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In this work, we explore the effects of a quantum quench on the entanglement measures of a two-body
coupled oscillator system having quartic interaction. We use the invariant operator method, under a
perturbative framework, for computing the ground state of this system. We give the analytical expressions
for the total and reduced density matrix of the system having non-Gaussian, quartic interaction terms.
Using this reduced density matrix, we show the analytical calculation of two entanglement measures viz.,
Von Neumann entanglement entropy using replica trick and Renyi entanglement entropy. Further, we give a
numerical estimate of these entanglement measures with respect to the dimensionless parameter (7/57) and
show its behavior in the three regimes, i.e., late time behavior, around the quench point and the early time
behavior. We comment on the variation of these entanglement measures for different orders of coupling

strength. The variation of Renyi entropy of different orders has also been discussed.
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I. INTRODUCTION

In recent years, the most important works in theoretical
physics have been studied by blending the ideas of
quantum many-body physics, quantum information theory
and quantum field theory. The amalgamation of these
branches of physics have been reviewed in [1-7]. These
works mostly focus on studying the dynamical properties
of quantum entanglement in time-dependent systems
[8—17]. This dynamical entanglement can be characterized
by computing von Neumann entanglement entropy and
Renyi entanglement entropy. The traditional way of com-
puting these entanglement measures involves constructing
the reduced density matrix using the eigenstates of the
time-dependent Hamiltonian.
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One of the ways to compute the eigenstates of such time-
dependent Hamiltonians is by constructing the Lewis-
Resenfield invariant operator and this is often termed as
invariant operator representation of the wave function [18].
Some works following this approach to compute the time-
dependent eigenstates are [19-23]. Evolution of such
time-dependent quantum states can be studied as a solution
to the Ermakov-Milne-Pinney equation [24-26]. The
invariant operator method is generalized for perturbed
theories by computing time-independent perturbative cor-
rections [27], considering adiabatic evolution [28,29] of the
parameters.

For unperturbed Hamiltonians or free theories, the
reduced density matrix once computed represents the
Gaussian states. Entanglement can then be computed using
these Gaussian states [30-32,32]. Computing von Neumann
entropy for these Gaussian states employs the use of
correlation functions defined using the framework of quan-
tum field theory [33].

Entanglement in interacting theories has been studied
using replica trick [34] in [35]. On the other hand, the
perturbed entanglement entropy is computed using the
path-integral approach in [36].

Most of the recent works in many-body physics have
been about contemplating the behavior of entanglement
for a system having a time-dependent parameter in

Published by the American Physical Society
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Hamiltonian. This time-dependent parameter can be varied
quickly or slowly and hence the process is termed as a
“quantum quench.” Some of the most important works for
studying entanglement-properties of extended systems
undergoing a quantum quench are [37-46]. These quantum
quenches can be thought of as protocols driving the system
out-of-equilibrium [47—49]. These local equilibrium can
then be analyzed in quenched systems by using reduced
density matrix. In recent years, effects of quantum
quenches have even been studied experimentally using
cold atom systems [50-59]. Studying the effect of quantum
quench in the case of interacting theories or perturbed
theories is of prime importance [60].

In recent years, the study of coupled oscillators has been
an area of active research. This is primarily due to the
extensive use of such models in studying quantum and
nonlinear physics [61-65], molecular chemistry [66—68]
and biophysics [69-71]. Especially, in quantum physics,
analyzing entanglement of coupled oscillators is of prime
importance [72-76].

Motivated by the discussion given above, in this work
we consider a toy model with a Hamiltonian of two
coupled oscillators having quartic self-coupling term.
The Hamiltonian for this system consists of a time-
dependent quench profile. The eigenstates for this time-
dependent Hamiltonian are computed using invariant oper-
ator method, in a perturbative framework. Further, the
reduced density matrix (with quartic interaction terms) is
constructed using time-independent perturbation theory.
The dynamical von Neumann entropy and Renyi entropy
are then derived using appropriate formulas for the
obtained reduced density matrix. We comment on the
behavior of these entanglement measures by varying the
relevant parameters.

The organization of the paper is as follows:

(1) We start our discussion by providing an overview of

the quench protocol and Hamiltonian of the system
in Sec. II.

(i1) In Sec. III, the expression for eigenstates of the time-
dependent Hamiltonian is computed using invariant-
operator representation of wave function. Further,
the expression for first order time-independent
correction to the ground state of the Hamiltonian
is also approximated in this section.

(iii) In Sec. IV, we use the ground state wave function
with perturbative correction to compute the expres-
sion for reduced density matrix, with quartic inter-
action terms. von Neumann entanglement entropy is
then computed by performing the replica trick over
this reduced density matrix. Further, we show the
analytically computed expression for Renyi entan-
glement entropy.

(iv) In Sec. V, we numerically evaluate the respective
entanglement measures and plot them with respect to
the dimensionless parameter (¢/5¢). We comment on

the parametric variation of these entanglement
measures for each of the chosen three regimes.

(v) Section VI summarizes the conclusions we draw
from the obtained results of this work with some
interesting future prospects of our present work.

II. THE SETUP AND THE QUENCH PROTOCOL

In this section we begin by discretizing the Hamiltonian
for a scalar field theory with ¢* interaction term on a lattice.
We show that the Hamiltonian then represents a family of
infinite anharmonic oscillators with quartic couplings. In
this article, we study a system of two coupled oscillators
having quartic perturbation. Furthermore, we use normal
mode basis to decouple the Hamiltonian so that we can
compute the eigenstates for this system in a much simpler
way, in upcoming section. Also, we mention the time-
dependent quench profile chosen as the frequency of this
Hamiltonian.

The Hamiltonian for a scalar field theory with a A¢*
interaction is given by [77],

il

Here d is the space-time dimensions. We assume that the

p)
+(V(x))? +m*p(x) +75(x)"
(1)
coupling 1< 1, so that we can work in a perturbative

framework. This theory can be discretized on a d — 1
dimensional lattice, which is characterized by lattice

spacing, 6. It can be shown that, the discretized
Hamiltonian becomes,
1 7(n)
H:—Z{ ST + o= 1{522((]5 p(ii—%))*
24 (7\2 Ao 4
(i) + £ B b @

Here 7 denotes the spatial location of the points on lattice
and X; represent the unit vectors along the lattice. Further,
we introduce the following substitutions to simplify the
form of the Hamiltonian:

M:S, w=m,
1 2
=% 24° (3)

where @ represents the frequency of individual oscillators
and 5 denotes intermass coupling. After these substitutions
we get,

025002-2



ENTANGLEMENT IN INTERACTING QUENCHED TWO-BODY ...

PHYS. REV. D 106, 025002 (2022)

H= Z{P(a + M{ ZX(ﬁ)2+n2Z 7)-X(7—%;))2
+2,15((n*)4] } (4)

The above Hamiltonian, in Eq. (4) represents a family of
infinite coupled anharmonic oscillators. In this work we
focus on the system representing two coupled oscillators
and compute the entanglement for this system. Setting
M = 1, for simplicity, Eq. (4) can be specialized for case of
two coupled oscillators,

1
H = 5 [pT + P35+ @’ (37 +23) + 17 (x) = x2)°
+2{A(xt + )} (5)
Here x; and p;, for i = 1, 2 denote the canonical coor-

dinates of the respective oscillator following the standard
commutation relation [x;, p;] = i}, while 4 denotes the
coupling coefficient of ¢* interaction term.

The eigenstates of the above Hamiltonian Eq. (5), can
easily be computed using normal coordinates defined as,

Xi = (x; +x,)/V2
X, = (x—x,)/V2
Py = (p1+p2)/V2
Py = (p; - p2)/V2. (6)

The unperturbed part of Hamiltonian when written using
these normal coordinates decouples. One can then show
that the total Hamiltonian of Eq. (5) in normal coordinates
takes the following form:

2
H=Y H;+H,
i=1

where,

Lp2 + a2(1)x ). (7)

H(T) =3

denotes the unperturbed and decoupled Hamiltonian for
each of the two oscillators. On the other hand the perturbed
Hamiltonian is given by,

H, =2V = A(x} + x3)
= AXT + X3 + 6X3X3). (8)
This enables us to use A¢* time-independent perturbation

theory and compute the eigenstates of the total Hamiltonian
of Eq. (9).

We now consider the frequency w in, Eq. (5) as a time-
dependent quench profile. One of the most common
quench profiles used in literature [78,79] is given by:

W(1/51) = @} [tanhz (;t)] . 9)

Here w, can be interpreted as a free parameter and ot is the
quench parameter or the quench rate. The quench profile
chosen here is such that it admits an exact solution for the
mode functions given in [79] and the quench profile attains
a constant value at late and early times. The dynamical
process due to this profile happens in the [-&t,6¢] time
window. We will set ¢/5t = T and w, = 1. The respective
frequencies in normal mode basis take the following form,

o, =o(T) and w, = \/@*(T)+47*,  (10)

where w(T) is the quench profile Eq. (9).

Note that the unperturbed Hamiltonian of Eq. (7) is now
time-dependent while the perturbed Hamiltonian of Eq. (8)
acts as time-independent ¢* coupling applied on the two
harmonic oscillators. In Sec. III, we show the analytical
computation of ground state, ¥, o of the total Hamiltonian
of two coupled anharmonic oscillators having A¢* pertur-
bation. This ground state is used to derive the analytical
expressions of the respective entanglement measures
in Sec. IV.

III. CONSTRUCTING WAVE FUNCTION
FOR A ¢* QUENCH MODEL

In this section our prime objective is to construct the wave
function approximated to first order in coupling constant A.
In Sec. III A we compute the eigenstates of decoupled and
unperturbed Hamiltonian Eq. (7). These eigenstates are then
used to construct the ground state of perturbed Hamiltonian
Eq. (8), approximated to first perturbative order, in
Sec. III B. Finally we compute the total wave function as
ground state of total Hamiltonian Eq. (5).

A. Eigenstates and eigenvalues for unperturbed
Hamiltonian

As, the unperturbed Hamiltonian Eq. (7) decouples in the
normal mode basis, the eigenstates for the unperturbed
Hamiltonian are just the product of the eigenstates of
respective oscillators in the normal-mode basis:

Wit (X1 X0, T) = iy, (X0, T, (Xa. 7). (1)
Since the unperturbed Hamiltonian consists of a time-
dependent frequency scale, we now use a prescription often
termed as the invariant representation in the literature [80],
to get the unperturbed eigenstates.

We begin the invariant representation by listing the
auxiliary equations. The solutions to these equations can
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then be used to compute the coupled wave function. The
auxiliary equations can be written as:

Here, j = 1,2 and ¢,(T) and y;(T) are time-dependent
factors for each of the two coupled oscillators. Also,
vj =0ry;, 6;=0rc; and &; = d%c;. The subscript j
denotes the oscillator for which the respective parameter
is mentioned. The computation of explicit values of &(7T')
and y(T) is discussed in Appendix A. Note that we have
suppressed the time-dependence throughout this section.

Next, we define the creation (a!) and annihilation (a;)
operators given by,

J
! { <1 'dj>X+'P]
a: =— 7/ —-1— . 1 .
J 2}/] J Uﬂ// J J

aT:L{y(Hii)x-—m] (13)
J \/27/ J Gjy‘j J J

Here, j = 1,2. One can show that these operators satisfy
the commutation relation [a,-,a;] = &. The creation and

annihilation operators can be used to define invariant
operator for the respective decoupled Hamiltonian,

4 1

Here, j = 1, 2. On the other hand, Qj = jzy'j, 18 an invariant
quantity with respect to time. The construction of this
invariant operator Eq. (14) has been briefly outlined in
Appendix B. The invariant operator has its own spectrum
and eigenstates. The eigenstates of invariant operator can be
used to formulate the wave functions for each decoupled
Hamiltonian. The outline of the same is given in Appendix B.
Using equation (B4) for n;, n, = 0, one can show that the
ground state of unperturbed Hamiltonian is given by,

v = Mexp _jntn
0.0 T 2

xexp |- (@1 = 10X + 31 - iNX3)]. (15)

where, the coefficients g, ¢,, d, and f are given by,

; : o c
Nn=vr7r. 922\/7—5 dz—l f=.—2- (16)

. b
7101 V202

Next we emphasize that the eigenvalues of the unperturbed
decoupled Hamiltonians in Eq. (7) will have a time dependent
factor [27]. These eigenvalues for each of the decoupled
Hamiltonians are given as:

) = WD) 3]

where, j = 1, 2. Here W;(T) is the time-dependent factor for
each oscillator given by,

Yi (o:+ a?a)? + a?y'i
W(T) == . 13
j( ) 2 < 0'127/'1‘2 ( )

where j = 1, 2. Using the above eigenvalues one can write the
energy eigenvalue for the unperturbed state of two coupled
oscillators, Eq. (B4) as:

1 1
Al = W) (4 ) 4 W) (s 43 ).

(19)

B. Ground state of two coupled oscillators with first
order-¢* perturbation

Using time-independent perturbation theory, one can
show that the first order perturbative correction to the
ground state of two-coupled oscillators is,

(0)

0 0
W(l) _ Z <‘//l(11)~nz|v|l//é,())> X Ynn,-
00 — 0 0 0 0
(n1,n2)#(0,0) <W(()>|H|WE)(;> - <W1(11).HZ‘H|W£11?n2>

(20)

Using the form of perturbed Hamiltonian Eq. (8) and the
time dependent eigenvalues Eq. (19), the above expression
when evaluated becomes,

0 0 0
o _ 3G+ R Bwhs 3G+ R
00 42hgtgs  8V2hgh  4V29g703
0 0
B 3y/3) B 3y40 (21)
2(29+2h)2g155 82942
Here,
_ 6| + olwt + Q7
g a :
h— ) + 0303 + Qo> (22)
Q, '

The explicit form of the first order correction can be computed
using the expression of unperturbed eigenstates, Eq. (B4).
The total wave function for ground state of total Hamiltonian
Eq. (5), corrected to first order of time-independent Ag*
perturbation, is given by: Wy = y/f)?g + /h//(()f()). Using
Eq. (15) and Eq. (21) while approximating, the coupling
constant 4 < 1 we can express the final form of the wave
function in normal mode basis as:
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JT

G795 \* _(nn) 1 . 1 .
#o0061.30) = (D) e oxp | (1~~~ A+ AT+ A AN A +AR)|-

The coefficients A; for i = 1 to i = 6 are mentioned in a
table given in Appendix D. The above wave function
Eq. (23) represents the ground state of total Hamiltonian in
Eq. (5), of the system of two coupled oscillators with Ag*
perturbation. We take note of the fact that all variables,
aside from the coordinates, X;, X, and coupling constant, A
in the wave function, Eq. (23) are functions of timescale 7.
The wave function is then dependent on both ¢ and 6¢. This
explicit time dependence can be evaluated by computing o;
and y;, shown in Appendix A.

IV. ANALYTICAL CALCULATION OF
ENTANGLEMENT MEASURES

In the previous Secs. II and III, we computed the ground
state wave function for a system of two coupled bosonic
oscillators with a ¢* first-order perturbative correction for
Hamiltonian having a quenched frequency-profile. In this
section our prime objective is to show the analytical steps to
calculate entanglement measures, viz., von Neumann
entanglement entropy and Renyi entropy.

In Sec. IV A reduced density matrix for the system of two
coupled oscillators is constructed using the wave function

|

2 2\ 4
i P
Y(xp.x;) = (91_?2) e~inin)/2 exp{—i(x% + X3+ 2x1Xy) — g

T

A A
+ 224 xE - 2xx) +

2 4

A A
+ 45 (x} + x5 — 4xdxy — 4x,x3 + 6x3x3) + Z(’

(23)

|
Eq. (23). To compute von Neumann entropy using replica
trick [34,35] as well as Renyi entropy, the trace of reduced
density matrix should be evaluated, this is shown in
Sec. IV B. Finally using the appropriate formulas we show
the computation of the respective entanglement measures in
Sec. IV C.

A. Density matrix for perturbed wave function

We begin by transforming the wave function ¥(X1, X,)
given in Eq. (23) to ¥(x1, x,), i.e., we transform the normal
coordinates back to space-time coordinates using Eq. (6).
We mention four new symbols:

(1—id)@: P ==(1+id)g

l\)l'—ﬂl\)l>—‘
[\)|_NI>—*

0=5(-if)gz: Q' =5(+if)gi. (24)

The wave function in spacetime coordinates is then
represented by:

A
5 (X7 + x5 — 2x1x,) +/1{A1 +72(x% + X3 + 2x1X,)

(x! + x5 + 4x3x; + 4x,23 + 6x3x3)

(4 xi = 2x%x%)] } (25)

The complex conjugate of the above given wave function is denoted by W* (x}, x}). Using the conjugate of the wave function
in Eq. (25), we can construct the total density matrix for the system of two oscillators by p(xy,xp,x},x5) =
W(xy, xp)¥P*(x},x5). One can easily show that the density matrix is given as:

*

919 P P
oot = (12 ) expd =T34 200 - 7

Q o

R+ 200 = E (3~ 2y ) - (1P g — 20, )

Aj
[ZAl—i- (%3 4+ X+ X3+ xF +2x1x, + 2] x’z)—i- 3 (062 4 X2 4 x2 4 22 — 20 x5 — 2x, X))

+Z4(x1+x + x5+ x5+ 4x3 ) +AxP X+ 4x x5+ 4x) x5 4 6x3x3 4 6xPx )

As
+4 (x + x4 x5+ x5 —dxdxy — 4xPa —dx x5 — 4x) x5 + 6x3x3 4 6372 x7)
A 2
—|—4(x1+x +x5+ x5 =2x3x3 = 2x X)) | 5. (26)

The reduced density matrix can be computed using total density matrix, shown in Eq. (26) by tracing over the coordinates of
second oscillator, i.e., by setting x, = x, and computing p(x;, x|, x,). The reduced density matrix can then be evaluated as:
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Pl x)) = / p(x1. 2y 03 dxs. (27)

[5e]

We mention the final form of the reduced density matrix which can be used to calculate the entanglement measures as:

plx1.x)) —N<%) \/gexp{(ZlAl +Aag) + <_(P2+ Q).

(Q-P)(Q"~P)
(5

Here N is the normalization factor, while,

(359

B =((Q—P)x; +(Q" = P")xy). (29)

The values of coefficients, o; fori = 0to i = 8, are listed in
Appendix D.

B. Computing the value of tr(p")

In this subsection we outline analytical steps to compute
the expression for 7r(p") where p is the reduced density
matrix of Eq. (28). The reduced density matrix, given by
Eq. (28) is clearly representing a non-Gaussian state. The
|

_ 2 _ * * * _ p*\2

4A 2 4A

—|—/1a3> x1X) + Aoy x] +asxit +agxi x| + o P+ agxix?] } . (28)

I
calculation of entanglement entropy for such a non-
Gaussian state i1s shown in [35]. We follow a similar
method and modify the same derivation to compute entropy
for the state representing Eq. (28).

According to the definition of trace, considering that
X,41 = X1, One can write:

”(/’")—/dxldxz"'dxn/)(xl,xz)ﬂ(xzs%)'"P(xmxl)’
(30)
where, p(x;,x;,1), for i =1 to n, represents the reduced

density matrix given in Eq. (28). The product of density
matrices in Eq. (30), when evaluated gives:

n n _ * * _ 2 * _ p*\2
tr(pn):Nn<M> <\/§> en(2M1+ﬂao)/dnxexp{|: (P+P ;_Q_I_Q )+(Q P) ZA(Q P) +/1(a1+a2):| lez

T

i=1

_P * _P* n n n n n
+ [(Q )2(5 )+/10!3} inxi+1 +/1[(0’4+a5)zx?+(%x?—1 +a7x?+l)zxi+0582x%zxi2+1:| } (31)
i=1 i=1 i-1 =1 =1

We modify the above expression by using new coefficients f3;, f,...f3; tabulated in Appendix D. Note that each j; for
i =1 to 7 is evaluated by substituting P, Q, A, and B defined in Eq. (24) and Eq. (29). One can then show that,

tr(p") = N" (gl—ﬂgz) <\/§) (21 +a0) / d”x{exp {(ﬂl +if2) Y 3+ (B +pa) ) xixm]
i=1 i1
X exp{/l [ﬁS fo’ + (agx;_y + azxi,)) Zx,- + B lez Zx%ﬂ] }} (32)
p ps =1 =l

The integral in the above Eq. (32) can be solved using the steps shown in Appendix C.
To evaluate normalization factor N one needs to set 77(p(x;, x})) = 1 for the reduced density matrix in Eq. (28). Using u
and ¢ defined in Appendix C the normalization factor is given by,

0 (DR ENT aaaiian) (PN (g 3ABs + Be + 1) )"
N (,,) (\/D et <ﬂ> 11—l (1 -t ) (33)
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Substituting (33) and Eq. (C8) in Eq. (C12) from Appendix C, one can obtain the final value of trace of nth order of the
reduced density matrix of Eq. (28), as:

_ |1 —pl” (1 _ 34(Bs + Ps + B7)
1= u"| 42(1 - p)*

tr(p") ) {1+ naB3ps(M{)* + Bs(M1))? +2(M7)* + 3, (M M7))]}. (34)
C. Entanglement measures

In this subsection we compute the two entanglement measures, viz., von Neumann entanglement entropy and Renyi
entropy using the respective formulas for the reduced density matrix of Eq. (28).

The von Neumann entanglement entropy for a given density matrix p is computed as, Syy = —tr(p Inp). As we know the
explicit n— dependence of tr(p") from Eq. (34), we instead use replica trick often given as [34],

3 a n
Syn = —}ll_ff}a”’(P )- (35)

Substituting the respective values of matrix inverses of, Eq. (C13) in Eq. (34) one can show that the von Neumann entropy is
given by,

3Inp(1 4 p)
42 (u—1)

_plnp+ (1=p)In(1 - p) [ 3ulnp Inp(l +p+ 4%

= (1=p) Gt D=1 T Bt D=1y pr)- (36)

Ps +

Using Eq. (C2), the above expression for von Neumann entropy can be approximated to first order in coupling constant 4 as,

C;InC, + (1 -C)In(1 - Cy) ﬂ{_chzlnCI_CzlnCl_’_ 3C,InC,
(1-¢Cy) (1-C)2 (1-C) G(C+1)(C,-1)

InCi(1+C, +C?) 3InC(1+ Cy)

C3(C, + 1)(C = 1)°7° T 4c3(Cy - 1)°

5ﬁ5

Syn = —

,&} . (37)

The Renyi entropy of order n can be evaluated using,

1

—n

Sg = In[zr(p")]. (38)

Substituting the respective values of matrix inverses, Eq. (C13) in Eq. (34) while using Eq. (C2) one can show that the Renyi
entropy is given by,

1 . 3 (Con —1)?
SR:1_n{nln(l—C2—/1C3)—ln(1—(C2+/1) )+nl{<—4c§<l —F i —c7)4(c%—1)2)ﬂ5

i CEL
AG-c) T ag- e -1 aaaG - e - 1)

3 3(C2 —1)(C7 + C?
" (‘4C§<1 —a TG e - O DA = 1>)ﬁ7] } (39)

5+2

Note that the coefficients C; fori = 1, 2, 3, 4 in Eq. (37) and Eq. (39) arise due to the analytical steps shown in Appendix C.
These coefficients are tabulated in Appendix D.

Using the values of von Neumann entropy, Eq. (37) and Renyi entropy, Eq. (39) one can verify, using first order
approximation in coupling constant A,

llmSR = SVN'

n—1

Note that the final formulas of von Neumann as well as Renyi entropies depend on f; for i = 1,2...7. These coefficients f3;,
given in the table of IV B depend on timescale 7 and 6¢. Entanglement measures therefore depend on these timescales. We
check this time-dependence by computing numerical values of both entanglement measures in section V.
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V. NUMERICAL RESULTS

In this section we numerically evaluate von Neumann
and Renyi entanglement entropy measures computed for
the quench setup of two coupled oscillators using Eq. (37)
and Eq. (39). As mentioned before each factor in the
derived formulas for entanglement measures explicitly
depends on o;(t,6t) and y,(z,5¢). The values of o;(t, 5t)
and y,(t, 6t) are computed by solving auxiliary equations,
shown in, Eq. (12) which is outlined in Appendix A.
Analytically solving the differential equation of Eq. (A1), is
very complicated and hence we set some initial conditions
to numerically evaluate the solution to this equation.

We begin by considering the coupling coefficient
in the Hamiltonian of the coupled oscillators, Eq. (5) as
n=0.5. We further set the invariant quantities in
Eq. (14) as, Q; = Q, = 1. To obtain the constants A, B,
and C mentioned in Eq. (A4) we first compute o;(z, 5¢) and
yi(t,6t) at t — 0. Next we, set d(t - 0) = f(r - 0) =0,
defined in, Eq. (16) and 0;(0, 6t) = 1.

Using these initial conditions we obtain values of A, B,
and C which can be inserted in Eq. (A4). p,(¢,5¢) and
yi(t,0t) are then used to get numerical values of von
Neumann and Renyi entanglement entropies, for the
aforementioned initial conditions. Using the numerical
values of Syy and Sg, we parametrize four different plots
for a chosen timescale. We have varied the dimensionless

parameter (7/5t) from 0.1 to 0.7 in steps of 0.05. The ratio
is then plotted on the x-axis of the respective figures. We
term the value of (¢/6t) =1 as the “quench point”
represented by a red dotted line in all the respective figures.
Using the values of (7/5¢) we divide all the plots in three
different regions. The first region shaded as red, is marked
for values of (#/6t) < 0.8. This region shows the “early-
time behavior” of the respective entanglement measures,
when the quench rate 6¢ is varied in a way so as to keep
(1/61) < 1. The next region, shaded as yellow is marked by
two equal intervals to the right as well as left of quench
point, precisely for values of (¢/5t) between 0.8 and 1.2.
This region represents the values of entanglement measures
for (1/6t) ~ 1 and hence is termed as the region “around the
quench point.” The last region shaded as blue is marked for
values of (¢/6t) > 1.2. This region shows the “late-time
behavior” of the respective entanglement measures, when
the quench rate o6r is varied in a way so as to
keep (t/6t) > 1.

In Fig. 1 we have plotted the von Neumann (V-N)
entropy for two coupled oscillators having quartic self-
coupling with respect to the dimensionless parameter (#/5¢)
for different orders of 1. We observe that the computed
values of V-N entropy are negative for the chosen timescale
for 1> 107. We begin by plotting the values of V-N
entropy by decreasing the order of 4, starting from

Von Neumann Entropy(Svn) vs.Dimensionless Parameter (t/dt)
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FIG. 1.

Variation of the Von Neumann entropy (Sy,) with respect to the dimensionless parameter (¢/6t) for different orders of the

coupling constant A for two coupled oscillators with quartic perturbation.
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A =107, We see that for A = 107> initially the V-N
entropy grows for very small values of (7/67) < 0.6. It
can therefore be inferred from the plot that V-N entropy (for
A =1073) increases in most of the region covering the
early-time behavior, shaded as blue. Further, in the range
0.6 < (1/6t) < 2.2 the entropy decreases gradually. Thus,
the whole region near to the quench-point, shaded as
yellow, shows a decreasing value of V-N entropy. After
(t/8t) > 2.2 the V-N entropy increases monotonically and
shows a thermalizing behavior for large values of (¢/6t).
Most of the late-time behavior therefore, shows thermal-
izing behavior of V-N entropy.

In case of A = 1076 and A = 10~ we observe from the
plot in Fig. 1, that there is a decrease in von Neumann
entropy up to (#/6t) < 2.6. Hence, the whole early-time
behavior region as well as the region around the quench
point, shaded as red and yellow respectively, show a
decreasing trend in V-N entropy. This trend is in contrast
to the same for A = 107>. When we move further toward
larger values of the dimensionless parameter (¢/5f) we
again see a thermalizing behavior for both the coupling
constants. This region is shaded as blue and shows trend
similar to that of A = 1075, Another observation which we
can make from this graph is that as we decrease the order of
the coupling constant 1 the von Neumann entropy
increases.

In Fig. 2 we have plotted the Renyi entropies for two
coupled oscillators having quartic self-coupling with
respect to the dimensionless parameter (¢/6¢) for different
orders of 1. We observe that the computed values of Renyi
entropy are negative for the chosen timescale for 1 > 107,
We begin by plotting the values of Renyi entropy by
decreasing the order of coupling constant, starting from
A =10"*. We see that for 1 = 1074, initially the Renyi
entropy grows for very small value of (¢/6t) < 0.8. Hence,
the early time-behavior of the system shows an increasing
trend in values of Renyi entropy, shaded by red color.
Further, in the range 0.8 < (z/6r) < 2.2 the entropy
decreases gradually. The region around the quench point,
shaded as yellow, shows decreasing trend in Renyi entropy.
After (z/5t) > 2.2 the Renyi entropy increases monoton-
ically and shows a thermalizing behavior for large values of
(1/8t). Most of the late-time behavior of the system shows
the thermalization trend in Renyi entropy. This region is
shaded by blue color. This behavior is similar to that of V-N
entropy for 4 = 1073 shown in Fig. 1.

In case of 1 = 107> and A = 10~° we observe from the
graph that there is a decrease in Renyi entropy up to
(z/61) < 2.6. Hence, the early-time behavior as well as
behavior of the system around the quench point results in
decreasing values of Renyi entropy, shaded as red and
yellow respectively in the Fig. 2. This trend is in contrast to

Renyi Entropy(Sr) vs. Dimensionless Parameter (t/ot) [for n = 2]
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FIG. 2. Variation of the Renyi entropy (Sg) for n = 2, with respect to the dimensionless parameter (¢/5¢) for different orders of the
coupling constant A for two coupled oscillators with quartic perturbation.
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Renyi Entropy(Sr) vs. Dimensionless parameter (t/dt)
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FIG. 3. Variation of the Renyi entropy (Sg) for A = 107#, with respect to the dimensionless parameter (¢/5t) for different values of n
for two coupled oscillators with quartic perturbation.
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FIG. 4. Variation of the Renyi entropy (Sg) for A = 107>, with respect to the dimensionless parameter (¢/8¢) for different values of
for two coupled oscillators with quartic perturbation.
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that of 1 = 107*. When we move further toward larger
values of the dimensionless parameter (#/5t) we again see a
thermalizing behavior for both the coupling constants. The
late-time behavior of the system is, mostly characterized by
thermalization of Renyi entropy. This is shown by blue
region in Fig. 2. This behavior is similar to that of V-N
entropy for A = 107%, 1077 in Fig. 1. Another observation
which we can make from this graph is that as we decrease the
order of the coupling constant A the Renyi entropy increases.

Hence, as we are decreasing the order of 4 the plots of
von Neumann entropy and that of Renyi entropy show a
similar behavior with respect to each other, given that the
order of 1 in the case of von Neumann entropy is one lower
than that in Renyi entropy.

In the Fig. 3 we have plotted the Renyi entropies for two
coupled oscillators having quartic self-coupling with respect
to the dimensionless parameter (7/5t¢) for different orders of
Renyi entropy, i.e., for different values of n, setat A = 107*.
The early time behavior shows an increasing trend in the
value of Renyi entropy for the chosen values of n = 2, 3, 4.
The entropy then decreases covering the region around the
quench. Most of the late time behavior of the system shows
thermalizing nature of Renyi entropy. It is clear that this
scaling behavior is retained for large value of n = 100.

Figure 4 shows parametric variation for different orders
of Renyi entropy, i.e., for different values of n, set at
A = 1073, The early time behavior as well as the behavior
of system near the quench point, shows a decreasing trend
in values of Renyi entropy. Most of the late-time behavior is
characterized again by thermalization of Renyi entropy for
chosen values of n = 2, 3, 4. Again, this scaling behavior is
retained for large value of n = 100.

VI. CONCLUSION

The concluding remarks of this work are appended

below pointwise:

(i) Focusing on a system of two coupled oscillators
with quartic perturbation, we have derived analytical
expressions of von Neumann entanglement entropy
and Renyi entropy, undergoing a quantum quench.

(i) First we have computed the expression for eigen-
states of unperturbed Hamiltonian using invariant
operator method. Using this expression we have
approximated the first order A¢p* correction for the
total Hamiltonian of the system. Since the Hamil-
tonian is time-dependent due to the chosen quench
profile as the frequency of the oscillators, it is quite
evident that the total Hamiltonian can be quantized
by using solutions to the Ermakov-Milne-Pinney
equation. The ground state of the total Hamiltonian
of the system, having ¢* interaction term, is then
used to derive analytical expressions for the respec-
tive entanglement measure.

(iii)

(iv)

)

(vi)

(vii)

(viii)

(ix)

)
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Next we have mentioned the reduced density matrix for
the ground state of the above described system of
coupled oscillators. This reduced density matrix,
clearly represents non-Gaussian state due to presence
of quartic interaction terms. We deal with this non-
Gaussian terms by constructing a quartic tensor and
computing the trace of nth order of reduced density
matrix.

Finally, we employ the use of replica trick for
computing von Neumann entanglement entropy.
Further, Renyi entropy was computed using the
standard formula, depending on the reduced density
matrix. The analytical expression for these entan-
glement measures is time-dependent as all the
coefficients in the respective expression depend
on solutions of Ermakov-Milne-Pinney equation.
Using the numerically evaluated values of von
Neumann entropy and Renyi entropy we studied
the variation of these entanglement measures with
respect to the dimensionless parameter (z/5t) speci-
fying three regions: early-time behavior, the behavior
around the quench point and the late-time behavior.
From these numerical results, we find that both von
Neumann entropy and Renyi entropy delicately de-
pend on the order of coupling constant A. Evidently
there exists a respective threshold order of A beyond
which 4 if increased, we do not get positive values of
both von Neumann and Renyi entanglement entropies,
for chosen values of (#/6¢). For the respective thresh-
old order of 1 we observe same scaling behavior in
both von Neumann entropy and Renyi entropy. This
scaling behavior can be characterized by a trend of
increasing values of the entanglement measure for
early times while in the region around the quench point
the behavior shows a decreasing trend in these values.
As the order of 4 is decreased below the respective
threshold order we get another scaling behavior of
both von Neumann and Renyi entropies. This
scaling behavior can be characterized by a trend
of decreasing values of the respective entanglement
measure for both early-times and around the quench
point regions. Both scaling behaviors show thermal-
izing behavior of the respective entanglement mea-
sures at very late times.

It is quite clear from the plots that as we decrease the
order of A the value of both entanglement measures
increases.

Also, for a given order of coupling constant 4 von
Neumann entropy thermalizes at higher values
compared to that of Renyi entropy.

Next we find that for a particular order of 4 we obtain
same scaling behavior for different orders of the
Renyi entropy. However, the value of Renyi entropy
decreases as we increase the order of Renyi
entropy.The particular scaling behavior is retained
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even for the case of very high order of Renyi
entropy.

Future prospects:

(1) In the present article, we have analyzed the effects of
quantum quench on the entanglement entropy for a
system consisting of two coupled oscillators with
quartic perturbation. Of course, this study of en-
tanglement entropy and quantum quench can be
generalized to that of N-coupled oscillators. For
N — o0, in the continuous limit, it would be
interesting to explore the effects of quantum quench
on entanglement in the context of interacting field
theory.

(i) One of the latest developments in research in the
field of high energy physics is, the study of circuit
complexity [81-87]. There are some works which
are focused on relating the complexity with quantum
entanglement [79,88-91]. The study of the same
might turn out to be intriguing in the case of
interacting quenched field theories.

(iii) Hence, it would be interesting to explore the con-
nection between quantum circuit complexity and
entanglement and check its consistency with the CA
and CV [92-95] proposal.
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Here, ,F'| represents the hypergeometric function. Since z,
is complex valued we can write, z; = y; + iy, such that y,
and y, are now two real-linearly independent equations. We
give an outline of steps shown in [96] for numerical
solution of Eq. (Al) using these linearly independent
equations. This solution is guaranteed to be of the form,

o,(1,6t)= [\/Ay%(t,ét)tJrszl (1,8t)y,(1,6t) + Cy3(1,61)].
(A4)

The next step is to determine the constants in Eq. (A4).
These are fixed by setting the condition AC — B> = Q7.
These steps give us the explicit value of o (, 6¢). One can
repeat these steps by inserting the respective parameters (of
second oscillator) to find 6,(¢,5t). Since, Q; = 67y;, the
explicit value of y; is computed by using value of Eq. (A4),
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APPENDIX A: COMPUTING EXPLICIT
NUMERICAL VALUES OF 6;(T) AND ;(T)

Using auxiliary conditions given by Eq. (12) we briefly
show the steps to compute o; and y;. We begin by
rearranging Eq. (12) for one of the oscillators,

.. Q
61+ 0 (T)o) = 6—31.

(A1)

The above second order differential equation is often
termed as, Ermakov-Milne-Pinney equation [24-26].
This equation can be solved numerically to obtain
61(T). Since T = (t/5t), the solution will clearly be
function of both ¢ and 6. We assume that the form of
solution of the above equation gives us a linear combina-
tion,

01(1‘,52‘) = clzl(t,ét) +C2Z2(1, 5I) (AZ)
Here, ¢ and ¢, are numerical constants, while z; and z, are
treated as two complex-valued solutions of Eq. (A1). We
will consider only z; as one of the solutions. Using the form
of quench profile Eq. (9), the computed value of one of the
solutions is,

(=2idt+ V1 — 482 +1);1 — ist; —es | (A3)

N[ =

Q.
(t,6t) = | ——dt A5
o = [ 2 (A3)

Inserting the values of o;(¢, 5t) and y;(z, 5t) it is clear that
the wave function, in Eq. (23) becomes a function of both ¢
and ot. Note that we conceal this functional dependence in
all the sections until the entropy is numerically evaluated in
Sec. V.

APPENDIX B: AN OUTLINE OF INVARIANT
OPERATOR REPRESENTATION

In Sec. III we defined /; as an operator in Eq. (14). We
outline in this appendix a few important steps for con-
structing this operator and the way to find eigenstates of
this operator. Note that the subscript j = 1, 2 represent the
parameters described for the oscillators having spatial
coordinates: X; and X, respectively.
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The operator /; is constructed such that it satisfies [18],

aI+1w H]
aT is j?

(B1)
where H; for j = 1, 2 represents the respective decoupled
Hamiltonian for each oscillator (7). One can show that
the operator given in Eq. (14) satisfies the above condition.

It is assumed that the invariant /; is one of a complete set
of commuting observables for respective H;. This guaran-
tees that there is a complete set of eigenstates for each [;
defined in Eq. (14). We refer to g, for j =1, 2 as the
ground state for the spectrum of the respective invariant
operator. These ground states of the respective invariant
operators can be determined using the condition, ajuy, = 0
where a; is the respective annihilation operator Eq. (13).
When evaluated, the expression for ground state of the
invariant operator /; is given by,

Using the ground states and the respective creation oper-

+

ators a; one can then show that, the nth eigenstate of the

invariant-operator [; is given by,

o= = (s (1)
X exp [}"j (1 — ) XZ] [\/jXJ} )

Here, j = 1,2 and H, , represents the Hermite polynomial
of order n;. Using the elgenstates of invariant operator (B3),

one can compute the wave functions of the decoupled
Hamiltonians [80]. It can be shown that the computed wave

functions take the form: Wa, = e Uy, 8S solutions to
Schrodinger’s equations for
a,, =—(1/2+n;); for j=1,
unperturbed Hamiltonian for the coupled oscillator system
can further be computed as z//f,??nz =Y, XYy,

Using Eq. (B3) one can then show that,

respective  H;, where

2. The eigenstates for

. 2 . 2 . . ..
0 _ 717 _@ni+ Dy 4 2na + Dys LT S T SO A P g
Wime =\ 2"1+"2n1!n2!n’6Xp[ l 2 P73 e ) T2 T )

x H, [v/71X1[H,,[\/7>X].

This equation (B4) represents the eigenstates for the
unperturbed Hamiltonian of two coupled oscillators having
a quenched frequency profile. In III B we compute the first
order time-independent correction to the ground state of
above equation.

APPENDIX C: COMPUTING INTEGRALS
IN #r(p™)

In the integral of Eq. (32) we have separated both
Gaussian and non-Guassian parts. In this appendix we
give detailed outline of solving both Gaussian and non-
Gaussian contributions and finally combine them to com-
pute the integral in (32).

The Gaussian part of the integrand can be parametrized
by considering a quadratic coefficient matrix similar to the
case in [35]. Using the values of f; for i=1to i =7
defined in Sec. IV B, this coefficient matrix is defined as:
Mi; = =2(B1 + 452)8; — (B3 + 4B4) (85, +6571). (C1)
We further modify the above defined matrix by introducing
two new symbols ¢ and £. We choose these variables so that
they satisfy,

E(1+p2) = =(p1 + 4p2)

28u = P3 + APy (C2)

We consider the following explicit solution of these
equations, approximated to first order in A:

H = Cl + ﬂCz
&= C3 4+ AC,. (C3)
The values of newly defined coefficients C;, C,...C, are

tabulated in Appendix D. Using matrix M;; defined in
Eq. (C1), one can recover the Gaussian part of Eq. (32) as
shown below,

1 n
exp[ 3% M,jxj] = exp {(ﬁl +B,) fo
i=1
+ (B3 + 4Bs) Z%‘%’H]- (C4)
i1

Moving on to the non-Guassian part in Eq. (32), we further
define a quartic tensor as:
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Tijri = Alfs6;0x6k + (877" + 0565k+1) ii0jk +ﬂ65ijéi+15kl]- (CS)

Using Eq. (C5), one can recover the remaining part of Eq. (32) as shown below,

exp '/ x ! Ty = exp{ {ﬂs Zx + (aexi_y +agx}y, sz +Ps Z me} } (Co)

Using the expression shown in Eq. (C4) and the non-Gaussian contribution from Eq. (C6), one can parametrize the
integrand in Eq. (32), as shown below:

n n 1 . .1 ..
tr(p") = N" <g1_7;qz> <\/§> e"(22A+iag) /d"xexp |:_§szijxj:| Zﬁ(xlx]xkxlTijkl)p' (C7)
p=0""
Further, we define a Gaussian partition function, Z,, given by,

i 27" £
Zoz/d”xexp{ 7 ’Muxj] = (27) :( )

detM |1 —u"

, (C8)

where det M denotes the determinant of matrix M;; of Eq. (C1). Using the above partition function the summed over tensor
in Eq. (C7) can be transformed to a correlator as shown below retaining the form of perturbative expansion,

; o (9192 T\" n(22A,+iag) 7 o~ 1 it xki el oo Ko xlo W T T 9
r(p) 7 Z e OZ?<<X XA XH XL X PX/PX f’x”>> ikl ip,/pkplp ( )

p=0

We simplify the above expression in Eq. (C9) using a generating functional J, as shown below,
1 . 1 1 4
Z(J):Z—0 d"x exp 2xM,ij+Jx = exp EJiMij Jil (C10)

As shown in [35], correlator of Eq. (C9) computed using the above Eq. (C10) then becomes,

52m

oJ; ...0

((xi, - Xigy)) =
1 I Ji2m

-1
Z(J) me' Z o(1)o(2) """ M )i5(2n—1)5(2n)‘ (Cll)

J= c€S;

Here G is the quotient group which can be defined to reduce the sum significantly. Note that for a 4m point correlator
function the chosen quotient group gives rise to three different permutations. A more detailed discussion about finding the
quotient group G can be found in [35].

Using the value of quartic tensor from Eq. (C4) and the correlator from Eq. (C11), one can simplify Eq. (C9) as,

() = w02y (B2 (2 et 1 a3+ ) T+ 3L + 2RO (C12)

One can check that the matrix inverses are [35],

o (v =1) , 1 (" + u?)
M=y -1 MR T g m e - 1)

(C13)

APPENDIX D: TABULATED VALUES OF COEFFICIENTS

In this appendix, the values of various coefficients we have used in some steps to compute the analytical expression of
entanglement measures, are tabulated in respective tables.
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(i) We begin by listing the values of A; for i = 1,2...6 in Eq. (23) of Sec. III B in the table given below.

A; Coefficient of A,
Al 3 80203 + 36} +40307 + 363 +40703
16 alall+a,a)2 +0’1+0‘2+—2+L rr](ul+(r]+ ! mm%+(72+ﬁ
1 2
A2 30_2 403 _ 011203
471 5?0’%4‘”%0’%4‘514‘524‘{%2*{%2 (r%a)f+€r|+aiz
12 2
3(7 17 3(ci+26%02
A3 Or—— (222 |
ol +62w,+61+67+ 7+— 4(02w2+az+a—2)
>
Ay _ 6‘1‘
40w} +61+7)
1
A5 %
(02w2+02+ )
A(, 60%0-2

a? +02w2+0|+m+ 2+¢’

(i) Next, we tabulate the values of coefficients a; for i = 1,2...8 in Eq. (28) of Sec. IVA.

a; Coefficient of o;
(A, +A43) 3(A4+As+Ag)
A 7 u R VA
a (AszrAz) + (3A4+3A5—A6) + (AZ_A;;(Q_P) + (A2+Az)(2Q—P)2 + 3(A4—A;)(Q P) + 3(A4§ﬁ§+Aﬁ) (Q _ P)2
a (A212LA3) + (3A4+2:5 Ag) + (Ay— A3)(Q —-P") + (Ax+A;s j‘(qg* —P*)? + 3(A4—AZI)A(2QX—P*) + 3(A4;ﬁ§+Ac) (Q* _ P*)Z
a3 Az—Az (Q +Q" —P-P)+ (A2+A3)(Q2;5)(Q*—P*) + 3(A4_A5)<4Q;2Q*_P_P*> + 3(A4+A5+A62(Ag—P)(Q’—P*)
ay (A4+A5+Ar, + (A4—A;/)4(Q P) + (3A4+A5;:§>(Q—P)2 + (AA—AQE‘(SQ—P)B + <A4+A5;;A62(Q_P>4
(AstAs+A¢) | (As=As)(Q"=P") | (BAs+As—Ag)(Q"—P")* | (A4=As5)(Q"—P*)* | (As+As+Aq)(Q"—P)*
a5 4 45 5_|_ 4 i + 4 58,:2 + 4 58A3 + 4 5326A4
ag (A4=As)(Q"=P) | (3A4+345=As)(Q=P)(Q"=p") (A4=A5)3(Q-P)*(Q"~P")+(Q-P)’ + (Ay+As+A6) (Q=P)* (Q"~P")
24 4A? 8A3 8A*
oy (A4—As5)(Q—P) + (3A4+34A5—A6)(Q—P)(Q"—p") + (A4=As5)B(Q—P)(Q*=P*)*+(Q*~P*)} + (A4+As+A¢) (Q—P)(Q*=P*)}
2A 4A? 843 8A*
ag (3A4+3A5=A6)[(Q"=P")* +(Q0—P)?] + (A4=A5)[3(Q=P)*(Q"=P")+3(Q—P)(Q*—P*)*] + (Ag+As+A6)6(0—P)* (0" =P")*
8A% 8A3 324%

(iii) The values of f; for i = 1,2...7 in Eq. (32) of Sec. IV B are tabulated in the below given table.

i Coefficient of f;
P2 Ay Ay + 3ty (B (] — ) 4 XA Pt 1 A0 (6]~ )2 ~ (g}~ fo3)’
B3 (93—97)*+(dgi=f93)*
8A
P e+ 2l — )+ [ + 258 - 61 + (deh - 1))
a Akt (AR | el (6~ )2 — (dgh ~ FR)°) + S5 A ~ 1) = 653 ~ 1) (4} ~ )]
A 2065 — 1)+ 2(dgt — f)* = 12(65 — 1) (dgt - f5)]
Po CUa (G = ) = (dgh — S ) + () [(63 — a1)° + (6 — g — f)°) + (Bt (g3 - o1)*

+(dgi — f93)* +2(9% g1)’ dg%—fg%)z}
B (A4=As)(5—g1)

Do) 4 (s (2 — )2+ (dgd — fRR)] + (Am)(6E — 91)°] + (Ad2ste) (g — )t — (dgd — f3)*]
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(iv) The last table, given below contains values of C; for i = 1, 2, 3, 4 in Eq. (C3) of Appendix C.

C; Value of C;
o b B
B + 2
G LB G | g _ BB
B et R P
C S
3 2C,
fi _ Caps
Ca 020
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