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The cosmological memory effect is a permanent change in the relative separation of test particles located
in a Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetime due to the passage of gravitational waves.
In the case of a spatially flat FLRW spacetime filled with a perfect fluid in general relativity, it is known that
only tensor perturbations contribute to the memory effect while scalar and vector perturbations do not.
In this paper, we show that in the context of scalar-tensor theories, the scalar perturbations associated to the
scalar graviton contribute to the memory effect as well. We find that, depending on the mass and coupling,
the influence of cosmic expansion on the memory effect due to the scalar perturbations can be either
stronger or weaker than the one induced by the tensor perturbations. As a byproduct, in an appendix, we
develop a general framework which can be used to study coupled wave equations in any curved spacetime

region which admits a foliation by time slices.
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I. INTRODUCTION

The recent detection of gravitational waves (GWs) has
opened up a new window to probe different aspects of
gravitational interaction that otherwise are impossible to be
explored [1,2]. As one of the observable byproduct of the
GWs, the so-called memory effect, which is a permanent
and sudden change of the relative distance between two
observers through the passage of GWs, has received a lots
of attention in recent years. This effect was first indicated
by Zel’dovich and Polnarev [3] and later completed by
Christodoulou by taking into account nonlinear effects [4]
(see also [5,6]).

In combination with the soft theorem and the asymptotic
symmetry, the memory effect constitutes the so-called
“infrared triangle” [7]. The soft theorem was first discov-
ered in the context of QED [8] and a few years later
generalized by Weinberg to theories involving particles
with arbitrary spins including gravitons [9]. In QED, it is
implemented to cancel infrared divergences to preserve the
consistency of the field theory [10]. On the other hand, the
known asymptotic symmetry for gravity is the so-called
Bondi, van der Burg, Metzner, and Sachs (BMS) symmetry
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which is the symmetry group of diffeomorphism trans-
formations that do not break asymptotic flatness at con-
formal infinities [11,12]. The three corners of the infrared
triangle are expected to be equivalent to each other:
(i) equivalence of BMS symmetry with the soft graviton
theorem can be shown by Ward-Takahashi identity [13],
(i1) the permanent change of the distance between observers
caused by the memory effect can be realized through a step
functional change of the spacetime metric and this change
is indeed the same as the one generated by the BMS
transformations [7], and (iii) the change in an asymptotic
metric due to the memory effect has the same form as the
coefficient of the scattering amplitude due to the addition of
soft gravitons in the soft theorem [13]. It is worth
mentioning that these three subjects have been developed
independently and these equivalences are quite nontrivial.
Moreover, this triangle equivalence is not restricted to the
gravitational theory and similar equivalences also show up
in some gauge theories [14,15]. Therefore, infrared triangle
may have a deeper origin arising from the infrared con-
sistency of a theory under consideration.

In order to better understand the infrared structure of
gravity, it is then quite important to further study each
corner of the infrared triangle. The memory effect, which is
the subject of this paper, is originally found in Minkowski
spacetime and later studied in asymptotically flat space-
time. In these cases, the radiation part of the gravitational
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field, which includes the memory effect, can be distin-
guished from the other tidal gravitational effects by looking
at the fall off of the gravitational field near the spatial and
null infinities. In the case of the cosmological spacetime,
which is not asymptotically flat, characterizing the memory
effect is more subtle. This issue was studied by different
groups with different approaches [16-22] and we will focus
on the approach adopted by Tolish and Wald [23]. Indeed,
using the fact that the spatially flat Friedmann-Lemaitre-
Robertson-Walker (FLRW) spacetime is conformally flat,
they have developed a general setup to study memory effect
which is applicable as far as an idealized particlelike source
for GWs is considered. Apart from the fact that we need to
clarify the notion of memory in a cosmological background
to study the Universe, their setup provides a framework to
better understand the infrared regime of gravity at cosmo-
logical scales. Their analysis of cosmological memory
effect is based on general relativity and it will be interesting
to explore what happens in modified theories of gravity. In
this paper, we focus on scalar-tensor theories. According to
the results of Ref. [23] for the linear perturbations, only
tensor perturbations contribute to the cosmological
memory effect in general relativity. We will show that,
in scalar-tensor theories, scalar perturbations also contrib-
ute to the cosmological memory.

The rest of the paper is organized as follows. In Sec. II,
we present our scalar-tensor model which is coupled to a
perfect fluid and particlelike sources, as a source of GWs.
We then study the background equations and linear
perturbations around a spatially flat FLRW spacetime. In
Sec. III, we focus on the scalar perturbations and we find
the direct part of the corresponding retarded Green’s
function. Using this result, in Sec. IV, we show that the
scalar perturbations contribute to the cosmological memory
effect in scalar-tensor theories. Section V is devoted to the
summary of the paper. Moreover, we present our model in
the Jordan and the Einstein frames in Appendix A and we
present relation between the energy-momentum tensors in
different frames in Appendix B. In Appendix C, we show
explicit forms of the mass and source matrices for the sake
of completeness. In Appendix D, we present scalar per-
turbations in terms of the gauge-invariant counterpart of the
scalar field perturbation to make the minimal coupling and
constant scalar background limit of the theory manifest.
Finally, in Appendix E, we develop a general framework
which can be used to study coupled wave equations in any
curved spacetime region which admits a foliation by time
slices. The cosmological spacetime, which we deal with in
this paper, can be considered as a special subset.

II. THE SCALAR-TENSOR THEORY

We consider a scalar-tensor theory with a linear kinetic
term and without higher derivative terms. The action of the
system in the Jordan frame, in which matter fields directly
couple to the metric, is given by

Silg.¢.w] = /d“X\/»[ —F (¢

1. -
—§K<¢>gﬂ~aﬂ¢ay¢—v<¢>} FSavl ()
where Mp; = (87G)~!/? is the reduced Planck mass, R is
the Ricci scalar in the Jordan frame, F, K, and V are
functions of the scalar field, and S, is the matter action in
which y collectively represents all matter fields and
particles which are present in the system under consid-
eration. The gravitational part of the action (1) is con-
structed out of the metric in the Jordan frame g, and scalar
field ¢. Performing the conformal transformation

gﬂl/ = F(¢)_lgyuv (2)

where g, is the metric in the Einstein frame, the action in
the Einstein frame takes the form (see Appendix A)

SE[g,(p,w]—/d“Xx/_{ 2R
—%g"”()ﬂ(paygo— V(go)] +Suldw],  (3)

where we have defined

/\/—dq’) K—K 3 2<F;’>2, VEZ (4)

and it is understood that § in (3) is given by (2) and that ¢ is
considered as a function of ¢.

Comparing the equivalent actions (1) and (3), we find
that the form of the action for g, is different from that for
9w~ This difference is compensated by the fact that the
coupling to the matter sources is different; the matter
couples only to g, in the Jordan frame while it couples
to both g, and ¢ in the Einstein frame. As it is well known,
this is the reason why we consider the scalar-tensor theories
as modified gravity theories, despite the fact that g,, is
described by the Finstein-Hilbert action as in general
relativity.

As it is easier, we perform all calculations in the Einstein
frame and translate only the final results in terms of the
Jordan frame quantities. The details of the transformation
between the Jordan frame and the Einstein frame are
presented in Appendix A. From now on (throughout this
and next sections), all calculations are presented in the
Einstein frame. The Einstein equations can be deduced by
taking the variation of the action (3) with respect to the
metric ¢

-2 68,
N

MyG, =T + 1), T =

(5)
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where G, is the Einstein tensor and T,ST) is the energy-

momentum tensor of the matter (see Appendix B) while
energy-momentum tensor of the scalar field is given by

T((ﬂ>

1
W y(pay(p g/w ﬂa(l¢a/3(ﬂ+V( ) (6)

Taking variation of the action (3) with respect to the scalar
field ¢, we find

F
Op-V, =21,

o T = T8 (7)

We consider two types of sources for the matter sector:
perfect fluid which is responsible for the energy density of
the universe and particlelike sources as idealized sources
for GWs production. The matter energy-momentum tensor
then can be separated to two parts

=1+ 7 ®

The conservation equations for the matter [see

Eq. (A16)] imply

F
V. 7Ek — _ 2 T7F)Yy 9
Y v oF vPs ( )
V, TPk = - _2LTP)Y ¢ 10
(T, = =28 (10)

The energy-momentum tensor for the perfect fluid is
given by

F
T = (p+ p)UU, + PG (11)

where p and p are the energy density and pressure in the

Einstein frame while U, is the four-velocity normalized

with respect to the Einstein frame metric ¢*U,U, = —1.
For the particle energy-momentum tensor we have

T =3 ST+ ST,

L,in n,in J n’ out

(12)

in which the upper indices M and N indicate massive and
massless particles respectively with

M.in) 1 dr

T =m0 (x = 2(0) —=Z0(=0. (13
N.in 1 ed/1

Ta™ = k60 x - y(0) =m0, (14)

where u, = ‘Z“ is the four-velocity of the massive particles

and k* =4 is the four-momentum of the massless

particles. Notice that 7 is the proper time while ¢ is the
local time coordinate for the particles. The label “in”” shows
that the particles come from the past light cone for t<0
while the label “out” corresponds to the particles in the
future light cone with ¢ > 0. Therefore, the energy-momen-
tum tensor for the outgoing massive and massless particles
have the same forms as Egs. (13) and (14) with the
replacement of ©(—¢) with ©(¢).

A. Background equations

For the background configuration of the gravity part of
the system (3), we consider a spatially flat FLRW metric
and a homogeneous profile of the scalar field

ds> = G dx*dx”

= —N(7)%d7® + a(7)*8,;dx'dx!, @ = (7). (15)
where N and a are the lapse function and the scale factor.
All quantities with bar denote the corresponding back-
ground values which only depend on z.

For the perfect fluid in the matter sector, we consider the
homogeneous and isotropic configuration
13 =(p+ P00, +pgu: Ug=-N. U;=0. (16)
Note that the particle-like sources in the matter sector do
not have nonvanishing background values and will show up
only at the level of perturbations.

The Einstein Egs. (5) for the background configuration
give the Friedmann equations

3MpH? = p + P, (17)

—~M}(2H + 3H?) = p + b, (18)
where a dot denotes derivative with respect to the cosmic
time d/(Ndr) and H = a/a is the Hubble expansion rate.
The energy density and pressure of the scalar field at the
background level are

1. _ _ 1.

,5¢:§¢ +V, pcp:E{oz_V' (19)

The equation of motion for the scalar field (7) gives

$+3Hp+V,==2(1-3w)p, (20)

2F
while the conservation equation for the perfect fluid (9)
implies

. F

P+3H(1+W)ﬁ:—ﬁ(1—3w)mﬂ7 (21)
where we have defined the equation of state parameter
w = p/p. The conservation equation for the particlelike
sources (10) trivially holds at the background level.
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B. Linear perturbations

For the perturbations in the gravity sector, we consider’
50, 8900 = —2N’a, 8g0i = N(0ifp + B;).
8g;; = a* [21//5,7 +2 (0,-0j - %5,~j02>E +20;,C;) + h,»j] ,
(22)

where {a,f,y,E,ép} are scalar perturbations, {f;, C;}
are vector perturbations which are divergence-free
0';=0=0'C;, and h;; are tensor perturbations which satisfy
the traceless and transverse conditions h'; = 0 = d'h;;.

As we already mentioned, the particle energy-momen-
tum tensor does not contribute to the background and it
starts to contribute at the level of perturbations. Thus, we
decompose it similarly to the metric perturbations as
follows:

T = oR2a®, TP = NP + 7)),

1
Tﬁf ) = @2 [21,/(”5,- i+2 (aia ) — gai ja2> EP)

P
+20,C') + T,-j] : (23)

where {a"), ) yP) EP)} are scalar perturbations,
{ﬂl(-P), Cl(-P)} are divergence-free vector perturbations, and
T ;; are traceless and transverse tensor perturbations.

For the perfect fluid, we define perturbations in the
energy density and four-velocity as follows:

8T = —bp, oU; = —o;U + UT, (24)

where (8p,U) are scalar perturbations while U? are
divergence-free vector perturbations. Perturbations in the
pressure and temporal component of the four-velocity are
not independent quantities

Sp = c2op, 86Uy = —Na, 2=

where ¢, is the speed of sound for the scalar perturbations.

Note that the vector and tensor perturbations are not
affected by the scalar field ¢ and, therefore, the results will
be completely the same as those already studied in the
context of general relativity [23]; the vector perturbations
do not contribute to the memory effect while the tensor
perturbations do contribute. Then, we do not consider the
vector perturbations. We focus on the scalar perturbations
while we briefly present the results for the tensor
perturbations.

'"We have adopted the notation AiBj = (A;B; +A;B;)/2.

The tensor perturbations are gauge-invariant and all
perturbations in the particle energy-momentum tensor
are gauge-invariant as well since the particlelike sources
do not contribute to the background. The linearized
Einstein Egs. (5) for the tensor perturbations £;; and 7 ;
give

Mlz)l A / 1 2

As the scalar perturbations are not gauge-invariant, we

introduce the following gauge-invariant scalar perturbation
in the gravity sector

H
@
and we then work in the unitary gauge

E=0, w=C¢ (28)

In order to simplify the calculations, we perform the
following transformation from p to dy in the fluid sector”

s e

where the background quantity » is a solution of the
following first-order differential equation3

pF
b+ 3Hy = (”21_7"’ (32— 1). (30)

For an explicitly given background configuration, we can
solve the above equation to find an explicit form of v.

The linearized Einstein Egs. (5) for the scalar perturba-
tions ¢, dy, a, ff then give

oM |31 - att) - S+ 1p)

. 1+w_[§
= —ap® + 2 ﬁ(%—a)—Za(P), (31)

’The transformation (29) is not a point transformation as it
includes time derivative of the new field §y. One way to perform
it is to implement Hamiltonian formalism where (29) can be
considered as a canonical transformation. There is, however, a
simpler way to perform (29) at the level of Lagrangian which
is explained in Appendix B of Ref. [24].

3As it is known, scalar field models without higher derivative
terms can be modeled into a perfect fluid. If one considers a shift-
symmetric scalar field y instead of the perfect fluid and performs
the usual background/perturbation decomposition y = y + dy, oy
coincides with dy in Egs. (29) and (30) is the background
equation for 7 with v = j.
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. 1)
2030, — Ha) = =0;| Z (1 +w)p+p7 . (32)

MO0, at f+HP) = =200,E), forij. (33)
2M12,1 |:é"+[—[(3é’—d) — (2H+3H2)a
3a

—%0z(c+a+/}’+Hﬁ)]

. 8
=ap® (1 +w)p<"—a> —2yP) fori=j.  (34)
v
Linearizing the temporal component of Eq. (9), we find

Sy 3H Sy
XL 21—y L 32 -1
T {( c5) =+ Ge )a]

2 /8
= 9 <_X + ﬂ)
a v

oF

= -7 0d - 1)(@_30[), (35)

+3c2 —a-

v

where we have used Eq. (30) to remove #. The spatial
components of Eq. (9) are automatically satisfied after
substituting v from Eq. (30). The linearized equation for the
scalar field (7) also gives

2V,
3¢ — a+—a——02ﬂ
@

F
— 2] P) 13 (P)
wF{ v
p 5-3w Sy
+(1+w)2c§{(1 T S) —(1- 36)1}]}’ (36)

where we have used (20) to remove ¢. Finally, linearizing
equations for the conservation of particle energy-momen-
tum tensor (10), we find

1
P) L 3H(aP) — y(P)) 4 o PAP)
?Fy  p)
— 3yl 37
, 4
B+ 3HBP) — 2y(P) — 3 PEP) =0.  (38)

Now, our task is to remove the nondynamical fields a
and . First, we find @ and f from Egs. (31) and (32). Using
these results in Egs. (33) and (36) we find solutions for ¢
and ﬂ Substituting a, ﬁ, a, and £ in Eqgs. (34) and (35) we
find

L.E=—dauP);
d ([ d d
=—|1— (— N——c_a2 M|, (39
|:NdT<NdT)+ Ndr + ] (39)

where we have defined the 2 x 1 matrices

()-S50
s0)  \or+4¢)

and the 2 x 2 matrices N and C whose nonzero compo-
nents are

u!
(P) = 40
wn=(",) @

Hso

2V 2H F,
H oF’
1+wpH [(1—-¢?) F,
N, = 3¢2-1)-%
12 2 2 {HMIZ,1 + (3¢ )gZJF
_ (1+wpH?
- C% (‘_021]2 21
p* [6H 5 F,
Ny =2 12201 32— 1)=2], 41
a= T a-g s ea-nz (1)
Ch =1, Cy = ¢ (42)

All components of the 2 x 2 matrix M are nonzero;
M, #0,M, # 0, M,; # 0, and M5, # 0 which are shown
in Appendix C. The explicit values of the components of
the particle source matrix g*), which are given by yép) and

,uég), are also shown in Appendix C. We will see that we do

not need their explicit values to study the cosmological
effects on the gravitational memory.

III. THE RETARDED GRAVITATIONAL FIELD

Working with the conformal time n = [[N(z)/a()|dr
the background line element (15) takes the following
conformally flat form

ds* = a(n)*(—dn* + 8;;dx'dx'). (43)

For the tensor perturbations, Eq. (26) gives

2da
[0,2, Ed—a - 02:| ]’l = 47Ta2ﬂl'j, (44)
where we have defined normalized source p;; = #MIZ)IT ije

For the scalar perturbations, Eq. (39) in the component
form yields
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1da
[0,% + (aN” _Ed—rI)an —02 +azM|]:|C

+ [aN 0, + @M 5|50 = dna’u”, (45)

da ,

2 1 232 2
(),7+ Clsz———Cs a”—CSa +Cl M22 (3Q
adn

+ [aNyy 0, + @My )¢ = dnaPuly. (46)

As we have already mentioned, the memory effect for
tensor perturbations £;; is studied in Ref. [23]. Moreover, it
is shown that the field 6Q, which corresponds to the scalar
degree of freedom of the perfect fluid, does not develop any
memory effect in general relativity [23]. Therefore, we only
need to focus on the scalar graviton field {. More precisely,
it is expected that we only need to obtain the direct part of
the retarded Green’s function for { which is the subject of
this section and Appendix E. In Appendix E, starting from
the first principle and working out the fundamental sol-
utions for the scalar modes ¢ and 6Q in the scalar-tensor
theory, we prove that 6Q does not develop any singularity
along the light cone of the mode ¢ [Eq. (E46)] while it
changes the evolution of ¢ inside the light cone
[Egs. (E47)]. Therefore, §Q does not contribute to the
direct part of the mode {. Then, we have systematically
calculated the direct part of the corresponding retarded
Green’s function in Eq. (E68). Thus we can simply use the
result Eq. (E68) and move to the next section.

Here in this section we obtain the same result by
implementing a less rigorous but more intuitive approach
which we believe is easier for the readers to follow. The
readers who are only interested in the final result may
simply move to the next section. On the other hand, the
readers who are interested in the rigorous treatment are
directed to Appendix E.

As it is shown in Appendix E, the retarded Green’s
function for 6Q does not develop any singularities along the
lightcone of £. We thus treat the term proportional to 6Q in
Eq. (45) as a source for { and we rewrite it in the following
form

2 dA;
[ag + =

Agd—}']an - 62 + Cle11:| é’ = 47[@2/44‘, (47)

where we have defined

1 /1
/,téf = ,u({P) _ E (Zlear] + M12> 5Q, (48)
1 3da\ _
Ag(’?) = a(n) exp [5/7 <aN11 _Ed_ﬁ> d’?} (49)

The corresponding Green’s function then satisfies

2 dA, :
Bt P MO )
4z (4) /
= —az 5 ()C — X ) (50)

In general, the retarded solution for the above equation has
the Hadamard representation [25,26]

GE\(x.4') = [Ug(x. ¥)8(0;) + Vi (x.2)0(~0 )}t = 1),
(51)

where U, and V, characterize the direct and tail parts
respectively and o (x, x’) is the geodetic interval (squared
of the geodesic distance) between x and x’ which satisfies

g_}””vﬂogvyag = 204‘, (52)

where a bar denotes that the covariant derivatives are
defined in the spirit of the background metric g,,.
Following the approach implemented in Refs. [27-29],
by substituting

A ()
Gret(x7 x') _ ¢ gret(x’xl)’ (53)
. Ac(ma(i')*™
in Eq. (50), we find
2 — 2m 1 dzAC et /
y— 0 +{a 11‘@7}72 gt (x, x')
= 4z5™ (x = x'). (54)

The above equation is similar to the equation for the
Green’s function in flat spacetime. Indeed the first two
terms on the left-hand side of (54) correspond to the flat
spacetime operator and they determine the direct part.

Therefore, considering the relation between Gzet and gze‘ in

Eq. (53), from Eq. (51) we find

n [Adr)
Ug(x,x') = [Ai(’l)

} U(x,x'), (55)

where U is the corresponding quantity in the flat spacetime.
Using the fact that U =1, we find the direct part of the
Green’s function (51) as follows:

Ue(n.n') = (56)

The above result coincides with the result (E68) which is
obtained from a more rigorous approach.

Apart from the mass term, Eqgs. (44) and (47) have the
same forms so that A plays the role of an effective scale
factor for the scalar mode {. Therefore, with the same
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approach, we can easily find the direct part for the tensor
perturbations h;; as Uy(n,n') = a(n')/a(n) [23].

IV. COSMOLOGICAL SCALAR
MEMORY EFFECT

In our idealized case in which GWs are produced due to
the particlelike sources with energy-momentum tensor
(12), the memory effect is characterized by the “existence
of first derivative of the delta functions” in the components
of the Riemann tensor [23]. The electric components of the
Riemann tensor up to the linear order in tensor and scalar
perturbations (22) are given by

. . A
81 Rioo’ = 5 (Fghig + 0yhi )59 + (51'5’ —§5i102>q’

1
2
1da .
+ a%‘l’ + ;d—” (0,¥ - antb)} 6/, (57)
where we have defined the Bardeen potentials [30]
1 1 da

o= —0,p3, Y= ——p. 58

a+ -0, C+a2d”/ (58)

For the tensor perturbations, the electric components of the
Riemann tensor (57) obviously include 6%/1,-]- which pro-
vides first derivative of the delta function and, therefore,
tensor memory effect shows up [23]. For the scalar
perturbations, (57) include a%g“ while they do not include
6%5Q. The later does not provide any first derivative of the
delta function and our aim is here to show that, similarly to
02h;;, the former 02¢ does include first derivative of the
delta function.

Up to here, we have presented all results in the Einstein
frame while to interpret the results we need to go back to
the Jordan frame. In the unitary gauge 6¢ = 0, which we
have implemented in (28), based on (2), we can simply use
conformal transformation g,, = F~'g,, where only back-
ground value of conformal factor F is considered. The line
element for the background (43) takes the following form

ds* = g, dx'dx’ = a(n)?(dr® + 5;;dx'dx’),

a(n) = a(n)/+\/F(n). (59)

where a denotes the scale factor in the Jordan frame. Taking
into account the change in the scale factor, we find that ¢
defined by (22) and (28) does not change by the conformal
transformation (see Refs. [31-35] for the conformal invari-
ance of the scalar perturbations in scalar-tensor theories).
More precisely, the linear scalar perturbations do not
change as the nondynamical fields like f can be simply
redefined. Therefore, in the unitary gauge (28), in order to
go back from the Einstein frame to the Jordan frame, we
only need to rewrite all results in terms of the scalar factor a

in the Jordan frame defined in (59). The equation of motion
for { presented in Eq. (47) takes the following form in the
Jordan frame

2 dA;

R+——=0,—0*+a*M ]4’2471212/1, 60
|:17 Aé’ dﬂ n 11 4 ( )

where M, = FM,,, ji; = Fy,, and also

A = (VFa) % exp F/ (M_ 1>d1n<ﬁa)],

dan 12 \p+p,
(61)

in which we have used Eqgs. (17) and (20) when we
substitute the value of N;; defined in (41). In the absence
of the fluid 5 = 0, the mass term vanishes M, = 0 as it can
be seen from Eq. (C1). We thus find the well-known result
A o a for the minimally coupled F' = 1 massless scalar
field with p, = p, and d@/dn o a=2. There is also an
apparent subtlety: for the minimal coupling and constant
scalar background limit F = 1 and ¢ = 0, as it can be seen
from Eq. (C2), the source does not vanish fi- = u, # 0.
This is simply an artifact of the unitary gauge (28) that we
have implemented. From Eq. (27), we see that { = y in the
unitary gauge (28) when ¢ = 0 while { = %540 if we work
in the spatially flat gauge with =0 and E = 0. As it is
shown in Appendix D, there will be no source if we work
with the gauge-invariant counterpart of d¢, which is given
by 6¢ + @p for E=0, in the limit F =1 and § = 0.
Although the ¢ = 0 limit is not manifest in the unitary
gauge, the results away from this limit are much simpler in
this gauge and that is why we have implemented this gauge.
The retarded solution for { is given by

{(x) = [ d''v/=5(x)GE (x. X )i (x').  (62)

where the retarded Green’s function G‘f‘ is given by
Eq. (51). Substituting Eq. (51) in solution (62) and taking
into account the fact that U, and V- are regular functions, it
can be shown that the tail part including V; can at most
provide singularity proportional to the delta function while
the direct part including U, can indeed provide singularity
at the level of derivative of the delta function. Therefore,
only the direct part U, contributes to the memory effect.
This result is completely independent of the explicit func-
tional forms of U, and V.. We do not repeat the corre-
sponding analysis here, as we only need the final result in
our upcoming analysis and we refer the readers to Ref. [23]
for the details.

Instead of performing the integral directly in the retarded
solution (62), the fact that the memory effect is encoded
only in the direct part and the spatially flat FLRW
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spacetime is conformally flat, makes it possible to find a
universal explicit relation between the memory effect in
the FLRW spacetime and its counterpart in Minkowski
spacetime. In order to do so, we first note that Eq. (55)
immediately implies

£ (x) = {M] £or(x), (63)

B AC(”(J)

where 7, is the conformal time at the source, 5, is the
conformal time at which the detector observes the signal,
and {97 (x) is the flat spacetime counterpart of % (x), i.e.,
scalar mode characterizing the scalar field perturbations in
the absence of cosmic expansion. From Eq. (57) we have
51Rip0’ D 0,2,Zj . Taking into account the fact that the time
derivatives of A, do not contribute to the direct part, we find

o Arn) ] —y
& R = {—4 : ]61Rd“,- /, (64)
174(s)i00 Ag(n(,) (S)i00

where subscript S shows that only scalar perturbations are
taken into account.

The geodesic deviation equation for the deviation vector
D#, which characterizes the displacement in the detector
due to the passage of the GWs, satisfies

d*D* d
e R,s," D*nPn; 5= n'v,, (65)

where n* is a timelike vector tangent to the geodesic
trajectory which is normalized as n,n” = —1. The direc-
tional covariant derivative d/ds characterizes changes
along the geodesic parametrized by the affine parameter s.
Approximating the tangent vector with its dominant back-
ground value as n* ~ a(n)~'¢*, or d/ds ~ (a=')d/dn and
taking into account the fact that the time derivatives of the
scale factor are negligible at the time scale of interest, we
find the following result at the leading order

d*D/ .
d—;72 = Rioo’ D" (66)

Then, the displacement due to the scalar memory effect,
characterized by the changes in Riemann tensor given by
(64), will be

ADI = {AC (’“)] AD! (67)

® Aé(na) S)

where AD! S) is the displacement due to the scalar memory
effect in flat spacetime, i.e., in the absence of cosmic
expansion.

Following the same steps, as it is already shown in
Ref. [23], the displacement due to the tensor memory effect
is given by

ADI, = [“(’“)} AD: (68)

® = Laln,)| 7

where E’('T) is the displacement due to the tensor memory
effect in flat spacetime.

As it can be seen from the results (67) and (68), the
effects of the cosmic expansion are characterized by the
values of the effective scale factor A, and scale factor a at
the two times 7, and 7, for the scalar and tensor memory
effects respectively. Therefore, similarly to the tensor
memory effect (68), the scalar memory effect (67) does
not depend on the expansion history of the Universe.
However, depending on the coupling and mass, the value
of the effective scale factor A;, given by Eq. (61), can be
different from the scale factor a. Thus, the detector will
receive two types of scalar (67) and universal tensor (68)
memory effects and, depending on the coupling and mass,
the effect of the scalar memory effect can be either
dominant or subleading.

The result (67) provides a relation between scalar
memory effect in a spatially flat FLRW spacetime and
its counterpart in flat spacetime for the scalar-tensor
theories described by the action (1). The memory effect
in flat spacetime in the context of the Brans-Dicke theory is
already studied in Refs. [36—41]. As the action of our model
Eq. (1) includes Brans-Dicke theory as a special case, it is
straightforward to take into account the effects of cosmo-
logical expansion in the results of Refs. [36—41] and also
any other scalar-tensor theory which can be modeled by the
action (1).

V. SUMMARY

The memory effect is a permanent change in the relative
separation of test particles due to the passage of GWs. In an
asymptotically flat spacetime, the GWs effects can be
discriminated from the gravitational tidal effects, i.e.,
through their different scaling near the spatial or null
infinity. In the case of cosmological FLRW spacetime,
which is not asymptotically flat, the situation is more
subtle. In Ref. [23], using the fact that the spatially flat
FLRW spacetime is conformally flat, Tolish and Wald
studied the memory effect in a universe which is filled only
with a perfect fluid in general relativity. They concluded
that only tensor perturbations contribute to the memory
effect while scalar and vector perturbations do not. The
memory effect associated to the tensor perturbations only
depends on the values of the scale factor at the moment of
emission from the source and at the moment of passaging
the detector. In this paper, we have shown that in the
context of scalar-tensor theories, the scalar perturbations
associated to the scalar graviton contribute to the memory
effect in the flat FLRW universe as well. The corresponding
memory effect depends on the values of the “effective scale
factor for scalar graviton” at the moment of emission from
the source and at the moment of passaging the detector.
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The effective scale factor for the scalar graviton is given by
Eq. (61) which reduces to the standard scale factor for the
massless scalar graviton that is minimally coupled to
gravity so that F = constant and V = constant but which
is in general different from the standard scale factor. Thus,
depending on the coupling and mass, the influence of the
cosmic expansion on the memory effect due to the scalar
perturbations can be either stronger or weaker than the one
induced by the tensor perturbations.

Moreover, as a byproduct, in Appendix E, we have
developed a general framework which can be used to study
coupled wave equations in any curved spacetime which
admits a time foliation. This will be useful not only for the
studies of the cosmological memory effect but also for
other scenarios which deal with solving coupled wave
equations in a curved spacetime.

ACKNOWLEDGMENTS

M. A. G. thanks the Tokyo Institute of Technology for
hospitality when this work was in its final stage. The work
of M. A. G. was supported by MEXT KAKENHI Grant
No. 17H02890. The work of S.M. was supported in
part by JSPS Grants-in-Aid for Scientific Research
No. 17H02890, No. 17H06359, and by World Premier
International Research Center Initiative, MEXT, Japan.
The work of T. M. was supported by JST SPRING, Grant
No. JPMJSP2110.

APPENDIX A: JORDAN FRAME
VS EINSTEIN FRAME

In this appendix we start with the action of a scalar-
tensor theory in the Jordan frame, in which the matter is
directly coupled to the metric. Performing a conformal
transformation, we find the corresponding action in the
Einstein frame which we use for concrete calculations in
this paper. This is a quite well-known subject (see for
instance Refs. [35,42-45] and references therein) and we
present it here only to keep the paper self-contained.

1. Jordan frame

The total action of a scalar-tensor theory in the Jordan
frame, in which the matter couples directly to the metric, is
as follows:

Sl[gv ¢’ l//] = Sg[gv ¢] + Sm[gv l//],

S, 0.0 = Spalo.d)+ S50 (AD)
Here, g,, and ¢ are the metric in the Jordan frame and a
scalar field which are the dynamical variables in the gravity
sector, while y collectively represents all fields and
particles which are present in the system under consid-
eration. The gravitational part of the action is defined by

M2
Sralond) =" [ dx /=GR @R,
Solond] == [ /G K@ 0000+ V(0)],
(A2)
where Mp = (82G)~'/? is the reduced Planck mass, R is

the Ricci scalar in the Jordan frame, F, K, and V are
functions of the scalar field. The matter action is given by

= /d4x V _g‘cm(gaﬂv W)’

in which £, is the Lagrangian density of the matter sector.
Taking variation of the action (A1) with respect to the
metric and using the relation

/ d4x\/7

+ gm,DF - V”V,,F]égf“’,

(A3)

5 SFR[g ¢ =

we find the Einstein equations

MyF($)G,, = Ty + + My Y,V F ~ My, 0F + T,

where
g _ 2 95
Ve T
~ 1. -
= K(¢)aﬂ¢ab¢ - g/w EK(¢>gaﬁaa¢aﬁ¢ + V(¢) s
(A4)
Fm) __—2 08w
e "

Taking variation of the action (Al) with respect to ¢,
we find

5¢SJ[§, ¢’ W] = 5¢Sg[gv ¢]
R ¢

- M3

where we have used the fact that the matter action is
independent of the scalar field in the Jordan frame. We also
have the conservation of the matter field

v, T, = 0. (A7)
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2. Einstein frame

In order to go to the Einstein frame, we perform the
following conformal transformation

g;u/ = F(¢)_lgﬂu’ (Ag)
where g, is the metric in the Einstein frame. We thus have

3 = Fg", /=§=F?
- F
— P
R_F{R+3 7 7"V, V. ¢

F 3
P bb b
+37 a,,¢au¢( 22 Fz)]

where R is the Ricci scalar associated to g,,.
Then, the gravitational action in the Einstein frame takes
the form

Sylg. ¢ = / d*x\/=g [ —R- (¢>gﬂ"aﬂ¢au¢—V<¢)}

where we have defined

K 3 F 4\2 1%
K=" m2 (=2 =—. A
F a2 P1<F>’ Y=p (49)
Redefining the scalar field as
9= / VK(p)d. (A10)

the kinetic term of the scalar field takes the canonical form
and we find the following total action in the Einstein frame

Selg. @, w] = / d*x\/=g [ PlR—fg””dﬂcoayrﬂ V(p)

+ Sulg.w) (Al1)
where it is understood that g in (A11) is given by (A8) and
that ¢ is considered as a function of ¢.

In the absence of matter, actions (Al) and (All) are
completely equivalent at the classical level. As we see, the
matter action depends on the field in the Einstein frame
while it was independent of the scalar field in the Jordan
frame. That is why the scalar-tensor theories are treated as
modified gravity theories and they are not simply general
relativity plus a minimally coupled scalar field.

Varying the action (A11) with respect to ¢**, we find the
Einstein equations in the Einstein frame

M%’IG;w = Tl(llllj) + Tl(lrlfl)’ (AIZ)

where

1
T =9 PO, P — Gy 59””6,4400#/) +V(p)|, (Al3)
-2 58S,
T = n (A14)
V=93¢

We need to take into account the dependence of S, on
the scalar field when we take the variation with respect to
the scalar field. We, however, note that the dependence
on the scalar field only comes through the conformal
transformation (A8) and we can simply use the chain rule
to take the variation. Then, taking variation of the action
(A11) with respect to the scalar field ¢ we find the equation
of motion for the scalar field as follows:

F,
Op-V,==21M,

5 (A15)

where 7™ = g“ﬂTg;) is the trace of the matter energy-
momentum tensor in the Einstein frame.

Moreover, from the Bianchi identity we know V,G*, =0
which implies V, (T Tk 4 Tk ) = 0. Using the explicit
form of the scalar ﬁeld energy-momentum tensor (A13),
we find V”TW)" =—(0¢ -V ,)V,p which after using
Eq. (A15) leads to the following conservation equation for
the matter

—LTMV 0

vV Tmu —
H v 2F

(A16)

Note that we did not assume any form for the matter and
all results found in this appendix can be applied to any type
of matter. Note also that if there are different contributions
to the matter energy-momentum tensor, energy-momentum
of each type of matter are separately conserved.

APPENDIX B: MATTER ENERGY-MOMENTUM
TENSOR IN DIFFERENT FRAMES

We have considered a general matter field in the previous
appendix. Here we study in detail two types of matter
sources with which we deal in our setup: perfect fluids and
relativistic particles. We find relations between physical
quantities in the Jordan and Einstein frames for these two
types of matter sources.

Using Eq. (A8), we can rewrite the energy-momentum
tensor in the Einstein frame T,(,T), defined in Eq. (A14), as
follows:

T (9, 0. w) = F( ) T (G.v);
T,i?:—\/z:;(‘/&;f n (B

(m)

where T,,y is the energy-momentum tensor in the Jordan
frame defined in Eq. (AS5). This relation is true for any type
of matter.
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In the following subsections, we separately study the
special cases of perfect fluid and particlelike sources.

1. Perfect fluid

In the Jordan frame, the perfect fluid energy-momentum
tensor T,(,S) is given by
#(F) /o 7 X T T -~
l<”/>(g’ U) = (,0 + p)U;tUU + pg;w;
(B2)

where U 4u» P> and p are four-velocity, energy density, and
pressure in the Jordan frame respectively.
In the Einstein frame, we also have

Tff;) (9.U) = (p+p)UU, + pgu;

gruu, = -1, (B3)
where U, p, and p are the four-velocity, energy density,
and pressure in the Finstein frame, respectively.

In order to find the relation between the quantities in two
frames, we first note that the normalization of the four-
velocities in Egs. (B2) and (B3) implies

U, =VFU,.

(B4)
Using the above result and the relation (B1), we find

p=F73p,  p=F7?p. (B3)
The above results for the perfect fluid are already
well known and we just presented them for the sake of

completeness.

2. Massive and massless particles

For the particle energy-momentum tensor, as far as we
know, the relations between the physical quantities in the
Jordan and Finstein frames are not completely derived yet.
We, thus, present them here in some details. We start with
the action of relativistic particles which is invariant under a
conformal transformation. We, therefore, can systemati-
cally find relations between physical quantities before and
after the conformal transformation.

In the Jordan frame, the action for a relativistic particle is
given by

# 1 S dx*dxP
P — = [ d@il= (5,25 —em2|, (B6
o=/ [E (gaﬁ D) -ew|. (B0

where /7 is the mass of the particle, 1 is an arbitrary curve
parameter, and ¢ is an auxiliary field.

Let us first focus on the case of a massive particle with
im # 0. In this case, the solution for the auxiliary field é can
be obtained from its equation of motion as follows:

1 dx® dxP
E - —~a = T~ B7

w\ Tl (B7)
Substituting the above result in the action (B6), we find the
following action for the massive particles

(M) _ . _ dx®dxP
S - = d/l —Yop = = -
! m/ \ "9 i i

For the massive particles the curve parameter can be simply
chosen as the proper time 1 = 7.

In the case of a massless (null) particle with 1 = 0, the
action (B6) reduces to

w 1 1 /. dx*dxP
YARES A e e
! 2/ E <g"” di di

Contrary to the case of the massive particle, the auxiliary
field é cannot be fixed by its equation of motion. Instead,
the equation of motion of & gives the Hamiltonian con-
straint

(B8)

(B9)

a Iy P
Gy (B10)
di di
The curve parameter 1 then can be chosen as an affine
parameter. However, one can keep & and work with &d] as
an affine parameter. In this case, freedom in & allows us to
keep the setup invariant under reparametrization of dA.
In the Einstein frame, the action takes the form

) 1 1 dx® dx” 5
== - — ) = Bl11
s =5 [ ail; (0w ) —en) B10)

where m denotes the mass of the relativistic particle in the
Einstein frame.

Looking at the first terms in the right-hand sides of the
actions (B6) and (B11), from conformal transformation
(A8) we find the following relation

ed) = F~'ed). (B12)

Using the above result and comparing the second terms on
the right-hand sides of the actions (B6) and (B11), we find
the following relation between the mass of the particles
in the Jordan and Einstein frames
m = VFm. (B13)

In the case of the massive particle, when & is fixed by its
equation of motion (B7), we choose the curve parameter to

be the proper time of the massive particle as 1 = 7. Then,
from Egs. (B7) and (B12) we find the following results
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(B14)

B e pu dr 1 dx® dxP
e =—, = —, e — — —Jop T
VE T m \ 79

Finally, taking variation of the actions (B8) and (B9)
with respect to the metric g,, we find

~ (M .. 1 dz
T — it D—_gaé(”(x—z(t)), (B15)
=Ny 77 1 oedd

po kﬂ u—_g dt 6(3>(X _Y<t))’ (B16)

where @ii* = ‘fi"; is the four-velocity of the massive par-

ticles and k* = % is the four-momentum of the massless
particles in the Jordan frame. In the Einstein frame,

we have

M) dT

M) 1
) =m0 (- aln). (@17
M kg, ¢—_e;“5< (x—y(1), (BIS)

where u# = ‘Z‘” is the four-velocity of the massive particles

and k* = dx” 7 is the four-momentum of the massless particle
in the Elnsteln frame.

My, :M{ZGB& —1) = 6¢%(1

AM3, c? s
+ [@*(3ct —4c2 + 1)

(w+1)p

For the massive particle, using the results (B14), we find

u
i =VFu, i, =L, B19
e B

while for massless particle we find
=Fk,  k,=k, (B20)

Here, we started from the first principle and we worked
with the action. However, looking at the geodesic equation,
it is also possible to find relation between affine parameters
2dj and ed] at the level of equation of motion [46]. Indeed,
it is straightforward to show that if a massless particle
with four-momentum I}” satisfies the geodesic equation

12“6,112” = 0 with affine parameter ¢4 in the Jordan frame,
it also satisfies geodesic equation k*V,k, =0 with the
affine parameter edZ in the Einstein frame.

APPENDIX C: EXPLICIT VALUES OF MASS
MATRIX AND SOURCE VECTOR

We present explicit forms of the components of the mass
and source matrices defined in Eq. (39). Indeed, we do not
need these explicit results for our purpose in this paper and
we only present them here for the sake of completeness.

The components of the mass matrix M are given by

w)p(l —c?) 4ctVv, (3 —1)’M}F2

+c)+

My =%
SV 2HF  HM},

(w+Dpp*(ci =1)

H*M3, Hjp F?

F
—-p(Bw=5)c2+w+1)=2H>M3,(3c? — 1)(e = 3c?)]| —% },

;I—:. 002
{3“_36%)(0 g _#(ci—1)

HpF

+15¢2 —4€+3},

(w+ 1)p(=9¢c? + de + 3) + 12¢°

1
Mz] :Z{GH(?) +4€—9C%) —

I_*",/, 24)
+1(1=3¢) 2%~ 22
HF H M;,

2H3 M3,

}‘7 —(3¢2 = 1)(7¢* + 23w = 1)p)

pBw+1)c2+11lw=5)] @

+ [(56— 332 —1) -

(w+1)p

2 = 4M%>1

3-4 15 1 -
[ e+ 15¢2 + ( c)H

where we have defined € = —H/H?.

2H>MZ,
)

@
Ty T3(1-3¢)

2HM},
i
2HF?
_ZF
¢ 32— L el
} 7t ) HE

7", ] (1)

2HF
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The components of the particle source matrix u(*) are also given by

L S R R o (N N U 0/ AR
& 4ﬂM12,1{“ s SN ST e A [

HF (1+w)p 5-3w

Fo 1P 4 3P) - 2) g(p)

47147)F[a VOt i e e )P

i _

? _ v o e 2epe g ae s o (LT 3ao (Fe)]aml o
0 = g { e w1 3000~ G- ae s+ (el =S ea-n2g ) o) (@

APPENDIX D: THE MINIMAL COUPLING AND
CONSTANT SCALAR BACKGROUND LIMIT

From Eq. (7), we see that for the case of minimally
coupled scalar field with F = constant and the constant
scalar field background q‘o = (), there should be no source
for the scalar field ¢ and, therefore, there should be no
scalar memory effect in this case. On the other hand, if we
take the limit F = constant and ¢ = 0 in Eq. (C2), we find

yép) # 0 for the mode {. One may concern that there would

be a scalar memory effect in this limit which is apparently
not consistent with Eq. (7) that holds at the fully nonlinear
level. In this appendix, we clarify that this is simply a gauge
artifact and, using a gauge-invariant counterpart of the
scalar field perturbation, we show that the limit is indeed
consistent. The reason why we used the unitary gauge (28)
in the paper is that the results away from the constant scalar
background become very simple in this gauge.

For the gravity and fluid sectors, we deal with scalar
perturbations {a,p,w, E,5¢} and {6p, U}, respectively.
We have worked with variable { defined in Eq. (27)

C:W—g&ﬂ- (D1)
@

The quantity ¢ is a combination of y and d¢ which
becomes { =y in the unitary gauge (28) when o¢p =0
while § = %54) if we fix the gauge as y = 0. In order to
make the minimal coupling and constant scalar background
limit F = constant and ¢ = 0 manifest in the equations, we
need to work with d¢. In order to avoid any gauge artifact,
let us look at the following gauge-invariant variables

®=a+ (f-a*E), Y=y+HP-dE), (D2
Son = 8 + p(p — a’E), (D3)
Spn=0p+p(p—d’E), Ux=U+(p—d*E). (D4)

‘Remember that all perturbations in the particle energy-
momentum tensor are gauge-invariant.

In terms of the gauge-invariant variables, { becomes

H
C:‘P_gé(pN’ (DS)

which shows that, independent of the gauge, { always
includes metric perturbations. This clarifies the apparent
discrepancy that we mentioned in the beginning of this
appendix. Therefore, we need to work with d@y to make the
minimal coupling and constant scalar background limit
F = constant and ¢ = 0 manifest in the equations.

After defining gauge-invariant variables, in any gauge we
will deal with §¢y in terms of which the limit F = constant
and ¢ = 0 will be manifest. So, let us fix the gauge for the
sake of simplicity and work in the longitudinal gauge

p=0, E=0. (D6)

We thus find the following gauge-fixed quantities
P=a, Y=y, SN = 6o, (D7)
Spn = Op, Uy =U. (D8)

As it is clear, in this gauge, d¢, dp, U are gauge-invariant
and, from now on, we will drop the subscript and show d¢y,
opn, Un by o, p, U.

The line element for the scalar perturbations in this
gauge takes the form

ds? = =N*(1 4 2®@)dr* + a*(1 + 2¥)5,;dx'dx’.  (D9)
The linearized Einstein Egs. (5) give
2M3|3H(Y — HO) — %az‘y
= —*® + g +V,00 +p +2a"),  (D10)
—2M3 (¥ — HO) = ¢5p + (1+w)pU + p7),  (D11)
%Ml%laiaj(op +W¥) =-200,E®), i#j (DI2)
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) . : 2 1
2M3 Y+ H(3Y - @) — (2H +3H?) D] —§M§1?02(<D+‘P)
=P*®—pdp+V 00— clop+2yD), i=j (D13)

Linearizing equations for the conservation of perfect
fluid (9), we find

5 5
PL3H(1+A L4 (14w
p p

oF, ,0p 1 d (F,
=——L(1-3c2)=—=(1-3w)=— L5 D14
S5 cs)/.) 5(1=3w) 799 ). (Dl4)

[/ +3HU — <@+L>U

p l1+w
2 dp F,1-3w
= s = -— oQ. D15
(1+w)p F 1w s P

Linearizing equations for the conservation of particle
energy-momentum tensor (10), we find the same Egs. as
(37) and (38).

Linearized equation for the scalar field (7) gives

. . 1 i} i} S
o + 3Hdp + <—;62 + V,p,,,> 5 +2V,® + p(3¥ - D)

= 5£(1=3c)op + 2(aP) 4 3yP))]

1 F F
+§(1 —3w)p {2%@ +% <?¢>5¢]. (D16)
As it can be seen from the above equation, the minimal
coupling and constant scalar background limit F =
constant and @ = 0 is manifest; there is no source for
the gauge-invariant variables d¢ in this limit. Therefore, as
expected, there is no scalar memory effect in this limit.

APPENDIX E: THE COUPLED WAVE
EQUATIONS ON A CURVED SPACETIME

In this appendix, our primary aim is to find Green’s
functions corresponding to Eq. (39) starting from first
principles. However, we consider a general setup, which is
applicable for other purposes as well. We thus apply our
general results in this appendix to the particular case of
Eq. (39) only in the last subsection.

We start with a set of coupled wave equations propa-
gating on a background spacetime with metric g,, as
follows:
LE=-4m', L=G"VNV,-N"V,-M', (El)
where V denotes the covariant derivatives compatible with
Guwr G, N'# and M’ are 2 x 2 matrices while & and '

are 2 x 1 matrices. The matrices G'** characterize the light
cone structures of the modes €, the matrices N//# encode
the friction terms, the matrix M’ is the mass matrix while
J' is the source matrix.

Performing field redefinition &= P.§' and defining
=Py Eq. (El) becomes

LE=—4npu, L=G"VV,-NW,-M, (E2)
where we have defined

G =P1.g"w P, (E3)

N# =PI N#P -2P1.G" VP, (E4)

M=P M P+PN*"VP-P.GgWV,VP. (E5)

This transformation will allow us to bring matrix G** into a
simple form by appropriately choosing P. This is essential
when we study the light cone structures of the modes &
later. Considering the following component forms

§i<§l>’ ”i<ﬂl>’ (E6)
& Ha
Eq. (E2) yields
L& + Ly = —4mpy, (E7)
Lr1&) + L&y = —4mpy, (E8)
and the corresponding Green’s functions satisfy
L,G3(x,X) + L,G5(x,x') = —4z5™) (x,x'),  (E9)
LG (x,x') + LG5 (x,x') = —4z5¥ (x,x'),  (E10)

where (%) (x, x') = 6™ (x — x’)//=g. The solutions for &,
and &, are given by

&i(x) = [ a¥'\/=g(x)GY(x,x )y (v'),  (EL1)
&H(x) = [ d¥'/=g(x)G3(x.x)up(¥').  (E12)

1. Foliation of the spacetime

The setup in the previous subsection was very general
as we did not impose any conditions on the background
metric g,,. In this subsection we simplify the setup by
assuming that the background metric allows for a foliation
to time slices. This is a reasonable assumption in the sense
that we need a notion of time as far as we are interested in
wave equations. For example, this is the case for the
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cosmological spacetime, spherically symmetric, and black
hole solutions.

Foliating the spacetime region of interest by time slices,
the corresponding unit vector normal to the spacelike
constant-time hypersurfaces is given by

n,=— £E_. g¢*“nyn, =—1.

(E13)

As usual, we define the induced metric on the spatial
hypersurfaces as follows:

h/w = gm/ —+ nynw (E14)
which satisfies 1,%n, = 0 and h*,h", = h*,. Based on the
existence of the time slices, we assume the following form
of the matrices G'** and N4,

gw =C " - K'n*n®, (E15)

N =@ n* — kM, nk* =0, (E16)
where C', K', @', and x* are general 2 x 2 matrices and
their components are spacetime functions. From (E3) and
(E4) we find’

G = Ch™ — Knn®, (E17)

N =0On* —k*; nx' =0, (E18)

where we have defined

C=pP.CP,
K =P .K'P,
®=P.O.P-2P".K'nV,P,
K = PTi/t P + 2P1.C.1h"V, P.

The decomposition (E18) is the most general one for N/*
while (E17) is not the most general one for G**. However,
first, this special form is invariant under the general
transformation characterized by the matrix P as we can
see from Egs. (E15) and (E17). Second, it is general enough
to include many interesting cases, e.g., cosmological,
spherically symmetric, and many black hole solutions.
The matrices C and /C characterize the gradient and kinetic
terms for the modes &, and &, and, therefore, we assume that
they are both positive definite to avoid gradient and ghost
instabilities. Moreover, as the tangential and orthogonal parts
are independent pieces, two components of P are enough to

>We can also rewrite the metric matrices in the disformal form
Gg" = Cg"™ + Dn*n* where D =C — K. However, the form
(E15) is more appropriate for our purposes.

make both C = P7.C".P and K = PT.JC'.P diagonal. We use
the remaining two components of P to impose the normali-
zation condition JC = 1. Therefore, by appropriately choos-
ing P, we can always simplify Eq. (E17) as follows:

G = Ch™ — 1n"n", (E19)

where now C is a diagonal 2 x 2 matrix. Note also that
n,n,G" = —1 which shows that choice IC = 1, that we have
made, corresponds to the normalization conditions for n*
with respect to both diagonal components of the metric
matrices G*. It is also worth mentioning that we are not
interested in the trivial case of C o 1, or equivalently
G" « 1¢*, when both modes propagate with the same
speeds. The assumption that C and /C are positive definite
guaranties the existence of an inverse matrix G**G,, = 16,
which is given by

G, =C"h, —1n,n,. (E20)

Now, let us present our results in the component forms
which is more useful for some practical purposes. We
introduce diagonal components of G* and C as

g = diag(9)", 35"). C = diag(c?,¢3).  (E21)
Equations (E19) and (E20) then give

g’ = ch" —n'n’, @' = c3h" —n'n*, (E22)

Gi = 72hy — nyn,, Gow = ¢3%hy, —nyn,.  (E23)

The positivity of C together with the condition of excluding
the trivial case that both modes propagate at the same
speeds, read as

¢ #0, cy 0, (E24)

c| # cs.
Using (E18) and (E19) in Egs. (E7) and (E8) and then using
the component forms (E21), we find

d? d
{W+ (C%9+®11)a_C%D2 = (@" +Ky,)D, +M”]§l

d
+ [612— +«,D, + M12} & =dnpy, (E25)

ds

d? d
{W + (30 4 0y,) Is 3D* = (@' + ky)D, + M22] &

d
+ [(’321%4"32411)” +M21}§1 = 4xp,, (E26)
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where we have defined the parameter s and the expansion
6
scalar

d
o = nl‘vﬂ, 0= Vﬂn/‘, (E27)
and also the spatial derivative and the acceleration
D, =h,V,, a,=n"Vn,. (E28)

From Egs. (E25) and (E26) we see that ¢; and ¢, are the
sound speeds for the modes &; and &, respectively. This is
the advantage of the decomposition based on the time
slices.

2. Geodetic intervals and van Vleck-Morette
determinants

As usual, in order to solve the wave equations (E7) and
(E8) or equivalently Eqs. (E25) and (E26), we define
timelike geodetic intervals s; (x, x") and s, (x, x") as follows:

g‘lwvﬂslvysl == —1, %DVMS2VUS2 = -1. (E29)
The geodetic intervals s;(x, x’) and s,(x,x") are biscalars
which depend on two different spacetime points x and x’.
They determine the distance between points x and x’ as
measured by means of the corresponding metrics along
the geodesic joining them. The properties of the biscalars
are vastly studied in the literature (see for instance
Refs. [29,47]). We also define other geodetic intervals

1
o1 (x,x) = — =5, (x,x')2,

1
oy (x,x') = — %2 (x,x)?2, (E30)

which correspond to the geodesic squared distances and
satisfy

g’lwvﬂalvyol = 261, ggyvﬂﬁzvyﬁz = 262. (E31)

It is also useful to express the second covariant derivative
of the geodetic intervals ¢ and o, in terms of the so-called
van Vleck-Morette determinants

D (x,x") )
—g(x)/=g(x)

Dy (x,x") = —det[-V,V, 0, (x,x)],

Ay(x,x') =

(E32)

®Indeed, differentiation with respect to the parameter s is
nothing but the Lie derivative along the vector n#, d/ds = £,,
which determines the time direction. In the special case when the
acceleration vanishes a, = 0, parameter s becomes the affine
parameter of the geodesic equation n*V,n, = 0.

D)
Al = e Ve

Dy (x,x") = —det[-V,V ,0,(x, x')],

(E33)

where V,, denotes the covariant derivative with respect to
x'. Taking covariant derivative of Eqs. (E31) with respect to
x and taking again covariant derivative with respect to x/,
after manipulating the results in appropriate way [47], it is
straightforward to show that the van Vleck-Morette deter-
minants satisfy the following relations

ATV, (AGV,6) = 4, (E34)

Ag'Vﬂ(Azg’z‘”Vyaz) =4, (E35)
Note that neither metric G,,, nor G,,, are compatible with
the covariant derivative and, therefore, the following non-
trivial contributions arise’

V.G =2ctD"In ¢| + (¢} — 1)(6n* + a*),  (E36)
V.G =2c3D"In ¢y + (¢5— 1)(0n* +a*).  (E37)
Let us define the timelike vectors
ty ==Vus1 = ayn, + qy,,
t2ﬂ = —Vﬂsz = azl’lﬂ + Q2ﬂ, (E38)
which are unit vectors G“t,,t;, = =1 and G;°15,1,, = —1

by definitions Eqgs. (E29). In the above relations, we have
decomposed the unit vectors into the orthogonal and
tangential pieces which are proportional to n, and the
spatial vectors g ,,, which satisfies n*q; ,, = 0, respec-
tively. The components of f;, and #,, are spacetime
functions which are subject to the normalization conditions
cigi—ai=-1.  Gg-a=-1. (E39)
where ¢}, = ¢"“q; 2,41 2,- Taking derivative of (E30) with
respect to the coordinate x, we find
VMUI = Sltljw vﬂﬁz == S2t2/4' (E40)
Substituting the above result in Eqgs. (E34) and (E35) and
then using Eqgs. (E22) and (E38), after some simplifica-
tions, it is straightforward to find the following equations

7Indeed, we could define new covariant derivatives compatible
with G, w and gzm,. In that case, the van Vleck-Morette deter-
minants (E32) and (E33) could be defined completely in terms of
G and G, and their determinants. The final result of course
does not change and here we found it more convenient to work
with the standard covariant derivative compatible with the
background metric g,,.

024013-16



COSMOLOGICAL MEMORY EFFECT IN SCALAR-TENSOR ...

PHYS. REV. D 106, 024013 (2022)

d
d—s110g<0’1A1) - ¢{[(1 = c})D,log Ay 4+ D, log a]

+D,(c1q}) = —— 0, (E41)
d
d—szlog(azAz) - ¢5[(1 = ¢3)D, log A, + D, log ]
+D,(caf) == s (B42)
where
disl =4V, = 051%"’ 41Dy
disz =HV, = aZ%—I— 45D, (E43)

are the Lie derivatives along the timelike vectors 7| and 7.

3. Fundamental solutions

Having geodetic intervals in hand, we consider the
following Hadamard representation for the fundamental
solutions of Eqgs. (E7) and (E8) or equivalently Eqgs. (E25)
and (E26) [25,26,47]

1[U U, .
G1:—|:—1—V110g|61|+W1+—2—V210g|62:|, (E44)

T |0 ()

1[U U, -
G2:—{—2—V210g|02|+W2+—1—V110g|61}, (E45)

T | Oy (3]

where Uj,, Vs, Wi, IAJLZ, and \71,2 are biscalars which
are regular functions of x and x’. The biscalars U, and V,
are introduced to take into account the possibility that &,
may induce singularities on the solution of &, through their
interaction and the biscalars U/; and V, are introduced for
the similar reason respectively. The biscalars U, V, and
W, characterize the direct, tail, and regular parts of the
mode &, along the light cone defined by o; while the
biscalars U, and V, characterize direct and tail parts of
the mode &, along the light cone defined by o;.
Substituting the ansatz (E44) in Eq. (E7), the left hand
side can be classified into the terms proportional to 672,
o7', log|oy|, and also 65°, 652, 65", log |o,|. Note that the
term which is apparently proportional to 67> gives a
contribution of the order of o7 after substituting the result
(E31). Note also that the terms which are singular in o,
appear due to the interaction between &; and &,. Similarly,
substituting ansatz (E45) in Eq. (E8), the left hand side can
be classified into the terms proportional to o3 2 o, 1
log |6, ], and also 672, 672, 67!, log|o|. Demanding that
the coefficients of the terms with the highest degree of

singularity, i.e., 65> and 67>, vanish, we immediately
conclude

U, =0, (E46)
Going to the next order and demanding that the coefficients

of the terms which are proportional to 65> and 67° in
Egs. (E7) and (E8) vanish, we find

. c? do\ !
vV, =- ! =1} e,U,,
=(222)(R) e

(E47)

where we have used (E46). Note that the denominators
become singular when ¢; = ¢, which is the case that we
have excluded in our analysis from the beginning in
Eq. (E24). The results (E46) and (E47) show that the
mode &, does not contribute to the direct part of the solution
G, since U, = 0. However, the direct part of &, contributes
to the tail of the mode &, since V, « U,.

Now, we look at the coefficients of the terms which are
proportional to 672 and 652 in Egs. (E7) and (E8) and by
demanding that they vanish, we find the following equa-
tions for the direct parts

{gﬁw[zqul - (vy log Ay)U, ]|

— (O n* — &4, + Vﬂgﬁw)Ul}Vym =0, (E48)
{G 12V, U, = (V,log A,)U,]
— (@pn” =15, +V,0,)U,}V,0, = 0, (E49)
which are subject to the initial conditions
imU,(x,x") =1, imU,(x,x") = 1. (E50)

x—x' x—x'

In principle, we can always solve the first order
equations (E48) and (E49) to find U, and U, in terms
of the van Vleck-Morette determinants A; and A,.
However, we can further simplify these results. Using
the explicit forms of the metrics (E22) and also the results
(E36) and (E37) in Egs. (E48) and (E49), and then
contracting the results with n,, we find

& oe(F)| = —5ten- 1= (s
4 {log (%)] = —sOn-(-)d.  (E52)

and contracting with 4, we find

Hvs
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D, [Iog(Clij/lA_])] = gl + (=gl (ES3)
D, {105;(62[\]/1_2)] _ —%[K,,zﬁ (1-)a,). (E54)

The set of equations (ES1)—(E54) admits a solution at least
locally, provided that they satisfy integrability conditions.

4. Green’s functions

Having the fundamental solutions (E44) and (E45) in
hand, we can easily find the Green’s functions by going to
the complex plane and performing the so-called ie pre-
scription. In this regard, we introduce the Feynman
propagators as follows:

1| U ~
Gf:— 1. —V]10g|0']+i€|+W1—V210g|02+i€|:|,
7w |0y ti€e
(E55)
1T U N
Gg:— 2. —Vzlog62+i€|+W2—V110g|61+i€:|,
|0y + 1€

(E56)

where we have used the result (E46). Separating the
Feynman propagators into the real and imaginary parts as

Gl =G, —iGy, GI =G, -iG5, (E57)

and using the identities

1
— = P(l) — ind(0),
o+ 1€ c

log(o + i) = log |o| + in®(—0),

where P denotes principal value, we find the following
expressions for the Green’s functions

G} (x,x') = U, (x,x")5(e1) + V1(x,x')B(=0))

+ V,(x. x)0(=0,), (E58)
G3(x,x') = Uy(x,x)5(0,) + V3 (x, x')B(=0,)
+ Vi (x,x)0(=0,). (E59)

Equations (E58) and (E59) are our final results for the
Green’s functions of the two modes &; and &, which satisfy
the wave equations (E7) and (ES8). Having the Green’s
functions in hand, one can find solutions of &; and &, for
any sources p; and y, through the Egs. (E11) and (E12) as
usual. We have found explicit equations for the direct parts
which are generally given by Egs. (E51), (E52) and (E53),
(E54). It is also straightforward to find the tail and regular

parts following the same strategy that we have found
Eqgs. (E46), (E47), (E48), and (E49). We, however, do
not need them for our purpose of studying the memory
effect and we do not present them here.

5. Application: Scalar perturbations
in scalar-tensor theory

Let us now turn back to the system studied in the main
text which is a particular subset of the general setup
investigated in the previous subsections. Equation (39)
can be rewritten in the form of Eq. (E2) through the
identifications

&1 =20 & =00, (E60)
and considering the subset
®=N-3HC, C=C, M=M, pu=u"), (E6l)

where the explicit forms of the matrices N, C, M, and p*)
are given in Egs. (41), (42), (C1), and (C2). Using (42) in
(E61) and then substituting in (E19), we find

Gy = — it =g, fo = crh —tiv,  (E62)

where the background metric g,, = g,, is considered. We
see that metrics become diagonal when we work with §Q
instead of oy in Eq. (39). Had we worked with dy, we had to
start from (E1) and then finding an appropriate form for
matrix P which makes G'** diagonal through Eq. (E3).
From Egs. (E58) and (E59) we find the following
expressions for the corresponding retarded Green’s functions

GE'(x,x") = [Ug(x,x")8(0;) + Vi (x,x")O(=0;)
+ Voo (x, )0 (=050)|0(1 = 1), (E63)

G (x, %) = [Usp(x,X')8(050) + Vo (x.X)O(=050)

+ Ve (x,x)O(=0,)]0(t — 1), (E64)
where the geodetic intervals satisfy
g’gyvﬂﬂcvyo'( = 20'4*, g‘g’évﬂdanyﬂ(sQ == 265Q, (E65)

in which bars indicate that the covariant derivatives are
defined in the spirit of background metric g,, .

Finding an explicit solution for the direct part of { with
¢y =1 and a, = 0 is easy. In this case, Eq. (E41) signifi-
cantly simplifies and the van Vleck-Morette determinant
can be written as follows [48,49]:

s(x)
A (x,x') =exp {/ <§ - 9) ds} , (E66)
s(x')

where the initial condition (E50) is imposed. Integrating
Eq. (E51) from x’ to x, after using (E66), we find
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3

1 (st
Ui(x,x") = s(x,x')zexp {—5/ (O + G)ds] (E67)
s(x')

The explicit form of the spatially flat FLRW background
metric is given by Eq. (15). Working with conformal
time 7 defined in Eq. (43), we have ds = adn and
0(n) = 3a~>da/dn. The direct part then can be obtained
from Eq. (E67) as follows:

Ag(n) = a(n) exp B /n (aNn—%Z—;)dﬁ], (E68)

which coincides with the result (56) that is found by
another approach.
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