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In this work, we investigated the motion of spinning test particles around a rotating wormhole,
extending, in this way, the previous work of Benavides-Gallego et al. [Phys. Rev. D 101, 124024 (2020)] to
the general case. Using the Mathisson-Papapetrou-Dixon equations, we study the effective potential,
circular orbits, and the innermost stable circular orbit (ISCO) of spinning test particles. We found that both
the particle and wormhole spins affect the location of the ISCO significantly. On the other hand, similar to
the nonrotating case, we also found two possible configurations in the effective potential: plus and minus.
Furthermore, the minimum value of the effective potential is not at the throat due to its spin a, in contrast to
the motion of the nonspinning test particles in a nonrotating wormhole, where the effective potential is
symmetric, and its minimum value is at the throat of the wormhole. In the case of the ISCO, we found that it
increases as the spin of the wormhole «a increases, in contrast to black holes where the presence of spin
decreases the value of the ISCO. Finally, since the dynamical four-momentum and kinematical four-
velocity of the spinning particle are not always parallel, we consider the superluminal bound, finding that
the allowed values of the dimensionless particle’s spin s change as the wormhole’s spin a increases.
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I. INTRODUCTION

In 1935, Einstein and Rosen explored the possibility of an
atomistic theory of matter and electricity without singular-
ities [1]. The main idea behind their work was to consider the
physical space as two identical sheets connected by a bridge.
In this geometrical representation, particles were the very
bridges connecting these sheets. Hence, using the metric
tensor g, of general relativity and the fields ¢, of electro-
magnetism, they modified the gravitational equations,
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demonstrating that it is possible to obtain regular spherically
symmetric solutions. These solutions are currently known as
Einstein-Rosen bridges or wormholes.

The representation of particles as bridges could have
been discovered back in 1916. According to Gibbons [2],
previous to the paper of Einstein and Rosen, and a few
months after the Schwarzschild solutions [3,4], Flamm
submitted a manuscript in which he explores some geo-
metrical aspects of both exterior and interior solutions of
Schwarzschild spacetime [5]. In the former case (the
exterior solution), Flamm was able to show that “the planar
section is isometric to a surface of revolution, where the
meridional curve is a parabola.” However, Flamm never
contemplates the possibility of interpreting this result as a
bridge connecting to regions of spacetime. For this reason,
we assume that the work of Einstein and Rosen gave birth
to the modern study of wormholes.

© 2022 American Physical Society
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Initially, the idea of bridges was considered more attrac-
tive than that of black holes until Fuller and Wheeler showed
that the Einstein-Rosen bridge1 is unstable. Using a proper
analysis, they discovered that the bridge would pinch-offin a
finite time [6]. Therefore, Schwarzschild wormholes are not
traversable. Nevertheless, the possibility of traversable
wormholes was considered years later in several works
[7-19]. In particular, in Ref. [9], Morris and Thorne used a
different approach that allowed them to propose a set of
basic wormhole criteria. Thus, by assuming the wormhole
geometry, they used the Einstein field equations to compute
physical quantities, such as the total energy density, the
tension per unit area, and the pressure, in terms of what they
call the redshift and shape functions. Their analysis estab-
lishes three properties to describe a wormhole. First, the
spacetime is assumed to be static and spherically symmetric.
Second, any wormhole solution should contain a throat that
connects two asymptotically flat regions of spacetime. This
property is deeply related to the shape function. Finally, the
solution must be horizonless. Since wormholes causally
connect two different portions of the spacetime by the throat,
the presence of a horizon would prevent the two universes
from being connected causally. This condition is satisfied by
demanding the redshift function to be finite everywhere.

On the other hand, the most relevant conclusion in the
analysis of Morris and Thorne is the necessity of exotic
matter to generate a traversable wormhole. According to
the authors, an observer passing through the throat with a
radial velocity close to the speed of light would perceive
negative energy. Therefore, from the classical point of view,
traversable wormhole solutions violate the well-known
energy conditions, established precisely to avoid negative
energy densities. However, from the quantum point of view,
there are some situations in which such violations may be
physically valid, for example, the quantum mechanical
creation of particles [20]. In this sense, one cannot entirely
rule out the possibility of the existence of the exotic
material required for the throat of a traversable wormhole
to hold.

The idea of wormholes has been considered in different
scenarios, such as Einstein’s gravity [21-30] and alternative
theories of gravity [31-36]. In Ref. [30], Benavides-Gallego
et al. investigated the motion of spinning test particles around
traversable wormholes. Using the Mathisson-Papapetrou-
Dixon (MPD) equations, the authors computed the effective
potential and showed that it is affected by the dimensionless
spin s of the test particle. When s = 0, the particle follows the
geodesic equation, and its effective potential is symmetric:
its behavior is the same in both the lower and the upper
universes. Therefore, the innermost stable circular orbit
(ISCO) is at the same distance from the wormhole’s throat.

On the other hand, when the spin s # 0, there is a
different kind of symmetry that depends on the sign of the

'Also known as the Schwarzschild wormhole.

particle’s spin s and of the particle’s dimensionless angular
momentum L. In that case, there are two possible con-
figurations that define two different symmetries: plus and
minus. In this sense, the effective potential has the same
behavior if it has the same configuration. For example, a
particle with negative s and negative £ will have the same
behavior as a particle with both s and £ positive. In other
words, the effective potential of a particle with s parallel to
the symmetry axis (s > 0) and moving counterclockwise
(L > 0) is the same as that of a particle with s antiparallel to
the symmetry axis (s < 0) and moving clockwise around
the wormhole (£ < 0); see Fig. 3 of Ref. [30]. The authors
also found a mirror behavior when the plus and minus
configurations are considered at the same time. To explain
this behavior, the authors consider two spinning particles
moving counterclockwise with the same angular momen-
tum L, one in the lower universe (with s > 0) and the other
in the upper universe (with s < 0). In this case, the effective
potential has the same behavior for each particle, resem-
bling the case of a nonspinning test particle (see the first
panel of Fig. 3 in Ref. [30]).

The existence of two configurations affects the location
of the ISCO. As mentioned before, in the case of non-
spinning test particles, one finds a single value for /5o
located at the same distance from the wormhole’s throat in
both universes.’ However, the behavior is different when
we consider spinning test particles. If |s| > 1, one finds
only one possible value for the ISCO. On the other hand,
if s belongs to the interval —1 < s < 1, one encounters two
possible values for the ISCO. One of these values is always
closer to the wormhole’s throat.

One significant conclusion from Ref. [30] is the con-
straint obtained for the particle’s spin s. It is well-known
that the dynamical four-momentum p* and the kinematical
four-velocity u* of a spinning test particle are not always
parallel. In this sense, although p,p® = —m? holds, the
normalization u,u® = —1 does not. Therefore, while the
spinning particle moves closer to the center of symmetry,
u® increases, and eventually, for certain values of the spin s
and radius /, some components of the four-velocity may
diverge. This means that for a certain value of s, the
particle’s trajectory changes from timelike to spacelike,
becoming, in this way, superluminal. From the physical
point of view, the spacelike motion does not have any
meaning because the transition to u,u®* > 0 is not allowed
for real particles. Therefore, one must impose an additional
constraint defined by the relation u,u” =0, the super-
luminal bound. In the case of a nonrotating wormhole,
spinning test particles will always move in the timelike
region as long as |s| < 1.5 [30].

In this paper, we consider the motion of spinning test
particles around a rotating wormhole, generalizing in this

%] is the radial coordinate in Ref. [30]. The value [ =0
represents the wormhole’s throat.
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way the results obtained by Benavides-Gallego et al. in
Ref. [30]. We organize our work as follows. In Sec. II, we
review the properties of rotating wormholes discussed in
Ref. [37] by Teo and their connection with the ideas of
traversable wormholes described in Ref. [9]. Next, in
Sec. III, we discuss the motion of spinning particles in a
static and axially symmetric spacetime, where we use
the MPD equations to obtain the effective potential and
the superluminal condition. Then, in Sec. IV, we apply the
results of Sec. III to Teo’s wormhole solution. We compute
the effective potential, circular orbits, and the ISCO. We
also use the superluminal bound to find a constraint for
the allowed spin of the particle. Finally, in Sec. V, we
summarize our work and discuss the implications of the
results. Throughout the manuscript, we use geometrized
units setting G =c =1 and by =M = 1.

II. STATIONARY, AXISYMMETRIC
SPACETIMES

In Ref. [37], Teo follows the same paradigm as Morris-
Thorne in Ref. [9]; i.e., he first assumes the spacetime
geometry and then uses the Einstein field equations to
deduce the form of the matter required to maintain the
wormhole. Hence, the author begins by considering a
stationary and axially symmetric spacetime.

It is well-known that spacetimes are said to be stationary
if it possesses a timelike Killing vector field &* = (9/0¢)?,
which generates invariant time translations. On the other
hand, a spacetime is axisymmetric if it possesses a space-
like killing vector field w* = (9/dgp)?, related to invariant
rotations with respect to ¢. Therefore, a spacetime is
stationary and axisymmetric if it possesses both £* and
w? killing vector fields satisfying the following commu-
tation relation [38]:

§.w] =0. (1)

The commutativity of &% and w* in Eq. (1) allows us to
choose a coordinate system in such a way that the Killing
vectors represent the directions in which the spacetime has
symmetries [38]. Hence, one can set x* = 1, x! = ¢, x, and
x* as a coordinate system. The stationary and axisymmetric
character of the spacetime requires the metric components
to be independent of ¢ and ¢. Therefore, the metric takes

the form
ds* = g, (x*, x*)dx"dx”. (2)

From the physical point of view, stationary and axisym-
metric spacetimes have been of considerable interest in the
study of black holes and stars since this kind of geometry
describes the exterior gravitational field of rotating bodies
(see Refs. [39-41] and references therein).

Thorne discusses the properties of static and axisym-
metric spacetimes in Ref. [41]. There, he starts by pointing

out that (#,¢,x?,x*) and (¢, + 27, x>, x*) represent the
same point. This behavior is due to the fact that ¢ is an
angular coordinate about the rotation axis. As a conse-
quence, ¢ belongs to the interval [0, 27).

On the other hand, because the spacetime is axially
symmetric, it must be invariant under a simultaneous
inversion of ¢ and ¢; i.e., the spacetime does not change
if t— —t and ¢ - —@. As a consequence, the metric
coefficients gy, g3, 9,2, and g,3 must vanish because they
change the sign under simultaneous inversion of ¢ and ¢.
Therefore, the line element of Eq. (2) simplifies even more
and reduces to [42,43]

ds* = goodt® + 2goidtdg + gy, d@* + g;;dx'dx!, (3)

with i, j = 2, 3. Here, the presence of the term gy is related
to the well-known dragging effect.

The coordinates in Eq. (3) are uniquely determined up to
a coordinate transformation of the form [41]

¥ =32 and ¥ =x(x% 7). (4)
The freedom in such transformations can be used to
simplify the mathematics in Einstein’s field equations or
adapt the geometry to specific problems. Under trans-
formation of the form given in Eq. (4), the components g,
Jo1» and gy are invariant. Hence, goo = £,8%, go1 = wal”
and gy = yp” [38,41].

Finally, the spacetime described in Eq. (3) must be
asymptotically flat. This means that gy, — 1, go; = 1/7,
and g;; — r*sin® @ as r — oo. The asymptotic flatness of
the line element (3) is important to define the mass and the
angular momentum.

A. Canonical form of the rotating
wormbhole spacetime

In the particular case of the rotating wormhole solution,
by considering ¢, = g33 = g1/ sin> x> and g¢,; = 0, the
line element of Eq. (3) can be expressed as [37]

ds* =—N?df> + et dr* +r* K*[d0* +sin’0(dp — wdt)?], (5)

where the functions® N, u, K, and @ only depend on the
(x?,x%) = (0, r). Following Ref. [44], it is possible to show
the dragging effect in the spacetime described by the line
element in Eq. (5).

Once the line element of a stationary and axisymmetric
spacetime is defined, Teo discusses some important fea-
tures related to the metric. For example, he points out that
the function K (r, ) is a positive, nondecreasing function of
r, which he uses to define the proper distance R = rK(r, 0)

*Here 0 and r are the usual spherical coordinates, but not
necessarily the same as x2 and X3 [41].
*Also known as the four gravitational potentials.
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(with 0R/0r > 0) measure at (r, ) from the origin. In this
sense, one can interpret the value 2zR sin @ as the proper
circumference of the circle located at the point with
coordinates (r,@).

On the other hand, the metric defined in Eq. (5) has the
discriminant’ [37]

D* = g%go ~ 91t9pp = (N(r,0)K(r,0)sin6)*.  (6)

According to Teo, the existence of horizons is determined
by the function N(r, 6), which plays the role of the redshift
function. Whenever N = 0, D?> = 0, implying the presence
of an event horizon. Therefore, to avoid a singular behavior
of the metric (D? # 0) on the rotation axis § = 0 and 8 = 7,
Teo imposes the regularity conditions on the gravitational
potential. These conditions state that the partial derivatives
with respect to 6 of N(r,0), u(r,0), and K(r,6) must
vanish on the rotation axis. The regularity conditions are, in
this sense, crucial to establish the wormhole geometry in
the line element of Eq. (5) since wormholes, according to
Ref. [9], must be horizonless.

In analogy to Morris-Thorne function y, Teo defines a
similar function by including the dependence on 6.
Therefore, u(r, 6) is given by [37]

b(r, 9)),

(7)

u(r,0) = —In (1 -

,
with b(r, 8) playing the role of the shape function. In this
sense, the radial coordinate must be constrained to r > b,
where the throat is located at » = b. In this way, Eq. (5)
reduces to the Morris-Thorne case when there is no rotation,
ie, N(r,0) - e®(r), b(r,0) = b(r), K(r,0) > 1, and
w(r,0) — 0. Moreover, Teo assumes the gravitational poten-
tials to be well-behaved at the wormhole’s throat. The reason
for such an assumption has to do with the singularity-free
behavior at the throat. If one computes the curvature scalar of
the metric in Eq. (5) (evaluated at the throat), it is possible to
see that it has the form [45]

1 1 ug (Nsin6)
_ 2 0
e (” oo+ 3# ") TNPK® sing
2 (Ngsinf), 2 (Kgysind),

" NR2K? sin®  P2K®  sind
sin? Ow? 2
x e, [In(NPK?)], +— 7 g (K24 KG), - (8)

where the subscripts denote partial derivatives with respect to
6 and r. From the last equation, one can see that R could have
a singular behavior due to terms [37,45]

SFrom now on, we associate the coordinates 7, ¢, r, and 0 with
the numbers, 0, 1, 2, and 3, respectively.

Therefore, to avoid singularities in the curvature scalar at the
throat, it is necessary that by = by, = 0. Ergo, the throat is at
a constant value of r.

As mentioned before, if one wants the line element in
Eq. (5) to describe a wormbhole, it is crucial to satisfy the so-
called flare-out condition at the throat. Following the same
process described in Ref. [9], Teo embeds the spacetime in
a higher-dimensional space by considering a constant value
of 0 in a slice of constant ¢, what Morris and Thorne think
of as a picture of the whole spacetime at a fixed moment z.

After embedding the metric, Teo found the following
flare-out condition at the throat [37]

d’r  b—b,r
—_—— > 0’ 10
dz? 2b? (10)
which is the same condition as in the Morris-Throne
wormhole [9]. Since by = 0, it is possible to define a
new radial coordinate /> = r> + b? in the vicinity of the
throat, satisfying the relation

dl b\ -1/
o= (1—;> . (11)

Hence, in the immediate vicinity of the throat® the line
element in Eq. (5) reduces to [37]

ds* = —N?(1,0)dr*> + dI* + r*(1)K>(1,0)
x [d6? + sin” 8(dgp — w(1,0)dt)?]. (12)

The metric expressed in this way smoothly connects two
asymptotic regions of the spacetime across the throat, in
contrast to Eq. (5), where the radial coordinate r is singular.
If the shape function does not depend on 6, Eq. (11) is valid
everywhere and the coordinate / takes the range (—oo0, ).
As a consequence, the metric in Eq. (11) covers the whole
spacetime, and we can assume the wormhole throat is at
[ = 0 and define the upper universe when [/ > 0, and the
lower universe when / < 0.

According to Morris and Thorne, one can use the
spacetime in Eq. (5) to compute the nonvanishing compo-
nents of the stress-energy tensor. To do so, one needs to
consider a local Lorentz frame, where physical “observa-
tions” are performed by a local observer, who remains
at rest with respect to the coordinate system (¢,0, r, ).
In this frame, the components are’ T Ty Tio))

®To first order in r — rg, with r, the location of the throat.
"Here we use the same notation as in Ref. [44].
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and T ;). These components have the usual physical
meaning. For example, T, is the mass-energy density,
while 7'y, represents the rotation of the matter distribu-

tion. In Ref. [45], Harko et al. obtained the expressions
evaluated at the throat.
Finally, using the null energy condition [38]

R 5kkP > 0, (13)

where R, is the Ricci tensor and «* a null vector given
by [37]

1
K* = e _e_ﬂ/27079 ) (14)
N N

Teo has found that [37]

(rK), apsin’@ 1 pg

RaﬁKaKﬂ =etu,

rk 2N?  4(rK)?
_1 (/’le S;n'e)g (N9281n9)9 < 0 (15)
2(rK)*sin@ (rK)*Nsinf

Nevertheless, he remarks that by choosing N and u
appropriately, R,s could be positive at some point in the
interval (0, 7). Consequently, it is possible to move the
exotic matter that supports the wormhole around the throat
so that an infalling observer would not encounter it. One
example of such spacetime is given by considering [37]

4 2 2
N:K:1+(JCOSH), b:@,

r r

b 2J
=—In{1-—]), =—. 16
u=-m(1-7) w=2"" ()

III. EQUATIONS OF MOTION

In this section, we review the theoretical background
necessary to investigate the motion of spinning test
particles. It is well-known that this problem was considered
for the first time by Mathisson in 1937 when he studied the
problem of extended bodies in general relativity (GR).
According to Mathisson, the motion of spinning test
particles does not follow the usual geodesic equation of
GR due to the coupling between the Riemann curvature
tensor and the spin of the moving particle [46]. Papapetrou
considers the same problem in Refs. [47,48], where he
established a similar approach. Later, Tulczyjew improved
on the methods of Mathisson [49,50] while Moller and
others made improvements in the definition of center of
mass [51-56]. Today, the equations that describe the
motion of extended bodies with spin and mass are known
as the MPD equations. Recently, some authors modified the
MPD equations; see Refs. [57,58].

Mathematically, the MPD equations are given by

Dp* 1

TR
DS
o= P = plue (17)

where D/dA = u*V, is the projection of the covariant
derivative along the particle’s trajectory, u* = dx*/dA is
the 4-velocity of the test particle, p* is the canonical
4-momentum, R, is the Riemann curvature tensor, and 1
is an affine parameter. The second rank tensor S% is
antisymmetric, S% = —§Pe,

Expressed in that form, Eq. (17) shows us the coupling
between the Riemann tensor R%g;, and the spin of the
moving particle. To see this coupling clearly, let us consider
the well-known geodesic equation of GR,

WP dgu® + T puul = 0. (18)

In terms of the particle 4-momentum and the projection
of the covariant derivative along the particle’s trajectory,
Eq. (18) reduces to

Dp“
dA

= 0. (19)

Therefore, comparing Egs. (17) and (19), one can see how
the interaction between the Riemann curvature tensor
and the antisymmetric tensor S% does affect the motion
of spinning test particles in curved spacetimes.

A crucial aspect in the MPD equations is related to the
center of mass of the spinning test particle. In this sense, to
solve the system in Eq. (17), one needs to fix its center of
mass. This is done by including the condition [49,59]

S%p, = 0. (20)

This condition is known as the Tulczyjew spin supple-
mentary condition (SSC) [59]. From Eq. (20), the canonical
momentum and the spin of the particle provide two
independent conserved quantities given by the relations
PPa = _m2’

S"‘ﬁSaﬁ =252 (21)
Nevertheless, in contrast to the spinning test particle’s
canonical momentum conservation, it is important to point

out that the squared velocity does not necessarily satisfy
the condition

uu® = —1, (22)

because the 4-vectors p* and u“ are not always parallel. In
this sense, to ensure that the particle’s 4-velocity is always
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smaller than the speed of light, one needs to impose
an additional condition: the superluminal bound (see
Sec. III B).

In addition to the conserved quantities resulting from
the Tulczyjew-SSC condition, one also has the conserved
quantities associated with the spacetime symmetries. As
remarked in Sec. II, the line element in Eq. (5) has
associated two Killing vector fields: one generating invari-
ant time translations (£%) and the other related to invariant
rotations with respect to ¢ (y*). Hence, the conserved
quantities associated with them can be obtained from the
following relation:

1 1
Py = ESO’/} Viky = pka — ES"‘/} dgk, = const,  (23)

where x“ is the Killing vector field. In the last expression,
we used the fact that the term S"ﬂWﬂa in the covariant
derivative S% Vyk, vanishes because S is antisymmetric
while 74, is symmetric.

A. The effective potential

In the case of static axially symmetric spacetimes,
Toshmatov and Malafarina obtained the most general
expression for V. in terms of the metric components
g and its derivatives® 9w (Ref. [60]). Here, we review and
discuss the most important steps in the calculation.

Let us start by considering the line element of a
stationary and axisymmetric spacetime. As mentioned in
Sec. 11, Eq. (3) gives us its general form

ds? = g,di* + g,,dr* +2g,,dtdp + gapd®” + g, dp*.  (24)

As we pointed out above, due to the Killing vectors &* = 67
and y* = &, this spacetime has associated two constants
of motion: the energy E and the angular momentum L.
Hence, after using Eq. (23), we obtain’

1 1
—E =P, == 9apS? = pi = 5 (90,5 + G S?7).  (25)

2 )
1 1
L=p,- Egm,/sS“” =Py =5 (91prS" + GpprS?T). (26)

In the last system of equations, we assume that the
particle’s motion is constrained to the equatorial plane
(60 = =/2). Because of this assumption, the metric func-
tions depend only on the radial coordinate and py = 0.
Furthermore, since S = 0, the number of independent

*Where / denotes the derivative with respect to the radial
coordinate.

There is a typo in the second relation of Eq. (11) of Ref. [60].
It should be S%.

components of the spin tensor is reduced to three, i.e., S,
S, and S".

To solve the system in Eq. (25), it is necessary to express
the components S and S in terms of S'". To do so, one
uses the Tulczyjew-SSC condition (20), from which one
obtains

St(p:&Stpr:_&Sn
P: p(p
s = Prgn_ Ptgr (27)
Py Dy

Using these relations, Eq. (25) takes the form

1 tr
—E=pi—5 (94Py = GipeP1) oo
@
tr

1
L=py=5 (GroPy = GppP1) o (28)
@

Now, from the spin conservation and the normalization
conditions in Eq. (21), we have that

PyS

S = (29)

9rr (gtzt/) - g(p(/)gtt)

Here, s = S/m represents the specific angular momentum
of the particle, which can be positive or negative with
respect to the direction of p,. After replacing Eq. (29)
into Eq. (28) and solving the system for p, and p,,
one obtains [60]

_ —E+ s(AL + BE)

Pr 1-Ds2
py L+ i(i?IJD; CE) ’ (30)
with [60]
A Yl
209 (5 = Gpo9u)
B = G ,
21/ 90+(Gtp = Gpp 1)
C— i 7
D — ) = GuGey (31)

B 4grr(gtz(/) - g(/)(/)gtt) '

Now, from the normalization condition in Eq. (21), we
obtain [60]
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p? = 9. (=9"pt — 9"’ ps — 29" p,p, — m*). (32)

After substituting Egs. (30) and (21) into Eq. (32), one
obtains a second-degree polynomial equation for the
energy E,

B oL ol?> p
p%_E<E2+?E+7_E)’ (33)

which can be expressed as

,_p

pr== (E=VE)(E-Vg), (34)

where

a=g"(1 — Ds*)?,

p=—g"+ (9" Gpp + 9" 1)

SL 5L\ 2 L?
(G G%) o

The expressions for a, f, 6/2, o, and p are given in
Ref. [60]. Nevertheless, it is important to note that we found
some typos in the expressions defining a, J, and o. In the
definition of a, it should be ¢ instead of g,,. In the
expression for J, the second term in the numerator where 52
is the factor should have ¢'?g,, instead of ¢'?g,,. Finally, in
the expression defining o, the minus sign in the second
term of the numerator, where s is the factor, should
have +¢*?g;, instead of —g*?gj,. Hence, we obtain the
following expressions:

_S?[9"(91p)* + G0 (97" G + 29 1))

9 (Gy = Gpp9ut)

’

4grr (gtz(p - g(p(/)gtt)

_ S’9ip(9" 9 + 9 G1p) + o991 + 9" T1)]

8 _ oy S0 — 9" Ga)
2 2 \/ grr(g%(p - g(p(pgtt)
o= — gt s(9" g + 9" i)

’

4grr (g%(p - g(p(pgtt)

_$*[g"(g) + Gip (9 Gy + 29" Gir)]

grr(gtztp - g(p(pgtt)
p =m?(1 - Ds*)%.

B. Superluminal bound

In this section, we focus our attention on the well-known
superluminal bound. This constraint will be crucial to find
the allowed values of s to keep a spinning test particle
moving in a trajectory with physical meaning. In this sense,
we will obtain analytic expressions in the case of static and
axially symmetric spacetimes. Then, in Sec. IV, we will use
these formulas in the particular case of a traversable
rotating wormhole.

As we pointed out above, although p,p* = —-m~ is
satisfied, the normalization u,u® = —1 does not necessarily
hold because the four-momentum and the four-velocity are
not always parallel to each other. Therefore, as the spinning
test particle moves closer to the center of symmetry, the
four-velocity u“ increases, and for specific values of spin s
and radius, some components of #* may diverge. In this
sense, the motion of the spinning particle crosses the
boundary between timelike and spacelike trajectories,
becoming in this way superluminal.

Particles moving in a spacelike trajectory (superluminal
motion) do not have a physical meaning. Therefore, the
transition to u,u” > 0 is not allowed for real particles. As a
consequence, one must impose a further constraint: the

2

’

Grr (gtztp - g(/)(pgtr)
(36)

superluminal bound, defined by the condition u,u®* = 0.
Hence, to keep spinning test particles moving in spacelike
trajectories, it is necessary to impose the following con-
straint [60,61]:

Ugu® dr\? do do)\2
—(utz_gtt+grr(E> +2g,¢E—|—gw<E> SO (37)

To consider the superluminal bound in our investigation,
we need to obtain analytical expressions for dr/dt and
dg/dt. To do so, we follow a method proposed by Hojman
and Asenjo in Ref. [62].

In Sec. Il A, we constrain our calculations to the
equatorial plane (0 = z/2). Ergo, the nonvanishing com-
ponents of S% are S, $*, and S"*. Hence, from the second
MPD equation in Eq. (17), we obtain the following system
of equations:

DStr to,r 1,

ar PR

DS

ar p'u’ —u'p?,
DS

= plu" —u?p’. (38)
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To solve the last system, we note that it is possible to reduce
it into a system of two equations by expressing the first and
second equations in terms of S?”. To do so, one needs to
consider the Tulczyjew-SSC condition S%p, = 0. In the
case of S', for example, Eq. (20) reduces to

S"p, + 5 p, = 0. (39)

Then, after applying the operator D/dA, using the second
relation in Eq. (27), solving for DS™ /dJ, and replacing in
the first equation of Eq. (38), we obtain [30]

Ds" S (p,Dp, Dp,\ p,DS"
di  p, \pt dA  dA p, di
=plu"—u'p". (40)

We proceed similarly with DS”/dA in Eq. (38),
obtaining [30]

DS p,DS?" . §” (Dp, p,Dp,
di  p, di  p, \ dL p, di
=pu’ —u'p?. (41)

With the MPD equation for S and S expressed in
terms of DS?"/dA, we can now use the MPD for S¢” [third
equation in Eq. (38)] to reduce the system from three to
only two equations. This new system is given by [30]

S¢r ([ Dp, Dp,\ _ ., )
o <p(,, P =u"(p,p? + p.p")

= p"(p,u? + pu'),

S?" ( Dp, Dp,
o Pt di Pr dl

) =u’(p,p" + p.p')
- p?(p,u” + pat). (42)

Now, using the first MPD equation in Eq. (38), we obtain
the following relations (see the Appendix):

Dp N
d/lt = ) [(p(pRtrtr - pthr(/)r)ur - er[(/m/,Mq)],
t
Dpr . t 4
- [(P(per + pthtrzp)u + (p(pRr(ptr + pth(pr(p)u ]
Ser
X 9
P:
Dp N
d_/l[ﬂ - P [ (PyRyrir + PR yrrg) = PrRpuiptt’]- (43)
'

After replacing Eq. (43) into Eq. (42), we obtain the
following system:

w'[pg A+2p,p D+ piB] = u’Cp,p, + u'Cp,p,.
u?piB+ p,p,D+ p;Cl = u'[Dp,p, + Ap.p,]
+u'[Ap,p, + piD], (44)

where

n S(pr 2
A g(p(/l + < ) Rtrrtv

D:

A N

B=g"+ <;> R!ﬂrr(ﬂ’

A SPT 2

C=g"+ (Z) Rq,m/,,

) S97\ 2

D=g"’+ ([J—> Rirpr- (45)
1

Hence, after following the gauge choices and invariant
relations in Ref. [62], we can solve the above system of
equations to obtain

dr u" Cp,

dt u'  Bp,+Dp,’

dp _u’ _Dpi+Ap, (46)
dt u'  Bp,+Dp,

Note that Egs. (45) and (46) reduce to Egs. (42) and (41) of
Ref. [30] when R,,,, = 0 and g'” =0, i.e., when D = 0.

IV. DYNAMICS OF SPINNING TEST PARTICLES
AROUND A ROTATING WORMHOLE

The results of Secs. II and III describe the dynamics of a
spinning test particle in a static and axially symmetric
spacetime. In this section, we apply these results to the
geometry of a rotating wormhole.

A. Effective potential

We begin by considering the canonical form of Eq. (5)
with the following functions:

N = ¢®, <I>——@,
p
2J
Kzl, a):—3,
p
b} b
b:7°, ﬂ_—1n<1—;>. (47)

Hence, the spacetime’s metric takes the form
ds? = —(e*® — w?r’sin?0)dr* — 2wr’sin’Odtdg

b2 -1
+ <1 - r—%) dr? + r?(d6* + sin*0dg?). (48)
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Here, b, is the wormhole throat, which is interpreted as
the wormhole mass. When @ = 0, note that the spacetime
reduces to the Morris-Thorne spacetime [9]. Using the
coordinate transformation > = > + b3, Eq. (48) reduces to

ds?> = —(e*® — w*(I? + b})sin?0)dr*

= 20(? + b)sin’0dtdyp

+dP? + (P + bg)(a’e2 +sin*0dg?),  (49)
with @ and @ now functions of [. In this new radial
coordinate, the throat of the wormhole is at [ = 0 (ry = by).

Before computing the effective potential, we want to
express the results in terms of dimensionless variables,
where

) s S L L J
S§—>—=— —_— = a—

b_() ’ bo mbo ’ bo mbo ’ b_% ’

[—

(50)

Therefore, the effective potential has the following form:

oL L\ ? L2
a2 [ (o)
2p 2p s P
with Vg = Veir/m. From now on, we will restrict our

attention to the case of test particles with positive energy,
and thus we use V. with + in Eq. (51). Then, after using
the definitions in Eq. (36), we obtain the following
expressions:

ﬂ _ e—2(I) B 6ale—3<b . lZe—4d>(9 (12 1)2 261)) s2
(P+1) (Z+1) ’
4ae™?® 2e3%(12a%1 + (1> +1)2*®°((P + 1) -1
5 or by = 070 2L+ (P4 2P+ DO D)
(P+1)¥ (P + 1)
N 2ale™*D (=182 — (1> +1)2e**(3(* + 1)@’ + 1)) 2
(12 4 1)]1/2 ’
o Bl — d4a’e=2? 1 2ae7®(12a°1+ (P + 1) 2(F + D)@' +1)) S
TP Pt (P+1)
N 21e74® (3641 + (12 + 1) (12(12 + 1)@ = 1)) + (1> + 1)@ 2
(12 +1) '
18 2[2 20 2] 81 414 4P 18 2[3 —2<I>q)/ qu)/2
po L= +s Z )+ 1 (52)
m (F+1) F+1 (P+1)3 (rF+1) (F+1)
I
It is straightforward to check that the last expressions VM (1 —s.a,L) = V(I 5.—a,~L). (54)

reduce to those in Ref. [30] when a = 0.

From Eqs. (50) and (52), it is possible to see the
symmetries in V. depending on the signs of s, a, and
L. We call VI, the plus configuration'’

ngf(l, s,a,L) =

Veu(l.=s.—a. L), (53)

and VY, the minus configuration

"Since Vg depends on the wormhole’s spin a, we also found
the following relations:

Vlevflf( =s,a,L) = Ve(l,s,—a,—L) = Ve (=1,5,a,L)
= Vesr (=1 -a,-L)
and
V8l s.a, L) = Ver(l, =5, —a, —L) = Vege(—1, —s,a, L)
= eff(_lv s, —a, —E)

The behavior of each configuration is shown in Fig. 1,
where we plot together V&, (black curve) and V¥ (red
curve), as functions of / with |a| = 0.1 and || = 2.245.
Note that the change from plus to minus configurations also
changes the location of the ISCO, shown in the figure with
black and red dots. According to Egs. (53) and (54), we
obtain the following relations:

VE(1,40.3,0.1,-2.244) =V (1,-0.3,-0.1,2.244),
VM(1,-0.3,0.1,-2.244) =V (1,40.3,-0.1,2.244). (55)

Hence, from the physical point of view, in the first
configuration (plus), we have a system in which the
particle’s spin s and the wormhole’s spin a align with
the symmetry axis of the spacetime, while the particle’s
angular momentum £ is antiparallel. The minus configu-
ration, on the other hand, corresponds to the case where the
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1.0

0.9

0.5

0.4 | ¢ !
~10 -5 0 5 10
I

FIG. 1. The plus (black curve) and minus (red curve) configu-
rations for the effective potential. The ISCO for each configu-
ration is shown using dots. We assume by = M = 1.

particle’s spin s and its angular momentum £ are parallel to
the symmetry axis of the spacetime, while antiparallel to
the wormhole’s angular momentum L. In other words, in
the plus configuration, the particle’s spin and the worm-
hole’s spin are always antiparallel to the particle’s angular
momentum £, in contrast to the minus configuration, where
the particle’s spin s and its angular moment £ are always
antiparallel to the wormhole’s spin a.

In Fig. 2, we show the behavior of the effective potential
in different situations as a function of /. In the first panel,

we show the behavior in the simplest case, i.e., when
s =a=0. In this situation, the effective potential is
symmetric, and the ISCO radius locates at the same
distance from the throat for both the lower and the upper
universes (/;sco = £1.732). In the second panel, we show
the shape of V. when s = 0.3 and @ = 0.0. In this case, as
showed by Benavides-Gallego ef al. in Ref. [30], the
effective potential is not symmetric and has two possible
configurations: plus and minus, depending on the sign of
the particle’s spin s. In the plus configuration, the ISCO
situates in the upper universe. When we change to the
minus configuration, the ISCO changes from [igcq =
+2.259 to ligco = —2.259.

In the third panel, we consider the case in which s = 0.0
and a = 0.1. From the figure, it is possible to see that Vg is
once again symmetric, with the ISCO located at the same
distance from the wormhole’s throat in both universes
(lisco = £2.994). Also, note that the effective potential has
a minimum value at the throat. In this particular case,
changing the wormhole spin from a = 0.1 to a = —0.1, the
effective potential changes its shape drastically (see Fig. 3).
There is no ISCO in this situation.

In the fourth panel, we show the behavior of V. in the
most general case, i.e., a spinning test particle moving
around a rotating wormhole. The figure shows a similar
behavior as the case investigated in Ref. [30]: the effective
potential also has two configurations (plus and minus),
which change the position of the ISCO. Nevertheless, it is
possible to see a difference in the shape of V.. According
to the figure, the minimum value of the effective potential
shifts to the lower or upper universe depending on the
configuration. In contrast to the case shown in the second

0.88 s=0anda=0 0.90 a=0 s=0anda=0.1 a=0.1
] — s=+40.3 spens
0.9 I dulmi
0.87
0.8
0.86
=
Soss 0.7
0.84
0.6
0.83
0.5
0.82
4 2 0 2 a0, 5 5 5 a4 -5 0 s s ° ’

FIG. 2. The effective potential in different situations. The plus and minus configurations are shown in black and red colors,
respectively. The values for the ISCO in each configuration are shown using dots. We assume by = M = 1 and £ = 2.0, 1.898, —2.403,
and —2.469 for the first, second, third, and fourth panels, respectively.
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FIG. 3. The minus configuration for the third panel in Fig. 2.
We assume by =M =1 and £ = —2.403.

panel of Fig. 2, the effective potential has a minimum value
at the throat. For example, in the case shown in the fourth
panel of Fig. 2, V., is shifted from the lower universe to
the upper universe when we change the configuration from
plus to minus. This effect is mainly due to the wormhole’s
spin a.

In Fig. 4, we plot V. vs [ for different values of a, s, and
L. In the left panel, we show the behavior of the effective

s=0.3, L= —2.469

1o a=01,£=—2.469

potential for different values of a. The figure shows how the
effective potential decreases as the wormhole’s spin a
increases. In this case, the minimum value for the effective
potential decreases from V;, ~0.5 to V;, ® —1 as the
wormhole’s spin a changes from 0.1 to 0.4. In the central
panel, we show the behavior of V. for different values of s.
From the figure, it is possible to see that V. does not
change significantly as s increases from 0.1 to 0.4. The
figure also shows that V. in the lower universe is larger
than those in the upper universe for all values of s.
Furthermore, the value of the V  at the throat is the same
for all values of s, in contrast to the first and third panels,
where its value decreases as a increases and decreases as £
increases, respectively.

In the right panel of Fig. 4, we plot the effective potential
as a function of /[ for different values of the angular
momentum £ while keeping constant @ and s. From the
figure, we can see how V. decreases as the particle’s
angular momentum £ increases. The figure also shows that
the effective potential is always larger in the lower universe
than in the upper one.

B. Innermost stable circular orbits

Now, we focus our attention on circular orbits of spinning
test particles in the geometry of a rotating wormhole given by
Eq. (49). It is well-known that circular orbits occur when
the radius is constant. Therefore, the radial velocity of a
spinning test particle vanishes d//dA = 0. In this sense,

1.0 a=0.1ands=0.3

Verr

FIG. 4. The effective potential in different situations. Left panel: Vg vs [ for different values of a. Center: V¢ vs [ for different values
of s. Right panel: V. vs [ for different values of L. In black color we show the case s = 0.3, a = 0.1, and £ = —2.469. We assume

b():MZI
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according to Eq. (34), £ = V., where we have defined
the energy of the test particle per unit mass as £ = E/m. On
the other hand, the radial acceleration of the particle also
vanishes, i.e., d*l/dA* = 0, whichimplies that dVg/dl = 0.
Nevertheless, these conditions do not guarantee the stabil-
ity of circular orbits. To ensure stability, the second
radial derivative of the effective potential must be positive,
namely,

d2V ff
< >0. 56
dlZ - ( )

Hence, the marginally stable circular orbit, correspond-
ing to the smallest allowed value of the radial coordinate for
stable circular orbits, also known as ISCO, can be obtained
when d?V/dI? = 0.

Using the conditions £ = V; and dVy;/dl =0 we
obtain the values of £ and £ in terms of the circular orbit
radius / and then from d?Veg/dl* =0 the value of the
radius of the ISCO for a spinning test particle. Since the
process involves the solution of a nonlinear system of
equations for / and £, we must solve it numerically; see
Table L.

In Fig. 5, we show the first and second derivatives of Vg
as a function of [. The intersection between the curves
corresponds to the innermost stable circular orbit ligcq.
According to the figure, when a =0.1 and s = 1.3,
there are two possible values for /igco. One in the lower
universe l5-, = —3.961, and one in the upper universe
%0 = 0.607."

In Figs. 6 and 7, we plot the behavior of the radius
(top panel left), angular momentum (top panel right), and
energy (lower panel left) at the ISCO for different values of
the wormhole spin a, a > 0, and a < 0, respectively.12 In
Fig. 6, we can see how [gco increases as a increases. For
example, if we consider the upper universe, the values of
the ISCO for a = 0.9 (orange curves) are larger than those
with @ = 0.1. In the lower universe, on the other hand, /j5co
becomes smaller as the spin parameter a increases. See the
dashed lines.

For constant values of a, the figure shows how [{qq
increases as s increases, reaching a maximum value. Then,
the ISCO radius decreases as s increases; see the continu-
ous lines in the top-left panel of Fig. 6. In the lower
universe, the situation is the opposite: /;gcq decreases until
it reaches a minimum value, and then it increases as s
increases. For example, when a = 0.2, the maximum/
minimum value for /igcq is around 5 and —5, respectively.
While for a = 0.9, the maximum/minimum value for /igco
is around 6 and —6, respectively. The figure also shows that

""We use the superscript L and U for lower and upper
universes, respectively.
The behavior between a > 0 and a < 0 is similar. For this
reason, we focus our discussion on the former case.

TABLE I Values for /isco, Lisco, and Eigco for different values
of a and s. In the column for /5o, + corresponds to [%cq-

S hsco  Lisco €isco hsco  Lisco  Eisco
0.1 0.0 F2994 -2.403 0.900

-2.356 0904 =£2.803 —-2.440 0.895

+0.1 F3.155
+04 3519 -2.180 0911 =+£1.901 -2.436 0.865
+0.8 F3.816 —1.893 0917 +0.895 —-1.649 0.682
+1.31 F3.962 —-1.472 0919 £0.601 —-0.874 0.502
+1.6 F3.925 -1.210 0919
£2.0 F3.663 —0.814 0.915

02 0.0 F3.714 -2.635 0916

F3.870 -2.581 0919 =£3.534 -2.682 0913
F4.376 -2.289 0926 £1.209 -2.496 0.840
F4.675 —-1.946 0930  --- e e
F4.829 —1.526 0.932

F4.796 —-1.073 0.932

£0.1
+0.55
£1.0
£1.5
£2.0

+£25 F4.482 -0.581 0.929
03 0.0 F4.285 -2.813 0.926
+£0.1 F4.439 -2755 0.928 +4.109 -2.865 0.923

+0.52 F4.928 —-2.476 0.933 £2.639 —-2.948 0.900

+£1.2 F5388 —1.948 0.938
+1.8 F5555 —1.435 0.940
+2.4 F5.497 -0.884 0.940
£3.0 F5.076 —0.290 0.937

06 0.0 F5619 -3.204 0.942
+£0.1 F5.758 —3.147 0.943 +5.448 -3.264 0.940
+£0.61 F6.377 —-2.782 0.947 =£3.826 —-3.456 0.925
+1.6 F7.055 —-1.987 0.952 - - -
+2.4 F7.290 -1.289 0.953
+£32 F7.259 -0.554 0.954
+4.0 F6.818 0.224 0.952

09 0.0 F6.684 —3.494 0.951

+0.1 F7.598 —-2.961 0.955 +6.515 -3.558 0.950
+0.74 F6.839 -3.428 0.951 =+4.051 -3.815 0.935
+1.8 8351 -2.098 0959 --- e e
£2.7 F8.677 —1.312 0.961
£3.6 F8749 -0.492 0.961
+4.5 F8498 0.362 0.961

there is an interval in which there is only one value of /i3,
and one interval in which there are two values. For
example, in the upper universe, when a = 0.1, the figure
shows only one value of /jgcq if —2.5 > s < —1.25. When
|s| < 1.25, the figure shows two values: one in the upper
universe and the other in the lower universe. Then, when
s > 1.25, the figure shows only one value of /i5cq located
in the lower universe. One can see a similar behavior for
other values of a with different ranges for s.

In the top-right panel of Fig. 6, we show the behavior of
Lisco as a function of s for different values of a. According
to the figure, the value of Ligco in the upper universe
decreases as s increases. Nevertheless, for values of
a < 0.3, Ligco reaches a minimum value and starts to
increase again [see the blue and red (continuous) lines].
On the other hand, when we consider the lower universe
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FIG. 5.

The first (continuous black line) and second derivatives (dashed black line) of V. as a function of /. The intersection between

the plots corresponds to /;gco (see the black dot in each panel). Left panel: /jgco in the lower universe. Center: /igco in the upper
universe. Right panel: Contour plot of the first (black line) and second (green line) derivatives of V.. lisco is shown using black dots.
The shape of Vg vs [ is shown in the inset panel for the first and second panels in the figure. We assume by = M = 1.
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FIG. 6. [i5co, Liscos E1sco and the function F vs s for different values of a = 0.1 (blue curves), a = 0.2 (red curves), a = 0.3 (black

curves), a = 0.6 (green curves), and a = 0.9 (orange curves) in the upper (continuous line) and lower (dashed line) universes.

We assume by =M = 1.

(dashed lines), the behavior is the contrary. For values of
a > 0.3, Ligco decreases as s increases. For values of
a < 0.3, Ligco decreases, reaches a minimum, and starts to
increase again (see the dashed blue and red lines in Fig. 8).

At this point, it is important to point out that Ligco
corresponds to the total angular momentum of the particle,
defined as the particle’s spin s plus the orbital angular
momentum Loy, 1.€., Lisco = Lomic + 5. In this sense,

from the first row in Fig. 6, it is possible to identify the
regions where corotating and counterrotating orbits exist.
For example, in the upper universe, when a = 0.1 or 0.2,
we see that the wormhole’s spin (a > 0) and the orbital
angular momentum (Lqy;; < 0) are always antiparallel.
Therefore, the spinning test particle only moves in a
counterrotating orbit. On the other hand, when a = 0.3,
0.6, and 0.9, the particle can move in both corotating and
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We assume by = M = 1.
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FIG. 8. Ligco vs s for a =0.1 (blue curves) and 0.2 (red
curves). We assume by = M = 1.

counterrotating orbits. For example, for a = 0.3, the spin-
ning test particle moves in a corotating orbit for s < —3.2,
where a and Ly, are parallel. For s > —3.2, the spinning
test particle moves in a counterrotating orbit. We can
observe similar behavior for greater values of a.

In the geometry of a Kerr black hole, it is well-known
that the ISCO for nonspinning test particles (s = 0)
decreases/increases as the spin a of the central object
increases for corotating/counterrotating orbits. In this

sense, nonspinning test particles can move closer
to/further from the black hole with less/more energy [44].
On the other hand, in the case of spinning test particles
in a Kerr black hole, Zhang et al. showed that the ISCO
radius and the corresponding orbital angular momentum
also decrease/increase for corotating/counterrotating
orbits as the spin a of the central object increases [63].
Nevertheless, our analysis shows that the ISCO radius
increases as the wormhole’s spin a increases for both
corotating and counterrotating orbits. From the physical
point of view, this behavior arises as a consequence of the
increment in &ygcg as the wormhole spin a increases. This
can be seen clearly in Fig. 9, where we plot V. vs [ for
different values of a = 0 (black curve), 0.2, 0.3, 0.6, and
0.9 (purple curve) while keeping constant the particle’s
spin s.

In the bottom-left panel of Fig. 6, we plot the behavior
of the energy at the ISCO for different values of the
wormhole’s spin a. From the figure, for constant values of
the spin s, we see that the energy Egco increases as a
increases. Moreover, the figure also shows that Egcq is
always lower than £ = 1. In the upper universe, while s
increases, Egco increases. Then, it reaches a maximum
value and decreases until some value of s, the lowest limit
for the particle’s spin. On the other hand, when we consider
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FIG. 9. V. vs [ for different values of a and Ligco while
keeping constant the particle’s spin s = 40.1. The black dots
represent the ISCO; see Table 1.

the lower universe, the behavior is the opposite (as before).
Elsco increases as s increases. Then, it reaches a maximum
value and decreases until some value of s.

As mentioned above, for constant values of a, the figure
shows how /Y., increases, reaches a maximum value,
and decreases as s increases. Therefore, the radial coor-
dinate of the ISCO is not a monotonic function of s. See
the top-left panel in Fig. 6. To understand this behavior,
note that in the region where [, increases, the energy
also increases (while Ligco decreases). In this sense,
when &gco reaches its maximum value, so does the
I%co- See the bottom-left panel of Fig. 6. This behavior
agrees with the previous conclusion: ligco increases as
Eisco increases. Therefore, the nonmonotonic behavior
of the ISCO radius is a consequence of its energy
dependence.

C. Superluminal bound

As mentioned before, we can obtain the superluminal
bound using Eq. (37). In this sense, after replacing dr/dt
and dg/dt [see Eq. (46)], we obtain

F = gu(Bp,+Dp,)* + 9,(Cp,)* +29,,(Pp, + Ap,)

x (Bp, +Dp,) + 9py(Dpi + Ap,)? <0. (57
Therefore, the limit value of s for which the spinning
test particle’s motion is timelike can be obtained with

the condition F = 0. Then, using Egs. (32) for p, and
replacing into Eq. (57), we get

2 2
F=x, (’”) +2X2<”f) (”‘”>+X3<”‘”> — X, <0,
m m m m

(58)

with!?

X, =g, + Zg,(pl;’ﬁ—f—gt(pﬁz — g 2,

Xy = g BD+g,,(AB+D?) + g,, AD—g* 2.,

X; = g,D* + Zg,q,ftﬁ%—gwflz — g7 P, C?

Xy =g C (59)

Note that Eq. (58) reduces to Egs. (45) of Ref. [30] when
we consider the spacetime of a nonrotating wormhole.

In the bottom-left panel of Fig. 6, we plot the behavior of
F as a function of s for different values of a. From the
figure, it is possible to identify an interval for the particle’s
spin s in both the upper and the lower universes. There are
always two limits, one for negative values of the spin s_
and the other for positive values, s, . For example, in the
upper universe, when the value of a = 0.1, the function F
reaches the superluminal bond at s_~—-2.3 and s, ~ 1.3
(see the continuous blue line). One can see similar behavior
when a = 0.2. In that case, F reaches the superluminal
bound when s_~-2.8 and s, ~0.5. Finally, when
a = 0.3, the spinning test particle reaches the superluminal
bound when s_ ~ —3.3. Nevertheless, when s > 0.52, the
system of nonlinear equations

dV/dl =0 and dVy/dl> = 0. (60)

does not have a solution. As a consequence, F does not
reach the superluminal bound F = 0. However, although
F < 0, we can consider s = 0.52 as the positive limit value
for a spinning test particle in the upper universe, s, .

On the other hand, for large values of a (i.e., 0.9), the
figure shows that F does not reach the superluminal limit
either for negative or for positives values of s. Once again,
although F is always negative in these cases, we can
use these values to set an interval of motion for a spinning
test particle. Hence, when a = 0.9 the limit values are
s_~—=54and s, ~0.74.

When we consider the lower universe (dashed lines in
Fig. 6), the figure shows the same behavior as in the upper
universe. Once again, F gives two limit values for s < 0
and s > 0. Nevertheless, due to symmetries in V., these
values are the same and only change in the sign. For
example, in the upper universe, we found that s, ~ 1.3 and
s_~ —2.3 when a = 0.1. Therefore, due to the symmetries,
in the lower universe s_ ~ —1.3 while s, ~ 2.3. In Table II,
we show some of the values.

“Here, we keep the notation of Eq. (24), where r is the radial
coordinate. Nevertheless, in the rotating wormhole, the radial
coordinate changes to /, so r — [ in all the equations.
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TABLE II.  Superluminal bound for upper and lower universes
in the corotating case (a > 0). In the table s, and s_ are the limits
for positive and negative values of s, respectively.

a Universe s, S_ Fy F_

0.1  Upper 1315 -2303 —48x10° —4.1x10"°
Lower 2303 -1315 —41x10"% —-4.8x107°

0.2  Upper 0.559 -2891 —42x1077 -6.3x10°
Lower 2.891 -0.559 —-63x10° —42x1077

0.3 Upper 0.52 -3.386 -0.931 —4.5x%x107°
Lower 3386 -0.52 —45x10°° —0.931

0.6  Upper 0.61 —4.604 —0.969 -3.0%x107°
Lower 4.604 -0.61 —-3.0x107° —0.969

0.9  Upper 0.74 -54 —0.949 —0.749
Lower 54 -0.74 —0.749 —0.949

V. CONCLUSIONS

In this work, we investigated the motion of spinning test
particles around a rotating wormhole, an extension of the
previous work presented by Benavides-Gallego et al. in
Ref. [30], where the authors take into account a spinning test
particle moving around a nonrotating traversable wormhole,
the well-known Morris-Thorne wormhole [9]. There, the
authors showed how the effective potential depends on the
wormhole’s spin a, the particle’s spin s, the proper distance /,
the angular momentum £, and the wormhole’s throat by.
According to the authors, the effective potential Vi shows
some symmetries in its behavior, represented by two con-
figurations: plus and minus. In the plus configuration,
VE(L s, L) = VE(1,—s,—L). In the minus configuration,
on the other hand, we have that V¥, (1,—s, L) =VM,.(1,s,-L).
Therefore, a spinning test particle moving with clockwise
spin and angular momentum is equivalent to a particle
moving with counterclockwise spin and angular momentum
(plus configuration); while a spinning test particle mov-
ing with clockwise spin and counterclockwise angular
momentum is equivalent to a particle moving with counter-
clockwise spin and clockwise angular momentum (minus
configuration).

In the rotating case, we also found that V.4 has plus
and minus configurations defined as VE(I,s,a, L) and
VE:(1,—s, a, L), respectively. Moreover, since V. depends
on the wormhole’s spin a, there are more relations of
symmetry; see footnote 10. In each configuration, the ISCO
has the same value. However, if we change the configu-
ration, the ISCO also changes. Hence, if ligco is in the
upper universe for the plus configuration, it will change to
the lower universe once we change to the minus configu-
ration (see Fig. 1). Furthermore, from the dynamical point
of view, it is important to point out that these symmetries
allow some equivalences in the motion of spinning test
particles regarding the sign of s, £, and a.

On the other hand, the shape of V. is symmetric only
in two particular cases: s =a =0 or s =0 and a # 0.
In these situations, considering the upper and lower
universes, the ISCO is at the same distance from the throat.
Moreover, V. reaches a minimum value at [ = 0. On the
other hand, when a and s are different from zero, V. is
nonsymmetric and looks like the effective potential
of a spinning test particle in a nonrotating wormhole.
Nevertheless, in contrast with the nonrotating case, where
the effective potential reaches a minimum value at the
throat (I = 0), V.4 has a minimum value shifted to the right
or left depending on the configuration (see Fig. 1). It is
important to point out that V,,;, decreases in three different
situations: when the wormhole’s spin, the particle’s spin, or
angular momentum increases while keeping constant s and
L, a and L, and a and s, respectively. See Fig. 4.

In the nonrotating case, Ref. [30] shows that there is only
one value for /jgco (in the upper or lower universes) when
|s| > 1 and two values when —1 < s < 1 (one in the upper
universe and the other in the lower universe) (see Fig. 8 in
Ref. [30]). We found a similar behavior for the rotating
case. However, the interval for s in which there are two
values of /;3co changes as the wormhole’s spin a increases.

If we consider the lower universe, the analysis performed
in Ref. [30] shows that /;gco decreases as s increases. Then,
it reaches a minimum value at s & —0.8 and increases again
up to the throat (when s = 1) (see Fig. 8 in Ref. [30]). The
opposite behavior occurs when we consider the upper
universe. In the rotating case, on the other hand, our
analysis shows that /jgcq in the lower universe decreases
as s decreases. Then, it reaches a minimum value and
increases again. Nevertheless, in contrast to the nonrotating
case, ligco does not arrive at the wormhole’s throat. See the
upper-left panel of Fig. 6. This behavior may be a
consequence of the shifting effect on V. at the minimum.

In Ref. [63], Zhang et al. investigated the ISCO orbit for
a classical spinning test particle in the background of a
Kerr-Newman black hole. There, the authors show that the
motion of the spinning test particle is related to its spin, and
it will be superluminal if its spin is large. According to their
analysis, the authors found that /;gco decreases as the spin
of the particle increases. We also found the same behavior
in the rotating wormhole when the upper universe is
considered (the behavior is the opposite in the lower
universe). Nevertheless, in contrast with the results of
Ref. [63], where a spinning test particle can orbit in a
smaller circular orbit than a nonspinning test particle, we
found that |ligco| increases as the wormhole’s spin a
increases (while keeping constant the particles’ spin s).
From the physical point of view, this behavior arises as a
consequence of the increment in the energy as the worm-
hole spin a increases. In this sense, a spinning test particle
can move in larger circular orbits than the nonrotating
case. From the geometrical point of view, we want to point
out that the metric (48) belongs to a particular kind of
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spacetimes known in the literature as exponential metrics,
which have been proposed to replace black holes. Hence,
although the weak-field behavior matches nicely with
weak-field general relativity (and automatically with the
Newtonian gravity limit), some differences from black
holes may appear in the analysis of particle dynamics
(see Refs. [64,65]).

In this work, we found that the energy of the innermost
stable circular orbit oo is always below unity, i.e.,
Eisco < 1. This result agrees with the nonrotating case,
where Eigco < 0.9 [30]. Furthermore, it is important to
remark that the energy increases as the wormhole’s spin a
increases. Hence, £igco in the nonrotating case is smaller
than the energy in the rotating case, where 0.8 <&jgco <0.96.
In Ref. [30], the authors found that £ has the same value
for both the lower and the upper universes when s = 0. In our
analysis, we found the same behavior, which is a conse-
quence of the mirrorlike symmetric of V.

In this work, we also found that the angular momentum
at the ISCO behaves differently from the nonrotating case.
In Ref. [30], the authors showed that the angular momen-
tum reaches the maximum value Lisco ~ 2.002 when |s| ~
0.25 [30] and it is always positive, Ligco > 0. Moreover, in
the lower universe, the angular momentum increases as s
increases, reaching its maximum value at s & —0.25. Then,
itdecreases for —0.25 < s < 2. See the left-bottom panel of
Fig. 8 in Ref. [30]. The opposite behavior occurs when
we consider the upper universe. In the rotating case, on the
other hand, we found that —4 < Ligco < 1.4. Furthermore,
for small values of s (0.1, 0.2, or 0.3), we show Ligcq in the
upper universe decreases as s increases. Then, it reaches a
minimum value and starts to increase again to a certain
value of s. The opposite behavior occurs in the lower
universe. Furthermore, for larger values of s (0.6 or 0.9),
the Ligco in the lower universe decreases as s decreases,
reaching a minimum value.

Finally, we consider the superluminal bound to inves-
tigate the constraints for the particle’s spin s. In the
nonrotating case, Benavides-Gallego et al. showed that
the motion of a spinning test particle has physical meaning
(the trajectory is timelike) if —1.5 < s < 1.5. Nevertheless,
for values of |s| > 1.5, the particle’s trajectory is super-
luminal (spacelike) and it does not have a physical mean-
ing. In the rotating case, the shape of F is similar to the
nonrotating case; but we found some differences. For
example, when one considers small values of a (0.1 or
0.2), F = 0 for two values of the particle’s spin: s_ and s ;
see the right-bottom panel of Fig. 6. Moreover, for |s| < 1
and a = 0.3, the function F stops because the nonlinear
system in Eq. (60) does not have a solution, setting a
constraint value for s which is positive/negative for the
upper/lower universe; see Table II. For larger values of a
(0.9), the function F never reaches the superluminal bound
(F = 0) because the nonlinear system Eq. (60) does not
have a solution. In this sense, the spin is constrained to

those values for which the nonlinear system has a solution;
see Table II.

It is important to remark that our analysis uses the MPD
equations. Therefore, we considered the approximation in
which the mass and size of the spinning test particle are
negligible in relation to the mass of the central object and must
not affect the geometry background. Nevertheless, from
the astrophysical point of view, the motion of spinning test
particles may still determine some features that enable us to
distinguish black holes from wormholes. As we have shown
in this paper, the spin does affect the motion of test particles
around a rotating wormhole. On the other hand, observatio-
nally speaking, the spinning test particles may form the
accretion disk of black holes. These particles could be larger
objects, such as asteroids, planets/exoplanets orbiting stellar-
mass objects, or rapidly rotating black holes and neutron stars
orbiting supermassive candidates. Hence, the spin could be a
crucial parameter to consider when describing the motion of
such objects and both the electromagnetic and gravitational
wave observations that would allow us to conclude if these
objects are black holes or wormholes.
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APPENDIX: CALCULATION OF Dp“/dA
FOR ¢, r, AND ¢

From the first MPD equation in Eq. (17), we obtain

Dp 1 .
G = "3 Rupsed’S,
from which one can compute the Dp,/dA, Dp,/dA, and
Dp,,/dAin terms of the components of the Riemann tensor.

In the case of Dp,/dA, one obtains the following
expression:

(A1)

Dp, 1
dr 2

[2Rt750utS50 + 2Rtr56ur550 + 2R,¢50_M¢S&7] . (A2)
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The factor of 2 comes because R, 5, and 5% are skew-
symmetric tensors. Therefore, we have to count twice in the
sum because R,55,5% = R 5,55°°. Hence, from Eq. (A2),
we obtain

D
dit = _(Rtttrstr + R[tl(pSt(ﬂ + mesr(p)ut
- (ertrStr + Rtrt(pS"/) + Rtrr(psr(p)ur
- (Rt(/;trStr + Rt(/m/)Snp + Rl(/)r(/JSr(/])uq)' (A3)

Then, after using Eq. (27) and considering the nonvanish-
ing components of the Riemann tensor, the last expression
reduces to

Dp, S*
. p,

[(p(pRtrtr - pthr(/;r)ur - erl(/m/)u(ﬂ]' (A4)

In a similar way, we obtain

D
dl;r = _[théo'utség + Rrréaurség + Rr(péouws&j]’

Dp, = —[R55U'S% + R 551" S% + R,,5,u?S%],  (AS)
i @téo @réoc ppéo ’

from which, after using Eq. (27) and considering the non-
vanishing components of the Riemann tensor, we obtain

Dp, S” ,
di :7[(p¢thtr+lerlrw)u +(p(pRr(ptr+pth(pr(p)u(p]’

t
qu,_S‘/”
di  p,

[”r (p(pR(/}rtr + ptR(/Jrr(/)) - er(//tt(put]' (A6)
Note that in the case of a nonrotating wormhole, R, = 0.
Therefore, Eqs. (A4) and (A6) reduce to Egs. (All)
and (A12) of Ref. [30], respectively.

[11 A. Einstein and N. Rosen, Phys. Rev. 48, 73 (1935).
[2] G. W. Gibbons, Gen. Relativ. Gravit. 47, 71 (2015).
[3] K. Schwarzschild, Sitzungsber. Preuss. Akad. Wiss. Berlin
(Math. Phys.) 1916, 189 (1916).
[4] K. Schwarzschild, Sitzungsber. Preuss. Akad. Wiss. Berlin
(Math. Phys.) 1916, 424 (1916).
[5] L. Flamm, Gen. Relativ. Gravit. 47, 72 (1916).
[6] R. W. Fuller and J. A. Wheeler, Phys. Rev. 128, 919 (1962).
[7]1 H. G. Ellis, J. Math. Phys. (N.Y.) 14, 104 (1973).
[8] K. A. Bronnikov, Acta Phys. Pol. B 4, 251 (1973).
[9] M. S. Morris and K. S. Thorne, Am. J. Phys. 56, 395 (1988).
[10] M. S. Morris, K. S. Thorne, and U. Yurtsever, Phys. Rev.
Lett. 61, 1446 (1988).
[11] M. Visser, Report No. LA-UR-89-1008, 1989.
[12] M. Visser, Phys. Rev. D 39, 3182 (1989).
[13] M. Visser, Nucl. Phys. B328, 203 (1989).
[14] M. Azreg-Ainou and G. Clement, Report No. NTH-89-9,
1989.
[15] M. Visser, Phys. Lett. B 242, 24 (1990).
[16] E. Poisson and W. Israel, Phys. Rev. Lett. 63, 1663 (1989).
[17] M. Visser, Quantum wormholes in Lorentzian signature, in
15th APS Division of Particles and Fields General Meeting
(1990), pp. 858-860.
[18] V.P. Frolov and I.D. Novikov, Phys. Rev. D 42, 1057
(1990).
[19] M. Visser, Phys. Rev. D 43, 402 (1991).
[20] P. Martin-Moruno and M. Visser, Phys. Rev. D 88, 061701
(2013).
[21] F. Echeverria, G. Klinkhammer, and K. S. Thorne, Phys.
Rev. D 44, 1077 (1991).
[22] S. Deser and R. Jackiw, Comments Nucl. Part. Phys. 20, 337
(1992).
[23] S. Deser, Classical Quantum Gravity 10, S67 (1993).
[24] D. Hochberg and M. Visser, Phys. Rev. D 56, 4745 (1997).

[25] A. Abdujabbarov, B. Juraev, B. Ahmedov, and Z. Stuchlik,
Astrophys. Space Sci. 361, 226 (2016).

[26] A. A. Abdujabbarov and B.J. Ahmedov, Astrophys. Space
Sci. 321, 225 (2009).

[27] F. Willenborg, S. Grunau, B. Kleihaus, and J. Kunz, Phys.
Rev. D 97, 124002 (2018).

[28] M. Argafiaraz and O. Lasso Andino, Classical Quantum
Gravity 38, 045004 (2021).

[29] Z. Stuchlik and J. Vrba, Universe 7, 279 (2021).

[30] C. A. Benavides-Gallego, W.B. Han, D. Malafarina, B.
Ahmedov, and A. Abdujabbarov, Phys. Rev. D 104, 084024
(2021).

[31] J. W. Moffat and T. Svoboda, Phys. Rev. D 44, 429 (1991).
[32] A. Carlini, Spacetime wormholes, stringy black holes and
5-th time gravity, Ph.D. thesis, SISSA, Trieste, 1992.

[33] B. Bhawal and S. Kar, Phys. Rev. D 46, 2464 (1992).

[34] P.S. Letelier and A. Wang, Phys. Rev. D 48, 631 (1993).

[35] D.N. Vollick, Classical Quantum Gravity 16, 1599
(1999).

[36] R. Myrzakulov, L. Sebastiani, S. Vagnozzi, and S. Zerbini,
Classical Quantum Gravity 33, 125005 (2016).

[37] E. Teo, Phys. Rev. D 58, 024014 (1998).

[38] R. M. Wald, General Relativity (University of Chicago Press,
Chicago, 1984).

[39] J. B. Hartle, Astrophys. J. 150, 1005 (1967).

[40] J.B. Hartle and K.S. Thorne, Astrophys. J. 153, 807
(1968).

[41] K. S. Thorne, Relativistic stars, black holes and gravitational
waves (including an in-depth review of the theory of
rotating, relativistic stars), in General Relativity and
Cosmology, edited by R. K. Sachs (Academic Press, New
York, 1971), pp. 237-283.

[42] A. Papapetrou, Ann. Inst. Henri Poincare Phys. Theor. 4, 83
(1966).

024012-18


https://doi.org/10.1103/PhysRev.48.73
https://doi.org/10.1007/s10714-015-1907-3
https://doi.org/10.1103/PhysRev.128.919
https://doi.org/10.1063/1.1666161
https://doi.org/10.1119/1.15620
https://doi.org/10.1103/PhysRevLett.61.1446
https://doi.org/10.1103/PhysRevLett.61.1446
https://doi.org/10.1103/PhysRevD.39.3182
https://doi.org/10.1016/0550-3213(89)90100-4
https://doi.org/10.1016/0370-2693(90)91588-3
https://doi.org/10.1103/PhysRevLett.63.1663
https://doi.org/10.1103/PhysRevD.42.1057
https://doi.org/10.1103/PhysRevD.42.1057
https://doi.org/10.1103/PhysRevD.43.402
https://doi.org/10.1103/PhysRevD.88.061701
https://doi.org/10.1103/PhysRevD.88.061701
https://doi.org/10.1103/PhysRevD.44.1077
https://doi.org/10.1103/PhysRevD.44.1077
https://doi.org/10.1088/0264-9381/10/S/006
https://doi.org/10.1103/PhysRevD.56.4745
https://doi.org/10.1007/s10509-016-2818-9
https://doi.org/10.1007/s10509-009-0023-9
https://doi.org/10.1007/s10509-009-0023-9
https://doi.org/10.1103/PhysRevD.97.124002
https://doi.org/10.1103/PhysRevD.97.124002
https://doi.org/10.1088/1361-6382/abcf86
https://doi.org/10.1088/1361-6382/abcf86
https://doi.org/10.3390/universe7080279
https://doi.org/10.1103/PhysRevD.104.084024
https://doi.org/10.1103/PhysRevD.104.084024
https://doi.org/10.1103/PhysRevD.44.429
https://doi.org/10.1103/PhysRevD.46.2464
https://doi.org/10.1103/PhysRevD.48.631
https://doi.org/10.1088/0264-9381/16/5/309
https://doi.org/10.1088/0264-9381/16/5/309
https://doi.org/10.1088/0264-9381/33/12/125005
https://doi.org/10.1103/PhysRevD.58.024014
https://doi.org/10.1086/149400
https://doi.org/10.1086/149707
https://doi.org/10.1086/149707

SPINNING TEST PARTICLE MOTION AROUND A ROTATING ...

PHYS. REV. D 106, 024012 (2022)

[43] B. Carter, J. Math. Phys. (N.Y.) 10, 70 (1969).

[44] S. Chandrasekhar, The Mathematical Theory of Black Holes
(Clarendon Press, Oxford, 1992).

[45] T. Harko, Z. Kovacs, and F. S. N. Lobo, Phys. Rev. D 79,
064001 (2009).

[46] M. Mathisson, Acta Phys. Pol. 6, 163 (1937).

[47] A. Papapetrou, Proc. R. Soc. A 209, 248 (1951).

[48] E. Corinaldesi and A. Papapetrou, Proc. R. Soc. A 209, 259
(1951).

[49] W. Tulczyjew, Acta Phys. Pol. 18, 393 (1959).

[50] B. Tulzcyjew and W. Tulzcyjew, Recent Developments in
General Relativity (Pergamon Press, New York, 1962).

[51] Christian Mgller, On the Definition of the Centre of Gravity
of an Arbitrary Closed System in the Theory of Relativity
(Dublin Institute for Advanced Studies, Dublin, 1949).

[52] W. Beiglbock, Commun. Math. Phys. 5, 106 (1967).

[53] W. G. Dixon, Nuovo Cimento (1955-1965) 34, 317 (1964).

[54] W.G. Dixon, Proc. R. Soc. A 314, 499 (1970).

[55] W. G. Dixon, Proc. R. Soc. A 319, 509 (1970).

[56] J. Ehlers and E. Rudolph, Gen. Relativ. Gravit. 8, 197 (1977).

[57] A. A. Deriglazov and W. Guzman Ramirez, Adv. Theor.
Math. Phys. 2017, 7397159 (2017).

[58] A.A. Deriglazov and W. Guzman Ramirez, Phys. Lett. B
779, 210 (2018).

[59] M. Saijo, K. i. Maeda, M. Shibata, and Y. Mino, Phys. Rev.
D 58, 064005 (1998).

[60] B. Toshmatov and D. Malafarina, Phys. Rev. D 100, 104052
(2019).

[61] C. Conde, C. Galvis, and E. Larrafiaga, Phys. Rev. D 99,
104059 (2019).

[62] S. A. Hojman and F. A. Asenjo, Classical Quantum Gravity
30, 025008 (2013).

[63] Y. P. Zhang, S. W. Wei, W. D. Guo, T. T. Sui, and Y. X. Liu,
Phys. Rev. D 97, 084056 (2018).

[64] P. Boonserm, T. Ngampitipan, A. Simpson, and M. Visser,
Phys. Rev. D 98, 084048 (2018).

[65] M. A. Makukov and E.G. Mychelkin, Phys. Rev. D 98,
064050 (2018).

024012-19


https://doi.org/10.1063/1.1664763
https://doi.org/10.1103/PhysRevD.79.064001
https://doi.org/10.1103/PhysRevD.79.064001
https://doi.org/10.1098/rspa.1951.0200
https://doi.org/10.1098/rspa.1951.0201
https://doi.org/10.1098/rspa.1951.0201
https://doi.org/10.1007/BF01646841
https://doi.org/10.1007/BF02734579
https://doi.org/10.1098/rspa.1970.0020
https://doi.org/10.1098/rspa.1970.0191
https://doi.org/10.1007/BF00763547
https://doi.org/10.1155/2017/7397159
https://doi.org/10.1155/2017/7397159
https://doi.org/10.1016/j.physletb.2018.01.063
https://doi.org/10.1016/j.physletb.2018.01.063
https://doi.org/10.1103/PhysRevD.58.064005
https://doi.org/10.1103/PhysRevD.58.064005
https://doi.org/10.1103/PhysRevD.100.104052
https://doi.org/10.1103/PhysRevD.100.104052
https://doi.org/10.1103/PhysRevD.99.104059
https://doi.org/10.1103/PhysRevD.99.104059
https://doi.org/10.1088/0264-9381/30/2/025008
https://doi.org/10.1088/0264-9381/30/2/025008
https://doi.org/10.1103/PhysRevD.97.084056
https://doi.org/10.1103/PhysRevD.98.084048
https://doi.org/10.1103/PhysRevD.98.064050
https://doi.org/10.1103/PhysRevD.98.064050

