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Chameleon f(R) gravity is equivalent to a class of scalar-tensor theories of gravity with the chameleon
screening mechanism allowing the theory to satisfy local tests of gravity. Within the framework of
chameleon f(R), we study the impact of the chameleon mechanism on the orbital evolution of binary
pulsars, and calculate in detail the post-Keplerian (PK) effects (periastron advance, Einstein delay, Shapiro
delay, orbital period decay and eccentricity decay) of binary orbit. The differences in PK effects between
general relativity (GR) and chameleon f(R) are elegantly quantified by a combination of star’s
compactness and theory parameter. We use the mass-radius relation to break the degeneracy between
these two parameters, thus allowing us to constrain the theory. We simulate the temporal evolution of the
orbital period and eccentricity of neutron star (NS)-white dwarf (WD) binaries, and the results indicate that
the orbital evolution is typically faster than in GR due to the emission of dipole radiation in chameleon
f(R). We use the observables of PK parameters from the three NS-WD binary pulsars to place constraints
on chameleon f(R) and possible deviations from GR by performing Monte-Carlo simulations. We find that
PSR J1738 + 0333 is the most constraining test of chameleon f(R) in these systems. Our results show no
solid evidence of the existence of helicity-0 or helicity-1 polarization states inducing dipole radiation,
exclude significant strong-field deviations and confirm that GR is still valid for strong-field asymmetric

systems.
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I. INTRODUCTION

Although Einstein’s theory of general relativity (GR) is
indeed the most successful theory of gravity, it suffers from
the quantization [1,2] as well as dark matter and dark
energy problems [3,4]. Therefore, testing GR still is one of
the key tasks in modern physics [5]. Studies of alternative
theories of gravity play a significant role in testing GR.

A natural alternative theory is f(R) gravity [6,7], in
which the Ricci scalar in the Einstein—Hilbert action is
replaced by a general function of the Ricci scalar. The f(R)
theories do not seem to introduce any new type of matter
and can drive early inflation [8] or late-time acceleration
of the universe [9,10]. In fact, the f(R) theories can be
reformulated in terms of scalar-tensor theories with a strong
coupling of the scalar field to matter [6,7]. The strong
coupling would induce the scalar fifth force in the theory,
which violates all current experimental constraints on
deviations from Newton’s law of gravity. In order to evade
these tight local tests of gravity, the chameleon mechanism
[11-13] is introduced into f(R) theories, which imposes
restrictions on the functional form of f(R). The chameleon
scalar field can develop an environment-dependent
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mass, which increases as the ambient density increases.
Therefore, the scalar fifth force can be hidden and evade the
tight local tests in high density regions (e.g., the solar
system), in which the force range becomes so short that it is
extremely difficult to detect by local test experiments [13].
Whereas in low density regions (e.g., the galaxy or the
universe), the scalar fifth force becomes the long-range
force, which could affect the galactic dynamics [14,15] and
the evolution of the universe [8-10].

Since the Hulse-Taylor binary pulsar observations led to
the first indirect detection of gravitational waves (GWs)
[16-18], binary pulsars have become the excellent
laboratories for testing gravity in the strong field regime
[19-23]. In this paper, we study the full post-Keplerian
(PK) effects of binary pulsars in the framework of chame-
leon f(R). We calculate the effects of periastron advance,
Einstein delay and Shapiro delay by investigating the
orbital dynamics of binary pulsars, and derive the decay
rates of orbital period and eccentricity caused by GWs
damping by investigating the Noether charges and currents
in the theory. In chameleon f(R), the leading term of tensor
GWs radiation is the quadrupole radiation carrying both
energy and angular momentum, and the leading term of
scalar GWs radiation is the monopole radiation carrying
energy but not angular momentum. However, the monopole

© 2022 American Physical Society
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radiation and the quadrupole radiation are of the same post-
Newtonian (PN) order. Scalar dipole radiation carries both
energy and angular momentum away from the binary
pulsars and dominates the orbital decay, and its intensity
is proportional to the square of the difference in the
compactnesses of binaries. Therefore, the asymmetric
systems like the neutron star (NS)-white dwarf (WD)
binary pulsars are the ideal targets for testing chameleon
f(R) gravity. We perform the numerical simulation of the
orbital evolution of binary pulsars, and place constraints on
chameleon f(R) with the observables of PK parameters
from three NS-WD PSRs J1141 — 6545, J1738 + 0333 and
J0348 4 0432. It turns out that the dipole radiation in
chameleon f(R) further accelerates the orbital evolution of
binary pulsars. The orbital period decay rates from these
three systems impose the tight constraints on dipole
radiation, which can also be thought of as tests of the
existence of helicity-0 or helicity-1 degrees of freedom. The
pulsar constraint from PSRs J1738 4+ 0333 is the most
stringent test in these three systems. These pulsar tests rule
out the significant deviations from GR in strong-field
asymmetric systems.

The organization of this paper is as follows. In Sec. II, we
review f(R) gravity and chameleon mechanism. In Sec. III,
we calculate in detail the PK parameters in chameleon f(R)
gravity. In Sec. IV, we place constraints on chameleon f(R)
by the observational data of the binary pulsar, and discuss
in detail these results. We conclude in Sec. V. Appendixes
present further mathematical details.

IL. f(R) GRAVITY WITH CHAMELEON
SCREENING MECHANISM

The f(R) gravity is based on the corrections and
extensions of GR adding higher order terms or nonmini-
mally coupled scalar fields into the dynamics. The
Lagrangian density for f(R) gravity takes the form [6,7]

2
c="0 g m) +

(G W) (1)
where Mp = /1/8%G, G is the gravitational constant, g is
the determinant of the metric g,,,, R is the Ricci scalar, £, is
the matter Lagrangian density, and ,, denotes all the
matter fields. Here, we set the units to ¢ = 7 = 1. The f(R)

gravity can be recast as a scalar-tensor theory via the
following conformal transformation [6,7]

2
Guv = gﬂl/ = g/u/f/(R) = G exp <_\/;Mipl>’ (2)

where a prime denotes differentiation with respect to R, and
¢ is the scalar field which can be directly related to the
Jordan frame Ricci scalar by the above relation. The
Lagrangian density in the Einstein frame has the form [6,7]

(¢)gﬂb7 l/’m)?
(3)

E= v M- v« 2

where the potential is

1

V() = s Muf (R)Z(f(R)R = f(R)), (4)

and the coupling function is

A =rrt=ep()

V6Mp,

Here, a tilde represents quantities in the Einstein frame.
Variation of £ with respect to the tensor field and the
scalar field gives the field equations

G, = 82G[T,, + 0,0, — ((04)*/2 + V)Gu]. (6)

Clgp = dVeg/dg. (7)

where [J is the curved space d’Alembertian, G is the
Einstein tensor, and 7, = (-2/v/=3)5([ dx*L,,) / Sg* is
the energy-momentum tensor of the matter. Here, the
effective potential V() = V() + pA(¢), and /)1 is
the local environment density of the scalar field. In the
previous work [25-30], we have investigated the screening
mechanisms for the Lagrangian density (3) with a general
potential and coupling function. For this theory to have a
screening mechanism one must require that [27]

AV dmeg

dV st -
d¢2 d)min , dp

> 0.
d¢ #

(8)

In other words, the effective potential has a minimum
(acting as the physical vacuum), and the effective mass of
the scalar field increases as the ambient density increases.
As a result of these requirements, all mechanics effects
induced by the scalar field are suppressed in dense regions,
where the range of the scalar fifth force is so short that it is
hard to find by local experiments. Theories in which the
scalar field mass depends on the ambient density are
called to be chameleon theories [11-13]. For f(R) gravity
the above requirements turns into, in some regions of

¢ [31],

_ m2
0’ Mgy =

'min

dv d*v Vv

Yoo, oo Lo 9
dp = a? - A = ©)

'» is defined as the conserved energy density in the Einstein
frame [24].

024010-2



TESTS OF GRAVITATIONAL SCALAR POLARIZATION AND ...

PHYS. REV. D 106, 024010 (2022)

these can be translated into the constraints on the functional
form of f(R) (see Appendix A). If the potential function
satisfies the above conditions, the f(R) gravity can have a
chameleon screening mechanism. The f(R) gravity with
chameleon screening mechanism is also called chameleon
f(R) gravity.

Note that, for convenience, thereafter, we still use f(R)
to refer to chameleon f(R), work in the Einstein frame and
no longer label the Einstein frame with a tilde.

III. PK PARAMETERS

In this section, we study the PK effects in f(R) gravity
and calculate in detail the PK parameters for the binary
pulsar moving on a quasielliptical orbit.

A. Periastron advance

The periastron advance is an astronomical phenomenon
in which the major axis of the orbit slowly rotates in the
orbital plane. This phenomenon is because in fact the net
force experienced by a planet does not vary exactly as
inverse-square.

In f(R) gravity, the scalar fifth force modifies the orbital
dynamics of binary pulsars and contributes to the periastron
advance. The scalar field corrections to the orbital dynam-
ics can be effectively described by the point-particle action
with scalar field-dependent mass introduced by Eardley
[32]. The Lagrangian for the ath body is given by

dr dxt dx\
L,= —2 = —gw———] . (10
o= ma) e =m0 (o G ) (10
By substituting the post-Newtonian (PN) expressions of the
scalar and tensor fields in Eqs. (B4), and adopting the
method of Einstein, Infeld and Hoffmann [33], we obtain
the N-body Lagrangian up to O(v*),

v v 1 Gm,my,
Ly=-) m (1__“__“>+_ —__a 0

1
S |:gab + 3Babvg - E (gab =+ 6Bab)<va : Vb)

1 Gm,
- Egab(nub : Vu)(nab : vb) - Z Dabc:| ’ (lla)
c#a = 4c¢
with
€4.€p €4€p
145 B, =1t
Gab + 5 b 6
Dype = 14 -2 (eb; 2 ; (11b)

where n,;, = (r, —r,)/r,, is the unit direction vector, and
€ is the scalar charge of the body. The scalar charge
characters the difference from GR and can be well

approximated by € = ¢/ (Mp®) [see Eq. (B5)]. Using
Eq. (2), the scalar charge can be rewritten as

(R
6“\[5 o (12)

where R, is the background value of Ricci scalar, and
@® = Gm/R is the compactness of the body and R is its
radius.

Specializing to a two-body system (labeled by 1 and 2),
the two-body equations of motion following from this
Lagrangian are

r 2
r,__Gmnyp [g<1 -} +m—§(V2 ‘ n,2)2>

dr’ r? 2 2
G
- T (3g8 + DIZZ) - % (QZ + 3gB + DZ]])

3B Gmyv
+7V%2} + r22 2 (Gv, +3Bvy,) -y,
d2r2

where v, =V, —V,, r=rp, G=G;, and B=B,.
Obviously, at the Newtonian order, the equations of motion
satisfy the inverse-square law, only the gravitational con-
stant is replaced by GG. This result also suggests that the
conservative orbital dynamics at the Newtonian order still
hold, e.g., the Kepler’s third law a* = GGm(P,/2x)>

Using the above equations of motion, employing the
method of osculating elements [5], the periastron advance
of the binary system is given by [5]

b — 6xGm B+
- (1(1 - €2>Pb

G mDyyy +myDiyp
7_ 14
6 6Gm ’ (14)

where m, P, e and a are the total mass, orbital period,
orbital eccentricity and semimajor axis, respectively. Using
the Kepler’s third law, the expression (14) for the periastron
advance is further simplified and summarized in Egs. (38).

B. Time delay

1. Einstein delay

The combined effect of gravitational and kinetic time
dilation is so-called Einstein delay. In a circular orbit, the
Einstein delay can be absorbed as a constant parameter, and
it is meaningless. In an elliptical orbit, the Einstein delay is
always changing with time due to a variation in the pulsar
velocity and a change of the distance between the pulsar
and its companion.

The Einstein delay in an elliptical orbit can be computed
by the proper time at the pulsar’s point of emission,
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dxh, dx’,’,)% (15)

iy = {0031 G

where the subscript p represents the pulsar. Using the PN
expressions in (B4), integrating the above equation,
and dropping the constant terms, the result to first order
is given by

7, =1t—ysinE, (16a)

with

Gm, A\ P
y:M<1+&>_f;e, (16b)
a m ) 2r

where E is the eccentric anomaly of the orbit and m,. is the
companion mass. The parameter y is the amplitude of
Einstein delay, using the Kepler’s third law, and it is

rewritten as
27GGm\3 m, m
1+—=), 17
e (R () o

which is identical to that of GR in the limit of ¢ — 0 [34].

2. Shapiro delay

The retardation of light signal caused by the reduced
coordinate velocity of light in a gravitational field is so-
called Shapiro delay [35]. In binary pulsar systems, the
Shapiro delay is usually parametrized by [36]

Atg =2rIn[l —ecos E — ssinw(cos E — e)

—scosw(1 — e2)2sin E], (18)

where r and s are called the range and shape of the Shapiro
delay, and w is the longitude of periastron.

The light signal travels along a null geodesic
Gudx*dx” = 0, which remains unchanged under the con-
formal transformation. In other words, photons do not
couple to the scalar field in f(R) gravity, because the
electromagnetic energy-momentum tensor has a vanishing
trace. Using the PN expressions (B4), the equation of
null geodesic translates into the coordinate velocity of

light,
dx’ dx’5
e O

c,(r)=

O@".  (19)

|r—r

The Shapiro delay can be obtained by the integral
Atg = [dz/c,(r). Clearly, ¢, (r) is exactly the same as that
in GR, which indicates that the Shapiro delay para-
meters are also the same as those in GR. Therefore, the
range of the Shapiro delay is given by r = rgg = Gm,. [34].

The shape of the Shapiro delay is defined by s =sini =
x,/a,, where a, and x, are the semimajor axis and
projected semimajor axis of the pulsar orbit, and i is the
orbital inclination angle. Using the Kepler’s third law, the
shape of the Shapiro delay is rewritten as

27\3 s
= — ) —. 20
T <Pb> (GG)im, (20)

C. Orbital decay

In the previous sections, the periastron advance and time
delay only describe the conservative sector of the theory. In
this section we focus on the dissipative effects, calculate the
loss rates of the orbital energy and angular momentum from
the emission of GWs predicted by f(R), and derive their
contributions to the orbital decay.

1. Energy and angular momentum fluxes

The orbital decay due to GWs damping is very important
for testing gravity [16—18], and its theoretical derivation is
also the basis of GWs waveform calculation [37,38].

In the far zone, the tensor and scalar fields can be
decomposed as the perturbations about the Minkowski
background and the scalar background, i.e., g, =n,, +h,,
and ¢ = ¢, + @. Using these and imposing the transverse-
traceless (TT) gauge on the Lagrangian density (3),
expanding to quadratic order in the perturbations A,
and ¢, the Lagrangian densities of the tensor and scalar
GWs are given by

M%l TT TT
Ly === oo, (21)
L — (a(p)z _ lmz 2 (22)
S 2 ) 59,

where A" is the TT part of h;;, and m§ = d*V/dgp?|,_ is
the scalar field mass. Energy and angular momentum are
the conserved charges associated to time translation invari-
ance and spatial rotation invariance, respectively. The
energy and angular momentum fluxes of the tensor and
scalar GWs are derived directly from the above
Lagrangians by investigating the Noether charges and
currents, given by

; r? P TT; TT
E, = QLT RE 2

r =22 | AR, (23
Eg= -1 / dQ(po,¢), (23b)
.. . 2 .
bp=eit / dQHTTRTT = WITxI0HTT),  (23¢)
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Ly = —¢liky? / dQ{px/ o), (23d)
where the overdots denote time derivatives, the angular
brackets stand for an average over an orbital period, €2 is the
solid angle, and €/ is the Levi-Civita symbol. Obviously,
the energy and angular momentum fluxes of the tensor
GWs are exactly the same as those in GR. In Eq. (23c¢), the
angular momentum flux of the tensor GWs comes from the
contributions of the spin and orbital angular momentum of
the tensor graviton. In Eq. (23d), the angular momentum
flux of the scalar GWs comes only from the orbital angular
momentum of the scalar GWs, because the scalar field is
spin-0.

2. Wave solutions

In the far zone, expanding the field equations (6) and (7)
to linear order in the perturbations /,,, and ¢, and imposing
the Lorentz gauge 0" (h,, — 31,,h) = 0, the wave equations
for the perturbations are given by [26,29]

1
Oh,, = —162G <Tﬂy - E”"”T)’ (24)

(O-m2)p=—0,T. (25)

where [1=#»""d,0, is the d’Alembertian of the flat space-
time, and T = #**T,,. Note that here, T,, is the energy-
momentum tensor of the matter, the energy-momentum
tensors of the perturbations do not contribute to the wave
equations in the linear regime. From the definition of
T,, =-(2/\/=9)5S,,/6g", using the matter action of
S == 4 mu(d)dz, [see Eq. (10)], yields

T = (=g) 2y my(¢)ubuty(u9) ™' (r —x,), (26

where i, is the unit four-velocity of the ath body.

By substituting a plane wave ¢~ e into
(O-m?)p =0, yields the dispersion relation @ =
k? + m2, where @ and k are the frequency (energy) and
wave vector of the scalar GWs, and k* = (@, k). It is clear
that the scalar mode in f(R) can be excited only when its the
energy is greater than its mass. In general, m; < w for
compact binaries, because m; ~ 10712 Hz for a scalar fifth
force range on galactic scales (~10 kpc) and @ ~ 1073 Hz
for a typical binary pulsar with a 1 hour orbital period.
Therefore, the scalar field mass is neglected in the calcu-
lations below.

By using the Green’s function method, the formal
solutions of the wave equations are

Tt —|r =7l r)
r—r|

h};'T(f, r) :4GAij.kl(n>/d3r/ . (27)

1 0,T(t—|r—1|, ¥
)= L [ 2T =eD
iy

where we have used il = A yhy and Ajjdy =0,
Ajj(n) is the Lambda tensor as defined in [39], and
n =r/r is a unit vector in the direction of r. Here the
spatial (source point r’) integration region is over the near
zone, the field point r is in the far zone, i.e., [r'| < |r|, such
that [r —r’| = r =’ - n + O(r?/r). Using this, the wave
solutions can be expanded in the sum of a series of
multipole moments,

, (28
|r_r/| ( )

4G =1
hiTjT(IJ') = TAij,kl(n)Zﬁatf/cpr/(r/'n)kal(l_rsr/),
=0""

(29)

I &1
p(t.r) =— af/d3r’(r’~n)fa T(t—r.v), (30)
4711’;1,”! ¢

where 0/ = (d/0t)”.

3. Orbital decay

According to the balance law, the decay rates of the
orbital energy and angular momentum equal to minus
the energy flux and angular momentum flux of GWs of the
emission, respectively. For binary pulsar systems, substi-
tuting the multipole moment expressions (29) and (30) of
the wave solutions into the expressions (23) of the energy
and angular momentum fluxes, performing a series of
calculations, up to the 2.5PN order, and the decay rates of
the orbital energy and angular momentum are given and
summarized in Appendix C. Keeping only the leading order
terms in Egs. (C1) and (C2), the results reduce to

. 32G4 2.3 G3 2.2 1_|_l 2

o 232G gy (G (1 5¢) 5y
5a° 6a 1—62)3
75 s s 5 3

o G Te) GWm G ()
52 (1—¢%) 6az (1 —e%)

where F(e) is defined in Eq. (D2), €, and €, are the scalar
charges of the pulsar and its companion, ¢; = €, — €., and
u = mym,/m. The orbital energy E and the orbital angular
momentum L are related to the orbital semi-major axis a
and eccentricity e through,

GGmy
2a

E = L? = GGmu*a(l — €?).  (33)

Derivatives with respect to time yields
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0.4 ||— 1= f(Rx)=0 (GR)
S o3 11— f/(Re)| =3 %108 6087z <27sz> Sue(1 —l—%ez) 7T2G,u€€?1 (36)
zo. 1 o o e=— - ,
202 | e 15\ P, ) mP,(1-€*)} P}(1-e?):
8 “e- 1= f'(Rx)|=3x10
& 01 _— 1
aGm\s .
N0 a=— P,. 37
< oy 1 3”( Pb> ’ G7)
=
> 100 k!
S 107} ] Here, the first and second terms are the quadrupole and
£ 100} ] dipole radiation. It can be seen that the orbital decay for an
gwﬁ ] asymmetric binary system is dominated by the dipole
S o 1 3 3 4 50 01 02 03 04 radiation and is typically faster than in GR. The above
Time (10%s) Eccentricity « results will return to the GR case when ¢, = €, = 0. In fact,
) ) most extended theories of GR include extra helicity-0 or
FIG. 1. Temporal evolution of the orbital frequency and

eccentricity of a 1.6 My—0.4 My NS-WD binary system with
compactnesses of 0.2-5 x 107 in f(R) theories with different
values of f'(R,). The initial values of the orbital frequency and
eccentricity are 10~ Hz and 0.4.

247
- GGmy”

a(l—e?)
e =
GGmue

a

where E < Ois a negative contribution to e, and L <0isa
positive contribution to é. Substituting Egs. (31) and (32)
into the above expressions, and using the Kepler’s third law,
the decay rates of the orbital parameters P;, e and a are
given by

. i 2 2G 1 1,2\,2
Pb:_192ﬂ'<27[Gm>3ﬁF(6)_ 7"Gu(1+3e°)e; (35)

5 \ P Jm Py(1-e?)}

TABLE L.
last quoted digit.

helicity-1 degrees of freedom, both of which can open up
new channels of dipole gravitational radiation in asym-
metric binary systems [39]. Therefore, testing dipole
radiation can also probe whether gravity includes these
degrees of freedom. Note that, the above expressions are
also applicable to most theories of gravity with dipole
radiation, and the only difference is that the model-
dependent coefficients in dipole radiation are different.
The orbital evolution can be obtained by solving the
above system of nonlinear differential equations. In Fig. 1,
we show the temporal evolution of the orbital frequency
(f, = 1/Pp) and eccentricity (¢) of a NS-WD binary
system in f(R) theories with different values of f’'(R,).
The temporal evolution is given by numerically solving
Eqgs. (35) and (36) for a 1.6 My;—0.4 M5 NS-WD binary
system with compactnesses of 0.2-5x 10~ and an
initial eccentricity of 0.4 and an initial orbital frequency
of 107* Hz (correspond to an initial orbital period of
2.8 hours). Observe that the orbital frequency and

Timing model parameters for three binary pulsar systems. Numbers in parentheses represent 1o (68.3%) uncertainties in the

PSR name J1141 — 6545 [42,43]

J1738 4- 0333 [44] J0348 4- 0432 [45]

Orbital period, P, (days)
Projected semi-major axis, x,, (s)
Eccentricity, e

0.1976509593(1)
1.858922(6)
0.171884(2)

Periastron advance, @ (deg /yr) 5.3096(4)
Einstein delay, y (ms) 0.773(11)
Observed P,, P9 (10713) —4.03(25)
Intrinsic P,,, P (107'3) -4.01(25)
Shapiro delay, s 0.97(1)
Mass ratio, ¢ = myg/mwp
WD mass, myp (Mg) 1.02(1)*
NS mass, mys (Mg) 1.27(1)*
WD radius, Ryp (Rg) 0.0080(1)°
NS radius, Ryg (km) 11.391(2)°

0.3547907398724(13)
0.343429130(17)
0.34(11) x 107°

0.102424062722(7)
0.14097938(7)
0.24(10) x 1075

—0.170(31) —2.73(45)
—0.259(32) —2.73(45)
8.12) 11.70(13)
0.1817500% 0.172(3)
1461508 2.01(4)"
0.037-0%% 0.065(5)
11.352)° 10.89(8)°

*The masses are derived by assuming that GR is valid.

"The WD radius is derived by the WD mass-radius relation [46].
“The NS radius is derived by assuming APR EoS is valid [47].
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21
1

? x10712

2 x107%

1.9
0.8

1.7

06
|1 = f(Rs)[?

NS mass m (Me)
WD mass m,,, (Mo)
|1 = f(Rx)[?

1.?
O.fl
1
1

1 a4

1.3

N
S

J1141 - 6545 J1738 + 0333 J0348 + 0432

FIG. 2. Violin plots of parameters myg, mwp and |1 — f'(Ry)|?

for binary pulsars. PSRs J1141 — 6545, J1738 + 0333 and
J0348 + 0432 are represented in gray, blue and orange, respec-
tively. The red lines represent the 95.4% confidence level (CL)
upper bound.

eccentricity decay typically faster in f(R) than in GR due to
the presence of dipole radiation.

D. Summary of PK parameters

For convenience, the PK parameters are rewritten and
summarized as follows:

(38a)

(38b)

r = rOR, (38¢)

1
i SGR<1 - aep'fc), (384)
5 P P (1+1e?)é?
Py =P |1+ 155 ( 5ag Ll (38
b b { + 192 <27sz> (1 - e2)3F(e) (38e)
15 P %(1 _ e2)€2
= ¢OR (] b d £
e [ + 1216 <2nGm> [y (38f)
) P, \i (1+1e?)e?
= a1+ 155 (526 L4l (38
a=a { + 192 (271-Gm> (1 _62)%F(e) (38g)
with
3[lnf/<Roo)]2 5 (d)p — q)c)z
€,€6. = s ed — 3[1nf/(Roo)]2 ,
p ZCDPCDC 2(D%(D%
(38h)

TABLE II. Parameters myg, mwp, and upper bound on
[1 - f(Ry)| at 95.4% CL for binary pulsars.

PSR name mys(Mo)  mwp(Mo) 1= f/(Re)| <
J1141 — 6545 1.27(1) 1.02(1) 8.9 x 1077
J1738 + 0333 1.47(7) 0.181(8) 2.6 x 1078
J0348 + 0432 2.01(4) 0.172(3) 3.3x 1078

where the superscript GR denotes the GR values of the
PK parameters (see Appendix D). The periastron advance,
Einstein delay and Shapiro delay are the PK effects of
1PN, 1PN and 1.5PN, respectively. The orbital decay rates
come from the contributions of 2.5PN quadrupole radiation
and 1.5PN dipole radiation. In binary pulsars, through
timing analysis, in general, the measurement of P, is more
accurate than that of ¢ (or @), and hence the constraint on
the theory from P, is generally more stringent. Therefore,

in binary pulsars, Pb and the first four PK parameters in
Egs. (38) are usually used to test GR.

IV. BINARY PULSAR TESTS

In this section, we study how to place constraints on
f(R) gravity with binary pulsar observations.

A. Binary pulsars

Binary pulsars are crucial as the first indirect detectors of
GWs [16-18]. Binary pulsars possess extreme gravitational
environment, making them very useful tools for testing
strong-field gravity. The orbital decay in f(R) gravity is
dominated by the dipole radiation, which depends on the
difference in the compactnesses of pulsar and its
companion [see Eqs. (38)]. Therefore the asymmetric
systems like NS-WD binaries are one of the ideal targets
to test f(R) gravity. Moreover, although the theory param-
eter f'(Ry) is degenerate with the compactnesses of
binaries, the degeneracy can be broken by the radii of
binaries. Therefore, in the PK parameters, there are only
three independent parameters m,, m, and f'(R) to be
determined. For all these reasons, testing f(R) gravity by
binary pulsars requires that they can provide at least three
PK observables, including the intrinsic P}fﬂ caused by
gravitational radiation damping. Based on the above
analysis, we consider the following three NS-WD systems:
PSRs J1141 — 6545 [42,43], J1738 +0333 [44] and
J0348 4 0432 [45]. Among these three NS-WD systems
only the latter two systems provide the measured value of
WD radius. The radius of the WD in the first system is
estimated by using the WD mass-radius relation [46]. For
each NS in these three systems, the NS radius is estimated

*The intrinsic P can be obtained from the observed value of

P by subtracting two main effects: the differential galactic
acceleration [40] and the Shklovskii effect [41].
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FIG. 3. Mass-mass diagrams for the NS-WD PSRs J1141 — 6545, J1738 + 0333 and J0348 + 0432. In (a), for @, y and s, the dashed

curves (f(R)) are covered by the solid curves (GR). In (b) and (c), ¢ and myy, are independent of specific gravity theories. The width of
each curve represents 1o error bounds. The gray regions are ruled out by the condition s = sini < 1.

by using the mass-radius relation derived from the equa-
tions of state (EoS) based on the Akmal, Pandharipande,
and Ravenhall (APR)3 model [47]. The relevant parameters
for these three systems are listed in Table I.

B. Method and results

We perform a Monte-Carlo simulation to determine these
three unknown parameters m,, m, and f'(R,) for each of
these systems mentioned above. In this simulation, the
input quantities are mainly the PK observables, and each of
them is randomly sampled from a normal distribution with
mean and standard deviation equal to its observed value
and 1-o uncertainty. Then, these unknown parameters as
the output quantities are estimated by numerically solving
the system of equations (38) of the PK parameters. This
process is repeated 10° times to construct the histograms of
these unknown parameters and determine their median
values and uncertainties. The results are shown in Fig. 2
and Table 1L

PSR J1141 — 6545 is a 394 ms pulsar in a 4.74 hours
elliptical orbit with a WD companion. This system provides

the four PK observables Pim, w, y and s. The first three
observables are used to compute the three unknown
parameters myg, myp and f'(R,), and the last is the only
one test on f(R). By performing a Monte-Carlo simulation,
the unknown parameters for this system are derived and
shown in Fig. 2 and Table II. This system gives the upper
bound on |1 — f'(R)| of 8.9 x 1077 at 95.4% CL. These
results imply the Shapiro delay shape s = 0.96(1)
(68.3% CL) in f(R), which agrees with its observed value
0.97(1) (see Table I).

3So0 far, the NS EoS is not fully known. Here we consider the
APR model and assume that it is valid.

PSRs J1738 4+ 0333 and J0348 + 0432 are millisecond
pulsars in low-eccentricity orbits with low-mass WD
companions. Each of these two systems provides only
the three observables P, WD mass myp and mass ratio q.
Using these observables and performing Monte-Carlo
simulations, we obtain the upper bounds on |1 — f'(R,)|
of 2.6 x 1078 and 3.3 x 10™® at 95.4% CL from PSRs
J1738 4+ 0333 and J0348 + 0432 (see Fig. 2 and Table II),
respectively. These results rule out significant strong-field
deviations of gravity from GR, and confirm that GR is a
correct theory of gravity for asymmetric systems of strong
gravity. PSR J1738 4 0333 is the most constraining binary
pulsar for testing f(R) in these binary pulsar systems.

The mass-mass diagrams for PSRs J1141 — 6545,
J1738 40333 and J0348 4 0432 are shown in Figs. 3
(a)-3(c), respectively. These constraints on myg and myp
in GR (solid) and in f(R) (dashed) are based on the
observables of the PK parameters, WD mass and mass
ratio. The PK constraint curves in f(R) (dashed) are
obtained by giving the deviation parameter |1 — f'(R,)]
an upper limit (see Table II). In Fig. 3(a), for a very small
value of 8.9 x 1077 of |1 — f(Ry)|, the @, y and s
constraint curves in f(R) (dashed) are exactly covered
by those in GR (solid). The P, constraint curves in f(R)
(blue dashed) are significantly different from that in GR
(red solid), because the stronger dipole radiation appears in
f(R). Therefore, the constraint on f(R) from PSR J1141 —
6545 mainly comes from the measured value of Pi™. In
Figs. 3(b) and 3(c), the WD mass myp and mass ratio g are
theory-independent, therefore the constraints on f(R) from
PSRs J1738 + 0333 and J0348 + 0432 only come from the
measured value of P, These constraints from P exclude
significant dipole radiation deviations, which indicates no
solid evidence of the existence of helicity-0 or helicity-1
degrees of freedom.
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V. CONCLUSIONS

Chameleon f(R) gravity is a natural alternative to GR. In
this paper, in the framework of chameleon f(R), we studied
the full PK effects of binary pulsars, and constrained the
theory by using the observed PK parameters of NS-WD
binary pulsar systems. The PK effects in chameleon f(R)
differ from those in GR and the deviations are quantified by
a combination of theory parameter f'(R,) and star’s
compactness. Because of the degeneracy between them,
the theory parameter cannot be constrained alone. The
parameter degeneracy is broken by using the mass-radius
relation, which allows us to place constraints on theory
parameter. The temporal evolution of the orbital period and
eccentricity is typically faster than in GR due to the
emission of dipole radiation in chameleon f(R). We used
the three NS-WD binary pulsars to place constraints on
chameleon f(R) by performing Monte-Carlo simulations.
These constraints can also be thought of as tests of dipole
radiation, which can probe whether GWs include extra
helicity-0 or helicity-1 polarization states. The results show
that PSR J1738 + 0333 is the most constraining binary
pulsar for testing chameleon f(R) in these systems. The
significant strong-field deviations from GR are excluded by
binary pulsar tests. All tests show good agreement with GR,
which indicates that GR is correct for asymmetric systems
of strong gravity.

ACKNOWLEDGMENTS

We appreciate the helpful discussion with Dan Wang.
This work is supported by the National Natural Science
Foundation of China (NSFC) Grant No. 11903033 and the
Fundamental Research Funds for the Central Universities
under Grant No. WK2030000036.

APPENDIX A: CHAMELEON CONSTRAINTS
ON f(R)

In chameleon f(R) gravity, the chameleon mechanism
allows the theory to escape the tight solar system tests.
Using Eq. (2), the constraint conditions (9) of the chame-
leon mechanism can be translated into the following
constraints on the functional form of f(R) [31].

dV Mo,
/ <0,
A’V 1[R 1 A4f
- { F'T’Z]”
d3 2 f/f/// R 8f

NGNS +?_f_/2] <0 A

where a prime denotes differentiation with respect to R,

and f = f(R).

APPENDIX B: PN SOLUTIONS

Here we derive the PN solutions of the field equations in
the near zone. In the PN formalism [5,34], the tensor and
scalar fields are decomposed as

@) )
goo =1+ hoo+ hoo+---,

3)
gOJZ h0j+”.’
)
Gij =0+ hijj+---,

@ @
P=bt+ @+ o+,

(B1)
where the superscript () means that the quantity is of order
O(v"), and ¢, is the physical vacuum of the scalar field in
the background (i.e., the scalar background) which depends
on the background density.

By using the matter Lagrangian (10), performing the PN
expansions of the field equations (6) and (7), and imposing
the PN gauge (1}, — 31, = 0 and hfy , — 5 iy o = =5 hoo )
[5,34], the PN fleld equations are glven by

(2)
V2 l’loo = -872G E ma53<r - ra)’ (B2a)
@ \
V2hy; = -82G6; > m,(r—r,).  (B2b)
X 12 3
\Y ho;-l- hoooj = 16”G§:m“ ad’(r—r,). (B2c)

2(4> 1 2(2)2 @) 2<2> 2 2
\Y% hoo+§v hoo—hooVhoo—h jx hoo jx

0]
3 @ 10
= —87zGZma63(r—ra) <§vg — hoo -3 hiidii+5, ¢i> ,

(B2d)
8M}
006+ 9) =0 S G, —x,)
1 Gmb
x |1 ==22—
{ 2 ; Tp
M G
- 2_ <¢_P1> Z mbsb:|’ (B2e)
© b#a Tp

where v, is the velocity of the ath body, and
= |r—r,(7)|. The mass m, =m,(¢,) is the inertial
mass at ¢, and
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o(Inm,)
d(In @) "

0 0*(Inm,) )
I(lng)*

are respectively the first and second sensitivities [32,48],
which characterize how the gravitational binding energy
of a strongly self-gravitating body responds to its
motion relative to the extra fields. Note that here we
|

S, = SaE.S%—

, (B3)

have neglected the scalar field mass m, of cosmological
scales and the potential V(¢) corresponding to the dark
energy, since these effects are very weak in the near
zone.

Solving the above system of equations, and summing the
relevant components, the PN solutions of the field equa-
tions are

Gm, Gm, Gm,v2 G*m,m,, 1 6
=123 0 (37 ) £ay Oy s S (1+5600) +000
Gmava Gm,
oy = =33 S LSO ) ) 4 O,
Gm,
Jij :5l]<1 +22 . ) +O(’U4),
Gme, 1 Gm, Sy Mp ~—~Gmye, 1,01,
p=-M [1——1}5— - — + O0(°), (B4)
Pl; Ty 2 ; Tab Sa ¢oo b#a Tab 2 o

where r,;, = |r,(t) — r,()|. Here, the quantity €, is usually
called the scalar charge, and connects with the sensitivity s,
by €, = 2Mp;s,/¢ [26]. For a static spherically sym-
metric source of homogeneous density, the scalar charge is
given by [25]

P = Pa

= My,

(BS)

where ¢, is the position of the effective potential minimum
inside the ath body, and ®, = Gm,/R,, is the compactness
|

G? (1+1e?)

3,22 4,,2..3
: ! G 32/ 73, 37
A S S N AL x{—(1+—e e

6a*(1 — e2): ad(1—e?)r |5 24

[
of the ath body and R, is its radius. Note that ¢, is
generally inversely correlated to the matter density [25].
For a compact object, its density is always much larger than
the background density, and therefore there are ¢, > ¢,
and €, = ¢oo/(Mqu)a)'

APPENDIX C: ORBITAL ENERGY AND
ANGULAR MOMENTUM DECAYS

In f(R) gravity, the decay rates of the orbital energy and
angular momentum are summarized as follows:

96

€y +e€ 13 € 5 8 99 51 e? e?
a2 (e *M)ez* (Gt +i5 (147 + 2 )5 (15 )ene

1 39
~30 <1—18€ —ge

Gu*(Gm): {g (

ar(1 — e2)? 5

_GiGmp
6a’(1—e) €

1
~% 2(eq1 + €ar) + €*(ear + 4€d2)]€d}v

8

7
1+-e

5 €4€,
2) <1 +Z€1€2) - go (2

&2
—17¢%) + —2(8 + 7e?)

(€2)
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where we have defined

€1m2—|—€2m1
En=¢€+e+——"7—, €q =€~ €y,

2

_eymy —eymy em? — eym3

€ =——__ > €n =

m 2m? ’
_emy +eymy _emt—eym3
eq = €, = - (C3)
m m

Here the subscripts m, d, ¢ and o denote monopole, dipole,
quadrupole and octupole, respectively. In Eqgs. (C1) and
(C2), the first term is the scalar dipole radiation of 1.5PN
order, and the second term mainly comes from the con-
tribution of the tensor quadrupole radiation of 2.5PN order.
Although the scalar monopole radiation is the leading
term of the multipole expansion of scalar radiation, it
is of the same 2.5 PN order as the quadrupole radiation.
The scalar monopole radiation carries energy but not
angular momentum, because the scalar field is spin-0. In
the limit of ¢, — 0 and e, — 0, these results reduce to those
in GR.

APPENDIX D: PK PARAMETERS IN GR

In GR, the PK parameters can be related to the masses of
the two bodies and to measured Keplerian parameters by
the equations,

HOR 27Gm\ 3 6
Pb Pb(l —62) ’

2nGm m
GR _ 1 e
e () ()

rR = Gm,,

JOR _ 27Gm\ 3 Xp
Pb Gm ’

. 1927 (2
POR _ _ 9 ﬂ'( 7er> ﬁF(e),
5 Pb m
sor _ 0087 <2nGm>§ pe(l+ 3% e?)
15 P, mPh(] —e )%’
4 (2 2
dGR__6_( ”Gm) L Ee), (D1)
5 Pb m
with
73e*  37e*
Fle)=(1—-e?)3( 1+ —+"— D2
@=0-e (1450 8). )

where m = m, + m, is the total mass, and m,, m., P, e
and x,, are the pulsar mass, companion mass, orbital period,
orbital eccentricity and projected semimajor axis of the
pulsar orbit, respectively.
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