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Recently, many geometric aspects ofN -extended anti–de Sitter supergravity in chiral variables have been
encountered and clarified. In particular, if the theory is supposed to be invariant under supersymmetry
transformations also on boundaries, the boundary term has to be the action of an OSpðN j2ÞC super Chern-
Simons theory, and particular boundary conditions must be met. Based on this, we propose a way to
calculate an entropy S for surfaces, presumably including black hole horizons, in the supersymmetric
version of loop quantum gravity for the minimal case N ¼ 1. It proceeds in analogy to the non-
supersymmetric theory, by calculating dimensions of quantum state spaces of the super Chern-Simons
theory with punctures, for a fixed quantum (super) area of the surface. We find S ¼ aH=4 for large areas and
determine the subleading correction. Because of the noncompactness of OSpð1j2ÞC and the corresponding
difficulties with the Chern-Simons quantum theory, we use analytic continuation from the Verlinde formula
for a compact real form, UOSpð1j2Þ, in analogy to work by Noui et al. This also entails studying some
properties of OSpð1j2ÞC representations that we have not found elsewhere in the literature.
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I. INTRODUCTION

Since there are indications that horizons can mean-
ingfully be assigned a thermodynamic entropy [1–3], the
challenge is to explain it as the von Neumann–type entropy
of a quantum description of the black hole. It has met with
some measure of success in string theory [entropy of
Bogomol’nyi-Prasad-Sommerfield (BPS) black holes, for
example [4,5] ] and loop quantum gravity (LQG) (entropy
of isolated horizons, for example [6–13]). Interestingly, the
two approaches are very different in nature, and the results
concern disjoint families of black holes. More precisely,
string theory studies the quantum theory of supersymmetric
(extremal) black hole solutions of a background geometry
corresponding, in a semiclassical limit, to a supergravity
theory with extended supersymmetry, whereas LQG, so far,
exclusively considers physical (nonextremal, nonsuper-
symmetric) black holes in D ¼ 4.
This is an unsatisfactory situation. Having both theories

describe the same objects would make it possible to
perhaps find closer links between the formalisms and give
an idea how to translate between the theories. At least it
would be possible to understand whether both theories
count the same physical states after all or not.
The current work starts to bridge the gap between string

theory and loop quantum gravity, by considering the
entropy of certain surfaces in supergravity, quantized with

methods from LQG. The theory we consider is N ¼ 1,
D ¼ 4 supergravity. This, we do with an eye toward
possible generalizations to include supergravity theories
with extended supersymmetry such as pure D ¼ 4, N ¼ 4
supergravity as studied in the context of string theory in the
pioneering work of Strominger and Vafa [4].
Consideration of the quantization of supergravity with

loop quantum gravity methods is also of independent
interest. Supergravity theories achieve a high degree of
unification between matter and forces, including gravity,
and are, therefore, of interest even though supersymmetric
particle multiplets have not yet been found. This is
especially so in the context of such a foundational endeavor
as quantum gravity. Quantization in a different, nonper-
turbative framework could have new properties such as
different supersymmetry-breaking patterns.
The idea of the present work is to calculate the entropy as

the log of the size of the space of quantum states of a super
Chern-Simons theory. This theory is constrained by the
surface area, and, hence, the entropy becomes area depen-
dent. The super Chern-Simons theory is a very interesting
point of contact between string theory and loop quantum
gravity, as this kind of boundary theory also naturally arises
in string theory by studying certain string and brane
configurations [14].
Since, in the present situation, the underlying structure

group of the super Chern-Simons theory is noncompact, the
quantum theory is not directly accessible. Rather, we start
from the state counting for a Chern-Simons theory with a
compact structure group and analytically continue the result
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in a particular way, following closely the procedure for the
nonsupersymmetric theory set out in Refs. [15,16]; see also
Ref. [17]. We find that

S ¼ aH
4l2p

þOð ffiffiffiffiffiffi
aH

p
=lpÞ; ð1Þ

where aH is the diffeomorphism and gauge-invariant
measure of area in the supergeometric setting.
The present work is not the first that is considering black

hole entropy in supergravity from a loop quantum gravity
perspective. We are using variables that were first proposed
in Ref. [18] and whose geometric meaning was recently
clarified in Refs. [19–21]. A super Chern-Simons theory as
a source of entropy was first considered in Ref. [6].
Supergravity with loop quantum gravity methods has also
been considered in Ref. [22] and using different variables in
Refs. [23–25]. Our treatment follows Refs. [6,18,22,26] in
keeping supersymmetry manifest, but it goes beyond it and
the other works by making use of a detailed geometric
analysis of the super Ashtekar connection and correspond-
ing boundary conditions. It is also the first that is based on a
detailed state counting in super Chern-Simons theory, as far
as we know. Moreover, this is the first time that the
Bekenstein-Hawking area law is derived and verified
within the supersymmetric setting.
Let us explain the setup and strategy. The quantum

theory is obtained from a canonical formulation of N ¼ 1,
D ¼ 4 supergravity in terms of a supersymmetric gener-
alization [18–21] of the (chiral) Ashtekar connection Aþ
which can be obtained from a Holst modification of the
MacDowell-Mansouri action [19,20]. The structure group
in this formulation is OSpð1j2Þ. We consider this theory in
the presence of a causal boundary of spacetime, playing the
role of the horizon. The requirement of local supersym-
metry also on the boundary uniquely fixes a supersym-
metric boundary term

SbdyðAþÞ¼ k
4π

Z
H
hAþ ∧ dAþþ1

3
Aþ ∧ ½Aþ ∧Aþ�i ð2Þ

that is given by an OSpð1j2Þ Chern-Simons theory and
boundary conditions

FðAþÞ
⇐

∝ E
⇐

ð3Þ

linking curvature and the super electric field on the
boundary. As in the nonsupersymmetric case, the idea is
to quantize the bulk and boundary separately and couple
them via the boundary condition. In this picture, field
excitations in the bulk couple to Chern-Simons defects in
the boundary theory. To flesh out this picture, we provide a
sketch of the bulk quantum theory (in fact, for N ¼ 1 and
2), including the definition of the graded holonomy-flux

algebra, supersymmetric generalizations of spin networks,
and the supersymmetric area operator.
OSpð1j2Þ is noncompact, however, so there are funda-

mental technical problems in defining the Hilbert space for
the bulk theory. This is very similar for the original
Ashtekar variables with structure group SLð2;CÞ. For
the entropy calculation, we therefore start from the
Chern-Simons theory of a compact real form of this group,
UOSpð1j2Þ, and use analytical continuation in the corre-
sponding Verlinde-type formula that is counting its states.
This procedure is a generalization of that employed in
Refs. [15,16].
We finally note that the present calculation is different

from the string theory one in some respects. Our calculation
here seems to apply to a large class of surfaces that carry
local supersymmetry, whereas in string theory a more
restrictive class of surfaces corresponding to BPS black
holes is considered. Fermionic degrees of freedom play no
direct role in that calculation. This is in contrast to our
situation in which fermionic degrees of freedom are taken
into account in the entropy calculation. That fermionic
degrees of freedom may, in fact, lead to interesting
consequences in the context of supersymmetric black holes
has been observed in Ref. [27], where it has been shown
that the supersymmetric black holes can carry a nontrivial
(fermionic) supercharge which may also contribute to the
first law of black hole mechanics.
Let us finish this introduction with a summary of the

structure of thework. InSec. II,webriefly review the classical
setting, including the supergravity action we use, boundary
terms and boundary conditions, the super-Ashtekar connec-
tion, and the resulting symplectic structure. In Sec. III A, we
sketch thequantumtheoryof thebulk, inparticular theprecise
definition of the graded holonomy-flux algebra, the possibil-
ities and issues in connectionwith the bulkHilbert space, and
the action of the super area operator. We also discuss the
boundary Chern-Simons theory and its coupling to the bulk
theory. In Sec. IV, we define and discuss a continuous family
of representations of UOSpð1j2Þ that is relevant for the
entropy calculation, as well as interesting in its own right.
Section V contains the determination of the size of the state
space of the UOSpð1j2Þk Chern-Simons theory in the limit of
large k and its analytic continuation and asymptotic analysis
for the physically relevant case. The entropy formula (1) is
established in that section. The article ends with a discussion
of the results and open questions. The appendixes deal with
super Chern-Simons theory (Appendix A) as well as the
relevant supergroups (Appendix B).

II. REVIEW: THE HOLST-MACDOWELL-
MANSOURI ACTION OF CHIRAL

SUPERGRAVITY

In this section, let us briefly review the Cartan geometric
description of pure anti–de Sitter (AdS) Holst supergravity
withN -extended supersymmetry withN ¼ 1, 2. For more
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details, we refer to Refs. [19–21] (see also Refs. [28,29]
using standard variables).
Pure AdS (Holst) supergravity can be described in terms

of a super Cartan geometry modeled on the super Klein
geometry ðOSpðN j4Þ;Spinþð1; 3Þ × SOðN ÞÞ with super
Cartan connection

A ¼ eIPI þ
1

2
ωIJMIJ þ

1

2
ÂrsTrs þ Ψα

rQr
α: ð4Þ

This connection can be used in order to formulate a Yang-
Mills-type action principle for Holst supergravity. To this
end, one introduces a β-deformed inner product h· ∧ ·iβ on
g≡ ospðN j4Þ-valued differential forms on the underlying
spacetime manifold M with β the Barbero-Immirzi param-
eter via

h· ∧ ·iβ∶Ω2ðM; gÞ × Ω2ðM; gÞ → Ω4ðMÞ; ð5Þ

ðω; ηÞ ↦ strðω ∧ PβηÞ ð6Þ

with “str” denoting the Ad-invariant supertrace on g and Pβ

a β-dependent operator on Ω2ðM; gÞ (the precise form of
this operator does not matter in what follows; for more
details, see Refs. [19,20]). Using this inner product, the so-
called Holst-MacDowell-Mansouri action of N -extended
pure AdS Holst supergravity takes the form

SβH-MMðAÞ ¼ L2

κ

Z
M
hFðAÞ ∧ FðAÞiβ ð7Þ

with FðAÞ the Cartan curvature of the super Cartan
connection A.
In the chiral limit of the theory corresponding to an

imaginary β ¼ −i, the Holst-MacDowell-Mansouri action
(7) becomes manifestly invariant under an enlarged
OspðN j2ÞC-gauge symmetry. In fact, in this limit, it
follows that the operator P−i decomposes as P−i ¼ P̃−i ∘
PospðN j2Þ with PospðN j2Þ∶ospðN j4Þ → ospðN j2ÞC the pro-
jection operator onto the (complexified) chiral subsuper-
algebra ospðN j2ÞC of g. Applying this operator on the
super Cartan connection (4), this yields the super Ashtekar
connection

Aþ ≔ PospðN j2ÞA ¼ AþiTþ
i þ ψA

r Qr
A þ 1

2
ÂrsTrs: ð8Þ

Using this connection, it then follows that the Holst-
MacDowell-Mansouri action in the chiral limit takes the
intriguing form

Sβ¼−i
H-MMðAÞ ¼ i

κ

Z
M
hFðAþÞ ∧ Ei þ 1

4L2
hE ∧ Ei

þ SbdyðAþÞ ð9Þ

with E the super electric field canonically conjugate to the
super Ashtekar connection Aþ and transforming under the
adjoint representation of OSpðN j2ÞC. The boundary action
SbdyðAþÞ of the theory is given by

SbdyðAþÞ≡SCSðAþÞ

¼ k
4π

Z
H
hAþ ∧ dAþþ1

3
Aþ ∧ ½Aþ ∧Aþ�i ð10Þ

with H ≔ ∂M and, thus, in particular, corresponds to the
action of an OSpðN j2ÞC super Chern-Simons theory with
(complex) Chern-Simons level k¼i4πL2=κ¼−i12π=κΛcos.
As discussed in detail in Refs. [19,20], this boundary action
arising fromEq. (7) in the chiral limit is indeed unique if one
imposes supersymmetry invariance at the boundary (see also
Refs. [28,29]).
The decomposition of Eq. (9) into a bulk and boundary

action leads to an additional boundary condition coupling
bulk and boundary degrees of freedom in order to ensure
consistency with the equations of motion of the full theory.
This boundary condition is given by

FðAþÞ
⇐

¼ −
1

2L2
E
⇐
; ð11Þ

where the arrow denotes the pullback of the respective
fields to the boundary. This condition will play a prominent
role in the construction of the quantum theory of the full
theory to be discussed in Sec. III D.
Let us finally discuss some central aspects of the

canonical description of the theory. The graded symplectic
phase space of the canonical theory is generated by the

canonically conjugate variables ðAþA
a ; Ea

BÞ with AA
a the

coefficients of the super Ashtekar connection with respect
to a homogeneous basis ðTAÞA of ospðN j2ÞC and pulled
back to the three-dimensional Cauchy slices Σ of the
globally hyperbolic spacetime manifold M ¼ R × Σ. The
canonically conjugate momentum Ea

A is defined in terms of
the super electric field E via

Ea
A ≔

1

2
ϵabcS BAE

B
bc ð12Þ

with S AB ≔ hTA; TBi. The presymplectic structure of the
full theory including bulk and boundary degrees of freedom
takes the form

ΩΣðδ1; δ2Þ ¼
2i
κ

Z
Σ
hδ½1Aþ ∧ δ2�Ei

−
k
2π

Z
Δ
hδ½1Aþ ∧ δ2�Aþi: ð13Þ

From Eq. (13), it follows that the canonically conjugate
variables indeed satisfy the graded Poisson relations
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fEa
AðxÞ;AB

b ðyÞg ¼ iκδabδ
B
Aδ

ð3Þðx; yÞ ð14Þ

∀ x; y ∈ Σ. In case of a nontrivial boundary, in order to
account for functional differentiability, it follows immedi-
ately from Eq. (9) that the Gauss constraint is given by

G½α� ¼ −
i
κ

Z
Σ
hE ∧ DðAþÞαi þ i

κ

Z
Δ
hE; αi ð15Þ

with α some arbitrary smooth ospðN j2ÞC-valued smearing
function defined on Σ and Δ defined as Δ ≔ Σ ∩ H. Using
Eq. (14), one deduces that the Gauss constraint satisfies the
graded Poisson relations fG½α�;G½β�g ¼ G½½α; β�� and,
therefore, generates local OSpðN j2ÞC gauge transforma-
tions on phase space.
The boundary condition implies that the presymplectic

structure ΩΣ of the full theory is conserved, i.e., indepen-
dent of the choice of a Cauchy hypersurface. To see this, let
Σi for i ¼ 1, 2 be two Cauchy hypersurfaces and B ⊂ H be
a subset of the boundary enclosed by Σ1 and Σ2. Then,
since on shell the presymplectic current of the bulk
presymplectic structure defines a closed 2-form on field
space [30], by Stokes’ theorem, it follows that

ΩΣ2
ðδ1; δ2Þ −ΩΣ1

ðδ1; δ2Þ

¼ −
2i
κ

Z
B
hδ½1Aþ ∧ δ2�Ei −

2iL2

κ

Z
Δ2

hδ½1Aþ ∧ δ2�Aþi

þ 2iL2

κ

Z
Δ1

hδ½1Aþ ∧ δ2�Aþi ð16Þ

with Δi ≔ Σi ∩ H for i ¼ 1, 2. According to boundary
condition (11), the variation of the super electric
field E on B is given by δEjB ¼ −2L2δFðAþÞjB ¼
−2L2DðAþÞδAþjB. Hence, this implies that first term on
the right-hand side of Eq. (16) can be written as

−
2i
κ

Z
B
hδ½1Aþ ∧ δ2�Ei ¼

2iL2

κ

Z
B
dhδ½1Aþ ∧ δ2�Aþi

¼ 2iL2

κ

Z
Δ2

hδ½1Aþ ∧ δ2�Aþi

−
2iL2

κ

Z
Δ1

hδ½1Aþ ∧ δ2�Aþi:

ð17Þ

Thus, when inserted back into Eq. (16), it follows immedi-
ately that the individual terms on the right-hand side cancel
exactly, finally proving that, on shell, ΩΣ2

ðδ1; δ2Þ ¼
ΩΣ1

ðδ1; δ2Þ; that is, the presymplectic structure of the full
theory is indeed conserved.

III. QUANTUM THEORY

According to the discussion in the previous section, in
the chiral limit, the phase space of AdS Holst supergravity
turns out to be a graded generalization of the purely bosonic
theory. Hence, this suggests to canonically quantize the
theory adapting and generalizing tools from standard LQG.
In the following sections, let us illustrate the construction of
the so-called graded holonomy-flux algebra as well as the
quantum theory corresponding to a representation of this
superalgebra on a super Hilbert space. For more details
including a mathematically consistent analysis using the
concept of enriched categories which takes into account the
proper implementation of the anticommutative nature of
fermionic fields, we refer to Ref. [19].

A. The graded holonomy-flux algebra

The super Ashtekar connection defines a superconnec-
tion 1-form on an associated G ≔ OSpðN j2ÞC bundle.
Hence, it follows that Aþ induces holonomies, i.e., parallel
transport maps1 he½Aþ� ∈ G along one-dimensional paths e
embedded in Σ. For any two composable smooth paths e, e0
embedded in Σ, the holonomy satisfies

he∘e0 ½Aþ� ¼ he0 ½Aþ� ∘ he½Aþ�: ð18Þ

Hence, the holonomy induces a contravariant functor

H∶PðΣÞ → G; e ↦ he½Aþ� ð19Þ

from the path groupoid PðΣÞ to the gauge groupoid G with
points in Σ as objects and arrows x → y between points
x; y ∈ Σ labeled by group elements g ∈ G.
As is common in LQG, for the construction of the

classical algebra, in the following, we consider the whole
set2 HomCatðPðΣÞop;GÞ, that is, the set of all contravariant
functorsH∶PðΣÞ → G from the path groupoid to the gauge
groupoid G. That is, we do not restrict to those functors
arising from the parallel transport map of a smooth super-
connection 1-form. For this reason, we will also refer to
such a functor H as a generalized superconnection. Next,

1In fact, in order to consistently incorporate the anticommu-
tative nature of a fermionic field, it turns out that one actually has
to work in an enriched category of supermanifolds. As a result, it
follows that the fields are parametrized by an additional para-
metrizing supermanifold S. Hence, as a consequence, this implies
that holonomies have to be interpreted as S points, i.e., mor-
phisms he½Aþ�∶S → G, which, in turn, can be regarded as group
elements of a generalized super Lie group GðSÞ (see Ref, [19] for
more details).

2Here,Cat denotes the category of small categorieswith small
categories C as objects and covariant functors F∶C → D between
small categories as morphisms, where a category C is called small
if the collection of objects ObðCÞ defines a set. This category can
be even lifted to a 2-category regarding natural transformations
η∶F → G between functors as 2-morphisms.
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we are looking for a different description of the set of
generalized superconnections on the whole path groupoid
PðΣÞ in terms of subsets defined on subgroupoids lðγÞ
generated by finite graphs γ. The collection L of all such
subgroupoids l forms a partially ordered set L≡ ðL;≤Þ,
where l ≤ l0 for any l; l0 ∈ L iff l is a subgroupoid of l0. In
the following, let us assume that L is directed, i.e.,
∀ l; l0 ∈ L, there exists l00 ∈ L such that l; l0 ≤ l00. For this
to be true, similarly as in Refs. [31,32], one probably needs
to work in a semianalytic category of supermanifolds (see
Remark 5.5.1 in Ref. [19]).
As in the purely bosonic theory, it follows that contra-

variant functors H∶PðΣÞ → G defined on the whole path
groupoid PðΣÞ can equivalently be described in terms of
their restrictions Hjl on subgroupoids l ∈ L. As explained
in detail in Ref. [19], this also enables one to equip this set
with a topology which, under certain assumptions on the
gauge group G, turns out to be projectively Hausdorff. For
this, for any l ∈ L, we define

Al ≔ HomCatðlop;GÞ: ð20Þ

It is clear that a contravariant functor H on a subgroupoid
l≡ lðγÞ generated by a graph γ is uniquely determined by
its images ðHðeiÞÞi¼1;…;n of the underlying edges ei.
Hence, this yields a bijection

Al →
∼
GjEðγÞj; H ↦ ðHðe1Þ;…; HðenÞÞ: ð21Þ

For any l; l0 ∈ L with l ≤ l0, one has a surjective mapping

pll0∶Al0 → Al ð22Þ

by simply restricting functors defined on l0 to the sub-
groupoid l. In this way, one obtains a projective family
ðAl; pll0 Þl;l0∈L to which one can associate the corresponding
projective limit

Ā≔ lim
←
Al

≔
�
ðHlÞl∈L ∈

Y
l∈L

AS;ljpll0 ðHl0 Þ ¼Hl ∀ l ≤ l0
�
; ð23Þ

which, as explained in Ref. [19], intriguingly carries the
structure of a Molotkov-Sachse-type supermanifold. One
can then prove that, via restriction of functors, this, in fact,
yields a bijection

HomCatðPðΣÞop;GÞ→∼ Ā; H → ðHjlÞl∈L: ð24Þ

Using the identification (21), for any l≡ lðγÞ ∈ L, let us
introduce a set of smooth functions on Al denoted by
Cyl∞ðAlÞ such that

Cyl∞ðAlÞ ≅ H∞ðGjEðγÞj;CÞ ≅ H∞ðG;CÞ⊗̂π jEðγÞj; ð25Þ

where H∞ðG;CÞ ≔ H∞ðGÞ ⊗ C is the super vector space
of supersmooth functions on G. Then, for any l; l0 ∈ L with
l ≤ l0, the pullback of the projection (22) induces a map
p�
ll0∶Cyl

∞ðAlÞ → Cyl∞ðAl0 Þ. Thus, this, in turn, induces an
inductive family ðCyl∞ðAlÞ; p�

ll0 Þl;l0∈L to which we can
associate the corresponding inductive limit

Cyl∞ðĀÞ ≔ lim
→

Cyl∞ðAlÞ ≔ ∐
l∈L

Cyl∞ðAlÞ=∼; ð26Þ

which we will call the space of cylindrical functions on Ā.
In Eq. (26), for two functions fl ∈ Cyl∞ðAlÞ and
fl0 ∈ Cyl∞ðAl0 Þ, the equivalence relation is defined via
fl ∼ fl0 iff there exists l; l0 ≤ l00 such that p�

ll00fl ¼ p�
l0l00fl0 .

Next, let us turn to the dual dynamical variables given by
the super electric field E. Since it defines a 2-form, one can
smear it over two-dimensional surfaces embedded in Σ.
Hence, let S ⊂ Σ be a two-dimensional orientable sub-
manifold which, in addition, we assume to be semianalytic
and n∶S → g be a g-valued smearing function defined on S.
Then, we can integrate the super electric field over S
yielding the Grassmann-valued quantity

EnðSÞ ≔
Z
S
hn; Ei; ð27Þ

which, with respect to a local coordinate neighborhood
ϕ∶R3 ⊃ U → ϕðUÞ ⊂ Σ of Σ adapted to S such that, for the
sake of simplicity, S ⊂ ϕðUÞ, explicitly takes the form

EnðSÞ ¼
Z
U
ϕ�hn; Ei ¼

Z
U

1

2
nAS BAE

B
abdϕ

a ∧ dϕb

¼
Z
U
d2u

1

2
nAEc

Aϵcab∂u1ϕ
a
∂u2ϕ

b: ð28Þ

Via the graded Poisson bracket, it follows that the smeared
quantities EnðSÞ induce derivations XðSÞ∶Cyl∞ðĀÞ →
Cyl∞ðĀÞ on the space of cylindrical functions which we
will call superelectric fluxes. On superholonomies he½Aþ�,
their action is given by

XnðSÞðhe½A�Þ ≔ fEnðSÞ; he½A�g: ð29Þ

As demonstrated in Ref. [19], from Eq. (29) it follows that,
for the action of XnðSÞ on cylindrical functions fl ∈
Cyl∞ðĀlÞ associated to a subgroupoid l≡ lðγÞ generated
by a graph γ adapted to S, this yields

XnðSÞðflÞ ¼
iκ
4

X
e∈EðγÞ;e∩S≠∅

ϵðe; SÞnAðbðeÞÞRe
Afl; ð30Þ

where we used the identification Al ≅ GjEðγÞj such that Re
A

denotes the right-invariant vector field generated by TA

acting on the copy of G labeled by e [31]. From identity
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(30), one deduces the remarkable property that, for a given
graph γ in Σ generating the subgroupoid l≡ lðγÞ, super-
electric fluxes corresponding to surfaces S which intersect
the underlying edges only at their end points leave the
space Cyl∞ðAlÞ of cylindrical functions on Al invariant.
Hence, if V∞ðAlÞ denotes the superalgebra generated by
the graded commutator of all such superelectric flux
operators, on this graph, we can define the graded
holonomy-flux algebra AgHF

l via

AgHF
l ≔ Cyl∞ðAlÞ⋊V∞ðAlÞ; ð31Þ

which, in particular, forms a (infinite-dimensional) super
Lie algebra according to

½ðf; XÞ; ðf0; YÞ� ≔ ðXðf0Þ − ð−1ÞjYjjfjYðfÞ; ½X; Y�Þ ð32Þ

for any f; f0 ∈ Cyl∞ðAlÞ and fluxes X; Y ∈ V∞ðAlÞ. Here,
the parity jXj of a homogeneous superelectric flux X is
defined in the usual way regarding it as a homogeneous
derivation on Cyl∞ðAlÞ. Thus, for instance, in the case X ≡
XnðSÞ with XnðSÞ defined via Eq. (30), one has jXj ¼ jnj
with jnj≕ i ∈ Z2 the parity of the homogeneous smearing
function n∶S → gi.
More generally, considering all possible graphs, we

define the graded holonomy-flux algebra AgHF via

AgHF ≔ Cyl∞ðĀÞ⋊V∞ðĀÞ ð33Þ

with V∞ðĀÞ the superalgebra generated by the graded
commutator of superelectric fluxes on the inductive limit
Cyl∞ðĀÞ. Again, it follows that Eq. (33) forms a super Lie
algebra. In the context of the nonsupersymmetric theory,
this algebra is usually considered for quantization.
So far, we have not imposed any * relation on the

superalgebras (33) [respectively, (32)] so that they form *
algebras. This is, however, necessary in order to identify
physical quantities in terms of self-adjoint elements. In the
context of chiral supergravity, it follows that the super
Ashtekar connection and its canonical conjugatemomentum
E have to satisfy certain reality conditions in order to ensure
consistency with the equations of motions of ordinary real
supergravity. By reexpressing the reality conditions in terms
of holonomy and flux variables, these may be used in order
to impose * relations on the graded holonomy-flux algebra.
But, since they are highly nonlinear, even in the purely
bosonic theory, this turns out to be a nontrivial task. Hence,
in the following, we do not want to comment further on
the specific form of the reality conditions and the *
relations imposed on the graded holonomy-flux algebra.
Nevertheless, let us note that, in the context of a symmetry
reducedmodel, we have been able to find an explicit form of
the * relation and to implement them rigorously in the
quantum theory (see Ref. [33]).

B. The bulk super Hilbert space of chiral LQG

Having derived the graded generalization of the well-
known holonomy-flux algebra in LQG, we would like to
discuss the quantization of the theory studying representa-
tion of this algebra on a super Hilbert space (see also
Ref. [19] and references therein for more details as well as a
proper definition of super Hilbert spaces).
However, there, one runs into several problems, as the

underlying gauge supergroups given by the (complex)
orthosymplectic supergroups OSpðN j2ÞC are noncompact.
Moreover, one also needs to deal with the consistent
implementation of the reality conditions, as one is still
dealing with a complex theory. An interesting and elegant
possibility to solve the reality conditions would be to be
adapt the ideas of Ref. [34] and to introduce some kind of a
Wick rotation on the phase space so that the complex theory
arises from an Euclidean counterpart corresponding to a
real Barbero-Immirzi parameter β ∈ f�1g via a Wick
transformation. But, the resulting gauge group given by
the real orthosymplectic supergroup OSpðN j2Þ is still
noncompact.
Adapting ideas in the context of the purely bosonic

theory (see, for instance, Refs. [15–17,35,36], and refer-
ences therein for recent advances in this direction), this may
be solved by going over instead to their corresponding
compact form given by unitary orthosymplectic group

UOSpðN j2Þ ¼ OSpðN j2Þ ∩ UðN j2Þ: ð34Þ

As already mentioned in the previous section, for the
special case N ¼ 1, besides compactness, this group has
very useful properties such as the existence of an invariant
Haar measure with respect to which, in particular, the unit
function is normalizable, which is important in the context
of loop quantization in order to implement cylindrical
consistency. Nevertheless, this last property turns out to be
no longer satisfied in the case of extended supersymmetry
corresponding to higher N > 1.
Anyway, since we want to explicitly include the

extended case N ¼ 2, in what follows, we will not discuss
the question of how to impose cylindrical consistency and
instead work on a single graph γ in Σ. As argued in
Ref. [35], we may therefore assume that the graph under
consideration is at least suitably fine enough to resolve the
topology of Σ. Let AgHF

γ ≔ AgHF
lðγÞ denote the graded

holonomy-flux algebra with respect to the graph γ and
underlying gauge group given by OSpðN j2ÞC. The quan-
tization of the theory then corresponds to a representation

πγ∶A
gHF
γ → OpðDγ;H

cLQSG
γ Þ ð35Þ

of AgHF
γ on the space of (un)bounded operators on a super

Hilbert space HcLQSG
γ mutually defined on a dense graded

subspaceDγ ⊂ HcLQSG
γ . To construct this representation, as
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pre-Hilbert space, we consider the super vector space Vγ ≔
Cyl∞ðAlðγÞÞ which, according to Eq. (25), can be identified
with

H∞ðGjEðγÞj;CÞ ≅ H∞ðG;CÞ⊗π jEðγÞj ð36Þ

or a suitable subspace thereof, if one restricts, for instance,
to holomorphic functions as naturally arising from super-
holonomies induced by the super Ashtekar connection (see
the discussion below). Following the standard procedure in
the purely bosonic theory, for the quantization, we choose a
Ashtekar-Lewandowski-type representation of AgHF by
setting

πγðfγÞ ≔ f̂γ; πγðXnðSÞÞ ≔ iℏXnðSÞ; ð37Þ

where f̂γ acts as a multiplication operator by fγ.
For the superscalar productS on Vγ , we make the ansatz

S ðfjgÞ ≔
Z
SLð2;CÞ

dμSLð2;CÞðg; ḡÞ
Z
B
dθAdθ̄A

0
ρðg; ḡ; θ; θ̄Þf̄g

ð38Þ

with dμSLð2;CÞ the invariant Haar measure on the underlying
bosonic Lie group SLð2;CÞ and

R
B the Berezin integral.

Here, ρ≡ ρðg; ḡ; θ; θ̄Þ denotes an additional density which
has been chosen in order to deal with the noncompactness
of the group. In this context, note that, generically, the
matrix coefficients of the superholonomies, as part of the
underlying algebra and, thus, of the resulting state space in
the quantum theory, are functions of the form

f ¼
X
I

fIψ I ¼ f∅ þ fAψA þ 1

2
fþ−ψAψ

A ð39Þ

with fI Grassmann extensions of holomorphic functions on
SLð2;CÞ. But, by Liouville’s theorem, if required to be
nontrivial, general functions of this kind cannot be of
compact support. This is, of course, problematic in the
context of integration theory and, thus, for the proper
definition of the inner product. Hence, either one excludes
holomorphic functions already in the definition of the
classical algebra or the measure on SLð2;CÞ is changed
appropriately by introducing a density ρ which is of
compact support. The last possibility has been studied in
Ref. [33] in the context of symmetry reduced models.
There, the measure turns out to be, in fact, distributional. In
particular, it was shown that this also enables one to exactly
implement the reality conditions in the quantum theory. In
the context of the full theory with ordinary self-dual
variables, this idea also been studied in Ref. [37] consid-
ering a specific subclass of the full reality conditions, where
it was found that the resulting density imposes a gauge
fixing onto the compact subgroup SU(2) of SLð2;CÞ.

Maybe these results can be extended to the supersymmetric
setting possibly involving the unitary orthosymplectic
group UOSpð1j2Þ which, as explained above, has many
interesting properties quite analogous to the purely bosonic
theory. In fact, this group will play an important role in the
context of the entropy computation to be discussed
in Sec. V.
Ultimately, for the construction of the super Hilbert

space, we have to choose an endomorphism J∶Vγ → Vγ

such that the induced inner product h·j·iJ ≔ S ð·jJ·Þ is
positive definite. The choice of such an endomorphism is,
of course, not unique but strongly restricted by the correct
implementation of the reality conditions (see Ref. [19] as
well as Ref. [33] in the context of symmetry reduced
models). Using this inner product, we can then complete Vγ

to a Hilbert spaceHcLQSG
γ so that we finally end up with the

super Hilbert space ðHcLQSG
γ ;S ; JÞ.

C. Super spin networks and the super area operator

Having constructed the Hilbert space representation of
the classical algebra underlying canonical chiral super-
gravity, we next have to select the proper subspace of
physical states consisting of states in HcLQSG

γ that are
annihilated by the operators corresponding to the con-
straints of the canonical classical theory (see Ref. [19] for
more details). In the following, let us focus only on the
super Gauss constraint. In fact, the particular advantage of
the loop representation as studied in this section is the
rather straightforward implementation of the super Gauss
constraint (15) in the quantum theory implying invariance
of physical states under local gauge transformations.
To this end, note that the super Gauss constraint in the

bulk theory can equally be written in the form

G½α� ¼ −
i
κ

Z
Σ
hDðAþÞα ∧ Ei ¼ −

i
κ

Z
Σ
d3xðDðAþÞ

a αAÞEa
A

≕ −
i
κ
EðDðAþÞαÞ ð40Þ

and, thus, resembles the definition of a superelectric flux
but smeared over a three-dimensional region instead of
two-dimensional surfaces. Thus, for the corresponding
operator in the quantum theory, we may set

Ĝ½α� ≔ ℏ
κ
fEðDðAþÞαÞ; ·g: ð41Þ

Following the same steps as in the purely bosonic theory, it
is then immediate to see that the super Gauss constraint
operator takes the form

Ĝ½α� ¼ iℏ
2

X
v∈VðγÞ

αAðvÞ
� X
e∈EðγÞ;bðeÞ¼v

Re
A −

X
e∈EðγÞ;fðeÞ¼v

Le
A

�
:

ð42Þ
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In particular, due to its structure, the super Gauss constraint
has a well-defined action on the super Hilbert space, as it
takes the standard form of a superelectric flux operator and
maps cylindrical functions to cylindrical functions. For a
generic state f ∈ HcLQSG

γ to be physical, this then yields the
condition

Ĝ½α�f ¼ 0; ð43Þ

that is, according to Eq. (42), physical states have to be
invariant under both the left- and right-regular representa-
tions of OSpðN j2Þ.
In standard loop quantum gravity, one considers a typical

class of states satisfying the constraint equation (43) given by
the so-called spin network states. These states are constructed
via contraction of matrix coefficients of irreducible repre-
sentations of the underlying gauge group. In fact, in the case
that the bosonic group is compact, it follows that these type of
states form an orthonormal basis of the entire Hilbert space.
This follows from the well-known Peter-Weyl theorem
which is valid for compact bosonic groups. However, in
the case of general super Lie groups, such a general state-
ment, unfortunately, is not known.
For the construction of the spin network states, it is

crucial that the representations under consideration form a
tensor category. We may call such representations having
this property admissible in what follows. Thus, in the
supersymmetric setting, by restricting to admissible repre-
sentations of the underlying gauge supergroup, one is able
to construct invariant states in the theory. This leads to the
notion of super spin network states. For N ¼ 1 and
considering finite-dimensional representations, these have
been studied, for instance, in Refs. [22,26]. In fact, the
finite-dimensional irreducible representations of the ortho-
symplectic series OSpðN j2Þ for N ¼ 1, 2 are very well
known and have been intensively studied in the literature
(see, e.g., Refs. [38–41] as well as Sec. IV B below). In
particular, for the case N ¼ 1, it follows that these type of
representations form a subcategory which is closed under a
tensor product. In fact, the same applies to the extended
caseN ¼ 2 if one restricts to a particular subclass of the so-
called typical representations (see Ref. [39] for more
details). For the rest of this section, we want to describe
the construction of the super spin network states for such a
suitable subclass of representations explicitly including the
possibility of infinite-dimensional representations as well
as the extended supersymmetric case N ¼ 2.
To this end, let Padm denote the set of equivalence classes

of admissible irreducible representations (finite or infinite
dimensional) of OSpðN j2Þ with N ¼ 1, 2. For any subset
π⃗ ≔ fπege∈EðγÞ ⊂ Padm, we then define the cylindrical
function Tγ;π⃗;m⃗;n⃗ ∈ Cyl∞ðAγÞ via

Tγ;π⃗;m⃗;n⃗ ≔
Y

e∈EðγÞ
ðπeÞme

ne ; ð44Þ

also called a gauge-variant super spin network statewhere,
for any edge e ∈ EðγÞ, ðπeÞme

ne denote certain matrix
coefficients of the representation πe ∈ Padm. By definition,
it then follows from the general transformation law of a
superholonomy under local gauge transformations (see
Ref. [19]) that, at each vertex v ∈ VðγÞ, the state (44)
transforms under the following tensor product representa-
tion of OSpðN j2Þ:

π0v ≔
�

⨂
e∈IðvÞ

πe

�
⊗
�

⨂
e∈FðvÞ

π�e

�
; ð45Þ

where π�e ∈ Padm denotes the right dual representation
corresponding to πe. Here, IðvÞ and FðvÞ are defined as
subsets of EðγÞ consisting of all edges e ∈ EðγÞ which are
beginning or ending at the vertex v ∈ VðγÞ, respectively.
Hence, in order to construct gauge-invariant states, at each
vertex v ∈ VðγÞ, we have to assume that the trivial
representation π0 appears in the decomposition of the
product representation (45), i.e., π0 ∈ π0v ∀ v ∈ VðγÞ. For
any v ∈ VðγÞ, we can then choose an intertwiner Iv which
contracted with the state (45) projects onto the trivial
representation at any vertex. As a consequence, the result-
ing state transforms trivially under local gauge transforma-
tions and, thus, indeed forms a gauge-invariant state which
we call a (gauge-invariant) super spin network state.
On the super Hilbert space HcLQSG

γ , one can introduce a
gauge-invariant quantity in analogy to the area operator in
ordinary LQG. More precisely, since the super electric field
E defines a LieðGÞ-valued 2-form, for any oriented (semi-
analytic) surface S embedded in Σ, one can define the
graded or super area gArðSÞ via

gArðSÞ ≔ α

Z
S
kEk ð46Þ

with α ∈ Rþ an arbitrary positive real number. Here,
generalizing the considerations in Refs. [42–44] in the
context of the purely bosonic theory to the supersymmetric
setting, the norm kEk is a 2-form on S defined as follows:
Let ιS∶S ↪ Σ denote the embedding of the surface S in Σ.
Since ι�SE defines a 2-form on S, it follows that there exists a
unique LieðGÞ-valued function ES∶S × S → LieðGÞ such
that ι�SE ¼ ESvolS. The norm kEk is then given by

kEk ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hES; ESi

p
: ð47Þ

For the special case N ¼ 1, it follows that the expression
(46) coincides with the super area as considered in
Ref. [22]. Note that, in the case that the underlying
parametrizing supermanifold is chosen to be trivial
S ¼ f�g, i.e., the fermionic degrees of freedom vanish,
the super area reduces to the standard area of S in
Riemannian geometry provided that for the constant α
one sets α ¼ ffiffiffi

2
p

.
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By definition, the quantity (46) solely depends on the
super electric field which defines a phase space variable.
Thus, we can implement it in the quantum theory. To do so,
we first need to perform an appropriate regularization.
Following Ref. [42], let us therefore assume that the surface
S intersects the graph γ only in its vertices and is contained
within a single coordinate neighborhood ðU;ϕUÞ of Σ
adapted to S. Furthermore, let Uϵ ¼ fUigi be a partition of
U of fineness ϵ > 0 such that S is covered by the
SUi

≔ ϕUðUiÞ. Then, for ϵ > 0, we define

gArϵðSÞ ≔
X
V∈Uϵ

kEðSVÞk

≡ X
V∈Uϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T ABXBðSVÞXAðSVÞ

q
; ð48Þ

where XAðSVÞ denotes the superelectric flux operator
smeared over SV with smearing function n∶S → g satisfying
nB ≡ 1 for B ¼ A and nB ¼ 0 otherwise. In the limit ϵ → 0,
this then implies gArðSÞ ¼ limϵ→0gArϵðSÞ. Using this
regularization, we can define the super area operator as
follows:

dgArðSÞ ¼ lim
ϵ→0

dgArϵðSÞ;
dgArϵðSÞ ¼ X

V∈Uϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T ABX̂BðSVÞX̂AðSVÞ

q
: ð49Þ

Next, let us derive an explicit formula for its action on super
spin network states. To this end, following again Ref. [42] in
the context of purely bosonic theory, we compute

T ABX̂BðSVÞX̂AðSVÞ ¼
�
ℏκ
4

�
2

T AB

� X
e∩SV≠∅

ϵðe; SVÞRe
B

�� X
e∩SV≠∅

ϵðe; SVÞRe
A

�
¼
�
ℏκ
4

�
2

T ABðRin
B − Rout

B ÞðRin
A − Rout

A Þ

¼
�
ℏκ
4

�
2

T ABð2Rin
BR

in
A þ 2Rout

B Rout
A − ðRin

B þ Rout
B ÞðRin

A þ Rout
A ÞÞ

≕ −
�
ℏκ
4

�
2

ð2ΔI þ 2ΔF − ΔI∪FÞ ð50Þ

with Rin
A ¼

P
eingoingR

e
A and Rout

A ¼PeoutgoingR
e
A. Moreover,

Δ ≔ −T ABRBRA denotes the super Laplace-Beltrami
operator of the super Lie group G.
To simplify the expression, suppose that the surface S

intersects the graph γ in a single divalent vertex v ∈ VðγÞ so
that, at this vertex, one has Δ≡ ΔI ¼ ΔF as well as
ΔI∪F ¼ 0. If we identify Cosp

2 ≔ Δ
2
with the quadratic

Casimir operator of ospðN j2Þ (see Sec. IV B), it then
follows for α ¼ ffiffiffi

2
p

that the super area operator takes the
form

dgArðSÞ ¼ −8πi
ffiffiffiffiffiffiffiffiffi
Cosp
2

q
: ð51Þ

Using Eq. (51), let us compute the action of the super area
operator on a (gauge-invariant) super spin network state
Tγ;π⃗;m⃗;n⃗ for the special case N ¼ 1. In the case that the
edges of the graph are labeled superspin quantum numbers
j ∈ C corresponding to the principal series of OSpð1j2Þ as
discussed in detail in Sec. IV B, it follows from Eq. (112)
that the action of the super area operator is given by

dgArðSÞTγ;π⃗;m⃗;n⃗ ¼ −8πil2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j

�
jþ 1

2

�s
Tγ;π⃗;m⃗;n⃗ ð52Þ

with j ∈ C the spin quantum number labeling the edge e ∈
EðγÞ that intersects the vertex v. For j ∈ N0

2
, this coincides

with the result of Ref. [22].

D. Coupling bulk and boundary

So far, we have restricted to the quantization of the bulk
degrees of freedom in the framework of LQSG. As a next
step, we would like to discuss the quantization of the full
theory. To this end, let us first focus on the canonical
description of the boundary theory.
As discussed in detail in Ref. [19], the 2þ 1 split of the

super Chern-Simons action takes the form

SCSðAÞ ¼
k
4π

Z
R
dt
Z
Δt

h−A ∧ Ȧþ 2A0FðAÞ − dðA0AÞi:

ð53Þ

As a consequence, the presymplectic structure of the
canonical theory is given by

ΩCSðδ1; δ2Þ ¼ −
k
2π

Z
Δ
hδ½1A ∧ δ2�Ai ð54Þ
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for variations δA ∈ TAΔ, where AΔ denotes the space
of smooth superconnection 1-forms on the induced
G-principal bundle E ≔ PjΔ over Δ. Since the difference
of two superconnections defines an even horizontal 1-form
of type ðG;AdÞ, it follows that TAAΔ at anyA ∈ AΔ can be
identified with TAAΔ ≅ Ω1ðΔ;AdðEÞÞ0. For the graded
Poisson bracket, one obtains

fAA
aðxÞ;AB

b ðyÞg ¼ −
2π

k
S ABϵabδ

ð2Þðx; yÞ; ð55Þ

where S AB denotes the matrix components of the inverse
supermetric satisfyingS CAS

CB ¼ δ
B
A. Moreover, from the

split action (53), we can read off the constraint

F ½α� ≔ k
2π

Z
Δ
hαFðAÞi; ð56Þ

which imposes the condition FðAÞ ¼ 0; that is, the
curvature of the superconnection on Δ is constrained to
vanish. For this reason, F ½α� is also referred to as the
flatness constraint. Actually, since the curvature contains a
term involving an exterior derivative, the flatness constraint
(56), in general, turns out to be not functionally differ-
entiable. In the case that Δ has a nontrivial boundary ∂Δ
which, in the context of two dimensions, we will refer to as
the corner of Δ, one needs to require that the smearing
function in Eq. (56) satisfies the condition αj

∂Δ ≡ 0.
In the framework of LQG, singularities on the boundary

typically arise from the intersection of the boundary with
spin network states. Assuming that the spin network edges
piercing the boundary have some infinitesimal but nonzero
width, this induces infinitesimal holes at the punctures on
the boundary, such that, at each puncture, ∂Δ becomes
nontrivial and topologically equivalent to a one-dimen-
sional circle. As a consequence, this gives rise to new
physical degrees of freedom on the boundary which are
localized on the corner ∂Δ. In the context of LQG, this was
first observed in Ref. [45] and discussed more expansively,
e.g., in Refs. [30,46–49]. As argued in Ref. [45], based on a
general proposal formulated in Refs. [50,51], these new
degrees of freedommay also account for black hole entropy
and, thus, may play a crucial role in the quantum descrip-
tion of the black holes. In fact, it turns out that these contain
the physical degrees of freedom associated to the Hilbert
spaces of conformal blocks which are usually considered in
the context of black hole entropy computations in LQG.
While we have not yet been able to complete the

definition of the Hilbert space for chiral LQSG, extrapo-
lating from what we have it seems that all these observa-
tions carry over quite naturally to the context of the
quantum description of chiral supergravity with N -
extended supersymmetry. In that case, we have described
in Sec. III C how the quantum excitations of the bulk
degrees of freedom are represented by super spin network

states associated to the gauge supergroup OSpðN j2ÞC. On
the other hand, in Sec. II, we have explained that the
boundary theory is described in terms of an OSpðN j2ÞC
super Chern-Simons theory. Hence, it follows that, due to
the quantization of superelectric fluxes in the bulk, super
spin network states induce singularities on the boundary. To
see this, note that the Gauss constraint Gfull½α� of the full
theory including both bulk and boundary degrees of free-
dom is given by the sum of the Gauss constraint (15) in the
bulk as well as the flatness constraint (56) on the boundary;
that is,

Gfull½α� ¼ −
i
κ

Z
Σ
hDðAþÞα ∧ Ei

þ i
κ

Z
Δ

	
α

�
E −

iκk
2π

FðAþÞ
�


ð57Þ

for any g-valued smearing function α.
For a given finite graph γ embedded in Σ, we define the

Hilbert space Hfull;γ with respect to γ of the full theory as
the tensor product

Hfull
γ ¼ HcLQSG

γ ⊗ HCS
γ ð58Þ

with HcLQSG
γ the Hilbert space of the quantized bulk

degrees of freedom as constructed in Sec. III C and HCS
γ

the Hilbert space corresponding to the quantized super
Chern-Simons theory on the boundary.
As a next step, in order to implement the full Gauss

constraint (57) in the quantum theory, we have to regularize
it over the graph γ. To this end, at each puncture
p ∈ Pγ ≔ γ ∩ Δ, let us choose a disk DϵðpÞ on Δ around
p with radius ϵ > 0 and set

E½α�ðpÞ ≔ lim
ϵ→0

Z
DϵðpÞ

hα; Ei;

F½α�ðpÞ ≔ lim
ϵ→0

Z
DϵðpÞ

hα; FðAþÞi: ð59Þ

By definition, these quantities (or suitable functions
thereof) can be promoted to well-defined operators in
the quantum theory. Thus, it follows that the Gauss
constraint operator of the full theory takes the form

Ĝfull½α� ¼ Ĝ½α� − ℏκ−1
X
p∈Pγ

�
Ê½α� − iκk

2π
F̂½α�

�
ðpÞ ð60Þ

with Ĝ½α� the Gauss constraint operator acting on the bulk
Hilbert space given by Eq. (40). Assuming that the
smearing function α vanishes on the boundary, the full
constraint operator (57) reduces to the bulk Gauss con-
straint Ĝ½α�, implying gauge invariance of the quantum state
in the bulk. As a consequence, from Eq. (60), one obtains
the additional constraint equation
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1 ⊗ F̂AðpÞ ¼ −
2πi
κk

ÊAðpÞ ⊗ 1 ð61Þ

at each puncture p ∈ Pγ. Note that, by definition, ÊAðpÞ
can be related to the quantized superelectric flux via
ÊAðpÞ ¼ limϵ→0X̂AðDϵÞ and, thus, according to (30), acts
in terms of right- (respectively, left-) invariant vector fields.
Hence, from Eq. (61), we deduce that the Hilbert space of
the quantized boundary degrees of freedom corresponds to
the Hilbert space of a quantized super Chern-Simons theory
on Δ with punctures Pγ . This leads to the well-known
(super)conformal blocks. In the pure bosonic theory, these
play an important role in the context of the computation of
the black hole entropy.
As already outlined above, in Ref. [45], an alternative

route in describing the entropy of black hole has been
studied. More precisely, assuming that the edges piercing
the boundary are of infinitesimal but nonzero width, this
induces infinitesimal holes localized at the punctures on the
boundary which then give rise to new physical degrees of
freedom that are localized at the corner ∂Δ.
In the following, let us describe these new degrees of

freedom in the context of chiral supergravity. To this end,
generalizing the discussion in Ref. [30] in the context of the
bosonic theory to the super category, let us consider the
following quantities defined on the canonical phase space
of the super Chern-Simons theory:

O½α� ≔ −
k
2π

Z
Δ
hαFðAþÞi þ k

2π

Z
∂Δ
hαAþi

¼ k
2π

Z
Δ
hdα ∧ Aþ −

1

2
α½Aþ ∧ Aþ�i; ð62Þ

where α denotes an arbitrary LieðGÞ-valued smearing
function on Δ. In the case that α vanishes on the corner,
this quantity reduces to the flatness constraint (56); i.e.,
O½α�≡ F ½α� if αj

∂Δ ¼ 0. Computing the graded Poisson
bracket between O½α� and the superconnection, one finds

fO½α�;AþA
a g ¼ DðAþÞ

a αA: ð63Þ

This is, in fact, immediate to see using Eq. (55). For
instance, direct calculation yields

�
k
2π

Z
Δ
hdα ∧ Aþi;AþA

a ðxÞ
�

¼ k
2π

Z
Δ
d2yϵbcS CB∂bα

BðyÞfAþC
c ðyÞ;AþA

a ðxÞg

¼ ∂aα
AðxÞ: ð64Þ

On the other hand, one has

−
k
4π

�Z
Δ
hα½Aþ ∧ Aþ�i;AþA

a ðxÞ
�

¼ ½Aþ
a ; α�AðxÞ; ð65Þ

which, together with Eq. (64), directly gives Eq. (63). With
these preparations, let us next compute the Poisson algebra
among theO½α�. Using identity (63), it follows for arbitrary
smearing functions α and β that

fO½α�;O½β�g

¼ k
2π

Z
Δ
ð−1Þjαjjβjhdβ ∧ DðAþÞα − β½Aþ ∧ DðAþÞα�i

¼ −
k
2π

Z
Δ
hDðAþÞα ∧ DðAþÞβi: ð66Þ

Since DðAþÞDðAþÞβ ¼ ½FðAþÞ; β�, one has

hDðAþÞα ∧ DðAþÞβi
¼ dhαDðAþÞβi − hα½FðAþÞ; β�i
¼ hdα ∧ dβi − dh½α; β�Aþi þ h½α; β�FðAþÞi: ð67Þ

Thus, inserting Eq. (67) into Eq. (66) and assuming that α
vanishes on the corner ∂Δ, it follows

fF ½α�;O½β�g ¼ F⟦α; β⟧ ≃ 0; ð68Þ

where we used that ½α; β�j
∂Δ ¼ 0. Thus, it follows that O½α�

weakly Poisson commutes with the flatness constraint.
That is, O½α� defines a weak Dirac observable. Moreover,
for smearing functions α and β with αj

∂Δ ¼ βj
∂Δ, one has

O½α� −O½β� ¼ O½α − β�≡ −F ½α − β� ≃ 0: ð69Þ

Hence, it follows that the observablesO½α� are localized on
the corner. Furthermore, by Eqs. (66) and (67), they satisfy
the following graded Poisson relations:

fO½α�;O½β�g ¼ O½½α; β�� þ k
2π

Z
∂Δ
hdα; βi: ð70Þ

Since the last term on the right-hand side in Eq. (70) is
completely field independent, it, in particular, Poisson
commutes with all the corner observables O½α�. Thus, it
follows that the Poisson algebra among the O½α� is indeed
closed up to a central term.
In this context, recall that, given an Abelian (bosonic)

Lie algebra a, a central extension of a super Lie algebra g
(not necessarily finite dimensional) by a is defined as a
short exact sequence [52]

0 → a → h→
π
g → 0 ð71Þ
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with h a super Lie algebra such that ½a; h� ¼ 0 and π∶h → g
an even surjective super Lie algebra morphism yielding the
identification h=a ≅ g.
In our concrete situation, at each puncture, ∂Δ is

topologically equivalent to a one-dimensional circle.
Thus, in this case, it follows that a basis of smearing

functions α is given by functions αAN of the form

α
A
N j∂Δ ≔ eiNθTA; α

A
N jΔn∂Δ ≡ 0; ð72Þ

where θ ∈ ½0; 2π� denotes the angle coordinate parametriz-
ing the circle, N ∈ Z, and ðTAÞA is a homogeneous basis of
ospðN j2ÞC. From Eq. (70), it then follows that the

corresponding corner observables qAN ≔ O½αAN � satisfy the
Poisson relations

fqAM; qBNg ¼ fABCqCMþN þ NδMþN;0ðTA; TBÞ; ð73Þ

where ðTA; TBÞ ≔ ikhTA; TBi and fABC denote the structure
coefficients defined via

½TA; TB� ¼ fABCTC: ð74Þ

Interestingly, Eq. (74) is precisely the graded commutation
relations of a Kac-Moody superalgebra corresponding to
the affinization of ospðN j2ÞC [52]. It follows via the so-
called Sugawara construction that the generators of the
Kac-Moody superalgebra can be used in order to generate
representations of the super Virasoro algebra [53]. Thus, to
conclude, the singularities induced by the intersection of
super spin networks with the boundary give rise to new
physical degrees of freedom living on the corner which are
associated to superconformal field theories and which, in
analogy to Ref. [45] in the context of the bosonic theory,
may also account for black hole entropy and, hence, may
play a role in the quantum description of supersymmetric
black holes in the framework of LQG.

IV. CONTINUOUS REPRESENTATIONS OF
OSpð1j2Þ AND THE REALITY OF THE SUPER

AREA OPERATOR

In this section, we would like to derive a certain class of
infinite-dimensional representations of OSpð1j2ÞC. This is
motivated by the observation that, according to Eq. (52),
the super area operator of chiral LQSG, in general, has
complex eigenvalues. In fact, in the case that the edges of a
super spin network state are labeled by isospin quantum
numbers j ∈ N0

2
corresponding to finite-dimensional irre-

ducible representations of OSpð1j2ÞC, the eigenvalue of the
super area operator becomes purely imaginary.
This is in complete analogy to the bosonic theory. In

Refs. [15,16], in the context of the self-dual theory, it has
been observed that, in order to obtain physically realistic

(real) eigenvalues for the standard area operator with
β ¼ −i, the edges of the spin network states necessarily
have to be labeled by spin quantum numbers j ∈ C
corresponding to certain infinite-dimensional irreducible
representations of SLð2;CÞ.
In what follows, in Sec. IVA, we first would like to

review the so-called principal series of the real form
SLð2;RÞ. As we will see, their corresponding complex-
ifications indeed provide the (unique) subclass of irreduc-
ible representations of SLð2;CÞ as studied, for instance, in
Refs. [15,16] with respect to which the standard area
operator of LQG for β ¼ −i becomes purely real.
Subsequently, in Sec. IV B, we will study a generaliza-

tion of these kind of representations to irreducible repre-
sentations of the corresponding super Lie group OSpð1j2Þ.
We will then demonstrate that their corresponding com-
plexifications contain a (unique) subclass of representations
of OSpð1j2ÞC that lead to a physically realistic super area
operator.
Before we proceed, however, let us first introduce a

suitable basis of the super Lie algebra ospð1j2ÞC. As
summarized in Appendix B, ospðN j2ÞC is generated by
the homogeneous basis ðTþ

i ; Q
r
A; T

rsÞ with i ∈ f1; 2; 3g,
A ∈ f�g, and r ¼ 1;…;N satisfying the graded commu-
tation relations (B14)–(B17). In the case N ¼ 1, one can
arrive at a Cartan-Weyl basis ðJ3; J�; V�Þ of the super-
algebra by setting

J�≔−iðTþ
1 � iTþ

2 Þ; J3≔ iTþ
3 ; V�≔�

ffiffiffiffi
L

p

2
ði−1ÞQ�:

ð75Þ

It then follows from Eq. (B14) that the commutators among
the even generators satisfy

½J3; J�� ¼ �J�; ½Jþ; J−� ¼ 2J3; ð76Þ

which are the standard commutation relations of slð2;RÞ.
For the remaining commutators, it follows that

½J3;V��¼�1

2
V�; ½J∓;V��¼V∓; ½J�;V��¼0; ð77Þ

½V�; V�� ¼ � 1

2
J�; ½Vþ; V−� ¼ −

1

2
J3: ð78Þ

These are the standard commutation relations of the
corresponding real form OSpð1j2Þ that we will use in
what follows.

A. Review: Principal series representations of SLð2;RÞ
In the following, let us review the so-called principal

series representations of SLð2;RÞ. To this end, we will
follow Refs. [54,55].
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The principal series representations of SLð2;RÞ can be
derived from the highly reducible representation ðπ;WÞ of
SLð2;RÞ on the space W ≔ C∞ðR2nf0gÞ of smooth
functions on the punctured plane given by

ðπðgÞfÞðvÞ ≔ fðg−1vÞ ð79Þ

∀ v ∈ R2nf0g by restricting onto the proper subsets

Wϵ
j ≔ ff ∈ WjfðtxÞ ¼ t2jfðxÞ ∀ t > 0

∧ fð−xÞ ¼ ð−1ÞϵfðxÞg ð80Þ

with j ∈ C an arbitrary complex number and parity ϵ ∈ Z2.
By the homogeneity property, it follows that Wϵ

j can be
identified with a certain subclass of smooth functions on
the unit circle, i.e.,

Wϵ
j ≅ C∞

j ðS1Þϵ: ð81Þ

In what follows, let us choose a global chart of S1 via

½0; 4πÞ ∋ θ ↦ ei
θ
2 ∈ S1: ð82Þ

The representation π induces a corresponding pushforward
representation π� of slð2;RÞ on Wϵ

j via

ðπ�ðXÞfÞðvÞ ≔
d
ds

����
s¼0

fðe−sXvÞ ð83Þ

∀X ∈ slð2;RÞ and v ∈ R2nf0g. In this way, one obtains
explicit expressions for the representations Ĵ3 ≔ π�ðJ3Þ
and Ĵ� ≔ π�ðJ�Þ of the generators ðJ�; J3Þ with respect
to the chosen global chart (82). However, the form of
these operators turns out to be less suitable for further
computations. Therefore, one constructs a new representa-
tion for the ðJ�; J3Þ by replacing Ĵ3 →

1
2i ðĴþ − Ĵ−Þ and

Ĵ� → Ĵ3 � i
2
ðĴþ þ Ĵ−Þ. In this way, one finds that

Ĵ3 ¼ −i∂θ; Ĵ� ¼ e�iθ
∂θ ∓ ie�iθj: ð84Þ

As can be verified by direct computation, the operators (84)
indeed satisfy the commutation relations (76). Via the
identification (81), the vector space Wϵ

j contains vectors of
the form wm ≔ eimθ with m ∈ Z

2
and 2m≡ ϵmod2; i.e., m

is a proper integer or half-integer, respectively, depending
on whether ϵ is even or odd. Let Vϵ

j ⊂ Wϵ
j be defined as the

algebraic span of the wm. By equipping Wϵ
j (respectively,

Vϵ
j) with a suitable topology, such as a Hilbert space

topology induced by the unique invariant Haar measure on
S1, it follows that Vϵ

j is dense inW
ϵ
j (see also Refs. [54,55]

for more details). Using the explicit expressions (84), it
follows that

Ĵ3wm ¼ mwm; Ĵ�wm ¼ iðm ∓ jÞwm�1: ð85Þ

Hence, from Eq. (85) we deduce that, for the case where
j ∈ C is neither an integer nor half-integer, the restriction of
the representation π� to Vϵ

j is irreducible. On the other
hand, if j ∈ Z

2
, the representation is reducible, and by taking

sums and intersection of suitable subsets one can construct
(finite-dimensional) irreducible subspaces which we also
denote by Vϵ

j and which lead to the well-known finite-
dimensional spin-j representations of the corresponding
compact real form su(2). Finally, let us compute the
quadratic Casimir operator C2 of slð2;RÞ given by

Ĉ2 ¼ ðĴ3Þ2 þ
1

2
ðĴþĴ− þ Ĵ−ĴþÞ ¼ ðĴ3Þ2 þ Ĵ3 þ Ĵ−Ĵþ

¼
�
Ĵ3 þ

1

2

�
2

þ Ĵ−Ĵþ −
1

4
ð86Þ

on the irreducible subspaces Vϵ
j. Applying Eq. (86) on the

vectors wm and using Eq. (85), we find

Ĉ2wm ¼
��

mþ 1

2

�
2

− ðm − jÞðmþ 1þ jÞ − 1

4

�
wm

¼ jðjþ 1Þwm ð87Þ

so that

Ĉ2 ¼ jðjþ 1Þ1: ð88Þ

Hence, as expected, the quadratic Casimir operator on
Vϵ
j is an integer multiple of the identity operator on Vϵ

j.
Remark 4.1.—Defining the operator Ω̂ ≔ 4Ĉ2 þ 1, it

follows from Eq. (88) that

Ω̂ ¼ ð2jþ 1Þ21: ð89Þ

Hence, the irreducible representations ðπjVϵ
j
; Vϵ

jÞ corre-

spond to the principal series representations ðπλ; VλÞ as
defined in Ref. [54] labeled by λ ≔ 2jþ 1.
Remark 4.2.—The complexification of the principal

series representations of SLð2;RÞ derived above contains
a subclass of irreducible representations of SLð2;CÞ that
lead to a physically consistent area operator in LQG using
self-dual variables. In fact, for β ¼ −i, the eigenvalues of
the standard area operator of LQG are of the form

−8πil2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jðjþ 1Þ

p
: ð90Þ

Hence, according to Eq. (90), it follows that the eigenvalues
become real iff the quadratic Casimir operator is negative
definite, which is the case, for instance, if Ω̂ is negative
definite. By Eq. (89), this is the case only if j ¼ − 1

2
þ is for

some real number s ∈ R. This leads back to the continuous
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series of SLð2;RÞ as studied in Refs. [15,16] in the context
of the black hole entropy computation in the self-dual
theory.

B. Principal series representations of OSpð1j2Þ
With these preliminaries, we would like to derive con-

tinuous representations of the super Lie group OSpð1j2Þ
which are graded generalizations of the principal series
representations of the underlying bosonic subgroup
SLð2;RÞ. The finite-dimensional irreducible representa-
tions of ospð1j2Þ are well known (see, for instance,
Refs. [38–41]). In Ref. [56], a certain class of continuous
representations of the quantum group OSpqð1j2Þ with
q ∈ S1 has been given. However, to the best of the authors’
knowledge, continuous representations for the super Lie
group OSpð1j2Þ, so far, have not been studied in the
literature.
To this end, in the following, we will derive an explicit

series of representations (both finite and infinite dimen-
sional) of the corresponding super Lie algebra ospð1j2Þ
and then use the super Harish-Chandra theorem (see
Refs. [57,58]) in order to lift these representations to
representations of the super Lie group OSpð1j2Þ. To do
so, let us first state the following useful observation.
Proposition 4.3.—Let π�∶ospð1j2Þ → OpðD;HÞ be a

linear map from the super Lie algebra ospð1j2Þ to the space
OpðD;HÞ of (un)bounded operators on a super Hilbert
space H mutually defined on some dense graded subspace
D ⊂ H. Then, π� defines a representation of ospð1j2Þ, i.e.,
a morphism of super Lie algebras, iff it satisfies the
identities

½π�ðJ3Þ; π�ðV�Þ� ¼ � 1

2
π�ðV�Þ and

½π�ðVþÞ; π�ðV−Þ� ¼ −
1

2
π�ðJ3Þ ð91Þ

as well as

π�ðJ�Þ ¼ �4π�ðV�Þ2: ð92Þ

Remark 4.4..—Proposition 4.3 states that, given an even
operator Ĵ3 as well as odd operators V̂� on a super Hilbert
space H mutually defined on some dense graded subspace
D ⊂ H, these operators can be associated to a representa-
tion of the super Lie algebra ospð1j2Þ provided that they
satisfy the relations

½Ĵ3; V̂�� ¼ � 1

2
V̂�; ½V̂þ; V̂−� ¼ −

1

2
Ĵ3: ð93Þ

The last identity (92) can merely be interpreted as a
defining equation for the representations of the remaining
bosonic generators J� by setting Ĵ� ≔ �4V̂2

�.

Proof of Proposition 4.2.—One direction is immediate,
so suppose that π�∶ospð1j2Þ → OpðD;HÞ is a linear map
satisfying the relations (91) as well as (92). Since OpðD;HÞ
defines a super Lie algebra, the graded Jacobi identity holds
on OpðD;HÞ. Let Ĵ� ≔ π�ðJ�Þ and similar for the other
generators. Then, by the graded Jacobi identity, it follows
that

½Ĵþ; Ĵ−� ¼ −4½½V̂þ; V̂þ�; ½V̂−; V̂−��
¼ 4½V̂−; ½V̂−; ½V̂þ; V̂þ��� − 4½V̂−; ½½V̂þ; V̂þ�; V̂−��
¼ −8ð½V̂−; ½V̂þ; ½V̂þ; V̂−��� þ ½V̂−; ½V̂þ; ½V̂−; V̂þ���Þ
¼ 8½V̂−; ½V̂þ; Ĵ3��
¼ −4½V̂−; V̂þ� ¼ 2Ĵ3: ð94Þ

On the other hand, one finds

½Ĵ3; Ĵ�� ¼ �½Ĵ3; ½V̂�; V̂���
¼ ∓2ð½V̂�; ½V̂�; Ĵ3�� − ½V̂�; ½Ĵ3; V̂���Þ
¼ �4½V̂�; ½Ĵ3; V̂���
¼ 2½V̂�; V̂�� ¼ �Ĵ�: ð95Þ

Therefore, the bosonic operators indeed define a represen-
tation of the Lie algebra slð2;RÞ. The remaining commu-
tators can be shown similarly. ▪
Hence, according to Proposition 4.3 and Remark 4.4, it

suffices to guess explicit expressions for the operators V̂�
and Ĵ3 and subsequently check whether the identities (91)
are indeed satisfied.
By restriction, any irreducible representation of

ospð1j2Þ induces a (possibly) reducible representation
of the corresponding bosonic sub Lie algebra slð2;RÞ
which itself may be decomposable into the irreps as
stated in the previous section. Therefore, as the underlying
super vector space V of such a representation, let us
propose

V ¼ Vϵ
j ⊗ ΠVϵ0

j0 ð96Þ

with Vϵ
j (respectively, V

ϵ0
j0 ) as defined in Sec. IVA.3 On this

super vector space, we then define the operators

3Since the theory of (un)bounded operators on super Hilbert
spaces seems to be not that well explored (but see, e.g., Ref. [59]),
we will keep the following discussion purely algebraic and
discuss algebraic representations of super Lie algebras in terms
of (un)bounded operators on a super vector space without
specifying the topology and identifying the super vector space
as dense subspace of an ambient super Hilbert space.
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V̂þ ¼
�

0 ei
θ
2

ei
θ
2∂θ − iei

θ
2j 0

�
;

V̂− ¼ i
4

�
0 e−i

θ
2

e−i
θ
2∂θ þ ie−i

θ
2j 0

�
ð97Þ

as well as

Ĵ3 ≔ −i
�
∂θ 0

0 ∂θ

�
: ð98Þ

From this, it is immediate to see that

½Ĵ3; V̂�� ¼ � 1

2
V̂�: ð99Þ

On the other hand, by direct computation, one finds

½V̂þ; V̂−� ¼
i
4

�
2∂θ 0

0 2∂θ

�
¼ −

1

2
Ĵ3: ð100Þ

Thus, the identities (91) are satisfied and the operators
(97) as well as (98) can indeed be associated to repre-
sentations of ospð1j2Þ. The remaining bosonic generators
of slð2;RÞ are given by

Ĵþ ¼ 4V̂2þ

¼ 4

�
eiθ∂θ − ieiθj 0

0 eiθ∂θ − ieiθðj − 1
2
Þ

�
ð101Þ

and

Ĵ− ¼ −4V̂2
−

¼ 1

4

�
e−iθ∂θ þ ie−iθj 0

0 e−iθ∂θ þ ie−iθðj − 1
2
Þ

�
; ð102Þ

respectively. By comparing with the discussion in
Sec. IVA, we thus infer that the odd part Vϵ0

j0 of the super

vector space V can be identified with Vϵ0
j0 ¼ Vϵþ1

j−1
2

so

that

Vϵ
j ≡ V ¼ Vϵ

j ⊕ ΠVϵþ1
j−1

2

: ð103Þ

By construction, it is clear that these representations
which we would like to denote by ðπj;Vϵ

jÞ in what follows
are irreducible. For j ∈ Z

2
, these are isomorphic to the

finite-dimensional representations of OSpð1j2Þ as dis-
cussed in Refs. [38–41]. That these representations are
indeed irreducible can also be checked by computing the
quadratic Casimir operator Ĉosp

2 given by

Ĉosp
2 ¼ Ĉ2þ V̂þV̂− − V̂−V̂þ ¼ Ĉ2þ

1

2
Ĵ3þ2V̂þV̂− ð104Þ

with Ĉ2 the quadratic Casimir operator of the bosonic
subalgebra slð2;RÞ defined via Eq. (86). By definition,
this operator commutes with all generators of ospð1j2Þ.
Therefore, since the representations are irreducible,
by a supersymmetric generalization of Schur’s lemma,
it has to be a scalar multiple of the identity operator 1
on Vϵ

j.
To see that this is indeed the case, note that a basis

of the super vector space V is provided by states of the
form ðwm; 0ÞT and ð0; wnÞT with m; n ∈ Z

2
satisfying 2m≡

ϵmod 2 and 2n≡ ϵþ 1mod 2 [and possible additional
restrictions on m and n in case j is an (half-)integer to
account for irreducibility]. Using the explicit representa-
tions (97), we then find

V̂þV̂−

�
wm

0

�
¼ −

1

4
ðmþ jÞV̂þ

�
0

wm−1
2

�
¼ −

1

4
ðmþ jÞ

�
wm

0

�
: ð105Þ

On the other hand, we have

V̂þV̂−

�
0

wm

�
¼ i

4
V̂þ

�
wm−1

2

0

�
¼ −

1

4

�
m − j −

1

2

��
0

wm

�
: ð106Þ

Thus, from Eqs. (105) and (106) we obtain

Ĉosp
2

�
wm

0

�
¼
�
jðjþ 1Þ þm

2
−
1

2
ðmþ jÞ

��
wm

0

�
¼ j

�
jþ 1

2

��
wm

0

�
ð107Þ

as well as

Ĉosp
2

�
0

wm

�
¼
��

j −
1

2

��
jþ 1

2

�
þm

2
−
1

2

�
m − j −

1

2

���
0

wm

�
¼ j

�
jþ 1

2

��
0

wm

�
: ð108Þ

Thus, in summary, we find

Ĉosp
2 ¼ j

�
jþ 1

2

�
1; ð109Þ
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that is, the quadratic Casimir operator is a scalar multiple of
the identity operator with the proportionality factor given
by jðjþ 1

2
Þ.

Having derived a graded generalization of the principal
series representations, let us finally show that this series
indeed contains a subclass of irreducible representations
with respect to which the super area operator as studied
in Sec. III C becomes purely real and, thus, physically
consistent. Therefore, recall that, according to Eq. (51), the
eigenvalues of the super area operator become real iff the
quadratic Casimir operator Ĉosp

2 is negative definite. This is
the case, for instance, if the corresponding operator

Ω̂osp ≔ Ĉosp
2 þ 1

16
¼
�
jþ 1

4

�
2

1 ð110Þ

becomes negative definite, which, in turn, is the case iff

Ω̂osp ≤ 0 ⇔ j ∈ −
1

4
þ iR: ð111Þ

For j ¼ − 1
4
þ is with s ∈ R, this then yields

Ĉosp
2 ¼

�
is −

1

4

��
isþ 1

4

�
1 ¼ −

�
s2 þ 1

16

�
1: ð112Þ

Hence, according to Eq. (52), in this case it follows that the
action of the super area operator takes the form

dgArðSÞTγ;π⃗;m⃗;n⃗ ¼ 8πl2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ 1

16

r
Tγ;π⃗;m⃗;n⃗: ð113Þ

That is, super spin network states whose edges are labeled
by isospin quantum numbers j satisfying Eq. (111) are
indeed eigenstates of the super area operator with real
eigenvalues. Interestingly, this is in complete analogy to the
bosonic theory.

V. ENTROPY CALCULATION

A. Super characters of UOSpð1j2Þ
and the Verlinde formula

As discussed in Sec. III D, the boundary theory of chiral
loop quantum supergravity for the caseN ¼ 1 is described
by a super Chern-Simons theory with punctures and gauge
supergroup OSpð1j2ÞC as well as complex Chern-Simons
level. Hence, to the boundary one can associate an entropy
in terms of the number of Chern-Simons degrees of
freedom generated by the super spin network edges
piercing the boundary. Unfortunately, the (super) Chern-
Simons theory with complex and noncompact gauge group
is not well known. Moreover, it is not clear how to deal with
the fact that the Chern-Simons level is purely imaginary.
Interestingly, similar issues also seem to arise in the context
of boundary theories in string theory [14].

In the following, we therefore want to adapt the
strategy of Ref. [16] in the context of the purely bosonic
theory to the supersymmetric setting by studying a
specific compact real form of OSpð1j2ÞC and then
performing an analytic continuation to the corresponding
complex Lie supergroup. More precisely, in what follows,
let us consider the Chern-Simons theory with compact
gauge supergroup UOSpð1j2Þ and integer Chern-Simons
level k ¼ −12π=κΛcos and punctures labeled by finite-
dimensional irreducible representations j⃗ of UOSpð1j2Þ
with j ∈ N0

2
. Let us then compute the number N kðj⃗Þ of

Chern-Simons degrees of freedom given by the dimen-
sion of the superconformal blocks. We then finally
perform an analytic continuation by replacing j → j ¼
− 1

4
þ is for some s ∈ R for each j ∈ j⃗ as well as k → ik

in N kðj⃗Þ. Moreover, in order to simplify the discussion,
we assume that the boundary H is topologically of the
form R × S2; that is, the two-dimensional slices Δt are
topologically equivalent to 2-spheres. Furthermore, let us
consider the limit k → ∞ corresponding to a vanishing
cosmological constant Λcos. Under these assumptions, it
follows that the number of microstates N∞ðj⃗Þ is given by
the number of UOSpð1j2Þ gauge-invariant states; i.e., it
can be identified with the number of trivial subrepre-
sentations contained in the tensor product representa-
tion ⊗j πj.
In what follows, in view of the analytic continuation, we

want to derive an explicit integral formula for N∞ðj⃗Þ. To
this end, following Ref. [38], let us first review some
important facts about the unitary orthosymplectic group
UOSpð1j2Þ.
On the complex Grassmann algebra ΛC, we introduce a

conjugation rule that is parity preserving and satisfies

αβ ¼ ᾱ β̄; cα ¼ c̄ ᾱ; ð114Þ

¯̄α ¼ ð−1Þjαjα ð115Þ

for any homogeneous α; β ∈ ΛC and where c̄ for a complex
number c ∈ C denotes the usual complex conjugation. This
can be extended to an adjointness relation on the whole
super Lie module ospð1j2ÞC by setting

ðTþ
i Þ† ≔ −Tþ

i ; ðV�Þ† ¼ �V∓: ð116Þ

In this way, the (real) unitary orthosymplectic Lie super-
algebra uospð1j2Þ can be defined as the superalgebra

uospð1j2Þ ≔ fX ∈ ospð1j2ÞCjX† ¼ −Xg: ð117Þ

A general even element X ∈ uospð1j2Þ0 can be expanded
in the form X ¼ αiTþ

i þ η̄Vþ þ ηV− with Grassmann-even
αi ∈ ΛC

0 and odd η ∈ ΛC
1 . By the super Harish-Chandra
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theorem (see Ref. [57]), the super Lie group UOSpð1j2Þ
can be identified with the globally split supermanifold4

SUð2Þ × uospð1j2Þ0 via the canonical isomorphism

Φ∶SUð2Þ × uospð1j2Þodd0 → UOSpð1j2Þ;
ðg; η̄Vþ þ ηV−Þ ↦ g · expðη̄Vþ þ ηV−Þ; ð118Þ

where, using Euler coordinates ðϕ; ϑ;ψÞ for SUð2Þ ≅ S3,
a general group element g ∈ SUð2Þ ⊂ UOSpð1j2Þ of
the underlying bosonic subgroup can be expanded in the
form

g ¼ expðφTþ
3 Þ expðϑTþ

2 Þ expðψTþ
3 Þ: ð119Þ

Using the identification (118), it is easy to compute
the invariant integral on UOSpð1j2Þ (see Ref. [38] as
well as Refs. [19,58]). After some short calculation, one
finds [38]Z

UOSpð1j2Þ
¼
Z
S3

dσ
Z
B
dη̄dη

�
1 −

1

4
η̄η

�
ð120Þ

with dσ given by 4 times the normalized volume form on
the three-sphere S3 which in Euler coordinates reads

dσ ¼ 1

4π2
sin ϑ dφdϑdψ : ð121Þ

The reason for choosing this normalization is that one
then has Z

UOSpð1j2Þ
1 ¼ 1 ð122Þ

for the constant unit function 1 on UOSpð1j2Þ. Using
the invariant integral (120), we can define a superscalar
product S on H∞ðUOSpð1j2Þ;CÞ ≅ C∞ðSUð2ÞÞ ⊗ ΛC

2

via

S ðfjhÞ ≔
Z
UOSpð1j2Þ

f̄h ð123Þ

for any f; h ∈ H∞ðUOSpð1j2Þ;CÞ, where f̄ is computed
using the conjugation rule as defined above [see Eqs. (114)
and (115)].
Next, we want to discuss the characters on the unitary

orthosymplectic supergroup. As shown in Ref. [38],
the finite-dimensional irreducible representations πj of
UOSpð1j2Þ with j ∈ N0

2
acquire the following matrix

representation:

πj ¼
 

Tj
jm1;jm2

Tj
jm1;j−1

2
m2

Tj
j−1

2
m1;jm2

Tj
j−1

2
m1;j−1

2
m2

!
ð124Þ

with matrix coefficients given by the explicit formulas

Tj
jm1;jm2

ðg; η; η̄Þ ¼
�
1 −

j
4
η̄η

�
Dj

m1;m2
ðgÞ ð125Þ

and

Tj
j−1

2
m1;j−1

2
m2
ðg; η; η̄Þ ¼

�
1þ jþ 1

2

4
η̄η

�
D

j−1
2

m1;m2
ðgÞ ð126Þ

as well as

Tj
j−1

2
m1;jm2

ðg; η; η̄Þ ¼ −
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j −m2

p
η̄D

j−1
2

m1;m2þ1
2

ðgÞ

þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jþm2

p
ηD

j−1
2

m1;m2−1
2

ðgÞ ð127Þ

and

Tj
jm1;j−1

2
m2
ðg;η; η̄Þ¼−

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jþm2þ

1

2

r
η̄Dj

m1;m2þ1
2

ðgÞ

−
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j−m2þ

1

2

r
ηDj

m1;m2−1
2

ðgÞ; ð128Þ

where Dj
m1;m2

denotes the matrix coefficients of the spin-j
representations of SU(2). Using the superscalar product
(123), one then computes

S ðTj
jm1;jm2

jTj0
j0m0

1
;j0m0

2
Þ

¼ ⟪Dj
m1;m2 jDj0

m0
1;m

0
2
⟫

Z
B
dη̄dη

�
1−

1
4
η̄η

��
1−

jþ j0

4
η̄η

�
¼ 4

2jþ 1
δjj0δm1m0

1
δm2m0

2

1

4
ð2jþ 1Þ

¼ δjj0δm1m0
1
δm2m0

2
; ð129Þ

where ⟪·; ·⟫ denotes the positive-definite scalar product on
SU(2) induced by dσ. On the other hand, one finds

S ðTj
j−1

2
m1;j−1

2
m2
jTj0

j0−1
2
m0

1
;j0−1

2
m0

2

Þ

¼ 4

2j
δjj0δm1m0

1
δm2m0

2

Z
B
dη̄dη

�
1−

1

4
η̄η

��
1þ 2jþ 1

4
η̄η

�
¼ −δjj0δm1m0

1
δm2m0

2
: ð130Þ

Furthermore, for the superscalar product between mixed
matrix coefficients, it follows that

4Here, we identify SU(2) with the corresponding purely
bosonic split supermanifold SðSUð2ÞÞ (see Ref. [19]).
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S ðTj
jm1;jm2

jTj0

j0−1
2
m0

1
;j0−1

2
m0

2

Þ

¼ 4

2jþ 1
δj;j0−1

2
δm1m0

1
δm2m0

2

Z
B
dη̄dη

�
1−

1

4
η̄η

��
1þ 1

4
η̄η

�
¼ 0; ð131Þ

that is, they are orthogonal. Taking a closer look at
Eqs. (129) and (130), one observes that these are normal-
ized up to a relative minus sign. In fact, this seems to be in
contradiction to the results in Ref. [38]. However, as we
will see explicitly below, this relative minus sign will be
crucial to prove the orthogonality of the super characters on
UOSpð1j2Þ. Finally, for the remaining matrix coefficients,
one computes

S ðTj
j−1

2
m1;jm2

jTj0

j0−1
2
m0

1
;j0m0

2

Þ ¼ −δjj0δm1m0
1
δm2m0

2
ð132Þ

as well as

S ðTj
jm1;j−1

2
m2
jTj0

j0m0
1
;j0−1

2
m0

2

Þ ¼ −δjj0δm1m0
1
δm2m0

2
ð133Þ

with all the remaining combinations being zero. With these
preliminaries, we are ready to introduce the super charac-
ters on the supergroup UOSpð1j2Þ. The super character χj
associated to the finite-dimensional irreducible representa-
tion πj of UOSpð1j2Þ is a smooth map χj∶UOSpð1j2Þ →
ΛC
0 defined via

χjðgÞ ≔ strðπjðgÞÞ; ∀ g ∈ UOSpð1j2Þ: ð134Þ

Using the matrix representation (124), it can explicitly be
written in the form

χj ¼
Xj
m¼−j

Tj
jm;jm −

Xj−1
2

m¼−jþ1
2

Tj
j−1

2
m;j−1

2
m
: ð135Þ

By Eqs. (129)–(131), it then follows immediately from
Eq. (135) that the superscalar product between two super
characters χj and χj0 is given by

S ðχjjχj0 Þ ¼
X
m;m0

S ðTj
jm;jmjTj0

j0m0;j0m0 Þ

þ
X
m;m0

S ðTj
j−1

2
m;j−1

2
m
jTj0

j0−1
2
m0;j0−1

2
m0 Þ

¼ ð2jþ 1Þδjj0 − 2jδjj0

¼ δjj0 ; ð136Þ

that is, the super characters are normalized and two
distinct super characters associated to two inequivalent
irreducible representations are pairwise orthogonal. It is
clear that one can associate a super character to any (not
necessarily irreducible) finite-dimensional representation
of UOSpð1j2Þ. By definition, it then follows that super
characters are well behaved under a (graded) tensor product
and direct sum such that, for instance, χj⊗j0 ¼ χj · χj0
and χj⊕j0 ¼ χj þ χj0 .
By exploiting these properties, we are now able to derive

an explicit integral formula for N∞ðj⃗Þ. To do so, for later
purposes, let us subdivide j⃗ into p ≤ n subfamilies ðnl; jlÞ,
l ¼ 1;…; p, consisting of 0 < nl ≤ n punctures labeled by
jl ∈ j⃗. By the orthonormality property of the super
characters, it follows that the number of Chern-Simons
degrees of freedom on the boundary in the limit k → ∞ is
given by

N∞ðfnl;jlglÞ¼S

�
χ0

����Yp
l¼1

ðχjlÞnl
�
¼
Z
UOSp

Yp
l¼1

ðχjlðθÞÞnl :

ð137Þ
We want to re-express Eq. (137) in an even more explicit
way. To this end, note that, according to Eq. (135) as well as
Eqs. (125) and (126), the super character χj can be written
in the form

χj ¼
�
1 −

j
4
η̄η

�
χSUð2Þj −

�
1þ jþ 1

2

4
η̄η

�
χSUð2Þ
j−1

2

ð138Þ

with χSUð2Þj the character associated to the spin-j repre-
sentation of SU(2). This can also rewritten as follows:

χj ¼ χSUð2Þj − χSUð2Þ
j−1

2

−
1

4
η̄η

�
jχSUð2Þj þ

�
jþ 1

2

�
χSUð2Þ
j−1

2

�
¼ χSUð2Þj − χSUð2Þ

j−1
2

−
1

4
η̄η

���
jþ 1

4

�
−
1

4

�
χSUð2Þj þ

��
jþ 1

4

�
þ 1

4

�
χSUð2Þ
j−1

2

�
¼
�
1þ 1

16
η̄η

��
χSUð2Þj − χSUð2Þ

j−1
2

�
−
1

4

�
jþ 1

4

�
η̄η

�
χSUð2Þj þ χSUð2Þ

j−1
2

�
¼
�
1þ 1

16
η̄η

��
χSUð2Þj − χSUð2Þ

j−1
2

�
−
dj
16

η̄η

�
χSUð2Þj þ χSUð2Þ

j−1
2

�
ð139Þ
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with dj ¼ 4jþ 1 the (ungraded) dimension of the
representation πj. Using the explicit formula

χSUð2Þj ðθÞ ¼ sinðð2jþ1ÞθÞ
sin θ , one obtains the following useful

identities:

χSUð2Þj ðθÞ − χSUð2Þ
j−1

2

ðθÞ ¼ cosð2ðjþ 1
4
ÞθÞ

cosðθ
2
Þ ¼ cosðdj θ2Þ

cosðθ
2
Þ ð140Þ

and

χSUð2Þj ðθÞþχSUð2Þ
j−1

2

ðθÞ¼ sinð2ðjþ 1
4
ÞθÞ

sinðθ
2
Þ ¼ sinðdj θ2Þ

sinðθ
2
Þ : ð141Þ

By reinserting into Eq. (139), this yields

χj ¼
�
1þ 1

16
η̄η

�
cosðdj θ2Þ
cosðθ

2
Þ −

dj
16

sinðdj θ2Þ
sinðθ

2
Þ η̄η: ð142Þ

This is a quite useful formula which will play a central
for the computation of the entropy in what follows. For
N ∈ N0, it gives

ðχjÞN ¼
�
1þ N

16
η̄η

��
cosðdj θ2Þ
cosðθ

2
Þ
�N

− N
dj
16

sinðdj θ2Þ
sinðθ

2
Þ
�
cosðdj θ2Þ
cosðθ

2
Þ
�N−1

η̄η: ð143Þ

Hence, the product of characters as appearing in the integral
formula (137) can be expanded in the form

Yp
l¼1

ðχjlÞnl ¼
�
1þ n

16
η̄η

�Yp
l¼1

�
cosðdjl θ2Þ
cosðθ

2
Þ
�nl

−
1

16
η̄η
Xp
l¼1

nldjl
sinðdjl θ2Þ
sinðθ

2
Þ
�
cosðdjl θ2Þ
cosðθ

2
Þ
�nl−1

×
Y
i≠l

�
cosðdji θ2Þ
cosðθ

2
Þ
�ni

ð144Þ

with n ¼Pl nl the total number of punctures on Δ. By
inserting Eq. (144) into Eq. (137) and performing
the Berezin integral as well as the variable substitu-
tion θ → 2θ, we thus finally arrive at the following
compact integral formula for the total number of

UOSpð1j2Þ Chern-Simons degrees of freedom on the
boundary5:

N∞ðfnl; jlgÞ ¼
1

2π

Z
π

0

dθ sin2ð2θÞ

×

�
4 − nþ

Xp
i¼1

nidjl
tanðdjiθÞ
tan θ

�

×
Yp
l¼1

�
cosðdjlθÞ
cos θ

�
nl
: ð147Þ

This formula is the starting point for the calculation of the
entropy to be discussed in the following sections.

B. The monochromatic case

Having derived an integral formula for the number of
UOSpð1j2Þ Chern-Simons degrees of freedom in the limit
k → ∞, we next want to use this formula in order to
compute the entropy associated to the boundary in the
framework of chiral loop quantum supergravity. To this
end, following and adapting the ideas in Ref. [16] in the
context of the purely bosonic theory, we perform an
analytic continuation of the Verlinde formula for the
compact real form UOSpð1j2Þ to the corresponding non-
compact complex gauge supergroup OSpð1j2ÞC of chiral
LQSG by replacing the superspin quantum numbers j ∈ j⃗
in (147) by j → − 1

4
þ is, i.e., quantum numbers corre-

sponding to the principal series with respect to which the
super area operator has purely real eigenvalues.
To simplify the discussion, as a first step, in what follows

let us focus on the monochromatic case and assume that the
punctures on the boundary are all labeled by the same
superspin quantum number j. Then, by replacing j → − 1

4
þ

is for some s ∈ R>0 in Eq. (147) for the special case p ¼ 1
and using dj ¼ i4s≕ is̃ as well as cosðixÞ ¼ coshðxÞ and
sinðixÞ ¼ i sinhðxÞ, one finds that an analytically continued

5Since the super characters on UOSpð1j2Þ define class
functions, it follows that via the identification SUð2Þ ≅ S3

explicitly given by

SUð2Þ ∋
�

a b̄

−b̄ ā

�
↦ ðx1; x2; x3; x4ÞT

≔ ðRea; Ima;Reb; ImbÞT ∈ S3 ð145Þ

the super characters, when restricted to the bosonic subgroup,
depend on only the x1 coordinate. By performing the variable
substitution x1 ≔ cos θ, it then follows that the invariant integral
on SU(2) of a function f ≡ fðcos θÞ takes the form [60]Z
S3

dσf¼−
2

π2

Z
dðcosθÞfðcosθÞ

Z
R4

d4xδðkxk2−1Þδðx1−cosθÞ

¼ 4

π

Z
2π

0

dθsin2ðθÞfðcosθÞ: ð146Þ
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version of the Verlinde formula is given by the following
contour integral:

I∞ ¼ 1

2π

Z
C
dzμðzÞ

�
4 − n

�
1þ s̃

tanðs̃zÞ
tanh z

��
× exp

�
n ln

�
cosðs̃zÞ
cosh z

��
ð148Þ

with density μðzÞ ≔ i sinh2ð2zÞ. Here, C denotes a contour
from 0 to iπ. In what follows, we want to evaluate the
integral formula (148) in the macroscopic limit correspond-
ing to the limit s → ∞ and n → ∞, that is, large color as
well as a large number of punctures on the boundary. In this
limit, one can then apply the method of steepest descent, so
we arrange C to go through all the (nondegenerate) critical
points zc, in the direction of steepest descent, of the
“action”

SðzÞ ¼ ln

�
cosðs̃zÞ
cosh z

�
ð149Þ

located along the imaginary axis and lying between 0 and
iπ. To determine the critical points of the action (149), note
that the complex derivative of Eq. (149) is given by

dS
dz

¼ −s̃ tanðs̃zÞ − tanhðzÞ: ð150Þ

Thus, it follows that zc is a critical point of the action, i.e.,
S0ðzcÞ ¼ 0 if and only if

s̃ tanðs̃zcÞ ¼ − tanhðzcÞ: ð151Þ

If we restrict to critical points lying on the imaginary axis, it
follows that, in the macroscopic limit, an approximate
solution to Eq. (151) is given by zc ¼ iðπ

2
− ϵÞ for some

small ϵ of the order of ϵ ¼ oðs̃−1Þ. Inserting this into the
action (149) and setting ϵ ¼ 1

s̃, this gives

SðzcÞ ¼ ln

�
cosh ½ðπ

2
− ϵÞs̃�

cos ðπ
2
− ϵÞ

�
¼ ln

�
e
π
2
s̃

2e sin ϵ

�
¼ 2πsþ ln

�
2s
e

�
: ð152Þ

By using the identity (151), we find for the second
derivative

S00ðzcÞ¼−s̃2ð1þ tan2ðs̃zcÞÞ−1þ tanh2ðzcÞ≃−s̃2: ð153Þ

Evaluation of the density μðzÞ on the critical point gives

μðzcÞ ≃
1

is̃2
: ð154Þ

Moreover, from Eq. (151) we deduce

tanðs̃zcÞ
tanh zc

¼ −
1

s̃
: ð155Þ

Thus, in the macroscopic limit, it follows that the integral
formula (148) can be approximated by

I∞ ¼ 1

π
μðzcÞ expðnSðzcÞÞ

Z
∞

−∞
dx exp

�
−nS00ðzcÞ

x2

2

�
:

ð156Þ

It is interesting to note that, due to Eq. (155), the term in the
square bracket in the first line of Eq. (148) vanishes
identically. Thus, after performing the Gaussian integral,
one finally ends up with

I∞ ¼
ffiffiffi
2

π

r
1

32s3
ffiffiffi
n

p
�
2s
e

�
n
exp

�
aH
4

− i
π

2

�
ð157Þ

with aH ¼ 8πns the super area of the boundary in the
monochromatic case [see Eq. (113)]. Interestingly, as we
see, the analytic continuation of the state sum acquires an
additional complex phase which seems to be counterintui-
tive. In fact, a similar observation has been made in the
bosonic theory [16]: There, the complex phase turned out to
be even dependent on the number n of punctures on the
boundary. As a result, it has been suggested that one either
has to consider the modulus of the analytically continued
state sum formula or needs to restrict to particular values for
n for which this additional complex phase vanishes. Since,
here in the supersymmetric setting, the complex phase turns
out to be, in fact, independent of the number of punctures,
the first possibility seems to be most appropriate. This
confirms the hypothesis in Ref. [16] in the framework of the
bosonic theory.
Taking the modulus of Eq. (157), we can immediately

deduce that the leading order term for the entropy
S ¼ ln jI∞j defined as the natural logarithm of the number
of states is indeed given by Bekenstein-Hawking area law

S ¼ aH
4l2p

þ � � � ; ð158Þ

where we have reintroduced physical units just for the sake
of clarity. This is a very intriguing result and follows here
directly from the analytically continued Verlinde for-
mula (148). In particular, we did not have to make any
choices or fix the Barbero-Immirzi parameter to specific
values. Moreover, this confirms the results in Ref. [16] in
the bosonic theory and supports the hypothesis that in the
context of complex variables the entropy can be derived via
an analytic continuation starting from a compact real form
of the complex gauge group.
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Let us finally determine the lower order quantum
corrections to the entropy. To this end, as explained in
detail in Ref. [16], note that the total number of
punctures n and the color s both grow proportionally
to

ffiffiffiffiffiffi
aH

p
=lp. Hence, in the macroscopic limit, we can set

n ¼ ν
ffiffiffiffi
aH

p
lp

as well as s ¼ σ
ffiffiffiffi
aH

p
lp

with some numerical

coefficients ν, σ > 0. Inserting this into Eq. (157), we
then find that the entropy is given by

S ¼ ln jI∞j

¼ aH
4l2p

þ ν

2

ffiffiffiffiffiffi
aH

p
lp

ln

�
aH
l2p

�
þ ν ln

�
2σ

e

� ffiffiffiffiffiffi
aH

p
lp

−
7

4
ln
�
aH
l2p

�
þOð1Þ: ð159Þ

However, note that, so far, we have not taken into
account the indistinguishability of punctures on the
boundary. To do so, we have to divide out the total
number of possible permutations of the punctures on the
boundary; that is, we have to replace jI∞j by jI∞j=n! in
the formula of the entropy. In the macroscopic limit, we
can approximate the number of permutations n! via the
Stirling formula n! ∼

ffiffiffiffiffiffiffiffi
2πn

p ðneÞn, which yields

ln n! ¼ ν

2

ffiffiffiffiffiffi
aH

p
lp

ln

�
aH
l2p

�
þ ν ln

�
ν

e

� ffiffiffiffiffiffi
aH

p
lp

þ 1

4
ln

�
aH
l2p

�
þOð1Þ: ð160Þ

Thus, if we subtract Eq. (160) from Eq. (159), we then
find that the effective entropy in the case of indistin-
guishable punctures is given by

S ¼ aH
4l2p

þ ν ln

�
2σ

ν

� ffiffiffiffiffiffi
aH

p
lp

− 2 ln

�
aH
l2p

�
þOð1Þ: ð161Þ

Interestingly, this is almost the same formula as encoun-
tered in Ref. [16] in the context of the bosonic theory. In
particular, the logarithmic correction exactly coincides
with the result in Ref. [16].

C. The multicolor case

So far, we have considered a simplified model assuming
that the punctures on the boundary are all labeled by the
same superspin quantum number. In this section, let us
finally discuss the general case. To this end, following the
same steps as in the previous section, we analytically
continue the Verlinde formula (147) by replacing the
superspin quantum numbers jl by jl→−1

4
þisl with sl∈

R for l ¼ 1;…; p, i.e., quantum numbers corresponding to
principal series representations with respect to which the

super area operator has purely real eigenvalues. In doing so,
it follows, using dl ¼ i4sl ≕ is̃l, that an analytically con-
tinued version of Eq. (147) is given by the following
contour integral:

I∞ ¼ 1

2π

Z
C
dzμðzÞ

�
4 − n −

Xp
i¼1

nis̃i
tanðs̃izÞ
tanh z

�

× exp

�Xp
l¼1

nl ln

�
cosðs̃lzÞ
cosh z

��
; ð162Þ

where, similar to the monochromatic case, C denotes a
contour in the complex plane going through all the critical
points of the “action”

SðzÞ ≔
Xp
l¼1

νl ln

�
cosðs̃lzÞ
cosh z

�
ð163Þ

on the imaginary axis. Here and in what follows, we
consider the macroscopic limit and assume that the number
nl of punctures labeled by jl grow at the same velocity so
that nl ¼ κνl for some large real number κ → ∞ and some
finite νl > 0 for l ¼ 1;…; p. In this limit, we can again
evaluate the integral formula (162) by using the method of
steepest decent. To this end, taking the complex derivative
of Eq. (163), we find

dS
dz

¼ −
Xp
l¼1

νlðs̃l tanðs̃lzÞ þ tanhðzÞÞ: ð164Þ

Hence, it follows that critical points zc of the action (163)
are determined by the equation

Xp
l¼1

νls̃l tanðs̃lzÞ ¼ −
�Xp

l¼1

νl

�
tanhðzÞ: ð165Þ

If we again restrict to critical points lying along the
imaginary axis, we find that in the macroscopic limit,
i.e., κ → ∞ and sl → ∞ ∀ l ¼ 1;…; p, an approximate
solution to Eq. (165) is given by zc ¼ iðπ

2
− ϵÞ for some

small ϵ of the order of ϵ ¼ oðs̄−1Þ with

s̄ ≔
Pp

l¼1 νlslPp
l¼1 νl

ð166Þ

the mean color. Inserting this into Eq. (163) and setting
ϵ ¼ 1

4s̄, this gives
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SðzcÞ≔
Xp
l¼1

νl ln

�
cosh ½ðπ

2
− ϵÞs̃l�

cos ðπ
2
− ϵÞ

�
¼
Xp
l¼1

νl ln

�
e2πsl

2e
sl
s̄ sin ϵ

�

¼ 2π
Xp
l¼1

νlsl þ
Xp
l¼1

νl ln

�
2s̄

e
sl
s̄

�

¼ 2π
Xp
l¼1

νlsl þ ln ðð2s̄Þ
P

p
l¼1

νl e−
1
s̄

P
p
l¼1

νlslÞ

¼ 1

κ

aH
4
þ n
κ
ln

�
2s̄
e

�
ð167Þ

with aH ¼ 8π
Pp

l¼1 nlsl the super area of the boundary as
measured with respect to the super area operator [see

Eq. (113)]. Since
Pp

l¼1 nls̃l ¼ 4ns̄ and tanðs̃zcÞ
tanh zc

¼ − 1
4s̄, it

then follows that, in the macroscopic limit, the analytically
continued state sum formula (162) takes the form

I∞ ¼ 1

π
μðzcÞ expðκSðzcÞÞ

Z
∞

−∞
dx exp

�
−κS00ðzcÞ

x2

2

�
:

ð168Þ

Again, it is interesting to note that, similar to the mono-
chromatic case discussed in the previous section, the
second and last term in the square bracket in the first line
of Eq. (162) cancel exactly, thereby drastically simplifying
the expression of the integral formula. Hence, by taking the
modulus of Eq. (168), it follows immediately from
Eq. (167) that, at highest order, the entropy associated to
the boundary is given by

S ¼ ln jI∞j ¼
aH
4l2p

þ � � � ð169Þ

and, thus, indeed corresponds to the Bekenstein-Hawking
area law. The lower order quantum corrections can be
computed similarly to the monochromatic case by replac-
ing s by the mean color s̄.

VI. DISCUSSION AND OUTLOOK

In this article, we have shown that a large class of
surfaces characterized by boundary conditions preserving
local supersymmetry carry a surface theory with an entropy
S ¼ A=4—a quarter of its super area in Planck units. This
means that (a suitable generalization of) the Bekenstein-
Hawking law holds in N ¼ 1, D ¼ 4 supergravity quan-
tized with loop quantum gravity methods.
There are several surprises that come together to yield this

result: The first is that the boundary theory and boundary
conditions are uniquely fixed from the requirement of
supersymmetry. The second is that the boundary theory is
a Chern-Simons theory and that it couples to the bulk just as
for isolated horizons in the nonsupersymmetric theory. The

third is that there is a compact real form of OSpð1j2ÞC that
one can find a Verlinde-type formula for, that OSpð1j2ÞC
possesses representations with the right properties to carry
out the analytic continuation prescription, and that the
Verlinde formula allows it. Note also that, due to the fact
that the CS level is proportional to the inverse of the
cosmological constant, the large-k limit makes physical
sense and one does not have to deal with the intricacies of
quantum deformations of supergroups. Finally, the only
change in comparison to the nonsupersymmetric theory in
highest order turns out to be a factor of 2 in the exponent
which can be easily incorporated into the picture by using the
area eigenvalue of two-sided punctures at the horizon.
While the calculation proceeds in analogy with the one in

Refs. [15,16] for the bosonic case, there are also interesting
differences: The class of surfaces admitted seems to be
larger in our work. The Chern-Simons level of the
boundary theory is not determined by geometric properties
of the boundary but by the cosmological constant. The
quantity bounding the entropy is a supergeometric gener-
alization of the area. Since there is unbroken local super-
symmetry on the boundary which takes the form of a gauge
symmetry, bosonic area is simply not an observable in our
context. It is not gauge invariant.
There are several places where our arguments are not as

stringent as they should be, and there are some open
questions. First of all, the bulk quantum theory is not
complete, and the quantum theory for the boundary
Chern-Simons theory for the noncompact supergroup and
at imaginary level is not known directly. This is not
satisfactory, but it is very similar to the situation for the
nonsupersymmetric theory in terms of chiral variables
[15,16]. Moreover, we have not based our consideration
on a theory of isolated horizons, since it has not been worked
out yet for supergravity theories, as far as we know. Finally,
the right-handed supersymmetry constraint has not been
implemented in a direct way. Rather, our assumption is that it
does not significantly reduce the number of surface states, as
is assumed for the Hamilton constraint in the bosonic theory.
The open issues mentioned above could all be starting

points for future work. However, the number of things that
work out precisely in such a way as to give the successful
calculation of the entropy show that the quantization of
supergravity with loop quantum gravity methods has a high
degree of internal consistency. This is encouraging for
further investigations, in particular toward generalizing to
extended supergravity, comparing with string theory, and
studying the physical implications of loop quantum super-
gravity, especially in regards to their differences to other
quantization schemes.
In particular, it would be interesting to extend the theory

to extended supersymmetry, N > 1. As we have pointed
out in the previous sections, we have at least a good
understanding of how the bulk theory would look like for
N ¼ 2. Based on this, it seems feasible to extend the
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entropy calculation to more physically realistic models with
N ¼ 2. Complementary to this, it would be very desirable
to complete a calculation for BPS black holes as considered
in string theory [4,5].
An important aspect of the present work is the inclusion

of fermions in all aspects of the formalism. Consequently,
the area spectrum changes, compared to the purely bosonic
theory, and so does the state count for the entropy. It would
be interesting to further consider and compare fermionic
and bosonic contributions to the entropy and to compare to
other results (e.g., Ref. [61]), perhaps in a context in which
the gauge symmetry is partially fixed.
Finally, it is very interesting to note that OSpðmjnÞC

super Chern-Simons theories at complex level k show up as
boundary theories in string theory [14]. These theories are
investigated in Ref. [14] by intricate analytic continuation
arguments starting from cs supergroups, which entail a
choice of compact real form of the bosonic subgroup of the
complex supergroup. It would be great to better understand
the possible connections to the present work, in general,
and in particular to the analytic continuation we used.
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APPENDIX A: SUPER CHERN-SIMONS THEORY

In this section, we want to briefly recall the basic
definition and structure of the super Chern-Simons action.
For more details on Chern-Simons theory with supergroup
as a gauge group, we refer to Ref. [14] as well as Ref. [62]
studying the super Chern-Simons action in the geometric
approach using integral forms.
Before we state the super Chern-Simons action, we need

to introduce invariant inner products. Let G be a Lie
supergroup. By the super Harish-Chandra theorem, the

super Lie group has the equivalent characterization in terms
of a super Harish-Chandra pair ðG; gÞ with G the under-
lying ordinary bosonic Lie group and g the super Lie
algebra of g with g0 ¼ LieðGÞ.6
A supermetric on g is a bilinear map h·; ·i∶g × g → C

that is nondegenerate and graded symmetric, i.e., hX; Yi ¼
ð−1ÞjXjjYjhY; Xi for any homogeneous X; Y ∈ g. Moreover,
it is called Ad invariant if

hAdgX;AdgYi ¼ hX; Yi ∀ g ∈ G ðA1Þ

and

h½Z; X�; Yi þ ð−1ÞjXjjZjhX; ½Z; Y�i ¼ 0 ðA2Þ

for all homogeneous X; Y; Z ∈ g. This can be extended to a
bilinear form h· ∧ ·i∶ΩpðM; gÞ ×ΩqðM; gÞ → ΩpþqðMÞ
on differential forms on a supermanifold M with values in
the super Lie algebra g. Therefore, first note that the sheaf
Ω•ðM; gÞ carries the structure of a Z × Z2-bigraded
module, where, for any ω ∈ ðΩkðMÞÞi, its parity ϵðωÞ is
defined as

ϵðωÞ ≔ ðk; iÞ ∈ Z × Z2; ðA3Þ

where we will also write jωj ≔ i for the underlying Z2

grading. For homogeneous g-valued differential forms
ω ∈ ΩpðM; gÞ and η ∈ ΩqðM; gÞ, we then set

hω ∧ ηi ≔ ð−1ÞjijðjηjþjjjÞωi ∧ ηjhXi; Xji; ðA4Þ

where we have chosen a real homogeneous basis ðXiÞi of g
and simply wrote jij ≔ jXij for the parity. A direct
calculation yields

hω∧ ηi≔ ð−1ÞjijðjηjþjjjÞωi ∧ ηjhXi;Xji
¼ ð−1Þpqð−1Þjijjηjð−1ÞðjωjþjijÞðjηjþjjjÞηj ∧ ωihXj;Xii
¼ ð−1Þpqhη∧ ωi: ðA5Þ

Finally, let us derive an important identity which plays a
central role in may calculations. In fact, using the Ad
invariance (A2), one obtains

hω ∧ ½η ∧ ξ�i ¼ ð−1ÞjijðjηjþjξjþjjjþjkjÞð−1ÞjjjðjξjþjkjÞωi ∧ ηj ∧ ξkhXi; ½Xj; Xk�i
¼ ð−1ÞjijðjηjþjξjþjjjþjkjÞð−1ÞjjjðjξjþjkjÞωi ∧ ηj ∧ ξkh½Xi; Xj�; Xki
¼ ð−1ÞjijðjηjþjjjÞhωi ∧ ηj ⊗ ½Xi; Xj� ∧ ξi
¼ h½ω ∧ η� ∧ ξi: ðA6Þ

6For the interested reader, we note that, for the sake of concreteness, we will identify the (algebrogeometric) super Lie group with the
corresponding Rogers-DeWitt supergroup using the functor of points prescription (see Refs. [19,21] for more details).
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As discussed in Sec. II (see also Ref. [20] for more details),
the Chern-Simons action naturally appears as a boundary
term in the chiral limit of the Holst-MacDowell-Mansouri
action of supergravity. In fact, let A be a superconnection
and FðAÞ its corresponding curvature, and then

hFðAÞ∧FðAÞi¼ dhA∧FðAÞ−1

6
A∧ ½A∧A�i: ðA7Þ

To see this, note that

dhA ∧ FðAÞ − 1

6
A ∧ ½A ∧ A�i

¼ hdA ∧ dAþ 1

2
dA ∧ ½A ∧ A� −A ∧ ½dA ∧ A�i

−
1

6
dhA ∧ ½A ∧ A�i

¼ hdA ∧ dAþ 1

3
dA ∧ ½A ∧ A� − 2

3
A ∧ ½dA ∧ A�i;

ðA8Þ

which directly leads to Eq. (A7) using hA ∧ ½dA ∧ A�i ¼
−hA ∧ ½A ∧ dA�i ¼ −h½A ∧ A� ∧ dAi which is an
immediate consequence of identity (A6). When pulled
back to the underlying bosonic submanifold M, the
Chern-Simons action is thus defined as

SCSðAÞ ≔ k
4π

Z
M
hA ∧ dAþ 1

3
A ∧ ½A ∧ A�i; ðA9Þ

where k is referred to as the level of theChern-Simons theory.
Let us decompose A¼prg0 ∘Aþprg1 ∘A≕Aþψ with

respect to the even and odd parts of the super Lie algebra
g ¼ g0 ⊕ g1. Inserting this into Eq. (A9), this gives

hA ∧ FðAÞi ¼ hA ∧ FðAÞ þ 1

2
A ∧ ½ψ ∧ ψ �i

þ hψ ∧ ðdψ þ ½A ∧ ψ �Þi: ðA10Þ

On the other hand, using hψ∧ ½A∧ψ �i¼hψ∧ ½ψ∧A�i¼
h½ψ∧ψ �∧Ai according to Eq. (A6), we find

hA∧ ½A∧A�i ¼ hA∧ ½A∧A�þA∧ ½ψ ∧ψ �i
þ2hψ ∧ ½A∧ψ �i

¼ hA∧ ½A∧A�þA∧ ½ψ ∧ψ �i
þ2hA∧ ½ψ ∧ψ �i

¼ hA∧ ½A∧A�þ3A∧ ½ψ ∧ψ �i: ðA11Þ

Thus, we can rewrite Eq. (A9) as follows:

SCSðAÞ ¼ SCSðAÞ þ
k
4π

Z
M
hψ ∧ DðAÞψi ðA12Þ

with SCSðAÞ the Chern-Simons action of the bosonic
connection A and DðAÞ the associated exterior covariant
derivative.

APPENDIX B: THE SUPER POINCARÉ
AND ANTI–DE SITTER GROUP

In this section, let us briefly review the basic supergroups
and algebras that play a central role in the context of
supergravity in D ¼ 4 spacetime dimensions (see, e.g.,
Refs. [63–66] for a more detailed exposition as well as
Ref. [19] for our choice of conventions).
Let γI , I ¼ 0;…; 3, be the gamma matrices satisfying the

Clifford algebra relations fγI; γJg ¼ 2ηIJ with Minkowski
metric η with signature η ¼ diagð−þþþÞ. We then define
totally antisymmetric matrices ΣAB, A;B ¼ 0;…; 4, via

ΣIJ ≔
1

2
γIJ ≔

1

4
½γI;γJ� as well as Σ4I ≔−γI4 ≔

1

2
γI; ðB1Þ

where indices are raised and lowered with respect to the
metric ηAB ¼ diagð−þþþ−Þ. These satisfy the following
commutation relations:

½ΣAB;ΣCD� ¼ ηBCΣAD−ηACΣBD−ηBDΣACþηADΣBC ðB2Þ

and, thus, provide a representation of soð2; 3Þ, Lie algebra
of the isometry group SOð2; 3Þ of anti–de Sitter spacetime
AdS4. Moreover, due to

ðCΣABÞT ¼ CΣAB ðB3Þ

with C the charge conjugation matrix, it follows that ΣAB
generate spð4Þ the Lie algebra universal covering group
Spð4;RÞ of SOð2; 3Þ.
The graded extension of the anti–de Sitter group with

N -fermionic generators is given by the orthosymplectic Lie
group OSpðN j4Þ containing OðN Þ × Spð4Þ as a bosonic
subgroup and which, on the super vector space V ¼
ðΛCÞN ;4 with Λ a real Grassmann algebra, is defined with
respect to the bilinear form induced by

Ω ¼
�
1 0

0 C

�
: ðB4Þ

The algebra ospðN j4Þ is then generated by all X ∈ glðVÞ
satisfying

XsTΩþ ΩX ¼ 0; ðB5Þ

where XsT denotes the supertranspose of X. The bosonic
generators of super Lie algebra are given by

MAB ≔
�
0 0

0 ΣAB

�
and Trs ≔

�
Ars 0

0 0

�
; ðB6Þ
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respectively, where ðArsÞpq ≔ 2δ½rpδ
s�
q , p; q; r; s ¼ 1;…;N .

The fermionic generators are given by

Qr
α ≔

�
0 −ēα ⊗ er

eα ⊗ eTr 0

�
ðB7Þ

with ðēαÞβ ¼ Cαβ. Setting PI ≔ 1
LΣ4I , and rescaling

Qr
α → Qr

α=
ffiffiffiffiffiffi
2L

p
as well as Trs → Trs=2L, one obtains

the following (graded) commutation relations:

½MIJ;Qr
α� ¼

1

2
Qr

βðγIJÞβα; ðB8Þ

½PI;Qr
α� ¼ −

1

2L
Qr

βðγIÞβα; ðB9Þ

½Tpq;Qr
α� ¼

1

2L
ðδqrQp

α − δprQq
αÞ; ðB10Þ

½Qr
α;Qs

β� ¼ δrs
1

2
ðCγIÞαβPI þ δrs

1

4L
ðCγIJÞαβMIJ −CαβTrs;

ðB11Þ

which in the limit L → ∞ leads to the respective super
Poincaré Lie algebra.
The orthosymplectic and Poincaré superalgebra contain

a proper subalgebra which appears in the context of chiral
supergravity. Let T�

i be defined as

T�
i ¼ 1

2

�
−
1

2
ϵi

jkMjk � iM0i

�
; ðB12Þ

satisfying the commutation relations

½T�
i ; T

�
j � ¼ ϵij

kT�
k : ðB13Þ

Since the R-symmetry generators do not mix the chiral
components of the Majorana generators Qr

α, it follows that
ðTþ

i ; Trs; Qr
AÞ form a proper chiral subsuper Lie algebra of

ospðN j4ÞC with the graded commutation relations

½Tþ
i ; T

þ
j � ¼ ϵij

kTþ
k ; ðB14Þ

½Tþ
i ; Q

r
A� ¼ Qr

BðτiÞBA; ðB15Þ

½Qr
A;Q

s
B� ¼ δrs

1

L
ðϵσiÞABTþ

i −
i
2L

ϵABTrs; ðB16Þ

½Tpq;Qr
A� ¼

1

2L
ðδqrQp

A − δprQq
AÞ; ðB17Þ

yielding the complex orthosymplectic Lie superalgebra
ospðN j2ÞC, the extended supersymmetric generalization
of the isometry algebra of D ¼ 2 anti–de Sitter space. In
the limit L → ∞, this yields the extended D ¼ 2 super
Poincaré algebra.
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