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In this work we present a “modest” holographic reconstruction of the bulk geometry in asymptotically
flat spacetime using the two-point correlators of boundary quantum field theory (QFT) in asymptotically
flat spacetime. The boundary QFT lives on the null boundary of the spacetime, namely null infinity and/or
the Killing horizons. The bulk reconstruction relies on two unrelated results: (i) there is a bulk-to-boundary
type correspondence between free quantum fields living in the bulk manifold and free quantum fields living
on its null boundary, and (ii) one can construct the metric by making use of the Hadamard expansion of
the field living in the bulk. This holographic reconstruction is “modest” in that the fields used are
noninteracting and not strong-weak holographic duality in the sense of AdS/CFT, but it works for generic
asymptotically flat spacetime subject to some reasonably mild conditions.
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I. INTRODUCTION

In general relativity, more often than not any reasonable
observers are located far away from any astrophysical
objects; thus in many situations one can approximate
observers as essentially at infinity. This is especially
evident in the detection of electromagnetic and gravita-
tional radiation from some astrophysical sources. At the
same time, electromagnetic and gravitational radiations
travel along null geodesics, and thus they will reach future
null infinity .#+. No observers can be exactly at .# ™, but for
many practical calculations one can approximate them to be
“close” to null infinity to detect these radiations. Therefore,
physics at null infinity remains very relevant for studying
what faraway observers can see.

One less well-known but nonetheless remarkable result
in algebraic quantum field theory (AQFT) is that there is a
form of bulk-to-boundary correspondence between mass-
less QFT living in the bulk geometry and massless QFT
living in its null boundary [1-4]. In the case of asymp-
totically simple spacetimes (i.e., without horizons), the
null boundary is simply the null infinity, while for
Schwarzschild geometry this will be the union of the
Killing horizon and null infinity. This provides a form
of holography between the algebra of observables and
states of two scalar field theories. However, this is arguably
less attractive compared to the holographic duality pro-
vided by anti—de Sitter/conformal field theory (AdS/CFT)
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correspondence [5-7] (see, e.g., Refs. [8—12] and refer-
ences therein for a nonexhaustive list of this very vast
research program). There, the CFT can be very strongly
coupled, and it can be used to construct directly the bulk
asymptotically AdS geometry. The flat holography pre-
sented above is really about the reconstruction of corre-
lators of the bulk noninteracting QFT from the correlators
of another noninteracting QFT at the boundary. As such,
they give us a very different and modest kind of holog-
raphy, as was already pointed out in [1].

In this work, we will show that we can do better by
actually reconstructing the metric of the bulk geometry
directly from the boundary correlators (the smeared n-point
functions). We use a method inspired from the work of
Saravani, Aslanbeigi, and Kempf [13,14], where they
reconstructed the bulk metric from bulk scalar propagators
(the Feynman propagator). The basic idea is that physically
reasonable states fall under the class of Hadamard states
[15-17], which have the property that the short-distance
(UV) behavior of the correlation functions is dominated by
the geodesic distance between two nearby points (typically
written in terms of Synge world functions). By augmenting
the bulk-to-boundary correspondence in [1-4] with the
metric reconstruction scheme in [13,14] but replacing the
bulk propagator with the boundary correlation functions,
we will be able to establish a form of holographic bulk
reconstruction. This works because the Hadamard property
of the states in the bulk is encoded nontrivially into the
boundary correlators. Note that the metric reconstruction
from bulk Wightman two-point functions, exploiting the
Hadamard property directly, was done explicitly for the
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first time in [18]. We will show this reconstruction using
Minkowski and Friedmann-Robertson-Walker (FRW)
spacetimes. We will refer to this version of bulk-to-
boundary correspondence “modest holography.”

We should emphasize what we are not doing in this
work. We do not claim that we can reconstruct all
asymptotically flat spacetimes purely from .#*, and
certainly not the maximal analytic extensions in general.
The modest holography works as far as there is enough
“Cauchy data” at .# " for the reconstruction. For example,
if we have a black hole with future horizon .7# T, observers
near .4 U " can at most reconstruct the metric holo-
graphically in the exterior of the black hole. The reason is
simply that there is not enough Cauchy data to reconstruct
the interior using this method. In some cases one may need
to include timelike infinity (even for massless fields) to
have enough Cauchy data [19]. Note also that violation
of the strong Huygens’ principle in generic curved
spacetimes means that massless field causal propagators
can have timelike supports [20,21]. In this respect, our
bulk reconstruction construction is closer to that of
Hamilton-Kabat-Lifschytz-Lowe (HKLL) construction in
AdS/CFT [22-24]. What we propose here is that the bulk-
to-boundary correspondence proposed in [1-4], which was
only between bulk and boundary correlators, can (and
perhaps should) be promoted to an actual holographic
reconstruction of the bulk geometry. The limitation of the
bulk reconstruction is ultimately dependent on the validity
of the modest holography itself.

It is worth mentioning that our results are only guaran-
teed in (3 + 1)-dimensional asymptotically flat spacetimes,
where the asymptotic symmetry group is the Bondi-
Metzner-Sachs (BMS) group [25,26]. In higher dimensions
this may not be the case, and it has been debated in the
literature when the BMS group remains the asymptotic
symmetry group (see, e.g., Refs. [27,28]). This is closely
tied to the existence of the gravitational memory effect.
We are not aware of any analogous bulk-to-boundary
correspondence in higher dimensions.

A side goal of this work is to popularize the technique in
AQFT in a more accessible manner to people working in
QFT in curved spacetimes and also the relativistic quantum
information (RQI) community. One of the authors provided
a similar introduction to AQFT in [29], and in this work we
will refine some of the exposition, as well as complement it
by also providing an accessible introduction to the alge-
braic framework for scalar QFT on .# . Notation-wise we
will combine the best features of [15,16,29-35]. This work
is an extension to the shorter work in [36]. A much more
extensive description of the algebraic framework for fields
of various spins and masses in the context of S-matrix
formalism is given very recently in [37], which shares
similar language with what we do here.

This work is organized as follows. In Sec. II we will
briefly review the algebraic framework for real scalar QFT

in arbitrary globally hyperbolic spacetimes. In Sec. III we
briefly review algebraic framework for real scalar QFT living
on null infinity. In Sec. IV we present an explicit calculation
for the holographic reconstruction of the bulk correlators
from its boundary correlators and show how to construct the
bulk metric. In Sec. V we discuss the connection with large-r
expansion of the bulk fields. In Sec. VI we discuss our
results and outlook for further investigations.

Conventions: We use the convention ¢ =# =1 and
mostly plus signature for the metric. Also, in order to match
both physics and mathematics literature without altering
each other’s conventions, we will make the following com-
promise. In most places we will follow “physicist’s con-
vention,” writing Hermitian conjugation as A" and complex
conjugation as B*. There will be three exceptions using
“mathematician’s convention: (1) C*-algebra in Sec. II,
where * here really means (Hermitian) adjoint/Hermitian
conjugation, (2) complex conjugate Hilbert space 7{ in Sec. II,
and (3) complex stereographic coordinates (z,Z) in
Appendix B, where complex conjugation is denoted by a bar.

II. SCALAR QFT IN CURVED SPACETIMES

In this section we briefly review the algebraic framework
for quantization of the real scalar field in arbitrary (globally
hyperbolic) curved spacetimes. We will follow largely
the conventions of Kay and Wald [16] with a small
modification." We caution the reader that in the AQFT
literature there are various different conventions being used
(cf. [1,15,30-32,35]), in particular the convention regard-
ing symplectic smearing (we explain some of these in
Appendix A). An accessible introduction to *-algebras
and C*-algebras can be found in [35].

A. Algebra of observables and algebraic states

Consider a free, real scalar field ¢ in (3 4+ 1)-dimensional
globally hyperbolic spacetime (M, g,;,). Global hyper-
bolicity guarantees that M admits foliation by spacelike
Cauchy surfaces X, labeled by real (time) parameter 7. The
field generically obeys the Klein-Gordon equation

Pp =0, P =V,V—m?—¢£R, (1)

where & > 0, R is the Ricci scalar, and V is the Levi-Civita
connection with respect to g,,. Later we specialize to
massless conformally coupled fields.

Let f € Cy (M) be a smooth compactly supported test
function on M. Let E*(X,y) be the retarded and advanced
propagators associated with the Klein-Gordon operator P,
such that

EXf = (E°f)(x) = / dV' EX(x.x)f(x)  (2)

"This will be slightly different from the conventions used by
one of us in [29] which is closer to [31,38].
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solves the inhomogeneous equation P(E*f) = f. Here
dV/ =d*x'\/=g is the invariant volume element. The
causal propagator is defined to be the advanced-minus-
retarded propagator E = E~ — E*. If O is an open neigh-
borhood of some Cauchy surface £ and ¢ is any real
solution with compact Cauchy data to Eq. (1), which we
denote by ¢ € Soly(M), then there exists f € CF(M)
with supp(f) C O such that ¢ = Ef [15].

Let us now review the algebraic approach to free,
real scalar quantum field theory (see the comparison with
canonical quantization formulation in Appendix A of [29],
and also [15,16,35]). In AQFT, the quantization of the real
scalar field is regarded as an R-linear mapping from the
space of smooth compactly supported test functions to a
unital x-algebra A(M)

A

b: CEM) = AM). fe b ()

which obeys the following conditions:

(a) (Hermiticity) cj)(]ﬁ)T = ¢(f) for all f € CP(M);

(b) (Klein-Gordon) ¢p(Pf) =0 for all f € CF(M);

(¢) (Canonical commutation relations [CCR]) we have
[P(f). #(g9)] =IE(f, g)1 for all f,g€ CF(M), where
E(f,g) is the smeared causal propagator”

E(f.g) = / 4V £(%)(Eg)(x). (4)

(d) (Time slice axiom) Let £ C M be a Cauchy surface
and O a fixed open neighborhood of X. A(M) is
generated by the unit element 1 [hence A(M) is
unital] and the smeared field operators ¢(f) for all
f € Cy (M) with supp(f) C O.

The *-algebra A(M) is called the algebra of observables

of the real Klein-Gordon field. The smeared field

operator reads

If) = / AV(X)f(x). (5)

and ¢(X) is to be regarded as an operator-valued distribution.

The algebra of observables .A(M) defined above is still
somewhat abstract. This can be made more concrete by
making explicit the symplectic structure of the theory.
First, the vector space of real-valued solutions of the
Klein-Gordon equation with compact Cauchy data, denoted
Solp (M), can be made into a symplectic vector space
by equipping it with a symplectic form o: Solg (M) x
Solg (M) — R, defined as

oy, ) = /Z 059\ Vs — Vo], (6)

2We have removed the redundant notation A (f,g)in[29,31,38].

where dX? = —14dX, —¢“ is the inward-directed unit normal
to the Cauchy surface Z,, and dX = Vhd3x is the induced
volume form on X, [39,40]. This definition is independent
of the Cauchy surface. With this, we can regard ¢(f) as the
symplectically smeared field operator [30]

$(f) = o(Ef. $). (7)

and the CCR algebra can be written as

[0(Ef. $).0(Eg.$)] = io(Ef E9)1 =IE(f,9)1, (8)

where 6(Ef, Eg) = E(f, g) in the second equality follows
from Eqgs. (5) and (7). The symplectic smearing has the
advantage of keeping the dynamical content manifest at the
level of the field operators (via the causal propagator). We
will see later that sometimes it is much more obvious how
to proceed with this interpretation than working abstractly,
especially so for scalar QFT at .#*. For convenience, we
will collect some results involving symplectic smearing in
Appendix A.

In many cases, it is more convenient to work with the
“exponentiated” version of .A(M) called the Weyl algebra
[denoted by W(M)], since its elements are (formally)
bounded operators. The Weyl algebra YW(M) is a unital
C*-algebra generated by the elements that formally take
the form

W(Ef) =€), fecyM). 9)

These elements satisfy Weyl relations

W(ES)" = W(-Ef),
W(E(Pf)) = 1.
W(Ef)W(Eg) = e FUOW(E(f +g)).  (10)

where f,g € CP(M). The symplectic smearing picture
has the advantage that even for the Weyl algebra W(M),
microcausality can be given in the same way as CCR
algebra of A(M). That is, using 6(Ef, Eg) = E(f, g), the
Weyl relations Eq. (10), and the fact that supp(Ef) C
J(supp(f)) where J*(supp(f)) is the causal future of
supp(f), we have [1]

[W(ES), W(Eg)] =0, (11)

whenever supp(f) N supp(g) = @ (supports of f and g are
causally disjoint, i.e., “spacelike separated”).

3Abstractly, one would have considered elements of the Weyl
algebra to be W(¢) for some ¢ € Solg(M). In this form,
microcausality is far from obvious because the third Weyl relation
would have read W (¢, )W (¢h,) = e 18D 2W (¢, + ¢b,).
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After specifying the algebra of observables, we need to
provide a quantum state for the field. In AQFT the state is
called an algebraic state, defined by a C-linear functional
w: A(M) = C such that

o(l)=1,  oATA)>0 V AeAM). (12)
That is, a quantum state is normalized to unity and positive-
semidefinite operators have non-negative expectation val-
ues. The state @ is pure if it cannot be written as @ =
aw; + (1 — a)w, for any a € (0, 1) and any two algebraic
states w;, w,; otherwise, the state is said to be mixed.

The connection to the usual notion of Hilbert spaces comes
from the Gelfand-Naimark-Segal (GNS) reconstruction
theorem [15,30,35]. This says that we can construct a GNS
triple* (H,. 7. |Q,)), where z,,: A(M) — End(H,,) is a
Hilbert space representation with respect to state @ such that

any algebraic state @ can be realized as a vector state
|Q,) € H,. The observables A € A(M) are then repre-

sented as operators A := 7,,(A) acting on the Hilbert space.
With the GNS representation, the action of algebraic states
take the familiar form

o(A) = (Q,AIQ,). (13)

The main advantage of the AQFT approach is that it is
independent of the representations of the CCR algebra
chosen: there are as many representations as there are
algebraic states w. Since QFT in curved spacetimes admits
infinitely many unitarily inequivalent representations of the
CCR algebra, the algebraic framework allows us to work with
all of them at once.

In the case of Weyl algebra, the algebraic state and GNS
representation gives concrete realization of “exponentiation
of ¢(f).” The exponentiation in Eq. (9) is only formal: we
cannot literally regard the smeared field operator ¢(f) as
the derivative 9,|,_(W(tEf) since the Weyl algebra itself
does not have the right topology [35]; instead, one takes the
derivative at the level of the GNS representation: that is, if
I,:W(M) - B(H,) is a GNS representation with
respect to w, then we do have

ro () = 2] T () =i L] im0, (1)
dt =0 dt =0

where now qAﬁ( f) is the smeared field operator acting on
Hilbert space H,,. We can then define the formal n-point
functions to be the expectation value in its GNS represen-
tation. For example, in the case of two-point functions
we have

4Strictly speaking we also need to provide a dense subset
D, C H, since the field operators are unbounded operators.

o(B(1)P(9)) = (|0 (D) 70(B(9)|R0)
02

-7 Q. |57 (1) pitra($(9)) | Y.
e, (Gl B0,

(15)

In what follows we will thus write the formal two-point
functions @(¢(f)¢(g)) with this understanding that the
actual calculation is (implicitly) done with respect to the
GNS representation in question.

B. Quasifree states

In the AQFT approach there are too many algebraic states
available for us and not all of them are physically relevant.
The general agreement among its practitioners is that all
physically reasonable states associated with @ should be
part of the class of Hadamard states [15-17]. Roughly
speaking, these states have the right “singular structure” at
short distances that respects the local flatness property in
general relativity and that the expectation values of field
observables are finite (see Refs. [16,30] and references
therein for more technical details). In this work, we work
with Hadamard states that are also quasifree, denoted by
w,: these are the states that can be completely described
only by their two-point correlators.” Well-known field
states such as the vacuum states and thermal states are
all quasifree states, with thermal states [thermality defined
according to the Kubo-Martin-Schwinger (KMS) condition
[16] ] being an example of a mixed quasifree state.

The definition of quasifree states is somewhat tricky to
work with, so we review it here following [29] (largely
based on [15,16,35]). Any quasifree state w,, is associated
with a real inner product p: SoOlg(M) x Solg(M) - R
satisfying the inequality

l6(Ef. Eg)|* < 4u(Ef,Ef)u(Eg. Eg). (16)

for any f, g € C*(M). The state is pure if it saturates the
above inequality appropriately [30]. Then the quasifree
state w,, is defined as

D, (W(ES)) s= e T EDP, (17

We will drop the subscript u and simply write @ in what
follows. As stated, however, Eq. (17) is not helpful because
it does not provide a way to calculate u(Ef, Ef).

To obtain a practical expression for the norm-squared
|Ef||> = u(Ef, Ef), we first make the space of solutions

By this we mean that all odd-point functions vanish and only
o(p(f)P(g)) # 0. All even-point functions can be written as
linear combinations of products of two-point functions. The term
Gaussian states is sometimes reserved for states that have
nonzero one-point correlators.
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of the Klein-Gordon equation into a Hilbert space.6 In [16]
it was shown that we can always construct a one-particle
structure associated with quasifree state w,, namely a pair
(K,H), where H is a Hilbert space (H,(-,-)) together
with an R-linear map K: Solg(M) — H such that
for ¢],¢2 S SO'R(M)

(a) KSolg(M) +iKSolg (M) is dense in H;

(b) u(¢1.$2) = Re(Kgy, Ka)yy:

(©) o(¢1.¢2) = 2Im(Kepy, Kepy)y.

In the more usual language of canonical quantization, the
linear map K projects out the “positive frequency part” of a
real solution to the Klein-Gordon equation. The smeared
Wightman two-point function W(f, g) is then related to u,
o by [16,35]

W(F.9) = (b)) = w(EF. Eg) + S E(.g). (19

where we have used the fact that o(Ef, Eg) = E(f, g).
Finally, by antisymmetry we have E(f, f) = 0, hence

IEF|?> = W(f. f) = (KEf.KEf). (19)

Therefore, we can compute u(Ef, Ef) if either (i) we know
the (unsmeared) Wightman two-point distribution of the
theory associated with some quantum field state or (ii) we
know the inner product (-, -),, and how to project using K.

The inner product (-, -), is precisely the Klein-Gordon
inner product (-,-)gg : SO0lc (M) x Solc (M) — C restricted
to H, defined by

(@1, b2)ke = io(¢7, b2), (20)

where the symplectic form is now extended to complexified
solution Solc(M) of the Klein-Gordon equation. The
restriction to H is necessary since (-, -)gg is not an inner
product on Solg(M). In particular, we have

Solc (M) =2 H & H, (21)

where H is the complex conjugate Hilbert space of H [30].
It follows that Eq. (17) can be written as

w(W(Ef)) = e WU = ¢lKEIk (22)
The expression in Eq. (22) gives us a concrete way to
calculate ||Ef||*> more explicitly. For vacuum state, we

know that the (unsmeared) Wightman two-point distribu-
tion is defined by

Wix.y) = / 0% g (X)), (23)

®We will assume that the Hilbert space is already completed via
its inner product.

where u;(X) are (positive-frequency) modes of Klein-
Gordon operator P normalized with respect to Klein-
Gordon inner product Eq. (20):

(Mk, uk’)KG = 53(" - k’)’ (uln MZr)KG =0,

(g, wy)xg = -8k - k). (24)

If we know the set {u4 }, we can calculate the symmetrically
smeared two-point function

W(f. f) = / VAV Ff(y)W(xy).  (25)

From the perspective of projection map K, we are projec-
ting out the positive-frequency part of Ef and expressing
this in the positive-frequency basis {uy }: that is, we have

Ef = / k(. Ef sgoie + (. Ef ety (26)

so that using Eq. (24) we get

KEf = / (1. Ef et (%). 27)

It follows that the restriction of the Klein-Gordon inner
product to H gives

<KEf, KEf>H = (KEf’ KEf)KG

_ / Ehl(. Ef ol (28)

Therefore, using the fact that [30, Lemma 3.2.1] (See
Appendix A for details)

o(EFf. ) = —o($. Ef) = / dv F(X)p(x).  (29)

we can recast (uy, Ef ) as

(g Ef Y = o Ef) = —i / 4V ()f(x).  (30)

so that, indeed, we recover (KEf, KEf),, = W(f, f).

The nice thing about algebraic formulation is that if we
wish to consider another algebraic state, such as the thermal
KMS state w; where f3 labels the inverse KMS temperature,
we will obtain a different one-particle structure (K', H').
Hence the only thing that changes in the calculations so far
is the replacement of ||Ef||> in terms of the new one-
particle structure. For thermal states, there is a nice
expression for this in terms of the vacuum one-particle
structure (K, H) [16]:

025021-5
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IEfI[; = Wp(f. f) = (K'Ef K'Ef )3
= (KEf, coth(Bh/2)KEf)y,. (31)

where Wy(f, f) is the smeared thermal Wightman distri-
bution (see, e.g., [Ref. 41, Chap. 2] for the unsmeared

version) and h is the “one-particle Hamiltonian” (see
also Ref. [31]).

III. SCALAR QFT ON .7+

In this section our goal is to review the construction of
scalar field quantization living on .#*. This necessarily
requires us to restrict our attention to massless scalar fields
since solutions to massive Klein-Gordon equations do not
have support at .#. Furthermore, we require that the field is
conformally coupled to curvature in order to exploit good
properties associated with Weyl rescaling of the bulk
metric. Since we are working in (3 + 1) dimensions, in
what follows the real scalar field obeying Eq. (1) will be
taken to have m = 0 and & = 1/6.

There are two reasons why scalar QFT on .#™ neces-
sarily requires separate treatment. First, viewing .#" as
the conformal boundary of M, null infinity is a
(codimension-1) null surface with degenerate metric [i.e.,
signature (0,+,+)]. Second, the scalar QFT has no
equation of motion at .. Clarifying how this works is
one of the main goals of this section. We will also connect
how the AQFT framework relates to the more pedestrian
(but perhaps more natural) approach used in asymptotic
quantization, where one quantizes a bulk field theory
and then performs near-#" expansion to obtain the
corresponding boundary field theory.

A. Geometry of null infinity

To set the stage, let us set up a few relevant definitions, in
particular the notion of asymptotic flatness. We follow the
rigorous definition in [4] and explain what the conditions
mean in practice [42].

Let (M, g,5,) be a globally hyperbolic manifold, which
we call the physical spacetime. We say that (M, g,;) is
asymptotically flat with timelike infinity i* if there exists an

unphysical spacetime (M, 3,,) with a preferred point
iT € M, a smooth embedding F: M — M (so that M

can be viewed as embedded submanifold of //\71), such that

(a) The causal past of i, denoted J~(i*), is a closed
subset of M such that M = J~(i")\aJ~(i*). The set
It M is called future null infinity which is
topologically R x S2. .

(b) There exists a smooth function Q > 0 on M, such that
Q|- =0, dQ| ,+ #0, and

F* (Q_zgab) = Yab» (32)

typically written as §,, = Q%g,,. In the standard
physics terminology, Eq. (32) is known as Weyl
rescaling,7 typically written as §,, = Q2¢,;,, and Q
is called the conformal factor [42]. At i™, we have
ﬁﬁbg = —2§,, where V is the Levi-Civita connec-
tion with respect to the unphysical metric g,,.

(¢) Defining n? := V“Q, there exists a smooth positive
function A supported at least in the neighborhood
of #* such that V,(1*n%)| ,+ =0 and the integral
curves of A7'n® are complete on .# 7.

(d) The physical stress-energy tensor T,, sourcing the
Einstein field equation G,, = 82GT,, obeys the
condition T,, = Q‘zTab,8 where T, is smooth on

M and #*. Note that for vacuum solutions this
condition is redundant.

The four conditions mainly say the following: Condition
(a) says that M lies in the causal past of its (future)
boundary oM = .#* U {i"}, which is manifest when we
draw Penrose diagrams; Condition (b) says that .#™ is the
conformal boundary of M and the conditions on Q are
the technical “price” for bringing infinity into an actual
boundary; Conditions (c¢) and (d) say that .#* is a null
hypersurface with normal n* and that Einstein equations are
approximately vacuum at .# " [42]. Note that the technical
condition V, (A*n®) = 0 is the statement that we can find
null generators of .#* that are divergence-free [43]. This
amounts to choosing the Bondi condition @anb =0 and
implies n,n% = O(Q72) [42].

We can now state the following properties of (future) null
infinity .#" that we are interested in [32,40]:

(a) Since .7 is a null hypersurface of M diffeomorphic
to R x S?, there exists an open neighborhood U
containing .#* and a coordinate system (Q,u,x")
such that x* = (6, @) defines standard coordinates of
the unit two-sphere, and u is an affine parameter along
the null geodesic of the generators of .# . In this chart,
J " is defined by the locus Q = 0, and hence the
metric reads

hi=g|l, =(dQ®du +du ® dQ) +ye, (33)
where 7 is the induced metric of g on $?, ie.,
rse = d0 @ dO + sin’ 6dg @ dg. (34)
The chart (U, (2, u,x*)) is called the Bondi chart.

In [40] it is called conformal transformation, while angle-
preserving diffeomorphism is called conformal isometry. In high
energy physics and AdS/CFT, conformal transformation often
refers to angle-preserving diffeomorphism.

This condition formalizes the fact that to be asymptotically
flat the matter fields need to decay. For example, even if we treat
the cosmological constant as the stress-energy tensor (i.e.,
T., = —Ag,,) instead of being a true cosmological constant,
the spacetime is still not asymptotically flat.
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(b) There exists a distinguished infinite-dimensional sub-
group BMS,(#") c Diff(.#*), called the BMS
group, which leaves invariant the metric Eq. (33).
This group is the semidirect product SL(2,C) X
C>(S?). This is exactly the same group that preserves
asymptotic symmetries of the physical spacetime
(M, gp) [44] (see Appendix B for more details).

For completeness, we make a passing remark that this
construction could have been generalized to other null
surfaces, such as Killing horizons in black hole and
cosmological spacetimes. The idea is to consider more

generally the following ingredients [2,3,32]:

(a) Let N/ C M be a null hypersurface diffeomorphic to
R x E with E a spacelike submanifold of M. We can

define the analogous Bondi chart (Q, 4, x*) on M so
that on open neighborhood V containing N, the
hypersurface is the locus Q = 0 so that (4, x*) defines
a coordinate system for N. As before, we require
dQ|y # 0.

(b) The metric restricted to N takes analogous form to
Eq. (33):

h=CYdQ®dl+dA®dQ+y=),  (35)

where C # 0 is real. As before A will define an affine

parameter for null generators of .
In this sense, the structures of null infinity and Killing
horizons are very similar. For example, the future horizon
A" of Schwarzschild geometry is associated with 4 = U
where U is one of the Kruskal-Szekeres coordinates, with
C # 1 (unlike the case for .# ). There is some extra care that
one needs to be aware of for metrics that contain horizons,
but in this work we will not consider these cases and leave it
for future investigations. We direct interested readers regard-
ing the same constructions involving horizons to [3,32].

B. Quantization at null infinity

Next we try to construct scalar field theory at .#". The
main subtlety compared to standard bulk scalar theory is that
#* is a null submanifold with a degenerate metric; also we
should consider the equivalence classes of the triple [(.#,
h,n)|, where (Z*, h,n) ~ (F*, K, n')if they are related by
a transformation in BMS,(.# ). This latter condition is the
statement that the BMS,(.# ) is an asymptotic symmetry of
all asymptotically flat spacetimes and .#* is a universal
structure of these spacetimes [42] (see Appendix B). For these
reasons, the scalar field theory at null infinity will “look”
different from the bulk theory, but procedurally the con-
struction proceeds the same way, as we will show.

First, fix a Bondi frame (., h,n). We define a real
vector space of “solutions™ [4]

9Although there is no equation of motion at .# ", we denote the
real vector space Solg (.#) this way because, as we will see, it is
related to the space of solutions in the bulk.

Solg (S):={w € C*(I") w0,y €L*(S".du)}. (36)

where dy = dudyg is the integration measure, dyg is the
standard volume form on $?, and L?(.#*,du) is the space
of square-integrable functions with respect to du. This
space becomes a symplectic vector space if we give it a
symplectic form ¢ ,: Solg(.#") x Solg(.#T) — R with

0,7(1//17’//2>:Ldﬂ<l//16ul//2_l//zaul//1)‘ (37)

The symplectic structure is independent of the choice of
Bondi frames [32] (we reproduce the essential features to
demonstrate this in Appendix B). We can then define a
“Klein-Gordon” inner product

(W1.v2) ., =0, (w], ). (38)

Recall from Sec. II that in order to obtain the quantiza-
tion for the bulk scalar theory, we needed the algebra of
observables .A(M) [or W(M)] and an algebraic state o.
For quasifree states w, defined by a real symmetric bilinear
inner product y on Solg (M), the characterization of w,
depends on the one-particle structure (K, ). The Hilbert
‘H is essentially the “positive frequency subspace” of the
complexified solution space Solc(M), with an inner
product given by the Klein-Gordon inner product extended
to the complex domain. As we will see now, the definition
of (Solg(#*),0,) essentially lets us carry the same
procedure almost verbatim.

C. Algebra of observables

Similar to the bulk algebra of observables, we have the
boundary algebra of observables A(.#*) whose elements
are generated by unit 1 and the smeared boundary field
operator ¢(y), where y € CF(.#"). However, there are
several structural differences. First, there is no equation
of motion at ., so A(.#7") is defined differently from
A(M). Second, the metric is degenerate at .# ", and hence
the smeared field operator ¢ (y) has to be defined carefully.

That said, we can still work directly with the Weyl
algebra corresponding to the “exponentiated” version of
A(F1), denoted W(.#1), where many things are better
behaved. This is because given a symplectic vector space
(Solg(#71),06 ,), there exists a complex C*-algebra gen-
erated by elements of Solg(.#") [45]. The Weyl algebra
W(.#1) is generated by 1 and W(y) for w € Solg(#).
The Weyl relations are'

""We will not distinguish the notation of the elements of the
Weyl algebra in the bulk and in the boundary and use W(-) for the
Weyl algebra and W(-) as its elements. The bulk elements will
always be written as W(E) with causal propagator E, while the
boundary element will be written as W (y).
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W(y)" = W(=p), (39a)

W)W (y') = e IPW(y +y').  (39b)

This Weyl algebra is unique up to (isometric) *x-isomor-
phism [45]. Note that W(.#") contains a unit element
associated with w = 0, and W (y) is uniquely specified by
w. Moreover, since there is no equation of motion on .# %,
there is no causal propagator. Hence, the locality condition
(often called microcausality in QFT) is not implemented by
the causal propagator; instead, this can be imposed using
the definition of ¢ , by

) =0

Note that this is exactly the same locality relation as in the
bulk theory since there we have o(Ef,Eg) = E(f.g)
[cf. Eq. (10)].

W(w), W(y' supp(w) N supp(y’) = @.  (40)

D. Quasifree state at .7+

Now, let us construct a one-particle structure for (K, $)
for Solg(.#). We will follow closely the construction in
[32], focusing on accessibility for physics-oriented readers.

First, define K: Solg(#") — $ to be the positive-
frequency projector given by

(Ky)(u, x) = dw e " (w, x*),  (41)

=)
(w0, x%) = \/%7, /_ : dud™g(u, ). (42)

That is, ¥ is the u-domain Fourier transform of y, and
hence KSolg (.#7) + iKSolg (.#7) is dense in Solc(.#™).
The space $ is a Hilbert space with the inner product
defined as a restriction to “Klein-Gordon” inner product
Eq. (38),

(K, Kl/’z)g, = (Kyy, Klllz)y- (43)

It was shown in [32] that there exists a BMS,(.#")-

invariant quasifree and regular algebraic state (see

also Ref. [15] for the definition of regular state)
s W(FT) - C such that

WA W) = e, (#4)

where y s : Solg(.#") x Solg(#") — R is a real bilinear
inner product given by

Ho (Wi yw2) = Re(Kyy, KW1>55- (45)

Notice that up to this point, the procedure exactly parallels
that of the bulk scalar field theory.

In fact, we can be very explicit about this algebraic state.
First, since we already have the algebraic state w ~ and the
Weyl algebra of observables JW(.#7), we can use the GNS
theorem to construct the Fock representation of the boun-
dary field. Recalling that in the GNS representation we can
take derivatives of the representation of the Weyl algebra
[cf. Eq. (15)], we can calculate the smeared Wightman
two-point function at ™ [4]:

WJ(%» 1/12)“ = ”Qﬂ@(#’l)(ﬁ(wﬁ)

1 A
= ——lim/dyszdudu'%(u Xy (' x )
7T =0 (u—u' —ie)?

(46)

The definition of @ (@ (w)P(w>)) requires that we define
what “boundary field” ¢(w) with boundary smearing
function y means. We will clarify this point in Sec. V.
Note in particular that the integral is taken over the same
angular direction x* for y; and y,. Equation (46) is the
main result we will use for our holographic reconstruction.

E. Modest holography:
Bulk-to-boundary correspondence

At this point, the Weyl algebras W(M) and W(.# ) as
well as the space of solutions Sol (M) and Solg (.#7) are
unrelated, so the two scalar field theories are a priori
unrelated. Indeed, it is not automatic that one can establish
some sort of holographic principle or bulk-to-boundary
correspondence between them. The reason is because
for this to work, we need to “project” bulk solutions to
15 ie., we need the existence of a projection map
I': Solg(M) — Solg(#"). This is necessary in order
for an injective *-homomorphism i: W(M) - W(.#1)
to exist and build the bulk-to-boundary correspondence.

The celebrated result in [1] shows that the boundary
Weyl algebra is, in fact, very natural: this is because one can
prove that if there exists a projection map I': Solg (M) —
Solg (#7) such that

(1) The bulk solutions projected to £t lies in

Solg (#1), i.e., ['Solgr(M) C Solg(#1);
(2) The symplectic forms are compatible with the
projection, i.e., 6(¢y,¢,) = 0.5y, T'hy),
then the bulk algebra W(M) can be identified with a
C*-subalgebra of WW(.#7), in that there exists an isometric
s-isomorphism 1: W(M) = i(W(M)) c W(FT) such
that

(W(ES))

Furthermore, (Sol(-#"), 0 ) is universal for all asymp-
totically flat spacetimes M. These conditions guarantee
that the Weyl algebras are compatible; i.e., the bulk scalar
field in M can be ‘“holographically” projected to the
boundary .#* and defines a boundary scalar field there.

= W(TEf) € W(IH). (47)
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The injective *-homomorphism ¢ W(M) — W(FT)
can be used to perform pullback on the algebraic state w ;.
That is, the state @ = (i*w ) : W(M) — C is an algebraic
state on W(M), with the property [46]

o(W(Ef)) = (Fw,)(W(ES)) = 0,(WIES)), (48)

in accordance with Eq. (47). This result is remarkable
because (i) the BMS,(.#")-invariant state  , is unique (in
its folium), and thus the algebraic state *w , is also unique
[32]; (ii) the pullback state @ is Hadamard and is invariant
under all isometries of (M, g,,) [33]. In the case when the
bulk geometry is flat, i*@ , would define what we know as
the Poincaré-invariant Minkowski vacuum.
It is worth stressing that this construction relies on the
existence of the projection map I' whose image lives
entirely in Solg(.#™). This assumption is not automatic,
and we can think of three representative examples:
(i) In Schwarzschild spacetime, we also have Killing
horizons #*. Thus .#* alone is not enough, and
we also need 777 to build the correspondence [3].

(i) In FRW spacetimes, we also have cosmological
horizons 7%, which play the role of null infinity
#* even if the spacetime is not asymptotically flat
[2]. Since the geometry is asymptotically de Sitter, it
is impossible to build the correspondence this way
for the entire de Sitter hyperboloid. For matter- or
radiation-dominated FRW models which are asymp-
totically flat, it is still possible that some information
is lost into the timelike infinity i.

(iii) In spacetimes containing ergoregions,11 it is possible
for some bulk solutions to get projected into future
timelike infinity i* instead of .#*, essentially due to
the asymptotic time-translation Killing field becom-
ing spacelike.

In all these cases, the key observation is that it is not
automatic that if Ef € Solg (M), then it can be projected
properly to Solg (-#): more concretely, in terms of Bondi
coordinates, the “conformally rescaled” boundary data

u const

may not be an element of Solg (.#7). It is in this sense that
in general null infinity is not a good initial data surface [19].
Even for globally hyperbolic spacetimes without horizons,
one typically needs to augment .#* with future timelike
infinity i* to make this work (also see Ref. [37] and
references therein). In what follows we will work with the
assumption that the spacetime is one where the bulk-to-
boundary correspondence (47) holds.

""We thank Gerardo Garcia-Moreno for pointing this out.

IV. HOLOGRAPHIC RECONSTRUCTION
OF THE BULK METRIC

The injective x-homomorphism z allowed us to define the
bulk algebraic state w via the pullback of algebraic state w »
in Eq. (48). We also know that the elements of the Weyl
algebra are formally the ‘“exponentiated” version of the
smeared field operator ¢(f). Therefore, in order for us to
say that we can perform holographic reconstruction, we
require that for f,ge Cy(M), we can construct the
smeared Wightman function in the bulk in the sense given
in Sec. II such that it agrees with the boundary via the
relation

W(f,g) = W (wsw,), (50)

where y, =T'Ef and y, = T'Eg.

The holographic reconstruction is complete once we
modify the result from Saravani, Aslanbeigi, and Kempf
[13,14] to reconstruct the metric from W(f, g) instead of
the Feynman propagator (or equivalently, following the
analogous proposal in [18]).12 The idea is that one can
reconstruct the metric formally by computing in (3 + 1)

dimensions the “coincidence limit” of the inverse
Wightman function
[ n—1
Gu(X) = === limad,d, W(x,x')~". (51)

877 x'—x

Notice that this is not surprising (in hindsight) because
causal propagators and Green’s functions know about
the metric function directly. In particular, in the case of
Wightman functions, the requirement that the states are
Hadamard means that for closely separated events X,y the
Wightman function is of the form [30]

U(x,y)

Y s k)

+ V(X y)logo.(x.y) + Z(x.y),
(52)
where U, V, Z are regular smooth functions and U — 1 as

X — Y. The biscalar o.(X,y) is the Synge world function
with an ie prescription, i.e.,

| =

o(X.y) = = (2, — 1) / GNP (W)L (53)

oc(X.y) = o(x.y) +2ie(T(x) = T(y)) + €. (53b)
where 6(X,Y) = 0._(X,y) is the Synge world function,
T is a global time function (which exists by virtue of the
global hyperbolicity of M), and y(7) is a geodesic curve

12 .
There the focus was on measurement of metric components
using Unruh-DeWitt detectors that can probe the correlators.
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with affine parameter z with y(zy) =X and y(z,) =Y.
Schematically, Eq. (51) comes from the fact that when
y =~ X, we have AX =X -y~ 0 and

W (x,y)™! ~ 87%6(X,Y)
~ 472, (X) Ax*AxY + O(AX?).  (54)

Our calculations in the previous sections treat the
Wightman two-point functions as smeared two-point func-
tions. In practice this means that the expression in Eq. (51)
should be computed as a difference equation centered around
the peak of the smearing functions. Furthermore, the
smearing implies that there is a “resolution limit” directly
defined by the supports of the smearing functions f, g.
Physically we can interpret this as the statement that vacuum
noise prevents us from reconstructing the metric with infinite
accuracy. Taking this into account, we calculate the metric
using the finite difference: let f, g be sharply peaked
functions with characteristic widths ¢ localized around X
and v, respectively."” The finite-difference approximation of
9,0, W(x,x')~" applied to the reciprocal of the Wightman
function reads

W(x + e, X +e’) = W(x 4 e, x')~!
52
W(x, X +¢/)~1 = W(x,x')~!

- S . (55)

0,0, W(x,x')™! »

Here the vector ¢# points in the direction of coordinate basis
d, with very small length |/|e’¢,| = § < 1. A change of
variable (shift by ) and smearing the Wightman functions
before taking its reciprocal allows us to write the metric
approximation as

1
_m [W(fw ge)_l - W(fe’ g)_l

= W(f.g)™" + W(f.9)7"]. (56)

where f,.(X) = f(x—¢") and g.(X) = g(x—¢€”). The
approximation improves with smaller é but this is bounded
below by the resolution provided by characteristic widths of
f, g. Also note that the spacetime smearing functions must
be properly normalized to reproduce the metric.

For our purposes, however, we want to make this
reconstruction work from the boundary. So what we would
like to calculate is W ,(w,w,) in Eq. (46), use that to
reconstruct W(f, g) using bulk-to-boundary correspon-
dence (50), and then reconstruct the metric by finite
difference scheme (55). From Eq. (46), we see that what

G (X) &

“We can take f, g to be Gaussian as an approximation since
the tails quickly become negligible and are effectively compactly
supported and 6 measures the width of the Gaussian. This allows
for more controlled calculations in what follows.

really remains to be done is to compute I': Solg (M) —
Solg (-#1). When this projection map exists, its action is
quite simple in a Bondi chart: it is given by14

Wy = () () = lim (@B (. rx). (57)

where Q = 1/r.

The final step to obtain the holographic reconstruction
is to combine modest holography with the metric
reconstruction using bulk correlators—crucially, the state
induced in the bulk by (48) has the Hadamard property
[32]. That is, using Egs. (48) and (56) we obtain

1
G (X) & T3R5 W (wrwy )™ =Wy w,)™
— W (o, )+ W (wryy)™ ] (58)

where as before y; = I'(Ef,). Equation (58) tells us how
to reconstruct the bulk metric from the boundary Wightman
function of the scalar field at .# . This is the main result of
this paper.

On a more practical issue, the “bottleneck” of the
holographic reconstruction is the classical component,
namely the causal propagator E: the holographic
reconstruction is as simple or as hard as the computability
of the causal propagator and its action on compactly
supported test function f. Furthermore, it also relies on
the hardness of computing the integral, which in turn
depends on the boundary smearing functions.

In this work we will restrict our attention computing
the bulk and boundary correlators for two simple exam-
ples that are transparent and manageable yet physically
relevant: (1) Minkowski space, and (2) the FRW universe
conformally related to Minkowski space. For Minkowski
space, we will show how the bulk metric can be
reconstructed from its boundary explicitly, since there
is an exact closed-form expression for the bulk/boundary
correlator.'® For the FRW case, we will content ourselves
with showing that the bulk-to-boundary reconstruction
works by showing that the boundary and bulk correlators
agree since the remaining obstruction is merely numerical
in nature.

A. Example 1: Minkowski spacetime

For the metric reconstruction, it is useful to first give the
Penrose diagram as shown in Fig. 1. Because of spherical
symmetry, we can consider the holographic reconstruction

"In the standard language of asymptotic symmetries literature,
y ¢ constitutes boundary data for the bulk scalar field theory [44].

This is a much harder task than recovering the bulk metric
from its bulk unsmeared correlator, as done in [13,18], which can
be done quite easily, as we will see later. The problem is that the
unsmeared boundary correlator is “universal” (see Sec. V).
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FIG. 1. Penrose

diagram for the
reconstruction in Minkowski space.

bulk-to-boundary

to work if we can reconstruct the bulk Wightman function
for three types of pairs of events: one for timelike pairs, one
for null pairs, and one for spacelike pairs. For convenience,
let us fix the following four points in Bondi coordinates
(t,r,x"), setting x* = 0 by spherical symmetry:

0 =1(0,0,0,0),
B =(0,a,0,0),

A = (a,0,0,0),
C=(-a,0,0,0). (59

Without loss of generality we can consider the timelike pair
to be OA, the spacelike pair to be OB, and the null pair to
be BC (essentially due to translational and rotational
invariance).

For simplicity, let us consider four distinct spacetime
smearing functions,

f=r = (T PE-x) 0

where y(7) is chosen to be a smooth function with a peak
centered at 7 =0, j = O, A, B, C labels the points in the
bulk geometry for which f; is localized, and T; labels the
characteristic timescale of interaction. Thus the spacetime
smearing f; is very localized in space and slightly smeared

in time. For concrete calculations, let us fix the switching
function to be a normalized Gaussian, so that'®

r—1; 1 2
%i(1) ==x< ) == (e

T; ﬂTJZ

J

and for simplicity we set T; =T for all j. For the time
being we set 4 = 1. In flat space, this choice enables us to
compute the smeared Wightman function in closed form:

1 AP a)?

e 72
V1287 T?| Ax; )|

[ M( .[|Axij|—mif] )
V2T

(jax;j|-ar;;)? Ax:: At
fe ar (erﬁ [7| Uik ”} - z)] . (62)
V2T

where At;; = t; —t; and Ax;; = |x; —x,].

To calculate the boundary Wightman function, we need
the causal propagator. The causal propagator in flat space is
given by

W(fl’fj)

Foey) - A |Ax413t|_AiTAt_ ax))

(63)

where At =¢—1¢ and Ax = |x —y|. Using the modified
null coordinates (65), we get

EFjx) = [ ¢y ExYL()
B ¥ (r—tj+T\x—xj|) _y (t—lj—}x—xj\> | o

drlx — x|
We can introduce “modified null variables” u;, v;
defined by
uj==t—tj—|x—xj,
Uj:=t—tj+|x—xj', (65)

so that Ef; takes the simple form

o0 b(3) A7)

The boundary data associated with Ef;, denoted by ¢;,
is the projection of Ef; to .#* via the projection map T".

'“Note that the Gaussian switching renders supp(f )&
C§°(M); given any open neighborhood O; of X, we can always
choose 7' small enough so that supp(f;) centered at = t; and
x = x; is for all practical purposes compactly supported in O;.

025021-11



ERICKSON TJOA and FINNIAN GRAY

PHYS. REV. D 106, 025021 (2022)

This is done by taking the limit » = |x| - oo while fixing
u=t—r constant (or v =t-+r — co while fixing u
constant in double-null coordinates), so that

TEf = limQ"'Ef,

r—00

1
Q=-—. 67
- (67)
In this limit, the modified null variables become
I/lj > U — (t] - |xj|COSHj),
Uj—)U—(tj+|xj|C056j), (68)

where 60; is the angle between x and x;.

The modest holography amounts to the claim that
W, (@;, ;) for Gaussian smearing is also given by
Eq. (62). Let us see how this works concretely using
examples. For brevity we will compute just one timelike
pair and one spacelike pair explicitly, and one can check
that it will work in general.

1. Timelike pair OA

For point 0, we have sg = 0 and xg = 0, and hence

s}

It follows that the boundary data are

po =~ %x <;> : (70)

For point A, we have

b5 7)o

The boundary data associated with Ef, read

1

DA = _E)((u_a)' (72)

Using Eq. (50) with boundary smearing function ¢g, @a,
we get

[ X (5
W (go.gn) = =5 lim [ dudu’ ﬁ
=W(fo,fa)- (73)

The second equality follows from the fact that the bulk
unsmeared Wightman function in flat space reads

1 1

W -
(x,y) a2 (t— /— i€)2 _ |x —y|2,

(74)

and thus the integral is (up to change of variable u — 1)
exactly the bulk smeared Wightman function in Eq. (62).

2. Case 2: Spacelike pair OB

For point B, we have tg = 0 and xg = («, 0, 0), and near
Z+ the modified null variables are

u; = u+ acosbg, v; =v—acosfg. (75)

The boundary data are

1 U+ acosf
¥B = <7B> (76)

“ a4 T

The boundary Wightman function therefore reads

|
W (9o, 98) = _@61_1,%1

u\,, (W +acosfg
x/dudu’w. (77)
u—u —ie)

" 464 sin 05
0

Using a change of variable &’ = u’ + a cos 6, and integrat-
ing over @y first, we can rewrite this into a suggestive form

1
——— lim
4z~ e>0*

W, (90, ¢B) (78)

/ du du'y (%) (%)
(

u—u —ie)? —|al*’

Let us first check this numerically (since in the FRW case
we have to do this), as shown in Fig. 2. Note that since the
spacetime smearing is real and O is spacelike separated
from B, hence Im[W(f,, fg)] = 0. Thus for a spacelike
pair of points we do get

W (90, 98) = W(fo. fB)- (79)

We could obtain the exact expression using the fact that
Eq. (78) has exactly the same expression as the smeared

Re[W(f07 fB)]
0.08 |,
\ Boundary
\
0.08p 1\ Bulk
\
\
0.04f \
\
\
\~
\
0.02} \
| T----"A""--r-x ----- — CV/T
2 4 6 8 10

FIG. 2. Real part of W(fy, f) as a function of a/T, where
a = |xg — xg|. The imaginary part vanishes since OB are space-
like separated.
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bulk Wightman function W(fq, fg) if we replace t - u
and |x —y|*> = |a|* in Eq. (74).

Let us also remark that the form in Eq. (78) is highly
suggestive, since the same expression in Eq. (78) can be
obtained by considering the final joint state of two Unruh-
DeWitt qubit detectors interacting with a massless scalar
field at proper separation « for a small/zero detector energy
gap (the “L,g” term in the joint detector density matrix; see,
e.g., Refs. [47.48]). Therefore these boundary correlators are
in principle measurable by asymptotic observers who carry
quantum-mechanical detectors. This is to be contrasted with
the calculations done in, for instance, Ref. [49], since it is not
obvious how the correlators of the Bondi news tensor and
Bondi mass can be measured in practice.

) roor

3. Bulk reconstruction using smeared
Wightman functions

It remains to show how to reconstruct the metric in
the bulk. We will content ourselves with reconstructing
gu = —1 and g;; = 1 at the origin X = O since we have
translational invariance.

Because of modest holography, we have just seen
that the bulk correlator W(f, g) (62) is also the expression
for boundary correlator W 4(y;,y,). Therefore our
task is to simply reconstruct the metric using (58).
Through this prescription, the approximate expression
for the metric component (denoted g,w Ty at finite 7 and &
are given by

9" (0) = Tzﬁ_z(z\/iTe;%f <%> [1 i erﬁ( 2
T T €8 R (TR
where F(z) is the Dawson function and erfi(z) = —ierf(iz) |

is defined from erf(z), the error function. Now, keeping
6 > 0 fixed but small for the finite difference scheme, we
have in the limit 7 — 0*

Tlij]ggff(O) =1, T11%1+gj}.T(0) =1; (81

hence we recover the nontrivial component of the
Minkowski metric. It is important to note that the limits
do not commute: we cannot, for instance, rescale A := /T
and take A — 0. We need to keep ¢ finite or at least going to
zero slower than 7.

Note that if we start from the unsmeared bulk Wightman
function, we can easily reconstruct the metric according
to [13,14] because of the argument at the beginning of
Sec. IV using the Hadamard form of the unsmeared
Wightman function (52). For example, using the
Wightman function (74), it is straightforward to see that

W, (X, X)) = —4z%((t - )*> = (x —=x)?), (82)
and hence by taking derivatives with respect to X and X" and
dividing both sides by —87> we simply get g, = —1 and
gjj =1 and g,, = 0 when u # v. However, for the boun-
dary correlator, we cannot quite do this because there is no
“unsmeared” version that is in the Hadamard form. We saw
earlier in the calculation leading to Eq. (78) that for the
spacelike pairs the boundary correlator W ,(¢q, ¢g) may
involve an additional angular integral inside the boundary
smearing functions after propagating the bulk smearing
functions fq, fg to # . This reflects the universal nature
of I,

, 9jj (O) = (80)

VaSF(L) &

To summarize, our modest holographic reconstruction
relies on two steps: (1) the bulk-to-boundary correspon-
dence between the bulk and boundary correlators; (2) recon-
structing the metric using the smeared boundary correlator.
For Minkowski space, Step (2) can be done exactly,
which is given in Eq. (80). In the next example for
FRW spacetimes, Step (2) will be numerically difficult
to compute, so we will content ourselves with making sure
Step 1 is achieved and Step (2) follows in analogous
fashion as Minkowski space using prescription (58).

B. Example 2: FRW spacetime

The FRW universe with a flat spatial section is given by
the line element

ds? = —dr* + a(1)*(dr* + r?dQ?), (83)

where a(t) is the scale factor and the spatial section is
written in spherical coordinates. It is convenient to recast
this metric into the conformally flat form by using
conformal time n = [*d7'/a(1’), so that the metric reads

ds? = a(n)?*(=dip? + dx? + dy? + dz?). (84)

Here we have used the Cartesian coordinates for the spatial
section which is convenient when computing the Wightman
function. We will use the spherical coordinates when we
calculate the projection to the null boundary.

The bulk Wightman function is conformally related to
the Minkowski one by the relation [41]

Wrrw (X, Y) = @™ (110) Wy (X, y)a™ (1), (85)
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where a(ny) is the scale factor evaluated at point x. It
follows that the unsmeared Wightman function reads

_L a(ﬂx)_la('ly>_1
4z% (A —ie)? — |Ax

Werw (X, Y) = 3> (86)

where An =5y —ny and Ax =x —y. In what follows we
will drop the subscript FRW to remove clutter.

If we regard the spacetime smearing as being associated
with observers prescribing the interaction in comoving
time t, then we can consider similar pointlike function

(2 )pe-x). @)

where now #(n) is written as a function of conformal time.
The bulk smeared Wightman function is thus given by

W(ftvfj)

fi(x) =

— —Llim/ dndy’ x(t(n) = t:)x(t(n') = tj)
4’ =0 ) a(n)Za(n)™ (n—n —ie) — |Axy P’
(88)

As before, we need the causal propagator to find the
boundary correlator. The causal propagator is obtained
using the Weyl rescaling in Eq. (85), so that it reads

8(An + |Ax[) — 6(An — |Ax])

E(x,X) = 4ra(n)a(n’)| Ax|

(89)

We can then define a set of modified null coordinates
Uj=n—Ix—-x.
Vi=n+x—x. (90)

It follows that
Ef,(x) = / dy=GE(X,Y)f(Y)

_ W) e, o)

47m(77)\x—xj|

The boundary data associated with Ef;, denoted by ¢, are
the projection of Ef; to .#* via the projection map I'. In
this limit, the modified null variables become

U; = u;=u+|x;| cosd;,

V] g ’Uj =0 — |xj‘ COS 91, (92)

where 0; is the angle between x and x;. More concretely,

the projection map amounts to rescaling by Q~! = ra(n),
taking r = |x| - oo and keeping u = n — r fixed, i.e.,

TEf = I}IP ra(n)Ef. (93)

From this we get

a(”j)3

iz (t(uj)T_ tj) ‘ (94)

To make explicit calculations, we need to use a concrete
scale factor. For our purposes, we are interested in
physically relevant scale factor a(t) associated with perfect
fluid stress-energy tensor

40,/(”’)5'4) ==

T = (p+ p)UU, + g, (95)

where U¥ is the four-velocity of the fluid and p and p are the
energy density and pressure (as a function of only the
comoving/conformal time). The fluid is assumed to obey
the barotropic equation of state p = (y —1)p, where
0 <y < 2. The conservation law V,T* = 0 implies that
the evolution of p, p is constrained to obey

P39 (96)
p+p a
This implies, in particular, that
_ P
p="a (97)

where p, is some constant. For a dust-filled universe, we
havey = 150 p « a3, and for radiation-filled universe, we
have y = 4/3 so p « a™*. The value y = 0 corresponds to
the de Sitter universe with cosmological constant A > 0 by
setting A = p, (see Ref. [50] for more details on FRW
geometry).

Under the above assumptions of the matter content in the
bulk geometry, the corresponding scale factors for these
two classes of FRW spacetimes are given by

P 1
a,(n) = (Hn)7=,  ags(n) = 7 (98)
where H > 0 is a constant with a dimension of inverse time.
The Penrose diagram for the respective classes of FRW
geometries are shown in Fig. 3. For concreteness, we will
restrict our attention to (a) radiation-filled universe
y =4/3 with a(y) = Hy and 5 > 0; (b) contracting de
Sitter universe with a(y) = 1/(Hn) and > 0. The reason
we include the de Sitter universe is to highlight one nontrivial
aspect of this construction: that is, even if the spacetime is
asymptotically de Sitter and .# ™ is spacelike, the cosmologi-
cal horizon € .4, shares analogous features'” as future null
infinity .#* for asymptotically flat spacetimes [2].

As before, because of spherical symmetry we only need to
attempt the reconstruction of the bulk Wightman function for

"It is important to note that the symmetry group of the horizon
is distinct from the BMS group but a careful treatment [2] shows
that the cosmological horizon’s algebraic state @ -, is invariant
under exactly these transformations. ’
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FIG. 3.

Penrose diagram for the bulk-to-boundary reconstruction in FRW spacetime. Left: spatially flat FRW geometry with zero

cosmological constant and dust/radiation matter content. Right: spatially flat FRW geometry with positive cosmological constant
describing big crunch (left red patch) or big bang (right green patch). Both the past/future conformal infinity or initial/final singularity
%+ are spacelike, and 57, is the past/future cosmological horizon.

three types of pairs of events, which we label by the same
points O, A, B, and C. In the conformal coordinates
(,r,x"), we set x* = 0 by spherical symmetry.

1. Timelike pairs OA

Let us take 0 = (5(7,),0,0,0) and A = (5(¢,),0,0,0),
where ¢, and ¢, are some positive constants. From Eq. (94),

we have
a(u)? u) —t,
o) ==Ly () )
oatit) ==L () oo

and we define @ = tp — 1. For radiation and de Sitter scale
factors, the comoving time ¢ is given in terms of conformal
time by

Hn?
taa () = > 1> 0, (101a)
tas(n) = H ' log(Hn), n > 0. (101b)
Now we can compute the boundary correlator
W, ( )= _ L lim [ dudu’ a(u)da(u')?
7\P0o> PA 42 et
1(u) t(u')—a
A(F)()
x NN T T (102)

(u—u' —ie)?

The results are shown in Fig. 4 for both the radiation-
dominated universe and the de Sitter contracting universe.
We see that they clearly agree. However, observe that
x(t(u)/T) is not Gaussian and the supports of ¢; can be
quite different. For example, in the de Sitter contracting
universe case ¢; is a smooth function with support only on
the positive real axis, i.e., supp(y;) C (0, 00). The take-
away is that different bulk geometries are accounted for by
different “boundary data” at the conformal boundary, in this
case either I or J ;. gmo-

2. Spacelike pairs OB
Let us take O = (5(¢0),0,0,0), B = (5(¢p0),.0,0),
where tg is some fixed constant chosen so that O and B

are on the same time slice and 7, = a > 0. From Eq. (94),
we have

pulu, x4 = — LT 2C0S0)” B o x(“T)) (103)

This time we have an angular integral, so the boundary
correlator reads

W (9o, ¢8)
= —gel_igl+ dudu’/sin&d@a(u)%(u’ + acos )?
t(u) t(u'+acos b)
o) ()
AT r /. (104)

(u—u' —ie)?

By change of variable &' = ' + acosf and integrating
over 6, the boundary correlator can be simplified into
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FIG. 4. Real and imaginary parts of W(fq, fa) = W (@0, @a) in FRW spacetime. We pick HT = 0.2, and we plot against
a = (to — tp)/T. Top row: radiation-dominated universe with a(n) = Hy and 5 > 0. Bottom row: de Sitter contracting universe with

a(n) = (Hy)~" and 5 > 0.

W (9o, pB) 3. Holographic reconstru.ction of the bulk FRW
a(u)3a(u’)3;( (M>)( <M) spacetimes
__ lim [ dudd’ T r We have shown that the bulk-to-boundary correspon-
4x? =0t (u—u —ie)* = |af? dence of the correlators work as well in FRW spacetimes.
= W(fo.fs). (105) The scheme works for the asymptotically flat radiation-

dominated universe where the “conformal boundary” is
future null infinity .#* as expected. A nice bonus is that, as
shown in [2], the same construction ought to work as well
The second equality is obtained simply by comparing with  for the de Sitter contracting universe. However, in this case
the bulk Wightman function expression, since Axgg = @.  the bulk-to-boundary correspondence is not between the

The results are shown in Fig. 5. bulk and the conformal boundary . (which is spacelike),
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FIG.5. Real part of W(f o, fg) = W+ (@0, @g) in FRW spacetimes (imaginary part vanishes). We pick HT = 0.2, and we plot against
a = |xg —xg|/T. Left: radiation-dominated universe. Right: de Sitter contracting universe.
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but rather with the cosmological horizon 7 g
(cf. Fig. 3). Hence for de Sitter cosmological spacetime
it is perhaps a misnomer to call it bulk-to-boundary
correspondence. However, since the cosmological horizon
is also a codimension-1 null hypersurface, we still have
holographic reconstruction of bulk geometry from “boun-
dary data.”

In principle, the metric can be reconstructed analogous to
the procedure outlined for Minkowski space using Eq. (58),
but because the boundary Wightman function does not
admit a simple closed-form expression, it is difficult to
perform this calculation numerically since we need 7, ¢ to
be very small. However, it is worth noting that there is
something universal about the boundary correlator: take,
for instance, the case when the two points are spacelike in
Eq. (105) which we reproduce for convenience:

W (®0. ¥8)
aw)a(w) (%) ()
=———lim [ dudu . R
47* e—0* (u—u' —ie)* —|a

This integral differs from the one in Minkowski space
[cf. Eq. (78)] only in the choice of boundary smearing
functions and the physical meaning of |a|: in Minkowski
space, it amounts to setting a(u) =1 and (u) = u.
Therefore, information of the bulk geometry is encoded
in the boundary data (smearing) that enters into this
“universal integral” over u, ' and angular variable x*.
The fact that the boundary smearing functions contain
information about the geometry cannot be understated. In
particular, one cannot “cheat” by trying to reconstruct the
bulk metric from the unsmeared bulk correlator. If we use
the unsmeared bulk correlator (86), we can check that

+87%a(n)?* u=1v =0
—87%a(n)® p=v=j

0 otherwise

lima,d, W(x,x')! =

X' =X

(106)

so that, indeed, the metric components are g,,(X) = Fa(n)
for y=v=0 and y =v =, respectively (and zero
otherwise). This works because of the Hadamard form
of the (unsmeared) Wightman function (52). We cannot
quite do this literally for the boundary correlator because
the “unsmeared” part is universal: as we will see in the next
section, it has the structure of

1 ee(xt =y
27

W (u, u, x4, y4) ~ (107)

7 (u—u —ie)

where 8¢ (x4 — y4) is the Dirac delta distribution on two-
sphere. This universality is a manifestation of the univer-
sality of ™ (or J# .,qmo for the de Sitter case).

V. ASYMPTOTIC EXPANSION OF THE
FIELD OPERATOR

We should mention that the projection I" acting on the
space of solutions Solg (M) could also be viewed at the
level of canonical quantization. This is what is typically
done in the “infrared triangle” program [44,51,52], where
the idea is to perform asymptotic large-r expansion of the
field operator and keep only the leading term. This way of
thinking is highly intuitive because it does not require us to

think of unphysical spacetime M, and it compels us to
think of scalar QFT at .#" to be an approximation of
“faraway observers.” The price to pay is that the holo-
graphic nature of the QFT degrees of freedom is not
obvious because .7 is not strictly speaking part of the
description by faraway observers (since they travel on
timelike curves).

Let us now show how the two methods are related, using
the Minkowski space example as a reference, and connect
the holographic nature of the QFT to asymptotic observers.
This connection implies that QFT at .# " can and should be
accessible to physical asymptotic (large-r) observers.

First, for Minkowski spacetime the canonical quantiza-
tion gives the “unsmeared” field operator

~

B(X) —ilklrtikx 4 H ¢, (108)

&k R
= | ————0e
V2(27)’ k]

It is useful to write this in the Bondi chart X = (u, r, x*).
Using the fact that the metric in Bondi coordinates is
given by

ds? = —du® — 2dudr + r*dQ?, (109)

s

we have k,x* = —wu—wr(l —k-7), where o=k
k = k/|k| and # = r/|r| are unit vectors. We can then write

k-# = cos@ for some angle 6 and d’k = w?dwdyg. The
field operator now reads

A

d(u, r,x")

3
w2dw

x / dysedpekln-tor(i=cosd) 4 e (110)

Now we take the large-r limit. The stationary phase
approximation says that for any function f(k) we have

2ri

/ﬁmﬂMﬁW“*ﬂ~i——<ﬂa+00»

i (111)

This implies that at leading order in r the field operator is
dominated by
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dlu,r,xt)~— / wdwla,ze” ™ —al ). (112)

|
2}’\/7_1' 0

The boundary data (unsmeared) operator is then defined
to be

(u, x*) == lim rqAﬁ(u, r,xt),

r—0o0

(113)

and the creation operators satisfy the following commuta-
tion relation:

(114)

Let us now compute the (unsmeared) Wightman two-
point function at .#* with respect to the vacuum state."®
One important subtlety arises here—from dimensional
analysis and scaling arguments it can be seen that the
ordinary Wightman function, (0 ,|@(u,x)@(u’, y)|0.,),
is logarithmically divergent at .#*. Thus, instead, we
compute the two-point correlators of its conjugate momen-
tum 9,¢:

W (u, x40/, y*)
= (040, (u.x*)0,p(u’, y*)[0.1)

dodw’ o o
/ i dyg dysz(wa) )3/2 —lou=io/ () |4, - Z; )
1 , )
= E/ a)da)dyszdyfsze—lww—u )552 (f _ f’)
1 A A
:_Ell_lf(}(u W i) /dVSzdy’Szész(r—r’). (115)

Now if we integrate this over smearing functions ¥, ¥,
at S, we get

W (u, x5 (', x?)

(u—u'—ie)?

’

1
W, (V). ¥s) = _Ey_{%/d”d”/dYW
(116)

where we use capital Greek letter ¥ to distinguish it from
the boundary smearing function w € Solg(.#7) in the
AQFT approach.

Observe that Eq. (116) appears to be off by a factor
of 1/4 compared to Eq. (46) obtained using the algebraic
method. This discrepancy arises because the algebraic
approach calculates this two-point function somewhat
differently. To see this, note that for y € Solg(.#") the
smeared boundary field operator ¢(y) is related to the
unsmeared one via symplectic smearing; i.e., we want to
define ¢(w)*“ :== "o (., »). However, by using integration
by parts on Eq. (37), we get

"®This vector state |0 /) is obtained from the BMS-invariant
algebraic state @ , via the GNS representation theorem.

dudy ey (u, x)0,¢(u, x*)

du dy oy (u, x )11 (u, x*)

-],
|,

20(y), (117)
where (1, x*) = 9,¢(u, x*) is the (unsmeared) conjugate
momentum to @(u,x*). Hence the unsmeared boundary
field operator @(y) should be interpreted as the smeared
conjugate momentum operator d,{p, not the smeared
boundary field operator ¢ itself. Note that in null surface
quantization, the operator II is not independent of ¢ [53],
unlike in the bulk scalar theory.

The holographic reconstruction works
f € CP(M); propagate it to .# by taking

by fixing

wy(u, x*) = lim (Q

r—o0

Ef) (u, r, x*) (118)

and calculating

Wy (. Xy (', x4)
(u—u' —ie)>

(119)

1.
Wy (s y,) = —;llj%/dyyd” du

Since Eq. (116) is based on the interpretation of smeared
conjugate momentum operator

A(w) = /ﬁ dudyg W, )ap(u.x),  (120)

this means that y, that appears directly in Eq. (46) is
related to symplectic smearing w in $(y) and “momentum
smearing” ¥ in I1(¥) by

b
Vi= II/_EES()lR(er) (121)
The key takeaway is that the smeared Wightman two-point
functions computed using the algebraic approach and
large-r expansion of the bulk (unsmeared) field operator
only differ by a normalization.

VI. DISCUSSION AND OUTLOOK

In this work, we have shown that one can directly
reconstruct the bulk geometry of asymptotically flat space-
times from the boundary correlators at .# . This makes use
of two previously unconnected results: augmenting the
bulk-to-boundary correspondence developed in the AQFT
community [1-4] with the recent metric reconstruction
method using scalar correlators based on [13,14]. The
version that is more relevant for us is the scheme used in
[18] is more appropriate due to the more direct use of
Wightman two-point functions. This makes explicit use of
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the uniqueness and Hadamard nature of the boundary field
state and importantly is relevant for asymptotic observers.
The idea is that while no physical observers can follow
null geodesics exactly on .#*, we can perform a large-r
expansion of bulk the field operator. The asymptotic
observers near .#* will thus find that the bulk correlation
function W ,(f, g) very close to .#T is at leading order
given exactly by W ;(y s, y).

We perform our calculations for relatively simple exam-
ples, namely both Minkowski and FRW spacetimes, where
we can show concretely how the boundary smeared
correlators have a universal structure (reflecting the uni-
versal structure of #7) and much of the geometric
information is encoded in the boundary smearing functions,
i.e., boundary data. Furthermore, the calculations are
explicit enough for us to see that the boundary correlators
can be expressed in the language of Unruh-DeWitt (UDW)
detectors used in RQIL

That is, for asymptotic observers who carry qubit UDW
detectors interacting with a massless scalar field, the
expressions for the boundary correlators naturally appear
in the final density matrix of the detectors (see, e.g.,
Refs. [47,48]). In terms of detectors, the differences
between Minkowski and FRW scenarios manifest as differ-
ent “switching functions” (i.e., different interaction pro-
files). Therefore, the holographic reconstruction can be
properly expressed in operational language using tools
from RQI, since the correlators can, indeed, be extracted
directly via quantum state tomography, without assuming
that any correlators are simply “measurable.”

There are several future directions now to explore within
this framework. First, concretely understanding the projec-
tion map I" in generic spacetimes seems difficult, since one
needs to have a very good handle on causal propagators
E(x,X'). However, by making use of Bondi coordinates
[e.g., Eq. (B10)] one may be able to systematically construct
the asymptotic expansion of the causal propagator and see
the radiative data of the gravitational field directly in the
boundary correlators for asymptotic observers.

For example, one may wonder if boundary correlators
may have imprints that can be used to infer the existence of
gravitational (shock) waves [54,55], since the bulk corre-
lators know about the background shock wave (see, e.g.,
Ref. [56]). On the other hand, recently complex calcula-
tions of bulk correlators have become possible for
Schwarzschild spacetimes and even the interior of Kerr
spacetime (see, e.g., Refs. [57,58]). Modest holography
suggests that near-horizon and near-.# correlators [3] can
perhaps aid in these fronts, in which case one can then
reconstruct the black hole geometry from near-horizon and
asymptotic correlators.

Second, a natural extension of this construction is to see
whether the result generalizes to massive fields and spinors,
as well as higher dimensions. The main subtlety here is that
for massive fields null infinity is not the correct boundary

data to consider, and instead one would choose another
“slicing,” such as hyperboloid slicing that can resolve the
field behavior at timelike infinity it [37]. Furthermore,
even in flat space, in higher even-dimensional cases the
causal propagator contains higher distributional derivatives,
while in odd-dimensional cases strong Huygens’ principle
is violated (see, e.g., Ref. [48]) despite being conformally
coupled. Different spins also have different scaling behav-
ior for Hadamard states [59]. It would be interesting to see
how the boundary reconstruction works out explicitly.

Last but not least, although we have made use only of the
properties of ordinary free QFT in curved spacetime, these
ideas should in principle carry over to the asymptotic
quantization of gravity [43,60,61] and provide a new
direction to explore the key differences arising from the
nature of the gravitational field (see, for instance, [62—-64]).
We leave these lines of investigations for the future.
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APPENDIX A: SYMPLECTIC SMEARING

Here we reproduce, for completeness, a few results
(from, e.g., [30], Lemma 3.2.1) on the symplectic smearing
(7) and the causal propagator. First, we have the claim
that (7) is equivalent to (5), i.e.,

3(f) = o(EF. ) = / WV FOMX). (Al

To see this, we can consider more generally the differential
operator P =V, V? + V1, where V € C*(M) and the
Klein-Gordon operator is when V = —m? — £R. Note that
since f(X) is compactly supported and since M is globally
hyperbolic M =~ R x X, there are #,#, € R such that
f=0fort ¢& [t;,1,]. Moreover, by definition of advanced
propagator Po E~f = f, so for any ¢ € Solg(M) so that
P¢p =0, we have
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b(f) = / dv $(x)f(x)
— /E[t t]qub(X)(POE_f)(X)
_ /e[t v [(pVOV(E-f) + oVEf].  (A2)

Now we need to do integration by parts. We will do this
really carefully since the minus sign is a cause of confusion.
We first write dV = ,/=gdrd’x where ¢ is the coordinate

time associated with the foliation of M, and we let dX =

\/ﬁd3x be the induced three-volume element on the space-
like surfaces X,. Then we have

W) = [ AV S) = (ESV
- / A=) [V, () = (E-f)Vo]

- /, AZ(=)(E"f)Vap = $Va(ETf)],  (A3)

where 1“ is the future-directed unit normal vector [i.e., t* =
9, = (1,0,0,0) in the adapted coordinates]. The second
equality follows from the fact that the smeared advanced
propagator E”f and its derivatives vanish on X%, due
to supp(E~f) € J~(suppf).

Using similar reasoning for the smeared retarded propa-
gator, we also have that E™ f and its derivatives vanish at 7,
so we are free to replace E~ in the final equality of
Eq. (A3) with the causal propagator E=FE~ —E™,
Finally, by writing the directed three-volume element as
dX? := —t?dZ, so that the volume element is past-directed
(see, e.g., Ref. [39]), and using the definition of symplectic
form (6), we get

W) = [ UENTp - #9(ES)

=o(Ef. ), (A4)
as desired. Hence the symplectically smeared field operator
reads ¢(f) = o(Ef, ¢). Note that as an immediate conse-
quence of this calculation we have

o(Ef.Eg) = E(f.9) (A5)
simply by setting ¢(x) = (Eg)(X) into Eq. (A4).

We close this section by commenting on some issues
regarding convention that can cause some confusion. In
general relativity, often the convention for a directed
volume element is one in which it is future directed: that
is, d¥¢ = 1*dE = —d=“. In this convention, one would

keep the ordering in Eq. (A3) and write the symplectic
smearing as

o(Ef. ) = / aS9[4V, (Ef) — (Ef)V.0).  (A6)

z,

All we have done here is to absorb the minus sign into the
integration measure. This “freedom” is somewhat confus-
ing because in some cases, some authors may want to write
Eq. (A7) “without tilde”: in this case, the new symplectic
form reads

& (1 ds) = / 059 Vpy — 1Vl (A7)

Z,

which implies that 6’ = —o. In this case, by antisymmetry
we have ¢/ (Eg,Ef)=—0c(Eg,Ef) =E(f,g). The symplec-
tic smearing is also now defined to be ¢(f) =—o'(Ef,¢) =
6’ (¢,Ef). Crucially, those who adopt ¢’ as the symplectic
form and claim that o' (E'f, E'g) = E'(f, g), they will have
E' = —E, the retarded-minus-advanced propagator.
Whichever convention is used, one should be consistent,
and one easy way to check this is as follows:
(1) Set the spacetime to be Minkowski space and fix
whatever convention for £ and o.
(2) Pick two functions f and g and compute Ef, Eg,
E(f,9), and 6(Ef, Eg) in the chosen convention.
(3) Using canonical quantization [48,65], compute
([9(x).0(y)]) = —i(W(x.y) —W(y.X)),  where
W(x,y) is the unsmeared Wightman function. The
standard definition is that ([$(X). d(y)]) = iG(x. X),
where G(X,Y) is the Pauli-Jordan distribution [41].
(4) Match the conventions and find the relationship
between o(Ef, Eg), E(f,g), and G(f, g) (smeared
Pauli-Jordan distribution).
In Minkowski space we can be very explicit by choosing
specific f and ¢ (even “strongly supported” functions
such as Gaussians will work). Our convention gives

o(Ef.Eg) = E(f.g) = G(f. g) with $(f) = o(Ef. ).

APPENDIX B: BMS SYMMETRIES AT .7+

Below we briefly review some basic concepts of BMS
symmetries at .#" and its relationship as asymptotic
symmetries of the bulk spacetime M. It will be convenient
(since we have run out of letters/symbols) to use the
notation C® () to be the space of smooth functions on
some manifold N, X(N) to be the set of vector fields
on NV.

1. BMS group

Recalling the definitions in Sec. III, we see that there is
an inherent freedom in the definition of null infinity for an
asymptotically flat spacetime: namely, the freedom to
rescale the conformal factor Q > 0 in a neighborhood of
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#* by another smooth positive factor 4 > 0: Q — 1Q.
Under such a transformation the triple (S, h:= g| ,+,
nd := V°Q) transforms as
(FF, h,n) = (IF,2%h, 27 'n). (B1)
Thus null infinity is really the set of equivalence classes,
C = [(#", h,n)], of all such triples, and there is in general
no preferred choice or representative within a class.
Moreover, null infinity is universal in the sense that given
any two equivalence classes C; and C, with representatives
(ﬂf,hl,nl) and (£3, hy, n,), there is a diffeomorphism
y: I = 73 such that
(S5 ham) = (r(I7). v hyy'm). (B2)
It is this freedom that allows one to transform to a Bondi
frame (33)
hg == +2dudQ + y ¢, (B3)
where y ¢ is the usual metric on the two-sphere (not to be
confused with the diffeomorphism y) and as well u is the
affine parameter of the null generators n® = d,.

The diffeomorphisms y which preserve the equivalence
classes of .#* in the sense of (B2) comprise the Bondi-
Metzner-Sachs [25,26] group BMS,(.# ). In other words,
for any y € BMS,(.#*) c Diff(.#*) and any equivalence
class C with representative (£, h,n) we have

(r(I)r'hy'n) = (I, 20,27 n). (B4)
Clearly (B4) is independent of the representations chosen.
Importantly this statement is equivalent to the following
[40]: Given a one-parameter family of diffeomorphisms ¥,
generated by a vector & on .#*, & can be smoothly extended
(not uniquely) to a vector field & in M (for some
neighborhood of .#7) such that Qzﬁfg — 0 in the limit
to ST

To see that this definition leads to a conformal rescaling
of the metric at ., we note that

QLegap = LeGap = 227108 Gap- (BS)
Since the left-hand side and the first term on the right-hand
side are smooth in the limit to .7 this implies a(&) =
Q 'n & is also smooth. Therefore Q*Lg| ,~ = 0 implies
that the conformal Killing equation

ﬁfgab = 2a(§)§ab' (B6)

This preserves the null condition n“n”L:g,, = O(Q?).

Moreover, if we fix a Bondi frame van » = 0, the twist of
n, vanishes, Vi n, = 0, so we also have L:n* = —a(&)n*

and L£,a(&) = 0[42]. By pulling back to .# ", we obtain the
asymptotic symmetries of the bulk manifold M:

Lers = 2a(8)y s, (B7a)

Lzn = —a(&)n. (B7b)
Note that at .#+ we have & = & so we will drop the tilde
whenever it is clear from the context. Thus we see that these
reproduce the infinitesimal action of BMS,(.#1) (see,
e.g., Ref. [42]).
The general solution to (B7a) and (B7b) with £,a(&) =
0 is given by the vector field £ € X(.#™) of the form

E(fY) = (f—l—%uDAYA)n—i-Y, (B8)

where n € 2(.#71), Y € X(5?), and f € C®(S?) and

Enf:O:,CnY, Ey}/sz ZDAYA]/SZ. (B9)
Note that the metric on 2-sphere yg = y pdx?dx5,
where x4 are coordinates for S%, and y,5 can be used to
raise indices A,B,C, ..., with its associated covariant
derivative Dy.

The vector fields &(f,0) = fn are known as super-
translations: they are parametrized by smooth functions f
on the 2-spheres, and they form an ideal of the BMS
algebra bmg,. The smooth conformal Killing vectors of the
two-sphere, Y € X(S?), generate the Lorentz algebra—but
there is generically no preferred Lorentz subgroup.
Therefore the structure of the BMS group generated by
these asymptotic Killing vectors is a semidirect prod-
uct BMS, = SO*(3,1) X C®(5?).

We review these asymptotic symmetries in a more direct
manner below.

2. Asymptotic symmetries of metric

The metric of any asymptotically flat spacetime can be
written in Bondi-Sachs coordinates [25,26]

ds? = —Udu? — 2¢*dudr

1 1
+gAB (dXA +§UAdu> (de —l—EUBdu), (BIO)

where det(gaz) = r* det(yap).
Now as a consequence of the assumptions in Sec. III, the
large-r expansion takes the form (see, e.g., Ref. [44])

2
U= _Z"s +0O(r?),

. (Blla)

p=0(?), (B11b)
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1
UA :—ZDBCAB+O(V_3), (BllC)
r

gap = r*vap + rCap + O(1°). (B11d)

Here, mp is the Bondi mass aspect, C,p is the shear
tensor,'” and N 4 1s the angular momentum aspect. Together
with the Bondi news tensor Ny = 09,C,p (and the con-
straint equation for the Bondi mass coming from the
Einstein equations), these form the radiative data for
general relativity [44,61].

Observe that by introducing Q = r~! (so dr = —Q2dQ)
and rescaling §,, = Q%g,,, the falloff conditions (B11)
imply that the metric in the unphysical spacetime takes the
Bondi form at .#" where Q = 0, given by Eq. (33).

Importantly one can show, by direct computation, that
the falloff conditions are preserved by the asymptotic
Killing vectors [66,67]

&= (f —i—%uDAYA)@u —+ (YA —%DAf—I— O(r‘2)>0A

+%(—rDAYA +DADyf +O(r Y))o,, (B12)
where as before these vectors, &(f,Y), are parametrized
by the scalar functions f = f(x*) and the conformal
Killing vectors of the 2-sphere, Y = Y40,, whose general
form is [68]

YA =YA(x4) = Dy, + e Dyy,.  (BI3)
where (D*Dy 4 2)y,/m = 0; i.e., ¥¢/m are £ = 1 spherical
harmonics.

In particular, £(0,D%,) generate boosts and &(0,
€*8Dgy,,) generate rotations [68].° While expanding f
in a basis of spherical harmonics one finds that the first four
spherical harmonics Y,,,(x*) correspond to ordinary trans-
lations in the bulk (I =0, m = 0 for time translations;
[=1,m =0, +£1 for spatial translations).

3. Group action at ./ *

To see an explicit representation of the group at .# we
will work in a Bondi frame henceforth, and also, we will fix
the 2-sphere to have complex stereographic coordinates
x* ={z,z}, where z = cot(6/2)e. In this system the
Bondi frame takes the form

4dzdz

hp = +2dudQ + ——.
B (1+2z2)?

(B14)

“Fixing Bondi §auge/coordinates and the determinant con-
dition 9, det(g,p/r*) = 0 implies that the shear tensor is trace-
free: yABCyp = 0.

A generalization Y4 to nonsmooth solutions leads to the
notation of superrotations [66,67] which will not concern us here.

Keeping the notation in [1] one can show [26] that the
action of the BMS, group takes the following form:

' =Kp(z,2)(u+ f(z,2),

b inZ+ b
ZI::A :w7 Z_/::AZ:(?\%;_A. (BIS)
cpaz+dy CaZ+dy

Here A € SO" (3, 1) denotes a particular proper orthochro-
nous Lorentz transformation and

1+ |z
Kp(z,2) = ,
rz.2) lanz + bal* + |eaz + dy)?

(B16)

and the coefficients (ay, by, ¢, dy ) arise from the covering
map p:SL(2,C) - SO"(3,1) since SL(2,C) is a double
cover of the proper orthochronous Lorentz group
SO*(3,1), i.e., SL(2,C)/Z, = SO (3,1).

Notice that the choice of sign does not change any of
the transformations, and hence we have the semidirect
product BMS, = SO*(3,1) X C*(5?). We see the semi-
direct product structure by considering the composition of
two of these transformations (A, f), (A, f') € SO*(3,1) x
C®(S?). This yields

Kn(A(z,2))KA(2,2) = Knalz, 2), (B17a)

(N f) o (M) = (N-A f+(Kp-10A)-(foA)),

(B17b)

where in the second line we note that K,-1o A = 1/K,.

4. BMS-invariant asymptotic scalar field theory

To define the action of a one-parameter element y; of the
BMS group on the space of solutions Solg(.#") at &,
one considers the action of its smooth extension y, into M
on ¢ and then uses the map I' to project it to .#". That
is, working in a Bondi frame, for ¢ € Solg(M) and
y € Solg ()

Ay = (@)1

— lim [QB(V (X))
Qp(x)

j+
= Ka(z,2)'w(u, z,2).

| <timigr,00) (7,0

(B13)

Here, one can show making use of the asymptotic Killing
equation for &, the generator of y,, that the third line
follows. Alternatively this may be seen by noting that the
fields y € Solg (™) transform with conformal weight —1
under the induced conformal transformation at .#* by
y, [cf. (B4)].
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The induced symplectic form ¢ , at .#" given by

o (w1, w2) :/ﬂ+ dudyg (y10,y2 —w20,41)  (B19)

is also BMS invariant because the integration measure and
the derivative, respectively, transform as

dudys — K3dudyg, d, =n® - K3'n®. (B20)

Therefore all the resulting AQFT constructions (including
the induced state) are BMS invariant.
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