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From the recently knownN ¼ 2 supersymmetric linearWK;K
∞ ½λ� algebra whereK is the dimension of the

fundamental (or antifundamental) representation of the bifundamental βγ and bc ghost system, we
determine itsN ¼ 4 supersymmetric enhancement at K ¼ 2. We construct theN ¼ 4 stress energy tensor,
the first N ¼ 4 multiplet, and their operator product expansions (OPEs) in terms of the above
bifundamentals. We show that the OPEs between the first N ¼ 4 multiplet and itself are the same as

the corresponding ones in the N ¼ 4 coset SUðNþ2Þ
SUðNÞ model under the large ðN; kÞ ’t Hooft–like limit with

fixed λco ≡ ðNþ1Þ
ðkþNþ2Þ, up to two central terms. The two parameters are related to each other, λ ¼ 1

2
λco.

We also provide other OPEs by considering the second, the third, and the fourth N ¼ 4 multiplets in the
N ¼ 4 supersymmetric linear W∞½λ� algebra.
DOI: 10.1103/PhysRevD.106.026008

I. INTRODUCTION

The free field construction in two-dimensional con-
formal field theory is useful to study the extension of
the conformal symmetries in string theory. Because their
operator product expansions (OPEs) take the simple form
in the sense that the right-hand sides of OPEs do not
contain the fields, contrary to the affine Kac-Moody
algebra, it is straightforward to determine the conserved
currents of any (conformal) weights in terms of the
quadratic free fields with multiple derivatives. To describe
the supersymmetric theory, the fermionic free field is
necessary to describe the symmetries as well as the bosonic
free field. Depending on the weights of the bosonic and
fermionic fields, the weights of the currents we can make
by using them are determined naturally from a simple
counting of weights. The central charge of the Virasoro
algebra consisting of the stress energy tensor of weight-2 is
fixed by the number of (bosonic and fermionic) free fields.
Usually, the bosonic field has the weight-1 (or zero) while
the fermionic field has the weight-1

2
.

More generally, the above weights of the bosonic and
fermionic fields can be deformed by a parameter λ [1].
Although the weights of each bosonic and fermionic field
depend on this λ parameter explicitly, due to the plus and
minus signs in the coefficients in front of λ of the weights,

the weights of particular composite combinations of these
free fields do not contain the parameter λ. Then we can
construct the currents of integer (or half integer) weights in
terms of free fields as mentioned before by considering that
the weights of each term should not depend on the λ. Of
course, the λ dependence in the coefficients in front of free
fields in the expression of the currents occurs in a very
nontrivial way [2,3]. This is a new feature because the
structure constants of the resulting algebra contain the λ
dependence explicitly, compared to the ones in the previous
paragraph.
So far, we have two bosonic and two fermionic free

fields. There exist two fundamental OPEs between them.
We can introduce the multiple bosonic and fermionic fields
which transform as bifundamentals. Because they are
independent fields and the multiple defining OPEs satisfy
independently, all the previous analysis can be generalized
to describe the symmetries easily. For example, the central
charge of the Virasoro algebra is simply a sum over each
contribution from bosonic and fermionic free fields. For
each current of weight-h, there exist multicomponent
generators. The corresponding W∞ algebras (without any
deformation parameter λ) are obtained in [4–6]. By con-
struction, because there are many fermionic currents, there
is more room for the supersymmetric theory we would like
to obtain.
Then it is natural to consider the multiple bosonic and

fermionic free fields together with the deformation of λ.
Recently, in [7], the N ¼ 2 supersymmetric linearWK;K

∞ ½λ�
algebra is obtained by analyzing the currents from the
multiple bosonic and fermionic free fields with derivatives.
Here K is the dimension of fundamental representation of
the above bifundamentals. The number of bosonic currents
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of each weight (h ¼ 1; 2;…) is given by 2K2 which is
equal to the number of fermionic currents of each weight
(h ¼ 3

2
; 5
2
;…). The factor of 2 appears because we are

considering the complex free fields. Among 2K2-fermionic
currents, two of them play the role of N ¼ 2 supersym-
metry generators. There are also K2-fermionic currents of
weight-1

2
, and this fact will affect the structure of theN ¼ 4

superconformal algebra.1

In this paper, we would like to construct the N ¼ 4

supersymmetric linear W2;2
∞ ½λ� algebra by focusing on the

K ¼ 2 case, which is very special in the sense that only this
K ¼ 2 will provide the supersymmetric theory we want to
obtain. Then among eight fermionic currents of weight-3

2
,

half of them play the role of N ¼ 4 supersymmetry
generators. The remaining half of them belong to the first
N ¼ 4 multiplet. Moreover, the lowest fermionic currents
of weight-1

2
can join the generators of the N ¼ 4 super-

conformal algebra. For the weight-1 currents, the seven of
them play the role of the bosonic generators of the N ¼ 4
superconformal algebra and the remaining one will appear
in the lowest operator in the first N ¼ 4 multiplet. For the
weight-2, one of them is given by the stress energy tensor,
six of them will appear in the generators of the first N ¼ 4
multiple, and the remaining one will arise in the lowest
operator in the second N ¼ 4 multiplet. For the weights
greater than 2, we can analyze similarly, and they can be
placed into the corresponding N ¼ 4 multiplets appropri-
ately, according to SOð4Þ indices of N ¼ 4 superspace.
We would like to determine the explicit algebra for how

the above analysis on the weight contents fits in theN ¼ 4
supersymmetric linear W∞½λ� algebra.2
In this paper, we determine the N ¼ 4 stress energy

tensor, the first, the second, the third, and the fourthN ¼ 4

multiplets in the N ¼ 4 supersymmetric W∞½λ� algebra by
using the βγ and bc ghost systems. We calculate the various
OPEs between them, where the sum of two (super) weights
appearing on the left-hand side is less than or equal to 4
(h1 þ h2 ≤ 4), inN ¼ 4 superspace. As in the abstract, the
case of h1 ¼ 1 ¼ h2 reproduces the corresponding one
[10,11] in the N ¼ 4 coset model under the large ðN; kÞ
’t Hooft–like limit.
In Sec. II, we review the βγ and bc ghost systems, and

the bosonic and fermionic currents can be written in terms
of these fields.
In Sec. III, we determine theN ¼ 4 stress energy tensor,

the first N ¼ 4 multiplet, and their OPEs explicitly.
In Sec. IV, we summarize what we have obtained in this

paper, and future directions are described.
In the appendixes, some of the details in Sec. III are

presented explicitly.

We are heavily using the Thielemans package [12] with
the help of Mathematica [13].

II. REVIEW

A. The fundamental OPEs

The bosonic βγ and fermionic bc ghost systems satisfy
the following OPEs [7,8]:

γi;āðzÞβj̄;bðwÞ ¼ 1

ðz − wÞ δ
ij̄δāb þ � � � ;

ci;āðzÞbj̄;bðwÞ ¼ 1

ðz − wÞ δ
ij̄δāb þ � � � : ð2:1Þ

The fundamental indices a, b run over a, b ¼ 1, 2 and
the antifundamental indices ā; b̄ run over ā; b̄ ¼ 1, 2.
The fundamental indices i, j of SUðNÞ run over i; j ¼
1; 2;…; N, and the antifundamental indices ī; j̄ of SUðNÞ
run over ī; j̄ ¼ 1; 2;…; N.

B. The quadratic bosonic and fermionic operators

We can construct the bosonic and fermionic operators (or
currents) by taking the quadratic expressions of above βγ
and bc ghost systems in the presence of various holomor-
phic derivatives as follows [7,8]:

VðsÞþ
λ;āb ¼

Xs−1
i¼0

aiðs; λÞ∂s−1−iðð∂iβl̄bÞδll̄γlāÞ

þ
Xs−1
i¼0

ai
�
s; λþ 1

2

�
∂
s−1−iðð∂ibl̄bÞδll̄clāÞ;

VðsÞ−
λ;āb ¼ −

ðs − 1þ 2λÞ
ð2s − 1Þ

Xs−1
i¼0

aiðs; λÞ∂s−1−iðð∂iβl̄bÞδll̄γlāÞ

þ ðs − 2λÞ
ð2s − 1Þ

Xs−1
i¼0

ai
�
s; λþ 1

2

�
∂
s−1−iðð∂ibl̄bÞδll̄clāÞ;

QðsÞþ
λ;āb ¼

Xs−1
i¼0

αiðs; λÞ∂s−1−iðð∂iβl̄bÞδll̄clāÞ

−
Xs−2
i¼0

βiðs; λÞ∂s−2−iðð∂ibl̄bÞδll̄γlāÞ;

QðsÞ−
λ;āb ¼

Xs−1
i¼0

αiðs; λÞ∂s−1−iðð∂iβl̄bÞδll̄clāÞ

þ
Xs−2
i¼0

βiðs; λÞ∂s−2−iðð∂ibl̄bÞδll̄γlāÞ: ð2:2Þ

The first two operators of weight s are bosonic and the last
two operators of weight ðs − 1

2
Þ are fermionic. Each term on

the right-hand sides has the summation over the indices l
and l̄ of SUðNÞ. Each operator has four components,

1There are also similar constructions in [8,9].
2The terminology of W∞½λ� algebra is used here instead of

using the previous terminology of W2;2
∞ ½λ� algebra for simplicity.
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11,12,21, and 22 in the indices ā and b. Each coefficient on
the right-hand sides depends on the weight s [or ðs − 1

2
Þ]

and the λ. They can be summarized by [2,3]

aiðs;λÞ≡
�
s− 1

i

� ð−2λ− sþ 2Þs−1−i
ðsþ iÞs−1−i

; 0 ≤ i ≤ ðs− 1Þ;

αiðs;λÞ≡
�
s− 1

i

� ð−2λ− sþ 2Þs−1−i
ðsþ i− 1Þs−1−i

; 0 ≤ i ≤ ðs− 1Þ;

βiðs;λÞ≡
�
s− 2

i

� ð−2λ− sþ 2Þs−2−i
ðsþ iÞs−2−i

; 0 ≤ i ≤ ðs− 2Þ:

ð2:3Þ

The parentheses in (2.3) stand for the binomial coefficients,
and the ðaÞn symbols stand for the rising Pochhammer
symbol ðaÞn ≡ aðaþ 1Þ � � � ðaþ n − 1Þ. There are non-
trivial relations between these coefficients [2,3].

C. The λ-dependent currents

We can split the above bosonic operators into the one
written in terms of bosonic fields and the other written in
terms of fermionic fields by simple linear combinations.
For the fermionic operators, we also split them in terms of
the one having only one kind of fermion fields and the other
having only the other kind of fermion fields. Then we
obtain the following operators with the explicit bifunda-
mental indices [7]:

Wλ;āb
F;h ¼ nWF;h

qh−2
ð−1ÞhP

h−1
i¼0 a

iðh; 1
2
Þ
�ðh − 1þ 2λÞ

ð2h − 1Þ VðhÞþ
λ;āb þ VðhÞ−

λ;āb

�
;

Wλ;āb
B;h ¼ nWB;h

qh−2
ð−1ÞhP

h−1
i¼0 a

iðh; 0Þ
�ðh − 2λÞ
ð2h − 1ÞV

ðhÞþ
λ;āb − VðhÞ−

λ;āb

�
;

Qλ;āb
hþ1

2

¼ 1

2

nWQ;hþ1
2

qh−1
ð−1Þhþ1hP

h−1
i¼0 β

iðhþ 1; 0Þ ½Q
ðhþ1Þ−
λ;āb −Qðhþ1Þþ

λ;āb �;

Q̄λ;bā
hþ1

2

¼ 1

2

nWQ;hþ1
2

qh−1
ð−1Þhþ1P

h
i¼0 α

iðhþ 1; 0Þ ½Q
ðhþ1Þ−
λ;āb þQðhþ1Þþ

λ;āb �:

ð2:4Þ

The first two operators of weight h are bosonic and the last
two operators of weight ðhþ 1

2
Þ are fermionic.3 The overall

coefficients do not depend on the λ. We list the explicit
expressions for low weights by substituting (2.3) and (2.5)
into (2.4) as follows [7]:

Wλ;āb
F;1 ¼ −

1

4
ðVð1Þ−

λ;āb þ 2λVð1Þþ
λ;āb Þ;

Wλ;āb
F;2 ¼

�
Vð2Þ−
λ;āb þ 1

3
ð1þ 2λÞVð2Þþ

λ;āb

�
;

Wλ;āb
F;3 ¼ −4

�
Vð3Þ−
λ;āb þ 1

5
ð2þ 2λÞVð3Þþ

λ;āb

�
;

Wλ;āb
F;4 ¼ 16

�
Vð4Þ−
λ;āb þ 1

7
ð3þ 2λÞVð4Þþ

λ;āb

�
;

Wλ;āb
B;1 ¼ −

1

4
ð−Vð1Þ−

λ;āb þ ð1 − 2λÞVð1Þþ
λ;āb Þ;

Wλ;āb
B;2 ¼

�
−Vð2Þ−

λ;āb þ 1

3
ð2 − 2λÞVð2Þþ

λ;āb

�
;

Wλ;āb
B;3 ¼ −4

�
−Vð3Þ−

λ;āb þ 1

5
ð3 − 2λÞVð3Þþ

λ;āb

�
;

Wλ;āb
B;4 ¼ 16

�
−Vð4Þ−

λ;āb þ 1

7
ð4 − 2λÞVð4Þþ

λ;āb

�
;

Qλ;āb
3
2

¼ 1ffiffiffi
2

p ðQð2Þ−
λ;āb −Qð2Þþ

λ;āb Þ;

Qλ;āb
5
2

¼ −2
ffiffiffi
2

p
ðQð3Þ−

λ;āb −Qð3Þþ
λ;āb Þ;

Qλ;āb
7
2

¼ 8
ffiffiffi
2

p
ðQð4Þ−

λ;āb −Qð4Þþ
λ;āb Þ;

Qλ;āb
9
2

¼ −32
ffiffiffi
2

p
ðQð5Þ−

λ;āb −Qð5Þþ
λ;āb Þ;

Q̄λ;bā
1
2

¼ −
1

2
ffiffiffi
2

p ðQ̄ð1Þ−
λ;āb þ Q̄ð1Þþ

λ;āb Þ;

Q̄λ;bā
3
2

¼ 1ffiffiffi
2

p ðQ̄ð2Þ−
λ;āb þ Q̄ð2Þþ

λ;āb Þ;

Q̄λ;bā
5
2

¼ −2
ffiffiffi
2

p
ðQ̄ð3Þ−

λ;āb þ Q̄ð3Þþ
λ;āb Þ;

Q̄λ;bā
7
2

¼ 8
ffiffiffi
2

p
ðQ̄ð4Þ−

λ;āb þ Q̄ð4Þþ
λ;āb Þ;

Q̄λ;bā
9
2

¼ −32
ffiffiffi
2

p
ðQ̄ð5Þ−

λ;āb þ Q̄ð5Þþ
λ;āb Þ; � � � : ð2:6Þ

We can easily see that the normalization for the overall
factor is increased by −4 when we increase the weight.
Note that the lowest weight for the bosonic operators is
given by 1 and the one for the fermionic operators is given
by 1

2
. The Qλ;āb

1
2

is identically zero.

Then we have eight bosonic currents for the weight
h ¼ 1; 2;… and eight fermionic currents for the weight
hþ 1

2
¼ 3

2
; 5
2
;… in (2.4). In next section, we will construct

the N ¼ 4 multiplets as well as the N ¼ 4 stress energy
tensor by using (2.4).

3The normalizations are given by [14]

nWF;h
¼ 2h−3ðh − 1Þ!

ð2h − 3Þ!! qh−2; nWB;h
¼ 2h−3h!

ð2h − 3Þ!! q
h−2;

nQhþ1
2

¼ 2h−
1
2h!

ð2h − 1Þ!! q
h−1 ¼ nQ̄hþ1

2

: ð2:5Þ

Then the q dependence in (2.4) disappears.
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III. THE N = 4 SUPERSYMMETRIC LINEAR
W∞½λ� ALGEBRA

A. The construction of the N = 4 stress energy tensor

1. The λ-dependent quasiprimary stress energy tensor

The stress energy tensor of weight-2 from (2.6) is given
by [2,3]

L ¼ ðWλ;11
B;2 þWλ;22

B;2 þWλ;11
F;2 þWλ;22

F;2 Þ; ð3:1Þ

which is equal to Vð2Þþ
λ;āb δbā. The central charge, which is the

same as the fourth order pole of the OPE LðzÞLðwÞ times
two, is

c ¼ 6Nð1 − 4λÞ: ð3:2Þ

At λ ¼ 0, the central charge becomes 6N. We will observe
that the remaining seven weight-2 operators appear in the
first and the second N ¼ 4 multiplets.

2. The λ-dependent weight-32 primary
supersymmetry currents

It is natural to consider that the weight-3
2
operators, which

depend on the λ, can be obtained from the corresponding
ones at λ ¼ 0. Our starting point is the following ansatz for
the weight-3

2
operators:

G1 ¼ −
1

2
ðQλ;11

3
2

þ i
ffiffiffi
2

p
Qλ;12

3
2

þ 2i
ffiffiffi
2

p
Qλ;21

3
2

− 2Qλ;22
3
2

− 2Q̄λ;11
3
2

− 2i
ffiffiffi
2

p
Q̄λ;12

3
2

− i
ffiffiffi
2

p
Q̄λ;21

3
2

þ Q̄λ;22
3
2

Þ;

G2 ¼ i
2
ðQλ;11

3
2

þ 2i
ffiffiffi
2

p
Qλ;21

3
2

− 2Qλ;22
3
2

− 2Q̄λ;11
3
2

− 2i
ffiffiffi
2

p
Q̄λ;12

3
2

þ Q̄λ;22
3
2

Þ;

G3 ¼ i
2
ðQλ;11

3
2

þ i
ffiffiffi
2

p
Qλ;12

3
2

− 2Qλ;22
3
2

− 2Q̄λ;11
3
2

− i
ffiffiffi
2

p
Q̄λ;21

3
2

þ Q̄λ;22
3
2

Þ;

G4 ¼ 1

2
Qλ;11

3
2

þQλ;22
3
2

þ Q̄λ;11
3
2

þ 1

2
Q̄λ;22

3
2

: ð3:3Þ

We can check that the third order pole of GiðzÞGjðwÞ is
given by 2

3
cδij with (3.2). We have seen half of the weight-3

2

operators in (3.3), and the remaining ones will be given in
the next subsection for the first N ¼ 4 multiplet.
From now on, we construct the remaining operators in

the N ¼ 4 superconformal algebra based on the explicit
expressions of (3.3).

3. The λ-independent weight-1 primary operators

From the defining equations of the second order
pole in the OPE GiðzÞGjðwÞ, which are given by
−2iðTij þ 1

2
ð1 − 4λÞεijklTklÞðwÞ, we can determine the

following six weight-1 operators which do not depend on
the λ4:

T12 ¼ −ið2iWλ;11
B;1 −

ffiffiffi
2

p
Wλ;12

B;1 − 2iWλ;22
B;1 þ 2iWλ;11

F;1

− 2
ffiffiffi
2

p
Wλ;12

F;1 − 2iWλ;22
F;1 Þ;

T13 ¼ −ið−2iWλ;11
B;1 þ 4

ffiffiffi
2

p
Wλ;21

B;1 þ 2iWλ;22
B;1 − 2iWλ;11

F;1

þ 2
ffiffiffi
2

p
Wλ;21

F;1 þ 2iWλ;22
F;1 Þ;

T14 ¼ −ið2Wλ;11
B;1 þ i

ffiffiffi
2

p
Wλ;12

B;1 þ 4i
ffiffiffi
2

p
Wλ;21

B;1 − 2Wλ;22
B;1

− 2Wλ;11
F;1 − 2i

ffiffiffi
2

p
Wλ;12

F;1 − 2i
ffiffiffi
2

p
Wλ;21

F;1 þ 2Wλ;22
F;1 Þ;

T23 ¼ −ið−2Wλ;11
B;1 − i

ffiffiffi
2

p
Wλ;12

B;1 − 4i
ffiffiffi
2

p
Wλ;21

B;1 þ 2Wλ;22
B;1

− 2Wλ;11
F;1 − 2i

ffiffiffi
2

p
Wλ;12

F;1 − 2i
ffiffiffi
2

p
Wλ;21

F;1 þ 2Wλ;22
F;1 Þ;

T24 ¼ −ið−2iWλ;11
B;1 þ 4

ffiffiffi
2

p
Wλ;21

B;1 þ 2iWλ;22
B;1 þ 2iWλ;11

F;1

− 2
ffiffiffi
2

p
Wλ;21

F;1 − 2iWλ;22
F;1 Þ;

T34 ¼ −ið−2iWλ;11
B;1 þ

ffiffiffi
2

p
Wλ;12

B;1 þ 2iWλ;22
B;1 þ 2iWλ;11

F;1

− 2
ffiffiffi
2

p
Wλ;12

F;1 − 2iWλ;22
F;1 Þ: ð3:4Þ

Note that the right-hand sides of (3.4) are proportional to

the expressions of Φð1Þ;ij
1 at λ ¼ 0 when we replace the

weight-2 in the Wāb
B;2 and Wāb

F;2 [10] with the weight-1 by
generalizing to the λ dependent ones. We can check that
the first order pole of the OPE GiðzÞGjðwÞ provides the
correct quasiprimary operator LðwÞ and the corresponding
descendants of (3.4).

4. The λ-independent weight-12 primary operators

Again, the defining equation of the second order
pole of the OPE GiðzÞTjkðwÞ, −ðεijklΓl þ ð1 − 4λÞðδikΓj −
δijΓkÞÞðwÞ allows us to determine the following weight-1

2

operators:

Γ1 ¼ −
i
2
ð−2Q̄λ;11

1
2

− 2i
ffiffiffi
2

p
Q̄λ;12

1
2

− i
ffiffiffi
2

p
Q̄λ;21

1
2

þ Q̄λ;22
1
2

Þ;

Γ2 ¼ −
1

2
ð−2Q̄λ;11

1
2

− 2i
ffiffiffi
2

p
Q̄λ;12

1
2

þ Q̄λ;22
1
2

Þ;

Γ3 ¼ −
1

2
ð−2Q̄λ;11

1
2

− i
ffiffiffi
2

p
Q̄λ;21

1
2

þ Q̄λ;22
1
2

Þ;

Γ4 ¼ i

�
Q̄λ;11

1
2

þ 1

2
Q̄λ;22

1
2

�
: ð3:5Þ

Note that the right-hand sides of (3.5) can be obtained from
(3.3) by replacing the weight-3

2
with the weight-1

2
with an

4We can easily see that the parameter α ¼ 1
2

ðkþ−k−Þ
ðkþþk−Þ with

kþ ¼ kþ 1 and k− ¼ N þ 1 in the N ¼ 4 coset model becomes
α ¼ 1

2
ð1 − 2λcoÞ ¼ 1

2
ð1 − 4λÞ under the large ðN; kÞ limit with

fixed λco ≡ ðNþ1Þ
ðkþNþ2Þ [10,11,15]. See also [16].
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overall factor i. Further analysis for the first order pole of
the OPE GiðzÞTjkðwÞ provides the correct descendants of
(3.5) and the primary operators of weight-3

2
in (3.3). These

are not dependent on the λ because the lowest fermionic

operators Q̄λ;ab̄
1
2

do not contain the λ from (2.2) and (2.4).

5. The λ-independent weight-1 quasiprimary operator

For the final weight-1 operator, we can use the defining
equation for the first order pole of the OPE GiðzÞΓjðwÞ
which is equal to ð−εijklTkl þ iδijUÞðwÞ. It turns out that

U ¼ 2½ðWλ;11
F;1 þWλ;22

F;1 Þ þ ðWλ;11
B;1 þWλ;22

B;1 Þ�; ð3:6Þ

which does not contain the λ. Therefore, the eight inde-
pendent weight-1 operators from Wāb

B;2 and Wāb
F;2 are given

by (3.4) and (3.6). The remaining one will be given in the
next subsection for the first N ¼ 4 multiplet.
In the next subsection, we will describe whether the

above five kinds of operators will produce the known
N ¼ 4 superconformal algebra or not.

B. The OPEs between the N = 4 stress
energy tensor and itself

We calculate the OPEs between the five operators in the
N ¼ 4 stress energy tensor and the weight-1 operator in
that multiplet.

1. The OPE between the weight-1; 12 ;1 operators
and the weight-1 operator

From the explicit expressions (3.6)–(3.4), (2.6), and
(2.1), we can check the following OPEs:

UðzÞUðwÞ ¼ þ � � � ;
ΓiðzÞUðwÞ ¼ þ � � � ;
TijðzÞUðwÞ ¼ þ � � � : ð3:7Þ

The last two are the standard results [11,15] while the first
one is a rather trivial result. This is due to the fact that the
expression for the U in (3.6) has the same relative
coefficients. The standard result for the first one leads to
the nontrivial second order pole, which is given by a central
term. We expect that the OPE between LðzÞUðwÞ contains
the third order pole because the OPE ∂UðzÞUðwÞ has no
singular term.

2. The OPE between the weight-32 operators
and the weight-1 operator

Similarly, by using (3.3), (3.6), and previous defining
equations, we obtain the following OPE:

GiðzÞUðwÞ ¼ −
1

ðz−wÞ2 ½iΓ
i�ðwÞ− 1

ðz−wÞ ½i∂Γ
i�ðwÞ þ � � � :

ð3:8Þ

The weight-1 operator U plays the role of keeping the
structure of the weight-3

2
operator on the left-hand side with

the weight reduced to 1
2
. The relative coefficient for the

descendant can be seen from the standard conformal field
theory analysis.5

3. The OPE between the weight-2 operator
and the weight-1 operator

Let us consider the final nontrivial OPE with (3.1) and
(3.6). It turns out that there exists

LðzÞUðwÞ ¼ −
1

ðz − wÞ3 ½N� þ 1

ðz − wÞ2 ½U�ðwÞ

þ 1

ðz − wÞ ½∂U�ðwÞ þ � � � : ð3:10Þ

Compared to the standard result [11,15], the above OPE
contains the central term, as mentioned before. This is due
to the fact that the expression of (3.6) has particular relative
coefficients.6

4. The N = 4 supersymmetric OPE
in the N = 4 superspace

We can put the operators of N ¼ 4 superconformal
algebra found in the previous section into a superfield in the
N ¼ 4 superspace.7 Then we have theN ¼ 4 stress energy
tensor [11,15]

5There is

ðGi − ið1 − 4λÞ∂ΓiÞðzÞUðwÞ

¼ −
1

ðz − wÞ2 ½iΓ
i�ðwÞ − 1

ðz − wÞ ½i∂Γ
i�ðwÞ þ � � � ; ð3:9Þ

due to one of the relations in (3.7). This will be used in theN ¼ 4
superspace description.

6We have
�
L−

1

2
ð1− 4λÞ∂U

�
ðzÞUðwÞ ¼ −

1

ðz−wÞ3N þ 1

ðz−wÞ2UðwÞ

þ 1

ðz−wÞ∂UðwÞ þ � � � ; ð3:11Þ

which will be used later.
7The coordinates of N ¼ 4 superspace can be described

as ðZ; Z̄Þ where Z ¼ ðz; θiÞ, Z̄ ¼ ðz̄; θ̄iÞ, and the SOð4Þ-vector
index i runs over i ¼ 1;…; 4. The left covariant spinor derivative
is given by Di ¼ θi ∂

∂z þ ∂

∂θi
with nontrivial anticommutators

fDi;Djg ¼ 2δij ∂

∂z. The simplified notation θ4−0 stands for
θ1θ2θ3θ4. The complement 4 − i is defined such that θ1θ2θ3θ4 ¼
θ4−iθi [11,15].
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J ¼ −Δþ iθjΓj − iθ4−jkTjk − θ4−jðGj − ið1 − 4λÞ∂ΓjÞ

þ θ4−0
�
2L −

1

2
ð1 − 4λÞ∂2Δ

�

≡
�
−Δ; iΓi;−iTij;−ðGi − ið1 − 4λÞ∂ΓiÞ;

2

�
L −

1

2
ð1 − 4λÞ∂2Δ

��
; ð3:12Þ

where the lowest component has the following relation:
−∂Δ≡U. We will use the operator U rather than the
operator Δ. The precise relations between the components
and its superfields in (3.12) at vanishing fermionic coor-
dinates can be summarized by [11,15]

U ↔ ∂J; Γi ↔ −iDiJ; Tij ↔ −
i
2!
εijklDkDlJ;

Gi ↔ −
1

3!
εijklDjDkDlJ − ð1 − 4λÞ∂DiJ;

L ↔
1

2 · 4!
εijklDiDjDkDlJ −

1

2
ð1 − 4λÞ∂2J: ð3:13Þ

Because of the extra terms in the fourth and fifth elements
of the N ¼ 4 stress energy tensor, there are extra terms in
the corresponding expressions of (3.13).
Then we can write down the previous equations (3.7),

(3.8) [or (3.9)], and (3.10) [or (3.11)] including other OPEs
in the component approach in terms of the following single
OPE in the N ¼ 4 superspace:

JðZ1ÞJðZ2Þ¼−
θ4−012

z212
Nþθ4−i12

z12
DiJðZ2Þþ

θ4−012

z12
2∂JðZ2Þþ��� :

ð3:14Þ

Compared to the standard expression [11,15], there is no
logðz12Þ term.8

In Appendix A, all the component OPEs are summarized
explicitly.9 It is straightforward to obtain these OPEs from
(3.14) by using the various superderivatives with the
relations (3.13).

C. The construction of the first N = 4 multiplet

1. The λ-dependent weight-1 primary operator

Let us start with the final weight-1 primary operator of
the N ¼ 2 superconformal algebra [7,17]

Φð1Þ
0 ¼ 4½ð1 − 2λÞðWλ;11

F;1 þWλ;22
F;1 Þ − 2λðWλ;11

B;1 þWλ;22
B;1 Þ�:
ð3:16Þ

The field contents of (3.16) are the same as that in (3.6). At
λ ¼ 0, only the first two terms in (3.16) contribute to the
final expression and reproduce the one in [10]. Compared
to the previous construction on the weight-1 operator, the
λ-dependent coefficients appear in the above.

2. The λ-dependent weight-32 primary operators

From the defining equation [11,15,18] of

GiðzÞΦð1Þ
0 ðwÞ

���
1

ðz−wÞ
¼ −Φð1Þ;i

1
2

ðwÞ; ð3:17Þ

we can determine the following primary [under the stress
energy tensor (3.1)] operators of weight-3

2

Φð1Þ;1
1
2

¼ 1

2
ðQλ;11

3
2

þ i
ffiffiffi
2

p
Qλ;12

3
2

þ 2i
ffiffiffi
2

p
Qλ;21

3
2

− 2Qλ;22
3
2

þ 2Q̄λ;11
3
2

þ 2i
ffiffiffi
2

p
Q̄λ;12

3
2

þ i
ffiffiffi
2

p
Q̄λ;21

3
2

− Q̄λ;22
3
2

Þ;

Φð1Þ;2
1
2

¼ −
i
2
ðQλ;11

3
2

þ 2i
ffiffiffi
2

p
Qλ;21

3
2

− 2Qλ;22
3
2

þ 2Q̄λ;11
3
2

þ 2i
ffiffiffi
2

p
Q̄λ;12

3
2

− Q̄λ;22
3
2

Þ;

Φð1Þ;3
1
2

¼ −
i
2
ðQλ;11

3
2

þ i
ffiffiffi
2

p
Qλ;12

3
2

− 2Qλ;22
3
2

þ 2Q̄λ;11
3
2

þ i
ffiffiffi
2

p
Q̄λ;21

3
2

− Q̄λ;22
3
2

Þ;

Φð1Þ;4
1
2

¼ −
1

2
Qλ;11

3
2

−Qλ;22
3
2

þ Q̄λ;11
3
2

þ 1

2
Q̄λ;22

3
2

: ð3:18Þ

The field contents of (3.18) are the same as the ones in
(3.3). The only difference appears in the minus signs of
Qλ;āb

3
2

. Then we have the complete weight-3
2
operators in

(3.3) and (3.18). Compared to the λ ¼ 0 case in [10], the
generalization of the fermionic operators to the nonzero λ
case in (2.4) provides the exact relative coefficients in
(3.18). In other words, for the expressions in [10] at λ ¼ 0,
a simple generalization of (2.4) leads to the above result in
(3.18). This is also true for other remaining operators of
weights-2; 5

2
; 3.

8We have the corresponding OPE

JðZ1Þ∂JðZ2Þ ¼ −
θ4−012

z312
2N þ θ4−i12

z212
DiJðZ2Þ þ

θ4−012

z212
2∂JðZ2Þ

þ θ4−i12

z12
∂DiJðZ2Þ þ

θ4−012

z12
2∂2JðZ2Þ þ � � � : ð3:15Þ

From (3.15), which is more relevant to the previous three
component results [(3.7), (3.9), and (3.11)], we obtain (3.14)
after the integrations.

9Compared to the construction in [10], the presence of Wλ;āb
B;1

and Q̄λ;bā
1
2

in (3.4), (3.5), and (3.6) is new, and these will change

the structure of the algebra.
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3. The λ-dependent weight-2 primary operators

By using the following defining equation [11]:

GiðzÞΦð1Þ;j
1
2

ðwÞ
���

1
ðz−wÞ

¼ −
�
δij∂Φð1Þ

0 −
1

2
εijklΦð1Þ;kl

1

�
ðwÞ;

ð3:19Þ

we obtain the weight-2 primary operators, by taking two
different indices, as follows:

Φð1Þ;12
1 ¼ 2iWλ;11

B;2 −
ffiffiffi
2

p
Wλ;12

B;2 − 2iWλ;22
B;2 þ 2iWλ;11

F;2

− 2
ffiffiffi
2

p
Wλ;12

F;2 − 2iWλ;22
F;2 ;

Φð1Þ;13
1 ¼ −2iWλ;11

B;2 þ 4
ffiffiffi
2

p
Wλ;21

B;2 þ 2iWλ;22
B;2 − 2iWλ;11

F;2

þ 2
ffiffiffi
2

p
Wλ;21

F;2 þ 2iWλ;22
F;2 ;

Φð1Þ;14
1 ¼ 2Wλ;11

B;2 þ i
ffiffiffi
2

p
Wλ;12

B;2 þ 4i
ffiffiffi
2

p
Wλ;21

B;2 − 2Wλ;22
B;2

− 2Wλ;11
F;2 − 2i

ffiffiffi
2

p
Wλ;12

F;2 − 2i
ffiffiffi
2

p
Wλ;21

F;2 þ 2Wλ;22
F;2 ;

Φð1Þ;23
1 ¼ −2Wλ;11

B;2 − i
ffiffiffi
2

p
Wλ;12

B;2 − 4i
ffiffiffi
2

p
Wλ;21

B;2 þ 2Wλ;22
B;2

− 2Wλ;11
F;2 − 2i

ffiffiffi
2

p
Wλ;12

F;2 − 2i
ffiffiffi
2

p
Wλ;21

F;2 þ 2Wλ;22
F;2 ;

Φð1Þ;24
1 ¼ −2iWλ;11

B;2 þ 4
ffiffiffi
2

p
Wλ;21

B;2 þ 2iWλ;22
B;2 þ 2iWλ;11

F;2

− 2
ffiffiffi
2

p
Wλ;21

F;2 − 2iWλ;22
F;2 ;

Φð1Þ;34
1 ¼ −2iWλ;11

B;2 þ
ffiffiffi
2

p
Wλ;12

B;2 þ 2iWλ;22
B;2 þ 2iWλ;11

F;2

− 2
ffiffiffi
2

p
Wλ;12

F;2 − 2iWλ;22
F;2 : ð3:20Þ

We observe, as described before, that by taking the
corresponding expressions for the weight-1 operators at
λ ¼ 0 and replacing them with the ones in (2.4), the above
results can be obtained. So far, we have obtained the seven
weight-2 operators consisting of (3.1) and (3.20), and the
remaining one will appear in the lowest component of the
second N ¼ 4 multiplet.

4. The λ-dependent weight-52 quasiprimary operators

From the defining equation [11] of

GiðzÞΦð1Þ;jk
1 ðwÞ

���
1

ðz−wÞ

¼ −
h
ðδijΦð1Þ;k

3
2

− δikΦð1Þ;j
3
2

Þ þ εijkl∂Φð1Þ;l
1
2

i
ðwÞ; ð3:21Þ

we can determine the following weight-5
2
quasiprimary

operators:

Φ̃ð1Þ;1
3
2

≡Φð1Þ;1
3
2

−
1

3
ð1 − 4λÞ∂Φð1Þ;1

1
2

¼ −
1

2
ðQλ;11

5
2

þ i
ffiffiffi
2

p
Qλ;12

5
2

þ 2i
ffiffiffi
2

p
Qλ;21

5
2

− 2Qλ;22
5
2

− 2Q̄λ;11
5
2

− 2i
ffiffiffi
2

p
Q̄λ;12

5
2

− i
ffiffiffi
2

p
Q̄λ;21

5
2

þ Q̄λ;22
5
2

Þ;

Φ̃ð1Þ;2
3
2

≡Φð1Þ;2
3
2

−
1

3
ð1 − 4λÞ∂Φð1Þ;2

1
2

¼ i
2
ðQλ;11

5
2

þ 2i
ffiffiffi
2

p
Qλ;21

5
2

− 2Qλ;22
5
2

− 2Q̄λ;11
5
2

− 2i
ffiffiffi
2

p
Q̄λ;12

5
2

þ Q̄λ;22
5
2

Þ;

Φ̃ð1Þ;3
3
2

≡Φð1Þ;3
3
2

−
1

3
ð1 − 4λÞ∂Φð1Þ;3

1
2

¼ i
2
ðQλ;11

5
2

þ i
ffiffiffi
2

p
Qλ;12

5
2

− 2Qλ;22
5
2

− 2Q̄λ;11
5
2

− i
ffiffiffi
2

p
Q̄λ;21

5
2

þ Q̄λ;22
5
2

Þ;

Φ̃ð1Þ;4
3
2

≡Φð1Þ;4
3
2

−
1

3
ð1 − 4λÞ∂Φð1Þ;4

1
2

¼ 1

2
ðQλ;11

5
2

þ 2Qλ;22
5
2

þ 2Q̄λ;11
5
2

þ Q̄λ;22
5
2

Þ: ð3:22Þ

Note that by starting with (3.18) with minus signs in Qλ;āb
3
2

and increasing the weights by one, we reproduce the above
results (3.22). For the case of λ ¼ 0 in [10], the weight-5

2

operators are primary but at nonzero λ, and the above
operators (3.22) are quasiprimary under the stress energy
tensor (3.1), although we are using the same notation.10 We
expect that the half of other weight-5

2
operators will appear

in the second N ¼ 4 multiplet.

5. The λ-dependent weight-3 quasiprimary operator

Finally, by using the following defining equation [11]:

GiðzÞΦð1Þ;j
3
2

ðwÞ
���

1
ðz−wÞ

¼ −½∂Φð1Þ;ij
1 þ δijΦð1Þ

2 �ðwÞ; ð3:23Þ

we obtain the weight-3 quasiprimary operator, by taking
two equal indices,

Φ̃ð1Þ
2 ≡Φð1Þ

2 −
1

3
ð1 − 4λÞ∂2Φð1Þ

0

¼ −2ðWλ;11
B;3 þWλ;22

B;3 þWλ;11
F;3 þWλ;22

F;3 Þ: ð3:24Þ
We observe that by increasing the weight by one from the
stress energy tensor (3.1), the above expression can be seen
with the overall factor. Compared to the λ ¼ 0 case in [10]
where the corresponding operator is primary, the above
operator is quasiprimary.11 The remaining seven other

10The operators Φð1Þ;i
3
2

, which are the components of N ¼ 4

superfields later, are not quasiprimary. See also Appendix B.
11The operator Φð1Þ

2 is not quasiprimary, and see also
Appendix B.
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weight-3 operators will appear in the next N ¼ 4 multip-
lets. Six of them appear in the secondN ¼ 4multiplet, and
one of them appears in the third N ¼ 4 multiplet.

D. The OPEs between the N = 4 stress energy tensor
and the first N = 4 multiplet

We calculate the OPEs between the five kinds of
operators in the N ¼ 4 stress energy tensor and the lowest
weight-1 operator in the first N ¼ 4 multiplet.

1. The OPE between the weight-1 operator
and the weight-1 operator

From the explicit expressions in (3.6) and (3.16), the
following OPE can be obtained:

UðzÞΦð1Þ
0 ðwÞ ¼ 1

ðz − wÞ2 ½N� þ � � � : ð3:25Þ

Compared to the standard result [11] which is trivial, the
above OPE has a singular term on the right-hand side.
This is due to the fact that this weight-1 operator has the
particular coefficients.

2. The OPE between the weight-12 operators
and the weight-1 operator

Similarly, we obtain the following OPE from (3.5) and
the previous weight-1 operator;

ΓiðzÞΦð1Þ
0 ðwÞ ¼ −

1

ðz − wÞ ½Γ
i�ðwÞ þ � � � : ð3:26Þ

This implies that the weight-1 operator preserves the
structure of the weight-1

2
operator on the left-hand side,

and this is new, compared to the standard result [11].

3. The OPE between the weight-1 operators
and the weight-1 operator

For the weight-1 operator (3.4), we obtain the following
trivial result:

TijðzÞΦð1Þ
0 ðwÞ ¼ þ � � � : ð3:27Þ

4. The OPE between the weight-32 operators
and the weight-1 operator

By using (3.3) and (3.16), the following OPE is satisfied:

GiðzÞΦð1Þ
0 ðwÞ ¼ −

1

ðz − wÞΦ
ð1Þ;i
1
2

ðwÞ þ � � � : ð3:28Þ

Under the action of the weight-1 operator, the numerical
coefficients appearing in the weight-3

2
operators are shifted

to the ones in the weight-3
2
operators appearing on the right-

hand side.12

5. The OPE between the weight-2 operator
and the weight-1 operator

Finally, the last fundamental OPE from the stress energy
tensor (3.1) can be summarized by

LðzÞΦð1Þ
0 ðwÞ ¼ 1

ðz−wÞ2Φ
ð1Þ
0 ðwÞ þ 1

ðz−wÞ∂Φ
ð1Þ
0 ðwÞ þ � � � :

ð3:30Þ

This implies that the weight-1 operator is primary.13

6. The N = 4 supersymmetric OPE
in the N = 4 superspace

As before, we write down each component operator of
the first N ¼ 4 multiplet in the N ¼ 4 superspace as
follows [11,15,18]:

Φð1Þ ¼Φð1Þ
0 þ θiΦð1Þ;i

1
2

þ θ4−ijΦð1Þ;ij
1 þ θ4−iΦð1Þ;i

3
2

þ θ4−0Φð1Þ
2

≡ ðΦð1Þ
0 ;Φð1Þ;i

1
2

;Φð1Þ;ij
1 ;Φð1Þ;i

3
2

;Φð1Þ
2 Þ; i; j¼ 1;…;4:

ð3:32Þ

The precise relations between the components and its
superfields in (3.32) can be described by [11,15], similar
to (3.13),

Φð1Þ
0 ↔Φð1Þ; Φð1Þ;i

1
2

↔DiΦð1Þ;

Φð1Þ;ij
1 ↔−

1

2!
εijklDkDlΦð1Þ; Φð1Þ;i

3
2

↔
1

3!
εijklDjDkDlΦð1Þ;

Φð1Þ
2 ↔

1

4!
εijklDiDjDkDlΦð1Þ: ð3:33Þ

12We have the OPE

ðGi− ið1−4λÞ∂ΓiÞðzÞΦð1Þ
0 ðwÞ¼−

1

ðz−wÞ2 ið1−4λÞΓiðwÞ

−
1

ðz−wÞΦ
ð1Þ;i
1
2

ðwÞþ��� ; ð3:29Þ

which will be used in the N ¼ 4 superspace description.
13Similarly, the following OPE can be obtained:

�
Lþ1

2
ð1−4λÞ∂U

�
ðzÞΦð1Þ

0 ðwÞ

¼−
1

ðz−wÞ3Nð1−4λÞþ 1

ðz−wÞ2Φ
ð1Þ
0 ðwÞþ 1

ðz−wÞ∂Φ
ð1Þ
0 ðwÞ

þ���; ð3:31Þ
which will be used in the N ¼ 4 superspace description.

CHANGHYUN AHN PHYS. REV. D 106, 026008 (2022)

026008-8



In other words, by taking the fermionic coordinates on the
right-hand sides to zero, we obtain the corresponding
operators on the left-hand sides.
Therefore, the previous Eqs. (3.25)–(3.28) [or (3.29)],

and (3.30) [or (3.31)], including other various OPEs, can be
rewritten as

JðZ1ÞΦð1ÞðZ2Þ ¼
�
−
θ4−012

z312
2Nð1− 4λÞ

þ θ4−i12

z212
ð1− 4λÞDiJðZ2Þ−

θi12
z12

DiJ−
1

z12
N

�

þ θ4−012

z212
2Φð1ÞðZ2Þþ

θ4−i12

z12
DiΦð1ÞðZ2Þ

þ θ4−012

z12
2∂Φð1ÞðZ2Þþ � � � : ð3:34Þ

This implies that the first N ¼ 4 multiplet is not a primary
operator under theN ¼ 4 supersymmetry because there are
the first four terms in (3.34).
In Appendix B, we present all the component OPEs

explicitly. As before, these can be checked by using the
superderivatives in [11].

E. The OPEs between the first N = 4
multiplet and itself

We calculate the OPEs between the five kinds of
operators in the first N ¼ 4 multiplet and the lowest
weight-1 operator in that multiplet.

1. The OPE between the weight-1 operator and itself

By using Eqs. (3.16), (2.6), (2.2), and (2.1), we obtain
the following OPE:

Φð1Þ
0 ðzÞΦð1Þ

0 ðwÞ ¼ 1

ðz − wÞ2 ½2Nð1 − 4λÞ� þ � � � : ð3:35Þ

Note the presence of the factor ð1 − 4λÞ in the above.

2. The OPE between the weight-32 operators
and the weight-1 operator

With the explicit expressions (3.18) and the previous
defining relations, we obtain the following OPEs

Φð1Þ;i
1
2

ðzÞΦð1Þ
0 ðwÞ ¼ −

1

ðz − wÞ ½G
i�ðwÞ þ � � � : ð3:36Þ

This implies that the role of the weight-1 operator Φð1Þ
0 ðwÞ

in this OPE changes the signs of Q̄λ;āb
3
2

. This leads to the

first order pole on the right-hand side of the above OPE.

3. The OPE between the weight-2 operators
and the weight-1 operator

With the help of (3.20), we determine the following
OPEs:

Φð1Þ;ij
1 ðzÞΦð1Þ

0 ðwÞ ¼ 1

ðz − wÞ2 ½2ið1 − 4λÞTij þ iεijklTkl�ðwÞ

þ 1

ðz − wÞ ½2ið1 − 4λÞ∂Tij

þ iεijkl∂Tkl�ðwÞmþ � � � : ð3:37Þ

In this case, the role of Φð1Þ
0 ðwÞ in this OPE decreases the

weight of the weight-2 operator on the left-hand side by
one, and it turns out that the second order pole of above
OPE is a linear combination of (3.4). We have mentioned
that there are some similarities in the weight-2 operator

Φð1Þ;ij
1 and the weight-1 operator Tij. Furthermore, the

relative coefficients 1 and 1 between the second and first
order poles on the right-hand side can be understood from
the property of the standard conformal field theory analysis

based on the weights of Φð1Þ;ij
1 , Φð1Þ

0 , and Tij which are
primary under the stress energy tensor.

4. The OPE between the weight-52 operators
and the weight-1 operator

From the expressions of (3.22), we determine the
following OPEs:

Φð1Þ;i
3
2

ðzÞΦð1Þ
0 ðwÞ

¼ 1

ðz − wÞ3 ½16iλð1 − 2λÞΓi�ðwÞ

þ 1

ðz − wÞ2 ½32iλð1 − 2λÞ∂Γi þ 3ð1 − 4λÞGi�ðwÞ

þ 1

ðz − wÞ
�
24iλð1 − 2λÞ∂2Γi

þ 8

3
ð1 − 4λÞ∂Gi þ 1

2
Φð2Þ;i

1
2

�
ðwÞ þ � � � : ð3:38Þ

Note that the weight-5
2
operator on the left-hand side is not a

quasiprimary operator, as mentioned before. Therefore, the
coefficients of the descendants in the above OPE are not
known in general. It turns out that according to the
realization of the βγ and bc ghost system, we obtain the
above result. If we use the quasiprimary weight-5

2
operator

Φ̃ð1Þ;i
3
2

, then the coefficient of theGi in the second order pole

is given by 8
3
ð1 − 4λÞ and others remain the same. The

contributions from the extra terms in the Φ̃ð1Þ;i
3
2

can be used

from (3.36). The first order pole in the above does not

change when we use the weight-5
2
operator Φð1Þ;i

3
2

or Φ̃ð1Þ;i
3
2

.
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After subtracting the descendants in the first order pole, we are left with a new quasiprimary operator which cannot be
written in terms of the previously known operators. It turns out that there are

Φð2Þ;1
1
2

¼−2×
�
1

2
ðQλ;11

5
2

þ i
ffiffiffi
2

p
Qλ;12

5
2

þ2i
ffiffiffi
2

p
Qλ;21

5
2

−2Qλ;22
5
2

þ2Q̄λ;11
5
2

þ2i
ffiffiffi
2

p
Q̄λ;12

5
2

þ i
ffiffiffi
2

p
Q̄λ;21

5
2

− Q̄λ;22
5
2

Þ
�
;

Φð2Þ;2
1
2

¼−2×
�
−
i
2
ðQλ;11

5
2

þ2i
ffiffiffi
2

p
Qλ;21

5
2

−2Qλ;22
5
2

þ2Q̄λ;11
5
2

þ2i
ffiffiffi
2

p
Q̄λ;12

5
2

− Q̄λ;22
5
2

Þ
�
;

Φð2Þ;3
1
2

¼−2×
�
−
i
2
ðQλ;11

5
2

þ i
ffiffiffi
2

p
Qλ;12

5
2

−2Qλ;22
5
2

þ2Q̄λ;11
5
2

þ i
ffiffiffi
2

p
Q̄λ;21

5
2

− Q̄λ;22
5
2

Þ
�
;

Φð2Þ;4
1
2

¼−2×
�
−
1

2
Qλ;11

5
2

−Qλ;22
5
2

þ Q̄λ;11
5
2

þ1

2
Q̄λ;22

5
2

�
: ð3:39Þ

We realize that this looks similar to the ones in (3.18) in the sense that we obtain the above expressions by increasing the
weight of the right-hand sides of (3.18) by one and multiplying the overall factor −2. At this moment, it is not clear how the

numerical factor 1
2
in the coefficient 1

2
of Φð2Þ;i

1
2

in the first order pole appears.

5. The OPE between the weight-3 operator and the weight-1 operator

By using the expression in (3.24), we obtain

Φð1Þ
2 ðzÞΦð1Þ

0 ðwÞ ¼ 1

ðz − wÞ4 ½4Nð1 − 12λþ 24λ2Þ� þ 1

ðz − wÞ3 ½32λð1 − 2λÞU�ðwÞ

þ 1

ðz − wÞ2
�
48λð1 − 2λÞ∂U þ 2

�
Φð2Þ

0 −
8

3
ð1 − 4λÞL

��
ðwÞ

þ 1

ðz − wÞ
�
32λð1 − 2λÞ∂2U þ 2

�
∂Φð2Þ

0 −
8

3
ð1 − 4λÞ∂L

��
ðwÞ þ � � � : ð3:40Þ

Similarly, for the quasiprimary weight-3 operator Φ̃ð1Þ
2 ðzÞ,

the corresponding OPE has the fourth order term as
−16Nλð1 − 2λÞ where the relation (3.35) is used and the
remaining singular terms remain the same as above. Again,
after subtracting the descendant in the second order
pole, there exists a new quasiprimary operator of
weight-2 which cannot be written in terms of previously
known operators.
It turns out that we obtain the lowest operator in

the second N ¼ 4 multiplet shifted by the stress energy
tensor

Φð2Þ
0 −

8

3
ð1 − 4λÞL ¼ −2 × ½4ðð1 − 2λÞðWλ;11

F;2 þWλ;22
F;2 Þ

− 2λðWλ;11
B;2 þWλ;22

B;2 ÞÞ�: ð3:41Þ

The structure of the right-hand side looks similar to the one
in (3.16), and we obtain the above expression by increasing
the weight of the right-hand side of (3.16) by one and
multiplying the overall factor of −2. Also it is not clear how

the numerical factor of 2 in front of the second terms in the
second order pole appears.14

6. The N = 4 supersymmetric OPE
in the N = 4 superspace

Now we would like to construct the single N ¼ 4
supersymmetric OPE in the N ¼ 4 superspace based on
the previous component results. The precise relations
between the components and its superfields can be sum-
marized by (3.13) and (3.33).
Then we eventually determine the following N ¼ 4

super OPE, after putting the above five fundamental OPEs
(3.35)–(3.40) into the corresponding singular terms in the
N ¼ 4 superspace

14We can write down the weight-2 operator from (3.41) as

Φð2Þ
0 ¼ −

16

3
ð1 − λÞðWλ;11

F;2 þWλ;22
F;2 Þ

þ 8

3
ð1þ 2λÞðWλ;11

B;2 þWλ;22
B;2 Þ: ð3:42Þ
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Φð1ÞðZ1ÞΦð1ÞðZ2Þ ¼
θ4−012

z412
4Nð1 − 12λþ 24λ2Þ þ θ4−i12

z312
½16λð1 − 2λÞDiJ�ðZ2Þ þ

θ4−012

z312
½32λð1 − 2λÞ∂J�ðZ2Þ þ

1

z212
2Nð1 − 4λÞ

þ θ4−ij12

z212

�
2ð1 − 4λÞ 1

2!
εijklDkDlJþ 1

2!
εijklεklmnDmDnJ

�
ðZ2Þ

þ θ4−i12

z212

�
32λð1 − 2λÞ∂DiJ − 3ð1 − 4λÞ

�
1

3!
εijklDjDkDlJ − ð1 − 4λÞ∂DiJ

��
ðZ2Þ

þ θ4−012

z212

�
48λð1 − 2λÞ∂2Jþ 2

�
Φð2Þ −

8

3
ð1 − 4λÞ

�
1

2

1

4!
εijklDiDjDkDlJ −

1

2
ð1 − 4λÞ∂2J

���
ðZ2Þ

þ θi12
z12

�
1

3!
εijklDjDkDlJþ ð1 − 4λÞ∂DiJ

�
ðZ2Þ

þ θ4−ij12

z12

�
2ð1 − 4λÞ 1

2!
εijkl∂DkDlJþ 1

2!
εijklεklmn

∂DmDnJ

�
ðZ2Þ

þ θ4−i12

z12

�
24λð1 − 2λÞ∂2DiJþ 1

2
DiΦð2Þ −

8

3
ð1 − 4λÞ

�
1

3!
εijkl∂DjDkDlJ − ð1 − 4λÞ∂2DiJ

��
ðZ2Þ

þ θ4−012

z12

�
32λð1 − 2λÞ∂3Jþ 2

�
∂Φð2Þ −

8

3
ð1 − 4λÞ

�
1

2

1

4!
εijkl∂DiDjDkDlJ −

1

2
ð1 − 4λÞ∂3J

���
ðZ2Þ

þ � � � : ð3:43Þ

The λ dependence appears as ð1 − 4λÞ or λð1 − 2λÞ except
the first central term of (3.43). We have checked that the
above OPE, except the two central terms appearing in the
first two lines of (3.43), is the same as the one [10] under
the large ðN; kÞ limit.
In Appendix C, we write down all the component OPEs

explicitly for convenience. Equivalently, all the OPEs in
(C1) can be obtained from (3.43) by acting on the various
superderivatives on both sides and putting the fermionic
coordinates to zero. In Appendix D, the five fundamental
OPEs in theN ¼ 4 coset model under the large ðN; kÞ limit
are given explicitly in (D1). We observe that the previous
OPEs (3.35)–(3.38) and (3.40) are identical to the ones in
(D1) together with λ ¼ 1

2
λco in footnote 4. Furthermore,

other OPEs appearing in (C1) are identified with the ones in
[10] we do not present in this paper.

F. The OPEs between the other N = 4 multiplets

From the defining equation [11,15,18] of

GiðzÞΦð2Þ
0 ðwÞ

���
1

ðz−wÞ
¼ −Φð2Þ;i

1
2

ðwÞ; ð3:44Þ

which is obtained from the relation (3.17) by changing the
weight properly, we can determine the quasiprimary
operators of weight-5

2
appearing in (3.39) by using (3.44).

By using the following defining equation [11]:

GiðzÞΦð2Þ;j
1
2

ðwÞ
���

1
ðz−wÞ

¼ −
�
δij∂Φð2Þ

0 −
1

2
εijklΦð2Þ;kl

1

�
ðwÞ;

ð3:45Þ

coming from (3.19), we obtain the weight-3 quasiprimary
operators, by taking two different indices in (3.45), as
follows:

Φð2Þ;12
1 ¼ −2 × ½2iWλ;11

B;3 −
ffiffiffi
2

p
Wλ;12

B;3 − 2iWλ;22
B;3 þ 2iWλ;11

F;3

− 2
ffiffiffi
2

p
Wλ;12

F;3 − 2iWλ;22
F;3 �;

Φð2Þ;13
1 ¼ −2 × ½−2iWλ;11

B;3 þ 4
ffiffiffi
2

p
Wλ;21

B;3 þ 2iWλ;22
B;3 − 2iWλ;11

F;3

þ 2
ffiffiffi
2

p
Wλ;21

F;3 þ 2iWλ;22
F;3 �;

Φð2Þ;14
1 ¼ −2 × ½2Wλ;11

B;3 þ i
ffiffiffi
2

p
Wλ;12

B;3 þ 4i
ffiffiffi
2

p
Wλ;21

B;3 − 2Wλ;22
B;3

− 2Wλ;11
F;3 − 2i

ffiffiffi
2

p
Wλ;12

F;3 − 2i
ffiffiffi
2

p
Wλ;21

F;3 þ 2Wλ;22
F;3 �;

Φð2Þ;23
1 ¼ −2 × ½−2Wλ;11

B;3 − i
ffiffiffi
2

p
Wλ;12

B;3 − 4i
ffiffiffi
2

p
Wλ;21

B;3

þ 2Wλ;22
B;3 − 2Wλ;11

F;3 − 2i
ffiffiffi
2

p
Wλ;12

F;3

− 2i
ffiffiffi
2

p
Wλ;21

F;3 þ 2Wλ;22
F;3 �;

Φð2Þ;24
1 ¼ −2 × ½−2iWλ;11

B;3 þ 4
ffiffiffi
2

p
Wλ;21

B;3 þ 2iWλ;22
B;3

þ 2iWλ;11
F;3 − 2

ffiffiffi
2

p
Wλ;21

F;3 − 2iWλ;22
F;3 �;

Φð2Þ;34
1 ¼ −2 × ½−2iWλ;11

B;3 þ
ffiffiffi
2

p
Wλ;12

B;3 þ 2iWλ;22
B;3 þ 2iWλ;11

F;3

− 2
ffiffiffi
2

p
Wλ;12

F;3 − 2iWλ;22
F;3 �: ð3:46Þ

From the defining equation [11] of

GiðzÞΦð2Þ;jk
1 ðwÞ

���
1

ðz−wÞ
¼ −½ðδijΦð2Þ;k

3
2

− δikΦð2Þ;j
3
2

Þ

þ εijkl∂Φð2Þ;l
1
2

�ðwÞ; ð3:47Þ
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which can be obtained from (3.21), we can determine the
following weight-7

2
quasiprimary operators by taking the

appropriate indices in (3.47):

Φ̃ð2Þ;1
3
2

≡Φð2Þ;1
3
2

−
1

5
ð1−4λÞ∂Φð2Þ;1

1
2

¼−2×
�
−
1

2
ðQλ;11

7
2

þ i
ffiffiffi
2

p
Qλ;12

7
2

þ2i
ffiffiffi
2

p
Qλ;21

7
2

−2Qλ;22
7
2

−2Q̄λ;11
7
2

−2i
ffiffiffi
2

p
Q̄λ;12

7
2

− i
ffiffiffi
2

p
Q̄λ;21

7
2

þQ̄λ;22
7
2

Þ
�
;

Φ̃ð2Þ;2
3
2

≡Φð2Þ;2
3
2

−
1

5
ð1−4λÞ∂Φð2Þ;2

1
2

¼−2×
�
i
2
ðQλ;11

7
2

þ2i
ffiffiffi
2

p
Qλ;21

7
2

−2Qλ;22
7
2

−2Q̄λ;11
7
2

−2i
ffiffiffi
2

p
Q̄λ;12

7
2

þQ̄λ;22
7
2

Þ
�
;

Φ̃ð2Þ;3
3
2

≡Φð2Þ;3
3
2

−
1

5
ð1−4λÞ∂Φð2Þ;3

1
2

¼−2×
�
i
2
ðQλ;11

7
2

þ i
ffiffiffi
2

p
Qλ;12

7
2

−2Qλ;22
7
2

−2Q̄λ;11
7
2

− i
ffiffiffi
2

p
Q̄λ;21

7
2

þQ̄λ;22
7
2

Þ
�
;

Φ̃ð2Þ;4
3
2

≡Φð2Þ;4
3
2

−
1

5
ð1−4λÞ∂Φð2Þ;4

1
2

¼−2×
�
1

2
ðQλ;11

7
2

þ2Qλ;22
7
2

þ2Q̄λ;11
7
2

þQ̄λ;22
7
2

Þ
�
: ð3:48Þ

Finally, by using the following defining equation [11]:

GiðzÞΦð2Þ;j
3
2

ðwÞ
���

1
ðz−wÞ

¼ −½∂Φð2Þ;ij
1 þ δijΦð2Þ

2 �ðwÞ; ð3:49Þ

which is obtained from (3.23), we obtain the weight-4
quasiprimary operator, by taking two equal indices in (3.49),

Φ̃ð2Þ
2 ≡Φð2Þ

2 −
1

5
ð1− 4λÞ∂2Φð2Þ

0

¼ −2× ½−2ðWλ;11
B;4 þWλ;22

B;4 þWλ;11
F;4 þWλ;22

F;4 Þ�: ð3:50Þ
Therefore, the second N ¼ 4 multiplet by considering

the super weight-2 in (3.32) is given by (3.42), (3.39),
(3.46), (3.48), and (3.50).
We can further analyze the OPEs between the next

N ¼ 4 multiplets. By using the previous relations (3.16),
(3.18), (3.20), (3.22), and (3.24) and the relation (3.42), the
OPEs between the N ¼ 4 stress energy tensor and the
secondN ¼ 4multiplet are given in Appendix E inN ¼ 4
superspace explicitly. The OPEs between the first and the
second N ¼ 4 multiplets can be obtained and are given in
Appendix F in N ¼ 4 superspace explicitly. Moreover, the
OPEs between the second N ¼ 4 multiplet and itself can
be determined, and they are given in Appendix G. Then we
can determine the third N ¼ 4 multiplet in (F2) and the
fourth N ¼ 4 multiplet in (G2). In Appendixes H–J, the
OPEs between theN ¼ 4 stress energy tensor and the third

N ¼ 4 multiplet, the OPEs between the N ¼ 4 stress
energy tensor and the fourth N ¼ 4 multiplet, and the
OPEs between the first N ¼ 4 multiplet and the third
N ¼ 4 multiplet are presented, respectively.

IV. CONCLUSIONS AND OUTLOOK

By using the βγ and bc ghost systems explicitly, we have
constructed the generators in the N ¼ 4 supersymmetric
linear W∞½λ� algebra: the N ¼ 4 stress energy tensor, the
firstN ¼ 4multiplet, and the secondN ¼ 4multiplet (and
the third and fourth N ¼ 4 multiplets). Moreover, their
algebras between these generators are determined, and in
particular, the OPEs between the first N ¼ 4 mutiplet and
itself are equivalent to the corresponding ones in theN ¼ 4
coset model under the large ðN; kÞ limit. Contrary to the
findings in [19], the modes of the currents in the present
results are not restricted to the wedges but can have any
integers or half integers because our construction is based
on the OPEs between the currents.
So far, we have considered the OPEs between theN ¼ 4

stress energy tensor and the firstN ¼ 4multiplet (and other
OPEs in Appendixes E–J). Then it is natural to ask what are
the OPEs between the h1th N ¼ 4 multiplet and the h2th
N ¼ 4multiplet for anyweights h1 and h2. In the analysis of
(G2), we can figure out the explicit form for the five kinds of
currents for general weight-h. The lowest component can be
obtained easily up to the overall normalization. The remain-
ing components can also be determined with the weight
dependent overall factors. Then the question is how we can
write down the OPEs between the currents appearing in (2.4)
for each component in terms of the λ dependent structure
constants introduced in [19]. Itwould be interesting to rewrite
all the structure constants obtained in this paper in terms of
previously known ones presented in [7]. This will give us
some hints to figure out their behaviors for generic weights.15

15For example, the structure constant appearing inWλ;āb
F;2 δbāðwÞ

of the OPE between Wλ;āb
F;4 δbāðzÞ and Wλ;āb

F;4 δbāðwÞ is given by
2048
5

ðλ − 1Þðλþ 1Þð2λ − 3Þð2λþ 3Þ around Eq. (3.18) in [7]. This
λ dependent function is related to p4;4

F;4ðm; n; λÞ appearing in that
paper. By realizing that we can extract Wλ;āb

F;4 δbā from the present

context and we have Wλ;āb
F;4 δbā ¼ 1

28
ð3þ 2λÞΦð2Þ

2 − 1
384

Φð4Þ
0 þ

1
140

ð3þ 2λÞð−1þ 4λÞ∂2Φð2Þ
0 , we can check that the sixth or-

der pole in the OPE between these three terms and itself
reproduces the above structure constant. Furthermore, by us-
ing the weight-4 current Wλ;āb

B;4 δbā ¼ 1
14
ð2 − λÞΦð2Þ

2 þ 1
384

Φð4Þ
0

− 1
70
ð−2þ λÞð−1þ 4λÞ∂2Φð2Þ

0 and the weight-3 current

Wλ;āb
B;3 δbā¼ 1

10
ð−3þ2λÞΦð1Þ

2 − 1
48
Φð3Þ

0 þ 1
30
ð−3þ2λÞð−1þ4λÞ∂2Φð1Þ

0 ,
we obtain the sixth order pole in the OPE between them, which is
equal to 512ðλ − 1Þλð2λ − 3Þð2λþ 1Þ. This structure constant
appears in Eq. (B.2) of [7] and is related to p4;3

B;4ðm; n; λÞ. In these
examples, the bifundamental indices are contracted with each
other. However, we should also obtain the OPEs between the
currents with free bifundamental indices for generic weights.
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Because the second N ¼ 4 multiplet from the free field
approach is not directly related to the correspondingN ¼ 4
multiplet from the coset fields in [10] (for example, the OPE

between theΦð1Þ
0 andΦð2Þ

0 in the former does not vanishwhile
that in the latter does vanish), it would be interesting to obtain
the correct second N ¼ 4 multiplet in the coset model at
finite ðN; kÞ as a first step.Note that according to the free field
approach in this paper, the currents (3.42), (3.39), (3.46),
(3.48), and (3.50) are the quasiprimary operators under the
stress energy tensor. We need to find out the correct basis
where the corresponding currents in theN ¼ 4 coset model
should reflect this quasiprimary condition at least by calcu-
lating all the nonlinear terms. After that, we also expect that
under the large ðN; kÞ limit, for example, the OPEs between
the firstN ¼ 4multiplet and the secondN ¼ 4multiplet in
the coset model will produce the ones in Appendix F.
In the context of celestial holography [20], we have seen

that the wedge subalgebra of w1þ∞ algebra [21] provides the
symmetries on the celestial sphere [22]. See also [23].
Moreover, the analysis for the N ¼ 1 supersymmetric
w1þ∞ algebra isobtained in [24,25]. In thepresent context, the
above w1þ∞ algebra is related to the OPEs between the
currentsWλ;āb

F;h δbā with the structure constants p
h1;h2
F;h ðm; n; λÞ

described in footnote 15. In the context of N ¼ 4 super-
symmetric linearW∞½λ� algebra, the currents of weight-h are
made of (1) the lowest current in the hth N ¼ 4 multiplet,
(2) the middle current in the (h − 1)thN ¼ 4 multiplet, and
(3) the highest current (and the lowest current with two
derivatives) in the (h − 2)th N ¼ 4 multiplet. It would be
interesting to observe whether the corresponding supersym-
metric Einstein-Yang-Mills theory at nonzero deformation
parameters λ (or q) reveals the OPEswe have obtained in this
paper or not.
In [2,3], the explicit representation of the corresponding

algebra is given by the differential operators in terms of
commuting parameters Λ�ðzÞ and anticommuting param-
eters Θ�ðzÞ.16 Under the symmetry generated by the
currents in this paper, the transformation of any fields
(or operators) is given by the following contour integrals
over z with the OPEs between the currents and the fields
(along the lines of [26])

δΛ�
āb
fðwÞ ¼ 1

2πi

I
Cw

dzΛ�
ābðzÞVðsÞ�

λ;āb ðzÞfðwÞ

≡
�
1

2πi

I
Cw

dzΛ�
ābðzÞVðsÞ�

λ;āb ðzÞ; fðwÞ
�
;

δΘ�
āb
fðwÞ ¼ 1

2πi

I
Cw

dzΘ�
ābðzÞQðsÞ�

λ;āb
ðzÞfðwÞ

≡
�
1

2πi

I
Cw

dzΘ�
ābðzÞQðsÞ�

λ;āb
ðzÞ; fðwÞ

�
; ð4:1Þ

where the contourCw surrounds the point z and there are no
summations over the indices ā and b on the right-hand sides
of (4.1). We can describe the corresponding (anti)commu-
tator relations between the “charges” and the fields.
By using the result of the following OPE:

VðsÞþ
λ;āb ðzÞβm̄cðwÞ¼δcā

Xs−1
i¼0

aiðs;λÞ
�
∂
s−1−i
z

1

ðz−wÞ
�
∂
iβm̄bðwÞ

þ���; ð4:2Þ

and substituting this (4.2) into (4.1), we obtain

δΛþ
āb
βm̄cðwÞ ¼

�
δcā

Xs−1
i¼0

aiðs; λÞð−1Þs−1−iðs − 1 − iÞ!

× ð∂s−1−iΛðsÞþ
āb ðwÞÞ∂i

�
βm̄cðwÞ: ð4:3Þ

This implies that we realize that there exist the correspond-
ing linear differential operators appearing inside the bracket
in (4.3). Therefore, the nontrivial differential operators

occur only when the first element ā of the currents VðsÞþ
λ;āb ðzÞ

and the second element c of the operators βm̄cðwÞ are equal
to each other.
Similarly, we use the above currents on the bj̄cðwÞ. From

the result of

VðsÞþ
λ;āb ðzÞbm̄cðwÞ ¼ δcā

Xs−1
i¼0

ai
�
s; λþ 1

2

��
∂
s−1−i
z

1

ðz − wÞ
�

× ∂
ibm̄bðwÞ þ � � � ; ð4:4Þ

we determine the following transformation with (4.4):

δΛþ
āb
bj̄cðwÞ ¼

�
δcā

Xs−1
i¼0

ai
�
s; λþ 1

2

�
ð−1Þs−1−iðs − 1 − iÞ!

× ð∂s−1−iΛðsÞþ
āb ðwÞÞ∂i

�
bj̄cðwÞ: ð4:5Þ

We observe that there exist the corresponding linear
differential operators appearing inside the brackets in (4.5).
Because of the multiple derivatives of βj̄bðwÞ in the

currents VðsÞþ
λ;āb ðzÞ, the next OPE is rather complicated and it

turns out that

VðsÞþ
λ;āb ðzÞγjc̄ðwÞ ¼ δbc̄

Xs−1
i¼0

aiðs;λÞð−1Þsi!
Xiþ1

t¼0

ðiþ 1− tÞs−1−i

×
1

t!
1

ðz−wÞs−t ∂
tγjāðwÞ þ � � � : ð4:6Þ

Note that there is a summation over t and its maximum
number is given by (iþ 1). There is also a summation
over i.

16We thank the referee for pointing out the questions raised in
the remaining paragraphs.
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Then we obtain the following result by using the relation (4.6):

δΛþ
āb
γjc̄ðwÞ ¼

�
δbc̄

Xs−1
i¼0

aiðs; λÞð−1Þsi!
Xiþ1

t¼0

ðiþ 1 − tÞs−1−i
1

t!
ð∂s−1−tΛðsÞþ

āb ðwÞÞ∂t
�
γjc̄ðwÞ: ð4:7Þ

There exist the corresponding linear differential operators with the double summations appearing inside the brackets
in (4.7).
Again, because of the multiple derivatives of bj̄bðwÞ in the currents VðsÞþ

λ;āb ðzÞ, the next OPE is complicated and it turns
out that

VðsÞþ
λ;āb ðzÞcjc̄ðwÞ ¼ δbc̄

Xs−1
i¼0

ai
�
s;λþ 1

2

�
ð−1Þsi!

Xiþ1

t¼0

ðiþ 1− tÞs−1−i
1

t!
1

ðz−wÞs−t ∂
tcjc̄ðwÞþ � � � : ð4:8Þ

The corresponding transformation, with the help of (4.8), can be written as

δΛþ
āb
cjc̄ðwÞ ¼

�
δbc̄

Xs−1
i¼0

ai
�
s; λþ 1

2

�
ð−1Þsi!

Xiþ1

t¼0

ðiþ 1 − tÞs−1−i
1

t!
ð∂s−1−tΛðsÞþ

āb ðwÞÞ∂t
�
cjc̄ðwÞ: ð4:9Þ

The corresponding linear differential operators with the double summations appearing inside the bracket in (4.9) occur.
Now we can consider the symmetry generated by fermionic currents, and they can be described as follows:

δΘþ
āb
βm̄cðwÞ ¼−

�
δcā

Xs−2
i¼0

βiðs;λÞð−1Þs−2−iðs− 2− iÞ!ð∂s−2−iΘðsÞþ
āb ðwÞÞ∂i

�
bm̄cðwÞ;

δΘþ
āb
bj̄cðwÞ ¼

�
δcā

Xs−1
i¼0

αiðs;λÞð−1Þs−1−iðs− 1− iÞ!ð∂s−1−iΘðsÞþ
āb ðwÞÞ∂i

�
βj̄cðwÞ;

δΘþ
āb
γjc̄ðwÞ ¼

�
δbc̄

Xs−1
i¼0

αiðs;λÞð−1Þsi!
Xiþ1

t¼0

ðiþ 1− tÞs−1−i
1

t!
ð∂s−1−tΘðsÞþ

āb ðwÞÞ∂t
�
cjc̄ðwÞ;

δΘþ
āb
cjc̄ðwÞ ¼

�
δbc̄

Xs−2
i¼0

βiðs;λÞð−1Þs−1i!
Xiþ1

t¼0

ðiþ 1− tÞs−2−i
1

t!
ð∂s−2−tΘðsÞþ

āb ðwÞÞ∂t
�
γjc̄ðwÞ: ð4:10Þ

Therefore, we have the transformations of the βγ and bc ghost systems under the bosonic and fermionic currents,
summarized by (4.3), (4.5), (4.7), (4.9), and (4.10).
Furthermore, for the remaining bosonic and fermionic currents, we can calculate the corresponding OPEs with the βγ and

bc ghost systems, and we summarize the following results:

δΛ−
āb
βm̄cðwÞ ¼ −

�
δcā

ðs − 1þ 2λÞ
ð2s − 1Þ

Xs−1
i¼0

aiðs; λÞð−1Þs−1−iðs − 1 − iÞ!ð∂s−1−iΛðsÞ−
āb ðwÞÞ∂i

�
βm̄cðwÞ;

δΛ−
āb
bj̄cðwÞ ¼

�
δcā

ðs − 2λÞ
ð2s − 1Þ

Xs−1
i¼0

ai
�
s; λþ 1

2

�
ð−1Þs−1−iðs − 1 − iÞ!ð∂s−1−iΛðsÞ−

āb ðwÞÞ∂i
�
bj̄cðwÞ;

δΛ−
āb
γjc̄ðwÞ ¼

�
δbc̄

ðs − 2λÞ
ð2s − 1Þ

Xs−1
i¼0

aiðs; λÞð−1Þsi!
Xiþ1

t¼0

ðiþ 1 − tÞs−1−i
1

t!
ð∂s−1−tΛðsÞ−

āb ðwÞÞ∂t
�
γjc̄ðwÞ;

δΛ−
āb
cjc̄ðwÞ ¼ −

�
δbc̄

ðs − 1þ 2λÞ
ð2s − 1Þ

Xs−1
i¼0

ai
�
s; λþ 1

2

�
ð−1Þsi!

Xiþ1

t¼0

ðiþ 1 − tÞs−1−i
1

t!
ð∂s−1−tΛðsÞ−

āb ðwÞÞ∂t
�
cjc̄ðwÞ;

δΘ−
āb
βm̄cðwÞ ¼

�
δcā

Xs−2
i¼0

βiðs; λÞð−1Þs−2−iðs − 2 − iÞ!ð∂s−2−iΘðsÞ−
āb ðwÞÞ∂i

�
bm̄cðwÞ;
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δΘ−
āb
bj̄cðwÞ ¼

�
δcā

Xs−1
i¼0

αiðs; λÞð−1Þs−1−iðs − 1 − iÞ!ð∂s−1−iΘðsÞ−
āb ðwÞÞ∂i

�
βj̄cðwÞ;

δΘ−
āb
γjc̄ðwÞ ¼

�
δbc̄

Xs−1
i¼0

αiðs; λÞð−1Þsi!
Xiþ1

t¼0

ðiþ 1 − tÞs−1−i
1

t!
ð∂s−1−tΘðsÞ−

āb ðwÞÞ∂t
�
cjc̄ðwÞ;

δΘ−
āb
cjc̄ðwÞ ¼ −

�
δbc̄

Xs−2
i¼0

βiðs; λÞð−1Þs−1i!
Xiþ1

t¼0

ðiþ 1 − tÞs−2−i
1

t!
ð∂s−2−tΘðsÞ−

āb ðwÞÞ∂t
�
γjc̄ðwÞ: ð4:11Þ

It is straightforward to obtain the corresponding transformations of the βγ and bc ghost systems for the N ¼ 4 currents
studied in this paper, by taking the linear combinations between the above results summarized in (4.3), (4.5), (4.7), and
(4.9)–(4.11).

ACKNOWLEDGMENTS

We thank M. H. Kim for the intensive discussions. This work was supported by a National Research Foundation of Korea
(NRF) grant funded by the Korean government (MSIT) (No. 2020R1F1A1066893).

APPENDIX A: THE OPES BETWEEN THE N = 4 STRESS ENERGY TENSOR AND ITSELF
IN THE COMPONENT APPROACH

For the previous result (3.14), the component results can be summarized by

LðzÞLðwÞ ¼ 1

ðz − wÞ4
�
1

2
c

�
þ 1

ðz − wÞ2 ½2L�ðwÞ þ
1

ðz − wÞ ½∂L�ðwÞ þ � � � ;

LðzÞGiðwÞ ¼ 1

ðz − wÞ2
�
3

2
Gi

�
ðwÞ þ 1

ðz − wÞ ½∂G
i�ðwÞ þ � � � ;

LðzÞTijðwÞ ¼ 1

ðz − wÞ2 ½T
ij�ðwÞ þ 1

ðz − wÞ ½∂T
ij�ðwÞ þ � � � ;

LðzÞΓiðwÞ ¼ 1

ðz − wÞ2
�
1

2
Γi

�
ðwÞ þ 1

ðz − wÞ ½∂Γ
i�ðwÞ þ � � � ;

LðzÞUðwÞ ¼ − 1
ðz − wÞ3 ½N� þ

1

ðz − wÞ2 ½U�ðwÞ þ 1

ðz − wÞ ½∂U�ðwÞ þ � � � ;

GiðzÞGjðwÞ ¼ 1

ðz − wÞ3
�
2

3
cδij

�
þ 1

ðz − wÞ2 ½−2iT
ij − ið1 − 4λÞεijklTkl�ðwÞ

þ 1

ðz − wÞ
�
2δijL − i∂Tij − i

1

2
ð1 − 4λÞεijkl∂Tkl

�
ðwÞ þ � � � ;

GiðzÞTjkðwÞ ¼ −
1

ðz − wÞ2 ½ε
ijklΓl þ ð1 − 4λÞðδikΓj − δijΓkÞ�ðwÞ

−
1

ðz − wÞ ½ε
ijkl

∂Γl þ ð1 − 4λÞðδik∂Γj − δij∂ΓkÞ þ iδikGj − iδijGk�ðwÞ þ � � � ;

GiðzÞΓjðwÞ ¼ − 1
ðz − wÞ2 ½iNδ

ij� þ 1

ðz − wÞ
�
−
1

2
εijklTkl þ i δijU

�
ðwÞ þ � � � ;

GiðzÞUðwÞ ¼ −
1

ðz − wÞ2 ½iΓ
i�ðwÞ − 1

ðz − wÞ ½i∂Γ
i�ðwÞ þ � � � ;

TijðzÞTklðwÞ ¼ 1

ðz − wÞ2 ½ε
ijklN� − 1

ðz − wÞ i½δ
ikTjl − δilTjk − δjkTil þ δjlTik�ðwÞ þ � � � ;

TijðzÞΓkðwÞ ¼ −
1

ðz − wÞ i½δ
ikΓj − δjkΓi�ðwÞ þ � � � : ðA1Þ
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Compared to the largeN ¼ 4 superconformal algebra [11,15], there are two additional central terms in the fifth and eighth
of (A1).17 Moreover, there are trivial OPEs ΓiðzÞΓjðwÞ and UðzÞUðwÞ. Finally, the central term of the OPE TijðzÞTklðwÞ
which is proportional to ðδikδjl − δilδjkÞ does not appear.

APPENDIX B: THE OPES BETWEEN THE N = 4 STRESS ENERGY TENSOR
AND THE FIRST N = 4 MULTIPLET IN THE COMPONENT APPROACH

We present the complete OPEs corresponding to (3.34) as follows:

LðzÞΦð1Þ
2 ðwÞ ¼ − 1

ðz − wÞ5 ½96Nλð1 − 2λÞ� þ 1

ðz − wÞ4 ½−6ð1 − 4λÞΦð1Þ
0 − 96λð1 − 2λÞU�ðwÞ

þ 1

ðz − wÞ3 ½2ð1 − 4λÞ∂Φð1Þ
0 �ðwÞ þ 1

ðz − wÞ2 ½3Φ
ð1Þ
2 �ðwÞ þ 1

ðz − wÞ ½∂Φ
ð1Þ
2 �ðwÞ þ � � � ;

LðzÞΦð1Þ;i
3
2

ðwÞ ¼ − 1
ðz − wÞ4 ½24iλð1 − 2λÞΓi�ðwÞ þ 1

ðz − wÞ3 ½ð1 − 4λÞΦð1Þ;i
1
2

�ðwÞ þ 1

ðz − wÞ2
�
5

2
Φð1Þ;i

3
2

�
ðwÞ

þ 1

ðz − wÞ ½∂Φ
ð1Þ;i
3
2

�ðwÞ þ � � � ;

LðzÞΦð1Þ;ij
1 ðwÞ ¼ 1

ðz − wÞ2 ½2Φ
ð1Þ;ij
1 �ðwÞ þ 1

ðz − wÞ ½∂Φ
ð1Þ;ij
1 �ðwÞ þ � � � ;

LðzÞΦð1Þ;i
1
2

ðwÞ ¼ 1

ðz − wÞ2
�
3

2
Φð1Þ;i

1
2

�
ðwÞ þ 1

ðz − wÞ ½∂Φ
ð1Þ;i
1
2

�ðwÞ þ � � � ;

LðzÞΦð1Þ
0 ðwÞ ¼ 1

ðz − wÞ2 ½Φ
ð1Þ
0 �ðwÞ þ 1

ðz − wÞ1 ½∂Φ
ð1Þ
0 �ðwÞ þ � � � ;

GiðzÞΦð1Þ
2 ðwÞ ¼ 1

ðz − wÞ4 ½48iλð1 − 2λÞΓi�ðwÞ þ 1

ðz − wÞ3 ½−48iλð1 − 2λÞ∂Γi − 6ð1 − 4λÞΦð1Þ;i
1
2

�ðwÞ

þ 1

ðz − wÞ2 ½−5Φ
ð1Þ;i
3
2

þ ð1 − 4λÞ∂Φð1Þ;i
1
2

�ðwÞ − 1

ðz − wÞ ½∂Φ
ð1Þ;i
3
2

�ðwÞ þ � � � ;

GiðzÞΦð1Þ;j
3
2

ðwÞ ¼ 1
ðz − wÞ4 ½48Nλð1 − 2λÞδij�

þ 1

ðz − wÞ3 ½48λð1 − 2λÞδijU − 8iλð1 − 2λÞεijklTkl þ 4ð1 − 4λÞδijΦð1Þ
0 �ðwÞ

−
1

ðz − wÞ2
�
4Φð1Þ;ij

1 þ 1

2
ð1 − 4λÞεijklΦð1Þ;kl

1 þ ð1 − 4λÞδij∂Φð1Þ
0

�
ðwÞ

−
1

ðz − wÞ ½∂Φ
ð1Þ;ij
1 þ δijΦð1Þ

2 �ðwÞ þ � � � ;

GiðzÞΦð1Þ;jk
1 ðwÞ ¼ 1

ðz − wÞ3 ½16iλð1 − 2λÞðδijΓk − δikΓjÞ�ðwÞ

þ 1

ðz − wÞ2 ½−ð1 − 4λÞðδijΦð1Þ;k
1
2

− δikΦð1Þ;j
1
2

Þ þ 3εijklΦð1Þ;l
1
2

�ðwÞ

þ 1

ðz − wÞ ½−ðδ
ijΦð1Þ;k

3
2

− δikΦð1Þ;j
3
2

Þ þ εijkl∂Φð1Þ;l
1
2

�ðwÞ þ � � � ;

GiðzÞΦð1Þ;j
1
2

ðwÞ ¼ −
1

ðz − wÞ2 ½2δ
ijΦð1Þ

0 �ðwÞ − 1

ðz − wÞ
�
δij∂Φð1Þ

0 −
1

2
εijklΦð1Þ;kl

1

�
ðwÞ þ � � � ;

GiðzÞΦð1Þ
0 ðwÞ ¼ −

1

ðz − wÞ ½Φ
ð1Þ;i
1
2

�ðwÞ þ � � � ;

17They are denoted by the typewriter fonts.
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TijðzÞΦð1Þ
2 ðwÞ ¼ 1

ðz − wÞ3 ½4ð1 − 4λÞTij − 2εijklTkl�ðwÞ

þ 1

ðz − wÞ2 ½−2ð1 − 4λÞ∂Tij þ εijkl∂Tkl þ 4iΦð1Þ;ij
1 �ðwÞ þ � � � ;

TijðzÞΦð1Þ;k
3
2

ðwÞ ¼ 1
ðz − wÞ3 ½−2ðδ

ikΓj − δjkΓiÞ þ 2ð1 − 4λÞεijklΓl�ðwÞ

þ 1

ðz − wÞ2 ½ð3 − 8λþ 16λ2Þðδik∂Γj − δjk∂ΓiÞ − 3ð1 − 4λÞεijkl∂Γl

− 3iεijklΦð1Þ;l
1
2

þið1 − 4λÞðδikGj − δjkGiÞ − iεijklGl�ðwÞ − 1

ðz − wÞ ½iδ
ikΦð1Þ;j

3
2

− iδjkΦð1Þ;i
3
2

�ðwÞ þ � � � ;

TijðzÞΦð1Þ;kl
1 ðwÞ ¼ 1

ðz − wÞ3 ½2Niδ
ikδjl − 2Niδilδjk − 2Nið1 − 4λÞεijkl�

þ 1

ðz − wÞ2
�
−2ið1 − 4λÞεijklU − 2iðδilδjk − δikδjlÞU

− ð1 − 4λÞðδikTjl − δilTjk − δjkTil þ δjlTikÞ

þ 1
2
ðδikεjlmn − δilεjkmn − δjkεilmn þ δjlεikmnÞTmn þ 2iεijklΦð1Þ

0

�
ðwÞ

−
1

ðz − wÞ ½iδ
ikΦð1Þ;jl

1 − iδilΦð1Þ;jk
1 − iδjkΦð1Þ;il

1 þ iδjlΦð1Þ;ik
1 �ðwÞ þ � � � ;

TijðzÞΦð1Þ;k
1
2

ðwÞ ¼ 1
ðz − wÞ2 ½ð1 − 4λÞðδikΓj − δjkΓiÞ − εijklΓl�ðwÞ þ 1

ðz − wÞ ½−iδ
ikΦð1Þ;j

1
2

þ iδjkΦð1Þ;i
1
2

�ðwÞ þ � � � ;

UðzÞΦð1Þ
2 ðwÞ ¼ 1

ðz − wÞ4 ½6Nð1 − 4λÞ� þ 1

ðz − wÞ3 ½−4Φ
ð1Þ
0 þ8ð1 − 4λÞU�ðwÞ

þ 1

ðz − wÞ2 ½2∂Φ
ð1Þ
0 −4ð1 − 4λÞ∂U − 8L�ðwÞ þ � � � ;

UðzÞΦð1Þ;i
3
2

ðwÞ ¼ 1
ðz − wÞ3 ½2ið1 − 4λÞΓi�ðwÞ þ 1

ðz − wÞ2 ½−3ið1 − 4λÞ∂Γi þΦð1Þ;i
1
2

þ3Gi�ðwÞ þ � � � ;

UðzÞΦð1Þ;ij
1 ðwÞ ¼ 1

ðz − wÞ2 ½2iT
ij�ðwÞ þ � � � ;

UðzÞΦð1Þ;i
1
2

ðwÞ ¼ − 1
ðz − wÞ2 ½iΓ

i�ðwÞ þ � � � ;

UðzÞΦð1Þ
0 ðwÞ ¼ 1

ðz − wÞ2 ½N� þ � � � ;

ΓiðzÞΦð1Þ
2 ðwÞ ¼ 1

ðz − wÞ3 ½2ð1 − 4λÞΓi�ðwÞ þ 1

ðz − wÞ2 ½−6ð1 − 4λÞ∂Γi − 3iΦð1Þ;i
1
2

− 3iGi�ðwÞ

þ 1

ðz − wÞ ½ð1 − 4λÞ∂2Γi þ i∂Φð1Þ;i
1
2

þ i∂Gi�ðwÞ þ � � � ;

ΓiðzÞΦð1Þ;j
3
2

ðwÞ ¼ − 1
ðz − wÞ3 ½2Nið1 − 4λÞδij�

þ 1

ðz − wÞ2
�
2Tij þ 2iδijΦð1Þ

0 −3ið1 − 4λÞδijU −
1
2
ð1 − 4λÞεijklTkl

�
ðwÞ

þ 1

ðz − wÞ
�
−∂Tij − iδij∂Φð1Þ

0 þið1 − 4λÞδij∂U −
1

2
iεijklΦð1Þ;kl

1 þ 2iδijL

�
ðwÞ þ � � � ;
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ΓiðzÞΦð1Þ;jk
1 ðwÞ ¼ 1

ðz − wÞ2 ½−ð1 − 4λÞðδikΓj − δijΓkÞ þ εijklΓl�ðwÞ

þ 1

ðz − wÞ ½ð1 − 4λÞðδik∂Γj − δij∂ΓkÞ − εijkl∂Γl − iδijΦð1Þ;k
1
2

þ iδikΦð1Þ;j
1
2

þiðδikGj − δijGkÞ�ðwÞ þ � � � ;

ΓiðzÞΦð1Þ;j
1
2

ðwÞ ¼ − 1
ðz − wÞ2 ½Niδ

ij� þ 1
ðz − wÞ

�
−iδijU −

1
2
εijklTkl

�
ðwÞ þ � � � ;

ΓiðzÞΦð1Þ
0 ðwÞ ¼ − 1

ðz − wÞ ½Γ
i�ðwÞ þ � � � : ðB1Þ

Compared to the N ¼ 4 primary condition [11] of the first N ¼ 4 multiplet, there are additional terms in (B1): either
central terms or the field contents of the N ¼ 4 stress energy tensor.18 In other words, the first N ¼ 4 multiplet is not
N ¼ 4 primary.

APPENDIX C: THE OPES BETWEEN THE FIRST N = 4 MULTIPLET
AND ITSELF IN THE COMPONENT APPROACH

As before, we list all the component results corresponding to (3.43) as follows, the details are given in the Ref. [27]:

Φð1Þ
0 ðzÞΦð1Þ

0 ðwÞ ¼ 1

ðz − wÞ2 ½2Nð1 − 4λÞ� þ � � � ;

Φð1Þ
0 ðzÞΦð1Þ;i

1
2

ðwÞ ¼ 1

ðz − wÞ ½G
i�ðwÞ þ � � � ;

Φð1Þ
0 ðzÞΦð1Þ;ij

1 ðwÞ ¼ 1

ðz − wÞ2 ½2ið1 − 4λÞTij þ iεijklTkl�ðwÞ þ � � � ;

Φð1Þ
0 ðzÞΦð1Þ;i

3
2

ðwÞ ¼ −
1

ðz − wÞ3 ½16iλð1 − 2λÞΓi�ðwÞ þ 1

ðz − wÞ2 ½3ð1 − 4λÞGi þ 16iλð1 − 2λÞ∂Γi�ðwÞ

þ 1

ðz − wÞ
�
1

3
ð1 − 4λÞ∂Gi −

1

2
Φð2Þ;i

1
2

�
ðwÞ þ � � � ;

Φð1Þ
0 ðzÞΦð1Þ

2 ðwÞ ¼ 1

ðz − wÞ4 ½4Nð1 − 12λþ 24λ2Þ� − 1

ðz − wÞ3 ½32λð1 − 2λÞU�ðwÞ

þ 1

ðz − wÞ2
�
2

�
Φð2Þ

0 −
8

3
ð1 − 4λÞL

�
þ 16λð1 − 2λÞ∂U

�
ðwÞ þ � � � ;

Φð1Þ;i
1
2

ðzÞΦð1Þ;j
1
2

ðwÞ ¼ −
1

ðz − wÞ3 ½4Nð1 − 4λÞδij� þ 1

ðz − wÞ2 ½2iT
ij þ ið1 − 4λÞεijklTkl�ðwÞ

þ 1

ðz − wÞ
�
−2δijLþ i∂Tij þ 1

2
ið1 − 4λÞεijkl∂Tkl

�
ðwÞ þ � � � ;

Φð1Þ;i
1
2

ðzÞΦð1Þ;jk
1 ðwÞ ¼ 1

ðz − wÞ3 ½16iλð1 − 2λÞðδijΓk − δikΓjÞ�ðwÞ þ 1

ðz − wÞ2 ½−ð1 − 4λÞðδijGk − δikGjÞ þ 3εijklGl�ðwÞ

þ 1

ðz − wÞ
�
δij

�
1

2
Φð2Þ;k

1
2

−
1

3
ð1 − 4λÞ∂Gk

�
− δik

�
1

2
Φð2Þ;j

1
2

−
1

3
ð1 − 4λÞ∂Gj

�
þ εijkl∂Gl

�
ðwÞ þ � � � ;

18They have the typewriter fonts.
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Φð1Þ;i
1
2

ðzÞΦð1Þ;j
3
2

ðwÞ ¼ −
1

ðz − wÞ4 ½4Nð1 − 12λþ 24λ2Þδij�

þ 1

ðz − wÞ3 ½16δ
ijλð1 − 2λÞU − 4ið1 − 4λÞTij − 2ið1þ 4λ − 8λ2ÞεijklTkl�ðwÞ

þ 1

ðz − wÞ2
�
ið1 − 4λÞ∂Tij þ 1

2
ið1 − 4λÞ2εijkl∂Tkl − 2δijΦð2Þ

0 −
2

3
ð1 − 4λÞL

�
ðwÞ

þ 1

ðz − wÞ
�
1

3
ið1 − 4λÞ∂2Tij þ 1

6
ið1 − 4λÞ2εijkl∂2Tkl

−
2

3
ð1 − 4λÞδij∂L −

1

2
δij∂Φð2Þ

0 þ 1

4
εijklΦð2Þ;kl

1

�
ðwÞ þ � � � ;

Φð1Þ;i
1
2

ðzÞΦð1Þ
2 ðwÞ ¼ 1

ðz − wÞ4 ½48iλð1 − 2λÞΓi�ðwÞ þ 1

ðz − wÞ3 ½−6ð1 − 4λÞGi − 48iλð1 − 2λÞ∂Γi�ðwÞ

þ 1

ðz − wÞ2
�
−
2

3
ð1 − 4λÞ∂Gi þ 5

2
Φð2Þ;i

1
2

�
ðwÞ þ 1

ðz − wÞ
�
−
1

3
ð1 − 4λÞ∂2Gi þ 1

2
∂Φð2Þ;i

1
2

�
ðwÞ þ � � � ;

Φð1Þ;ij
1 ðzÞΦð1Þ;kl

1 ðwÞ ¼ 1

ðz − wÞ4 ½−12Nð1 − 4λÞðδikδjl − δilδjkÞ þ 4Nð1 − 12λþ 24λ2Þεijkl�

þ 1

ðz − wÞ3 ½−4ið1þ 4λ − 8λ2Þ × ð−δikTjl þ δilTjk þ δjkTil − δjlTikÞ − 2ið1 − 4λÞ

× ð−δikεjlmn þ δilεjkmn þ δjkεilmn − δjlεikmnÞTmn�ðwÞ þ 1

ðz − wÞ2
�
−2ið1þ 4λ − 8λ2Þ

× ð−δik∂Tjl þ δil∂Tjk þ δjk∂Til − δjl∂TikÞ − ið1 − 4λÞ
× ð−δikεjlmn þ δilεjkmn þ δjkεilmn − δjlεikmnÞ∂Tmn − 8ðδikδjl − δilδjkÞLþ 2εijklΦð2Þ

0

þ 8

3
ð1 − 4λÞεijklL

�
ðwÞ þ 1

ðz − wÞ
�
−
2

3
ið1þ 4λ − 8λ2Þ

× ð−δik∂2Tjl þ δil∂2Tjk þ δjk∂2Til − δjl∂2TikÞ − i
1

3
ð1 − 4λÞ

× ð−δikεjlmn þ δilεjkmn þ δjkεilmn − δjlεikmnÞ∂2Tmn − 4ðδikδjl − δilδjkÞ∂Lþ εijkl∂Φð2Þ
0

þ 4

3
ð1 − 4λÞεijkl∂Lþ 1

2
ð−δikΦð2Þ;jl

1 þ δilΦð2Þ;jk
1 þ δjkΦð2Þ;il

1 − δjlΦð2Þ;ik
1 Þ

�
ðwÞ þ � � � ;

Φð1Þ;ij
1 ðzÞΦð1Þ;k

3
2

ðwÞ ¼ −
1

ðz − wÞ4 ½48iλð1 − 2λÞεijklΓl�ðwÞ þ 1

ðz − wÞ3 ½2ð5þ 8λ − 16λ2ÞðδikGj − δjkGiÞ

þ 2ð1 − 4λÞεijklGl − 16iλð1 − 2λÞð1 − 4λÞðδik∂Γj − δjk∂ΓiÞ�ðwÞ

þ 1

ðz − wÞ2
�
ð3 − 4λÞð1þ 4λÞðδik∂Gj − δjk∂GiÞ þ 5

3
ð1 − 4λÞεijkl∂Gl

− 8iλð1 − 2λÞð1 − 4λÞðδik∂2Γj − δjk∂2ΓiÞ − 5

2
εijklΦð2Þ;l

1
2

�
ðwÞ

þ 1

ðz − wÞ
�
2

3
ð1þ 4λ − 8λ2Þðδik∂2Gj − δjk∂2GiÞ þ 2

3
ð1 − 4λÞεijkl∂2Gl

−
8

3
iλð1 − 2λÞð1 − 4λÞðδik∂3Γj − δjk∂3ΓiÞ − εijkl∂Φð2Þ;l

1
2

−
1

2
ðδikΦð2Þ;j

3
2

− δjkΦð2Þ;i
3
2

Þ
�
ðwÞ þ � � � ;
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Φð1Þ;ij
1 ðzÞΦð1Þ

2 ðwÞ ¼ 1

ðz − wÞ4 ½−12ið1þ 8λ − 16λ2ÞTij − 6ið1 − 4λÞεijklTkl�ðwÞ

þ 1

ðz − wÞ3 ½4ið1 − 4λÞ2∂Tij þ 2ið1 − 4λÞεijkl∂Tkl�ðwÞ

þ 1

ðz − wÞ2 ½2ið1 − 4λÞ2∂2Tij þ ið1 − 4λÞεijkl∂2Tkl þ 3Φð2Þ;ij
1 �ðwÞ

þ 1

ðz − wÞ
�
2

3
ið1 − 4λÞ2∂3Tij þ 1

3
ið1 − 4λÞεijkl∂3Tkl þ ∂Φð2Þ;ij

1

�
ðwÞ þ � � � ;

Φð1Þ;i
3
2

ðzÞΦð1Þ;j
3
2

ðwÞ ¼ 1

ðz − wÞ5 ½48Nð1 − 4λÞδij� þ 1

ðz − wÞ4 ½−12ið1þ 8λ − 16λ2ÞTij − 6ið1 − 4λÞεijklTkl�ðwÞ

þ 1

ðz − wÞ3 ½−6ið1þ 8λ − 16λ2Þ∂Tij − 3ið1 − 4λÞεijkl∂Tkl þ 4ð9þ 8λ − 16λ2ÞδijL

þ 16λð1 − 2λÞð1 − 4λÞδij∂U�ðwÞ þ 1

ðz − wÞ2
�
−ið1þ 24λ − 48λ2Þ∂2Tij

−
1

2
ið1 − 4λÞεijkl∂2Tkl þ 2ð9þ 8λ − 16λ2Þ∂Lþ 8λð1 − 2λÞð1 − 4λÞδij∂2U þ 3Φð2Þ;ij

1

�
ðwÞ

þ 1

ðz − wÞ
�
−8iλð1 − 2λÞ∂3Tij þ 8

3
ð2 − 2λÞð1þ 2λÞ∂2L

þ 8

3
λð1 − 2λÞð1 − 4λÞδij∂3U þ 3

2
∂Φð2Þ;ij

1 þ 1

2
δijΦð2Þ

2

�
ðwÞ þ � � � ;

Φð1Þ;i
3
2

ðzÞΦð1Þ
2 ðwÞ ¼ 1

ðz − wÞ4 ½−6ð7þ 24λ − 48λ2ÞGi þ 144iλð1 − 2λÞð1 − 4λÞ∂Γi�ðwÞ

þ 1

ðz − wÞ3 ½−4ð3þ 16λ − 32λ2Þ∂Gi þ 64iλð1 − 2λÞð1 − 4λÞ∂2Γi�ðwÞ

þ 1

ðz − wÞ2
�
−
5

3
ð1þ 16λ − 32λ2Þ∂2Gi þ 80

3
iλð1 − 2λÞð1 − 4λÞ∂3Γi þ 7

2
Φð2Þ;i

3
2

�
ðwÞ

þ 1

ðz − wÞ
�
−8λð1 − 2λÞ∂3Gi þ 8iλð1 − 2λÞð1 − 4λÞ∂4Γi þ 3

2
∂Φð2Þ;i

3
2

�
ðwÞ þ � � � ;

Φð1Þ
2 ðzÞΦð1Þ

2 ðwÞ ¼ 1

ðz − wÞ6 ½240Nð1 − 4λÞ� þ 1

ðz − wÞ4 ½192ð1þ 2λ − 4λ2ÞLþ 192λð1 − 2λÞð1 − 4λÞ∂U�ðwÞ

þ 1

ðz − wÞ3 ½96ð1þ 2λ − 4λ2Þ∂Lþ 96λð1 − 2λÞð1 − 4λÞ∂2U�ðwÞ

þ 1

ðz − wÞ2
�
16

3
ð5þ 14λ − 28λ2Þ∂2Lþ 112

3
λð1 − 2λÞð1 − 4λÞ∂3U þ 4Φð2Þ

2

�
ðwÞ

þ 1

ðz − wÞ
�
16

3
ð1þ 4λ − 8λ2Þ∂3Lþ 32

3
λð1 − 2λÞð1 − 4λÞ∂4U þ 2∂Φð2Þ

2

�
ðwÞ þ � � � : ðC1Þ

Note that on the right-hand sides of (C1), the field contents of the N ¼ 4 stress energy tensor and the second N ¼ 4
multiplet appear which is manifest in (3.43).
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APPENDIX D: THE N = 4 COSET MODEL RESULTS UNDER THE LARGE ðN; kÞ LIMIT

We rewrite the previous results under the large ðN; kÞ limit in [10] as

Φð1Þ
0 ðzÞΦð1Þ

0 ðwÞ ¼ 1

ðz − wÞ2 2Nð1 − λcoÞ þ � � � ;

Φð1Þ;i
1
2

ðzÞΦð1Þ
0 ðwÞ ¼ −

1

ðz − wÞG
iðwÞ þ � � � ;

Φð1Þ;ij
1 ðzÞΦð1Þ

0 ðwÞ ¼ 1

ðz − wÞ2 ½2ið1 − 2λcoÞTij þ iεijklTkl�ðwÞ þ 1

ðz − wÞ ½2ið1 − 2λcoÞ∂Tij þ iεijkl∂Tkl�ðwÞ þ � � � ;

Φð1Þ;i
3
2

ðzÞΦð1Þ
0 ðwÞ ¼ 1

ðz − wÞ3 ½8iλcoð1 − λcoÞΓi�ðwÞ þ 1

ðz − wÞ2 ½16iλcoð1 − λcoÞ∂Γi þ 3ð1 − 2λcoÞGi�ðwÞ

þ 1

ðz − wÞ
�
12iλcoð1 − λcoÞ∂2Γi þ 8

3
ð1 − 2λcoÞ∂Gi þ 1

2
Φð2Þ;i

1
2

�
ðwÞ þ � � � ;

Φð1Þ
2 ðzÞΦð1Þ

0 ðwÞ ¼ 1

ðz − wÞ4 ½4Nð1 − λcoÞð1 − 2λcoÞ� þ
1

ðz − wÞ3 ½16λcoð1 − λcoÞU�ðwÞ

þ 1

ðz − wÞ2
�
24λcoð1 − λcoÞ∂U þ 2

�
Φð2Þ

0 −
8

3
ð1 − 2λcoÞL

��
ðwÞ

þ 1

ðz − wÞ
�
16λcoð1 − λcoÞ∂2U þ 2

�
∂Φð2Þ

0 −
8

3
ð1 − 2λcoÞ∂L

��
ðwÞ þ � � � : ðD1Þ

It is straightforward to express the OPE as in (3.43) in N ¼ 4 superspace.

APPENDIX E: THE OPES BETWEEN THE N = 4 STRESS ENERGY TENSOR
AND THE SECOND N = 4 MULTIPLET

We present the super OPE between the N ¼ 4 stress energy tensor and the second N ¼ 4 multiplet as follows:

JðZ1ÞΦð2ÞðZ2Þ ¼ −
θ4−012

z412
8Nð1 − 4λþ 8λ2Þ − 1

z212

4

3
Nð1 − 4λÞ þ θ4−i12

z312

16

3
ð1 − 2λþ 4λ2ÞDiJðZ2Þ −

θi12
z212

8

3
ð1 − 4λÞDiJðZ2Þ

þ θ4−012

z312

�
8ð1 − 4λÞΦð1Þ þ 16

3
ð1 − 4λÞ2∂J

�
ðZ2Þ þ

1

z12

�
4Φð1Þ −

8

3
ð1 − 4λÞ∂J

�
ðZ2Þ

þ θ4−ij12

z212

�
−
4

3
ð1 − 4λÞ 1

2!
εijklDkDlJ − 2εijkl

1

2
εklmnDmDnJ

�
ðZ2Þ

þ θ4−i12

z212

�
−
8

3
ð1 − 4λÞ2∂DiJþ 2ð1 − 4λÞDiΦð1Þ þ 2ð1 − 4λÞ

�
−

1

3!
εijklDjDkDlJ − ð1 − 4λÞ∂DiJ

��
ðZ2Þ

þ θi12
z12

�
8

3
ð1 − 4λÞ∂DiJþ 2DiΦð1Þ þ 2

�
−

1

3!
εijklDjDkDlJ − ð1 − 4λÞ∂DiJ

��
ðZ2Þ

þ θ4−012

z212
4Φð2ÞðZ2Þ þ

θ4−i12

z12
DiΦð2ÞðZ2Þ þ

θ4−012

z12
2∂Φð2ÞðZ2Þ þ � � � : ðE1Þ

Compared to the N ¼ 4 primary condition [11] for the second N ¼ 4 multiplet, there are additional terms except the last
line of (E1). The N ¼ 4 stress energy tensor and the first N ¼ 4 multiplet including their descendants appear in these
extra terms.
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APPENDIX F: THE OPES BETWEEN THE FIRST N = 4 MULTIPLET
AND THE SECOND N = 4 MULTIPLET

We describe the super OPE between the first N ¼ 4 multiplet and the second N ¼ 4 multiplet as follows:

Φð1ÞðZ1ÞΦð2ÞðZ2Þ ¼−
θ4−012

z512
½128Nλð1− 2λÞð1− 4λÞ�þ θ4−012

z412
½−32ð−1− 4λþ 8λ2ÞΦð1Þ− 64λð1− 2λÞð1− 4λÞ∂J�

þ θ4−i12

z412
½32λð1− 2λÞð1− 4λÞDiJ�ðZ2Þþ

θ4−i12

z312

�
64

3
ð1− λÞð1þ 2λÞDiΦð1Þ

�
ðZ2Þ

þ θi12
z312

½−32λð1− 2λÞDiJ�ðZ2Þþ
θ4−012

z312

�
128

3
ð1− λÞð1þ 2λÞ∂Φð1Þ

�
ðZ2Þþ

1

z312
½−32Nλð1− 2λÞ�

þ 1

z212

�
−
16

3
ð1− 4λÞΦð1Þ− 32λð1− 2λÞ∂J

�
ðZ2Þ

þ θ4−ij12

z212

�
−
8

3
ð1− 4λÞ1

2
εijklDkDlΦð1Þ − 4εijkl

1

2
εklmnDmDnΦð1Þ

�
ðZ2Þ

þ θ4−i12

z212

�
−
2

3
ð−23− 8λþ 16λ2Þ∂DiΦð1Þ−

10

3
ð1− 4λÞ 1

3!
εijklDjDkDlΦð1Þ

�
ðZ2Þ

þ θ4−012

z212

�
−

8

15
ð−41− 32λþ 64λ2Þ∂2Φð1Þ −

8

5
ð1− 4λÞ 1

4!
εijklDiDjDkDlΦð1Þ þΦð3Þ

�
ðZ2Þ

þ θi12
z12

�
−
2

3
ð1− 4λÞ∂DiΦð1Þ þ 2

1

3!
εijklDjDkDlΦð1Þ

�
ðZ2Þ

þ θ4−ij12

z12

�
−
4

3
ð1− 4λÞ1

2
εijkl∂DkDlΦð1Þ− 2εijkl

1

2
εklmn

∂DmDnΦð1Þ
�
ðZ2Þ

þ θ4−i12

z12

�
8

15
ð−11− 2λþ 4λ2Þ∂2DiΦð1Þ−

8

5
ð1− 4λÞ 1

3!
εijkl∂DjDkDlΦð1Þ þ 1

6
DiΦð3Þ

�
ðZ2Þ

þ θ4−012

z12

�
−
16

15
ð−7− 4λþ 8λ2Þ∂3Φð1Þ−

16

5
ð1− 4λÞ 1

4!
εijkl∂DiDjDkDlΦð1Þ þ 2

3
∂Φð3Þ

�
ðZ2Þþ � � � : ðF1Þ

On the right-hand sides of (F1), there are the N ¼ 4 stress energy tensor, the first N ¼ 4 multiplet, the third N ¼ 4
multiplet, as well as their descendants.
The third N ¼ 4 multiplet can be summarized by

Φð3Þ
0 ¼ −

48

5
ð−3þ 2λÞðWλ;11

F;3 þWλ;22
F;3 Þ −

96

5
ð1þ λÞðWλ;11

B;3 þWλ;22
B;3 Þ;

Φð3Þ;1
1
2

¼ ð−6Þð−2Þ ×
�
1

2
ðQλ;11

7
2

þ i
ffiffiffi
2

p
Qλ;12

7
2

þ 2i
ffiffiffi
2

p
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All of these in (F2) are quasiprimary under the stress energy tensor (3.1).

APPENDIX G: THE OPES BETWEEN THE SECOND N = 4 MULTIPLET AND ITSELF

We summarize the super OPE between the second N ¼ 4 multiplet and itself as follows:
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There exist the N ¼ 4 stress energy tensor, the second N ¼ 4 multiplet, the fourth N ¼ 4 multiplet, as well as their
descendants on the right-hand sides of (G1).
The fourth N ¼ 4 multiplet can be summarized by
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All of these are quasiprimary under the stress energy tensor
(3.1). The λ dependence in the weight-4 operator in (G2)
can be obtained from the factor ð4 − 2λÞ appearing inWλ;āa

B;4

and the factor ð3þ 2λÞ appearing in Wλ;āa
F;4 , respectively.

This implies that for the hth N ¼ 4 multiplet, the λ
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B;h , respectively. For the four

weight-ðhþ 1
2
Þ operators, we simply take ð−2hÞ � � �

ð−8Þð−6Þð−2Þmultiplied by the quantities inside the brack-
ets after we replace 9

2
with ðhþ 1

2
Þ. For the sixweight-(hþ 1)

operators, we simply take ð−2hÞ � � � ð−8Þð−6Þð−2Þ multi-
plied by the quantities inside the brackets after we replace 5
with (hþ 1). Similarly, for the four weight-ðhþ 3

2
Þ oper-

ators,we simply take ð−2hÞ � � � ð−8Þð−6Þð−2Þmultiplied by

the quantities inside the brackets after we replace 11
2
with

ðhþ 3
2
Þ. For the weight-(hþ 2) operator, we simply take

ð−2hÞ � � � ð−8Þð−6Þð−2Þ multiplied by the quantity inside
the bracket afterwe replace 6with (hþ 2). TheWλ;āb

F;h and the

Wλ;āb
B;h can be written in terms of ΦðhÞ

0 , Φðh−1Þ;ij
1 , and Φðh−2Þ

2 .

Similarly, the Qλ;āb
hþ1

2

and the Q̄λ;ab̄
hþ1

2

can be written in terms of

ΦðhÞ;i
1
2

and Φðh−1Þ;i
3
2

.

APPENDIX H: THE OPES BETWEEN THE
N = 4 STRESS ENERGY TENSOR

AND THE THIRD N = 4 MULTIPLET

The OPEs between the N ¼ 4 stress energy tensor and
the third N ¼ 4 multiplet can be described by

JðZ1ÞΦð3ÞðZ2Þ ¼ −
θ4−012

z512

�
−
1536

5
Nλð1 − 2λÞð1 − 4λÞ

�
þ 1

z312

�
−
192

15
Nð1 − 3λþ 6λ2Þ

�

þ θ4−i12

z412

�
1536

5
λð1 − 2λÞð1 − 4λÞDiJ

�
ðZ2Þ þ

θi12
z312

�
−
192

5
ð1 − 3λþ 6λ2ÞDiJ

�
ðZ2Þ

þ θ4−ij12

z312

�
192

5
ð1þ 2λ − 4λ2Þ 1

2!
εijklDkDlJ −

96

5
ð1 − 4λÞεijkl 1

2!
εklmnDmDnJ

�
ðZ2Þ

þ θ4−012

z412

�
1152

5
ð1þ 2λ − 4λ2ÞΦð1Þ −

1536

5
λð1 − 2λÞð1 − 4λÞ∂J

�
ðZ2Þ
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þ 1

z212

�
96

5
ð1 − 4λÞΦð1Þ −

192

5
ð1 − 3λþ 6λ2Þ∂J

�
ðZ2Þ

þ θ4−i12

z312

�
−
1536

5
λð1 − 2λÞð1 − 4λÞ∂DiJþ 576

5
ð1þ 2λ − 4λ2ÞDiΦð1Þ

þ 192λð1 − 2λÞ
�
−

1

3!
εijklDjDkDlJ − ð1 − 4λÞ∂DiJ

��
ðZ2Þ

þ θi12
z212

�
384

5
ð1 − 3λþ 6λ2Þ∂DiJ −

96

5
ð1 − 4λÞDiΦð1Þ

−
96

5
ð1 − 4λÞ

�
−

1

3!
εijklDjDkDlJ − ð1 − 4λÞ∂DiJ

��
ðZ2Þ

þ 1

z12

�
−
96

5
ð1 − 4λÞ∂Φð1Þ þ 192

5
ð1 − 3λþ 6λ2Þ∂2J

þ 64

5
ð1 − 4λÞ

�
1

2 · 4!
εijklDiDjDkDlJ −

1

2
ð1 − 4λÞ∂2J

�
þ 24Φð2Þ

�
ðZ2Þ

þ θ4−ij12

z212

�
−
96

5
ð1þ 2λ − 4λ2Þ 1

2!
εijkl∂DkDlJþ 48

5
ð1 − 4λÞεijkl 1

2!
εklmn

∂DmDnJ

−
48

5
ð1 − 4λÞ 1

2!
εijklDkDlΦð1Þ − 24εijkl

1

2!
εklmnDmDnΦð1Þ

�
ðZ2Þ

þ θi12
z12

�
−
96

5
ð1 − 3λþ 6λ2Þ∂2DiJþ 12

5
ð1 − 4λÞ∂DiΦð1Þ

þ 32

5
ð1 − 4λÞ

�
−
1

3!
εijkl∂DjDkDlJ − ð1 − 4λÞ∂2DiJ

�
þ 12

1

3!
εijklDjDkDlΦð1Þ − 6DiΦð2Þ

�
ðZ2Þ

þ θ4−012

z212
½6Φð3Þ�ðZ2Þ þ

θ4−i12

z12
½DiΦð3Þ�ðZ2Þ þ

θ4−012

z12
½2∂Φð3Þ�ðZ2Þ þ � � � : ðH1Þ

Except for the last three terms for the N ¼ 4 primary condition [11], the additional terms consisting of the N ¼ 4 stress
energy tensor, the first and the second N ¼ 4 multiplets (and their descendants) appear in (H1).

APPENDIX I: THE OPES BETWEEN THE N = 4 STRESS ENERGY TENSOR
AND THE FOURTH N = 4 MULTIPLET

The OPEs between the operators in (3.12) and the operators in (G2) can be summarized by

JðZ1ÞΦð4ÞðZ2Þ ¼
1

z412

�
−
3072

35
Nð1 − 4λÞð3 − 2λþ 4λ2Þ

�
þ θ4−012

z612

�
−
147456

7
Nλð1 − 2λÞð1 − λþ 2λ2Þ

�

þ θ4−i12

z512

�
147456

7
λð1 − 2λÞð1 − λþ 2λ2ÞDiJ

�
ðZ2Þ þ

θi12
z412

�
−
12288

35
ð1 − 4λÞð3 − 2λþ 4λ2ÞDiJ

�
ðZ2Þ

þ θ4−012

z512

�
49152

7
λð1 − 2λÞð1 − 4λÞΦð1Þ −

294912

7
λð1 − 2λÞð1 − λþ 2λ2Þ∂J

�
ðZ2Þ

þ θ4−ij12

z412

�
18432

35
ð1 − λÞð1þ 2λÞð1 − 4λÞ 1

2!
εijklDkDlJ −

9216

7
ð1 − λþ 2λ2Þεijkl 1

2!
εklmnDmDnJ

�
ðZ2Þ

þ 1

z312

�
6144

7
ð1 − λþ 2λ2ÞΦð1Þ −

12288

35
ð1 − 4λÞð3 − 2λþ 4λ2Þ∂J

�
ðZ2Þ
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þ θ4−i12

z412

�
−
294912

7
λð1− 2λÞð1− λþ 2λ2Þ∂DiJþ 24576

7
λð1− 2λÞð1− 4λÞDiΦð1Þ

−
36864

35
ð1− 4λÞð2− 3λþ 6λ2Þ

�
−
1

3!
εijklDjDkDlJ− ð1− 4λÞ∂DiJ

��
ðZ2Þ

þ θi12
z312

�
36864

35
ð1− 4λÞð3− 2λþ 4λ2Þ∂DiJ−

9216

7
ð1− λþ 2λ2ÞDiΦð1Þ

−
9216

7
ð1− λþ 2λ2Þ

�
−
1

3!
εijklDjDkDlJ− ð1− 4λÞDiJ

��
ðZ2Þ

þ θ4−012

z412

�
−
24576

7
λð1− 2λÞð1− 4λÞ∂Φð1Þ þ 147456

7
λð1− 2λÞð1− λþ 2λ2Þ∂2J

−
9216

7
ð−4− 3λþ 6λ2ÞΦð2Þ −

24576

35
ð1− 4λÞð2− 3λþ 6λ2Þ

×

�
1

2 · 4!
εijklDiDjDkDlJ−

1

2
ð1− 4λÞ∂2J

��
ðZ2

þ θ4−ij12

z312

�
−
18432

35
ð1− λÞð1þ 2λÞð1− 4λÞ 1

2!
εijkl∂DkDlJþ 9216

7
ð1− λþ 2λ2Þεijkl 1

2!
εklmn

∂DmDnJ

−
1536

7
ð−3− 4λþ 8λ2Þ 1

2!
εijklDkDlΦð1Þ −

2304

7
ð1− 4λÞεijkl 1

2!
εklmnDmDnΦð1Þ

�
ðZ2Þ

þ 1

z212

�
−
9216

7
ð1− λþ 2λ2Þ∂Φð1Þ þ 18432

35
ð1− 4λÞð3− 2λþ 4λ2Þ∂2J

þ 6144

7
ð1− λþ 2λ2Þ

�
1

2 · 4!
εijklDiDjDkDlJ−

1

2
ð1− 4λÞ∂2J

�
þ 1152

7
ð1− 4λÞΦð2Þ

�
ðZ2Þ

þ θ4−i12

z312

�
73728

7
λð1− 2λÞð1− λþ 2λ2Þ∂2DiJ−

4608

7
λð1− 2λÞð1− 4λÞ∂DiΦð1Þ

þ 12288

35
ð1− 4λÞð2− 3λþ 6λ2Þ

�
−
1

3!
εijkl∂DjDkDlJ− ð1− 4λÞ∂2DiJ

�

− 1536λð1− 2λÞ 1
3!
εijkl∂DjDkDlΦð1Þ −

2304

7
ð−4− 3λþ 6λ2ÞDiΦð2Þ

�
ðZ2Þ

þ θi12
z212

�
−
18432

35
ð1− 4λÞð3− 2λþ 4λ2Þ∂2DiJþ 384

7
ð15− 8λþ 16λ2Þ∂DiΦð1Þ

þ 6144

7
ð1− λþ 2λ2Þ

�
−
1

3!
εijkl∂DjDkDlJ− ð1− 4λÞ∂2DiJ

�
þ 1152

7
ð1− 4λÞ 1

3!
εijklDjDkDlΦð1Þ

−
576

7
ð1− 4λÞDiΦð2Þ

�
ðZ2Þ þ

θ4−ij12

z212

�
3072

35
ð1− λÞð1þ 2λÞð1− 4λÞ 1

2!
εijkl∂2DkDlJ

−
1536

7
ð1− λþ 2λ2Þεijkl 1

2!
εklmn

∂
2DmDnJþ 384

7
ð−3− 4λþ 8λ2Þ 1

2!
εijkl∂DkDlΦð1Þ

þ 576

7
ð1− 4λÞεijkl 1

2!
εklmn

∂DmDnΦð1Þ −
288

7
ð1− 4λÞ 1

2!
εijklDkDlΦð2Þ − 144εijkl

1

2!
εklmnDmDnΦð2Þ

�
ðZ2Þ

þ 1

z12

�
384

35
ð39− 32λþ 64λ2Þ∂2Φð1Þ −

6144

35
ð1− 4λÞð3− 2λþ 4λ2Þ∂3J

−
3072

7
ð1− λþ 2λ2Þ

�
1

2 · 4!
εijkl∂DiDjDkDlJ−

1

2
ð1− 4λÞ∂3J

�
−
576

7
ð1− 4λÞ∂Φð2Þ þ 48Φð3Þ

þ 1152

35
ð1− 4λÞ 1

4!
εijklDiDjDkDlΦð1Þ

�
ðZ2Þ
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þ θi12
z12

�
2048

35
ð1 − 4λÞð3 − 2λþ 4λ2Þ∂3DiJ −

384

35
ð9 − 2λþ 4λ2Þ∂2DiΦð1Þ

−
768

7
ð1 − λþ 2λ2Þ

�
−

1

3!
εijkl∂2DjDkDlJ − ð1 − 4λÞ∂3DiJ

�
−
1152

35
ð1 − 4λÞ 1

3!
εijkl∂DjDkDlΦð1Þ

þ 48

7
ð1 − 4λÞ∂DiΦð2Þ − 8DiΦð3Þ þ 48

1

3!
εijklDjDkDlΦð2Þ

�
ðZ2Þ þ

θ4−012

z212
½8Φð4Þ�ðZ2Þ

þ θ4−i12

z12
½DiΦð4Þ�ðZ2Þ þ

θ4−012

z12
½2∂Φð4Þ�ðZ2Þ þ � � � : ðI1Þ

Except for the last three terms for the N ¼ 4 primary condition [11], the additional terms consisting of the N ¼ 4 stress
energy tensor, the first, the second, and the thirdN ¼ 4multiplets (and their descendants) appear in (I1). We expect that the
OPEs between the N ¼ 4 stress energy tensor and the hth N ¼ 4 multiplet contain the first, the second, through the hth
N ¼ 4 multiplets.

APPENDIX J: THE OPES BETWEEN THE FIRST N = 4 MULTIPLET
AND THE THIRD N = 4 MULTIPLET

The OPEs between the operators in (3.32) and the operators in (F2) can be summarized by

Φð1ÞðZ1ÞΦð3ÞðZ2Þ ¼
1

z412

�
−
768

5
Nλð1 − 2λÞð1 − 4λÞ

�
þ θ4−012

z612
½3072Nλð−1þ 4λ − 8λ2 þ 8λ3Þ�

þ θ4−i12

z512

�
6144

5
λð1 − 2λÞð2 − λþ 2λ2ÞDiJ

�
ðZ2Þ þ

θi12
z412

�
−
1536

5
λð1 − 2λÞð1 − 4λÞDiJ

�
ðZ2Þ

þ θ4−012

z512

�
1536λð1 − 2λÞð1 − 4λÞΦð1Þ þ 6144

5
λð1 − 2λÞð1 − 4λÞ2∂J

�
ðZ2Þ

þ 1

z312

�
384λð1 − 2λÞΦð1Þ −

1536

5
λð1 − 2λÞð1 − 4λÞ∂J

�
ðZ2Þ

þ θ4−ij12

z412

�
−
384

5
ð1 − 4λÞð3þ 2λ − 4λ2Þ 1

2!
εijklDkDlJ

−
576

5
ð1þ 2λ − 4λ2Þεijkl 1

2!
εklmnDmDnJ

�
ðZ2Þ

þ θ4−i12

z412

�
−
1536

5
λð1 − 2λÞð1 − 4λÞ2∂DiJþ 192λð1 − 2λÞð1 − 4λÞDiΦð1Þ

þ 576

5
ð1 − 4λÞð1þ 2λ − 4λ2Þ

�
−

1

3!
εijklDjDkDlJ − ð1 − 4λÞ∂DiJ

��
ðZ2Þ

þ θi12
z312

�
1536

5
λð1 − 2λÞð1 − 4λÞ∂DiJ − 192λð1 − 2λÞDiΦð1Þ

−
576

5
ð1þ 2λ − 4λ2Þ

�
−

1

3!
εijklDjDkDlJ − ð1 − 4λÞ∂DiJ

��
ðZ2Þ

þ θ4−012

z412

�
−384λð1 − 2λÞð1 − 4λÞ∂Φð1Þ þ 1536

5
λð1 − 2λÞð1 − 4λÞ2∂2J

þ 768

5
ð1 − 4λÞð1þ 2λ − 4λ2Þ

�
1

2 · 4!
εijklDiDjDkDlJ −

1

2
ð1 − 4λÞ∂2J

�

þ 288

5
ð11þ 12λ − 24λ2ÞΦð2Þ

�
ðZ2Þ
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þ 1

z212

�
−192λð1 − 2λÞ∂Φð1Þ þ 768

5
λð1 − 2λÞð1 − 4λÞ∂2J − 144

5
ð1 − 4λÞΦð2Þ

−
384

5
ð−1 − 2λþ 4λ2Þ

�
1

2 · 4!
εijklDiDjDkDlJ −

1

2
ð1 − 4λÞ∂2J

��
ðZ2Þ

þ θ4−i12

z312

�
288

5
ð1þ λÞð3 − 2λÞDiΦð2Þ

�
ðZ2Þ

þ θ4−ij12

z212

�
−
36

5
ð1 − 4λÞ 1

2!
εijklDkDlΦð2Þ − 18εijkl

1

2!
εklmnDmDnΦð2Þ

�
ðZ2Þ

þ θ4−012

z312

�
576

5
ð1þ λÞð3 − 2λÞ∂Φð2Þ

�
ðZ2Þ

þ θ4−i12

z212

�
6

5
ð59þ 8λ − 16λ2Þ∂DiΦð2Þ −

42

5
ð1 − 4λÞ 1

3!
εijklDjDkDlΦð2Þ

�
ðZ2Þ

þ θi12
z12

�
−
6

5
ð1 − 4λÞ∂DiΦð2Þ þ 6

1

3!
εijklDjDkDlΦð2Þ

�
ðZ2Þ

þ θ4−012

z212

�
96

35
ð38þ 11λ − 22λ2Þ∂2Φð2Þ −

96

35
ð1 − 4λÞ 1

4!
εijklDiDjDkDlΦð2Þ þΦð4Þ

�
ðZ2Þ

þ θ4−ij12

z12

�
−
12

5
ð1 − 4λÞ 1

2!
εijkl∂DkDlΦð2Þ − 6εijkl

1

2!
εklmn

∂DmDnΦð2Þ
�
ðZ2Þ

þ θ4−i12

z12

�
48

35
ð13þ λ − 2λ2Þ∂2DiΦð2Þ −

96

35
ð1 − 4λÞ 1

3!
εijkl∂DjDkDlΦð2Þ þ 1

8
DiΦð4Þ

�
ðZ2Þ

þ θ4−012

z12

�
48

35
ð17þ 4λ − 8λ2Þ∂3Φð2Þ −

48

35
ð1 − 4λÞ 1

4!
εijkl∂DiDjDkDlΦð2Þ þ 1

2
∂Φð4Þ

�
ðZ2Þ þ � � � : ðJ1Þ

There are the N ¼ 4 stress energy tensor, the second and the fourth N ¼ 4 multiplets (and their descendants) in (J1).
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