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The sky localization of the gravitational wave (GW) source is an important scientific objective for GW
observations. A network of space-based GW detectors dramatically improves the sky localization accuracy
compared with an individual detector not only in the inspiral stage but also in the ringdown stage. It is
interesting to explore what plays an important role in the improvement. We find that the angle between the
detector planes dominates the improvement, and the time delay is the next important factor. A detector
network can dramatically improve the source localization for short signals and long signals with most
contributions to the signal-to-noise ratio (SNR) coming from a small part of the signal in a short time, and
the more SNR contributed by smaller parts, the better improvement by the network. We also find the effects
of the arm length in the transfer function and higher harmonics are negligible for source localization with

the detector network.
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I. INTRODUCTION

The  Laser  Interferometer  Gravitational-Wave
Observatory (LIGO) Scientific Collaboration and the
Virgo Collaboration have reported tens of confirmed gravi-
tational wave (GW) detections [1-14], which provide a new
avenue to probe the nature of gravity and spacetime in the
nonlinear and strong field regimes. Ground-based GW
detectors, such as Advanced LIGO [15,16], Advanced
Virgo [17] and Kamioka Gravitational Wave Detector
(KAGRA) [18,19], operating in the 10 — 10* Hz frequency
band, normally detect stellar-mass binary mergers with
small signal-to-noise ratios (SNRs). The proposed space-
based GW detectors such as Laser Interferometer Space
Antenna (LISA) [20,21], TianQin [22], and Taiji [23] probe
GWs in the millihertz frequency band, while Deci-hertz
Interferometer Gravitational Wave Observatory (DECIGO)
[24] operates in the 0.1 to 10 Hz frequency band. Thus,
space-based GW detectors can detect GWs from massive
black hole (BH) binary mergers with large SNRs, and the
detected signals can be well used to probe the nature of BHs,
localize sources, estimate their parameters, etc. In particular,
localizing the sky position of the GW source is a key
scientific goal for GW observations. An accurate source
position is essential for the follow-up observations of
electromagnetic counterparts or the statistical identification
of the host galaxy if no counterpart is present. Furthermore,
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we can study the thermal history of the Universe and
measure cosmological parameters with GW observations.
For example, GWs with accurate information about the
source positions can be regarded as standard sirens [25,26]
to understand the problem of Hubble tension [27].

GWs from compact binary coalescences are described by
inspiral, merger, and ringdown phases, with increasing
frequency. The inspiral waves, at the stage of orbiting until
the innermost stable orbit, can be analyzed by the post-
Newtonian theory [28,29], BH perturbation theory [30,31],
etc. The merger waveform is normally described by
phenomenological models, effective-one-body models cali-
brated to numerical-relativity simulations, etc. [32—43].
The ringdown signal originating from the distorted final
BH, comprises a superposition of quasinormal modes
(QNMs) [44,45]. Each mode has a complex frequency,
the real part is the oscillation frequency, and the imaginary
part is the inverse of the damping time. These frequencies
are determined by the mass and angular momentum of the
final BH, and the amplitude and phase of each mode are
determined by the specific process when the final BH
forms. Ground-based GW observatories detect GW signals
lasting within a few seconds to minutes since GW signals
are inferior to the noise until the later time of the inspiral
phase, so at least three ground-based observatories at
widely separated sites are required to localize compact
binaries [46,47]. However, space-based GW detectors can
measure GWs lasting from months to years due to the large
GW amplitude and the low orbital frequency of massive BH
binaries. The early inspiral waves are always regarded as
monochromatic waves due to their slow evolution. For
monochromatic waves, space-based GW detectors use the
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modulations of the amplitude and phase caused by the
motion around the Sun to localize the source [48-53].
The measurement accuracy of LISA for monochromatic
sources increases a few times for the observation time
Tps = 2 yr compared with that for 7Ty, = 1 yr [54]. The
transfer function can increase the measurement accuracy
for monochromatic sources with 0.01 Hz < f < 0.03 Hz
by a few times compared with the long-wave approxi-
mation [55]. For coalescing binaries with the total mass
~10° Mg, the transfer function can help LISA localize
their sky positions ten times more accurately compared
with the long-wave approximation [56].

LISA and Taiji are composed of a triangle formed by
three spacecrafts in a heliocentric orbit behind or ahead of
the Earth by about 20°. The angular resolution of the LISA-
Taiji network depends on the configuration angle, and the
network is expected to improve the sky localization of GW
sources over 2 orders of magnitude than individual LISA or
Taiji detector [57]. On the other hand, the LISA-Taiji
network can constrain the Hubble parameter within 1%
accuracy [58]. Different from LISA and Taiji, TianQin is a
geocentric detector orbiting the Earth and further rotating
around the Sun together with the Earth, whose detector
plane points to the source RX J0806.3 + 1527. The LISA-
TianQin network can improve the sky localization of
Galactic double white dwarf binaries up to 3 orders of
magnitude [59], if compared with a single TianQin
observation. Although the separation between LISA and
TianQin is not as large as that between LISA and Taiji, the
LISA-TianQin network still shows its strong ability in
improving the source localization. Moreover, the Taiji-
TianQin network improves the localization of coalescence
sources by two orders of magnitude compared with an
individual detector [60]. Without considering the time
delay, the LISA-TianQin network, Taiji-TianQin network,
and LISA-Taiji network all can improve the source locali-
zation by two orders of magnitude compared with an
individual detector in the ringdown stage [61]. It seems that
the time delay caused by the separation is not the primary
factor in the improvement to the source localization. Since
the network of space-based GW detectors significantly
improves the angular resolution, it is natural to explore
what dominates the improvement and what configuration
setting maximizes the improvement. To give a robust
estimation of the sky localization of the source, we employ
the Fisher information matrix approximation (FIM), which
is widely used to perform parameter estimation for space-
based GW detectors [47-53,57,59,61-80].

The paper is organized as follows. In Sec. II, we
introduce the signal in the detector and the FIM method.
In Sec. III, we analyze the effects of the angle between the
detector planes, the time delay, the transfer function, and
the higher harmonics on the source localization. We
conclude this paper in Sec. IV. Throughout this paper,
we use units in which G = ¢ = 1.

II. FISHER INFORMATION MATRIX METHOD

A. Polarization tensors

In the heliocentric coordinate {2 } lAc}, we use the source
position (6, ¢,) and the polarization angle y, to form the
GW coordinate basis vectors {7, 71,0} as

{m’ﬁ7a} = {?,}, ]AC} X Rz((ps _”)Ry(ﬂ - es)Rz(l//s)v (1)

where 0 is the propagating direction of GWs, and R,, Ry,
and R, are Euler rotation matrices.

In general relativity, there are two polarizations
A =+, x. With polarization tensors eg,

+ oA A A A X . oAA A A
e;; = M — i, ef; = iy + g, (2)

we can decompose GWs into two polarizations h;; =
A
Doa—tx haej.

B. The detector signal

The configurations of space-based GW detectors are
generally equilateral triangles. We can model every detector
of this kind as a combination of two independent LIGO-like
detectors (“I” and “II”’) with the opening angle y = /3.

We consider GWs from mergers of nonspinning binary
BHs. At the inspiral stage, with the stationary phase
approximation (SPA) [81-83], the frequency-domain sig-
nal in the detector is

&) 4
S(f) = ZZFA(tfm’f’es’(ps’l//s)hgm(f)’ (3)
=2 m=1
where (£, m) are the harmonic mode indices,

FA = (D3 ()T (F.10-0) = DA 1n) T (f 0 0)]e® (4)

is the response function for polarization A, ii(¢) and (z) are
the unit vectors of the detector’s two arms, 7 is the transfer
function, D? is the arm scalar, @, is the Doppler shift,

1
2
() = =Yoo = (=17 Y3, Ry (f) (5)

him(f) = [Yf,—m + <_1>KY;,m]hrf’,—m(f)v

[\

are GW polarizations, Y, (1, 0) are spherical harmonics of
spin-weight —2 [84], 1 is the inclination angle of the source,
hy—p=Apm(f)e” @) (with m, f > 0) are spherical
harmonic modes concentrated in the positive frequency
domain under the convention i (f)= [h(t)exp(—2xift)d!,
the amplitude A,,, and the phase ®,,, = 2z ft. + ¢y — P
are given by the inspiral part of the IMRPHENOMXHM
waveform model [34,35],
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o 1 d¢fm(f)
Lem = I — ETf (6)

is the function of frequency [85,86] given by SPA, ¢, is the
coalescence time, and ¢y, is a phase shift.
The transfer function 7 is

T(f.0-0) :%{Smc [f(l —a.a)} exp {f(3+ﬁ.a)}

2f 2if*
140 1420
+ sinc {f( 2—’}1: 0)} exp [f( thb’l‘ 0)]}, (7)

where sinc(x) = sinx/x, f*=c¢/(2zL) is the transfer
frequency of the detector, c¢ is the speed of light, and L
is the arm length of the detector. The Doppler shift is

q)D(t) = 2”fRe Sin(as) COS(O)el — @s + (/)i)/C’ (8)

where R, = 1 AU is the orbital radius, w, = 27/T, is the
orbital frequency of the Earth, 7, = 1 year is the period,
and ¢; is the ecliptic longitude of the detector at r = 0. The
arm scalars are defined as

Dy(t) =i (i (e, Dy(t) =o' ()d/(r)ef. (9)

ij’

N[ =

where the polarization tensors ef‘j are given by Egs. (1)

and (2). For the detector I, @i(z) and 9(¢) are given by

it = cos r X —sin r 9,
2 2
cos <%>5c + sin <g)§1 (10)

and for the detector II, ii(¢) and #(z) are given by

S
I

2y . (27 y
. AW AW 1
D cos<3+2>x+sm(3+2)y, (11)

where ¥ and § are the basis vectors of the detector
coordinate. For TianQin, the basis vectors of the detector
coordinate are

PN A g V4
(5.2} = (.30 % R: (1, = 2 ) R0, R.(ang).
(12)
where (0,, = 94.7°, ¢,, = 120.5°) is the direction of the
source RX J0806.3 + 1527 [87-91], and w,,, is the rotation

frequency of TianQin. For LISA, the basis vectors of the
detector coordinate are

(09,2} = (0.0} xRk, (=5 )R-t (13

For the ringdown waves from mergers of nonspinning
binary BHs, we use the analytical expression of the signal
in the detector derived in Ref. [61], and the amplitude
model [92,93] determined by fitting numerical relativity
simulations. Since the phase alignment between different
angular components of the radiation is limited by the
theoretical understanding of the excitation and starting
times of QNMs [94-96], the phases of QNMs ¢, are
treated as free parameters in our analysis of ringdown
signals.

C. The noise curve

In this paper, we use the noise curve [97]

p(f) = S5 AL+ cos’(f/f IS, [1 N (M) } |

T @ 7
(14)

where S, is the position noise, S, is the acceleration noise,
L is the arm length, f* = ¢/(2zL) is the transfer frequency
of the detector. For LISA, S, = (1.5 x 107! m)?Hz™!,
S, =Bx10" ms2)2Hz !, L =2.5x 10° m, and f* =
19.09 mHz [21]. For TianQin, S, = (107'2 m)?Hz!,
S, = (10" ms2)2Hz™!, L=+3x10®m, and f* =
0.2755 Hz [22]. For Taiji, S, = (8 x 10712 m)>Hz!,
S, =0Bx107 ms2)?2Hz!, L=3x10° m, and f* =
15.90 mHz [57].

For LISA and Taiji, we also add the confusion noise [97]

27 x 1078778
14 0.6(f/0.01909)2
x [1 4 tanh(1680(0.00113 — f))] Hz™', (15)

o /"1=221 sin(521)

Se(f)

to the noise curve, where f is normalized by 1 Hz.

D. Fisher information matrix

For convenience, we define the inner product of two
frequency-domain signals s;(f) and s,(f) as

iy =2 [ DDA gy i

The SNR p for a signal s(f) is simply defined as

p* = (sls). (17)

For a detected source with a significant SNR, we
can use the FIM method to estimate its parameters, which
is defined as
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0
(5

(/)
. ) (18)

where € spans the parameter space. The SNR and FIM for a
detector network are p* = 377, pz and I';; = >r_ TV

For the inspiral signal, E={M_,n,d;,0,, ¢,y 1,1, (o},
where M, = M(1 + z) is the redshifted total mass, M =
m; + m, is the total mass, 7 = /(1 + q)? is the symmetric
mass ratio, ¢ = m,/m; > 1 is the mass ratio, d; is the
luminosity distance. For cosmological parameters,
we use the Planck 2018 results: the Hubble constant
Hy = 69.66 km/s/Mpc, the matter energy density param-
eter Q,, = 0.3111 and the cosmological constant Q, =
0.6889 [98]. It is hard to control the noise of space-based
GW detectors below the frequency ~2 x 10~ Hz [80], so
we take 2 x 107 Hz as the lower cutoff frequency. We set
fin = max (fo,2 x 107 Hz), where f is the frequency of
h, _, at one year before the coalescence given by Eq. (6),
and set f, to be the final frequency of h4 4 in the inspiral
stage given by IMRPHENOMXHM.

For mergers of nonspinning binary BHs, the spin of
the remnant BH is only determined by the mass ratio g.
Thus, for the ringdown signal, €= {q,M.d; 0,9, y,,1,
$220-$330- P210+ Paso }» Where ¢y, is the phase of the
corresponding quasinormal mode (£, m,n) and n is the
overtone index. We set fi, = max (0.5f5;0,2 x 107 Hz)

and fou = 2f 440
The covariance matrix of these parameters is

oij = (AEA) » (F‘l)ij. (19)

The angular uncertainty of the sky localization is
evaluated as

AQ, = 2250, /006,0,0, — 03, (20)

so the probability that the source lies outside an error ellipse
enclosing the solid angle AQ is simply e 2%/4%

In this paper, we take ¢ = 2 and ¢, = 0. For each binary
with the specific total mass and redshift, we use Monte Carlo
simulation to generate 10° sources with {cos®,,cos}
uniformly distributed in [—1,1] and {@y, vy, Po. Drmn}
uniformly distributed in [0, 27], and obtain the median error
of the parameter estimation and source localization.

E. Characteristic strains

For inspiral signals, we consider the observation time of
one year with the signal starting one year before the
coalescence. Figure 1 shows the sensitivity curves and
the inspiral signals from various sources, the gray-colored
lines denote the inspiral signals from binaries with different
total masses at z = 1, the line patterns (solid, dashed, dash-
dotted, dotted) represent different harmonic modes, the first
part (gray part) represents the inspiral signal from one year

— fAx — fAss

10715 4
E 10-16 ] 10&\43 ””” fAxn fAwu
% 10717 J
Z 10718
=
% 10719 4
g
2 10720 4
O
10721 J
1072 i y y
1=t 107 107 1007t 10 10!
fH7]
FIG. 1. Characteristic strains for sensitivity curves of different

detectors and various binaries. The gray-colored lines denote the
inspiral signals from binaries with different total masses at z = 1,
the line patterns (solid, dashed, dash-dotted, dotted) represent
different harmonic modes, the first part (gray part) represents the
inspiral signal from one year to 5 days before the coalescence,
and the second part (colored part) represents the inspiral signal in
the last 5 days. The vertical dotted lines are the transfer
frequencies of LISA, TianQin, and Taiji.

to 5 days before the coalescence, and the second part
(colored part) represents the inspiral signal in the last
5 days. From Fig. 1, we see that the GW signal of the first
part varies slowly with time, while the GW signal of the
second part varies rapidly. Moreover, for the binary with
M = 10° M, the most contribution to SNR comes from
the inspiral signal of the first part, while for the binary with
M > 10* M, the most contribution to SNR comes from
the inspiral signal of the second part.

III. SOURCE LOCALIZATION

To investigate the effects of various factors on source
localization, we construct two TianQin-like detectors, TQ1
and TQ2, with the same arm length as TianQin but pointing
to (0, 9) = (0°,0°) and (0, ¢) = (y,,0°) respectively. We
also construct another three fiducial detectors, TianQin10L,
TQI10L1, and TQ10L2, similar as TianQin, TQ1, and TQ?2,
respectively, but with longer arm length L = v/3 x 10° m
and longer rotation period. All these constructed geocentric
detectors orbit the Earth and further rotate around the Sun
together with the Earth, without experiencing the Earth’s
own rotation. Note we set the noise curves of these
constructed geocentric detectors as the same as that of
TianQin, which means TianQin10L, TQ10L1, and TQ10L2
have the arm length L = v/3 x 10° m only in the transfer
function but not in the noise curve P, (f).

For the heliocentric detector, the normal vector of the
detector plane spans a circular cone in one year with 60°
between the cone surface and the z axis of the ecliptic
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FIG. 2. The median localization errors with the TQI1-TQ2
network for different angles between the normal vectors of the
detector planes. The inspiral and ringdown signals are from
binaries with different total masses at different redshifts.

plane. LISA and Taiji point to the same direction when they
arrive at the same location, which is determined by their
orbital design. For example, if LISA or Taiji is at
(0,9) = (7/2,¢y), then the normal vector of its detector
plane will point to (0,¢) = (7/3,¢y + =). Since the
separation angle @, between LISA and Taiji is 40°, the

angle between the normal vectors of their detector planes
is y, = arccos[(1 + 3 cos ¢, ) /4] = 34.5°.

A. The angle between normal vectors

Figure 2 shows the median localization errors with the
TQ1-TQ2 network for different angles between the normal
vectors of the detector planes with inspiral signals and
ringdown signals from binaries with different total masses
at different redshifts. From Fig. 2, we see that as the angle
between the normal vectors increases, the median error of
the source localization decreases rapidly. The network of
TianQin-like detectors has the best angular resolution when
the angle between the normal vectors of their detector
planes is in the range 40°— 140°. The network with
v, = 180° has a little better angular resolution than the
network with y, = 0°, because when y,, = 0° we set the
three spacecrafts of TQ1 overlapping with those of TQ2 all
the time. The improvement to source localization by the
network with 40° < y,, < 140° increases as the total mass of
the binary increases, and the improvement is negligible for
binaries with M = 10° M,

Figure 3 shows the sky dependence of the localization
error for the TQI1-TQ2 network with different angles
between the normal vectors of the detector planes. With
the inspiral signal from the binary with M = 10> M, or the
ringdown signal from the binary with M = 10° M, as 7,
increases, the localization errors with the TQ1-TQ2 net-
work for signals from sources along the directions between
the two detector planes decrease rapidly, and finally the
skymap becomes uniform when y,, reaches 60°.

Since ringdown signals are transient (normally within
one day), the effect of the rotation of the detector is
negligible in most cases. For the ringdown signal, it can

104
,103
10?2

W01 ‘Teardsug
=)

FIG. 3.

,100

,10—1
1072
,1073

“IG01 ‘umopSury

The sky dependence of the localization error for the TQ1-TQ2 network with different y,,. The top two rows is for the inspiral

signals from binaries with M = 10° M. The bottom two rows is for the ringdown signals from binaries with M = 10° M.
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FIG. 4. The median SNRs (dashed lines) and median localization errors (solid lines) with different detectors for different observation
time starting from one year before the coalescence. For the TQ1-TQ2 network, y, = 90°.

also use the response difference between different QNMs
to localize the source. If we combine two space-based
detectors with 40° <y, < 140° the response difference
between the two detectors is large enough in most cases,
which improves the source localization dramatically. The
angle between the normal vectors of the LISA-Taiji net-
work is 34.5°, and the angle between the normal vectors of
the LISA-TianQin network or the Taiji-TianQin network
varies from 34.7° to 154.7° periodically. Thus, for ringdown
signals, the LISA-Taiji network, the LISA-TianQin net-
work, and the Taiji-TianQin network all improve the source
localization dramatically compared with an individual
detector, as shown in Ref. [61].

For inspiral signals, we consider the observation time of
one year with the signal starting at one year before the
coalescence. Since the detector plane of geocentric detec-
tors is fixed all the time, it is easy to understand the
dramatic improvement to the source localization when the
detectors are combined. Thus our discussion focuses on
heliocentric detectors.

Figure 4 shows the median SNRs and median localiza-
tion errors with different detectors for different observation
times starting from one year before the coalescence. From
Fig. 4, in the final few days, the median SNRs increase by
a few times for binaries with M = 10* M, and by more
than 1 or even 1.5 orders of magnitude for binaries with
M > 10° Mg, but little for binaries with M = 10> M.

The inspiral signal of the first part varies slowly and lasts
360 days, which is the same as the continuous signal. The
heliocentric detector can localize continuous sources by
using the amplitude modulation due to the varying ori-
entation of the detector plane and the phase modulation due
to the orbital motion of the detector center around the Sun,
and the geocentric detector with the fixed detector plane
can localize continuous sources only by using the phase
modulation [52]. The significant difference between the
source localization of the heliocentric detector and the
geocentric detector is mainly caused by the amplitude
modulation. The analysis of source localization for mono-
chromatic waves shows that the heliocentric detector has
much better localization accuracy than the geocentric
detector due to the amplitude modulation in the case of
f < 1073 Hz, and has similar localization accuracy as the
geocentric detector in the case of f > 1073 Hz because the
phase modulation becomes dominant [48,53,64]. Thus, for
the observation of the first part, the heliocentric detector
can be regarded as a network of detectors with different
orientations (due to amplitude modulation) and it has much
better localization accuracy than the geocentric detector in
the case of M > 10* M, (amplitude modulation dominates)
and has similar localization accuracy as the geocentric
detector in the case of M = 10> My (phase modulation
dominates). As shown in Fig. 4, at T, = 360 days, LISA
has much better source localizations than TianQin in the case
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of M >10* My, and similar source localizations as
TianQin in the case of M = 10° M, similar source local-
izations as the TQI-TQ2 network for binaries with
103 My <M < 107 Mg,. Taiji has better localization accu-
racy than LISA due to its lower noise curve.

As seen from Fig. 1, for the first part of the inspiral
signal, the GW frequencies for 10° My and 10* M, are
around 1072 Hz and 2 x 1073 Hz respectively. From Fig. 4,
we see that at T, = 360 days, for binaris with M =
10> My and M = 10* M, the median SNRs and median
localization errors with LISA are about {10, 10 deg?} and
{70,10 deg?}, respectively; the results with TianQin
are {10,50 deg’} and {20,500 deg’}, respectively.
Reference [52] employed the monochromatic wave model,
and find that in the case of p = 10 the median localization
errors with LISA for 1072 Hz and 107° Hz are about
2.5 deg? and 150 deg?, respectively; the results with
TianQin are about 3.5 deg? and 5000 deg?, respectively.
From the relationship AQ o 1/p? for the monochromatic
wave model, the localization accuracy of the detector with
the first part of the inspiral signal is a few times worse than
that given by the monochromatic wave model.

The inspiral signal of the second part varies fast
and lasts five days, which is the same as the transient
signal. The second part is the key to the improvement to the
source localization by the network. For binaries with
M > 10* Mg, the most contribution to SNR comes from
the inspiral signal in the final five days, when the motion of
the heliocentric detector is ignorable. Thus, in this case, a
single heliocentric detector can only be regarded as a
network of detectors with very small y,, which has little
effect in improving source localizations. Although in the
case of M > 10* M, the SNR of the second part is larger
than the SNR of the first part by 1 or even 1.5 orders of
magnitude, it only decreases the localization errors with a
single heliocentric detector by one order of magnitude at
most. As seen from Fig. 4, with the second part of the
signal, the TQ1-TQ2 network can decrease the median
localization errors by one order of magnitude for
M = 10* M, and by even three orders of magnitude for
M = 10° M, compared with the first part of the signal. For
M = {10*,10°,10°, 10"} M, the localization errors with
the TQ1-TQ2 network are smaller than those with LISA
or Taiji by {2,20, 50,20} times. Note that these detectors
have the same order of magnitude for SNRs, so the
dramatic improvement on sky localization by the
TQ1-TQ2 network is due to the large y, in the network.
For M < 10* M, the SNR of the second part is equal to or
smaller than that of the first part, thus in this case the
improvement by the network is negligible. The more SNR
contributed by smaller parts in a shorter time, the better
improvement by the network. Thus, the detector network
can dramatically improve source localizations for short GW
sources and long sources with most contributions to SNR

coming from a small part of the signal in a short time.
A single space-based detector can localize sources even
with transient ringdown signals due to the large SNRs and a
pair of interferometers in it, as shown in Figs. 2 and 6 and
Refs. [61,80], thus the dramatic improvement by the
network is not because a single space-based detector cannot
localize sources with inspiral signals of the second part.

Ground-based detectors have observed numerous com-
pact binary coalescences, but have not observed continuous
sources yet. These transient signals are the same as the
ringdown signals and the inspiral signals from binaries with
M > 10° M. For the Hanford-Livingston network, the
angle between the normal vectors of LIGO Hanford and
LIGO Livingston is 27°, and the typical SNR and locali-
zation error are about 10 and 1500 deg” [7,13]. TianQin
has two interferometers, which is also a network with
v, = 0°. For TianQin, the median SNRs and median
localization errors of inspiral signals from binaries with
M = {10°,10°10"} Mg atz = 1 are about {350, 300, 36}
and {40,70,8000} deg?; the median values of ringdown
signals from binaries with M = {10°,10°, 107,103} M at
z =1 are about {70,2000,2000,300} and {900, 15,25,
2000} deg?. With large SNRs, TianQin has a smaller
typical localization error than the Hanford-Livingston
network.

For the LIGO-Virgo network, the angle between the
normal vectors of LIGO and Virgo is 79°, and the typical
SNR and localization error are about 12 and 400 deg?
[7,13]. For the TQ1-TQ2 network with y = 90°, the median
SNRs and median localization errors of inspiral signals
from binaries with M = {10°,10%,10"} My at z =1 are
about {600,500, 65} and {0.08,0.1,7} deg?; the median
values of ringdown signals from binaries with M =
{105,10%,107,108} Mg at z=1 are about {90,2300,
2500,400} and {4,0.006,0.005,0.2} deg?>. The TQI-
TQ2 network with four interferometers and without time
delay has a much smaller typical localization error than the
LIGO-Virgo network with three interferometers and time
delay due to the large SNRs. If we only use two interfer-
ometers of the TQ1-TQ2 network, the localization accuracy
would become about 6 times worse for inspiral signals from
binaries with M > 10° M, and about 60 times worse for
ringdown signals.

B. The time delay

The time delay between detectors in the network con-
tains information about the source position, which can help
to localize the source. We use t;, = L,/c to represent the
time delay, where L is the distance between two detectors.

Figure 5 shows the median localization errors with the
LISA-TianQin network and the Taiji-TianQin network for
different time delays with inspiral signals from binaries
with different total masses at z = 1. When the observation
starts, we set LISA pointing to (0, ) = (z/3, ) for the
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FIG. 5. The median localization errors with the LISA-TianQin

network (left) and the Taiji-TianQin network (right) for different
time delay with the inspiral signals from binaries with different
total masses at z = 1.

LISA-TianQin network, and set Taiji pointing to (0, ¢) =
(/3, z) for the Taiji-TianQin network, so that y,, = 66.6°
for the two networks at the coalescence time. Then, we
change the location of TianQin to make different time
delays.

Table I shows the median localization errors with differ-
ent detectors for inspiral signals from binaries with differ-
ent total masses at z = 1, As seen from Fig. 5 and Table I,
in the case of 7; = 0 s, the results with the LISA-TianQin
network and the Taiji-TianQin network are similar to those
with the TQ1-TQ2 network; in the case of 7; = 340 s, the
results with the LISA-TianQin network and the Taiji-
TianQin network are better than those with the TQI-
TQ2 network by a few times for M = 10 M and by
one order of magnitude for 10° My <M < 10° M,
Moreover, for M > 107 M, the contribution of the time
delay to the source localization is negligible, because the
GW frequency is lower than 1/(2 AU) = 10~ Hz, where
2 AU is the diameter of the heliocentric orbit.

TABLE 1. Median localization errors with different detectors
for inspiral signals from binaries with different total masses at
z = 1. For the TQ1-TQ2 network, the angle between normal
vectors is 90°. For the LISA-TianQin network, the time delay is
340 s, and the angle between the normal vectors is 66.6° at the
coalescence time.

For the equal-mass binaries with M = 10° M atz = 1,
the localization accuracy of the LISA-Taiji network is
improved by two orders of magnitude as the separation
angle between LISA and Taiji varies from 3° to 40°, and
by only five times as separation angle varies from 40° to
180° [57]. The dramatic improvement as @, varies from 3°
to 40° is mainly because y, varies from a few degrees to
34.5°, and partly because t; varies from 26 s to 340 s. The
less improvement as @, varies from 40° to 180° is only
caused by the time delay as shown in Fig. 5, and there is
almost no improvement as y,, varies from 34.5° to 120°. For
ground-based detectors, since f; = 0.01 s for the Hanford-
Livingston network and 7, = 0.027 s for the LIGO-Virgo
network, the ground-based detector network can improve
the source localization for sources with f > 37 Hz. With
the timing triangle method, Ref. [99] shows that the
localization accuracy of the LIGO-Virgo network is about
three times better than that for the Hanford-Livingston
network, which is consistent with the difference between
ty =300 s and ¢, = 100 s in Fig. 5.

C. The higher harmonics

Table II shows median localization errors with different
detectors for only the (2,2) mode of inspiral signals from
binaries with different total masses at z = 1. From Tables I
and II, for LISA and Taiji, the improvement by higher
harmonics is negligible in the case of M < 10* M, is
about 35% in the case of M = 103 M, and is about 7 times
in the case of 10° My <M < 107 My; for the detector
network, the improvement by higher harmonics is negli-
gible in the case of M < 10° M, and is only 60% in the
case of M = 107 M; for TianQin, the improvement by
higher harmonics is one or two orders of magnitudes in
the case of M > 10° M. In the ringdown stage, a single
space-based detector cannot localize sources without higher
harmonics, but the localization accuracy of the TQ1-TQ2
network varies little without higher harmonics. Thus, higher
harmonics are unimportant for source localizations with the
detector network all the time, are necessary for source
localizations with a single space-based detector in the

TABLE II. Median localization errors with different detectors
for only the (2,2) mode of inspiral signals from binaries with
different total masses at z = 1. For the TQ1-TQ2 network, the
angle between normal vectors is 90°. For the LISA-TianQin
network, the time delay is 340 s, and the angle between the
normal vectors is 66.6° at the coalescence time.

M(Mg) LISA  Taiji TianQin TQI-TQ2 LISA-TianQin M(Mg) LISA Taiji TianQin TQI-TQ2 LISA-TianQin
103 13.2 3.34 45.5 12.3 2.40 10° 14.2 382 654 15.3 2.50

10* 8.19 5.13 90.6 2.27 0.203 10* 838 526 1713 2.28 0.205

10 542 1.48 43.7 0.075 0.011 10° 720 217 2691 0.077 0.011

109 11.9 5.30 78.7 0.103 0.046 10° 61.0 394 >10° 0.116 0.058

107 2485 1049 8367 6.77 3.90 107 1193 730 >103 9.22 6.04
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FIG. 6. The sky dependence of localization errors for LISA, TianQin, TianQin10L, and Taiji with inspiral signals from binaries with
different total masses at z = 1. When the observation starts or the coalescence happens, we set LISA pointing to (0, ¢) = (z/3,8%/9),
and Taiji pointing to (0, ¢) = (x/3.10x/9). TianQin and TianQin10L point to (6, ¢) = (94.7°,120.5°) all the time.

ringdown stage, are important for source localizations with
heliocentric detectors in the case of M > 10° Mg in the
inspiral stage, and are very important for source localizations
of geocentric detectors in the case of M > 10° M, in the
inspiral stage.

Figure 6 shows the sky dependence of the localization
errors for LISA, Taiji, TianQin, and TianQin10L with
inspiral signals from binaries with different total masses
at z = 1. When the observation starts or the coalescence
happens, we set LISA pointing to (0, ¢) = (z/3,8x/9),
and Taiji pointing to (0, ¢) = (z/3, 10x/9). From Fig. 6,
we see that all the detectors have the worst angular
resolution for sources along the equator plane in the
case of M = 103 M, and have the best angular resolution
for sources along the detector plane in the case of
M >10* Mg. In the case of M = 10° M, the most
contribution to SNR comes from the inspiral signal in
the first 360 days. For LISA and Taiji, the amplitude
modulation makes the skymap more uniform and the phase
modulation makes the localization accuracy worse for
sources along the equator plane; For TianQin, there is

only the phase modulation which makes the localization
accuracy worse for sources along the equator plane [52].
In the case of M > 10* M, the most contribution to SNR
comes from the inspiral signal in the final 5 days, when the
heliocentric detector can be modeled as a network with
small y,, with the best angular resolution for sources along
the detector plane. For all detectors, higher harmonics make
the localization accuracy better for sources along the
detector plane (similar to the results of ringdown signals
in Refs. [61,80]).

Figure 7 shows the sky dependence of the localization
errors for LISA and TianQin with only the (2, 2) mode of
inspiral signals from binaries with different total masses at
z = 1. In the case of M > 10* M, although LISA can be
modeled as a network with small y,, which makes the
angular resolution better for sources along the detector
plane, the y,, is not large enough to maintain the localization
accuracy as the detector networks. Since the detector plane
of the geocentric detector is fixed, the localization accuracy
of TianQin becomes much worse if without higher har-
monics. With only the (2, 2) mode, TianQin has the worst
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FIG. 7. The sky dependence of localization errors with LISA
and TianQin for only the (2,2) mode of inspiral signals from
binaries with different total masses at z = 1.

localization accuracy for sources along the detector plane,
because the tensor response function reaches the minimum
[100]. If we rotate the detector plane of TianQin slowly, it
will also get the best angular resolution for sources along
the detector plane at the coalescence time.

Reference [80] shows that the higher harmonics with
different dependence on inclination angle are necessary
for source localizations with LISA. The sky dependence
of localization errors for space-based detectors with inspiral
signals from binaries with M > 10* My (second part
dominates) is consistent with the sky dependence of
localization errors for space-based detectors with ringdown
signals as shown in Refs. [61,80].

D. The transfer function

Since the effect of the rotation period of spacecrafts is
small [52], the resulting difference between TianQin and
TianQin10L can only be caused by the transfer function,
which contains the information about the source position
as shown in Eq. (7). For GWs with 0.5f* < f <5f*, T
slightly weakens the response and dramatically improves
the source localization. From Fig. 1, we see that the transfer
functions of LISA, TianQinl10L, and Taiji can improve
source localizations for inspiral signals from sources with
M <10° M at z = 1, the transfer functions of TianQin
can improve source localizations for inspiral signals from
sources with M < 10° Mg at z = 1. As seen from Fig. 6,

‘ TQLTQ2
10%{ — Inspiral (z=1) — Ringdown (z=1) b
103 --- Inspiral (z=3) --- Ringdown (z=3)
— 2
m%o 10° 4 E
E 101 k| F
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1073 1 : : : : : :
0% 10t 100 108 107 10%  10°
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FIG. 8. The median localization errors and lo localization

errors with the TQI1-TQ2 network and TQIOLI-TQ10L2
network for inspiral signals and ringdown signals from binaries
with different total masses at different redshifts. Here we take
Yn = 90°.

TianQin10L has better localization accuracy than TianQin
for 10* My < M < 10° M, and similar sky dependence
of localization error as TianQin.

Reference [56] shows that the transfer function of LISA
can improve the localization accuracy by ten times for
binaries with M = 10° M, and by a few times for binaries
with M = {10%,10°} M, which is consistent with the
range 0.5f* < f < 5f*.

Figure 8 shows the best localization accuracy for the
TQ1-TQ2 network and TQ10L1-TQ10L2 network without
considering the time delay. From Fig. 8, the results of the
two networks are very similar. For both networks, the
source localization with ringdown signals is much better
than that with inspiral signals when the redshifted total
mass of the binary is larger than 1.5 x 10® M. Thus, the
effect of the transfer function is negligible in the network
with 40° <y, < 140°

IV. CONCLUSION

The sky localization of GW sources is an important
scientific objective for GW observations. The network of
space-based GW detectors dramatically improves the sky
localization accuracy compared with an individual detector
not only in the inspiral stage but also in the ringdown stage.
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We find that the angle between the normal vectors of the
detector planes dominates the improvement. The detector
network has the best angular resolution when the angle
between the normal vectors is in the range 40° — 140°. The
angle between the normal vectors of the LISA-Taiji net-
work is 34.5°, and the angle between the normal vectors of
the LISA-TianQin network or the Taiji-TianQin network
varies from 34.7° to 154.7° periodically. Thus, the LISA-
Taiji network, the LISA-TianQin network, and the Taiji-
TianQin network, all improve the source localization
dramatically compared with an individual detector. We
also find that the detector network dramatically improves
source localizations for short GW sources and long GW
sources with most contributions to the SNR coming from a
small part of the signal in a short time, and the more SNR
contributed by smaller parts, the better improvement by the
network. Furthermore, the improvement is more dramatic
for heavier sources because a smaller part of the signal in a
shorter time makes a major contribution to the SNR. Note
that a network of two detectors only has a little bigger SNR

than a single detector because p = \/p? + p3 < V2p, if
1 < pa, so the dramatic improvement on sky localization
by the network is not due to the increase of SNR but the
large angle spanned between the normal vectors of the
detector planes in the network.

The time delay can further decrease the localization
error by a few times or even one order of magnitude, but its

effect is negligible for binaries with M > 10" M, in the
inspiral stage.

Higher harmonics are unimportant for source localiza-
tions with the detector network all the time, are necessary
for source localizations with a single space-based detector
in the ringdown stage, are important for source local-
izations with heliocentric detectors in the case of M >
10% M, in the inspiral stage, and are very important for
source localizations of geocentric detectors in the case of
M > 10° M in the inspiral stage.

The transfer function also helps sky localization for GWs
with 0.5f* < f < 5f*, thus the longer arm length helps to
localize heavier sources. However, the effect of the transfer
function is negligible in the detector network with the angle
between the normal vectors in the range 40° — 140°,

These results are helpful to improve the detector design
and explore the scientific potential of space-based GW
detectors.
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