P2
log

�
P2 þ Q̄2 þm2

Q̄2 þm2

��
−
7z
2
−
z
2

ðDs − 4Þ
ðD − 4Þ − logð1 − zÞ

�
3

2
þ 2 log

�
α

z

��
þ log2

�
α

z

�
− 2Li2

�
−

z
1 − z

�
þΩVðeÞ

þ Li2

�
1

1 − 1
2z ð1 − γÞ

�
þ Li2

�
1

1 − 1
2z ð1þ γÞ

�
þ IVðeÞ þOðD − 4Þ; ð97Þ

where we have defined the function ΩVðeÞ as

ΩVðeÞ ¼
�
1þ 1

2z

��
logð1 − zÞ þ γ log

�
1þ γ

1þ γ − 2z

��
−

1

2z

��
zþ 1

2

�
ð1 − γÞ þm2

Q2

�
log

�
Q̄2 þm2

m2

�
ð98Þ

and IVðeÞ is given by the following integral expression:

IVðeÞ ¼ −ðP2 þ Q̄2 þm2Þ
�Z

1

0

dξ

�
logðξÞ
ð1 − ξÞ2 þ

z
1 − ξ

þ z
2

�
1

P2 þ Q̄2 þm2 þ ξð1−zÞ
ð1−ξÞ m

2

ð1 − zÞm2

Q̄2 þm2 þ ξð1−zÞ
ð1−ξÞ m

2

þm2

Z
1

0

dξ
Z

1

0

dx
D

ð1 − xÞ
DP2→0

z2ξð1 − ξÞ2
ð1 − zÞ2 ½1þ zξðξ − 2Þ�

�

þm2

Z
1

0

dξ
Z

1

0

dx
D

zð1 − ξÞ
ð1 − zÞ

�zxð1 − ξÞ½2þ zξ2

ð1−zÞ�
½xð1 − ξÞ þ ξ

ð1−zÞ�
þ ξ2ð1 − zÞ þ xξð1 − ξÞð1 − 2zÞ

�
: ð99Þ
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The double integrals appearing in Eq. (99) can be further
simplified by performing a set of change of variables. Since
we will use the same variable change in several parts of our
calculation, let us introduce it here for a more general case.
We consider the following double integral of the type
appearing e.g. in Eq. (99):Z

1

0

dξ
Z

1

0

dx
D

fðξ; xÞ; ð100Þ

where the denominator D is defined in Eq. (87) and f is
some smooth function depending on ξ and x. First,
introducing the following change of variable

x ↦ y ¼ ξþ xð1 − ξÞ ð101Þ

yields

Z
1

0

dξ
ð1 − ξÞ

Z
1

ξ

dy
D

fðξ; yÞ; ð102Þ

where the denominator D now becomes

D¼
�
yþ zξ

ð1− zÞ
�
½ð1− yÞðP2þm2Þþ ð1− ξÞQ̄2� þ y2m2:

ð103Þ

Next, introducing the following change of variable

ξ ↦ η ¼ ξ

y
ð104Þ

leads to

Z
1

0

dy
Z

1

0

dη
ð1 − yηÞ

fðη; yÞ
f½1þ zη

ð1−zÞ�½ð1 − yÞðP2 þm2Þ þ ð1 − ηyÞQ̄2� þ ym2g : ð105Þ

In this expression the denominator is now linear in y. Finally, with the change of variable

η ↦ χ ¼ zð1 − ηÞ ¼ z

�
1 −

ξ

y

�
; ð106Þ

one obtains

1

z

Z
1

0

dy
Z

z

0

dχ
1 − yð1 − χ

zÞ
fðχ; yÞ

fð1 − yÞ ð1−χÞð1−zÞ ðP2 þ Q̄2 þm2Þ þ y½m2 þ χð1−χÞ
zð1−zÞ Q̄

2�g
: ð107Þ

Interestingly, we will find that all the double integrals that are written as an our example integral (100) can be greatly
simplified by performing the above chain of three changes of variables.
Now we can further simplify our expression for IVðeÞ in Eq. (99) by applying the change of variables to y and χ. After

some algebra, we obtain

IVðeÞ ¼ −ðP2 þ Q̄2 þm2Þ
�Z

1

0

dξ

�
logðξÞ
ð1 − ξÞ2 þ

z
1 − ξ

þ z
2

�
m2

fP2 þ Q̄2 þm2 þ ξð1−zÞ
ð1−ξÞ m

2g
ð1 − zÞ

fQ̄2 þm2 þ ξð1−zÞ
ð1−ξÞ m

2g

þ
Z

1

0

dy
ð1 − yÞ

Z
z

0

dχ
ð1 − χÞ2

m2

fP2 þ Q̄2 þm2 þ y
ð1−yÞ

ð1−zÞ
ð1−χÞ ½m2 þ χð1−χÞ

zð1−zÞ Q̄
2�g

ðz − χÞ½1 − 2yðz − χÞ þ y2

z ðz − χÞ2�
fQ̄2 þm2 þ y

ð1−yÞ
ð1−zÞ
ð1−χÞ ½m2 þ χð1−χÞ

zð1−zÞ Q̄
2�g

�

þ
Z

1

0

dy
ð1 − yÞ

Z
z

0

dχ
ð1 − χÞ2

m2

fP2 þ Q̄2 þm2 þ y
ð1−yÞ

ð1−zÞ
ð1−χÞ ½m2 þ χð1−χÞ

zð1−zÞ Q̄
2�g

ð1 − zÞ
z

½2zχ þ y2ðz − χÞð1 − 2χÞ�: ð108Þ

4. The full form factor VT in momentum space

At this stage, it is convenient to combine the results from the propagator correction diagram (a) from Eq. (45) and from
the vertex correction (e) that we have just calculated in Eq. (97). This gives
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VT
ðaÞ þ VT

ðeÞ ¼
�
3ð1 − zÞ

2
þ log

�
α

z

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
þ log

�
μ2

Q̄2 þm2

��
þ
�
−
3

2
− 2 log

�
α

z

�
þ ðP2 þ Q̄2 þm2Þ

P2

�
3z
2
þ log

�
α

z

���
log

�
P2 þ Q̄2 þm2

Q̄2 þm2

�
þ 3 −

7z
2
þ ð1 − zÞ

2

ðDs − 4Þ
ðD − 4Þ −

π2

3
− 2Li2

�
−

z
1 − z

�
þΩVðeÞ

þ Li2

�
1

1 − 1
2z ð1 − γÞ

�
þ Li2

�
1

1 − 1
2z ð1þ γÞ

�
þ IVðeÞ þ IVðaÞ þOðD − 4Þ: ð109Þ

We note that the log2ðα=zÞ term and a part of the logðα=zÞ term from the vertex corrections canceled against the self-energy
contribution, as in the massless case.
Finally, we are ready to write down the full result for the form factor VT in Eq. (80). By reconstructing the contributions

of diagrams (b) and (f) using the z ↔ 1 − z symmetry, as discussed in Sec. IVA, we obtain the full leading-order-like form
factor VT as

VT ¼
�
3

2
þ log

�
α

z

�
þ log

�
α

1 − z

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
þ log

�
μ2

Q̄2 þm2

�
þ ðQ̄2 þm2 − P2Þ

P2
log

�
P2 þ Q̄2 þm2

Q̄2 þm2

��
þ 5

2
þ 1

2

ðDs − 4Þ
ðD − 4Þ −

π2

3
þ log2

�
z

1 − z

�
þ ΩV þ Lþ IV þOðD − 4Þ; ð110Þ

where the functions ΩV and IV are defined as

ΩV ¼ ΩVðeÞ þ ½z ↔ 1 − z�;
IV ¼ IVðeÞ þ IVðaÞ þ ½z ↔ 1 − z�; ð111Þ

in terms ofΩVðeÞ from Eq. (98) and IVðaÞ , IVðeÞ from Eqs. (47)
and (108) and the function L, which also appears in the
longitudinal photon case [60], is given by

L¼
X
σ¼�1

�
Li2

�
1

1− 1
2zð1þσγÞ

�
þLi2

�
1

1− 1
2ð1−zÞð1þσγÞ

��
:

ð112Þ

It is now straightforward to check that in the massless
quark limit (γ → 1) the functions defined above satisfy

L→
π2

6
−
1

2
log2

�
z

1−z

�
; ΩV →0; IV →0; ð113Þ

and correspondingly the expression in Eq. (110) reduces to
the one obtained in Refs. [44,46].

B. Form factor N T

The form factorN T gets contributions only from the two
nontrivial vertex correction diagrams (e) and (f). Again, by
using the symmetry discussed in Sec. IVA, we have

N T ¼ N T
ðeÞ − ½z ↔ 1 − z�: ð114Þ

The expression above is UV finite and free from the ξ → 0
singularities. Since the calculation follows the same steps
as before, we can immediately write down the final result

N T ¼ ΩN þ IN ; ð115Þ

where the function ΩN is given by

ΩN ¼ ΩN ðeÞ − ½z ↔ 1 − z� ð116Þ

with

ΩN ðeÞ ¼
1þ z − 2z2

z

�
logð1 − zÞ þ γ log

�
1þ γ

1þ γ − 2z

��
þ ð1 − zÞ

z

��
1

2
þ z

�
ðγ − 1Þ −m2

Q2

�
log

�
Q̄2 þm2

m2

�
ð117Þ

and IN is given by the following integral expression
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IN ¼ IN ðeÞ − ½z ↔ 1 − z� ð118Þ

with

IN ðeÞ ¼ ðP2 þ Q̄2 þm2Þ
Z

1

0

dξ
Z

1

0

dx
D

× 2zð1 − zÞð2 − ξÞð1 − ξÞ
�
xð1 − ξÞ þ ξ

1 − z

�
þm2

Z
1

0

dξ
Z

1

0

dx
D

× 2zð1 − ξÞ½xð1 − ξÞ þ ξ�
��

2þ ð2z − 1Þξ
ð1 − zÞ

�
xð1 − ξÞ þ ξ

½xð1 − ξÞ þ ξ
1−z�

− ½1þ 2ð1 − zÞð1 − ξÞ�
�
:

ð119Þ

It is straightforward to check that this contribution vanishes in the massless quark limit. This is an agreement with the
findings in the massless case in Ref. [43].
The double integrals in Eq. (119) can be simplified by performing the change of variables to ðy; χÞ introduced in

Sec. VI A 3. This yields the following result:

IN ðeÞ ¼
2ð1 − zÞ

z

Z
1

0

dy
ð1 − yÞ

Z
z

0

dχ
1

fP2 þ Q̄2 þm2 þ y
ð1−yÞ

ð1−zÞ
ð1−χÞ ½m2 þ χð1−χÞ

zð1−zÞ Q̄
2�g

× fðP2 þ Q̄2 þm2Þ½y2χ þ zð2 − yÞy� − ym2

ð1 − χÞ2 ½2z
2χð1 − yÞ þ χð1 − 2χÞyþ zð1 − y − 3χ þ 2χð1þ χÞyÞ�g:

ð120Þ

C. Form factor ST

The form factor ST gets contributions only from the two nontrivial vertex correction diagrams (e) and (f). Again, by using
the symmetry discussed in Sec. IVA, we have

ST ¼ ST
ðeÞ þ ½z ↔ 1 − z�: ð121Þ

The fully finite contribution ST
ðeÞ from Eq. (77) can be easily rewritten into the following form:

ST
ðeÞ ¼ −zþ 2z

Z
1

0

dξð1 − ξÞ
�
−
ðP2 þ Q̄2 þm2Þ

P2
T − þ P2

Z
1

0

dx
D

ð1 − ξÞ
�
xξ

ð1 − 2zÞ
ð1 − zÞ − x − ξ

�
þm2

Z
1

0

dx
D

�
xξð1 − ξÞ ð1 − 2zÞ

ð1 − zÞ þ ξ2
��

; ð122Þ

with T − from Eq. (92). Again, one can further simplify the expression in Eq. (122) by first performing the change of
variables to ðy; χÞ. This yields a very compact expression

ST
ðeÞ ¼ −2ð1 − zÞP2

Z
1

0

dy
Z

z

0

dχ
ð1 − χÞ

y

fP2 þ Q̄2 þm2 þ y
ð1−yÞ

ð1−zÞ
ð1−χÞ ½m2 þ χð1−χÞ

zð1−zÞ Q̄
2�g

: ð123Þ

D. Form factor MT

Finally, we deal with the form factor MT, which also contains the vertex-mass renormalization counterterm MT
c:t:.

This form factor gets contributions from the instantaneous diagrams (c), (g), (d), (h), (i) and from the vertex correction
diagrams (e) and (f). Again, by using the symmetry discussed in Sec. IVA, we get

MT ¼ ðMT
ðcÞ þMT

ðgÞ þMT
ðiÞ1 þMT

ðeÞ þ ½z ↔ 1 − z�Þ þMT
c:t:: ð124Þ

Collecting the expressions obtained in Eqs. (68), (69), (70), and (78) together, we find
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MT −MT
c:t: ¼ −

ð1 − zÞ
2

ðDs − 4Þ
ðD − 4Þ þ

Z
1

α=z
dξ

�
ð1 − zÞð1þ ξÞA0ðΔ1Þ þ

�
−
1

ξ
þ z

� ðP2 þ Q̄2 þm2Þ
P2

T −

−
z2

ð1 − zÞ ðP
2 þ Q̄2 þm2Þð1 − ξÞ2B0

�
þOðD − 4Þ þ ½z ↔ 1 − z�; ð125Þ

with T − from Eq. (92). In the on-shell scheme for mass renormalization, the vertex-mass counterterm MT
c:t: is determined

by the renormalization condition MT → 0 for P2 → −ðQ̄2 þm2Þ. Consequently, the expression in Eq. (125) yields the
following result:

MT
c:t: ¼

ð1 − zÞ
2

ðDs − 4Þ
ðD − 4Þ − ð1 − zÞ

Z
1

0

dξð1þ ξÞA0ðξ2m2Þ þOðD − 4Þ þ ½z ↔ 1 − z�

¼ 1

2

ðDs − 4Þ
ðD − 4Þ −

Z
1

0

dξð1þ ξÞA0ðξ2m2Þ þOðD − 4Þ: ð126Þ

We discuss the value of the mass counterterm a bit more in Appendix F 3, and continue here with our primary objective,
the mass-renormalized LCWF. The full mass renormalized expression for the form factor MT in the general kinematics
now reads

MT ¼
Z

1

α=z
dξ

�
ð1 − zÞð1þ ξÞ½A0ðΔ1Þ −A0ðξ2m2Þ� þ

�
−
1

ξ
þ z

� ðP2 þ Q̄2 þm2Þ
P2

T −

−
z2

ð1 − zÞ ðP
2 þ Q̄2 þm2Þð1 − ξÞ2B0

�
þOðD − 4Þ þ ½z ↔ 1 − z�: ð127Þ

Finally, we note that the first term can be further evaluated by using the following result:Z
1

0

dξð1þ ξÞ½A0ðΔ1Þ −A0ðξ2m2Þ� ¼ ðP2 þ Q̄2 þm2Þ
Z

1

0

dξ

�
−

3

2ð1 − ξÞ þ
1

2

�
1

P2 þ Q̄2 þm2 þ ξð1−zÞ
ð1−ξÞ m

2
; ð128Þ

and that the third term containing B0 can be rewritten by using the Feynman parametrized form introduced in Eq. (86).
Combining these final remarks, we obtain the following result:

MT ¼
�Z

1

α=z
dξ

�
−
1

ξ
þ z

� ðP2 þ Q̄2 þm2Þ
P2

T − þ ðP2 þ Q̄2 þm2Þ
Z

1

0

dξ

�
−
3ð1− zÞ
2ð1− ξÞ þ

ð1− zÞ
2

�
1

P2 þ Q̄2 þm2 þ ξð1−zÞ
ð1−ξÞ m

2

− ðP2 þ Q̄2 þm2Þ
Z

1

0

dξ
Z

1

0

dx
D

z2

ð1− zÞ ð1− ξÞ2
�
þOðD− 4Þ þ ½z↔ 1− z�; ð129Þ

with T − from Eq. (92).

E. Form factor VT +MT −ST=2

We are now almost ready to pass on to the next stage of our calculation and Fourier transform the LCWF to transverse
coordinate space. As discussed in Sec. IVA, at this stage it is convenient to switch from our original basis of four scalar form
factors VT ,MT , ST , andMT to one where the most rank-2 tensor, most complicated to transform, is traceless. This makes
appear, as the coefficient of the “leading-order-masslike” spinor structure, the combination VT þMT − ST=2, as seen in
Eq. (31). It turns out that a significant simplification occurs in this particular linear combination. As the last step in
evaluating the momentum space LCWF let us now write it down. This combination has quite a simple form

VT þMT −
1

2
ST ¼

�
3

2
þ log

�
α

z

�
þ log

�
α

1 − z

���ð4πÞ2−D
2

ð2 − D
2

Γ
�
3 −

D
2

�
þ log

�
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Q̄2 þm2

�
− 2 log

�
P2 þ Q̄2 þm2

Q̄2 þm2

��
þ 1

2

ðDs − 4Þ
ðD − 4Þ þ 3 −

π2

3
þ log2

�
z

1 − z

�
þ Lþ ΩV þ IVMS þOðD − 4Þ; ð130Þ
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where IVMS is given by the following integral expression:

IVMS ¼ ðP2 þ Q̄2 þm2Þ
Z

1

0
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−
2 logðξÞ
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D
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þ ½z↔ 1− z�: ð131Þ

We can further simplify the expression in Eq. (131) by first performing the change of variables to ðy; χÞ. This yields

IVMS ¼ ðP2 þ Q̄2 þm2Þ
Z
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dξ
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−ðQ̄2 þm2Þyð1 − yÞ½1þ y
ð1−yÞ
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zð1−zÞ� þm2 χ

ð1−χÞ ½2þ y2

zð1−zÞ ðz − χÞ2�
fP2 þ Q̄2 þm2 þ y
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þ ½z ↔ 1 − z�: ð132Þ

VII. COORDINATE SPACE LCWF

We now Fourier transform the full NLO result of γ�T → qq̄ in Eq. (31) into mixed space. We first factor out the
exponential dependence on the center-of-mass coordinate of the dipole and the momentum of the photon as described in
[60]. This yields

Ψ̃γ�T→qq̄ ¼ δα0α1e
iðq=qþÞ·ðkþ

0
x0þkþ

1
x1Þψ̃ γ�T→qq̄; ð133Þ

where the reduced LCWF ψ̃ γ�T→qq̄ up to NLO accuracy in coupling αs reads

ψ̃ γ�T→qq̄ ¼ ψ̃
γ�T→qq̄
LO þ ψ̃

γ�T→qq̄
NLO þOðeα2sÞ: ð134Þ

Here the leading-order result ψ̃
γ�T→qq̄
LO is given by Eq. (13) and the NLO piece Fourier transformed to mixed space reads

ψ̃
γ�T→qq̄
NLO ¼ −

eef
2π

�
αsCF

2π

����
kþ0 − kþ1

qþ

�
δijðDsÞūð0Þγþvð1Þ þ

1

2
ūð0Þγþ½γi; γj�vð1Þ

�
F ½PiVT �

þ ūð0Þγþvð1ÞF ½PjN T � þmūð0Þγþγivð1ÞF
��

PiPj

P2
−
δij

2

�
ST

�
−mūð0Þγþγjvð1ÞF

�
MT þ VT −

ST

2

��
εjλ;

ð135Þ

where the Fourier operator F is defined in Eq. (14). We remind the reader that in this basis, our expression for the form
factor ST is written in a symmetric and traceless form, which turns out to be very convenient for the Fourier transformation
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into mixed space. In addition, as discussed in previous
section, the combination MT þ VT − ST=2 is quite
straightforward to compute both in momentum and mixed
space due to the simple analytical structure.
Before computing the Fourier transforms in Eq. (135), we

would like to clarify some important points. Firstly, all the
UV finite terms appearing in this expression can be Fourier
transformed in four dimensions and only the UV regulari-
zation dependent terms (including the D → 4 pole term)

need to be Fourier transformed in D dimensions. Secondly,
the terms which are independent of the transverse momenta
P trivially factor out from the Fourier transform. Thirdly, the
terms exhibit a number of different types of P dependence.
All the corresponding transverse Fourier integrals needed for
these terms are given in Appendix C.
Putting all these steps together, we first Fourier transform

the momentum space expression of VT in Eq. (110). The
final result can be cast into the following form:

F ½PiVT � ¼ ixi
01

jx01j
�

κz
2πjx01j

�D
2
−2
��

3

2
þ log

�
α

z

�
þ log

�
α

1 − z

��
×

�ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
þ log

�jx01j2μ2
4

�
þ 2γE

�
þ 1

2

ðDs − 4Þ
ðD − 4Þ

�
κzKD

2
−1ðjx01jκzÞ

þ ixi
01

jx01j
��

5

2
−
π2

3
þ log2

�
z

1 − z

�
þ ΩV þ L

�
κzK1ðjx01jκzÞ þ ĨV þOðD − 4Þ

�
; ð136Þ

where the function ĨV is given by

ĨV ¼
Z

1

0

dξ
ξ

�
2 logðξÞ
ð1 − ξÞ −

ð1þ ξÞ
2

�( ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2z þ

ξð1 − zÞ
ð1 − ξÞ m2

s
K1

 
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2z þ

ξð1 − zÞ
ð1 − ξÞ m2

s !
− ½ξ → 0�

)

−
Z

1

0

dξ

�
logðξÞ
ð1 − ξÞ2 þ

z
1 − ξ

þ z
2

� ð1 − zÞm2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2z þ ξð1−zÞ

ð1−ξÞ m
2

q K1

 
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2z þ

ξð1 − zÞ
ð1 − ξÞ m2

s !

−
Z

z

0

dχ
ð1 − χÞ

Z
∞

0

du
uðuþ 1Þ

m2

κ2χ

�
2χ þ

�
u

1þ u

�
2 1

z
ðz − χÞð1 − 2χÞ

�

×

( ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2z þ u

ð1 − zÞ
ð1 − χÞ κ

2
χ

s
K1

 
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2z þ u

ð1 − zÞ
ð1 − χÞ κ

2
χ

s !
− ½u → 0�

)

−
Z

z

0

dχ
ð1 − χÞ2

Z
∞

0

du
ðuþ 1Þ ðz − χÞ

�
1 −

2u
1þ u

ðz − χÞ þ
�

u
1þ u

�
2 1

z
ðz − χÞ2

�

×
m2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

κ2z þ u ð1−zÞ
ð1−χÞ κ

2
χ

q K1

 
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2z þ u

ð1 − zÞ
ð1 − χÞ κ

2
χ

s !
þ ½z ↔ 1 − z�: ð137Þ

To obtain Eq. (137), we have additionally performed the following change of variable y → u ¼ y=ð1 − yÞ in Eq. (108). In
addition, the above expressions use again the function κv ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vð1 − vÞQ2 þm2

p
for the inverse transverse length scale

associated with momentum fraction v ∈ fz; χg.
Next, we Fourier transform the momentum space expression of N T in Eq. (114). The final result can be cast into the

following form:

F ½PjN T � ¼ ixj
01

jx01j
fΩN κzK1ðjx01jκzÞ þ ĨN g; ð138Þ

where the function ĨN is given by
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ĨN ¼ 2ð1 − zÞ
z

Z
z

0

dχ
Z

∞

0

du
ðuþ 1Þ3

�
½ð2þ uÞuzþ u2χ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2z þ u

ð1 − zÞ
ð1 − χÞ κ

2
χ

s
K1

�
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2z þ u

ð1 − zÞ
ð1 − χÞ κ

2
χ

s �

þm2

κ2χ

�
z

1 − z
þ χ

1 − χ
½u − 2z − 2uχ�

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2z þ u

ð1 − zÞ
ð1 − χÞ κ

2
χ

s
K1

�
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2z þ u

ð1 − zÞ
ð1 − χÞ κ

2
χ

s �
− ½u → 0�

��
− ½z ↔ 1 − z�: ð139Þ

Similarly, Fourier transforming the momentum space expression of ST in Eq. (121) yields

F
��

PiPj

P2
−
δij

2

�
ST

�
¼ ð1 − zÞ

2

�
xi
01x

j
01

jx01j2
−
δij

2

� Z
z

0

dχ
ð1 − χÞ

Z
∞

0

du
ðuþ 1Þ2 jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2z þ u

ð1 − zÞ
ð1 − χÞ κ

2
χ

s

× K1

 
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2z þ u

ð1 − zÞ
ð1 − χÞ κ

2
χ

s !
þ ½z ↔ 1 − z�: ð140Þ

Finally, the result for the Fourier transformed form factor combination VT þMT − ST=2 in Eq. (130) reads

F
�
VT þMT −

ST

2

�
¼
�

κz
2πjx01j

�D
2
−2
��

3

2
þ log

�
α

z

�
þ log

�
α

1− z

���ð4πÞ2−D
2

ð2−D
2
Þ Γ
�
3−

D
2

�
þ log

�jx01j2μ2
4

�
þ 2γE

�
þ 1

2

ðDs − 4Þ
ðD− 4Þ

�
KD

2
−2ðjx01jκzÞþ

�
3−

π2

3
þ log2

�
z

1− z

�
þΩV þL

�
K0ðjx01jκzÞþ ĨVMS þOðD−4Þ;

ð141Þ

where the function ĨVMS is given by

ĨVMS ¼
Z

1

0

dξ
ξ

�
2 logðξÞ
ð1 − ξÞ −

ð1þ ξÞ
2

��
K0

�
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2z þ

ξð1 − zÞ
ð1 − ξÞ m2

s �
− ½ξ → 0�

�

þ
Z

1

0

dξ
�
−
3ð1 − zÞ
2ð1 − ξÞ þ

ð1 − zÞ
2

�
K0

�
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2z þ

ξð1 − zÞ
ð1 − ξÞ m2

s �

þ
Z

z

0

dχ
ð1 − χÞ

Z
∞

0

du
ðuþ 1Þ2

�
−z −

u
ð1þ uÞ

ðzþ uχÞ
z

ðχ − ð1 − zÞÞ
�
K0

�
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2z þ u

ð1 − zÞ
ð1 − χÞ κ

2
χ

s �
þ
Z

z

0

dχ
Z

∞

0

du
ðuþ 1Þ3

�
κ2z
κ2χ

�
1þ u

χð1 − χÞ
zð1 − zÞ

�
−
m2

κ2χ

χ

ð1 − χÞ
�
2
ð1þ uÞ2

u
þ u
zð1 − zÞ ðz − χÞ2

��

×

�
K0

�
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2z þ u

ð1 − zÞ
ð1 − χÞ κ

2
χ

s �
− ½u → 0�

�
þ ½z ↔ 1 − z�: ð142Þ

We have now obtained the full mass-renormalized one-loop mixed space LCWF for γ� → qq̄with massive quarks, the most
important result of our paper. This result, without any details of it derivation, is also shown in the shorter companion
paper [66].

VIII. TREE-LEVEL GLUON EMISSION

A. Momentum space wave function

We then move to the tree-level wave functions for gluon emission from a transverse photon state, which are needed for
the full cross section at NLO. As in the massless case [44,46], we need to calculate four gluon emission diagrams, shown in
Figs. 7 and 8.
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Applying the diagrammatic LCPT rules and following the notations shown in Figs. 7 and 8, we obtain for the diagrams (j)
and (l) in momentum space

Ψγ�T→qq̄g
ðjÞ ¼

Z gdk00 ð2πÞD−1δðD−1Þðk̂00 − k̂2 − k̂0Þ
gtaα0α1 ½ūð0Þ=ε�σðk2Þuð00Þ�eef½ūð00Þ=ελðqÞvð1Þ�

EDq00 q̄1EDq0q̄1g2

¼ þeefgtaα0α1
2ðkþ0 þ kþ2 Þ

ūð0Þ=ε�σðk2Þuð00Þūð00Þ=ελðqÞvð1Þ
EDq00 q̄1EDq0q̄1g2

ð143Þ

and

Ψγ�T→qq̄g
ðlÞ ¼ þeefgtaα0α1

2ðkþ0 þ kþ2 Þ
ūð0Þ=ε�σðk2Þγþ=ελðqÞvð1Þ

EDq0q̄1g2

; ð144Þ

where the energy denominators appearing in Eq. (143) and (144) can be written as

EDq00 q̄1 ¼
q2 −Q2

2qþ
−
�
k2
00 þm2

2kþ
00

þ k2
1 þm2

2kþ1

�
¼ −qþ

2kþ1 ðkþ0 þ kþ2 Þ
��

k1 −
kþ1
qþ

q
�

2

þ Q̄2
ðjÞ þm2

�
; ð145Þ

EDq0q̄1g2 ¼
q2 −Q2

2qþ
−
�
k2
0 þm2

2kþ0
þ k2

1 þm2

2kþ1
þ k2

2

2kþ2

�
¼ −kþ0

2kþ2 ðkþ0 þ kþ2 Þ
��

k2 −
kþ2
kþ0

k0

�
2

þ qþkþ2
kþ0 k

þ
1

��
k1 −

kþ1
qþ

q

�
2

þ Q̄2
ðjÞ þm2 þ λðjÞm2

��
; ð146Þ

FIG. 8. Tree-level instantaneous gluon emission diagrams (l) and (m) contributing to the quark-antiquark-gluon component of the
transverse virtual photon wave function at NLO. Imposing plus and transverse momentum conservation at each vertex gives for
diagrams (l) and (m): q̂ ¼ k̂0 þ k̂1 þ k̂2.

FIG. 7. Tree level gluon emission diagrams (j) and (k) contributing to the quark-antiquark-gluon component of the transverse virtual
photon wave function at NLO. Imposing plus and transverse momentum conservation at each vertex gives for diagram (j): k̂00 ¼ k̂0 þ k̂2
and q̂ ¼ k̂0 þ k̂1 þ k̂2. Similarly for diagram (k): k̂10 ¼ k̂1 þ k̂2 and q̂ ¼ k̂0 þ k̂1 þ k̂2.
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and the coefficients introduced in the denominators are defined as

Q̄2
ðjÞ ¼

kþ1 ðqþ − kþ1 Þ
ðqþÞ2 Q2; λðjÞ ¼

kþ1 k
þ
2

qþkþ0
: ð147Þ

Similarly, for the diagrams (k) and (m) we get

Ψγ�T→qq̄g
ðkÞ ¼

Z gdk10 ð2πÞD−1δðD−1Þðk̂10 − k̂2 − k̂1Þ
eef½ūð0Þ=ελðqÞvð10Þ�ð−gtaα0α1Þ½v̄ð10Þ=ε�σðk2Þvð1Þ�

EDq0q̄10EDq0q̄1g2

¼ −eefgtaα0α1
2ðkþ1 þ kþ2 Þ

ūð0Þ=ελðqÞvð10Þv̄ð10Þ=ε�σðk2Þvð1Þ
EDq0q̄10EDq0q̄1g2

ð148Þ

and

Ψγ�T→qq̄g
ðmÞ ¼ −eefgtaα0α1

2ðkþ1 þ kþ2 Þ
ūð0Þ=ελðqÞγþ=ε�σðk2Þvð1Þ

EDq0q̄1g2

; ð149Þ

where the energy denominators appearing in Eqs. (148) and (149) can be written as

EDq0q̄10 ¼
q2 −Q2

2qþ
−
�
k2
0 þm2

2kþ0
þ k2

10 þm2

2kþ
10

�
¼ −qþ

2kþ0 ðkþ1 þ kþ2 Þ
��

k0 −
kþ0
qþ

q

�
2

þ Q̄2
ðkÞ þm2

�
; ð150Þ

EDq0q̄1g2 ¼
q2 −Q2

2qþ
−
�
k2
0 þm2

2kþ0
þ k2

1 þm2

2kþ1
þ k2

2

2kþ2

�
¼ −kþ1

2kþ2 ðkþ1 þ kþ2 Þ
��

k2 −
kþ2
kþ1

k1

�
2

þ qþkþ2
kþ0 k

þ
1

��
k0 −

kþ0
qþ

q

�
2

þ Q̄2
ðkÞ þm2 þ λðkÞm2

��
; ð151Þ

and the coefficients introduced in the denominators are defined as

Q̄2
ðkÞ ¼

kþ0 ðqþ − kþ0 Þ
ðqþÞ2 Q2; λðkÞ ¼

kþ0 k
þ
2

qþkþ1
: ð152Þ

Note that the energy denominators (146) and (151) are in fact equal, but it is convenient to write them in terms of different
variables in the context of different diagrams.
The transverse momentum dependence in the massive spinors u and v and in the gluon or photon polarization vectors can

be extracted by using the decompositions

ūð0Þ=ε�σðk2Þuð00Þ ¼
kþ0

kþ2 ðkþ0 þ kþ2 Þ
���

1þ kþ2
2kþ0

�
δijðDsÞūð0Þγþuð00Þ −

�
kþ2
4kþ0

�
ūð0Þγþ½γi; γj�uð00Þ

��
ki
2 −

kþ2
kþ0

ki
0

�
−
m
2

�
kþ2
kþ0

�
2

ūð0Þγþγjuð00Þ
�
ε�jσ ; ð153Þ

ūð00Þ=ελðqÞvð1Þ ¼
qþ

kþ1 ðqþ − kþ1 Þ
���

2kþ1 − qþ

2qþ

�
δklðDsÞūð00Þγþvð1Þ −

1

4
ūð00Þγþ½γk; γl�vð1Þ

��
kk
1 −

kþ1
qþ

qk

�
−
m
2
ūð00Þγþγlvð1Þ

�
εlλ; ð154Þ

and
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ūð0Þ=ελðqÞvð10Þ ¼
qþ

kþ0 ðqþ − kþ0 Þ
���

2kþ0 − qþ

2qþ

�
δklðDsÞūð0Þγþvð10Þ þ

1

4
ūð0Þγþ½γk; γl�vð10Þ

��
kk
0 −

kþ0
qþ

qk

�
−
m
2
ūð0Þγþγlvð10Þ

�
εlλ ð155Þ

v̄ð10Þ=ε�σðk2Þvð1Þ ¼
kþ1

kþ2 ðkþ1 þ kþ2 Þ
���

1þ kþ2
2kþ1

�
δijðDsÞv̄ð10Þγþvð1Þ þ

�
kþ2
4kþ1

�
v̄ð10Þγþ½γi; γj�vð1Þ

��
ki
2 −

kþ2
kþ1

ki
1

�
−
m
2

�
kþ2
kþ1

�
2

v̄ð10Þγþγjvð1Þ
�
ε�jσ ; ð156Þ

where the remaining spinor matrix elements are independent of transverse momentum. Inserting the decomposition in
Eqs. (153) and (154) into Eqs. (143) and (144), and noting that in the light-cone gauge =ε�σðk2Þγþ=ελðqÞ ¼ −εlλε

�j
σ γþγjγl we

find for the sum of the diagrams ðjÞ þ ðlÞ the expression

Ψγ�T→qq̄g
ðjÞþðlÞ ¼ þeefgtaα0α1ε

l
λε

�j
σ

ðk2 −
kþ
2

kþ
0

k0Þ2 þ qþkþ
2

kþ
0
kþ
1

fðk1 −
kþ
1

qþ qÞ
2 þ Q̄2

ðjÞ þm2 þ λðjÞm2g

×

�
1

ðk1 −
kþ
1

qþ qÞ
2 þ Q̄2

ðjÞ þm2
ūð0ÞγþMjl

ðjÞvð1Þ þ
kþ2
kþ0

ūð0Þγþγjγlvð1Þ
�
; ð157Þ

where the Dirac structure Mjl
ðjÞ is defined as

Mjl
ðjÞ ¼

���
2kþ0 þ kþ2

kþ0

�
δijðDsÞ −

�
kþ2
2kþ0

�
½γi; γj�

��
ki
2 −

kþ2
kþ0

ki
0

�
−m

�
kþ2
kþ0

�
2

γj
�

×

���
2kþ1 − qþ

qþ

�
δklðDsÞ −

1

2
½γk; γl�

��
kk
1 −

kþ1
qþ

qk

�
−mγl

�
: ð158Þ

Similarly for the sum ðkÞ þ ðmÞ inserting the decomposition in Eqs. (155) and (156) into Eqs. (148) and (149) yields the
expression

Ψγ�T→qq̄g
ðkÞþðmÞ ¼

−eefgtaα0α1ε
l
λε

�j
σ

ðk2 −
kþ
2

kþ
1

k1Þ2 þ qþkþ
2

kþ
0
kþ
1

fðk0 −
kþ
0

qþ qÞ
2 þ Q̄2

ðkÞ þm2 þ λðkÞm2g

×

�
1

ðk0 −
kþ
0

qþ qÞ
2 þ Q̄2

ðkÞ þm2
ūð0ÞγþMjl

ðkÞvð1Þ þ
kþ2
kþ1

ūð0Þγþγlγjvð1Þ
�
; ð159Þ

where the Dirac structure Mjl
ðkÞ is defined as

Mjl
ðkÞ ¼

���
2kþ0 − qþ

qþ

�
δklðDsÞ þ

1

2
½γk; γl�

��
kk
0 −

kþ0
qþ

qk

�
−mγl

�
×

���
2kþ1 þ kþ2

kþ1

�
δijðDsÞ þ

�
kþ2
2kþ1

�
½γi; γj�

��
ki
2 −

kþ2
kþ1

ki
1

�
−m

�
kþ2
kþ1

�
2

γj
�
: ð160Þ
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B. Fourier transform to coordinate space

The Fourier transform to mixed space of the γ�T → qq̄g
LCWF is given by the expression

Ψ̃γ�T→qq̄g ¼ ðμ2Þ2−D
2

Z
dD−2k0

ð2πÞD−2

Z
dD−2k1

ð2πÞD−2

×
Z

dD−2k2

ð2πÞD−2 e
ik0·x0þik1·x1þik2·x2

× ð2πÞD−2δðD−2Þðq − k0 − k1 − k2ÞΨγ�T→qq̄g:

ð161Þ

To simplify the Fourier transformation, we first make the
change of variables ðk1;k2Þ ↦ ðP;KÞ in Eq. (157) with

P ¼ −k1 þ
kþ1
qþ

q;

K ¼ k2 −
kþ2

kþ0 þ kþ2
ðk0 þ k2Þ

¼
�

kþ0
kþ0 þ kþ2

��
k2 −

kþ2
kþ0

k0

�
; ð162Þ

and correspondingly ðk0;k2Þ ↦ ðP;KÞ in Eq. (159) with

P ¼ k0 −
kþ0
qþ

q;

K ¼ k2 −
kþ2

kþ1 þ kþ2
ðk1 þ k2Þ

¼
�

kþ1
kþ1 þ kþ2

��
k2 −

kþ2
kþ1

k1

�
: ð163Þ

Here we also introduce the following compact notation
for the coordinate difference between a quark/antiquark p
and the center of mass of the two-particle system m, n that
it is recoiling against:

xnþm;p ¼ −xp;nþm ¼
�
kþn xn þ kþmxm

kþn þ kþm

�
− xp; ð164Þ

with xnm ¼ xn − xm. Using these we introduce the relative
coordinates corresponding to the gluon emission diagrams
(j) and (k). For the diagram (j) with emission from the
quark, the natural coordinates are the separation between
the gluon (k̂2) and the quark (k̂0)

x2;ðjÞ ≡ x20 ð165Þ

and the separation between the center of mass of the quark-
gluon system and the antiquark (k̂1):

x3;ðjÞ ≡ x0þ2;1 ¼
�
kþ0 x0 þ kþ2 x2

kþ0 þ kþ2

�
− x1: ð166Þ

For the other diagram (k) with an emission from the
antiquark, the natural coordinates that appear are the
separation between the gluon and the antiquark

x2;ðkÞ ≡ x21 ð167Þ

and the separation between the quark and the center of mass
of the antiquark-gluon system

x3;ðkÞ ≡ x0;1þ2 ¼ x0 −
�
kþ1 x1 þ kþ2 x2

kþ1 þ kþ2

�
: ð168Þ

Next, performing the integration in Eq. (161) over the
delta function of transverse momenta, we obtain the
expression

eΨγ�T→qq̄g
ðjÞþðlÞ ¼ e

iq
qþ·ðk

þ
0
x0þkþ

1
x1þkþ

2
x2Þðμ2Þ2−D

2

Z
dD−2P
ð2πÞD−2

×
Z

dD−2K
ð2πÞD−2 e

iP·x3;ðjÞeiK·x2;ðjÞΨγ�T→qq̄g
ðjÞþðlÞ ; ð169Þ

and

eΨγ�T→qq̄g
ðkÞþðmÞ ¼ e

iq
qþ·ðk

þ
0
x0þkþ

1
x1þkþ

2
x2Þðμ2Þ2−D

2

Z
dD−2P
ð2πÞD−2

×
Z

dD−2K
ð2πÞD−2 e

iP·x3;ðkÞeiK·x2;ðkÞΨγ�T→qq̄g
ðkÞþðmÞ; ð170Þ

where the LCWF’s in Eqs. (157) and (159) are written in
terms of the new variables P and K and the relative
coordinate separations.
Adding the contributions in Eqs. (169) and (170)

together, we obtain the following result for the full qq̄g
LCWF with massive quarks in mixed space

eΨγ�T→qq̄g ¼ taα0α1e
iq
qþ·ðk

þ
0
x0þkþ

1
x1þkþ

2
x2Þeψγ�T→qq̄g; ð171Þ

where we have factorized out the dependence on the center-
of-mass coordinate of the partonic system2 and the color
structure from the reduced LCWF eψγ�T→qq̄g. The reduced
LCWF can be split into two parts: the part without light-
cone helicity flips (not proportional tom), and the part with
one or two flips (proportional to m, m2) as

eψγ�T→qq̄g ¼ eefgεlλε
�j
σ ðΣlj þ Σlj

mÞ: ð172Þ

Here the light-cone helicity nonflip contribution Σlj is
given by the following expression:

2See also the discussion in [60].
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Σlj ¼ −
1

ðkþ0 þ kþ2 Þqþ
ūð0Þγþ

�
ð2kþ0 þ kþ2 ÞδijðDsÞ −

kþ2
2
½γi; γj�

��
ð2kþ1 − qþÞδklðDsÞ −

qþ

2
½γk; γl�

�
vð1ÞI ik

ðjÞ

−
1

ðkþ1 þ kþ2 Þqþ
ūð0Þγþ

�
ð2kþ0 − qþÞδklðDsÞ þ

qþ

2
½γk; γl�

��
ð2kþ1 þ kþ2 ÞδijðDsÞ þ

kþ2
2
½γi; γj�

�
vð1ÞI ik

ðkÞ

þ kþ2 k
þ
0

ðkþ0 þ kþ2 Þ2
ūð0Þγþγjγlvð1ÞJ ðlÞ −

kþ2 k
þ
1

ðkþ1 þ kþ2 Þ2
ūð0Þγþγlγjvð1ÞJ ðmÞ ð173Þ

and correspondingly the contribution with one or two light-cone helicity flips, proportional to powers of the mass, Σlj
m is

given by

Σlj
m ¼ −m

1

ðkþ0 þ kþ2 Þ
ūð0Þγþ

�
ð2kþ0 þ kþ2 ÞδijðDsÞ −

kþ2
2
½γi; γj�

�
γlvð1ÞI i

ðjÞ

þm
ðkþ2 Þ2

ðkþ0 þ kþ2 Þ2qþ
ūð0Þγþγj

�
ð2kþ1 − qþÞδklðDsÞ −

qþ

2
½γk; γl�

�
vð1ÞIk

ðjÞ þm2
ðkþ2 Þ2

ðkþ0 þ kþ2 Þ2
ūð0Þγþγjγlvð1ÞI ðjÞ

þm
1

ðkþ1 þ kþ2 Þ
ūð0Þγþγl

�
ð2kþ1 þ kþ2 ÞδijðDsÞ þ

kþ2
2
½γi; γj�

�
vð1ÞI i

ðkÞ

þm
ðkþ2 Þ2

ðkþ1 þ kþ2 Þ2qþ
ūð0Þγþ

�
ð2kþ0 − qþÞδklðDsÞ þ

qþ

2
½γk; γl�

�
γjvð1ÞÎk

ðkÞ −m2
ðkþ2 Þ2

ðkþ1 þ kþ2 Þ2
ūð0Þγþγlγjvð1ÞI ðkÞ: ð174Þ

It is straightforward to check that in the massless quark limit, the expression in Eq. (172) reduces to the result obtained in
[44,46]. The (D − 2)-dimensional Fourier integrals of the type I ; Î and J are defined and calculated in Appendix E, for
which the following compact notation has been introduced:

I ðjÞ ¼ Iðx3;ðjÞ;x2;ðjÞ; Q2
ðjÞ;ωðjÞ; λðjÞÞ; I ðkÞ ¼ Iðx3;ðkÞ;x2;ðkÞ; Q2

ðkÞ;ωðkÞ; λðkÞÞ;
Î ðjÞ ¼ Îðx3;ðjÞ;x2;ðjÞ; Q2

ðjÞ;ωðjÞ; λðjÞÞ; Î ðkÞ ¼ Îðx3;ðkÞ;x2;ðkÞ; Q2
ðkÞ;ωðkÞ; λðkÞÞ;

J ðlÞ ¼ J ðx3;ðjÞ;x2;ðjÞ; Q2
ðjÞ;ωðjÞ; λðjÞÞ; J ðmÞ ¼ J ðx3;ðkÞ;x2;ðkÞ; Q2

ðkÞ;ωðkÞ; λðkÞÞ; ð175Þ

with the coefficients

ωðjÞ ¼
qþkþ0 k

þ
2

kþ1 ðkþ0 þ kþ2 Þ2
; ωðkÞ ¼

qþkþ1 k
þ
2

kþ0 ðkþ1 þ kþ2 Þ2
; ð176Þ

the other momentum fraction ratios λðxÞ from Eqs. (147), (152), and the coordinate differences defined in Eqs. (165), (166),
(167), and (168). We now have the full expressions for the gluon emission wave functions in coordinate space.

IX. CALCULATING THE DIS CROSS SECTION

Let us now compute the transverse virtual photon cross section at NLO with massive quarks in the dipole factorization
framework. As in the massless case [43,44,46], this consists of squaring separately the qq̄ and qq̄g contributions, and then
effectuating a cancellation of an UV divergent contribution between them. These steps happen in a similar way here, since
the additional algebraic complexity for massive quarks resides more in the UV finite pieces that are not affected by this
subtraction. Thus we will be relatively brief here and refer the reader to the massless calculation for more details. We follow
here the exponential subtraction procedure of [46].

A. Quark-antiquark contribution

Let us first write down the qq̄ contribution to the DIS cross section at NLO in αs. Applying the formula for the cross
section in Eq. (1), we find the following expression:
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σγ
�
T jqq̄ ¼ 2Nc

X
f

Z
dkþ0

2kþ0 ð2πÞ
Z

dkþ1
2kþ1 ð2πÞ

2πδðqþ − kþ0 − kþ1 Þ
2qþ

Z
dD−2x0

Z
dD−2x1

1

ðDs − 2Þ
X
λ

X
h0;h1

jeψγ�T→qq̄j2Re½1 − S01�

¼ Nc

ð2πÞ4ðqþÞ2
X
f

Z
1

0

dz
zð1 − zÞ

Z
dD−2x0

Z
dD−2x1

1

ðDs − 2Þ
X
λ

X
h0;h1

jeψγ�T→qq̄j2Re½1 − S01�; ð177Þ

where the γ�T → qq̄ LCWF squared is summed over the quark spins ðh0; h1Þ, transverse photon polarization (λ), and the
factor 1=ðDs − 2Þ comes from averaging over the transverse photon polarization states.
We can now compute the LCWF squared by using the compact expressions for the LO and NLO wave functions in

Eqs. (13) and (135), respectively. This leads to the following expression:

1

ðDs − 2Þ
X
λ

X
h0;h1

jψ̃ γ�T→qq̄j2 ¼ 1

ðDs − 2Þ
X
λ

X
h0;h1

½jψ̃ γ�T→qq̄
LO j2 þ 2ðψ̃ γ�T→qq̄

LO Þ�ψ̃ γ�T→qq̄
NLO � þOðα2emα2sÞ: ð178Þ

After performing the straightforward Dirac algebra, we obtain

1

ðDs − 2Þ
X
λ

X
h0;h1

jψ̃ γ�T→qq̄j2 ¼ αem
π

e2f8zð1 − zÞðqþÞ2
�
½z2 þ ð1 − zÞ2�F �½Pi�F ½Pi� þm2F �½1�F ½1�

þ
�
αsCF

π

��
½z2 þ ð1 − zÞ2�F �½Pi�F ½PiVT � þ ð2z − 1Þ

2
F �½Pi�F ½PiN T �

þm2F �½1�F
�
VT þMT −

ST

2

���
; ð179Þ

where the UV finite terms has been simplified by taking the Ds ¼ D ¼ 4 limit.
Using the results obtained in Eqs. (136), (138), and (141), the qq̄ contribution to the total cross section can be

written as

σγ
�
T jqq̄ ¼ 4Ncαem

X
f

e2f

Z
1

0

dz
Z
½x0�

Z
½x1�

��
1þ

�
αsCF

π

�
fUV

��
κz

2πjx01j
�

D−4

× ð½z2 þ ð1 − zÞ2�½κzKD
2
−1ðjx01jκzÞ�2 þm2½KD

2
−2ðjx01jκzÞ�2Þ

þ
�
αsCF

π

��
½z2 þ ð1 − zÞ2�κzK1ðjx01jκzÞfV þ ð2z − 1Þ

2
κzK1ðjx01jκzÞfN þm2K0ðjx01jκzÞfVMS

��
Re½1 − S01�

þOðαemα2sÞ; ð180Þ

where the shorthand notation
R
½xi� ¼

R
dD−2xi=ð2πÞ for i ¼ 0, 1 denotes a (D − 2)-dimensional transverse coordinate

integral. The function fUV contains the UV divergent term plus the regularization scheme dependent part, and it is
given by

fUV ¼
�
3

2
þ log

�
α

z

�
þ log

�
α

1 − z

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
þ log

�jx01j2μ2
4

�
þ 2γE

�
þ 1

2

ðDs − 4Þ
ðD − 4Þ : ð181Þ

Similarly, the UV finite functions fV ; fN and fVMS are given by

fV ¼
�
5

2
−
π2

3
þ log2

�
z

1 − z

�
þ ΩV þ L

�
κzK1ðjx01jκzÞ þ ĨV ;

fN ¼ ΩN κzK1ðjx01jκzÞ þ ĨN ;

fVMS ¼
�
3 −

π2

3
þ log2

�
z

1 − z

�
þ ΩV þ L

�
K0ðjx01jκzÞ þ ĨVMS: ð182Þ
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Here we recall that κv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vð1 − vÞQ2 þm2

p
, L is defined by Eq. (112), ΩN by Eqs. (116) and (117), ĨN by Eq. (139), ĨV

by Eq. (137), ΩV by Eqs. (111) and (98), and finally ĨVMS by Eq. (142).

B. Quark-antiquark-gluon contribution

The qq̄g contribution to the DIS cross section at NLO in αs is given by the second term in Eq. (1)

σγ
�
T jqq̄g ¼ 2NcCF

X
f

Z
∞

0

dkþ0
2kþ0 ð2πÞ

Z
∞

0

dkþ1
2kþ1 ð2πÞ

Z
∞

0

dkþ2
2kþ2 ð2πÞ

2πδðqþ − kþ0 − kþ1 − kþ2 Þ
2qþ

×
Z

dD−2x0

Z
dD−2x1

Z
dD−2x2

1

ðDs − 2Þ
X
λ;σ

X
h0;h1

jψ̃ γ�T→qq̄gj2Re½1 − S012�; ð183Þ

where the γ�T → qq̄g LCWF squared is also summed over the emitted gluon polarization (σ). Following the straightforward
but lengthy derivation shown in Appendix D, we find the result

1

ðDs − 2Þ
X
λ;σ

X
h0;h1

jψ̃ γ�T→qq̄gj2 ¼ αeme2fαsð4πÞ22ð2kþ0 Þð2kþ1 ÞfKT
qq̄gjUV þKT

qq̄gjUVm
þKT

qq̄gjF þKT
qq̄gjFmg þOðαemα2sÞ: ð184Þ

Here the functionsKT
qq̄gjUV andKT

qq̄gjUVm
are the UV divergent parts of the squares of the contributions without a light-cone

helicity flip and with one flip, respectively. They are given by the following expressions:

KT
qq̄gjUV ¼ 1

ðkþ0 þ kþ2 Þ2ðqþÞ2
½4kþ0 ðkþ0 þ kþ2 Þ þ 2ðkþ2 Þ2 þ ðDs − 4Þðkþ2 Þ2�

�
ðqþÞ2 − 4kþ1

ðDs − 2Þ ðq
þ − kþ1 Þ

�
jI ik

ðjÞj2

þ 1

ðkþ1 þ kþ2 Þ2ðqþÞ2
½4kþ1 ðkþ1 þ kþ2 Þ þ 2ðkþ2 Þ2 þ ðDs − 4Þðkþ2 Þ2�

�
ðqþÞ2 − 4kþ0

ðDs − 2Þ ðq
þ − kþ0 Þ

�
jI ik

ðkÞj2; ð185Þ

and

KT
qq̄gjUVm

¼ m2

ðkþ0 þ kþ2 Þ2
½4kþ0 ðkþ0 þ kþ2 Þ þ 2ðkþ2 Þ2 þ ðDs − 4Þðkþ2 Þ2�jI i

ðjÞj2

þ m2

ðkþ1 þ kþ2 Þ2
½4kþ1 ðkþ1 þ kþ2 Þ þ 2ðkþ2 Þ2 þ ðDs − 4Þðkþ2 Þ2�jI i

ðkÞj2: ð186Þ

Note that a flip and nonflip contribution cannot interfere and thus there are no cross terms.
The functions KT

qq̄gjF and KT
qq̄gjFm are the remaining UV finite terms, without and with light-cone helicity flips

respectively, i.e. without or with explicit powers of the quark mass. The UV finite light-cone helicity nonflip terms can be
cast into the following form:

KT
qq̄gjF ¼

4

ðkþ0 þ kþ2 Þðkþ1 þ kþ2 ÞðqþÞ2
fqþkþ2 ðkþ0 − kþ1 Þ2½ℜe½I ii

ðjÞðIkk
ðkÞÞ�� −ℜe½I ik

ðjÞðIki
ðkÞÞ���

− ½kþ1 ðkþ0 þ kþ2 Þ þ kþ0 ðkþ1 þ kþ2 Þ�½kþ0 ðkþ0 þ kþ2 Þ þ kþ1 ðkþ1 þ kþ2 Þ�ℜe½I ik
ðjÞðI ik

ðkÞÞ��g

þ 4ðkþ0 þ kþ2 Þkþ1 kþ2
ðkþ1 þ kþ2 Þ2qþ

ℜe½I ii
ðjÞðJ ðmÞÞ�� −

4ðkþ1 þ kþ2 Þkþ0 kþ2
ðkþ0 þ kþ2 Þ2qþ

ℜe½I ii
ðkÞðJ ðlÞÞ��

þ 4ðkþ0 Þ2kþ1 kþ2
ðkþ0 þ kþ2 Þ3qþ

ℜe½I ii
ðjÞðJ ðlÞÞ�� −

4ðkþ1 Þ2kþ0 kþ2
ðkþ1 þ kþ2 Þ3qþ

ℜe½I ii
ðkÞðJ ðmÞÞ��

þ 2ðkþ0 kþ2 Þ2
ðkþ0 þ kþ2 Þ4

jJ ðlÞj2 þ
2ðkþ1 kþ2 Þ2
ðkþ1 þ kþ2 Þ4

jJ ðmÞj2: ð187Þ

Similarly, the UV finite contributions with one or more light-cone helicity flips are given by
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KT
qq̄gjFm ¼ m2

� ðkþ2 Þ4
ðkþ0 þ kþ2 Þ4ðqþÞ2

½4kþ1 ðkþ1 − qþÞ þ 2ðqþÞ2�jÎ i
ðjÞj2 −

4kþ0 k
þ
1 ðkþ2 Þ2

ðkþ0 þ kþ2 Þ3qþ
ℜe½I i

ðjÞðÎ i
ðjÞÞ��

þ ðkþ2 Þ4
ðkþ1 þ kþ2 Þ4ðqþÞ2

½4kþ0 ðkþ0 − qþÞ þ 2ðqþÞ2�jÎ i
ðkÞj2 þ

4kþ0 k
þ
1 ðkþ2 Þ2

ðkþ1 þ kþ2 Þ3qþ
ℜe½I i

ðkÞðÎ i
ðkÞÞ��

þm2
2ðkþ2 Þ4

ðkþ0 þ kþ2 Þ4
jI ðjÞj2 þm2

2ðkþ2 Þ4
ðkþ1 þ kþ2 Þ4

jI ðkÞj2

−
2

ðkþ0 þ kþ2 Þðkþ1 þ kþ2 Þ
½ð2kþ0 þ kþ2 Þð2kþ1 þ kþ2 Þ þ ðkþ2 Þ2�ℜe½I i

ðjÞðI i
ðkÞÞ��

þ 2ðkþ2 Þ4
ðkþ0 þ kþ2 Þ2ðkþ1 þ kþ2 Þ2ðqþÞ2

½ð2kþ0 þ kþ2 Þð2kþ1 þ kþ2 Þ þ ðkþ2 Þ2�ℜe½Î i
ðjÞðÎ i

ðkÞÞ��

−
4ðkþ0 kþ2 Þ2

ðkþ0 þ kþ2 Þðkþ1 þ kþ2 Þ2qþ
ℜe½I i

ðjÞðÎ i
ðkÞÞ�� þ

4ðkþ1 kþ2 Þ2
ðkþ1 þ kþ2 Þðkþ0 þ kþ2 Þ2qþ

ℜe½Î i
ðjÞðI i

ðkÞÞ��

þ 4ðkþ0 kþ1 Þðkþ2 Þ2
ðkþ0 þ kþ2 Þ3qþ

ℜe½I ii
ðjÞðI ðjÞÞ�� −

4ðkþ0 kþ1 Þðkþ2 Þ2
ðkþ1 þ kþ2 Þ3qþ

ℜe½I ii
ðkÞðI ðkÞÞ��

þ 4ðkþ0 þ kþ2 Þðkþ2 Þ2
ðkþ1 þ kþ2 Þ2qþ

ℜe½I ii
ðjÞðI ðkÞÞ�� −

4ðkþ1 þ kþ2 Þðkþ2 Þ2
ðkþ0 þ kþ2 Þ2qþ

ℜe½I ii
ðkÞðI ðjÞÞ��

þ 4kþ0 ðkþ2 Þ3
ðkþ0 þ kþ2 Þ4

ℜe½J ðlÞðI ðjÞÞ�� þ
4kþ1 ðkþ2 Þ3
ðkþ1 þ kþ2 Þ4

ℜe½J ðmÞðI ðkÞÞ��
�
: ð188Þ

Note that there are contributions proportional to m2, coming from either two light-cone helicity flips in the amplitude and
none in the conjugate or one flip in both, as well as contributions ∼m4 with three flips in the amplitude and one in the
conjugate.
Finally, inserting the expression in Eq. (184) into Eq. (183), we obtain the gluon emission contribution to the cross

section

σγ
�
T jqq̄g ¼ 4Ncαem

�
αsCF

π

�X
f

e2f
ð2πÞ4
2

Z
∞

0

dkþ0

Z
∞

0

dkþ1

Z
∞

0

dkþ2
kþ2

δðqþ − kþ0 − kþ1 − kþ2 Þ
qþ

×
Z
½x0�

Z
½x1�

Z
½x2�

fKT
qq̄gjUV þKT

qq̄gjUVm
þKT

qq̄gjF þKT
qq̄gjFmgRe½1 − S012� þOðαemα2sÞ: ð189Þ

C. UV subtraction

Like in the longitudinal photon case [60], the UV
renormalization of the coupling g is not relevant at the
accuracy of the present calculation. Therefore, the remain-
ing UV divergences have to cancel between the qq̄ and qq̄g
Fock states contributions on the cross section level. Due to
the complicate analytical structure of the gluon emission
contribution in Eq. (189), the UV divergent phase-space
integrals cannot be performed analytically for arbitrary
dimension D. Hence, it is desirable to understand the
cancellation of UV divergences at the integrand level.
In the expression (189), the first two contributions inside

the curly brackets contain two terms which are UV
divergent when x2 → x0 and x2 → x1, respectively. In
addition, the remaining two contributions are UV finite and

hence we have immediately taken the limit Ds ¼ D ¼ 4 at
the integrand level, which simplifies the further calculation
considerably. In order to subtract the UV divergences, we
will follow the same steps as presented in [60] and use the
following property of Wilson lines at coincident transverse
coordinate points

lim
x→y

½tbUFðyÞ�UAðxÞba ¼ ½UFðyÞta�; ð190Þ

which implies that

lim
x2→x0

S012 ¼ lim
x2→x1

S012 ¼ S01: ð191Þ

Thus, the UV divergences in Eq. (189) are subtracted by
replacing
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jI ik
ðjÞj2Re½1 − S012� ↦ fjI ik

ðjÞj2Re½1 − S012� − jI ik
ðjÞUVj2Re½1 − S01�g þ jI ik

ðjÞUVj2Re½1 − S01�;
jI i

ðjÞj2Re½1 − S012� ↦ fjI i
ðjÞj2Re½1 − S012� − jI i

ðjÞUVj2Re½1 − S01�g þ jI i
ðjÞUVj2Re½1 − S01�; ð192Þ

and

jI ik
ðkÞj2Re½1 − S012� ↦ fjI ik

ðkÞj2Re½1 − S012� − jI ik
ðkÞUVj2Re½1 − S01�g þ jI ik

ðkÞUVj2Re½1 − S01�;
jI i

ðkÞj2Re½1 − S012� ↦ fjI i
ðkÞj2Re½1 − S012� − jI i

ðkÞUVj2Re½1 − S01�g þ jI i
ðkÞUVj2Re½1 − S01�; ð193Þ

where the subtraction terms are given in terms of a two
functions I ik

UV and I i
UV:

I ik
ðjÞUV ¼ I ik

UVðx01;x20; Q̄2
ðjÞ;ωðjÞ; λðjÞÞ;

I i
ðjÞUV ¼ I i

UVðx01;x20; Q̄2
ðjÞ;ωðjÞ; λðjÞÞ;

I ik
ðkÞUV ¼ I ik

UVðx01;x21; Q̄2
ðkÞ;ωðkÞ; λðkÞÞ;

I i
ðkÞUV ¼ I i

UVðx01;x21; Q̄2
ðkÞ;ωðkÞ; λðkÞÞ: ð194Þ

Now, for the function I ik
UV be a good UVapproximation of

the full integral, it must satisfy

lim
x2→x0

I ik ¼ lim
x2→x0

I ik
UV ð195Þ

from which it follows that

lim
x2→x0

I ik
ðjÞ ¼ lim

x2→x0
I ik
ðjÞUV;

lim
x2→x1

I ik
ðkÞ ¼ lim

x2→x1
I ik
ðkÞUV: ð196Þ

An identical analysis holds for the function I i
UV. It is

important to note that there is no unique choice for the UV
divergent subtraction in Eq. (195). The only requirement
for the subtraction is that the UV divergence needs to
cancel between the qq̄ and qq̄g contributions. Thus, it is
sufficient for the subtraction to approximate the original
integrals by any function that has the same value in the UV
limits (for any D). Because of this cancellation, the
integrals of the expressions inside the curly brackets in
Eqs. (192) and (193) are finite, and one can safely take the
limit Ds ¼ D ¼ 4 under the x2 integral.
In an arbitrary dimensionD, the integrals I ik and I i [see

Eqs. (E6) and (E7)] are given by

I ikðb; r; Q̄2;ω; λÞ ¼ −
μ2−D=2

4ð4πÞD−2 b
irk
Z

∞

0

du u−D=2e−u½Q̄2þm2�e−
jbj2
4u

Z
u=ω

0

dtt−D=2e−tωλm
2

e−
jrj2
4t ; ð197Þ

I iðb; r; Q̄2;ω; λÞ ¼ iμ2−D=2

2ð4πÞD−2 r
i

Z
∞

0

du u1−D=2e−u½Q̄2þm2�e−
jbj2
4u

Z
u=ω

0

dtt−D=2e−tωλm
2

e−
jrj2
4t : ð198Þ

It is straightforward to see that to get the leading behavior in the limit jrj2 → 0 we can set λ ¼ 0. This leads us to

I ikðb; r; Q̄2;ωÞ ¼r2→0 −
μ2−D=2

4ð4πÞD−2 b
irk
�jrj2

4

�
1−D=2 Z ∞

0

duu−D=2e−u½Q̄2þm2�e−
jbj2
4u Γ
�
D
2
− 1;

jrj2ω
4u

�
; ð199Þ

and

I iðb; r; Q̄2;ωÞ ¼r2→0 iμ2−D=2

2ð4πÞD−2 r
i

�jrj2
4

�
1−D=2 Z ∞

0

duu1−D=2e−u½Q̄2þm2�e−
jbj2
4u Γ
�
D
2
− 1;

jrj2ω
4u

�
; ð200Þ

where we have suppressed the dependence on the variable λ in the notation.
Now there are several possible ways of performing the UV subtraction. Using the exponential subtraction procedure

introduced in [46], we approximate the incomplete gamma function with

Γ
�
D
2
− 1;

jrj2ω
4u

�
↦ Γ

�
D
2
− 1

�
e
− jrj2
2jbj2eγE ; ð201Þ
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where the exponential is independent of u allowing for an analytical calculation of the u integral. This replacement has the
correct behavior in the UV limit jrj2 → 0, but also is regular in the IR limit of large jrj2 → ∞. Here we note that another
option would be to follow the polynomial subtraction scheme used in [44]. Here the subtraction function is polynomial in r.
This however, introduces a new IR divergence, which must be compensated with another subtraction.3 Finally, substituting
Eq. (201) into Eqs. (199) and (200) gives

I ik
UVðb; r; Q̄2;ωÞ ¼ −

μ2−D=2birk

2πD=2−1 ðjrj2Þ1−D=2Γ
�
D
2
− 1

�
e
− jrj2
2jbj2eγE

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
2πjbj

�D
2
−1

KD
2
−1



jbj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p �
; ð202Þ

and

I i
UVðb; r; Q̄2;ωÞ ¼ iμ2−D=2ri

4πD=2 ðjrj2Þ1−D=2Γ
�
D
2
− 1

�
e
− jrj2
2jbj2eγE

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
2πjbj

�D
2
−2

KD
2
−2



jbj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p �
: ð203Þ

The following master integral will be used to compute the UV divergent r integral:

ðμ2Þ2−D
2ΓðD

2
− 1Þ2

πD

Z
dD−2rðjrj2Þ3−De−

jrj2
jbj2eγE ¼ 1

π3

�ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
þ log

�jx01j2μ2
4

�
þ 2γE þOðD − 4Þ

�
: ð204Þ

D. UV subtracted results

For the UV subtraction terms coming from the diagram (j), we find

σγ
�
T

			jðjÞj2UV
qq̄g

¼ 4Ncαem

�
αsCF

π

�X
f

e2f
qþ

Z
½x0�

Z
½x1�

�
κz

2πjx01j
�

D−4
½κzKD

2
−1ðjx01jκzÞ�2

×
Z

qþ

0

dkþ1

��
1 −

2kþ1 ðqþ − kþ1 Þ
ðqþÞ2

��
−
3

4
− log

�
kþ2;min

qþ − kþ1

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
þ log

�
x2
01μ

2

4

�
þ 2γE

�
−
1

4

ðDs − 4Þ
ðD − 4Þ

�
Re½1 − S01� þOðD − 4Þ ð205Þ

and

σγ
�
T

			jðjÞj2UVm
qq̄g

¼ 4Ncαem

�
αsCF

π

�X
f

e2f
m2

qþ

Z
½x0�

Z
½x1�

�
κz

2πjx01j
�

D−4
½KD

2
−2ðjx01jκzÞ�2

×
Z

qþ

0

dkþ1

��
−
3

4
− log

�
kþ2;min

qþ − kþ1

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
þ log

�
x2
01μ

2

4

�
þ 2γE

�
−
1

4

ðDs − 4Þ
ðD − 4Þ

�
Re½1 − S01� þOðD − 4Þ: ð206Þ

Similarly, for the diagram (k), we find

σγ
�
T

			j ðkÞj2UV
qq̄g

¼ 4Ncαem

�
αsCF

π

�X
f

e2f
qþ

Z
½x0�

Z
½x1�

�
κz

2πjx01j
�

D−4
½κzKD

2
−1ðjx01jκzÞ�2

×
Z

qþ

0

dkþ0

��
1 −

2kþ0 ðqþ − kþ0 Þ
ðqþÞ2

��
−
3

4
− log

�
kþ2;min

qþ − kþ0

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
þ log

�
x2
01μ

2

4

�
þ 2γE

�
−
1

4

ðDs − 4Þ
ðD − 4Þ

�
Re½1 − S01� þOðD − 4Þ ð207Þ

3See the discussion in Appendix E of [46].
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and

σγ
�
T

			jðkÞj2UVm
qq̄g

¼ 4Ncαem

�
αsCF

π

�X
f

e2f
m2

qþ

Z
½x0�

Z
½x1�

�
κz

2πjx01j
�

D−4
½KD

2
−2ðjx01jκzÞ�2

×
Z

qþ

0

dkþ0

��
−
3

4
− log

�
kþ2;min

qþ − kþ0

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
þ log

�
x2
01μ

2

4

�
þ 2γE

�
−
1

4

ðDs − 4Þ
ðD − 4Þ

�
Re½1 − S01� þOðD − 4Þ: ð208Þ

In order to simplify our subtraction terms further, we introduce the same parametrization as in the qq̄ contribution:
kþ0 ¼ zqþ, kþ1 ¼ ð1 − zÞqþ, and kþ2;min ¼ αqþ and change of variables from ðkþ1 ; kþ0 Þ ↦ z. Hence, the sum of Eqs. (205)
and (207) yields the following expression for the UV divergent light-cone helicity nonflip subtraction contribution:

σγ
�
T

			jðjÞj2UVþjðkÞj2UV
qq̄g

¼ −4Ncαem

�
αsCF

π

�X
f

e2f

Z
1

0

dz
Z
½x0�

Z
½x1�

�
κz

2πjx01j
�

D−4
½κzKD

2
−1ðjx01jκzÞ�2

× ½z2 þ ð1 − zÞ2�
��

3

2
þ log

�
α

z

�
þ log

�
α

1 − z

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
þ log

�
x2
01μ

2

4

�
þ 2γE

�
þ 1

2

ðDs − 4Þ
ðD − 4Þ

�
Re½1 − S01� þOðD − 4Þ ð209Þ

and for the light-cone helicity flip contribution

σγ
�
T

			jðjÞj2UVmþjðkÞj2UVm
qq̄g

¼ −4Ncαem

�
αsCF

π

�X
f

e2f

Z
1

0

dz
Z
½x0�

Z
½x1�

m2

�
κz

2πjx01j
�

D−4
½KD

2
−2ðjx01jκzÞ�2

×

��
3

2
þ log

�
α

z

�
þ log

�
α

1 − z

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ
�
3 −

D
2

�
þ log

�
x2
01μ

2

4

�
þ 2γE

�
þ 1

2

ðDs − 4Þ
ðD − 4Þ

�
Re½1 − S01� þOðD − 4Þ: ð210Þ

These expressions precisely cancel the UV divergent part in the qq̄ contribution Eq. (180), including the scheme dependent
part. The remaining terms in Eq. (180) are UV finite and regularization scheme independent.
The remaining finite terms after the UV subtraction of the cross section are obtained by using the parts inside the curly

brackets of Eqs. (192) and (193) in Eqs. (185) and (186). They are a part of our final result for the cross section.

X. RESULT: TRANSVERSE PHOTON CROSS SECTION

We can now gather here the main result of our paper, which is the transverse virtual photon total cross section at NLO
with massive quarks. The cross section can be written as a sum of two UV finite terms

σγ
�
T ¼ σγ

�
T jsubtqq̄ þ σγ

�
T jsubtqq̄g þOðαemα2sÞ; ð211Þ

where the first term in Eq. (211) is the mass renormalized and the UV subtracted qq̄ contribution, which is obtained by
adding the UV subtraction terms in Eqs. (209) and (210) into Eq. (180). This gives

σγ
�
T jsubtqq̄ ¼ 4Ncαem

X
f

e2f

Z
1

0

dz
Z
x0

Z
x1

�
½z2 þ ð1 − zÞ2�½κzK1ðjx01jκzÞ�2 þm2½K0ðjx01jκzÞ�2

þ
�
αsCF

π

��
½z2 þ ð1 − zÞ2�κzK1ðjx01jκzÞfV þ ð2z − 1Þ

2
κzK1ðjx01jκzÞfN

þm2K0ðjx01jκzÞfVMS

��
Re½1 − S01� þOðαemα2sÞ; ð212Þ

where the shorthand notation
R
xi
¼ R d2xi=ð2πÞ for i ¼ 0, 1 denotes a two-dimensional transverse coordinate integral and

we recall that κv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vð1 − vÞQ2 þm2

p
. The functions fV ; fN , and fVMS are explicitly written down in Eq. (182).
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Evaluating the expressions fV , fN , and fVMS also requires
the definitions of L from Eq. (112), ΩN from Eqs. (116)
and (117), ĨN from Eq. (139), ĨV from Eq. (137), ΩV from
Eqs. (111) and (98), and ĨVMS from Eq. (142). Here the
first line in Eq. (212), not proportional to αs, is explicitly
the known leading-order cross section for massive quarks
and the functions fi encode the order αs NLO corrections.
We have checked that in the limit of zero quark mass these
expressions reduce to the known results in Refs. [43,46].
The second term in Eq. (211) is the UV subtracted qq̄g

contribution. It contains both the UV subtracted terms
corresponding to the parts inside the curly brackets of
Eqs. (192) and (193), and the parts of the qq̄g contribution
that were finite to begin with:

σγ
�
T jsubtqq̄g ¼ σγ

�
T jjðjÞj

2þjðkÞj2
qq̄g þ σγ

�
T jjðjÞj

2
mþjðkÞj2m

qq̄g þ σγ
�
T jFqq̄g þ σγ

�
T jFmqq̄g;
ð213Þ

where the last two terms correspond a contribution coming
from the finite terms without a light-cone helicity flip
Eqs. (187) and the ones with one or more helicity flip terms,
proportional to powers of the mass, (188).
The final result for the qq̄g part contains a significant

number of terms. In order to clarify the structure we use the
relative coordinates corresponding to the gluon emission
diagrams (j) and (k): for the diagram (j) with emission from
the quark the qðk̂0Þ − gðk̂2Þ relative separation x2;ðjÞ ≡ x20

defined in Eq. (165) and the separation of the qg system to the
recoiling antiquark (q̄ðk̂1Þ) x3;ðjÞ ≡ x0þ2;1 from Eq. (166),
and conversely for the diagram (k) with emission from the
antiquark the q̄ðk̂1Þ − gðk̂2Þ relative separation x2;ðkÞ ≡ x21

defined in Eq. (167) and the separation of the recoiling quark
to the q̄g system (qðk̂0Þ) x3;ðkÞ ≡ x0;1þ2 from Eq. (168).
In the case of the exponential subtraction scheme

developed [46], i.e. using Eq. (201), the two UV subtracted
terms in (213) can be simplified to

σγ
�
T jjðjÞj

2þjðkÞj2
qq̄g ¼ 4Ncαem

�
αsCF

π

�X
f

e2f

Z
x0

Z
x1

Z
x2

Z
∞

0

dkþ0

Z
∞

0

dkþ1

Z
∞

0

dkþ2
kþ2

δðqþ −
P

2
i¼0 k

þ
i Þ

qþ

×

�
1

ðkþ0 þ kþ2 Þ2
½2kþ0 ðkþ0 þ kþ2 Þ þ ðkþ2 Þ2�

�
1 −

2kþ1 ðqþ − kþ1 Þ
ðqþÞ2

�
×

�jx3;ðjÞj2jx2;ðjÞj2
256

½Gð2;2Þ
ðjÞ �2Re½1 − S012�

−
e−jx2;ðjÞj

2=ðjx01j2eγE Þ

jx2;ðjÞj2
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Q̄2
ðjÞ þm2

q
K1ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2

ðjÞ þm2
q

Þ
�
2

Re½1 − S01�
�

þ 1

ðkþ1 þ kþ2 Þ2
½2kþ1 ðkþ1 þ kþ2 Þ þ ðkþ2 Þ2�

�
1 −

2kþ0 ðqþ − kþ0 Þ
ðqþÞ2

�
×

�jx3;ðkÞj2jx2;ðkÞj2
256

½Gð2;2Þ
ðkÞ �2Re½1 − S012�

−
e−jx2;ðkÞj

2=ðjx01j2eγE Þ

jx2;ðkÞj2
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Q̄2
ðkÞ þm2

q
K1ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2

ðkÞ þm2
q

Þ
�
2

Re½1 − S01�
��

ð214Þ

and

σγ
�
T jjðjÞj

2
mþjðkÞj2m

qq̄g ¼ 4Ncαemm2

�
αsCF

π

�X
f

e2f

Z
x0

Z
x1

Z
x2

Z
∞

0

dkþ0

Z
∞

0

dkþ1

Z
∞

0

dkþ2
kþ2

δðqþ −
P

2
i¼0 k

þ
i Þ

qþ

×

�
1

ðkþ0 þ kþ2 Þ2
½2kþ0 ðkþ0 þ kþ2 Þ þ ðkþ2 Þ2�

×

�jx2;ðjÞj2
64

½Gð1;2Þ
ðjÞ �2Re½1 − S012� −

e−jx2;ðjÞj
2=ðjx01j2eγE Þ

jx2;ðjÞj2
�
K0

�
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2

ðjÞ þm2
q ��

2

Re½1 − S01�
�

þ 1

ðkþ1 þ kþ2 Þ2
½2kþ1 ðkþ1 þ kþ2 Þ þ ðkþ2 Þ2�

×

�jx2;ðkÞj2
64

½Gð1;2Þ
ðkÞ �2Re½1 − S012� −

e−jx2;ðkÞj
2=ðjx01j2eγE Þ

jx2;ðkÞj2
�
K0

�
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2

ðkÞ þm2
q ��

2

Re½1 − S01�
��

: ð215Þ

Here we have introduced the compact notation
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Gða;bÞ
ðjÞ ¼

Z
∞

0

du
ua

exp f−uðQ̄2
ðjÞ þm2Þg exp

�
−
jx3;ðjÞj2
4u

�Z
u=ωðjÞ

0

dt
tb
exp f−tðωðjÞλðjÞm2Þg exp

�
−
jx2;ðjÞj2
4t

�
ð216Þ

and

Gða;bÞ
ðkÞ ¼

Z
∞

0

du
ua

exp f−uðQ̄2
ðkÞ þm2Þg exp

�
−
jx3;ðkÞj2
4u

�Z
u=ωðkÞ

0

dt
tb
exp f−tðωðkÞλðkÞm2Þg exp

�
−
jx2;ðkÞj2

4t

�
: ð217Þ

The notations Q̄2
ðjÞ; Q̄

2
ðkÞ; λðjÞ; λðkÞ are defined in Eqs. (147), (152) and ωðjÞ;ωðkÞ in Eq. (176). As discussed also in the

longitudinal case [60], these integrals could be seen as generalizations of the integral representation of Bessel functions that
appear in the massless case. In addition, these integrals are very rapidly converging at both small and large values of the
integration variable, and hence they should be well suited for numerical evaluation as is.
Let us finally turn to the last two terms in Eq. (213), which are finite from the beginning. They can be simplified starting

from the intermediate expressions in Eqs. (187) and (188), and using the Fourier transform integrals in Appendix E. After
some intermediate stages of algebra, the third term in Eq. (213) can be simplified into the following form:

σγ
�
T jFqq̄g ¼ 4Ncαem

1

2

�
αsCF

π

�X
f

e2f

Z
x0

Z
x1

Z
x2

Z
∞

0

dkþ0

Z
∞

0

dkþ1

Z
∞

0

dkþ2
kþ2

δðqþ −
P

2
i¼0 k

þ
i Þ

qþ

×

�
1

64ðkþ0 þ kþ2 Þðkþ1 þ kþ2 ÞðqþÞ2
fqþkþ2 ðkþ0 − kþ1 Þ2½ðx3;ðjÞ · x2;ðjÞÞðx3;ðkÞ · x2;ðkÞÞ − ðx3;ðjÞ · x2;ðkÞÞðx3;ðkÞ · x2;ðjÞÞ�

− ½kþ1 ðkþ0 þ kþ2 Þ þ kþ0 ðkþ1 þ kþ2 Þ�½kþ0 ðkþ0 þ kþ2 Þ þ kþ1 ðkþ1 þ kþ2 Þ�ðx3;ðjÞ · x3;ðkÞÞðx2;ðjÞ · x2;ðkÞÞgGð2;2Þ
ðjÞ Gð2;2Þ

ðkÞ

−
ðkþ0 þ kþ2 Þkþ1 kþ2
16ðkþ1 þ kþ2 Þ2qþ

ðx3;ðjÞ · x2;ðjÞÞGð2;2Þ
ðjÞ HðkÞ þ

ðkþ1 þ kþ2 Þkþ0 kþ2
16ðkþ0 þ kþ2 Þ2qþ

ðx3;ðkÞ · x2;ðkÞÞGð2;2Þ
ðkÞ HðjÞ

−
ðkþ0 Þ2kþ1 kþ2

16ðk0 þ kþ2 Þ3qþ
ðx3;ðjÞ · x2;ðjÞÞGð2;2Þ

ðjÞ HðjÞ þ
ðkþ1 Þ2kþ0 kþ2

16ðk1 þ kþ2 Þ3qþ
ðx3;ðkÞ · x2;ðkÞÞGð2;2Þ

ðkÞ HðkÞ

þ ðkþ0 kþ2 Þ2
8ðkþ0 þ kþ2 Þ4

½HðjÞ�2 þ
ðkþ1 kþ2 Þ2

8ðkþ1 þ kþ2 Þ4
½HðkÞ�2

�
Re½1 − S012�: ð218Þ

Similarly, the last term in Eq. (213) reads

σγ
�
T jFmqq̄g ¼ 4Ncαem

m2

2

�
αsCF

π

�X
f

e2f

Z
x0

Z
x1

Z
x2

Z
∞

0

dkþ0

Z
∞

0

dkþ1

Z
∞

0

dkþ2
kþ2

δðqþ −
P

2
i¼0 k

þ
i Þ

qþ

×

� ðkþ2 Þ4
64ðkþ0 þ kþ2 Þ4ðqþÞ2

½4kþ1 ðkþ1 − qþÞ þ 2ðqþÞ2�jx3;ðjÞj2½Gð2;1Þ
ðjÞ �2 − kþ0 k

þ
1 ðkþ2 Þ2

16ðkþ0 þ kþ2 Þ3qþ
ðx3;ðjÞ · x2;ðjÞÞGð1;2Þ

ðjÞ Gð2;1Þ
ðjÞ

þ ðkþ2 Þ4
64ðkþ1 þ kþ2 Þ4ðqþÞ2

½4kþ0 ðkþ0 − qþÞ þ 2ðqþÞ2�jx3;ðkÞj2½Gð2;1Þ
ðkÞ �2 þ kþ0 k

þ
1 ðkþ2 Þ2

16ðkþ1 þ kþ2 Þ3qþ
ðx3;ðkÞ · x2;ðkÞÞGð1;2Þ

ðkÞ Gð2;1Þ
ðkÞ

−
1

32ðkþ0 þ kþ2 Þðkþ1 þ kþ2 Þ
½ð2kþ0 þ kþ2 Þð2kþ1 þ kþ2 Þ þ ðkþ2 Þ2�ðx2;ðjÞ · x2;ðkÞÞGð1;2Þ

ðjÞ Gð1;2Þ
ðkÞ

þ ðkþ2 Þ4
32ðkþ0 þ kþ2 Þ2ðkþ1 þ kþ2 Þ2ðqþÞ2

½ð2kþ0 þ kþ2 Þð2kþ1 þ kþ2 Þ þ ðkþ2 Þ2�ðx3;ðjÞ · x3;ðkÞÞGð2;1Þ
ðjÞ Gð2;1Þ

ðkÞ

þm2

16

2ðkþ2 Þ4
ðkþ0 þ kþ2 Þ4

½Gð1;1Þ
ðjÞ �2 þm2

16

2ðkþ2 Þ4
ðkþ1 þ kþ2 Þ4

½Gð1;1Þ
ðkÞ �2

−
ðkþ0 kþ2 Þ2

16ðkþ0 þ kþ2 Þðkþ1 þ kþ2 Þ2qþ
ðx2;ðjÞ · x3;ðkÞÞGð1;2Þ

ðjÞ Gð2;1Þ
ðkÞ þ ðkþ1 kþ2 Þ2

16ðkþ1 þ kþ2 Þðkþ0 þ kþ2 Þ2qþ
ðx3;ðjÞ · x2;ðkÞÞGð2;1Þ

ðjÞ Gð1;2Þ
ðkÞ

−
ðkþ0 kþ1 Þðkþ2 Þ2

16ðkþ0 þ kþ2 Þ3qþ
ðx2;ðjÞ · x3;ðjÞÞGð2;2Þ

ðjÞ Gð1;1Þ
ðjÞ þ ðkþ0 kþ1 Þðkþ2 Þ2

16ðkþ1 þ kþ2 Þ3qþ
ðx2;ðkÞ · x3;ðkÞÞGð2;2Þ

ðkÞ �½Gð1;1Þ
ðkÞ �
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−
ðkþ0 þ kþ2 Þðkþ2 Þ2
16ðkþ1 þ kþ2 Þ2qþ

ðx2;ðjÞ · x3;ðjÞÞGð2;2Þ
ðjÞ Gð1;1Þ

ðkÞ þ ðkþ1 þ kþ2 Þðkþ2 Þ2
16ðkþ0 þ kþ2 Þ2qþ

ðx2;ðkÞ · x3;ðkÞÞGð2;2Þ
ðkÞ Gð1;1Þ

ðjÞ

þ kþ0 ðkþ2 Þ3
4ðkþ0 þ kþ2 Þ4

HðjÞG
ð1;1Þ
ðjÞ þ kþ1 ðkþ2 Þ3

4ðkþ1 þ kþ2 Þ4
HðkÞG

ð1;1Þ
ðkÞ

�
Re½1 − S012�: ð219Þ

Here we have also introduced the functions HðjÞ and HðkÞ, which are defined as

HðjÞ ¼
Z

∞

0

du
u2

exp f−u½Q̄2
ðjÞ þm2 þ λðjÞm2�g exp

�
−
jx3;ðjÞj2 þ ωðjÞjx2;ðjÞj2

4u

�
; ð220Þ

HðkÞ ¼
Z

∞

0

du
u2

exp f−u½Q̄2
ðkÞ þm2 þ λðkÞm2�g exp

�
−
jx3;ðkÞj2 þ ωðkÞjx2;ðkÞj2

4u

�
: ð221Þ

To summarize the abbreviated notations, we recall that the
definitions needed for an evaluation of the qq̄g results can
be found in the following:

(i) For the gluon emission relative coordinates x2;ðjÞ,
x2;ðkÞ in Eqs. (165), (167) and 3-particle center-of-
mass coordinates x3;ðjÞ and x3;ðkÞ in Eqs. (166), (168).

(ii) Generalized Bessel functions Gða;bÞ
ðxÞ in Eqs. (216),

(217) and HðxÞ in Eqs. (220), (221).
(iii) The momentum scales Q̄2

ðjÞ; Q̄
2
ðkÞ and longitudinal

momentum fraction ratios λðjÞ; λðkÞ in Eqs. (147),
(152) and the momentum fraction ratios ωðjÞ;ωðkÞ
in Eq. (176).

XI. CONCLUSION

In this paper, we have calculated, for the first time in the
literature, the one-loop light-cone wave function for a
transverse photon splitting into a quark-antiquark pair
including quark masses. After obtaining the one-loop
LCWF we also Fourier transformed our result to mixed
transverse coordinate longitudinal momentum space.
Combined with the tree-level wave function for a quark-
antiquark-gluon state this enabled us to obtain an explicit
expression for the total transverse photon cross section in
the dipole picture, suited for cross section calculations in
the nonlinear gluon saturation regime.
We believe that our results are significant in several

ways. Firstly, we have provided the first calculation of the
total DIS cross section for massive quarks in the dipole
picture at NLO accuracy. This paves the way for a
description of existing and future total DIS cross sections
in the small-x saturation regime, following the recent first
successful NLO fit for massless quarks in [47]. We
provide in this paper the explicit expressions for the cross
section which, together with a BK-factorization pro-
cedure, e.g. one of the three used in [47], can directly
be used in similar fits. More generally, the light-cone wave
function is a central ingredient in any NLO calculation in

the small-x dipole factorization formulation for DIS or
photoproduction processes involving heavy quarks. Thus
it is an essential ingredient in bringing the phenomenol-
ogy of gluon saturation in high energy deep inelastic
scattering to NLO accuracy. The light-cone wave function
is needed for calculations of, e.g. exclusive vector meson
production, dijet production, or diffractive structure func-
tions in DIS. All of these processes can now be accessed at
NLO accuracy in the saturation regime, also for massive
quarks. On yet a more fundamental level, the light-cone
wave function, independently of the needs of a specific
cross section calculation, is a fundamental universal
quantity in perturbative QCD. It encodes the structure
of a photon in light-cone gauge, which is required for a
proper partonic interpretation. In calculating the wave
function to one-loop accuracy with massive quarks, we
have also had to address explicitly the issue of quark mass
renormalization in light-cone perturbation theory. This is
an issue that had previously been discussed in the
literature at the level of the divergent terms. To our
knowledge our calculation is, however, the first LCPT
loop calculation to perform a full quark mass renormal-
ization in a specific scheme, including the finite terms. We
will discuss the details of different regularization proce-
dures and their relation to mass renormalization in more
detail in a separate publication. However, already here we
have demonstrated in practice the relation between mass
renormalization in LCPT and Lorentz invariance, encoded
in the structure of the quark form factor. The final results
for the wave function and cross section obtained in this
paper are also summarized in a shorter companion
paper [66].
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APPENDIX A: CALCULATION OF THE
NUMERATORS

In this appendix we evaluate the numerators for the self-
energy diagram (a), the instantaneous diagrams (c), (g),
ðiÞ1, and the vertex correction diagram (e). Summation
notation over the internal helicities, gluon polarization, and
color is always implicit.

1. Numerator for the quark self-energy diagram (a)

The numerator for the quark self-energy diagram (a) can
be written as

NT
ðaÞ ¼ eefg2taα0α00 t

a
α00α1 ½ūð0Þ=εσðkÞuð00Þ�½ūð00Þ=ε�σðkÞuð000Þ�½ūð000Þ=ελðqÞvð1Þ�

¼ eefg2δα0α1CF½ūð0Þ=εσðkÞuð00Þ�½ūð00Þ=ε�σðkÞuð0Þ�½ūð0Þ=ελðqÞvð1Þ�; ðA1Þ

where the four-vectors k0 and k000 are the same since the plus and the transverse momentum are conserved and both k0 and
k000 are on-shell. The spinor structures inside the first two square brackets can be written in the helicity basis as

ūð0Þ=εσðkÞuð00Þ ¼
1

kþ0 ðk
þ
kþ
0

Þð1 − kþ
kþ
0

Þ

���
1 −

kþ

2kþ0

�
δijðDsÞūð0Þγþuð00Þ þ

�
kþ

4kþ0

�
ūð0Þγþ½γi; γj�uð00Þ

�
Ki

þm
2

�
kþ

kþ0

�
2

ūð0Þγþγjuð00Þ
�
εjσ; ðA2Þ

ūð00Þ=ε�σðkÞuð0Þ ¼
1

kþ0 ðk
þ
kþ
0

Þð1 − kþ
kþ
0

Þ

���
1 −

kþ

2kþ0

�
δklðDsÞūð00Þγþuð0Þ −

�
kþ

4kþ0

�
ūð00Þγþ½γk; γl�uð0Þ

�
Kk

−
m
2

�
kþ

kþ0

�
2

ūð00Þγþγluð0Þ
�
ε�lσ ; ðA3Þ

where the variable K is defined in Eq. (34). Using the completeness relation for the spinorsX
h00

uð00Þūð00Þ ¼ =k00 þm ðA4Þ

and noting that γþð=k00 þmÞγþ ¼ 2ðkþ0 − kþÞγþ, we obtain

NT
ðaÞ ¼

2eefg2δα0α1CF

kþ0 ðk
þ
kþ
0

Þ2ð1 − kþ
kþ
0

Þ ½ūð0Þ=ελðqÞvð1Þ�
���

1 −
kþ

2kþ0

�
2

δijðDsÞδ
kl
ðDsÞūð0Þγþuð0Þ

−
�
kþ

4kþ0

�
2

ūð0Þγþ½γi; γj�½γk; γl�uð0Þ
�
KiKk −

m2

4

�
kþ

kþ0

�
4

ūð0Þγþγjγluð0Þ
�
εjσε�lσ : ðA5Þ

Here the terms linear in the transverse integration variable K vanish due to rotational symmetry. Summing over the gluon
helicity states yields

NT
ðaÞ ¼

4g2CF

ðkþkþ
0

Þ2ð1 − kþ
kþ
0

Þ δα0α1V
γ�T→qq̄
h0;h1

���
1 −

kþ

2kþ0

�
2

þ 4ðDs − 3Þ
�
kþ

4kþ0

�
2
�
K2 þm2

4
ðDs − 2Þ

�
kþ

kþ0

�
4
�
; ðA6Þ
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where the definition of the leading-order QED photon splitting vertex V
γ�T→qq̄
h0;h1

is given in Eq. (10). Finally, using the
parametrization kþ=kþ0 ¼ ξ, we find the following expression:

NT
ðaÞ ¼

2g2CF

ξ2ð1 − ξÞ δα0α1V
γ�T→qq̄
h0;h1

�
½1þ ð1 − ξÞ2�K2 þm2ξ4 þ ðDs − 4Þ

2
ξ2½K2 þm2ξ2�

�
: ðA7Þ

2. Numerator for the instantaneous diagrams (c), (g), and ðiÞ1
The numerator for the instantaneous diagram (c) can be written as

NT
ðcÞ ¼ eefg2taα0α00 t

a
α00α1 ½ūð0Þ=εσðkÞuð00Þ�½ūð00Þ=ε�σðkÞγþ=ελðqÞvð1Þ�

¼ −eefg2δα0α1CF½ūð0Þ=εσðkÞuð00Þ�½ūð00Þγþ=ε�σðkÞ=ελðqÞvð1Þ�: ðA8Þ

To simplify this expression, we first use the completeness relation (see e.g. Appendix A in Ref. [43])

X
σ

εσ;μðkÞε�σ;νðkÞ ¼ −gμν þ
kμnν þ kνnμ

kþ
; ðA9Þ

where nμaμ ¼ aþ and Eq. (A4). This gives

NT
ðcÞ ¼ −eefg2δα0α1CF

�
−gμν þ

kμnν þ kνnμ
kþ

�
½ūð0Þγμð=k00 þmÞγþγν=ελðqÞvð1Þ�

¼ −eefg2δα0α1CF

�
−4ðkþ0 − kþÞūð0Þ=ελðqÞvð1Þ − ðDs − 4Þūð0Þð=k0 − =kÞγþ=ελðqÞvð1Þ

þ 2
ðkþ0 − kþÞ

kþ
ūð0Þγþ=k=ελðqÞvð1Þ þ ðDs − 2Þmūð0Þγþ=ελðqÞvð1Þ

�
; ðA10Þ

where the standard γ-matrix relations have been used, as well as the plus and transverse momentum conservation relation
k̂00 ¼ k̂0 − k̂. Note that this implies =k00γþ ¼ ð=k0 − =kÞγþ.
Finally, using the Dirac equation ūð0Þ=k0 ¼ mūð0Þ, we get

NT
ðcÞ ¼ −eefg2δα0α1CF

��
−2

kþ0
kþ

þDs − 2

�
ūð0Þ=kγþ=ελðqÞvð1Þ þ 2mūð0Þγþ=ελðqÞvð1Þ

�
¼ −eefg2δα0α1CF

��
−2

kþ0
kþ

þDs − 2

�
ūð0Þ

�
=k −

kþ

kþ0
=k0

�
γþ=ελðqÞvð1Þ þ

kþ

kþ0
ðDs − 2Þmūð0Þγþ=ελðqÞvð1Þ

�
: ðA11Þ

Note that in the shift =k − ðkþ=kþ0 Þ=k0 the γ− term vanishes, leaving only the terms involving γi. Thus, we can
rewrite ½=k − kþ

kþ
0

=k0�γþ ¼ ½ki − kþ
kþ
0

ki
0�γþγi.

Using the variables K and ξ introduced in Eq. (34) the expression in Eq. (A11) can be rewritten as

NT
ðcÞ ¼ −eefg2δα0α1CF

��
−
2

ξ
þDs − 2

�
Kiūð0Þγþγi=ελðqÞvð1Þ þ ξðDs − 2Þmūð0Þγþ=ελðqÞvð1Þ

�
: ðA12Þ

The numerator for the instantaneous diagram (g) can be written as

NT
ðgÞ ¼ −eefg2taα0α00 t

a
α00α1 ½ūð0Þ=εσðkÞuð00Þ�½ūð00Þ=ελðqÞγþ=ε�σðkÞvð1Þ�: ðA13Þ

Following the same steps as above we find

NT
ðgÞ ¼ −eefg2CFδα0α1

��
2

ξ
ūð0Þγþ=ελðqÞγivð1Þ þ ðDs − 4Þūð0Þγþγi=ελvð1Þ

�
Ki þ ξðDs − 4Þmūð0Þγþ=ελðqÞvð1Þ

�
: ðA14Þ
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Finally, the numerator for the instantaneous diagram ðiÞ1 can be written as

NT
ðiÞ1 ¼ −eefg2taα0α00 t

a
α00α1 ½ūð0Þγþuð00Þ�½ūð00Þ=ελðqÞvð10Þ�½v̄ð10Þγþvð1Þ�

¼ −eefg2CFδα0α1 ½ūð0Þγþuð00Þ�½ūð00Þ=ελðqÞvð10Þ�½v̄ð10Þγþvð1Þ�: ðA15Þ

The simplifications here again follow the same steps as above leading to

NT
ðiÞ1 ¼ −eefg2CFδα0α1

�
−4kþ

10ελ ·

�
k00 −

kþ
00

qþ
q

�
ūð0Þγþvð1Þ − 2qþ

�
k00

i −
kþ
00

qþ
qi

�
ūð0Þ=ελðqÞγþγivð1Þ

þ 2qþmūð0Þγþ=ελðqÞvð1Þ
�
: ðA16Þ

Noting that k00 −
kþ
00
qþ q ¼ −ðKþLÞ, we get

NT
ðiÞ1 ¼ −eefg2CFδα0α1fð4qþ½1 − zð1 − ξÞ�εiλūð0Þγþvð1Þ þ 2qþūð0Þ=ελðqÞγþγivð1ÞÞ½Ki þLi� þ 2qþmūð0Þγþ=ελðqÞvð1Þg:

ðA17Þ

3. Numerator for the quark vertex correction diagram (e)

The numerator for the diagram (e) can be written as

NT
ðeÞ ¼ −eefg2δαβCF½ūð0Þ=εσðkÞuð00Þ�½ūð00Þ=ελðqÞvð10Þ�½v̄ð10Þ=ε�σðkÞvð1Þ�: ðA18Þ

With the kinematical variables as in Fig. 4(e), the independent spinor structures can be decomposed as

ūð0Þ=εσðkÞuð00Þ ¼
1

kþ0 ðk
þ
kþ
0

Þð1 − kþ
kþ
0

Þ

���
1 −

kþ

2kþ0

�
δijðDsÞūð0Þγþuð00Þ þ

�
kþ

4kþ0

�
ūð0Þγþ½γi; γj�uð00Þ

�
Ki

þm
2

�
kþ

kþ0

�
2

ūð0Þγþγjuð00Þ
�
εjσ; ðA19Þ

ūð00Þ=ελðqÞvð10Þ ¼ −
�

qþ

2kþ
00k

þ
10

����
kþ
00 − kþ

10

qþ

�
δklðDsÞūð00Þγþvð10Þ þ

1

2
ūð00Þγþ½γk; γl�vð10Þ

�
Hk þmūð00Þγþγlvð10Þ

�
εlλ;

ðA20Þ

and

v̄ð10Þ=ε�σðkÞvð1Þ ¼
1

kþ1 ðk
þ
kþ
1

Þð1þ kþ
kþ
1

Þ

���
1þ kþ

2kþ1

�
δnmðDsÞv̄ð10Þγþvð1Þ þ

�
kþ

4kþ1

�
v̄ð10Þγþ½γn; γm�vð1Þ

�
Rn

−
m
2

�
kþ

kþ1

�
2

v̄ð10Þγþγmvð1Þ
�
ε�mσ ; ðA21Þ

where we have introduced the variables

H ¼ K −
ðkþ0 − kþÞ

kþ0
P ¼ KþL; R ¼ Kþ kþqþ

kþ0 k
þ
1

P ¼ Kþ ω1

ω2

L ðA22Þ

with L ¼ ω2P and

ω1 ¼
kþqþ

kþ0 k
þ
1

; ω2 ¼ −
�
1 −

kþ

kþ0

�
: ðA23Þ
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Substituting Eqs. (A19), (A20), and (A21) into (A18), and following the same steps as before, we find the expression

NT
ðeÞ ¼

2eefg2δαβCF

ðkþÞ2ð1 − kþ
kþ
0

Þð1þ kþ
kþ
1

Þ q
þūð0Þγþ½aijKi þmamγj�½bklHk þmγl�½cnjRn −mcmγj�vð1Þεlλ; ðA24Þ

where we have introduced the following compact notation:

aij ¼ aδijðDsÞ þ b½γi; γj�;
bkl ¼ eδklðDsÞ þ f½γk; γl�;
cnj ¼ gδnjðDsÞ þ h½γn; γj�; ðA25Þ

and defined the coefficients a; b; e; f; g; h as

a ¼ 1 −
kþ

2kþ0
; b ¼ kþ

4kþ0
; e ¼ −

2kþ

qþ
þ kþ0 − kþ1

qþ

f ¼ 1

2
; g ¼ 1þ kþ

2kþ1
; h ¼ kþ

4kþ1
ðA26Þ

and the coefficient am, cm as

am ¼ 1

2

�
kþ

kþ0

�
2

; cm ¼ 1

2

�
kþ

kþ1

�
2

: ðA27Þ

To perform the contractions in Eq. (A24) requires
tedious but straightforward algebraic manipulations. To
this end, we have automatized the computation of the
Lorentz contractions with FORM [71,72], and we have also
cross-checked our results manually by pen and paper. The
one-loop vertex correction diagram (e) can be written in the
spinor basis of Eq. (17), and the result reads

Ψγ�T→qq̄
ðeÞ ¼ eefδαβ

EDLO

�
αsCF

2π

��
ūð0Þ=ελðqÞvð1ÞVT

ðeÞ þ
�
2kþ0 k

þ
1

qþ

�
P · ελūð0Þγþvð1ÞN T

ðeÞ

þ
�
2kþ0 k

þ
1

qþ

�
P · ελ
P2

Pjmūð0Þγþγjvð1ÞST
ðeÞ þ

�
2kþ0 k

þ
1

qþ

�
mūð0Þγþ=ελðqÞvð1ÞMT

ðeÞ

�
; ðA28Þ

where the form factors VT
ðeÞ, N

T
ðeÞ, S

T
ðeÞ, and MT

ðeÞ are given in Eqs. (75), (76), (77), and (78), respectively.

APPENDIX B: USEFUL INTEGRALS

In this appendix we calculate the functions I ξ;i and J ξ;i that are introduced in Sec. V C. Let us first consider the functions
Iξ;i which are independent of the transverse momenta P. These functions are defined as follows:

Iξ;1 ≡
Z

1

α=z

dξ
ξ

�
− log

�
Δ2

μ2

��
¼ log

�
α

z

�
log

�
Q̄2 þm2

μ2

�
þ Li2

�
1

1 − 1
2z ð1 − γÞ

�
þ Li2

�
1

1 − 1
2z ð1þ γÞ

�
; ðB1Þ

Iξ;2 ≡
Z

1

α=z
dξ

�
− log

�
Δ2

μ2

��
¼ − log

�
Q̄2 þm2

μ2

�
þ 2 −

1

z
γ log

�
1þ γ

1þ γ − 2z

�
−

1

2z
ðγ − 1Þ log

�
Q̄2 þm2

m2

�
; ðB2Þ

and

Iξ;3 ≡
Z

1

α=z
dξξ

�
− log

�
Δ2

μ2

��
¼ −

1

2
log

�
Q̄2 þm2

μ2

�
þ 3

2
−

1

2z
−
1

z

�
1 −

1

2z

�
γ log

�
1þ γ

1þ γ − 2z

�
−

1

2z

�
1 −

1

2z

�
ðγ − 1Þ log

�
Q̄2 þm2

m2

�
−

m2

2z2Q2
log

�
Q̄2 þm2

m2

�
: ðB3Þ

Here we have used the following compact notation γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2=Q2

p
introduced in Eq. (83).
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Similarly, the functions J ξ;i which depend on the transverse momenta P are defined as follows:

J ξ;1≡
Z

1

α=z

dξ
ξ

�
log

�
Δ1

μ2

��
¼−log

�
α

z

�
log

�
P2þQ̄2þm2

ð1−zÞμ2
�
−
1

2
log2

�
α

z

�
−
π2

6
−m2

Z
1

0

dξ
logðξÞ
ð1−ξÞ2

ð1−zÞ
P2þQ̄2þm2þ ξð1−zÞ

ð1−ξÞ m
2
;

ðB4Þ

J ξ;2 ≡
Z

1

α=z
dξ

�
log

�
Δ1

μ2

��
¼ −2þ log

�
m2

μ2

�
þ P2 þ Q̄2 þm2

P2 þ Q̄2 þ zm2
log

�
P2 þ Q̄2 þm2

ð1 − zÞm2

�
; ðB5Þ

and

J ξ;3≡
Z

1

α=z
dξξ

�
log

�
Δ1

μ2

��
¼−1−

ð1− zÞm2

2ðP2þ Q̄2þ zm2Þþ
1

2
log

�
m2

μ2

�
þ ðP2þ Q̄2þm2Þ2
2ðP2þ Q̄2þ zm2Þ2 log

�
P2þ Q̄2þm2

ð1− zÞm2

�
: ðB6Þ

Next we provide two important intermediate results used for the computation shown in Sec. V C. After integration over
the ξ, we obtain the following result:

−Iξ;1 þ zð2Iξ;2 − I ξ;3Þ ¼ −
�
3z
2
þ log

�
α

z

��
log

�
Q̄2 þm2

μ2

�
þ 1þ 5z

2
þ 1

2

�
m2

zQ2
þ
�
1þ 1

2z

�
ð1 − γÞ

�
log

�
Q̄2 þm2

m2

�
−
�
1þ 1

2z

�
γ log

�
1þ γ

1þ γ − 2z

�
− Li2

�
1

1 − 1
2z ð1 − γÞ

�
− Li2

�
1

1 − 1
2z ð1þ γÞ

�
: ðB7Þ

Similarly, we find

−J ξ;1 þ zð2J ξ;2 − J ξ;3Þ ¼
�
3z
2
þ log

�
α

z

���
log

�
Q̄2 þm2

μ2

�
þ log

�
P2 þ Q̄2 þm2

Q̄2 þm2

�
− logð1 − zÞ

�
þ 1

2
log2

�
α

z

�
− 3zþ π2

6
þm2

Z
1

0

dξ

�
logðξÞ
ð1 − ξÞ2 þ

z
1 − ξ

þ z
2

� ð1 − zÞ
P2 þ Q̄2 þm2 þ ξð1−zÞ

ð1−ξÞ m
2
: ðB8Þ

APPENDIX C: FOURIER TRANSFORMS FOR qq̄ STATES

In this appendix we present the relevant integrals that are needed to calculate the Fourier transformed γ�T → qq̄ LCWFs in
mixed space up to NLO.
We start by considering the following integral:Z

dD−2P
ð2πÞD−2

eiP·x01

½P2 þ Δ2� ; ðC1Þ

where x01 ¼ x0 − x1 and P2 þ Δ2 > 0. The standard technique to evaluate these type of integrals is to first introduce a
Schwinger parametrization for each denominator

1

Aβ ¼
1

ΓðβÞ
Z

∞

0

dttβ−1e−tA; A; β > 0; ðC2Þ

which turns the integral in Eq. (C1) into a simple Gaussian form in P. The resulting expression can be evaluated by using the
standard Gaussian integral:

Z
dny
ð2πÞn exp

�
−
Xn
i;j¼1

aijyiyj

��Xn
i¼1

biyi

�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ð4πÞn det a

s
exp

�
1

4
ða−1Þijbibj

�
; ðC3Þ

where y ¼ ðy1; y2;…; ynÞ, b ¼ ðb1; b2;…; bnÞ and aij is a symmetric, nonsingular, and positive defined n × n matrix.
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These steps lead to the resultZ
dD−2P
ð2πÞD−2

eiP·x01

½P2 þ Δ2� ¼ ð4πÞ1−D
2

Z
∞

0

dt t1−
D
2e−tΔ

2

e−
jx01 j2
4t :

ðC4Þ

The remaining one-dimensional integral can be performed
by using the general formulaZ

∞

0

dt tβ−1e−tAe−
B
t ¼ 2

�
B
A

�
β=2

K−βð2
ffiffiffiffiffiffiffi
AB

p
Þ; A; B > 0:

ðC5Þ

Here K−βðxÞ is the modified Bessel function. Notice that
for positive values of x KβðxÞ is an analytic function of β
and that KβðxÞ is even in β, i.e. KβðxÞ ¼ K−βðxÞ.
Hence, the integral in Eq. (C4) yields the resultZ
dD−2P
ð2πÞD−2

eiP·x01

½P2 þ Δ2� ¼
1

ð2πÞ
�

Δ
2πjx01j

�D
2
−2
KD

2
−2ðjx01jΔÞ:

ðC6Þ

We also note that if the expression in Eq. (C1) contains a
logarithmic function, one can first use the relation logðAÞ ¼
limα→0 ∂αAα and then apply the Schwinger parametrization
formula in Eq. (C2).
It is then easy to show that for the rank-one tensor

integralZ
dD−2P
ð2πÞD−2

PjeiP·x01

½P2 þ Δ2�

¼ ixj
01

ð2πÞjx01j
�

Δ
2πjx01j

�D
2
−2
ΔKD

2
−1ðjx01jΔÞ: ðC7Þ

In addition, we need to compute the following symmetric
and traceless rank-two tensor integral in D ¼ 4:Z

d2P
ð2πÞ2

eiP·x01ðPiPj − 1
2
δijP2Þ

½P2 þ Δ2�

¼ −
Δ2

ð2πÞ
�
xi
01x

j
01

jx01j2
−
δij

2

�
K2ðjx01jΔÞ ðC8Þ

plus delta functions in x01, which we ignore.
Furthermore, Fourier transforms of a product can

be treated by a partial fraction decomposition before
integrating:

1

½P2 þ Δ2
1�½P2 þ Δ2

2�
¼ 1

Δ2
2 − Δ2

1

�
1

P2 þ Δ2
1

−
1

P2 þ Δ2
2

�
;

ðC9Þ

which leads to the Fourier transform being a difference of
two Bessel K functions with different arguments. Doing a
double Schwinger parametrization of the denominators,
which one would also be tempted to do, ends up expressing
the result in the same form. Here the two terms come from
the integration limits of the innermost Schwinger parameter
integral after the usual shift, with then the outermost
Schwinger parameter integration transforming the terms
to Bessel K functions. One can also first combine the
denominators with a Feynman parametrization and then
perform the integral with a single Schwinger parameter.
This gives a result as a Feynman parameter integral of a
single Bessel K function. However, this Feynman param-
eter integral can be performed using the Bessel equation
satisfied by the K functions. This again results in the same
difference of two terms as the partial fraction method,
coming from the upper and lower integration limits of the
Feynman parameter integral. In some cases we have been
able to express the differences of Bessel K functions as a
single Bessel function, using a partial integration in some
other Feynman parameter. However, this is only possible on
a case-by-case basis, not in general.

APPENDIX D: SQUARING THE GLUON
EMISSION CONTRIBUTION

In this appendix we present the detailed computation of
the γ�T → qq̄g LCWF squared in Eq. (184). As a first step,
we need to square Eq. (172) which is then averaged and
summed over the transverse photon polarization (λ) and
summed over the quark spin ðh0; h1Þ and gluon polarization
(σ) states. This gives the following starting point:

1

ðDs − 2Þ
X
λ;σ

X
h0;h1

jεlλε�jσ ðΣlj þ Σlj
mÞj2

¼ 1

ðDs − 2Þ
X
λ;σ

X
h0;h1

ðΣlj þ Σlj
mÞðΣl0j0 þ Σl0j0

m Þ�εlλε�l
0

λ ε�jσ εj
0
σ

¼ 1

ðDs − 2Þ
X
h0;h1

ðΣlj þ Σlj
mÞðΣl0j0 þ Σl0j0

m Þ�δll0ðDsÞδ
jj0
ðDsÞ

¼ 1

ðDs − 2Þ
X
h0;h1

ðjΣljj2 þ jΣlj
mj2 þ 2ℜe½ΣljðΣlj

mÞ��Þ:

ðD1Þ

To begin with, we concentrate on the light-cone helicity
nonflip contribution jΣljj2, which is given by the first term
(in the third line) on the right-hand side of Eq. (D1). To
simplify the algebra, we divide the function Σlj in Eq. (173)
into the four terms

Σlj ¼ Alj
ðjÞ þ Blj

ðkÞ þ Clj
ðlÞ þ Clj

ðmÞ; ðD2Þ

where we have defined the set of four functions as
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Alj
ðjÞ ¼ −aðjÞūð0Þγþ

�
ð2kþ0 þ kþ2 ÞδijðDsÞ −

kþ2
2
½γi; γj�

��
ð2kþ1 − qþÞδklðDsÞ −

qþ

2
½γk; γl�

�
vð1ÞI ik

ðjÞ; ðD3Þ

Blj
ðkÞ ¼ −bðkÞūð0Þγþ

�
ð2kþ0 − qþÞδklðDsÞ þ

qþ

2
½γk; γl�

��
ð2kþ1 þ kþ2 ÞδijðDsÞ þ

kþ2
2
½γi; γj�

�
vð1ÞI ik

ðkÞ; ðD4Þ

and

Clj
ðlÞ ¼ þcðlÞūð0Þγþγjγlvð1ÞJ ðlÞ;

Clj
ðmÞ ¼ −cðmÞūð0Þγþγlγjvð1ÞJ ðmÞ; ðD5Þ

with the coefficients

aðjÞ ¼
1

ðkþ0 þ kþ2 Þqþ
; bðkÞ ¼

1

ðkþ1 þ kþ2 Þqþ
; cðlÞ ¼

kþ2 k
þ
0

ðkþ0 þ kþ2 Þ2
; cðmÞ ¼

kþ2 k
þ
1

ðkþ1 þ kþ2 Þ2
: ðD6Þ

Squaring the expression in Eq. (D2) yieldsX
h0;h1

jΣljj2 ¼
X
h0;h1

ðjAlj
ðjÞj2 þ jBlj

ðkÞj2 þ 2ℜe½Alj
ðjÞðBlj

ðkÞÞ�� þ 2ℜe½Clj
ðlÞðClj

ðmÞÞ��

þℜe½ðClj
ðlÞÞ�ðClj

ðlÞ þ 2Alj
ðjÞ þ 2Blj

ðkÞÞ� þℜe½ðClj
ðmÞÞ�ðClj

ðmÞ þ 2Alj
ðjÞ þ 2Blj

ðkÞÞ�Þ: ðD7Þ

In Eq. (D7) only the first two terms, which are proportional to the Fourier integrals4 jI ik
ðjÞj2 and jI ik

ðkÞj2, contain the UV

divergences at D ¼ 4. Hence, the remaining terms can be directly computed in Ds ¼ D ¼ 4, which is an enormous
technical simplification. The computation of individual terms in Eq. (D7) closely follows the detailed derivation presented
in the case of massless quarks. Therefore, for a detailed discussion, we refer the reader to our previous work [44,46]. After
some amount of algebra, we obtainX

h0;h1

jAlj
ðjÞj2 ¼ 8kþ0 k

þ
1 a

2
ðjÞ½4kþ0 ðkþ0 þ kþ2 Þ þ ðDs − 2Þðkþ2 Þ2�½ðDs − 2ÞðqþÞ2 − 4kþ1 ðqþ − kþ1 Þ�jI ik

ðjÞj2;X
h0;h1

jBlj
ðkÞj2 ¼ 8kþ0 k

þ
1 b

2
ðkÞ½4kþ1 ðkþ1 þ kþ2 Þ þ ðDs − 2Þðkþ2 Þ2�½ðDs − 2ÞðqþÞ2 − 4kþ0 ðqþ − kþ0 Þ�jI ik

ðkÞj2; ðD8Þ

and X
h0;h1

2ℜe½Alj
ðjÞðBlj

ðkÞÞ�� ¼ 8kþ0 k
þ
1 8aðjÞbðkÞfqþkþ2 ðkþ0 − kþ1 Þ2½ℜe½I ii

ðjÞðIkk
ðkÞÞ�� −ℜe½I ik

ðjÞðIki
ðkÞÞ���

− ½kþ1 ðkþ0 þ kþ2 Þ þ kþ0 ðkþ1 þ kþ2 Þ�½kþ0 ðkþ0 þ kþ2 Þ þ kþ1 ðkþ1 þ kþ2 Þ�ℜe½I ik
ðjÞðI ik

ðkÞÞ��g: ðD9Þ

Furthermore, for the terms which contain instantaneous diagrams, we obtain the following expressions:X
h0;h1

ℜe½ðClj
ðlÞÞ�ðClj

ðlÞ þ 2Alj
ðjÞ þ 2Blj

ðkÞÞ� ¼ 8kþ0 k
þ
1 f4c2ðlÞjJ ðlÞj2 þ 8kþ0 k

þ
1 aðjÞcðlÞℜe½I ii

ðjÞðJ ðlÞÞ��

− 8ðkþ1 þ kþ2 Þ2bðkÞcðlÞℜe½I ii
ðkÞðJ ðlÞÞ��g; ðD10ÞX

h0;h1

ℜe½ðClj
ðmÞÞ�ðClj

ðmÞ þ 2Alj
ðjÞ þ 2Blj

ðkÞÞ� ¼ 8kþ0 k
þ
1 f4c2ðmÞjJ ðmÞj2 þ 8ðkþ0 þ kþ2 Þ2aðjÞcðmÞℜe½I ii

ðjÞðJ ðmÞÞ��

− 8kþ0 k
þ
1 bðkÞcðmÞℜe½I ii

ðkÞðJ ðmÞÞ��g; ðD11Þ

4See the discussion in Appendix E.
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and

X
h0;h1

2ℜe½Clj
ðlÞðClj

ðmÞÞ�� ¼ 0: ðD12Þ

Next, we concentrate on the contributions with one or
two light-cone helicity flips in the amplitude. We start by
computing the second term jΣlj

mj2 in Eq. (D1). Again, to
simplify the algebra, we divide the function Σlj

m in Eq. (174)
into the two parts

Σlj
m ¼ Alj

m þ Blj
m; ðD13Þ

where we have defined the functions Alj
m and Blj

m as

Alj
m¼−ma1ūð0Þγþ

�
ð2kþ0 þkþ2 ÞδijðDsÞ−

kþ2
2
½γi;γj�

�
γlvð1ÞI i

ðjÞ

þma2ūð0Þγþγj
�
ð2kþ1 −qþÞδklðDsÞ−

qþ

2
½γk;γl�

�
vð1ÞÎk

ðjÞ

þm2a3ūð0Þγþγjγlvð1ÞI ðjÞ; ðD14Þ

and

Blj
m¼þmb1ūð0Þγþγl

�
ð2kþ1 þkþ2 ÞδijðDsÞ þ

kþ2
2
½γi;γj�

�
vð1ÞI i

ðkÞ

þmb2ūð0Þγþ
�
ð2kþ0 −qþÞδklðDsÞ þ

qþ

2
½γk;γl�

�
γjvð1ÞÎk

ðkÞ

−m2b3ūð0Þγþγlγjvð1ÞI ðkÞ: ðD15Þ

Here the coefficients ai and bi for i ¼ 1, 2, 3 are defined as

a1¼
1

ðkþ0 þkþ2 Þ
; a2¼

ðkþ2 Þ2
ðkþ0 þkþ2 Þ2qþ

; a3¼
ðkþ2 Þ2

ðkþ0 þkþ2 Þ2

b1¼
1

ðkþ1 þkþ2 Þ
; b2¼

ðkþ2 Þ2
ðkþ1 þkþ2 Þ2qþ

; b3¼
ðkþ2 Þ2

ðkþ1 þkþ2 Þ2
:

ðD16Þ

This yields the following expression:

X
h0;h1

jΣlj
mj2¼

X
h0;h1

ðjAlj
mj2þjBlj

mj2þ2ℜe½Alj
mðBlj

mÞ��Þ: ðD17Þ

By taking the complex conjugate of the function Alj
m, we

find for the first term on the right-hand side of Eq. (D17),

X
h0;h1

jAlj
mj2 ¼ m2

X
h0;h1

�
−a1ūð0Þγþ

�
ð2kþ0 þ kþ2 ÞδijðDsÞ −

kþ2
2
½γi; γj�

�
γlvð1ÞI i

ðjÞ

þ a2ūð0Þγþγj
�
ð2kþ1 − qþÞδklðDsÞ −

qþ

2
½γk; γl�

�
vð1ÞÎk

ðjÞ þma3ūð0Þγþγjγlvð1ÞI ðjÞ

�
×

�
−a1v̄ð1Þγl

�
ð2kþ0 þ kþ2 Þδi

0j
ðDsÞ þ

kþ2
2
½γi0 ; γj�

�
γþuð0ÞðI i0

ðjÞÞ�

þ a2v̄ð1Þ
�
ð2kþ1 − qþÞδk0lðDsÞ þ

qþ

2
½γk0 ; γl�

�
γjγþuð0ÞðÎk0

ðjÞÞ� þma3v̄ð1Þγlγjγþuð0ÞðI ðjÞÞ�
�
: ðD18Þ

Let us then perform further simplifications for the terms ∝ a21 from the above expression. This part is given by

X
h0;h1

�
−a1ūð0Þγþ

�
ð2kþ0 þ kþ2 ÞδijðDsÞ −

kþ2
2
½γi; γj�

�
γlvð1ÞI i

ðjÞ

�
×

�
−a1v̄ð1Þγl

�
ð2kþ0 þ kþ2 Þδi

0j
ðDsÞ þ

kþ2
2
½γi0 ; γj�

�
γþuð0ÞðI i0

ðjÞÞ�
�
:

ðD19Þ

Performing the sum over h1 with γþð=k1 −mÞγþ ¼ 2kþ1 γ
þ, and then using the relations

γlγl ¼ 2 −Ds;

fγþ; γlg ¼ 0;

½γi; γj� ¼ 2ðδijðDsÞ þ γiγjÞ; ðD20Þ
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we find that Eqs. (D19) can be simplified to

ðD19Þ ¼ ðDs − 2Þa212kþ1
X
h0

ūð0Þγþ
�
½ð2kþ0 þ kþ2 Þ2 þ ðkþ2 Þ2ðDs − 3Þ�δii0ðDsÞ

þ
�
kþ2 ð2kþ0 þ kþ2 Þ −

1

2
ðDs − 4Þðkþ2 Þ2

�
½γi; γi0 �

�
uð0ÞI i

ðjÞðI i0
ðjÞÞ�: ðD21Þ

Next, utilizing the fact that I i
ðjÞ ∝ xi

20 (see Appendix E) so that only the term symmetric in i, i0 in the above expression

survives, and finally performing a simple traceX
h0

ūð0Þγþuð0Þ ¼ 4k0;μgμþ ¼ 4kþ0 ðD22Þ

then gives for Eq. (D19) the following result:

ðD19Þ ¼ ðDs − 2Þa218kþ0 kþ1 ½4kþ0 ðkþ0 þ kþ2 Þ þ ðkþ2 Þ2ðDs − 2Þ�jI i
ðjÞj2: ðD23Þ

For the cross term ∝ a1a2 in Eq. (D18) we have the starting point

2ℜe

�X
h0;h1

�
−a1ūð0Þγþ

�
ð2kþ0 þ kþ2 ÞδijðDsÞ −

kþ2
2
½γi; γj�

�
γlvð1ÞI i

ðjÞ

�

×

�
þa2v̄ð1Þ

�
ð2kþ1 − qþÞδk0lðDsÞ þ

qþ

2
½γk0 ; γl�

�
γjγþuð0ÞðÎk0

ðjÞÞ�
��

: ðD24Þ

First, carrying out the sum over h1 and using the relations in Eq. (D20), we obtain after some algebra

ðD24Þ ¼ −a1a22kþ1
X
h0

ūð0Þγþ½−2kþ2 ðDs − 4Þδk0iðDsÞ − ð2kþ0 þ kþ2 ðDs − 4ÞÞγk0γi�½2kþ1 þ qþðDs − 4Þ�uð0Þ2ℜe½I i
ðjÞðÎk0

ðjÞÞ��:

ðD25Þ

Note that since the integrals I i
ðjÞ ∝ xi

20 and Î
k0
ðjÞ ∝ xk0

0þ2;1 (see Appendix E), also the antisymmetric term in i, k0 contributes.
Next, simplifying the above expression further by performing a trace with Eq. (D22) andX

h0

ūð0Þγþγk0γiuð0Þ ¼ −4kþ0 δk
0i
ðDsÞ ðD26Þ

we find the result

ðD24Þ ¼ −a1a28kþ0 k
þ
1 ½2kþ0 − kþ2 ðDs − 4Þ�½2kþ1 þ qþðDs − 4Þ�2ℜe½I i

ðjÞðÎ i
ðjÞÞ��: ðD27Þ

Following the same steps for the other terms, Eq. (D19) yields

X
h0;h1

jAlj
mj2 ¼ m2ðDs − 2Þ8kþ0 kþ1

�
a21½4kþ0 ðkþ0 þ kþ2 Þ þ ðkþ2 Þ2ðDs − 2Þ�jI i

ðjÞj2

þ a22½4kþ1 ðkþ1 − qþÞ þ ðqþÞ2ðDs − 2Þ�jÎk
ðjÞj2 þm2a23ðDs − 2ÞjI ðjÞj2

−
2a1a2

ðDs − 2Þ ½2k
þ
0 − kþ2 ðDs − 4Þ�½2kþ1 þ qþðDs − 4Þ�ℜe½I i

ðjÞðÎ i
ðjÞÞ��

�
: ðD28Þ

Note that the terms ∝ m3 in Eq. (D18) produce a trace over an odd number of gamma matrices, which consequently results
in zero. Furthermore, by noting that only the term ∝ jI i

ðjÞj2 is UV divergent, we get

G. BEUF, T. LAPPI, and R. PAATELAINEN PHYS. REV. D 106, 034013 (2022)

034013-48



X
h0;h1

jAlj
mj2 ¼ m2ðDs − 2Þ8kþ0 kþ1 fa21½4kþ0 ðkþ0 þ kþ2 Þ þ 2ðkþ2 Þ2 þ ðkþ2 Þ2ðDs − 4Þ�jI i

ðjÞj2

þ a22½4kþ1 ðkþ1 − qþÞ þ 2ðqþÞ2�jÎk
ðjÞj2 þ 2m2a23jI ðjÞj2 − a1a24k

þ
0 k

þ
1 ℜe½I i

ðjÞðÎ i
ðjÞÞ��g: ðD29Þ

The computation of the second term on the right-hand side of Eq. (D17) follows the same steps as above and it yieldsX
h0;h1

jBlj
mj2 ¼ m2ðDs − 2Þ8kþ0 kþ1 fb21½4kþ1 ðkþ1 þ kþ2 Þ þ 2ðkþ2 Þ2 þ ðkþ2 Þ2ðDs − 4Þ�jI i

ðkÞj2

þ b22½4kþ0 ðkþ0 − qþÞ þ 2ðqþÞ2�jÎk
ðkÞj2 þ 2m2b23jI ðkÞj2 þ b1b24k

þ
0 k

þ
1 ℜe½I i

ðkÞðÎ i
ðkÞÞ��g: ðD30Þ

The third term on the right-hand side of Eq. (D17) is given by the expression

X
h0;h1

2ℜe½Alj
mðBlj

mÞ�� ¼ 2m2
X
h0;h1

ℜe

��
−a1ūð0Þγþ

�
ð2kþ0 þ kþ2 ÞδijðDsÞ −

kþ2
2
½γi; γj�

�
γlvð1ÞI i

ðjÞ

þ a2ūð0Þγþγj
�
ð2kþ1 − qþÞδklðDsÞ −

qþ

2
½γk; γl�

�
vð1ÞÎk

ðjÞ þma3ūð0Þγþγjγlvð1ÞI ðjÞ

�
×

�
b1v̄ð1Þ

�
ð2kþ1 þ kþ2 Þδi

0j
ðDsÞ −

kþ2
2
½γi0 ; γj�

�
γlγþuð0ÞðI i0

ðkÞÞ�

þ b2v̄ð1Þγj
�
ð2kþ0 − qþÞδk0lðDsÞ −

qþ

2
½γk0 ; γl�

�
γþuð0ÞðÎk0

ðkÞÞ� −mb3v̄ð1Þγjγlγþuð0ÞðI ðkÞÞ�
��

: ðD31Þ

This term is fully UV finite, and therefore we can immediately set Ds ¼ D ¼ 4 everywhere. After performing the spinor
and gamma-matrix algebra, we obtain the following expression:X

h0;h1

2ℜe½Alj
mðBlj

mÞ�� ¼ 4m28kþ0 k
þ
1 f−a1b1½ð2kþ0 þ kþ2 Þð2kþ1 þ kþ2 Þ þ ðkþ2 Þ2�ℜe½I i

ðjÞðI i
ðkÞÞ��

þ a2b2½ð2kþ1 − qþÞð2kþ0 − qþÞ þ ðqþÞ2�ℜe½Î i
ðjÞðÎ i

ðkÞÞ��
− 2a1b2ðkþ0 Þ2ℜe½I i

ðjÞðÎ i
ðkÞÞ�� þ 2a2b1ðkþ1 Þ2ℜe½Î i

ðjÞðI i
ðkÞÞ��g: ðD32Þ

Finally, we concentrate on the third contribution in Eq. (D1), which is the cross term between the helicity nonflip and the
helicity one and two flip contributions. It is straightforward to show that terms coming from the helicity nonflip and single
helicity flip contributions yield a vanishing result, since they involve a trace over an odd number of gamma matrices.
Therefore, we are left with the terms which involve only a product of a helicity nonflip contribution and a two helicity flip
one. These terms give the following result:X

h0;h1

2ℜe½ΣljðΣlj
mÞ�� ¼ 8m28kþ0 k

þ
1 faðjÞa3ðkþ0 kþ1 Þℜe½I ii

ðjÞðI ðjÞÞ�� − bðkÞb3ðkþ0 kþ1 Þℜe½I ii
ðkÞðI ðkÞÞ��

þ aðjÞb3ðkþ0 þ kþ2 Þ2ℜe½I ii
ðjÞðI ðkÞÞ�� − bðkÞa3ðkþ1 þ kþ2 Þ2ℜe½I ii

ðkÞðI ðjÞÞ��
þ cðlÞa3ℜe½J ðlÞðI ðjÞÞ�� þ cðmÞb3ℜe½J ðmÞðI ðkÞÞ��g: ðD33Þ

APPENDIX E: FOURIER TRANSFORMS FOR GLUON EMISSION

For the gluon emission diagrams from a transverse photon state, we need to calculate the following set of Fourier
integrals:

I ijðb; r; Q̄2;ω; λÞ ¼ μ2−
D
2

Z
dD−2P
ð2πÞD−2

Z
dD−2K
ð2πÞD−2

PiKjeiP·beiK·r

½P2 þ Q̄2 þm2�½K2 þ ωðP2 þ Q̄2 þm2 þ λm2Þ� ; ðE1Þ
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I iðb; r; Q̄2;ω; λÞ ¼ μ2−
D
2

Z
dD−2P
ð2πÞD−2

Z
dD−2K
ð2πÞD−2

KieiP·beiK·r

½P2 þ Q̄2 þm2�½K2 þ ωðP2 þ Q̄2 þm2 þ λm2Þ� ; ðE2Þ

Î iðb; r; Q̄2;ω; λÞ ¼ μ2−
D
2

Z
dD−2P
ð2πÞD−2

Z
dD−2K
ð2πÞD−2

PieiP·beiK·r

½P2 þ Q̄2 þm2�½K2 þ ωðP2 þ Q̄2 þm2 þ λm2Þ� ; ðE3Þ

Iðb; r; Q̄2;ω; λÞ ¼ μ2−
D
2

Z
dD−2P
ð2πÞD−2

Z
dD−2K
ð2πÞD−2

eiP·beiK·r

½P2 þ Q̄2 þm2�½K2 þ ωðP2 þ Q̄2 þm2 þ λm2Þ� ; ðE4Þ

and

J ðb; r; Q̄2;ω; λÞ ¼ μ2−
D
2

Z
dD−2P
ð2πÞD−2

Z
dD−2K
ð2πÞD−2

eiP·beiK·r

½K2 þ ωðP2 þ Q̄2 þm2 þ λm2Þ� : ðE5Þ

To perform the above integrals, we use the Schwinger parametrization introduced in Eq. (C2) for each denominator, and
then perform the (D − 2)-dimensional transverse momentum integrals, which are then Gaussian.
For the integrals in Eqs. (E1)–(E4), we obtain

I ijðb; r; Q̄2;ω; λÞ ¼ −
μ2−D=2

4ð4πÞD−2 b
irj
Z

∞

0

du u−D=2e−u½Q̄2þm2�e−
jbj2
4u

Z
u=ω

0

dt t−D=2e−tωλm
2

e−
jrj2
4t ; ðE6Þ

I iðb; r; Q̄2;ω; λÞ ¼ iμ2−D=2

2ð4πÞD−2 r
i

Z
∞

0

du u1−D=2e−u½Q̄2þm2�e−
jbj2
4u

Z
u=ω

0

dt t−D=2e−tωλm
2

e−
jrj2
4t ; ðE7Þ

Î iðb; r; Q̄2;ω; λÞ ¼ iμ2−D=2

2ð4πÞD−2 b
i

Z
∞

0

du u−D=2e−u½Q̄2þm2�e−
jbj2
4u

Z
u=ω

0

dt t1−D=2e−tωλm
2

e−
jrj2
4t ; ðE8Þ

and

Iðb; r; Q̄2;ω; λÞ ¼ μ2−D=2

ð4πÞD−2

Z
∞

0

du u1−D=2e−u½Q̄2þm2�e−
jbj2
4u

Z
u=ω

0

dt t1−D=2e−tωλm
2

e−
jrj2
4t : ðE9Þ

Note that in an arbitrary dimensionD, the t integrals above would give a u dependent incomplete Gamma function. Hence,
we are not able to express the final results in terms of familiar special functions (e.g. the modified Bessel K functions).
In the case of Eq. (E5), we are only left with an integral over a single Schwinger parameter

J ðb; r; Q̄2;ω; λÞ ¼ μ2−D=2ð4πÞ2−Dω1−D
2

Z
∞

0

du u2−De−uω½Q̄2þm2þλm2�e− 1
4uω½jbj2þωjrj2�: ðE10Þ

The remaining u integral can be performed for generic dimension D, yielding the following results:

J ðb; r; Q̄2;ω; λÞ ¼ ð2πÞ2−D
�
μ

ω

�
2−D

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2 þ λm2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jbj2 þ ωjrj2

p �D−3

KD−3

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2 þ λm2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jbj2 þ ωjrj2

q �
: ðE11Þ

APPENDIX F: FORM FACTORS AND LORENTZ INVARIANCE

In this appendix we discuss some of the constraints from the Lorentz invariance on the momentum space scalar
form factors ST ,N T , and VT , and the longitudinal photon VL from our earlier paper [60], at the on-shell point, as discussed
in Sec. IVA.
Our starting point is the usual parametrization of the γqq̄ vertex function (based on Lorentz and gauge invariance),

ΓμðqÞ ¼ FDðq2=m2Þγμ þ FPðq2=m2Þ qν
2m

iσμν; ðF1Þ
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which introduces the Dirac and Pauli form factors
FDðq2=m2Þ and FPðq2=m2Þ. This form should now be
compared with the general parametrization of the spinor
structure of the wave function in Eq. (17). The difference
between vertex corrections as encoded in the form factors
FD and FP and the LCWF is that in the former the
“outgoing” qq̄ is an asymptotic outgoing state in the
scattering process, but in the latter it is an intermediate
state that will scatter off the target shockwave. This means
that in the form factors the quarks are on mass shell, which

in our case means P2 ¼ −Q̄2 −m2. Note that for a quark-
antiquark pair in the final state, which is the situation here,
this means that the virtual photon must be timelike,
q2 ¼ −Q2 > 4m2. Relatedly, the qq̄ state in the LCWF
has its own energy denominator EDLO. In the comparison
of the LCWF with the form factors this energy denominator
(which becomes zero at the on-shell point) must be left out.
Leaving out the additional color and electric charge factors
and contracting with the physical polarization vector for the
photon, the condition that should be satisfied is

ūð0Þ=ελðq̂Þvð1ÞFDðq2=m2Þ þ qνελ;μðq̂Þ
2m

iūð0Þσμνvð1ÞFPðq2=m2Þ

¼
�
ūð0Þ=ελðqÞvð1Þ

�
1þ

�
αsCF

2π

�
VT

�
þ qþ

2kþ0 k
þ
1

ðP · ελÞūð0Þγþvð1Þ
�
αsCF

2π

�
N T

þ qþ

2kþ0 k
þ
1

ðP · ελÞ
P2

Pjmūð0Þγþγjvð1Þ
�
αsCF

2π

�
ST þ qþ

2kþ0 k
þ
1

mūð0Þγþ=ελðqÞvð1Þ
�
αsCF

2π

�
MT

�				
P2¼−Q̄2−m2

: ðF2Þ

This same constraint with a longitudinal photon polarization (the Γþ component of the constraint) was already considered in
our earlier paper [60]. For a transverse photon polarization one can use the relation

ελ;μðq̂Þqνūð0Þiσμνvð1Þ ¼ 2mūð0Þ=ελvð1Þ − 2m
ðkþ0 − kþ1 Þ

qþ
qþ

2kþ0 k
þ
1

ðP · ελÞūð0Þγþvð1Þ ðF3Þ

−2P2
qþ

2kþ0 k
þ
1

ðP · ελÞ
P2

Pjūð0Þγþγjvð1Þ − ½P2 þ Q̄2 þm2� qþ

2kþ0 k
þ
1

ūð0Þγþ=ελðq̂Þvð1Þ ðF4Þ

to arrive at the constraints (19), (20), (21), and (22). In the
remainder of this appendix, we will verify that our results
for the form factors satisfy the constraints (19), (20) and
show how to use (22) for quark mass renormalization. We
will also check an additional relation that relates the
transverse and longitudinal polarization states. It would
also be interesting to check what happens with the Γ−

component, which does not couple to photons in the light-
cone gauge, but we leave such a discussion for another day.

1. From ST to FP

The form factor ST is related to the Pauli form factor by
Eq. (19). It gets contributions only from the two non-
instantaneous vertex correction diagrams (e) and (f), calcu-
lated in Sec. V C. At the on-shell point P2 ¼ −Q̄2 −m2 the
contribution from diagram (e) in Eq. (123) is such that

1

P2
ST
ðeÞ

				
P2¼−Q̄2−m2

¼ −2
Z

1

0

dy
Z

z

0

dχ
1 − y

½m2 þ χð1−χÞ
zð1−zÞ Q̄

2�
:

ðF5Þ
At this point it is trivial to integrate over y and writing the
photon virtuality in terms of the 4-vector q2 ¼ −Q2 one has

1

P2
ST
ðeÞ

				
P2¼−Q̄2−m2

¼ −
Z

z

0

dχ
1

½m2 − χð1 − χÞq2� : ðF6Þ

The result from the other diagram (f) is the same up to an
exchange z ↔ 1 − z, and thus the total contribution is

1

P2
ST

				
P2¼−Q̄2−m2

¼ −
Z

z

0

dχ
1

½m2 − χð1 − χÞq2�

−
Z

1−z

0

dχ
1

½m2 − χð1 − χÞq2�
¼ −

Z
1

0

dχ
1

½m2 − χð1 − χÞq2� ; ðF7Þ

where one uses the symmetry of the χ integrand under
χ↔1−χ. Thus the left-hand side of the condition Eq. (19) is

−
m2

P2

�
αsCF

2π

�
ST

				
P2¼−Q̄2−m2

¼
�
αsCF

2π

�Z
1

0

dχ
m2

fm2−χð1−χÞq2gþOðD−4Þ; ðF8Þ

which is indeed the one-loop Pauli form factor.

MASSIVE QUARKS IN NLO DIPOLE FACTORIZATION FOR … PHYS. REV. D 106, 034013 (2022)

034013-51



2. From N T to FP

For the form factor N T it is best to start from

N T ¼ IN ðeÞ þ ΩN ðeÞ − ½z ↔ 1 − z�; ðF9Þ

with the expression for ΩN ðeÞ given in Eq. (117) and for IN ðeÞ in Eq. (120). At the on-shell point the first contribution
reduces to

IN ðeÞ jP2¼−Q̄2−m2 ¼
Z

1

0

dy
Z

z

0

dχ
−2m2½2z2χð1 − yÞ þ χð1 − 2χÞyþ zð1 − y − 3χ þ 2χð1þ χÞyÞ�

zð1 − χÞ½m2 þ χð1 − χÞQ2� : ðF10Þ

A straightforward integration over y gives

IN ðeÞ jP2¼−Q̄2−m2 ¼
Z

z

0

dχ
−m2½2z2χ þ χð1 − 2χÞ þ zð1 − 4χ þ 2χ2Þ�

zð1 − χÞ½m2 þ χð1 − χÞQ2� : ðF11Þ

In order to arrive at the same manipulations as for ST

above, we split this into

IN ðeÞ jP2¼−Q̄2−m2 ¼ Ion-shell aN ðeÞ
þ Ion-shell bN ðeÞ

ðF12Þ

with

Ion-shellN ðeÞ
¼ −m2ð2z − 1Þ

Z
z

0

dχ
1

m2 þ χð1 − χÞQ2
ðF13Þ

and

Ion-shellbN ðeÞ
¼ −m2

Z
z

0

dχ
ð2χ − 1Þð1 − zÞðχ þ 2zÞ

zð1 − χÞ½m2 þ χð1 − χÞQ2� : ðF14Þ

The first terms yield the Pauli form factor, following the
same procedure as above:

−1
2z− 1

½Ion-shellaN ðeÞ
− ½z↔ 1− z�� ¼

Z
1

0

dχ
m2

fm2− χð1− χÞq2g ;

ðF15Þ

agreeing with the condition (20). The second term can be
shown, after a somewhat lengthy calculation, to cancel
against the ΩN ðeÞ term even without antisymmetrization
with respect to z ↔ 1 − z:

Ion-shell bN ðeÞ
þ ΩN ðeÞ ¼ 0: ðF16Þ

Thus our result for N T indeed satisfies the condition (20).

3. MT and vertex mass renormalization

Using the form (126) for the MT counterterm and

A0ðΔÞ ¼ Γ
�
2 −

D
2

��
Δ

4πμ2

�D
2
−2

þOðD − 4Þ ðF17Þ

one can easily perform the ξ integral to obtain

MT
c:t:¼

1

2

ðDs−4Þ
ðD−4Þ −

5

2
−
3

2
Γ
�
2−

D
2

��
m2

4πμ2

�D
2
−2
þOðD−4Þ:

ðF18Þ

In terms of the mass renormalization coefficient Zm in the
on-shell scheme this corresponds to

Zm ¼ 1 −
�
αsCF

2π

��
3

2
Γ
�
2 −

D
2

��
m2

4πμ2

�D
2
−2

þ 5

2
−
1

2

ðDs − 4Þ
ðD − 4Þ þOðD − 4Þ

�
: ðF19Þ

This is indeed the known result (including the finite piece)
for the mass renormalization in the on-shell scheme in
CDR for Ds ¼ D and in FDH or DRED for Ds ¼ 4 (see
e.g. [73]), and also in QED up to the replacement
αsCF → αeme2f. Indeed, the expression (F1) for the γqq̄
vertex function is derived assuming thatm is the pole mass,
so that the relation (22) corresponds to the on-shell mass
renormalization condition. While this is different from the
“kinetic mass” counterterm in our calculation in Sec. VA,
this is a known feature of our regularization scheme
[57,61–64] with a cutoff in kþ and dimensional regulari-
zation for transverse momenta. It is also known that at least
the divergent pieces of the mass counterterms agree if one
regularizes with a cutoff in k−, which is however
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technically difficult to do for the finite terms. In a future
paper we will show how it is possible to develop a
regularization scheme where the kinetic and vertex mass
counterterms agree exactly.

4. Additional check for VT , VL

We have now verified that our LCWF’s satisfy the
constraints for the scalar functions ST and N T , and used
the condition on MT for mass renormalization. There
remains the condition (21) for VT. This is, however, a a bit
more problematic. Indeed, the Dirac form factor and VT

involve quantities which have soft divergences and UV
divergences (related to quark wave function renormaliza-
tion, not mass). Hence, there should be some regularization
scheme dependence, making it more difficult to use these
relations to compare our results with earlier ones in the
literature. Nevertheless, such soft and UV divergences have
some degree of universality. This allows us to obtain a
constraint between two finite quantities by taking the

difference between the constraints for the longitudinal
and transverse photons. By subtracting Eq. (H7) in
Ref. [60] for the longitudinal photon from its analog
(21) for the transverse one, we find that

�
αsCF

2π

�
½VT − VL�jP2¼−Q̄2−m2 ¼ −

ð2z − 1Þ2
4zð1 − zÞFPðq2=m2Þ:

ðF20Þ

Note that the quark self-energy diagrams cancel in the
difference. Then, one has, using the notations of Ref. [60]

VT − VL ¼ VT
ðeÞ − VL

ðcÞ − VL
ðeÞ1 þ ðz ↔ ð1 − zÞÞ: ðF21Þ

Wewill be comparing to results from our earlier paper [60],
so we must start from intermediate results that are in a
slightly less integrated form. Using Eqs. (73) and (78)
from [60] one finds

VL
ðcÞ þVL

ðeÞ1 ¼−
ðDs−4Þ
ðD−4Þ

z
2
þ
Z

1

α
z

dξ

�
1

ξ
−ð1−zÞ−zξ

�
A0ðΔ2Þ−

z2m2

ð1−zÞ
Z

1

0

dξð1−ξÞξ2B0

þ
Z

1

α=z
dξð1−ξÞ

�
2

ξ
þð2z−1Þ

ð1−zÞ −
zξ

ð1−zÞ
�
fð1−ξÞðP2þQ̄2þm2ÞB0−PjBjþð1−zÞξm2B0gþOðD−4Þ; ðF22Þ

and, from Eq. (75) in this paper,

VT
ðeÞ ¼ −

ðDs − 4Þ
ðD − 4Þ

z
2
− zþ

Z
1

α=z
dξ

�
1

ξ
− 2zþ zξ

��
A0ðΔ2Þ − ð1 − ξÞðP2 þ Q̄2 þm2Þ

�
PjBj

P2
þ ξB0

ð1 − zÞ
��

þ
Z

1

α=z
dξð1 − ξÞ

�
2

ξ
þ zξ
ð1 − zÞ

��
ð1 − ξÞðP2 þ Q̄2 þm2ÞB0 − PjBj þ ð1 − zÞξm2B0g

þ zm2

Z
1

0

dξð1 − ξÞξ
�ð1 − 2zÞ
ð1 − zÞ

PjBj

P2
þ ξB0

�
þOðD − 4Þ: ðF23Þ

The scheme dependent rational term − ðDs−4Þ
ðD−4Þ

z
2
in Eqs. (F22) and (F23) cancels in the difference between the two, whereas

the term −z in Eq. (F23) is a scheme independent rational term induced by the tensor reduction.
Setting P2 ¼ −Q̄2 −m2 and following the same method as previously, one arrives at the end of the calculation at

½VT
ðeÞ − VL

ðcÞ − VL
ðeÞ1 �jP2¼−Q̄2−m2

¼ ð1 − 2zÞ
�
Γ
�
2 −

D
2

��
m2

4πμ2

�D
2
−2

þ 2

�
þ
�
q2 −

3m2

4zð1 − zÞ
� Z

z

0

dχ
ð1 − 2χÞð1 − 2zÞ
fm2 − χð1 − χÞq2g −

ð1 − 2zÞ2
4zð1 − zÞ

Z
z

0

dχ
m2

fm2 − χð1 − χÞq2g :

ðF24Þ

After symmetrizing in χ ↔ ð1 − χÞ and adding the other graphs according to Eq. (F21), one gets

½VT − VL�jP2¼−Q̄2−m2 ¼ −
ð1 − 2zÞ2
4zð1 − zÞ

Z
1

0

dχ
m2

fm2 − χð1 − χÞq2g ; ðF25Þ

which indeed reproduces the constraint (F20).
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