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A simple but powerful particle detector model consists of a two-level system coupled to a field, where
the detected particles are the field excitations. This is known as the Unruh-DeWitt detector. Research using
this model has often focused on either a completely classical description of the external degrees of freedom
of the detector, or a full field-theoretic treatment, where the detector itself is described as a field. Recently
there has been much interest in quantum aspects of the detector’s center of mass—either described as
moving in superposition along semiclassical trajectories, or dynamically evolving under a nonrelativistic
Hamiltonian. However, the processes of interest—the absorption or emission of field particles—necessarily
change the detector’s rest mass by the amount of energy of the absorbed or emitted field quanta. Neither of
the above models can capture such effects. Here we incorporate the quantization of the detector’s mass-
energy into the Unruh-DeWitt model. We show that internal energy changes due to emission or absorption
are relevant even in the lowest energy limit. Specifically, corrections to transition rates due to the detector’s
mass changing cannot be ignored unless the entire center of mass dynamics is also ignored. Our results
imply that one cannot have a consistent model of the Unruh-DeWitt detector as a massive particle without

including the mass-energy equivalence.

DOI: 10.1103/PhysRevD.106.025012

I. INTRODUCTION

The mass-energy equivalence of special relativity
implies a universal coupling between the internal degrees
of freedom (d.o.f’s) of a composite particle, which
describe its total internal energy, and the particle’s center
of mass (c.m.) [1]. The resulting simple model of a
particle with quantized mass-energy opened new avenues
for exploring phenomena at the quantum-and-gravity
interface, including gravitational decoherence and time
dilation [2-5]. The coupling leads to relativistic effects
even at low c.m. energies, thus also opening new avenues
for laboratory experiments [6,7]. The coupling also has
consequences for the free propagation of composite
particles [8] and their boosts [9], and ultimately leads
to the requirement of a class of states which describe
semiclassical propagation of composite particles—which
are different to the usually expected pure Gaussian state
of the particle’s c.m. [10].

Importantly, the universality of the coupling also leads to
signatures of the mass-energy equivalence emerging where
it would not have been expected. For example, failure to
incorporate the mass-energy equivalence in the spontane-
ous emission process leads to an “anomalous friction”
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effect [11,12]. Mass-energy equivalence resolves this
problem by allowing the particle’s momentum to change
during emission without changing its velocity.

The above naturally implies that the mass of a particle
interacting with a field must be altered by the outgoing or
incoming energy in any emission or absorption process.
This in turn implies that the count made by a physical
detector, of particles in some field state (when the
detector is modeled as a physical system with its own
dynamics, including the c.m.), may also be affected if the
mass-energy equivalence is not incorporated. The sim-
plest model of such a detector, the Unruh-DeWitt (UDW)
detector, is used widely to probe quantum fields in curved
spacetime and to explore applications to relativistic
quantum information.

Traditionally, the UDW detector model consists of a
pointlike particle with some internal degrees of freedom
interacting with a quantum field along a classically pre-
scribed worldline [13,14]. However, it was originally
formulated through quantum field theory, beginning with
the seminal explorations of the Unruh effect and Hawking
radiation [15-17]. See ref. [18] for a review of applications
of the Unruh effect, including particle detectors. The field-
theoretic treatment continues to be explored to gain insights
into vacuum entanglement, e.g., [19], and recently in the
context of quantum reference frames (associated with the
detector) [20]. Nonetheless, many recent works introduce
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additional features to both the detector and the field as
needed to apply the model to more diverse or more realistic
situations. These range from explorations of light-matter
interactions [21] and the Casimir-Polder effect [22] to axion
detection [23] and neutrino oscillations [24].

Additionally, a formalism has been developed to
describe an UDW detector following a superposition of
different classical paths [25-28]. This has further allowed
the exploration of quantum causal structures through
superpositions of detector-field interaction times [29], as
well as through describing the dynamics of the UDW
detector in genuine quantum spacetimes [30,31].

Recently there has been interest in a yet different regime,
motivated by operational considerations: An UDW detector
described as a first-quantized particle with internal states
coupled to a field, with the addition of external dynamics—
i.e., quantized c.m. degrees of freedom. This has been
explored, for example, to study the effects of the c.m.
motion [32] and coherent spreading of the c.m. [33], and to
study the recoil of the detector’s c.m. due to interactions
with field quanta [34]. An understanding of the dynamics
of the UDW detector’s c.m. is also relevant for models of
atom-light interactions. However, thus far the models either
considered a nonrelativistic c.m. of the detector, thus not
including the mass-energy equivalence (a fact also noted in
Ref. [35]), or looked at formal expressions for transition
amplitudes for a relativistic c.m..

In this work, we introduce relativistic corrections to the
UDW detector model which account for the mass-energy
equivalence—whereby the mass is different for each of
the UDW detector’s ground and excited states. As the
detector changes mass only at the moment of excitation
(or emission) one might expect no differences, compared
to earlier models, for transitions between initial internal
eigenstates. Additionally, as the resulting effects are
relativistic corrections one might further expect that there
is a sufficiently low energy regime where the mass-energy
equivalence effects can be neglected. We show that
neither of these intuitions hold. Incorporating quantized
mass-energy into the UDW model is necessary for a
consistent description as it leads to corrections to the
detector’s emission and absorption rates that are on
the same order as the effects of even the nonrelativistic
c.m. dynamics.

The article is structured as follows: We present our
generalization of the UDW detector dynamics and derive
the emission and absorption amplitudes for our model in
Sec. II. We then find the emission and absorption rates in
Secs. IIT A and III B, and discuss the relevance of the
relativistic corrections. We also discuss an interesting
further subtlety related to the interpretation of the non-
relativistic notion of mass in light of the role of mass in the
relativistic model. We compare the rates obtained in this
work to those arising from a nonrelativistic c.m. model [33]
in Sec. III C. Finally, we discuss implications of our results

in Sec. I'V. Throughout this work we set 7 = 1 but keep the
speed of light ¢ in the expressions for ease of discussing
relativistic vs nonrelativistic effects.

II. UNRUH-DEWITT DETECTOR
WITH EXTERNAL DYNAMICS AND
MASS-ENERGY EQUIVALENCE

The UDW detector is a model of a pointlike particle
coupling linearly through the monopole operator ji to a
scalar field along the detector’s predefined, classical world-
line X(z). The associated Schrodinger picture interaction
Hamiltonian has the form

Ao = 4 (), (1)

where 1 is the coupling strength, /i the monopole moment

operator, and ¢ (X) the scalar field evaluated at the point X
which represents the classical position of the detector.

In the case of a detector with two internal energy states,
the monopole operator takes the form

fi= le)(gl +1g)(el, (2)

where |g) and |e) are respectively the ground and excited
energy states.

In the majority of recent works, the detector’s free
Hamiltonian included just the energy associated with its
internal state [18]. Here we also include the c.m. energy
required to accurately describe the dynamics of all relevant
d.o.f’s of the detector for its interaction with the field.

The energy of a pointlike first-quantized particle with
internal d.o.f’s and in flat spacetime (Minkowski metric)

reads \/M2c* + p*c? [1,2,4,10,36-38] where Mc? is the

total rest mass-energy of the UDW detector. This form is
required for detector models which aim to include both
quantum and relativistic effects, see also Ref. [20] for
the corresponding second-quantized model. Here we are
interested in the limit of low c.m. energy—where first-
quantization is accurately describing the system and where
the detector’s c.m. is moving slowly—and investigate the
impact of the mass-energy equivalence in this regime.

The c.m. energy of the composite particle in such a low-
energy limit reduces to

22
M+ ;’M. (3)

Note, a fully nonrelativistic model of the detector would
be governed by the Galilei symmetry group, however with
the inclusion of internal dynamics through M, the sym-
metry group of the resulting model in Eq. (3) is the central
extension of the Galilei group [39,40]. Since this inclusion
of the internal dynamics comes from relativistic mass-
energy equivalence, we will hereafter refer to our model as
the “semirelativistic” model, to distinguish it from a fully
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nonrelativistic model where the mass features only as a
fixed parameter.

We restrict the model to just two internal states corre-
sponding to the detector’s ground |g) and excited |e) states,
and introduce the following split

M = myg|g) (gl + m,|e) |
—malal + (my+ 5 )ldel. @

Thus, m,, m, are the masses associated with the ground
and the excited state of the detector, respectively, and E is
the energy gap between them. Note that the first term in
Eq. (3) gives the usual internal Hamiltonian of the UDW
detector, while the second term is the kinetic energy with
mass-energy incorporated.

Note that the fully nonrelativistic limit of the detector’s
dynamics is obtained when E/ mgc2 — 0. This is in
addition to the low-energy limit for the c.m. already pre-
sent in Eq. (3), which requires p? < (mc)?. The full
nonrelativistic limit thus results in the kinetic term in
Eq. (3) becoming p?/2M — p2/2m, ® I, where T, is
the identity operator on the internal states and where the
first factor acts only on the c.m.. Importantly, the rest
energy term in Eq. (4) remains unchanged in this limit. The
full nonrelativistic limit of Eq. (3), dropping dynamically
irrelevant term m,c’[ arising from Mc?, reads

72

Ele)tel +5, (5)
As expected in nonrelativistic physics, the above is simply
a sum of the internal energy (acting only on the internal
d.o.f) and the kinetic energy (acting only on the c.m.) which
features one mass parameter m, for all internal states. See
Refs. [40,41] for detailed discussions of the nonrelativistic
limit of dynamics for composite particles, which relate to
the aforementioned underlying group structure.

The full free Hamiltonian in our model consists of the
energy of the detector, Eq. (3), and the energy of the
massless scalar field [ d°k c|l€|d£&;, with d;,d;{. the cre-
ation and annihilation operators of the field quanta with
three-momentum £, satisfying the canonical commutation

o
tional to the identity from Eq. (4), the total free Hamiltonian
for our model reads

relation [d; ci;,} = 5(3)(12 - I_c") Dropping the term propor-

32

2 p ARSI
H0:E|e><e|+2M+/d3kc|k| a;ga%. (6)

The detector couples to the field at the c.m. position,
described by the position operator X. Equation (1) is
modified to include this using the spectral expansion of
the position operator

Flp =4 / PefD)E ® 4 ® H). (7)

with c.m. position eigenvalues X, and eigenstates |X), and
with the field operator defined as

N &k - o

) — ikXx 5 —ik ¥ AT
¢(X) = /(277:)3/2 2|]_<,||:€ a/? + e aE:| s (8)
where normalization of the field has been chosen such that
A remains dimensionless.

To find the transition amplitude for the system, we work
in the interaction picture and perform a perturbative
expansion. The interaction picture form of the interaction
Hamiltonian is obtained from e'"0!|%) (x| ®(¥)e ="', Note
that due to the mass-energy equivalence, in the kinetic term
of (3) there is coupling between the c.m. and internal d.o.f’s
of the detector and so the time evolution of /i and |X) (X| has
to be computed jointly. In summary, Eqs (6) and (7) result
in the following interaction-picture Hamiltonian

Aint) =1 [ B(E.0[¢ 5 e) g
W [F(0)) ()|~ + H.c.} Pr,  (9)

where the time-dependent position eigenstates can be
expressed as

- . d3P —ip i (L LieYe|)| =y .
|x(t)>|l> = ‘(2]_[)3/26 PX+itr (5 19) (gl 45 le)( \)|p> li). (10)

where |i) is an arbitrary state of the internal d.o.f.

Note that in the fully nonrelativistic limit of the c.m. we
recover the model of the UDW detector with mass as a
nondynamical parameter and fixed internal energy gap E
which is used in Ref. [33]. The question of whether the
ground state mass-energy m, or the excited state’s m,
becomes the mass parameter of the nonrelativistic model is
discussed in Sec. III C.

Transition amplitudes between any pair of mutually
orthogonal states, to first order perturbation in the coupling
strength A, are given by

" / " dt By (0]%,) (11)

with [¥;) and |¥) the initial and final states of the system,
respectively.

We first look at the emission process and thus consider
the following states

¥:) = lwo) ®e) ®10),  [¥/)=|F") ®lg) ®a}[0). (12)
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describing the detector beginning in the excited state, with
an arbitrary c.m. state denoted by |y), and where the field
is initially in the Minkowski vacuum state. The final state is
then taken as the ground state of the detector with some
c.m. momentum p’, and a one-particle excitation in the
field. We will later sum over the final states of the detector
and the field to derive the total emission rate, discussed
in Sec. IIT A.

The states in Eq. (12), incorporated into Eq. (11), result
in the following emission amplitude:

. 2
em _ il ¢ =7
semirel — = (p + k)
@\ 2k

’s (2 gy F
x/ dte" o e Erelkl), (13)
li

Both masses m, and m, are present in the time integral
and in general affect the amplitude. This integral (with
bounds extended to infinity) expresses the energy con-
servation in the process in which the internal state and thus
also the mass-energy of the detector changes. This clarifies
why the amplitude in general depends on the masses of
both internal states. This also indicates that in general
the mass-energy equivalence will have consequences for
observable effects, which we quantitatively assess in the
next section. Note that the difference between the masses
disappears from Eq. (13), for arbitrary final states of the
field, only when the initial momentum of the detector is
strictly zero. That is, when y(p) o« 6)(p), in which case
the amplitude depends only on the ground state mass m,,.

We now look at the absorption amplitude, where the
detector begins in the ground state. In the present case, as
the absorption or emission of a field particle affects the
initial and final mass of the detector, the two processes
exhibit differences that are not accessible in an UDW
detector with a preassigned trajectory nor in a model with
fully nonrelativistic c.m.. The initial and final states of all
d.o.f’s, in analogy to the emission case, read:

W) =lwo) ®l9) ®a,(0),  [¥y)=[P)®le)®[0). (14)
Note that for comparison between the two processes we

take the same initial state |y) for the c.m. as in Eq. (12).
The resulting amplitude for the absorption process is

Aabs _L c_ze—iff(%ﬂf)w (P _]}')
semirel (271_)9/2 ? | ]-<>| 0
1 i ﬁ_(ﬁ;—i)z TE- ,;)
x / ! g (B o) (15)
t

Compared to the emission case, the signs of E and k,
as well as the masses m,, m, have swapped places, as

expected. We thus again see both masses in the time
integral, contributing to conservation of energy (for 7;, 7,
taken to infinity). As in the emission case, only one of the
masses plays a role in the final amplitude for the initial c.m.
state being y(p) « 6®)(p), however, for the absorption
process this is the excited state mass m, . In general, the two
masses contribute differently to the two amplitudes (true
also for other c.m. states), which has consequences for the
interpretation of the nonrelativistic mass parameter of the
detector, further discussed in the next two sections. The rate
of absorption corresponding to Eq. (15) is explored in
Section III B.

III. MASS-ENERGY EFFECT ON DETECTOR
EMISSION AND ABSORPTION RATES

A. Emission rate

The total emission probability corresponding to the
amplitude Eq. (13) is obtained by summing over the
final momenta of the c.m. and of the field. The correspond-
ing transition rate is then obtained by taking its time
derivative, and then taking the limits of the time integral
to infinity. The resulting transition rate for the emission
process is

22c*m .
T =g’ [ SR WoBPT (). (16)

where p = |p| and

1 [p*m
T:énmirel(p) =2 - ;\/ m g + 2ngC -+ m§c2 + 2Emg

e

L [p’m, 2.2
—|——\/ —2pmgyc + mge” + 2Em,,.

p e
(17)

We refer to 7 (p) as a “template function” following the
terminology used in Ref. [33]. In the nonrelativistic limit
for the detector’s c.m., discussed in the previous section,
we have m, = m,, and Eq. (17) reduces to the expression
found in that paper. In the infinite mass limit (while keeping
E finite), for any normalized initial c.m. state v, Egs. (16)
and (17) reduce to the “classical” case, i.e., a detector on a
fixed classical trajectory:

/12
g{gss :ﬂE (18)

Because our Hamiltonian is valid for low c.m. energies,
we expand around small c.m. momentum, specifically,
about p/m,c = 0. Note that this is also the regime where
we expect the least impact of the mass-energy equivalence

025012-4



QUANTIZED MASS-ENERGY EFFECTS IN AN UNRUH-DEWITT ...

PHYS. REV. D 106, 025012 (2022)

on the final result, as discussed below Eqgs. (13), (15). The
expansion results in a template function

2 p*(c*(m, —m,) + 2E)

1+ 2E  c*mim(1 +m2g€2)§

mc“

Tem (p)=2-

semirel \P

(19)

We now take for the c.m. state a three-dimensional
Gaussian wave packet centered at p = 0, with position-
space wave function

N 2\
vo) =\ —5) ¢ 7, (20)

where L is the initial (spatial) spread of the wave packet,
centered in space at X = X;. The resulting emission rate
reads

m,)+2E)

9
ome (12503 |

2.2
e 2ctmy, - 1 3(c*(m
1+mZEZ 2L%c*m

gC

semirel — o0

(21)

We note that the above holds provided that L > 1/mc, i.e.,
the localization of the wave packet, is larger than the
Compton wavelength, as localization below this scale can
lead to unphysical results (due to the breakdown of first-
quantization). Equivalently, the expression holds when the
initial momentum spread is small, L, =1 /L < myc, SO
that the initial state is consistent with the low-energy limit
of the detector’s c.m. dynamics.

For m, =m, =M in Eq. (21), we again recover the
result of Ref. [33] for the nonrelativistic ¢.m.:

2ctM 1 3E
Rﬁlonnre] = ; - + 2 413 2E N3 |
T /1+% LCM‘(l—FW)?

(22)

Note that this limit cannot be achieved by simply setting £
to zero in the final rate, Eq. (21), since E plays two
roles in any relativistic model of an emitter/absorber—it is
the “gap” between masses associated with different internal
states in the free Hamiltonian, and the energy gap between
internal states in the interaction Hamiltonian. In prior
studies, the UDW detector had no mass gap, but a
finite internal energy gap, and so to recover such models
it is more convenient to keep the general notation for the
masses m,, m, (despite the fact that their difference is
simply E/c?).

From the physics perspective, in these prior models
interaction with the field would only alter the linear

momentum of the c.m. of the detector but not its mass.
As discussed above, by incorporating the mass-energy
equivalence, known in atomic physics as the Rontgen
term [35] or the mass-defect [42—44], our model can take
into account the energy change of the c.m. arising also due
to the change in the mass of the detector.

Importantly, this mass change cannot be neglected even
if one is looking only at transitions between internal states,
as we do here. Indeed, to lowest order in E/ mgcz, our

Eq. (21) reads RE™. . ~ E(1 +§ﬁ) while the non-
relativistic rate Eq. (22) reads R ~ E(1 +3 Lm 3 )

This is the same for both choices of M = m, and M =
m, =m,+ E/ ¢? in Eq. (22). Thus, the mass-energy effects
cannot be ignored even at lowest order; they are only
irrelevant in the “classical” limit where the dynamics of
the c.m. is entirely ignored, Eq. (18).

We further compare the full emission rates Egs. (21)
and (22) numerically in Sec. III C.

B. Absorption rate

Following the same steps as for the emission process, the
absorption rate arising from Eq. (15) is

2.2
Rabs Acc*m
semirel o

‘ / & plwo(B)PT™(p),  (23)

with template function

1 Zm
ngrsmrel(p) = P e + 2PmeC + m%cz - 2meE
V4 mg
1 2
Ly L 2pm,c + mic? —2m,E.
p mg

(24)

The expression for the rate formally requires us to introduce

a cutoff K in the momentum integral (i.e., p < K) and to
: 2 K 2

restrict the energy gap to E/m ¢ < (m—JL — 1)*. We treat the

width L, of the Gaussian state as an effective cutoff K
henceforth. As anticipated, in the absorption case above the
masses m, and m, have swapped compared to the emission
case, Eq. (17), and the sign of the energy (in 2m, E) has
changed.

Taking again the expansion about p/m ¢ = 0, and using
the Eq. (20) Gaussian, we find the absorption rate

Rabs 2 cPm, 1 3(c*(my —me) + 2E)
semirel — T 1— Z_ECZ 202t memq(l - leE_)%

e

(25)
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As in the emission case we can take m, = m, =M in
Eq. (25), to obtain the result for a nonrelativistic c.m.:

2ctM 1 3E
Rrallgf’ll'el = + 2 4 3 2EN\3 | T (26)
7 1-— Z_EZ Lc"M (1 - W)E

We now look again at the rates to lowest order in
mass-energy corrections E/mgcz. Our result reads
abs 31 : et
R ~1+2E(1+ ZW>’ while the nonrelativistic

semirel
rate is R ~1+2E(1+3 1) for M =m, and

nonrel (ngc)z
reads R3S ~ 1+ E(1 4+ 3 —1=) for M = m,. We again

(Lmyc)?

see that mass-energy corrections cannot be ignored.
However, we also see that with the choice of M = m,
the nonrelativistic expression better approximates the
relativistic result—a conclusion which also holds for full
rates, which we will further discuss based on the figures in
the next section.

Finally, we note that for the absorption process, the
classical limit is undefined in the sense that the above rates
diverge in the limit of large mass. We thus will not be
comparing the absorption rates against such a classical limit
of a detector.

C. Comparing to prior models

In previous models that looked at a first-quantized UDW
detector, or in a related model of a dipole interacting with an
optical field, the c.m. of the detector/dipole was either pre-
fixed (nondynamical), or dynamical but nonrelativistic, hav-
ing a fixed mass parameter M, e.g., [32]. In this work, we
incorporate the relativistic correction to the c.m. which allows
the mass of the detector to change upon the exchange of
energy with the field (where in an emission process, the mass
is decreasing, while in an absorption process it is increasing).
Therefore, in order to compare our results with nonrelativistic
models, we must interpret how the mass-energies m,, m,
relate to the nonrelativistic mass parameter M.

One choice is to equate M with the ground state mass m,,.
This choice naturally arises when looking at a nonrelativ-
istic limit for the free Hamiltonian discussed in Sec. II. It is
worthwhile to note that this itself arises from taking the
split of M as in Eq. (4), and so defining internal energy such
that the internal ground state |g) has (internal) energy zero
and the energy of the excited state |e) is non-negative.

Another choice is to equate the nonrelativistic mass M with
the mass-energy which allows the relativistic and nonrela-
tivistic dynamics of the full interacting system to align more
closely (in the limit of small difference between m,, m,).
Surprisingly, this approach dictates different choices for M for
the emission and for the absorption processes. Itis only in the
full nonrelativistic limit, where m, = m,, that the ambiguity
is resolved, as there is strictly only one mass parameter. In
order to understand which choice for the value of the

qg°

nonrelativistic mass M best approximates the relativistic
corrections—which albeit small are nonetheless finite—we
explore both choices and discuss them further in this section.

Before presenting plots as illustrations of our analytical
results, we reiterate that the form of the absorption rates
Egs. (25) and (26) requires the parameters to be constrained so
that 2E < m,c* and 2E < Mc?, respectively. As a result, we
have chosen to present both the absorption and the emission
rates” dependence on E in this regime for consistency, even
though the latter does not technically require this restriction.

1. Emission rates compared

In Fig. 1 the emission rate for the classical (infinite mass)
case, Eq. (18), is compared directly against our result (21)

1.0fs==rmrmrm e m et s s s ————— semeoms
> e
€ 0.9}
I
= 0.8}
]
8 071
©
14
c
o 0.6r .
ﬁ Semi-rel.
'E Non-rel.
w o5/ . - Classical
1 5 10 50 100
my
1.0f==m=mmm e
€ 0.9f
I
= 0.8}
L
8 0.7}
©
14
c
o 0.6r .
g Semi-rel.
‘e Non-rel.
wos /- . = Classical
1 5 10 50 100
my
FIG. 1. Emission rates as a function of mass for the UDW

detector: With classical (fixed) c.m.—the green, dashed-dotted
line; with dynamical c.m. including relativistic mass-energy
corrections (our semirelativistic model)—the solid blue line;
and with nonrelativistic c.m.—dashed yellow line. Top: for the
nonrelativistic mass set to M = m . Bottom: for M = m,. The
classical UDW case can be seen as the infinite-mass limit of both
models (ours and the nonrelativistic one) and for both choices of
the mass, as discussed in the main text. All quantities are in units
of the energy gap (setting ¢ = 1), thus we plot starting from
mg/E=1 and we use L-E=1 which guarantees that
L > 1/m,. The rates are additionally scaled by (4/27)~" setting

the classical rate to 1. Finally, both axes are on a log scale.
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(the “semirelativistic” model) and the rate for the non-
relativistic ¢.m. model (22), for each of the choices of
M = m, (top plot) and M = m, (bottom plot). All quan-
tities are presented in units of the energy gap E (setting
¢ = 1), with the rates scaled by (12/2x)~!, resulting in a
value of 1 for the classical rate.

The convergence of the other two rates to the classical
case previously mentioned in Sec. III A is evident here. Our
model is exactly the same in the top and bottom plots, while
the curve for the nonrelativistic model changes depending
on whether its mass M is identified with m,, or m,. The form
of the nonrelativistic curves thus differs from the top to the
bottom plot because of the different mass used in the
nonrelativistic emission rate, Eq. (22). In the bottom plot
this is M = m, = m, + E, while in the top plot M = m,,.
This will continue to underpin the behavior of the non-
relativistic model in subsequent figures below.

We now further explore the behavior of the emission rate
of our model compared to that of the nonrelativistic c.m.
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FIG. 2. Emission rates R

semirel

model for both choices of the nonrelativistic model’s mass.
We plot Eq. (21) and Eq. (22) for these two choices in
Fig. 2—the M = m, case on the top row, and the M = m,
case on the bottom row. The plots in the left column show
the emission rate dependence on the initial spread in the
c.m. momentum L, = 1/L; the plots in the right column
show the rate dependence on the energy gap E. We stress
that in all these plots, as in Fig. 1, our model is fixed while
the nonrelativistic model’s M is different between the top
and the bottom rows.

First we find that in general the inclusion of mass-energy
equivalence suppresses the emission rate compared to the
nonrelativistic c.m. model. For increasing initial spread in
momentum, L,, the rates arising from the two models
diverge as expected. That is, increasing L, means the higher
c.m. momenta are contributing significantly to the initial
state and so relativistic corrections due to p?/ my # p/m,
become more relevant. The difference is greater for the
M = m, case where it also increases with the energy gap.

01
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-
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my
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Emission Rate M
N

Energy Gap E
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e
- .
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-
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me

Lp/mge =1

Emission Rate M
\
\

Energy Gap E

for our model of the UDW detector with relativistic corrections from the mass-energy equivalence

(solid lines) and for the model with nonrelativistic c.m. (dashed lines). Left column: emission rate dependence on the initial c.m. spread
in momentum, L ,, for the two choices of the nonrelativistic model’s mass M = m,(m,) top (bottom) panels. Right column: emission
rate dependence on the energy gap E between ground and excited states, top/bottom panels as in the left column. All quantities are in
units set by m,, that is: rates in units of the Compton frequency 1/ mycz, L, in units of mc, and E in units of mgcz. The vertical dotted
line at L,, = 1 - (m,c) marks the limit of the applicability of the first-quantized model.
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Similar conclusions could be drawn for emission rate
dependence on the energy gap E based on the regime
plotted. However, note that when looking at the limit of
large energy E > myc? (or E > Mc?), our emission rate
converges to ~m, while the nonrelativistic rate converges
to ~M. Hence the two converge to each other for M = m,,.
This can be understood by looking at the template function
Eq. (17) which approaches a constant value of 2 for large E,
independently of whether m, # m, or m;, = m, = M as in
the nonrelativistic case. Physically, this is the limit where
the c.m. dynamics are essentially completely suppressed
by the rest energy. The first term in Eq. (3) then dominates
over the second term, and the dynamics of the two models
become effectively the same.

As we have mentioned earlier in this section, the choice
of M = m, or M = m, for any finite E results in different
emission rates predicted by the nonrelativistic model.

0.8 ’ .
----- E/mgc2 =0.1 /' :
/ :
E/mgc? = 0.1 ,/
> Vs .
g | ====- E/mgc? = 0.2 Vi ‘
1} ’
s E/mgc? = 0.2 :
P s
& ‘
4 :
c :
2 :
3 ‘
2 ‘
<} ‘
@ ‘
2 :
< :
0.3 :
0 1
Initial CoM Momentum Spread L,
0.8 ) R
_____ E/mgc? = 0.1 o :
E/mgc2 =0.1 /,/’
© ‘
- J E/mgc® = 0.2 -~ :
I -7 :
s E/mgc? = 0.2 :
° s
] ‘
o :
c :
2 :
= :
2 ‘
<} ‘
@ ‘
2 :
< .
0.3 ;
1
Initial CoM Momentum Spread L,
FIG. 3. Absorption rates R

Considering that the “correct” choice here is the one which
arises in the nonrelativistic limit of small L ,, this favors the
choice of M = m,,. This is visible in all the emission rate
plots in Fig. 2, most notably from the left-hand column
(where the rates are plotted as a function of L , for these two

choices of M).

2. Absorption rates compared

We now turn to the absorption rate. As mentioned in the
preceding section, absorption rates for both models con-
sidered here diverge in the large-mass limit. We thus move
on to comparing the absorption rate of our model to that of
the UDW detector with nonrelativistic c.m. and we again do
this for both choices for the nonrelativistic mass. Figure 3
thus plots the absorption rate for our model, Eq. (25), and
the equivalent for the UDW detector with nonrelativistic
c.m., Eq. (26). As for the emission rate, the left-hand
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abs for our model of the UDW detector with relativistic corrections from the mass-energy equivalence

(solid lines) and for the model with nonrelativistic c.m. (dashed lines). Left column: absorption rate dependence on the initial momentum
spread L ,. Right column: absorption rate dependence on the energy gap E. Top (bottom) panels in both columns correspond to the two
choices for the nonrelativistic model’s mass M = m,(m,). Units of all quantities set by m,: Rates are in the units of the Compton

frequency 1/ mgc2, L, is in units of m ¢, and E is in units of mgc2. The vertical dotted line at L, = 1 marks the limit of the applicability
of the first-quantized model; the vertical lines in the right-column mark asymptotes of the absorption rates which are at 2E = m,c

2

(equivalent to E = mgc2) for our model and at 2E = Mc¢? for the nonrelativistic model.
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column shows the rates as a function of the initial c.m. spread
L, and the right-hand column the rates as a function of the
energy gap. For the top row plots, the mass in the non-
relativistic model is set M = m,, and in the bottom row it is
set M = m,. The asymptotes in the right column plots are at
2E = Mc? for the nonrelativistic model and at 2E = m,c?
(equivalently, at E = m,c?, due to m, = m, + E/c?) for our
model. This is explicitly visible from the Eqgs. (25) and (26).

Note that in this case, when looking at the limit of small
momenta, small L o the two rates converge if we identify
the nonrelativistic mass M with the excited state mass m,.
This is the opposite of the emission case. For this choice
(and thus for the bottom-row plots) we again see that the
inclusion of relativistic corrections overall suppresses the
rate compared to the nonrelativistic model.

IV. DISCUSSION

We derived transition amplitudes and rates for an Unruh-
DeWitt detector with dynamical internal mass-energy, thus
incorporating a relativistic correction to the c.m., modeled
in other contexts by the Rontgen term or a mass defect. Our
goal has been to extend a nonrelativistic model of the
detector’s c.m. in a general manner, agnostic as to the
details of the implementation of the detector. We have
demonstrated that at least to lowest order perturbation in the
interaction strength, the transition rates can be derived
analytically.

The main result of this work is the necessity of including
the relativistic corrections in the UDW model if any c.m.
dynamics is to be included at all. We carried out our
derivations in the low-energy regime where relativistic
effects have the least impact, yet, we found that mass-energy
corrections are on the same order as the effects of the
inclusion of the c.m. dynamics itself. As a result there is no
consistent model of an UDW detector with fully non-
relativistic c.m.—the mass-energy corrections are necessary.

Furthermore, there is the ambiguity of choosing the value
of the mass in the nonrelativistic limit, again relevant as the
mass difference is also on the order of E/mc?. We have
argued that this choice should be made by defining the
nonrelativistic limit as the one stemming from the interact-
ing relativistic model in its low energy regime (here low
c.m. momentum) whilst keeping a small but finite energy
gap. We have found that this approach essentially identifies
the nonrelativistic mass with the final mass-energy in the
given process. That is, M is identified with the ground-state
mass m, in the emission case and the excited-state mass m,
in the absorption case.

One particular advantage of working in the low-energy
regime is the potential transfer of the theory into the
laboratory [6,7,45]. Our result, and indeed already the
existing literature, suggest that relativistic mass-energy
corrections will again be necessary for consistent treatment
of the detector recoil during the absorption or emission
processes. As the UDW detector’s recoil has been identified
as a potential signature of the Unruh effect that could be
experimentally observed [34], it presents a natural context
in which to implement our model and approach. Apart from
formal consistency of the results, the inclusion of the mass-
energy equivalence also brings such a detector model closer
to a composite particle, such as an atom, and thus also
closer to the experimental realm.

From a theory perspective, inclusion of mass-energy
equivalence in the UDW detector’s dynamics results
in a novel probe of joint gravitational and quantum
phenomena—e.g., the Hawking radiation surrounding a
black hole. We expect this direction to extend a recent
model of an UDW detector in a quantum-controlled
superposition of classical trajectories [25,26]. The question
of thermalization in our model is of particular interest, as
such a system, with c.m. and internal states coupled, would
constitute a genuinely different model of a thermometer.

There are also direct applications to relativistic quantum
information, where particle detectors have long been a tool
of choice, and entanglement “harvesting” with UDW
detectors is a current area of particular interest. Already
the impact of the inclusion of nonrelativistic c.m. dynamics
on the harvested entanglement, compared to classical
models, has been shown [46]. It would be interesting to
see whether the addition of the relativistic mass-energy
effects in this context again leads to relevant corrections.
Beyond the intuition arising from the present work, this
may in particular be expected since the considered rela-
tivistic correction leads to internal states interacting, and so
entangling, with the c.m.. This suggests some interplay
with the entanglement that these states can develop with
the field.
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