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It is well established that the mass parameter breaks the conformal symmetries in the case of geodesic
motion. The proper conformal Killing vectors cease to generate conserved charges when non-null
geodesics are considered. We examine how the introduction of the mass is actually related to the
appearance of appropriate distortions in the conformal sector, which lead to new conservation laws. As a
prominent example, we use a general pp-wave metric, which exploits this property to the maximum. We
study the necessary geometric conditions, so that such types of distortions are applicable. We show that the
relative vectors are generators of disformal transformations and prove their connection to higher order
(hidden) symmetries. Except from the pp-wave geometry, we also provide an additional example in the
form of the de Sitter metric. Again, the proper conformal Killing vectors can be appropriately distorted to
generate conserved quantities for massive geodesics. Subsequently, we proceed by introducing an
additional symmetry breaking effect. The latter is realized by considering a Bogoslovsky type of line
element, which involves a Lorentz violating parameter. We utilize once more the pp-wave case as a guide to
study how the broken symmetries—this time also related to Killing vectors—are substituted by distortions
of the original generators. We further analyze and discuss the necessary geometric conditions that lead to

the emergence of these distortions.
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I. INTRODUCTION

The motion of particles in curved backgrounds is
essential for the understanding of various gravitational
phenomena. Among these, we may distinguish the study
of black hole shadows [1-5] or aspects of the gravitational
memory effect [6-9], both of which are related to the
investigation of geodesic motion. Of special importance are
cases where the geodesic system is characterized by enough
existing integrals of motion, in involution, so as to be
deemed as integrable in the Liouville sense. It is well
known that, for the geodesic systems of equations, at least
in the context of Riemannian geometry, the integrals of
motion are closely related to the symmetries of the back-
ground manifold. For works regarding the symmetries of
the geodesic equations as well as their geometrical signifi-
cance, see [10-18].

As far as space-time vectors are concerned, the homo-
thetic algebra of the metric is particularly important in the
generation of symmetries for the affinely parametrized
geodesics [14], giving rise to point symmetry transforma-
tions. On the other hand, Killing tensors of various ranks
are connected with the generation of what, we refer to as
higher order, or hidden, or dynamical symmetries. An
example of such a symmetry, which happens to be crucial
for the integrability of the relative system, is the one
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associated to the Carter constant for the motion in a
Kerr black-hole background [19]. The seminal work by
Carter motivated further studies on the subject [20-22]. In
classical mechanics, we have of course the well-known
examples of the Laplace-Runge-Lenz vector for the
Kepler problem [23] and the Fradkin tensor for the
three-dimensional isotropic harmonic oscillator [24]. In
more modern concepts, interesting cases of hidden sym-
metries arise within the scope of supersymmetry [25-30].
For more results on higher order or hidden symmetries in
various systems, and the geometric conditions of the
involved objects in their construction, see also [31-41].
Apart from the Killing vectors or tensors however, there
is an intriguing involvement of the conformal algebra of the
metric. For example, in the case of null geodesics, all
conformal Killing vectors (CKVs) generate conserved
quantities which are linear in the momenta. However,
when timelike geodesics are considered, the relative con-
served quantities are just generated by the subset of the
Killing vectors (KVs). We may say that, the introduction of
mass for the test particle leads to a symmetry breaking
effect that reduces the dimensionality of the symmetry
group since obviously KVs c CKVs. Interestingly enough,
it has been shown [42], that the proper conformal Killing
vectors, i.e., the elements of the set CKVs N KVs, are still
involved in the construction of conserved charges, even in
the massive case. However, what happens now is that they
enter in nonlocal conserved quantities. Moreover, for their
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derivation, it is important to maintain the initial para-
metrization invariant form of the problem, e.g., not to start
from the affinely parametrized equations, which explains
why they are usually overlooked.

Among the various studies regarding geodesic equations,
a great number is devoted to the motion in a pp-wave
background [43-52]. The symmetries of the pp-wave
metrics have been extensively studied in several works
[53-55]. The plane-fronted gravitational waves with paral-
lel rays (or more simply pp-waves [56]) are nonflat space-
times defined by the existence of a covariantly constant and
null bivector. In many cases, another definition is encoun-
tered in the literature, that of possessing a covariantly
constant, null vector [57]. The latter however is not
equivalent to the first; the two become indistinguishable,
if we just regard vacuum solutions of general relativity.
Here, we follow mainly the formalism of [54,55] and make
use of the first definition, which is slightly more restrictive:
It implies not only the existence of a covariantly constant,
null vector, but also that the space-time is either of type N
or O in the Petrov classification [55,58].

The pp-waves have several interesting properties. They
belong to a larger class of geometries, whose curvature
scalars are all zero, the so-called vanishing scalar invariants
space-times [59]. Their metrics contain the very interesting
case of plane gravitational waves and—through Penrose’s
limit [60]—their applications extend even to string theory
[61]. In [51], it was shown that, when the background
metric is that of a pp-wave spacetime, the nonlocal
conserved charges of the general geodesic problem reduce
to local expressions. The resulting integrals of motion
appear as if they are generated from mass-dependent
distortions of the proper conformal Killing vectors of the
metric, “reinstating,” in a sense, the broken symmetries due
to the introduction of the mass. Here, we further investigate
the nature and the geometric implications of such vectors
and show that they still emerge even if you consider a
Finslerian generalization of the pp-wave geometry, which
introduces an additional, Lorentz violating, parameter.

The outline of this work is the following: First, we start
with an overview regarding the existence of nonlocal
integrals of motion for massive geodesics in a generic
space-time. We prove that these conserved charges are
actually generated by nonlocal Noether symmetries and we
derive their generators. We revisit the result, which first
appeared in [51], concerning the mass-dependent distor-
tions of the proper conformal Killing vectors, which
generate integrals of motion in the case of pp-waves. We
concentrate on their geometric interpretation and prove that
such vectors are the reduced form of higher order Noether
symmetries. What is more, we demonstrate that there exist
geometries, besides pp-waves, that can admit such types of
“distorted” symmetries; as a brief example we consider the
de Sitter solution of general relativity. In the subsequent
sections, we extend the previous results in the case where a

Lorentz violating parameter is also introduced, causing an
extra symmetry breaking in conjunction to the mass. This is
realized by taking the generalized Bogoslovsky-Finsler line
element. We further investigate the necessary geometric
conditions for such distorted vectors to exist and we derive
the explicit expressions for the Finslerian pp-waves.

II. MASS DISTORTED SYMMETRY VECTORS

In this section, for the convenience of the reader, we
revisit some known facts from the theory of geodesic
systems and also make a brief review of the results obtained
in [42,51], parts of which are going to be of importance in
our analysis. We briefly describe the notion of nonlocal
conservation laws related to conformal Killing vectors, as
introduced in [42], for a general geodesic system. We
additionally prove that these conserved quantities are owed
to nonlocal Noether symmetries of the action and present
the relative expressions. Subsequently, we proceed to
revisit the specialization of this result in the case of pp-
wave space-times, where the conformal vectors acquire
mass-dependent distortions in order to generate conserved
charges for timelike geodesics [51]. For a generic space-
time, we investigate the geometric implications of such
vectors and show that they are related to higher order
(hidden) Noether symmetries. Finally, in order to demon-
strate that there can be other geometries—beside pp-waves
—admitting such type of symmetries, we present an
example utilizing the de Sitter metric.

A. Generic geodesic systems and
nonlocal integrals of motion

For the motion of a relativistic particle of mass m in a
background spacetime whose metric is given by g,,, we
consider the action

Sp] = / Ldi, 2.1)

where

2

L =_—g,x'x" - 5

- (2.2)

The latter is a quadratic, parametrization invariant
Lagrangian. The 1 denotes the parameter along the trajec-
tory, the x# = x#(1) are the coordinates and n = n(4) is an
auxiliary degree of freedom referred to as the einbein [62].
The dot in (2.2) is used to symbolize the derivatives with
respect to 4, i.e., X¥ = %”.

Under an arbitrary change of the parameter 1 +— 1 =
f(4), and the transformation laws

n(A)di v n(A)di and x(1) — %(2), (2.3)
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the action (2.1) remains form invariant, i.e., S[A] = S[4].
Hence, arbitrary transformations of the parameter 1 con-
stitute symmetries of S. It is for this reason that Lagrangian
(2.2) is referred to as parametrization invariant. We observe
from (2.3) that, although n is considered a degree of
freedom on equal footing with the x#, there is the difference
that the latter transform as scalars, while n as a density of
weight +1.

Maybe the most well-known Lagrangian, used to
describe the motion of a relativistic massive particle, is
the square root Lagrangian

qu = —my /=g, X'x",

where we use the minus inside the square root because we
adopt the convention g, x*x” < 0 for timelike geodesics
(throughout this work, we also make use of the units
¢ = 1). Lagrangian (2.4) is also parametrization invariant,
but this time not because of an auxiliary field, like (2.2), but
because it is a homogeneous function of degree one in the
velocities, i.e., Ly(X,0X) = oLy (x,X), where ¢ is a
positive constant.

At this point it is useful to remind Euler’s theorem on
homogeneous functions, which states that: If A(y) is a
homogeneous function of degree k, i.e., h(cy) = o*h(y)
for ¢ > 0, then the following equality holds:

(2.4)

oh

(2.5)
By simply setting 7 = Ly, y = X and k = 1 in (2.5), the
theorem, in the case of Lagrangian (2.4), implies that the
latter has an identically zero Hamiltonian, x* (;LT;‘* — Ly =0.
This, together with the fact that the euler-Lagrange equa-
tions of (2.4) are not well defined for null geodesics (the
expression g, X*x” = x#x, = 0 appears in denominators)
makes the use of the L of (2.2) better suited for our
purposes.

The einbein Lagrangian of (2.2) is dynamically equiv-
alent to Ly In order to see this, we need to write down the
Euler-Lagrange equations of (2.2), which are equivalent to

d
K4 Dk = 3 2 (Inn), (2.6a)

1 e
— g XX +m? =0, (2.6b)
n

where the I'}, are the Christoffel symbols of the metric G-
The first set consists of the second order equations obtained
by variation with respect to x, while the last equation,
(2.6b), is the constraint equation acquired by variation with

respect to n. By solving algebraically this last relation for
the einbein, n, and substituting it in Egs. (2.6a), we obtain

the Euler-Lagrange equations of Lg. In the einbein
formalism, the affinely parametrized geodesics are obtained
by using the gauge fixing condition n = const, which leads,
from (2.6b), to x#x, = const. What is more, for the null
geodesics, we need to just set m = 0 in (2.6b), which leads
to no complications (2.6a).

Unlike Ly, the Hamiltonian of (2.2) is not identically
zero; it happens to become zero, but in a weak sense
according to Dirac’s theory of constrained systems [63,64].
The total Hamiltonian is obtained through the Dirac-
Bergmann algorithm [63,65] and it reads

n
HT = 5H+ UpPn>

(2.7)
which is a linear combination of constraints p, ~ 0 and
‘H = 0. The symbol “~” denotes a weak equality, meaning,
that the respective quantities (here p,, and H) cannot be set
to zero prior to carrying out Poisson bracket calculations.
Only the end result—after calculating Poisson brackets—is
meant to be projected on the constraint surface, defined by
the equations p, = 0 and H = 0. The p, corresponds to
the momentum for the degree of freedom » and the relation
pn =~ 0 forms the primary constraint of the theory, the u,, is
an arbitrary multiplier and

H=g"p,p, +m* =0, (2.8)

is the secondary constraint—also called Hamiltonian or
quadratic constraint. The p, = (?TL” are the usual momenta
conjugate to the degrees of freedom x*.

As, we mentioned, the action (2.1) describes a para-
metrization invariant system, i.e., one whose action and
equations of motion remain invariant under arbitrary
changes of the parameter A. The symmetry structure of
this type of quadratic in the velocities Lagrangians,
including a potential term, has been studied in [66] together
with its connection to minisuperspace cosmological sys-
tems in Einstein’s general relativity. For recent studies on
the algebra spanned by the symmetries of such a
Lagrangian, associated to minisuperspace cosmology, see
[67,68]. In particular in what regards geodesic problems, it
has been shown [42] that the system described by (2.2)
admits nonlocal conserved quantities of the form

oL
I(A,x,p) = Y”av—i— mz/n(/l)a)(x(/l))d/l

=Ytp, +m? / n(A)w(x(2))d4, (2.9)

where the Y# are the components of conformal Killing
vectors of g, with conformal factor w(x), i.e.,

Eyg;w = 260()()9/“/, (210)
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where we use £ do denote the Lie derivative. The charge /
has an explicit dependence on the parameter A, brought
about by the integral we see on the right-hand side of (2.9).
The total derivative of I with respect to the parameter can
be seen that it is zero by virtue of the Hamiltonian
constraint:

dl ol

(2.11)

The conserved charge given by 7 in (2.9) is nonlocal due to

involving an integral of phase space functions. This means

that at least some prior knowledge of the trajectory is in
principle needed in order to carry out the integration in the
right-hand side of (2.9) and acquire the explicit dependence
on A that I(A,x, p) has. The parametrization invariance
however, can help overcome such a difficulty. To experi-
ence this, we need to remember that n(4) can be used to
fix appropriately the gauge, i.e., choose the parameter
along the curve. For example a choice like n = w(x)~!
makes the / for the corresponding conformal Killing vector
to become

I=Ytp, +m?A (2.12)

Such is the case when, we consider the affinely para-

metrized geodesics (n = 1) and a generic homothetic

vector (w = 1), which is known to result in an integral
of motion like (2.12), possessing a linear dependence on
the parameter 4. What we see here, with the help of (2.9), is
that any proper conformal Killing vector can lead, under the
appropriate choice of parameter along the curve, to an
integral of motion of the form (2.12). Thus, we can always

“localize” at least one of any integrals of motion of the form

(2.9), by choosing appropriately the parameter 1 (a time

choice gauge fixing).

We need to mention that, the expression (2.9) also yields
two other well-known results from the theory of sym-
metries of geodesic systems:

(a) When Y corresponds to a Killing field, i.e., w(x) = 0,
we obtain the typical conserved quantities of the
form I = Y¥p,.

(b) If, we consider null geodesics (m = 0), then all
conformal Killing fields generate conserved quantities
of the form I = Y¥p,.

Obviously, the substitution of either w(x) = 0 or m = 0 in

(2.9) leads to the desired linear in the momenta expressions

and thus, we obtain the expected results of the two cases. It

is interesting to note, that the two previous properties signal
an explicit symmetry breaking at the level of the

Lagrangian (2.2). When the parameter m is zero, conformal

Killing vectors form symmetries and generate conserved

charges. On the other hand, when m # 0, only pure Killing

vectors remain with this property. Of course, we have

KVs c CKVs, hence, the mass is responsible for breaking a

symmetry group. The new information that (2.9) provides
us with is that even when m # 0, the proper conformal
Killing fields still somehow contribute in generating
integrals of motion, but of nonlocal nature. An important
question is, if these new charges are actually owed to some
Noether symmetries, which substitute the ones broken of
the original CKVs. This is what we will prove later, after
briefly presenting the concept of Noether symmetries and
their charges.

B. Noether symmetries

We start with a short review of how Noether symmetries
are calculated. In this presentation, we use as our model
the Lagrangian (2.2), since it is the one that is of interests
to us.

If, we consider a general transformation in the space of
the dependent and independent variables—n (1), x#(1), and
A respectively—then its generator is written as

0 0 d
X=X, X

0l on oxH’ (2.13)

where y, X,,, and X* denote the coefficients in the relative
directions. If the corresponding transformation leaves form
invariant the action (2.1) of the system (6S = 0), we say
that it makes up a variational or, more broadly known
as, a Noether symmetry transformation. In infinitesimal
form, the criterion which tells us if this condition is satisfied
reads [69]

. dy do
prtVX(L) + L TR (2.14)
where @ is some function related with the surface term
up to which the action § may change [0S =0 =
S8(LdA) = d®] [64]. Symmetries that satisfy (2.14) for
® # const are sometimes referred to as quasisymmetries,
exactly because they cause the action to change by a surface
term. The pr(X is called the first prolongation of
the vector X. It is the extension of the basic vector X to
the space of the first order derivatives x* and it is given by
the formula

dx* . dy\ o
My = i
priVYX =X+ ( " ) P

We just consider the first prolongation because the
Lagrangian L that, we use has a dependence up to velocities.
For higher order Lagrangians, e.g., containing accelerations,
one would also use higher order prolongations.

When a vector satisfies the symmetry criterion (2.14), it
gives rise to the conserved quantity of the form

oL . oL
]:Xﬂﬁ'f‘)((L—X”aW) —q):X”p”—)('H—(I), (2.16)
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where in the last equality, we substituted the equivalent
phase space expressions for the momenta and the
Hamiltonian constraint. In both (2.14) and (2.16), we
neglected terms that would formally appear and have to
do with derivatives of the Lagrangian with respect to 7.
Since L has no i dependence, these terms are bound to be
trivially zero.

Up to now, we have made no assumption over the
dependencies that the involved functions may have. These
classify the symmetry vector, X, into different categories.
For example if y, X,, and X* depend only on the
independent and dependent variables, 4, x*, and n, then
we say that X is a generator of a point symmetry. If, on the
other hand, there is additional dependence on derivatives,
like for example x#, then we talk about higher order (or
hidden) symmetries. If there is dependence on nonlocal
expressions, then we refer to X as a nonlocal symmetry
generator.

The simplest case is that of point symmetries, because,
for them, there exists an algorithmic procedure of deriving
the corresponding symmetry generator. The process is the
following: When calculating (2.14), we obtain an expres-
sion which contains the functions y, X,, X#, ® and their
derivatives. Due to the presence of L in (2.14), there appear
terms involving products of velocities x#. However, since
we consider a point symmetry, none of the involved
functions y, X,, X*, or @ depends on velocities. As a
result, each coefficient of different velocity products inside
(2.14) needs to be set separately equal to zero. This creates
an over-determined system of partial differential equations
for the coefficients of the vector X and for ®, which, when
solved, it derives the desirable symmetry vector. For
example, in the case of the geodesic Lagrangian (2.2),
and for m # 0, the Killing vectors of the metric emerge as
generators of point symmetries: Eq. (2.14) leads to
Lxgu =0 for X = X¥(x)5% and ® = const. According
to (2.16), the corresponding conserved charge is linear in
the momenta, I = X¥p,,.

The situation gets severely more complicated for higher
order symmetries. Imagine for example that we allow

|

X 0 dyr
Wy — (y» _"_/ 9 (4"
pr ( . nwdi po + 7 +

<H YH
Sy 9 + J
n ox*+

ox~

In the above expression, we used the chain rule in order to write

dependencies on the velocities, x#, inside y, X,, X*, and
®. Then, we cannot proceed in the same manner as before,
by breaking Eq. (2.14) in smaller pieces according to the
different velocity dependencies. Equation (2.14) is to be
solved in its totality as a single equation. This complexity is
what makes higher order symmetries sometimes to be
referred to as hidden symmetries. In order to facilitate the
procedure of encountering such symmetries however,
certain restrictions are usually assumed in the dependencies
of the velocities inside the aforementioned functions, e.g.,
consider only polynomial dependencies up to certain order.
The most usual case is when considering a linear depend-
ence in the velocities inside the coefficients of X. Then,
you obtain integrals of motion associated with Killing
tensors of second rank leading, through (2.16), to quadratic
in the momenta constants of the motion. Such is the case of
the famous Carter constant in the Kerr geometry, which is
related to the existence of a nontrivial Killing tensor
K,,. Now (2.14) results in a symmetry generator of the
form X = K}(x)x*5%, under the condition VK, =0
and ® = const. Here, V is the covariant derivative and
the parentheses in the indices denotes the usual full
symmetrization, e.g., A, = 3(A,, +A,,). In this case,
(2.16) yields a quadratic in the momenta conserved
charge, I = K" p,p,.

Let us consider the integral of motion (2.9), which is a
nonlocal expression. It is logical to assume that there might
be some nonlocal symmetry generator (2.13) satisfying
(2.14) for the einbein Lagrangian (2.2). Truly, it is not very
difficult to see that if we write the vector

XH 0
X = <Yﬂ —;/}’l&)(X)d/l) 07,

where Y is a conformal Killing vector satisfying (2.10),
then this X satisfies (2.14) for @ = const. According to the
prolongation formula (2.15), we obtain for the vector (2.17)

nxt o x¢ ) 0
<7 - ;) / nodl — wx”) pr

. 1 . . 0
X< 4 =T, X5k / nwdl — wx") —
n

(2.17)

ot (2.18)

dre _ ort
di — oxF

x* and the equations of motion (2.6a) to eliminate

the accelerations X*. The action of the above prolonged vector on the Lagrangian (2.2) yields

1 e 1 ey
priVX(L) = o (Lygu — 2w(x)g,, ) XX — e </ n(/l)w(x(/l))d/l) Ve gu XXV X8 = 0.

(2.19)
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The first term after the equality in (2.19) is zero because, by
our assumption, Y is a conformal Killing vector satisfying
(2.10), while the second also vanishes due to the covariant
derivative of the metric being zero, V,g,, = 0. Hence,
criterion (2.14) is satisfied for (2.17) with ® = const. We
have thus proved that there exists a nonlocal symmetry
generator (2.17), which gives rise to the integral of motion
(2.9). We may now proceed and see how all these apply in
the case of a pp-wave geometry and why it is, in a sense,
special.

C. The exceptional pp-wave case

A generic pp-wave space-time, in Brinkmann coordi-
nates, is described by a line element of the form

ds* = g, dx!dx’ = H(u,x,y)du* + 2dudv + dx* + dy?,

(2.20)
where H = H(u, x,y) is the profile function and x* =
(u,v,x,y) are the coordinates. The expressions for a
generic conformal Killing vector (2.10) and the corre-

sponding conformal factor are well known for pp-wave
space-times and in these coordinates are given by [54]

Y¢ = géijxixj + a;(u)x' + a(u), (2.21a)

Y = = + () + 25(u) - @' ()0 + M (. x.),

ij=1.2 (2.210)
Yi=—(ux' +a;)v+ }’,;,'kla}(”)xkxl + B(”)xi
—¢;;c(u)x) + ci(u), (221¢)

and

o = o(u,v,x") = b(u) + x'al(u) — uv, (2.22)
respectively. The a, b, c, a;, and c¢;, where i = 1, 2, are all
functions of the variable u, while u is a constant parameter.
The function M(u, x,y) needs to satisfy certain integra-
bility conditions, given in Appendix A, while the rest of the
functions are connected to the profile H(u, x, y) of the pp-
wave through

[ + i ()0 H = 2uH +2a (w)x' = 2a" () + 45/ (u).
(2.23)

In our relations, we use the indices i, j, k, [ to denote the
coordinates on the two-dimensional flat plane x' = (x, y).
The 6;; is used as a metric in this surface and we will not
bother with distinguishing between upper and lower indices
in that plane. For the other two coordinates of x#, namely u
and v, we use the relative letter as a superscript, when we
want to denote the component corresponding in that
direction. For example, the Y* denotes the component of
the vector Y in the direction u#. The symbols like 9,,, d,,, and
d;, are used to express in a compact form the relative partial
derivatives with respect to the corresponding coordinate,
e.g., 0, =2, 0, =1

If, we use the pp-wave space-time metric in (2.2), we
obtain the geodesic Lagrangian

2

1
L =5 (Hi? + 21+ + 37) —n’%. (2.24)

The Euler-Lagrange equations of the system lead to

E,(L) = (;—f; _a% <0_I;> =0 = H(u,x,y)i* + 2 v +6;;x'x/ + n*m* =0, (2.25a)
E, (L) := 3—2 _di; <02> =0= ¥+ 0;H(u,x,y)x'i+ %()L,H(u,x,y)it2 —Zi) =0, (2.25b)
E,(L) _%_%<0_5> =0=>i——u=0, (2.25c¢)
Ei(L) = % —% (%) — 0 = ¥ — 0, H(u,x, y)il* = i, = 0, (2.25d)

where E,, E, denote the Euler derivatives with respect to n
and x* = (u, v, x").

According to what, we saw in the previous section, we
expect the Killing vectors of the pp-wave metric to be
associated with point symmetries of the Lagrangian (2.24),
yielding linear in the momenta integrals of motion. The

proper conformal Killing vectors are also to be involved,
but generally in nonlocal expressions.

Let us note that the existence of the covariantly constant
null Killing vector field, # = d,,, for any pp-wave metric
(2.20) guarantees the conservation of the momentum

Dy = %, whose on mass shell value we symbolize with
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7,; this in order to distinguish it from the phase space
variable p,. In other words, on mass shell we have
p, = n, =const, due to the conservation law dd% =0.
This implies

(2.26)

which is also the solution to the Euler-Lagrange equa-
tion (2.25¢c). Hence, the auxiliary degree of freedom n is
proportional to the velocity . Note that this is not a gauge
fixing condition for n; it is bound to hold for any possible
parametrization. By using (2.26) and (2.25a), it was shown
in [51] that the generic conformal factor @ of (2.22) can be
written in such a way so as to have

d XV 1 d X¥ 1d

= — H___ = ——— " —_— —_——
no =— (g,wf u) ey <g,wf n) pry (f*Pu)
(2.27)

where p, =9 =1g % are the momenta, and f is a

spacetime vector with components

Fu—o, (2.284)
1 . 1 .
fr= Eu(x’a;(u) —a'(u) + 2b(u) — 2uv) + Ex’ai(u)
1 m?
—1—46 xix/ —|—2a( u) — —%Zuz, (2.28b)

. 1 .
= —zu(,ux’ +a;(u)). (2.28c¢)
As aresult the generally nonlocal conserved charge (2.9)
is expressed in phase space, by virtue of (2.27), as

2
I= (Y" + %f") Py ="T4p,, (2.29)

v
with Y being a conformal Killing vector and where, we

introduced a new vector T with components

2
TH o=y

v

(2.30)

This vector expresses a mass-dependent distortion of the
proper conformal Killing vectors Y. It can be seen that the
contribution of f in [ is relevant only when Y is a proper
CKV. That is, the pure Killing vectors still generate the
known conserved expressions Y¥p,. It is only when Y is a
proper CKV that a mass-dependent modification is needed
in order to have a conserved quantity.

The corresponding conservation law reads

2 -2
% = —2nQE,(L) = TME,(L) — %Q(;ﬂ - “—2> (2.31)
v
where Q = @ — ’”722 uu. The right-hand side is zero because
of the Euler-Lagrange equations (2.25) and the known first
integral (2.26). The two first terms in the right-hand side of
(2.31) is the result of what you get when you take the total
derivative of a typical Noether charge; a linear combination
of the Euler-Lagrange equations. The existence of the last
term in (2.31) however, is something different. It is not an
equation of motion, but a first order relation, which is zero
due to an already known conserved charge. In other words,
relation (2.31) gives us a conservation law which holds due
to the given constant value of another known integral of the
motion. In the next section, we are going to study what is
the exact relation of the vector Y in (2.30) and the
conserved charge I of (2.29) with the Noether symmetries
of this system.

D. Relation to a Noether symmetry

In Sec. II B, we gave a brief description of the typical
Noether symmetry approach. As can be seen by (2.16),
linear in the momenta integrals of motion of the form
I = X¥p, are given by point symmetry generators, i.e.,
vectors whose components depend purely on the dependent
and independent variables (no higher order or nonlocal
dependence):

0
X =X, n,x)—.

i (2.32)

By utilizing the symmetry criterion (2.14) it is easy to
derive that, for the pp-wave space-time, as for any metric,
only the Killing vectors of the space-time generate point
symmetries of this form. In particular, for massive geo-
desics m # 0, we get that X is a symmetry if Lxg,, = 0. On
the other hand, as we saw in the previous section, we were
able to write the conserved quantity appearing in (2.29),
which is a linear in the momenta integral of the motion, but
which is generated by a mass-dependent distortion of the
conformal Killing vectors of the metric, the vector T in
(2.30). The latter appears to generate a linear conserved
charge even though it is not a Noether symmetry. Let us
mention here that conserved quantities are not all neces-
sarily of Noetherian origin. However, in this case, we shall
demonstrate that there is actually a relation of Y to a formal
Noether symmetry.

In order to reveal the true Noether symmetry itis enough
to nalvely substitute the constant ratio % that we see in
(2.30)" with its dynamical equivalent. In other words let us

'Note that there is an extra s term inside the f"¥ component of
f, see relation (2.28b), which’ also needs to be substituted.
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substitute m2 from (2.6b), with respect to velocities, and

=Py = % = %, then we obtain
2 UV
m Gu XX
— == . 2.33
n i? (2.33)

We may now write a new vector Y whose components are
defined as

JuXHXY .
Y - H
Y =T | (m.m, =Yr- 1,'¢2 f’l’

(2.34)

where f := f |(m,z,)—x- Let us consider the first prolongation

of this vector, w1th the help of formula (2.15), in order to
extend it in the space of the velocities

P
DL R,
ax” + 0)'(”

Xt

Gu XX d
+<Y" ”Mz f”>f

oxH’

(2.35)

The second equality in the above relation holds on mass

shell. The components T in general contain accelerations,
which however can be eliminated by using the Euler-
Lagrange equations (2.25b)—(2.25d) or equivalently by
remembering that the ratio containing velocities in (2.34)
is an on mass shell constant.

It is easy to verify that pr") Y (L) = 0, which means that
the vector T is a Noether symmetry of the action. However,
it is not a point symmetry, since its components in (2.34)
contain dependence on the first derivatives. The vector T
constitutes a higher order or a hidden symmetry. The
corresponding conserved charge, I, which is generated
by symmetry (2.34), is connected to the I of (2.29) in the
same manner that the T is connected to the T

~ gaﬂ(f|(m,m)—>p)ypapﬁpy

I:=1 =YY% — 2.36
‘(m,n,,)—m Pa K””p,,p,, ( )

In the above relation, we have substituted the constant ratio

(2.33) with respect to the momenta, as 2 = gﬂbf; P and

we have used the trivial second rank Killing tensor
K=¢Q®¢=09,®d,, which is constructed out of the
covariantly constant Killing vector 7. It is clear that
72 = p? = K" p,p,. The total derivative of I with respect
to the parameter 4, is zero purely by virtue of the Euler-
Lagrange equations (2.25).

We thus have, a higher order symmetry generator T
whose components are given in (2.34). This generates a

Noether charge, I, that is a rational function in the

momenta. The interesting coincidence is that, on mass
shell, part of this ratio is already constant, equal to ’7’:—22 This

leads to the reduced expression of the original conserved
quantity, which we denoted with I, and which has a linear
dependence on the momenta. This reduced charge seems as
if generated by a mass-dependent distortion of the con-
formal Killing vectors of the metric: the vector Y with its
components supplied by (2.30). The latter, even though it is
not a formal Noether symmetry, has some interesting
geometrical implications that offer a generalization of what
we see happening in pp-waves.

E. Geometric interpretation and generalizations

It is interesting to study whether this nice coincidence
that we encountered in the case of pp-wave space-times,
where a higher order symmetry of the geodesics is revealed
as a mass-dependent distortion of the conformal Killing
vectors, can be generalized to include other geometries. We
shall see that in principle this is possible, in fact let us first
state that:

Theorem 1.—For a given manifold with metric g,,,

which admits a second rank Killing tensor K,,, any
space-time vector T satisfying
m2
‘CTg;w = 2Q(X) <g;w + K_K;w) > (237)

produces a linear in the momenta conserved charge
I = T*p, for the corresponding geodesic system by virtue
of the Hamiltonian constraint (2.8) and the conserved
charge K*p,p, = k.

The proof can be easily deduced by simply taking the
Poisson bracket of I with the Hamiltonian constraint (2.8),
which plays the principal role in the time evolution:

{I.H} ={YPpo. ¢*“p,p, + m*}
m2
—(Lyg™)pur, = 2Q(x) (9”” + 7”‘”) Puly

=2Q(x)(¢"p,p, + m*) =2Q(x)H~0, (2.38)

with the second equation being valid due to having
K" p,p, = k. That is, the integral of motion I is related
to the constant value of the known quadratic integral. In
the pp-wave case, we had Q = a)——/m where @ is
the conformal factor (Lyg,, = 2wg,,), T given by (2.30),
K=¢Q®¢ and k = 72.

In addition to the above, we can prove the following:

Theorem 2.—If a space-time with metric g,,, admits
a second rank Killing tensor K(# g) and a vector T =

T(x,m?z) satisfying (2.37), then the equation
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T=7 <x, ﬂ) (2.39)

K x5

is a higher order Noether symmetry generator of the
geodesic action, yielding the conserved charge of the form

I="%p,. (2.40)
The proof is quite straightforward to derive and makes
use of the fact that K is a Killing tensor; it does not
necessarily require that the space-time is a pp-wave. It can
be found in detail in Appendix B.
In the pp-wave case, we saw that the vectors satisfying
(2.37) obtain the nice form

2
T=y+of. (2.41)
An important observation is that the vectors T do not
necessarily close an algebra. In principle this seems
counterintuitive from our usual experience, but it becomes
better understood if we think of our situation in terms of the
Poisson bracket formalism. Remember that the linear I of
the (2.29) are the on mass shell reduced expressions of the
actual charges T of (2.36). The Poisson bracket of two
reduced charges I will not necessarily give something
which happens to also be a reduced expression of some
higher order charge. It is the Poisson brackets between two
I charges that are bound to be conserved, not those
involving the I. The vectors T are not the actual sym-
metries; they offer a convenient reduction scheme that
allows for simpler calculations and to reveal the higher
order—true Noether—symmetries T, which would be
quite more difficult to derive in the conventional manner.
The relation (2.37) satisfied by Y, reveals the latter as a
generator of disformal transformations. These form a
generalization of conformal transformations and were
initially introduced by Bekenstein [70]. Usually, a disfor-
mal transformation of the metric is written as
G = A(x)g,, + B(x)C, 7, (2.42)

where g, is a new “physical” metric, 7, is the gradient of
some scalar field, i.e., Z, = V,¢, and A(x), B(x) are scalar
functions of the space-time [71]. One motivation behind the
introduction of disformal transformations was to connect
different scalar-tensor theories [72]. For further uses and
applications of disformal transformations see [73-78]. We
may generalize (2.42) by defining a transformation of the
form g,, = A(x)g,, + B(x)K,,, with K any second rank
tensor, which would be compatible with (2.37). In the pp-
wave case, a vector like Y, satisfying a relation like (2.37)
for K# = ¢#¢¥ with £ =0, a null, Killing vector, is
referred as a null-like disformal Killing vector in the
terminology of [71]. The # can be also written as the

gradient of some scalar field £, = V,¢, where ¢ = u.
Thus, in the pp-wave case, the vectors Y generate disformal
transformations in accordance with definition (2.42). We
need to note that, in the original definition [70], the
functions A and B depended only on the scalar field ¢
and the inner product /¢, = V ,$V#¢. Obviously this is
more restrictive than requiring A and B to be space-time
functions.

The existence of a vector Y satisfying (2.37) signifies
that, in order for these conserved charges to appear, there
must exist a coordinate transformation, which at the same
time is a disformal transformation of the metric involving a
Killing tensor K. We may proceed to examine an example
of a different metric admitting such symmetries.

1. The de Sitter example

As we demonstrated, for pp-waves, you can satisfy
Eq. (2.37) by distorting appropriately the conformal
Killing vectors of the metric. This raises the question,
whether there exist other space-times which also have this
property and for which we can derive hidden symmetries
through (2.37). One obvious answer is the flat space, since
all the relations that we used for pp-waves can lead trivially
to the Minkowski space (in light-cone coordinates) by
simply setting the profile function, H(u, x,y), in the line
element (2.20), equal to zero. Here, we report another
example in the form of the de Sitter universe corresponding
to a spatially flat Friedmann—Lemaitre—Robertson—Walker
(FLRW) space-time that solves Einstein’s equations with a
cosmological constant.

If we write the line element in Cartesian coordinates
x = (t,x,y,z), we have

ds? = —dt* + e''(dx* + dy* + dz?),  (2.43)
where [ denotes the constant associated with the value of
the Ricci scalar, R = 3/? and the cosmological constant
A= %, for which the metric (2.43) satisfies Einstein’s
equations R,, —g,,R + Ag,, = 0.

The Lagrangian that reproduces the geodesic equations
is given by

| m?
L — [Pt elt(32 132132 - 2t 244
2n[t+e(x+y+z)] n— (2.44)

and the equations themselves are equivalent to
P2 —ell(#> +y> +72) —m?n> =0, (2.45a)
BT 2 T
f=——=le"(x* + 3y + 2%), (2.45b)
n 2
¢ (7 nlt

ji = (i nl) (2.45¢)

n
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where #(1), x'(2), and n(2) are all functions of 4, which
symbolizes the parameter along the curve.

The manifold where the motion takes place is maximally
symmetric, thus possessing ten Killing vectors. They of
course generate the corresponding linear in the momenta
conserved charges of the geodesic equations. We refrain
from giving their expressions here. We are more interested
in the five proper conformal Killing vectors of the space-
time, which, in these coordinates, are written as

! Lo 2
Y, = e?o,, Y; = e'x'0, — - e70;,

4 4 ‘
] (1—2 - xij> 0, — 7 e xi0;,

Y4_ = e 2 (246)
where now i, j = 1,2,3 and x' = (x,y, z). The i, j indices
are raised and lowered with the spatial part of the metric
gij = els; ;- These vectors generate conserved charges only

when m = 0 (null geodesics).
|

Let us see how they can be distorted to generate
conserved quantities in the massive case. First, let us
construct the trivial Killing tensor K = 0; ® d; out of
the sum of the tensor products of the Killing vectors
that constitute the spatial translations. Its covariant com-
ponents are

0o o0 O O
0 & 0 0

K, = 0 0 &2 0 (2.47)
0 0 0 &

and of course, we have V(K ) = 0. By using Eq. (2.37),
we find the following five vectors that satisfy it for
appropriate functions Q(x):

3 b 2 2 }
T, = : ez 9, Ti:%xlal——e_%t(m—eh—l—]) 0,
(% elt + 1)7 (% elt + 1)5 [ K
_lt 4 i 4 2 1 )
Ty=— (S =xix; o =¥ Tet 4 1) Ko, (2.48)
(ﬁ el 1 1)7 li l K
K
Notice that by setting m = 0 in (2.48), we obtain the proper . - —u OL eilty
conformal Killing vectors (2.46). Due to theorem 2, we Iy =Top, = Toﬁ == I (2.51)

expect the vectors Y, that emerge by substituting the
constant ratio % in (2.48) with the expression

m2

K

__9"pupy _ Pup”
K%p.ps  pi+p5+p?

")
t
elt)

T L
43+
are higher order symmetries of the Lagrangian. Truly, it can
be easily verified that the resulting T(x, X) := Tleq2.49
satisfy prl)Y(L) =0 and form higher order Noether

symmetries, whose charges are the I = T"‘pa. As an
example let us take the conserved charge corresponding
to the

(2.49)

(2.50)

which reads

€_1ti2
n <x2+5~2+z2

It is straightforward to see that % = 0 due to (2.45b) and
(2.45c). The corresponding on mass shell reduced expres-
sion of the charges 7 are given by the I = Y%p,, which are
conserved on account of m* = 1[i — e/(x? + y* 4 z%)] and
k=0 (32 43+ 1),

We thus see that there exist geometries beyond pp-
waves, where the conformal Killing vectors of the space
admit mass-dependent distortions. These generate addi-
tional conserved quantities when m # 0.

Up till now, we considered geodesics in (pseudo-)
Riemannian geometry and saw how the symmetry break-
ing owed to the mass can lead to the appearance of new
classes of symmetries. In the following sections, we
shall depart from the (pseudo-)Riemannian case, in order
to introduce another symmetry breaking parameter.
This will be realized through considering a more
general, Finslerian, geometry and in particular that of a
Bogoslovsky space-time, which involves a Lorentz vio-
lating parameter b.
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III. THE BOGOSLOVSKY-FINSLER LINE
ELEMENT

We start this section with some generic information on
Finsler geometry, so as to facilitate the following presen-
tation. In Finsler geometry, we consider a general line
element of the form

ds% = F(x,dx), (3.1)
where F(x, dx) is a function homogeneous of degree one in
the dx*, that is, F(x,cdx) = oF(x, dx) for every ¢ > 0.
This is a generalization which contains the (pseudo-)

Riemannian case, where the F? is simply quadratic in
the dx*. A metric tensor can still be introduced as

1 *F?

G " 20(dx*)o(dx")

(X, dx) =

(3.2)

and thus write

dst = G, (x, dx)dxtdx", (3.3)
with the difference that the metric G, now, in contrast to
the Riemannian g,,, carries a dependence on the differ-
entials dx*. The equality of (3.1) and (3.3) is obtained with
the use of Euler’s theorem for homogeneous functions and
from exploiting the fact that F? is a homogeneous function
of degree two in the dx*. Given a Finsler function F(x, dx),
we may also express the line element as
dst = F(x,dx)? = F(x,dx)g,, (x)dx"dx", (3.4)

where F(x, dx) is a function homogeneous of degree zero
in dx.

Bogoslovsky [79,80] introduced a line element of the
form

£,dx*)? P

2 v ( I

dsp = 1, dx*dx [—nﬂydx"dx”] , (3.5)
where O0<b <1 1is a dimensionless parameter,

N, =diag(—-1,1,1,1), V,£* =0, n,,2*¢* = 0, and £° > 0.
This serves as a generalization of special relativity where
the isotropy is broken in a preferred direction, which is set
by the future directed null vector #. The symmetries of line
element (3.5) have been studied in [81] and are identified to
form the eight-dimensional group named DISIM,(2),
which is a deformation of the ISIM(2) group of very
special relativity [82]. This lower symmetry count, in
comparison to the ten-dimensional Poincaré group of the
quadratic line element ds*> = Nuwdx*dx?, implies that we
have another symmetry breaking effect owed to the
anisotropy parameter b.

Bogoslovsky’s theory has an obvious generalization to a
curved space with the substitution 7, +> g, [83,84]. In the
case of a pp-wave space-time, we can set as the preferred
direction the covariantly constant null vector £ = d,. Then,
the line element of the Finslerian extension is written as

K 5dx%dxP P
ds: = g, dx*dx” [m] , (3.6)

where we made the use of the K,zdx"dx’ = (£,dx")* =
du® of the pp-wave case—remember that K w =Culy

For line elements of the form of (3.6), appearing in this
Finslerian version of pp-waves, there exists an interesting
theorem owed to Roxburgh and proven in [85]. In brief it
states that, if in the Finslerian line element (3.4) the
function F(x, dx) is such, so that

(K. (X))
F(x,dx) = .7"< g (X)X ) (3.7)

with K, . (x) a tensor of rank k, which is covariantly
constant (V,K,, = 0) with respect to the connection
associated with g,,, then the geodesics of ds?% are identical
to those produced by the Riemannian metric g,, and the
typical quadratic line element ds? = Gudxtdx”.

Obviously, the pp-wave case falls into this category
since 7 is covariantly constant and hence so is K.
Thus, Finslerian pp-waves of this type basically produce
the same geodesics as the Riemannian case. However, the
physically related parameters are indeed affected by the
presence of b # 0. What is more, we are going to see that
interesting changes take place in what regards the sym-
metry structure of the system and—what the mass does
when breaking the conformal Killing symmetries in the
Riemannian case—now the parameter b also does it to
certain isometries of the base metric g, .

IV. GEODESICS AND A NEW
CONSERVATION LAW

The geodesic Lagrangian for the Finslerian line element
ds% of (3.5) is given by

Lp=-mV-F2, (4.1)
or equivalently, in the einbein formalism, by
1 o g
L= %Gw(x, X)XHXY — nm7, (4.2)

which is of the same form as (2.2) with the difference that
instead of g,,, it now involves the Finsler metric G, (x, X)
defined in (3.2).
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The (geodesic) Euler-Lagrange equations for the degrees
of freedom x* are equivalent to [86]

X 4 yhx<xh = xH di (Inn), (4.3)

where 7, =31Gr (%2 + ‘)GK" — %) are the Christoffel
. The Euler-

symbols with respect to the metric G,
Lagrange equation for the einbein field, n, yields the
constraint

1 Ny
?Gﬂy(x, X)X +m? = 0. (4.4)
The momenta are given by
oL 1
Pe = = — G X, (4.5)

ox* n

which looks similar to the relation of the Riemannian case,
but this time the right-hand side is not linear in the
velocities. We note that the extra term that would appear
due to the dependence of G, on the velocities is identically
zero by virtue of the definition (3.2) and the fact that the
Finsler metric, G,,, is a homogeneous function of degree
zero in the velocities; this term would be proportional to

3 2

ox~ 2 0K IRV ORE

(4.6)

The last equality holds due to Euler’s theorem on homo-

geneous functions, which in this case implies ag.(’;" X' =0
[see (2.5) for k = 0].

We may thus once more write the Hamiltonian constraint
as
|

. ]Cb /Cb_l
G/w(xv X) = 2b(1 - b) gaygry W (gmen/ + You Tﬂ) gb
where, for abbreviation, we use I = K, JXHXY and

G = —g,x'x". When we insert the metric (4 10) inside
(4.8) and consider the equation {/, H} ~ 0, we arrive at

’Cb b—1
b)(Lygu)X X?—b(ﬁrK )XH gh-l

(4.11)

1
(1LHy = |(1-

n

~0,

where £~y now stands for the Lie derivative with respect to
the vector Y.

In the case where K, is a covariantly constant Killing
vector, which means that, according to Roxburg’s theorem
[85], Eq. (4.3) become the Riemannian (2.6a), the C and G

H = G"™(X, p)pup, + m? =0, (4.7)
assuming that we have managed to invert relations (4.5)
and thus express the velocities with respect to the momenta.
If we want to look for a linear in the momenta conserved
quantity of the form [ = T*p,, we need to demand
{I, H} ~ 0. We use the weak equality here because, due
to the Hamiltonian constraint (4.7), which is bound to be
zero, it is enough that the Poisson bracket produces
something multiple of the constraint. The Poisson bracket
is calculated to be

, 0G*" oYY orTH
I — _ Ho ov
{I,H} ( —+G 0x"+G 0X6)pﬂp,,
1 oYY oY+
(e g TG M, (a8
n2< ox° ) 0x">xx (48)

where, in the last equality, we made the transition to
velocity phase space coordinates by utilizing (4.5). In
the parentheses we recognize what would be the Lie
derivative of G,, if the latter had no dependence in the
velocities. Once more, an additional appearing term of the

form 95 "g” PuPu Py has been set to zero because
oG+ Py oGH ax _ _gwgu99i 0G,, ox* »
op, OXF 0p ox"* 0
R Gy, ,
— GV —Pxr = 0. 4.9
()pg Ox* (49)

The last equality holds again due to Euler’s theorem.
For the line element of (3.6) the corresponding Finsler

metric G, reads

b—2 . ]Cb /Cb_l
+KU#KT”F XGXT(I —b)gﬂya—bKﬂyF, (410)
[
are constants of the motion. Let us set the on mass shell

constant value of their ratio as g
(4.11) becomes

1[’ <1—b b
T 9w — _
M2 Mi(b

M2 Then, the condition

{LHy=— (4.12)

sy
1)KW)X XY~

The equality to zero is sufficient to be satisfied on mass
shell. By taking an example from the Riemannian case, we
may relax it to formulate the following:

Theorem 3.—Consider the Bogoslovsky space described
by the line element (3.6). If K is a second rank covariantly
constant Killing tensor of g, and there exists a vector T
satisfying
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b
Lo (= 25 MEK ) =200 (g4 MEK). (413

where the constant M, of the geodesic motion is defined as
M;z = fg”“x,,x,, then the I = T#p, is conserved along the
geodesics.

The proof is straightforward. When we contract the right-
hand side of Eq, (4.13) with the velocities we obtain

something which is on mass shell zero,

2Q
{I H} X —5 (g/w +M2 ﬂD)X”X
29 2 CUGU 2 SUU
= ?(—Mme,x X'+ MK, xx") =0, (4.14)
by simply using the fact that
K, xtxY
M= (4.15)
_gﬂvx,‘lx

For the condition (4.13), we have not made any assumption
about the space-time e.g., if it is going to be a pp-wave or
not. The only thing that is needed is for K to be covariantly
constant with respect to the Levi-Civita connection com-
patible with g,,, i.e., VK, = 0. We may also notice that
on the left-hand side of (4.13) there appears a metric
disformally related to the original g,

b

2
T—pMKw

g;w = 9w — (416)

The Killing vectors of this metric satisfy (4.13) for Q = 0.
In the next section, we proceed to study what happens in the
case where g is a pp-wave metric.

V. THE DISTORTED SYMMETRY VECTOR IN
FINSLERIAN PP-WAVES AND IN FLAT SPACE

Let us consider the metric g of a pp-wave space-time
derived from (2.20) and take as K, the “square” of the
covariantly constant vector £ = d,. A study on the inte-
grability of the corresponding geodesic equations based on
conventional integrals of motion has been given previously
in [52]. Here, we concentrate on the quantities that
condition (4.13) generates. The Finslerian geodesic
Lagrangian (4.1) is written as

Lp=-m\ —F?=—mit’(—H (u,x,y)i* =205, xxf)%.
(5.1)
Once more, we use the coordinates x* = (u, v, x'), as we

did in Sec. IIC. In the case b =0, the Lagrangian L
reduces to the usual square root Lagrangian of the

Riemannian geodesics. The dynamically equivalent
Lagrangian in the einbein formalism is given by

L:—iiﬂb( —H(u,x,y)i* — 200 —8;x'x/)'~ b—nm—2
2n 2
(5.2)

and it reproduces a set of Euler-Lagrange equations
equivalent to those of Lp. The constraint equation (the
Euler-Lagrange for n) leads to

l:tb

n=+—(-H(u,x,y)i? —Zﬁb—éijxixj)%. (5.3)
m

Substitution of (5.3) in (5.2) gives L = £Lg. From now
on—and to be consistent with the sign conventions
assumed—wherever n is substituted from (5.3) the plus
root is utilized, so that we obtain the correspon-
dence L = L.

Since Z is covariantly constant, obviously the same holds
for K =7 ® ¢, which we used to write (4.1). Thus,
Lagrangians (5.1) and (5.2) are bound to generate the
same geodesic equations as (2.24) of the Riemannian case.
It can be easily verified that this is true. Consequently, we
expect that the same number of conserved quantities must be
admitted in both systems. However, we need to mention that
it will not necessarily be the same vectors that generate
symmetries. This is because Lagrangians (5.1) and (5.2) are
distinct from their Riemannian counterparts (obtained when
b = 0); they have a different functional dependence on
velocities and this changes the form of the generating vectors.

An obvious symmetry that remains the same is the one
owed to the covariantly constant vector £, which tells us
that the momentum in the » direction is again conserved.
Truly, it is easy to see that we have the conserved charge

oL

1:£1+2b

=(1-b) (—H (u,x,y)i* =2 v —=5;x'x)) ™0 =7,

(5.4)

Once more, we use the Greek letter 7, to denote the on
mass shell constant value of the momentum p,. By
combining (5.4) with (5.3) and remembering Eq. (4.15),
it is easy to derive the relation

(1 =b)2m?|ms
M% = [ 2

Ty

(5.5)

among the constants of integration. The latter gives us M,
in terms of the mass m, the momentum 7z, and the Lorentz

violating parameter b; obviously, when b = 0, M2 —2

Ty
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By solving Eq. (4.13), we now obtain the following
vector:

TH =Y+ M f"+—M iy (5.6)
where Y is a conformal Killing vector of the pp-wave
metric g, [its components are given by Eqs. (2.21)] and f,

[> are the acquired distortions. The first is exactly the same
as the one derived in (2.28) with the identification

’;‘—5 - M%, i.e.,
ft]l = 0’ (578')
) 1 i 1 ! A 1
1= EM(Xlai(u) —a'(u) 4+ 2b(u) = 2uv) + Ex’ai(u)
H i a(u) )
s 2 omeE )
—|—45,]xx + 5 b (5.7b)
; 1
fi==5ulux’ + ai(u)). (5.7¢)

The second distortion is new and contributes only along the
v direction

(5.8a)

g = gﬁijxixj + a,-(u)xi + a(u) (Sgb)

An alternative way to write the expression for Y using only

the Y vector components is
u" 0"

b 22n 1 o

bl
Y#
Ta=p)

T"—Y’H—ZM M5y, (5.9)

It can be checked that the quantity / = Y* 9L > made up
from the vector (5.6), is a constant of the motion, by virtue
of the already known conserved charge (5.4) and the
constraint equation, which yields (5.3). The corresponding
function Q(x) for which T satisfies (4.13) is given by

Q(x) = x'd}(u) + b(u) —u(v—i—%u). (5.10)

A first observation regarding the vector (5.6) is that the
Lorentz violating parameter b introduces an additional
distortion in terms of the vector f,. In what follows,
we are going to study more in detail this distortion and
its nature. Apart from the pp-wave case, we will also
comment separately on what happens in the flat case,
H(u,x,y) =0. The corresponding higher order sym-
metries of the flat case have been studied separately in [87].

Another interesting point is that, once more, if we take
the basic vector (5.6) and substitute, in place of M?, the

ratio involving velocities, i.e., (4.15). Then, exactly
as it happened in the Riemannian case, the induced vector

T:= T m2=K forms a higher order symmetry vector sat-

isfying the infinitesimal criterion of invariance with
pr)YT(L) = 0. Hence, we again have a higher order
Noether symmetry whose on mass shell reduced expression
yields the distorted space-time vector (5.6).

A. The nonflat case, H(ux.y) # 0
In the nonflat case, where the metric describes a pp-wave
space-time, the most general expression of a Killing vector,
LG =0, is? [54]

E=(au+p)o,+(c—av—ci(u)x')o,+ (yel-jxi +c;(u))o;,

(5.11)

whose components are obtained from (2.21) when
setting the functions, a;(u), b(u), and the parameter u
appearing in the conformal factor (2.22) equal to zero and
by introducing

a(u)=au+p,

c(u)=y, and M(u,x,y)=0—ci(u)x".

(5.12)

Of course H(u,x,y) has to also satisfy a certain partial
differential equation, which is obtained from (A la) with the
above substitutions together with a;(u) = b(u) = u =0,

1 1 . .
E(au —|—ﬂ)0MH+5(c,-(u) —€;;x))0;H+aH —c (u)x' =0.

(5.13)

The constant parameters a, 3, y, and ¢ characterize the
corresponding monoparametric groups of motion; of them,
the Killing vector owed to the parameter o, i.e.,
£, =¢ =20, is present in all pp-wave space-times. In
total, a nonflat pp-wave can admit at most seven Killing
vectors [54].

As we observe from (5.7) and (5.8) the modification
owed to the presence of Killing fields has just to do with the
function a(u), since it is the only one appearing in the f/
and f’z‘ components, which at the same time does not
belong to the conformal factor @ of (2.22). From the linear
expression of a(u) in (5.12), we can also notice that no
modification owed to the f% can affect a Killing vector. The
au part is automatically cancelled in the component f} by
the combination 3 (a — ua') = g; as it can be seen from
(5.7b). The remaining f# constant is nothing but a con-
tribution which can be subtracted by a constant multiple of

We use the £ here to denote the subset of the ¥ consisting only
of the pure Killing vectors of the metric, i.e., those Y corre-
sponding to a conformal factor of w(x) = 0.
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the already known Killing field £, = £ = 0, and thus the
f4 can be cleared out from all modifications involving
Killing fields.

On the contrary, the f4 modification is bound to contain
parameter a (when the appropriate Killing field exists); see
the f45 in (5.8b). The parameter # can still be removed
by subtracting a multiple of the existing symmetry 7.
As aresult, whenever g, is such that the vector associated
with «,

& = uo, — vo,, (5.14)
is Killing, i.e., L g,, = 0, then & is broken as a symmetry
for the Finslerian space-time with b # 0. However, with the
appropriate distortion owed to f,, we may write the
equation

b
Yy =ud, + <M12)u - v)av, (5.15)

1-b

which generates a conserved charge I = Y{p, in place of
the broken symmetry. It is easy to check that the Y is a
Killing vector of the disformally related metric (4.16), i.e.,
L+,9,, = 0. In other words, the modification that restores
the broken Killing symmetry satisfies (4.13) for Q = 0. We
see thus that, in contrast to the b = 0 case, when b # 0, it is
possible to have a modification over a Killing vector field
instead of just proper CKVs. The introduction of b can truly
break isometries and one needs to add certain modifica-
tions, which on the mass shell lead to conserved quantities.
From the Riemannian case, we remember that the
distorted conformal Killing vectors—being the reduced
form of some formal symmetries—do not necessarily close
an algebra. Here, we shall see that the b-dependent
modification acquired in Y, does not alter the algebra
status with the rest of the symmetry vectors. To demon-
strate this, let us break down the & of (5.11) with respect to
the rest of the parameters. Then, we have the following
possible Killing vectors: &, = d,, &, = —yd, + xd,, and of
course the always present £, = ¢ = d,,. In addition to the
above, we may also have vectors of the form
& = —ci(u)x'0, + ¢;(u)o;. (5.16)
It is clear from the above expressions that the only
commutator relation that is altered by the modification
term appearing in (5.15) is

b

[T07§u] ==&, + —Migl/

— (5.17)

Even though this commutator brings about no problem in
the closing of an algebra, in reality such a situation cannot
arise for a nonflat space-time, because &£, and the non-
modified vector &, = ud, — vd, cannot be both Killing

vectors for a nonflat metric of the form of g, [application
of both &, and &, leads to H(u,x,y) =0]. Thus, the
modified vector Y, is bound to close the same commutator
relations as the original &, vector with the rest of the
unbroken symmetries.

Finally, we can summarize that, in the pp-wave case, just
one of the Killing vectors may acquire a distortion, the
vector &,. The distortion does not affect the property of
closing an algebra with the rest of the Killing vectors of the
original metric g,,. Any other acquired distortions will be
associated with the existing proper conformal Killing
vectors.

B. The flat case. “Reinstating” the Poincaré algebra

The flat space trivially satisfies the same relations as
those of a pp-wave case by simply setting H(u, x,y) = 0.
The Bogoslovsky-Finsler line element given by (3.5) yields
the space-time of deformed very special relativity, which, in
light-cone coordinates, is written

dst = —(=2dudv — dx* — dy?*)'=" (du)?*. (5.18)
As we previously noticed, the geodesic motion is described
either by (5.1) or (5.2) with the substitution H(u, x,y) = 0.
It is known that the space-time possesses an eight-
dimensional symmetry group, the DISIM,(2), which
was presented in [81] and which is a deformation of the
ISIM(2) group of very special relativity [82]. The sym-
metry generators of DISIM ,(2) are given by the following:

(i) The translations

T,=29,, T,=09,, T;=0;, (5.19a)
(i) the rotation
R = x0, — yo,, (5.19b)
(iii) the (combination of boosts and rotations)
B,; = ud; — x'0,, (5.19¢)
and a vector with an explicit dependence on b,
Ny = (b=1)uo, + (14 b)vo, + bx'o;. (5.20)

By looking at the (5.19), we understand that the existence
of the parameter b has broken the three of the rest of the
Poincaré symmetries, namely the vectors

By = uo, — vo, (5.21a)

B,; = —xid, + vol, (5.21b)
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which now fail to produce conserved charges for the
geodesic motion in the space characterized by (5.18).

In [87], it was shown that these symmetries are sub-
stituted by higher order symmetries, which are associated
with the distorted vectors of the type that we study here. If
we apply the condition (4.13) for the metric g,, with
H(u,x,y) =0, we derive—except from the known sym-
metries (5.19)—the following additional vectors:

(i) The distorted Killing (for b = 0) vectors,

b
TO = Mau + (Mz

> )ay, (5.22a)

; 4 b :

Tvi = 1;0)’( - x’@u - ﬁM%XIaU. (522b)

(ii) The distorted proper conformal Killing (when
b =0, m = 0) vectors,

Yp = (Miu+2v)o,+x9;, (523a)

1/1+b
Ty = u?d, + = i M22—§xx’ 9, + ux'o;,
2\1-b
(5.23Db)
S:xixd
Yo =—L"209
C, 2 u
l M}u*>+M? 4uv—1 bé xixl | +407 |0,
4P b 1+b "
M? .
- (Tbu—kv) x'o;, (5.23¢)
1
T]éz = uxkau + (mMZM—f— v)x 0

1 . )
-3 (M7u? + 2uv + 5;;x'x7) 0y + x*x'o;.
(5.23d)

All of the above yield linear in the momenta conserved
quantities—we shall see an example of this later. We notice
that the first set (5.22) consists of distortions of the Killing
vectors (5.21) of g,,. The Ty and T,; are themselves
Killing vectors, but of the disformally related metric g, of
(4.16), which in these coordinates reads

—M2 1 0 0
o 1 000 (5.24)
I = 0 01 0 '
0 0 0 1

Thus, we can now understand how the condition (4.13)
works for the various vectors. The nondistorted symmetries
(5.19) satisty (4.13) by yielding Lyg,, = LxK,, =0,
where X is any vector of Eq. (5.19). Equations (5.22)
satisfy (4.13) by being Killing vectors of the disformally
related metric (5.24), i.e., £xg,, = 0, where X is now any
of the Egs. (5.22). Finally, Egs. (5.23) are solutions of
(4.13) for appropriate nonzero Q(x).

An interesting additional observation is that the linear
combination of the distorted homothecy T, and Killing
vector T, gives rise to the symmetry vector (5.20), which
together with the seven Killing vectors (7',,T,,T;, R, B,;)
forms the eight-dimensional algebra corresponding to the
DISIM,(2) group of the symmetries, we mentioned in the
beginning of the section,

We already stated that the three Eqgs. (5.22) are Killing
vectors of g,,; the same holds trivially also for the seven in
(5.19) since the action of their Lie derivative returns a zero for
both g, and K. Hence, they are bound to close an algebra.
The nonzero Lie brackets among these ten vectors are

TwBd =Ti [Tl =T, 4 2o MBT,  [T,7)) =T,
T, T, =T [T;,R] = ¢;T}, [T, B,j| = =6;;T,,
[T;,B,;] = —6; (Tu + b bMZT ) [R,B,;] = €;;B,;,
[R, Y] = €;;B,, [Bui» To] = =B, [Bui, Byj| = €jiR — 5;; Ly,
[To X0 = =Tos 1 b TMiB [ By = e MR (5.26)
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This is isomorphic to the Poincaré algebra. It can be easily
noticed by simply observing that the disformally related
metric g, is flat. Hence, its ten Killing vectors (5.19) and
(5.22) just span the Poincaré algebra expressed in a
different coordinate system. We need to be clear however,
that the actual symmetry of the space with line element
(5.18) is still the DISIM,(2) group. Strictly speaking, the
(5.22) are not formal symmetries. As we already men-
tioned, such vectors [together with the (5.23)] are the on
mass shell reduced expressions of higher order symmetries,
which happen upon the reduction to yield space-time
vectors.

1. Constants of the motion and comparison with the
Minkowski case

In order to make direct comparisons with the free
relativistic particle in Minkowski space let us use the
transformation

v:L(H—Z)

V2

u=—7=(z-1), (5.27)

and take some linear combinations of the vectors involved
in the algebra (5.26), so as to write them as

0
o
y , .0 bM? .. .0 0
£U: j—.— l—.— b 5jl—5l J - - | .,.:1,2,3,
Y o T o o=y O O )<at*_az> ok
. .0 d bM? . ; Jd 0
=y 1 — b J =8l —+—). 528
M = o T2t =) ”<m+&> (5.28)
I
Notice that here, for the Cartesian coordinates, we use the B
Latin indices to denote the spatial components. Thus, the i, Y(A) = pyA+ Yo, (5.30d)
Jj in this section run from 1 to 3. We additionally observe | 5 5
that, in these coordinates, the only vectors that do not admit 2(A) =z0—= {Lp‘z _
a modification based on b are the translations and the 2 [(po+p:)
rotation in the x — y plane. Of course by linear combina- (1- b)b%lmb%
tions one can write as many ‘“‘unmodified by »” Killing m (po + )4, (5.30e)
b+1 po pz b+1

vectors as in the previous section. However, we choose to
use (5.28) as the basic vectors so that we have a direct
comparison with what we know from the classical free
relativistic particle problem, when b = 0 is enforced. Thus,
L/ become the rotations and M/ the boosts when b = 0.

Under the use of transformation (5.27) the Lagrangian
(5.2) becomes

1 . m?

L= =g (= PP (o) =2, (5.29)

where 7, = diag(—1,1,1,1). For b =0, we obviously
recover the Lagrangian of a relativistic free particle in flat
space. The solution to the Euler-Lagrange equations can be
written as

n(A) = 2775(1 = bYFm i (py + p, )5, (5.30a)

1) =ty p%+p§+4+_u—bﬁ%mﬁf( +p2)A

= —_—— b P p ’
"2 (ot F(potpF)

(5.30b)

x(A) = pA+ xo (5.30¢)

where we have substituted the b-dependent mass (5.5) as

M}_[¥§Q;jﬁﬂrﬁ’ (5.31)

p0+pz

since, we have p, = mﬁpz from (5.27). The to, x{, together

with all the p, are constants of integration. Since (5.29)
produces equations equivalent to the Minkowski case, the
solutions #(1), x(1), y(4), and z(4) are bound to be linear in
A when the latter is the affine parameter, i.e., when
n(4) = const. However, the constants of integration are
now associated in a different manner with respect to the
physical observables, due to the presence of b. In (5.30), the
constants of integration are arranged so that on mass shell
we have

oL oL oL oL
dt =Po> a)-c_px’ . —Py, aZ

5 (5.32)

= pZ .
As, we mentioned, the p, here are all constant. This is owed
to the fact that the translations 7', are still symmetries of the

problem. In this section, we make no reference to phase-
space formalism, so we do not distinguish between the
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variables p, and their on mass shell constant values, we
simply use p, to also denote the constants of integration. It
can be seen that when b = 0, and under the constraint

return as to the usual Hamiltonian constraint of (special)
relativistic motion (5.33).

It is easy to verify that the whole set of (5.28) produces
conserved quantities. Whenever » = 0 and the constraint

m? = p% —p2 - p% — pg, (5.33) among constants (5.33) is used, they become those
generated by the Poincaré generators for the free relativistic
the expressions (5.30) reduce to the usual particle. For example let us take the modified
rotation around the x axis. According to (5.28) the vector
n(d) =1, t() = ty — pols xi(2) = xb + pi. is written as
(5.34)
, bM? o0 0 bM? | o
With the help of (5.30), we may write the relation £ :_2(1 —b)yFLZ@_ [1 +2(1 —b) ya_Z' (5-36)
oL oL -
" o _”L*'(l +b)(1 - b)é_*b‘mh_‘z“(l?o + Pz)hz_f‘, We expect a constant of motion to be given by the quantity
(5.35)
oL
L . . . . Iyz = (Cyz)y_‘ (537)
which is exactly equivalent with the one given in [81] for oxt
the Hamiltonian constraint (when considering the p, as
phase-space variables). Obviously, upon setting b = 0, we  which yields
|
2—(1+b) ) - L .
Iyz:n(iz_jcz_)-)z_iz)b (Z_t) [2(1_b)zy(z_t)
—y(b(M3 = 2)i* =2(b(M} — 1) + 1)i z +bM32% 4+ 2(bx> + by* + 2%))]. (5.38)
Direct use of (5.30) demonstrates that /,, is indeed a constant of motion on mass shell, acquiring the value
_bi3
I 7(Po+l’z) “2ﬁ (2 2 2 2 1= b rimp 2 5.39
yZ—W[ T(po+ P ) 1((pi+ Py = (Po+ P2)*)Yo+2py(Po+ P2)20) + (1= b)Fmm1(po+ p;) o). (5.39)
|
where (5.31) has been used so as the physical mass appears I, = T, p, = p,xo + pyyo + (Po + p.) (1o + 20)
in the expression. Upon substitution of the latter from ( b)i 2
. - . — b)) emTo _i
(5.33) and by setting b = 0 the above relation becomes - (po + pz)ﬁ(zo — 1), (5.42)

none other than

Iyz'b:O = 20Py — YoPz» (540)

which is the usual angular momentum in the x direction.

The same is true of course for the conserved quantities
constructed with the distorted conformal Killing vectors.
For example, let us take the Y, of (5.23a), which in
Cartesian coordinates, performing the change (5.27),
becomes

1
Ty= <t+z+§M12,(z—t)>(6,+dz)+x8x+yay. (5.41)

With the use of (5.30), we calculate the on mass shell
constant value of the charge,

1+b

where once more (5.31) has been used. By setting b = 0,
we obtain the mass distorted charge of the Minkowski case

Zo— 1o
Po + P:
(5.43)

Iply—o = PxXo + PyYo + (Po + p.)(to + o) + m?

and further, for m = 0, we obtain the conserved charge of
the null geodesics generated by the corresponding pure
conformal Killing vector.

The disformally related metric (5.24) in the Cartesian
coordinates becomes
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A 100
FIG. 1. Light cones in the x — z plane for (starting from the
upper surface) b =0, b = %, and b = % In all cases, we have

. N
considered otp, = 1.
bM? bM?
- (1 + 2(1—’2)) 00 2(1—’2)
0 0 1 0
bM?, bM?,

S
o
o

and of course Eqs. (5.28) are its Killing vectors. We can
write (5.44) as

b

- (5.45)

g/w =Nw — a}l¢al/¢7
with the introduction of a scalar ¢ = Lz (z—1),s0 as to be
consistent with in the original definition by Bekenstein
regarding disformal transformations. It can be seen that the
lightlike geodesics are not preserved when passing from 7,
to f},w, for b # 0. However, the causal structure is not affected
since, for any vector A# for which 7,,A*A” < 0, we obtain
guA'AY <0 aslong as 0 < b < 1. Of course, g,, and 77,,
both describe a flat space, and we perform the aforemen-
tioned comparison of g, A*A* with 5, A*A” by considering
the coordinate system fixed. In other words, we take g,, and
Ny to be different metrics written in the same coordinate
system, not the same metric expressed in different coor-
dinate systems. A comparison from this point of view is
reasonable if we remember that the b # 0 case actually
describes motion in a Finslerian geometry; the g,,,, we write
here serves as a (pseudo-)Riemannian “simulation” of how
the motion looks for a massive particle of mass m.

In Fig. 1, we draw the light cones’ depending on the
value of b and given by the metric g,,, while keeping

*By using the term light cones here, we do not imply the m = 0
surfaces of the initial problem but the geometric surfaces
g A*AY = 0 and how they differ from 7,,A*A” = 0.

fixed the ratio where the physical mass m is involved:
m _ \2m

T, potp:
b = 0 where we have the typical Minkowski metric. The

intermediate layer is for b = ﬁ) = M, ~0.995 and the last
corresponds to b = % = M, ~0.909. We observe the
expected deviation in the z direction from the isotropy
and from the b =0 surface of special relativity as b
becomes larger. A physically reasonable value for the
Lorentz violating parameter b, however, is way more
minuscule b < 10726 [81].

= 1. The first layer from the top corresponds to

VI. CONCLUSION

We examined how the elements of the conformal algebra
of a given geometry may admit appropriate distortions,
which lead to additional conserved quantities. We observed
that these distortions are related to parameters that bring
about an explicit symmetry breaking effect at the level of
the geodesic equations. What is more, the resulting dis-
torted vectors are generators of certain disformal trans-
formations of the metric. We established a connection
between these distorted conformal Killing vectors with
higher order or hidden symmetries of the relative problem.
The corresponding conserved Noether charges are in
general rational functions of the momenta, which conven-
iently reduce to linear expressions on the mass shell.

We initiated our presentation by studying the geodesic
motion in a (pseudo-)Riemannian space. The resulting
distorted vectors in this case are owed to the mass, which
breaks the proper conformal symmetries for non-null
geodesics. The proper CKVs acquire mass-dependent
distortions in order to continue producing conserved
quantities. We derived the geometric condition in order
for such distortions to emerge. In short, the space-time
needs to admit a second rank Killing tensor and addition-
ally there has to exist a coordinate transformation, mapping
the original metric to another, disformally related, which
makes use of the same Killing tensor. Our basic example of
a geometry satisfying the necessary conditions has been
that of a generic pp-wave space-time. We wrote all the
resulting distortions of the proper conformal Killing vectors
and their connection to higher order symmetries. Apart
from the pp-wave case, however, we also presented an
additional novel example in the form of the de Sitter
solution of Einstein’s equations with a cosmological con-
stant. In the pp-wave case the distortion appeared in an
additively manner, while in the de Sitter case it assumes a
more complicated form.

The consideration of a Finslerian geometry in the form of
the generalized Bogoslovsky line element revealed that the
additional introduction of a (Lorentz) symmetry breaking
parameter follows a similar pattern. This time, again for a
pp-wave space-time, one of the Killing symmetries is lost
due to the newly introduced parameter. The latter becomes
involved in an appropriate distortion, which reveals a
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conserved quantity that takes the place of the one lost from
the missing symmetry. For the rest of the proper conformal
Killing vectors, similar distortions to those of the
Riemannian case appear. We derive explicitly all the
relative expressions and we notice that again the ensuing
vectors are associated with higher order symmetries. We
further investigated the general geometric conditions that
are necessary so that such a type of symmetry emerges.
Finally, we briefly mentioned how all this applies to the flat
case, where three of the original Killing vectors acquire the
necessary distortions. The distorted Killing vectors lead
naturally to a disformally related metric by assuming the
role of its isometries. We use this exact metric to compare
the motion of the Finslerian case to the one taking place in
the Minkowski space-time of special relativity.

By looking at the necessary condition that we derived for
the Finslerian line element, Eq. (4.13), we notice that, in
contrast to the (pseudo-)Riemannian case, there exists an
additional restriction; the condition requires the Killing
tensor admitted by the base metric to be covariantly
constant. This is easily satisfied in the pp-wave case by
simply utilizing the trivial tensor K = ¢ ® ¢, constructed
by the covariantly constant Killing vector ¢, which all
pp-waves possess. However, the particular example of the
de Sitter space, that we considered in the Riemannian case,
does not apply here, since the relevant Killing tensor that
we used there is not covariantly constant. This leaves an
open question on whether we can incorporate other
geometries in the Finslerian case, which can make use
of (4.13).

It is particularly interesting how the pp-waves appear to
be on the spot in what regards the emergence of this type of
symmetries. They conveniently satisfy all the necessary
conditions, both in the Riemannian case and in the
Finslerian generalization. This adds up to the intriguing
geometrical properties that these space-times possess and
justifies their importance in physical theories. Further study
is necessary, however, in order to reveal other types of
geometries where hidden symmetries can be reduced in
such a way so as to be mapped to distortions of the
conformal structure. The example of the de Sitter metric in
the Riemannian case shows that this is in general possible
and novel symmetries can be revealed for certain
space-times.

From a pure mathematical perspective, the use of such
hidden symmetries can be exploited to extend the known
integrable classes of geodesic systems. The reduced linear
integrals of the Lorentzian case, which are associated with
the existence of proper conformal Killing vectors, imply
that, for those space-times for which such quantities appear,
the problem of the timelike geodesics has as many integrals
of the motion as the null case. In [88] it was demonstrated
that the integrability of the geodesic system is closely
related to that of the geodesic deviation equation. It is

interesting to study if the hidden symmetries presented here
can be “inherited” at the level of the geodesic deviation.
Especially for the pp-wave case this could contribute to the
further analytic study of the memory effect [6-9].

In what regards the physical interpretation of each
conserved charge, this highly depends on the exact
space-time where the motion takes place. However, the
fact that the mass of the particle appears explicitly in
the expressions allows for a direct comparison between the
relative observables of the two cases (massive and mass-
less). The same is true for the Finslerian case and the
Lorentz violating parameter b. We saw in (5.22) how the
b # 0 case affects the boosts and, of course, the corre-
sponding integrals of the motion. We thus acquire a picture
of how symmetry breaking parameters affect classical
observables. In this respect it is intriguing how the explicit
symmetry breaking, either because of the mass or due to
some Lorentz violating parameter, leads to the appearance
of hidden symmetries in the relevant theories. The latter
seem to substitute the ones which were broken by the
introduction of the corresponding parameter. This is a
subject that certainly requires further attention and the
study of additional examples.

Another interesting implication of the actual hidden
symmetries is their possible realization at the quantum
level. In several cases, hidden symmetries have been used
in the context of a canonical quantization procedure: from
the derivation of the hydrogen spectrum with the use of the
Laplace-Runge-Lenz vector [89], to modern problems in
quantum cosmology [90]. For quadratic Hamiltonians and
higher order symmetries related to the existence of Killing
tensors, there are various works, which explore a formal
way of constructing the relative quantum operators under
appropriate geometric conditions [91-93]. It is true that
there are cases where the quantum analogs of hidden
symmetries—unlike their classical counterparts—do not
commute with the Hamiltonian. This effect is referred to in
the literature as quantum anomaly [94]. In our case, we
have to recognize an additional difficulty owed to the fact
that the Noether charges are rational functions in the
momenta. Thus, the construction of the corresponding
quantum observables is far from trivial. Nevertheless, it
is useful to further investigate if the on mass shell reduced
linear expressions can be used in this respect, or if under
appropriate (not affecting the quantum description) canoni-
cal transformations, one can obtain more manageable
expressions.
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APPENDIX A: INTEGRABILITY CONDITIONS OF M (u.x.y)

The integrability conditions that need to be satisfied by the function M (u, x, y), appearing in the components (2.21) of a

general conformal pp-wave Killing vector, are

0,M(u,x,y) = (b(u) —a'(u))H(u, x,y) —% <g§,~jxixj +x'a;(u) + a(u))duH(u,x, y)

1

OiM(u,x,y) =

In order to avoid confusion, we stress here that one may
note some differences over some constant factors, when
comparing with the relative relations derived in the [54]
paper. This is owed to the fact that, in the latter, the authors
consider a slightly different line element for the pp-wave
space-time than what we assume in (2.20). Both (2.21) and
(A1), which we use in this work, are compatible with (2.20)
and differ slightly from the formalism encountered in [54],
due to the difference in the line elements.

APPENDIX B: PROOF OF THEOREM 2

We assume that a vector of the form T = Y (x, ’"72) solves
(2.37). Let us consider the vector Y of (2.39), which for
simplicity we will write in the form T = T(x x, ), under-
standing that we do not consider here G = —g,, x*x* and
K = K, x#X¥ as constants but as quadratic functions in the
velocities. The first prolongation of T is given by

~ 0 ik 0
DY =T =+ 71 —, Bl
pr o ok (BI)
where
K ()TK 5T"
T XY+ XY (B2)

We can split the partial derivative with respect to the
positions x* in two parts: one that differentiates the x

W

ra
and another which contains separately the derivation of the
% part. So, we write

dependence outside the % ratio, i.e., 4% @)> as if% = const,
K

oT*  oY* aTKX b+ K oT*
x| g T Tog oK

K

XXP.

(B3)

In addition, for the derivative of T* with respect to the
velocities, we have

- , . 1
-3 [(b(u)xf + c(u)e;ix' + cj(u) + Eyijklaf(u)xkxl) 0;H (u, x, y)} ,

—(uH (u.x.y) + b'(u)x' = a;(u)H (u.x.y) + ¢’ (w)eyx/ + cj(u)

(Ala)
- yijkla}’(u)xkxl. (A1b)
|
oT* oY~ . oYT*
=-=-2 X¥ + 2K X%, B4
a)‘(y g(ll/ ag X —"_ av aIC ( )

By using (B3) and (B4) (B2), we obtain

sx oY oT* oT*
T = ViKap) = = Vilap) == | XIX%
o |, T ( wRap) 53 = V(v Iap) 5g>x XX
oY* oY\ d
2 1 B
+ <g g K )dﬂ(nn) (BS)

where we have also used (2.6a) to substitute the accel-
erations X¥ appearing in (B2).

All but the first term in the above expression are zero:
First of all, we have trivially V,g,5 = 0, where the V,
denotes the covariant derivative with respect to the
Christoffel symbols. By our demand, we also have
V@Kaﬁ) = 0 since K is a Killing tensor. As for the relation,

ng"
on the rat10 fé Hence, the first prolonged vector (B1) is
written as

% =0, it is zero due to the dependence of Y*

My = T~
pr ox*  0x"| g 0Xx* (B6)
)
The action of (B6) on the Lagrangian (2.2) yields
y 1 (o, 0 oT~
MY (L) = —
(L) 2n( o It G5 "
oY*
— XHXY. B7
+gw< oxt (%)>X X ( )

What we see inside the parentheses is the left hand side of

(2.37), ie., the T%g, + g, %+ g, 95, since the
— A
remaining derivatives of T treat the ratio g = Kg/’;,j

’% as a constant. As a result, with the use of equallty (2.37),
we may write
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prY(L) = Qflx) <g,,,, + gK;,,,> XHXY

K
B gzl(:) (_g N % /c) —0.  (BY)

Thus, the vector T(x, %) is a higher order symmetry of the
geodesics, by virtue of (2.37) and because of K being a

Killing tensor. Its on mass shell reduced form is given by
the vector Y'(x, mTZ)

The expression for the conserved charge (2.40), gen-
erated by the symmetry T, stems directly from Noether’s
theorem and in particular relation (2.16) [our symmetry
vector, Y, satisfies (2.14) for ® = const and has only
components in the x directions, not in 4, so y = 0].

[1] J.L. Synge, Mon. Not. R. Astron. Soc. 131, 463 (1966).

[2] K. Hioki and K. Maeda, Phys. Rev. D 80, 024042 (2009).

[3] S.-W. Wei, Y.-C. Zou, Y.-X. Liu, and R.B. Mann, J.
Cosmol. Astropart. Phys. 08 (2019) 030.

[4] G. Guo, P. Wang, H. Wu, and H. Yang, J. High Energy Phys.
06 (2022) 060.

[5] Z. Zhang, H. Yan, M. Guo, and B. Chen, arXiv:2206.04430.

[6] P.-M. Zhang, C. Duval, G. W. Gibbons, and P. A. Horvathy,
Phys. Lett. B 772, 743 (2017).

[7] P.-M. Zhang, C. Duval, G. W. Gibbons, and P. A. Horvathy,
Phys. Rev. D 96, 064013 (2017).

[8] G. M. Shore, J. High Energy Phys. 12 (2018) 133.

[9] . Chakraborty and S. Kar, Phys. Lett. B 808, 135611
(2020).

[10] G.H. Katzin, J. Math. Phys. (N.Y.) 22, 1878 (1981).

[11] G. Caviglia, J. Math. Phys. (N.Y.) 24, 2065 (1983).

[12] S. Hojman, L. Nuiiez, A. Patifio, and H. Rago, J. Math.
Phys. (N.Y.) 27, 281 (1986).

[13] K. Rosquist, J. Math. Phys. (N.Y.) 30, 2319 (1989).

[14] M. Tsamparlis and A. Paliathanasis, Gen. Relativ. Gravit.
42, 2957 (2010).

[15] M. Tsamparlis and A. Paliathanasis, Gen. Relativ. Gravit.
43, 1861 (2011).

[16] C. Batlle, J. Gomis, S. Ray, and J. Zanelli, Phys. Rev. D 99,
064015 (2019).

[17] P.-M. Zhang, M. Cariglia, M. Elbistan, G. W. Gibbons, and
P. A. Horvathy, Phys. Lett. B 792, 324 (2019).

[18] A. Paliathanasis, Symmetry 13, 1018 (2021).

[19] B. Carter, Commun. Math. Phys. 10, 280 (1968).

[20] M. Walker and R. Penrose, Commun. Math. Phys. 18, 265
(1970).

[21] N.M.J. Woodhouse, Commun. Math. Phys. 44, 9 (1975).

[22] V.P. Frolov, P. Krtous, and D. Kubiziidk, Living Rev.
Relativity 20, 6 (2017).

[23] H. Goldstein, C. Poole, and J. Safko, Classical Mechanics,
3rd ed. (Addison Wesley, San Francisco, Boston, New York,
2000), p. 102.

[24] D. M. Fradkin, Am. J. Phys. 33, 207 (1965).

[25] A. A. Andrianov, M. V. loffe, and D. N. Nishnianidze, Phys.
Lett. A 201, 103 (1995).

[26] A. A. Andrianov, F. Cannata, M. V. loffe, and D.N.
Nishnianidze, J. Phys. A 30, 5037 (1997).

[27] M. Plyushchay, Int. J. Mod. Phys. A 15, 3679 (2000).

[28] M. S. Plyushchay, Phys. Lett. B 485, 187 (2000).

[29] C. Leiva and M. S. Plyushchay, Phys. Lett. B 582, 135
(2004).

[30] M. S. Plyushchay, in Integrability, Supersymmetry and
Coherent States, edited by S. Kuru, J. Negro, and L. M.
Nieto (Springer, Nature, Switzerland, 2019), p. 163.

[31] T. M. Kalotas and B. G. Wybourne, J. Phys. A 15,2077 (1982).

[32] M. Cariglia, Rev. Mod. Phys. 86, 1283 (2014).

[33] G. H. Katzin and J. Levine, J. Math. Phys. (N.Y.) 15, 1460
(1974).

[34] P. W. Higgs, J. Phys. A 12, 309 (1979).

[35] G. Papagiannopoulos, J.D. Barrow, S. Basilakos, A.
Giacomini, and A. Paliathanasis, Phys. Rev. D 95,
024021 (2017).

[36] L. Inzunza, M. S. Plyushchay, and A. Wipf, J. High Energy
Phys. 04 (2020) 028.

[37] L. Inzunza and M. S. Plyushchay, J. High Energy Phys. 05
(2021) 165.

[38] L. Inzunza and M. S. Plyushchay, J. High Energy Phys. 01
(2022) 179.

[39] M. Tsamparlis and A. Mitsopoulos, J. Math. Phys. (N.Y.)
61, 072703 (2020).

[40] A. Mitsopoulos and M. Tsamparlis, J. Geom. Phys. 170,
104383 (2021).

[41] J.B. Achour, E.R. Livine, S. Mukohyama, and J.-P. Uzan,
J. High Energy Phys. 07 (2022) 112.

[42] N. Dimakis, Petros A. Terzis, and T. Christodoulakis,
Phys. Rev. D 99, 104061 (2019).

[43] K. Vesely and J. Podolsky, Phys. Rev. D 58, 081501 (1998).

[44] A. Lecke, R. Steinbauer, and R. Svarc, Gen. Relativ. Gravit.
46, 1648 (2014).

[45] U. Camci and A. Yildirim, Phys. Scr. 89, 084003 (2014).
[46] J. W. Maluf, J.F. da Rocha-Neto, S.C. Ulhoa, and F.L.
Carneiro, J. Cosmol. Astropart. Phys. 03 (2019) 028.

[47] P.-M. Zhang, M. Cariglia, M. Elbistan, and P. A. Horvathy,
J. Math. Phys. (N.Y.) 61, 022502 (2020).

[48] K. Vesely and J. Podolsky, Phys. Lett. A 271, 368 (2000).
[49] M. Elbistan, P-M. Zhang, G.W. Gibbons, and P.A.
Horvathy, J. Cosmol. Astropart. Phys. 01 (2021) 052.

[50] M. Elbistan, Nucl. Phys. B980, 115846 (2022).

[51] M. Elbistan, N. Dimakis, K. Andrzejewski, P. A. Horvathy,
P. Kosinski, and P.-M. Zhang, Ann. Phys. (Amsterdam) 418,
168180 (2020).

[52] M. Elbistan, P.-M. Zhang, N. Dimakis, G. W. Gibbons, and
P. A. Horvathy, Phys. Rev. D 102, 024014 (2020).

024043-22


https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1103/PhysRevD.80.024042
https://doi.org/10.1088/1475-7516/2019/08/030
https://doi.org/10.1088/1475-7516/2019/08/030
https://doi.org/10.1007/JHEP06(2022)060
https://doi.org/10.1007/JHEP06(2022)060
https://arXiv.org/abs/2206.04430
https://doi.org/10.1016/j.physletb.2017.07.050
https://doi.org/10.1103/PhysRevD.96.064013
https://doi.org/10.1007/JHEP12(2018)133
https://doi.org/10.1016/j.physletb.2020.135611
https://doi.org/10.1016/j.physletb.2020.135611
https://doi.org/10.1063/1.525160
https://doi.org/10.1063/1.525948
https://doi.org/10.1063/1.527375
https://doi.org/10.1063/1.527375
https://doi.org/10.1063/1.528561
https://doi.org/10.1007/s10714-010-1054-9
https://doi.org/10.1007/s10714-010-1054-9
https://doi.org/10.1007/s10714-011-1166-x
https://doi.org/10.1007/s10714-011-1166-x
https://doi.org/10.1103/PhysRevD.99.064015
https://doi.org/10.1103/PhysRevD.99.064015
https://doi.org/10.1016/j.physletb.2019.03.057
https://doi.org/10.3390/sym13061018
https://doi.org/10.1007/BF03399503
https://doi.org/10.1007/BF01649445
https://doi.org/10.1007/BF01649445
https://doi.org/10.1007/BF01609055
https://doi.org/10.1007/s41114-017-0009-9
https://doi.org/10.1007/s41114-017-0009-9
https://doi.org/10.1119/1.1971373
https://doi.org/10.1016/0375-9601(95)00248-2
https://doi.org/10.1016/0375-9601(95)00248-2
https://doi.org/10.1088/0305-4470/30/14/015
https://doi.org/10.1142/S0217751X0000198X
https://doi.org/10.1016/S0370-2693(00)00671-7
https://doi.org/10.1016/j.physletb.2003.12.041
https://doi.org/10.1016/j.physletb.2003.12.041
https://doi.org/10.1088/0305-4470/15/7/018
https://doi.org/10.1103/RevModPhys.86.1283
https://doi.org/10.1063/1.1666832
https://doi.org/10.1063/1.1666832
https://doi.org/10.1088/0305-4470/12/3/006
https://doi.org/10.1103/PhysRevD.95.024021
https://doi.org/10.1103/PhysRevD.95.024021
https://doi.org/10.1007/JHEP04(2020)028
https://doi.org/10.1007/JHEP04(2020)028
https://doi.org/10.1007/JHEP05(2021)165
https://doi.org/10.1007/JHEP05(2021)165
https://doi.org/10.1007/JHEP01(2022)179
https://doi.org/10.1007/JHEP01(2022)179
https://doi.org/10.1063/1.5141392
https://doi.org/10.1063/1.5141392
https://doi.org/10.1016/j.geomphys.2021.104383
https://doi.org/10.1016/j.geomphys.2021.104383
https://doi.org/10.1007/JHEP07(2022)112
https://doi.org/10.1103/PhysRevD.99.104061
https://doi.org/10.1103/PhysRevD.58.081501
https://doi.org/10.1007/s10714-013-1648-0
https://doi.org/10.1007/s10714-013-1648-0
https://doi.org/10.1088/0031-8949/89/8/084003
https://doi.org/10.1088/1475-7516/2019/03/028
https://doi.org/10.1063/1.5136078
https://doi.org/10.1016/S0375-9601(00)00391-1
https://doi.org/10.1088/1475-7516/2021/01/052
https://doi.org/10.1016/j.nuclphysb.2022.115846
https://doi.org/10.1016/j.aop.2020.168180
https://doi.org/10.1016/j.aop.2020.168180
https://doi.org/10.1103/PhysRevD.102.024014

HIDDEN SYMMETRIES FROM DISTORTIONS OF THE ...

PHYS. REV. D 106, 024043 (2022)

[53] R. Sippel and H. Goenner, Gen. Relativ. Gravit. 18, 1229
(1986).

[54] R. Maartens and S. D. Maharaj, Classical Quantum Gravity
8, 503 (1991).

[55] A.J. Keane and B. O.J. Tupper, Classical Quantum Gravity
21, 2037 (2004).

[56] J. Ehlers and W. Kundt, Gravitation: An Introduction to
Current Research, edited by L. Witten (Wiley, New York,
1962), pp. 49-101.

[57] H. Stephani et al, Exact Solutions of Einstein's
Field Equations, 2nd ed. (Cambridge University Press,
Cambridge, England, 2003).

[58] J.D. Steele, On generalised pp waves, http://web.maths.unsw
.edu.au/~jds/Papers/gppwaves.pdf [retrieved 14 April 2010].

[59] A. Coley, R. Milson, V. Pravda, and A. Pravdova, Classical
Quantum Gravity 21, 5519 (2004).

[60] R. Penrose, Differential Geometry and Relativity, Math-
ematical Physics and Applied Mathematics Vol. 3, edited by
M. Cahen and M. Flato (Springer, Dordrecht, 1976).

[61] T. Ortin, Gravity and Strings (Cambridge University Press,
Cambridge, New York, Melbourne, 2004).

[62] L. Brink, P. Di Vecchia, and P. Howe, Nucl. Phys. B118, 76
1977).

[63] P. A. M. Dirac, Can. J. Math. 2, 129 (1950).

[64] K. Sundermeyer, Constrained Dynamics (Springer-Verlag,
Berlin, Heidelberg, New York, 1982).

[65] J. Anderson and P. Bergmann, Phys. Rev. 83, 1018
(1951).

[66] T. Christodoulakis, N. Dimakis, and Petros A. Terzis, J.
Phys. A 47, 095202 (2014).

[67] J.B. Achour and E.R. Livine, J. High Energy Phys. 03
(2020) 67.

[68] M. Geiller, E. R. Livine, and F. Sartini, arXiv:2205.02615.

[69] P.J. Olver, Applications of Lie Groups to Differential
Equations, 2nd ed. (Springer, Berlin, 2000).

[70] J. D. Bekenstein, Phys. Rev. D 48, 3641 (1993).

[71] L. P. Lobo and G. G. Carvalho, IGMMP 16, 1950180 (2019).

[72] J. Ben Achour, D. Langlois, and K. Noui, Phys. Rev. D 93,
124005 (2016).

[73] N. Deruelle and J. Rua, J. Cosmol. Astropart. Phys. 09
(2014) 002.

[74] E. Bittencourt, 1. P. Lobo, and G.G. Carvalho, Classical
Quantum Gravity 32, 185016 (2015).

[75] G. G. Carvalho, I. P. Lobo, and E. Bittencourt, Phys. Rev. D
93, 044005 (2016).

[76] M. Hohmann, Universe 5, 167 (2019).

[77] E. Bittencourt, G. G. Carvalho, I. P. Lobo, and L. Santana,
Eur. Phys. J. C 80, 265 (2020).

[78] S. Chowdhury, K. Pal, K. Pal, and T. Sarkar, Eur. Phys. J. C
81, 946 (2021).

[79] G.Y. Bogoslovsky, Il Nuovo Cimento B 40, 99 (1977).

[80] G.Y. Bogoslovsky, Il Nuovo Cimento B 40, 116 (1977).

[81] G. W. Gibbons, J. Gomis, and C. N. Pope, Phys. Rev. D 76,
081701(R) (2007).

[82] A.G. Cohen and S. L. Glashow, Phys. Rev. Lett. 97, 021601
(2006).

[83] G.Y. Bogoslovsky, Fortschr. Phys. 42, 143 (1994).

[84] A.P. Kouretsis, M. Stathakopoulos, and P.C. Stavrinos,
Phys. Rev. D 79, 104011 (2009).

[85] I. W. Roxburgh, Gen. Relativ. Gravit. 23, 1071 (1991).

[86] D.Bao, S.-S. Chern, and Z. Shen, An Introduction to Riemann-
Finsler Geometry (Springer-Verlag, New York, 2000).

[87] N. Dimakis, Phys. Rev. D 103, LO71701 (2021).

[88] M. Cariglia, T. Houri, P. Krtous, and D. Kubizndk,
Eur. Phys. J. C 78, 661 (2018).

[89] W. Pauli, Z. Phys. 36, 336 (1926); [Translation in: Sources
of Quantum Mechanics, edited by B. L. van der Waerden
(Dover Publications, New York, 1967)].

[90] S. Jalalzadeh, T. Rostami, and P. V. Moniz, Int. J. Mod.
Phys. D 25, 1630009 (2016).

[91] S. Benenti, C. Chanu, and G. Rastelli, J. Math. Phys. (N.Y.)
43, 5223 (2002).

[92] C. Duval and G. valent, J. Math. Phys. (N.Y.) 46, 053516
(2005).

[93] J.-P. Michel, F. Radoux, and J. Silhan, SIGMA 10, 016
(2014).

[94] S. M. Klishevich and M. S. Plyushchay, Nucl. Phys. B606,
583 (2001).

024043-23


https://doi.org/10.1007/BF00763448
https://doi.org/10.1007/BF00763448
https://doi.org/10.1088/0264-9381/8/3/010
https://doi.org/10.1088/0264-9381/8/3/010
https://doi.org/10.1088/0264-9381/21/8/009
https://doi.org/10.1088/0264-9381/21/8/009
http://web.maths.unsw.edu.au/jds/Papers/gppwaves.pdf
http://web.maths.unsw.edu.au/jds/Papers/gppwaves.pdf
http://web.maths.unsw.edu.au/jds/Papers/gppwaves.pdf
http://web.maths.unsw.edu.au/jds/Papers/gppwaves.pdf
http://web.maths.unsw.edu.au/jds/Papers/gppwaves.pdf
http://web.maths.unsw.edu.au/jds/Papers/gppwaves.pdf
https://doi.org/10.1088/0264-9381/21/23/014
https://doi.org/10.1088/0264-9381/21/23/014
https://doi.org/10.1016/0550-3213(77)90364-9
https://doi.org/10.1016/0550-3213(77)90364-9
https://doi.org/10.4153/CJM-1950-012-1
https://doi.org/10.1103/PhysRev.83.1018
https://doi.org/10.1103/PhysRev.83.1018
https://doi.org/10.1088/1751-8113/47/9/095202
https://doi.org/10.1088/1751-8113/47/9/095202
https://doi.org/10.1007/JHEP03(2020)067
https://doi.org/10.1007/JHEP03(2020)067
https://arXiv.org/abs/2205.02615
https://doi.org/10.1103/PhysRevD.48.3641
https://doi.org/10.1142/S0219887819501809
https://doi.org/10.1103/PhysRevD.93.124005
https://doi.org/10.1103/PhysRevD.93.124005
https://doi.org/10.1088/1475-7516/2014/09/002
https://doi.org/10.1088/1475-7516/2014/09/002
https://doi.org/10.1088/0264-9381/32/18/185016
https://doi.org/10.1088/0264-9381/32/18/185016
https://doi.org/10.1103/PhysRevD.93.044005
https://doi.org/10.1103/PhysRevD.93.044005
https://doi.org/10.3390/universe5070167
https://doi.org/10.1140/epjc/s10052-020-7830-0
https://doi.org/10.1140/epjc/s10052-021-09751-z
https://doi.org/10.1140/epjc/s10052-021-09751-z
https://doi.org/10.1007/BF02739183
https://doi.org/10.1007/BF02739184
https://doi.org/10.1103/PhysRevD.76.081701
https://doi.org/10.1103/PhysRevD.76.081701
https://doi.org/10.1103/PhysRevLett.97.021601
https://doi.org/10.1103/PhysRevLett.97.021601
https://doi.org/10.1002/prop.2190420203
https://doi.org/10.1103/PhysRevD.79.104011
https://doi.org/10.1007/BF00756867
https://doi.org/10.1103/PhysRevD.103.L071701
https://doi.org/10.1140/epjc/s10052-018-6133-1
https://doi.org/10.1142/S0218271816300093
https://doi.org/10.1142/S0218271816300093
https://doi.org/10.1063/1.1506181
https://doi.org/10.1063/1.1506181
https://doi.org/10.1063/1.1899986
https://doi.org/10.1063/1.1899986
https://doi.org/10.3842/SIGMA.2014.016
https://doi.org/10.3842/SIGMA.2014.016
https://doi.org/10.1016/S0550-3213(01)00197-3
https://doi.org/10.1016/S0550-3213(01)00197-3

