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The analytic structure of non-Gaussian correlators in inflationary cosmologies has recently been
proposed as a test of the quantum origin of structure in the Universe. To further understand this proposal,
we explore the analogous equal-time in-in correlators in flat space and show they exhibit the same features
as their cosmological counterparts. The quantum vacuum is uniquely identified by in-in correlators with a
total energy pole and no additional poles at physical momenta. We tie this behavior directly to the S-matrix
and show that poles at physical momenta always arise from scattering of particles present in the initial state.
We relate these flat-space in-in correlators to the probability amplitude for exciting multiple Unruh-de Witt
detectors. Localizing the detectors in spacetime, through the uncertainty principle, provides the energy and
momentum needed to excite the vacuum and explains the connection to cosmological particle production.
In addition, the entanglement of these detectors provides a probe of the entangled state of the underlying
field and connects the properties of the correlators to the range of entanglement of the detectors.

DOI: 10.1103/PhysRevD.106.023531

I. INTRODUCTION

Quantum mechanics is responsible for a number of
physical phenomena that are impossible in classical physics.
Characterizing these unique properties of quantum systems
is a problem of wide scientific interest. Bell famously
provided one such example [1] where the measurements
of a small number of entangled spins (qubits) clearly
distinguishes quantum from local classical physics [2,3].
Physical properties of real world systems are far more
complex and therefore isolating their uniquely quantum
behavior can be more challenging [4—6]. One particularly
interesting example is the origin of the initial density
fluctuations in the Universe. They are believed to have arisen
from quantum fluctuations during an inflationary epoch
[7-11]; however, this hypothesis has been difficult to test
observationally. The universe is classical on cosmological
scales and one cannot easily apply Bell’s inequality to the
density fluctuations directly [12,13] (but see e.g., [ 14-28] for
ongoing work). Instead, one is led to ask if quantum
mechanics was important in establishing the (statistical)
initial conditions for our classical cosmological observations.

Quantum effects play a crucial role in the dynamics of
the early Universe in many inflationary models. While the
resulting observational signals can often be traced to
quantum mechanics, the challenge is showing no classical
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mechanism could produce the same signal [29-34]. One
proposal of this kind was made in [35], where it was shown
that the analytic structure of (non-Gaussian) correlation
functions is different for classical and quantum theories
when the correlations are produced by local evolution. The
origin of this difference arises from the nonzero number of
particles needed to produce classical density fluctuations,
as illustrated in Fig. 1. Creation of particles from the
quantum vacuum violates energy conservation but is
allowed because of the uncertainty principle. In contrast,
physical particles will scatter and decay in an interacting
theory while conserving energy, giving rise to poles at
physical momentum for classical fluctuations. These results
are consistent with a number of results relating scattering to
the analytic structure of cosmological correlators [36—49].
These features of the correlators are also directly tied to the
prospects of observing the signal [50-52].

The relationship between correlators and scattering is, of
course, best understood in flat space. The Lehmann-
Symanzik-Zimmermann (LSZ) reduction formula [53]
gives a rigorous map between in-out correlators and
S-matrix elements. While measurements of flat space
correlators are not subject to the same limitations as
cosmology, we can still ask if the analytic structure of flat
space in-in correlators encodes the quantum vacuum in the
same way. Furthermore, one could hope to use LSZ to
connect the difference between the analytic structure of
classical and quantum correlators directly to scattering of
particles in the initial state.

On a purely theoretical level, flat space provides a testing
ground for our understanding of cosmological correlators.
Yet, if in-in correlators are encoding the physics of the
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Quantum Vacuum

FIG. 1.

Classical

Ilustration of the difference between non-Gaussian in-in correlations of ¢ for quantum vacuum fluctuations (left) and classical

fluctuations (right). Measuring quantum fluctuations of ¢ at three spacelike separated points corresponds to the creation of three
particles from the vacuum, producing a total energy pole in the correlator. In contrast, classical fluctuations only occur in a state
containing particles. Any local classical process that produces a total energy pole will also cause particles in the initial state to decay,
producing additional three-point correlations with poles at physical momenta.

quantum vacuum, one would naturally like to understand
how they are related to measurable quantities. Cosmological
expansion is essential in producing fluctuations from the
vacuum during inflation and does not occur in flat space. To
make sense of their flat space analogs, we must introduce
particle detectors localized in the spacetime (Unruh-de Witt
detectors [54,55]). The very act of measuring the state of the
quantum field at a localized point in spacetime introduces the
energy and momentum needed to excite the vacuum (break-
ing the time and space translations). This observation was
essential for making sense of Unruh radiation [54] (i.e., the
Rindler temperature), another example of particle production
in flat space. In that case, a thermal distribution of particles is
seen by a constantly accelerating (Rindler) observer because
of the energy and momentum needed to accelerate the
detector in the first place [56,57]. Similarly, measuring
correlators at a fixed time also requires the injection of
energy (by the uncertainty principle) and naturally explains
the apparent particle production from nothing which is
encoded in the in-in correlators.

The nonlocal correlations of a field in the quantum
vacuum also generates entanglement between the various
particle detectors used to detect them [58—68]. As such, the
detector entanglement represents a probe of the entangle-
ment of the interacting vacuum of the fields themselves.
Famously, the entanglement entropy of the fields on a finite
region is expected to be proportional to the area for the
quantum vacuum [69,70] and the volume for a generic
excited state (see e.g., [71] for review). While the entan-
glement entropy is not a quantity we can easily measure (or
calculate), naturally one would like to understand if the
non-Gaussian signature of the quantum vacuum state is
related.

In this paper, we will expose the connection between flat
space scattering, entanglement, and cosmological observ-
ables through the properties of in-in correlators. While they
are a less natural observables in flat space than the
S-matrix, we show that there is a precise link between
the structure of poles in the in-in correlators and the

associated scattering processes, as illustrated in Fig. 1.
This provides a robust demonstration that the poles
appearing at physical momenta in classical states are
directly tied to the decay or scattering of particles in the
initial state. The poles are absent in the quantum vacuum
because it contains no particles, connecting the analysis of
[35] to flat space amplitudes.

To make physical sense of these results, we show that the
in-in correlators can be interpreted as the amplitudes to
excite multiple UdW detectors localized at spacelike
separated points. These detectors then provide a natural
connection between cosmological Bell-type tests and more
typical characterizations in terms of entanglement. The
entanglement of these detectors shares many similarities
with the entanglement of the underlying field; yet, we can
directly connect these properties to the underlying in-in
correlators. We will see that the analytic structure of the
correlators is directly related to short- or long-ranged
entanglement of the detectors.

This paper is organized as follows: in Sec. II, we will
discuss the relationship between the S-matrix and the in-in
correlators, demonstrating our main results about the
analytic structure of these correlators. In Sec. III, we show
how to interpret our results in terms of UdW detectors. We
then show how these detectors are entangled in Sec. IV, and
conclude in Sec. V. Appendix contains additional details
about the relationship between enforcing causality of our
classical theory and the existence of antiparticles.

II. FROM IN-IN CORRELATORS
AND THE S-MATRIX

The process of creating particles from the vacuum is an
inherently quantum mechanical phenomenon. It gives rise
to structure in inflationary models [7-11] and Hawking
radiation from black holes [72]. In flat space, such a process
is forbidden by energy conservation, but the amplitude is
still formally well defined as it is related to physical
scattering processes by crossing symmetry. This statement
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can be made rigorously through the LSZ reduction
formula [53].

We would like to understand how quantum fluctuation
can be distinguished from classical (e.g., thermal) fluctua-
tions. Classical fluctuations may occur in any spacetime
and thus we can ask this question in flat space as well. We
will show in this section that an isolated total energy pole in
an equal-time correlator (in-in or in-out) is precisely a
reflection of the amplitude for production of particles from
the vacuum. We will then show that for classical fluctua-
tions, additional poles arise from the on-shell scattering
processes of particles in the initial state. This difference
between quantum vacuum fluctuations and classical fluc-
tuations is illustrated in Fig. 1.

A. The in-in formalism

Cosmological correlators are described by (equal time)
in-in correlations functions. In perturbation theory, these
are defined as [73,74]

(in]Q(¢)in) = <Texp [i /_ ;(Hm Him(t’)dt’} 0 (0T

X exp {—i /_ ;(HE) Hilt )dt]>

where Hiy (1) = [ d3x\/_ Hin (X, 1), g is the determinant
of the metric, H;, (X, #) is the Hamiltonian density of the
interaction Hamiltonian, and Q;,(¢) is the operator Q(z) in
terms of the interaction picture fields. Computed in a quasi-
de Sitter background for superhorizon modes (i.e., points
separated by superhorizon distances or fourier modes
with superhorizon wavelengths) the in-in correlators give
the classical statistical correlations of the initial density
fluctuations.

It is occasionally useful to express the in-in correlators in
terms of commutators (although, technically, it only applies
when e = 0). Expanding the time-ordered exponentials,
one finds

(inQ()]in) = i / dix / diyy - / dr,
N=0

X<[ mt( )[ mt(t2)"'[Hint(tN)’Qint(t)]"'H>'
(2.2a)

(2.1)

This representation is useful for two reasons. First, this
expression makes causality manifest as the commutators
must vanish outside the light cone. Second, the nonzero
commutator is the defining characteristic of a quantum
theory and thus this representation is useful in isolating the
quantum nature of the correlators.

Our goal in this paper is to understand what aspects of
the in-in correlator reflect truly quantum fluctuations and
what other aspects could arise purely classically. With this

in mind, we will focus on the fluctuations of a single scalar
field ¢, which may be represented as a quantum mechanical
operator or a classical stochastic variable. Following [35],
we can describe the free classical or quantum theories using
the mode expansion

- Ak .1 P .
H(E 1) = / @ e Fae ), (23)

27)* 2k

where k = |k|.
classical is how we interpret a; and aﬁ

The distinction between quantum and

In the quantum theory, a; and a are operators satisfying

2r)3s(k-k)  az0) =0,

T (2.4)

1=

laz, alz,] =

where |0) is the vacuum of the free theory. In contrast, in

the classical theory they are only random variables obeying
the statistics

1 - o
(afag). = 5 (2m)*8(k = ¥') = (apal)..

(2.5)
In the free theory, these choices give the same equal-time
correlators which are (essentially) the only cosmological
observable. Of course, in flat space, we would be free to
directly measure the commutators of the operators or non-
equal time correlators to expose the difference between
classical and quantum mechanics, but we will restrict our-
selves to equal-time to parallel the cosmological correlators.

We can start with a simple example for illustration:
given a massless scalar ¢p with a cubic self-interaction,
Hine = % u¢?, the in-in three-point function in terms of
fourier modes (the bispectrum) is given by

(p(t. K1)l a) (1. k3))

t U - »
=21 df — 1 oilkitktk) (=) (0 g
m/ 8k koks (2.6)

U
__ , 2.7
4k kyks (ki + ks + k3) 27)

(Q]Q(1)|Q) is the correlation in the inter-
Q). We have only fourier transformed the
spatial coordinates by analogy with a typical cosmological
correlator. Just like a cosmological correlator, we see that
this in-in correlation function exhibits a pole only in the
total energy k; = (k; + ko + k3). The presence of such a
pole is a unique signature of the quantum vacuum and
therefore we would like to better understand the physical
significance of this correlation.

For classical fluctuations, the appearance of additional
poles can be seen by perturbatively solving the equations
of motion with the same cubic interaction, H;, = % ugd?,
such that

where (0(1)) =
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$E0 =4 [ a1 [ EL 50050
(2.8)

where G(k,t) = sinkt/k is the causal Green’s function.
Using this to calculate the bispectrum we find

(DR k(1. h3) e = ,ng( Zk 2k>
(2.9)

where we assumed the contribution from ¢ — —co van-
ishes.! We see that the classical example has poles both in
the total energy and in folded configurations where
ki = ko + k3 and permutations therefore. In this respect,
we see that flat space in-in correlators exhibit the same
structure as the cosmological counterpar[s.2

Naturally, we would also like to understand how one
interpolates between the quantum mechanical and classical
result. After all, we certainly live in a quantum universe and
would like to understand how classical fluctuations would
arise. We can make this connection by taking the quantum
theory in the limit where every momentum state is highly
occupied,

Ing) = —=(a})"(0) — |n) = @lny).

ki

(2.10)

EH

Suppose we have a real field ¢ is in an n-particle state, |n).
We see that the operator q;ﬁ acts schematically

o+ Lk D)ln_; + 1) —k)

Pk, )|n) -

+ /S (k, 1) |ng — 1>m k). (2.11)
(nlgp(k, 1) = /g + 1f*(k, 1) (ng + 1] (s k|
A k) (n_p = 1=k, (2.12)

where f(k,t)=e'* /\/2k is the positive frequency classical
solution, and we defined

|75 ) = Qlng)

ki#g

(2.13)

'For vacuum correlators, this is equivalent to the ie prescrip-
tion. For excited states, this will ultimately be tied to how the
poles at physical momentum are resolved.

In [35], it was shown that this conclusion is an inevitable
consequence of causality and Lorentz invariance. In the Appendix,
we extend this argument to show that it is equivalent to the need for
antiparticles in a relativistic quantum theory.

The two-point function in this state is therefore

(k. )P(K 1)) = (n+ 1) f* (k) f(K.7)
+nflk )f* (K, 1))(22)%6(k + &),

(2.14)

which reproduces our classical statistical when taking

n — oo with f (/2, 1)/n fixed. In this limit, the two-point
function becomes

(k. )p(K 2)) = n(f (ko) f* (K1)
+ (kO (K, 1) (27)35(k + K).
(2.15)

This expression is symmetric in ¢ <> ¢’ and thus shows that

$(k.1) and (K. #) commute, as we would expect for a
classical variable and not for a quantum mechanical
operator.

B. Relation to the S-matrix

Now we want to understand how the poles in our in-in
correlators are related to physical scattering processes.

1. Quantum vacuum

The most direct relationship between scattering and
correlation functions is the LSZ reduction formula [53].
Given a time-ordered (quantum) vacuum correlation func-
tion in flat space, we can extract the associated S-matrix
elements via

((rhoalta) = [ H{d4
X H {d4y,

X <QIT¢(X1)-~-¢(

lelqz xl

(-0, + mz)}

(27)Z

le_’p/ /( Dyj 4 m2)
Zﬂ)%Z% }

xin)¢(yl)' . ¢

() 192).
(2.16)

where we are using the metric signature (—+++). The

scattering states that appear on the left of this expression are
defined by

{agitw) = Jim [T /205 ¢} ).
{poul = lim (@[] /205, a.
J

Because the vacuum |Q) is annihilated by ay, isolating the
positive frequency via the Fourier transform (i.e., integrat-
ing the correlation function with [ dre™" for @ > 0) also
isolates a particle in the initial state.

(2.17)
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In perturbation theory, the time-ordered and in-in corre-
lators are closely related, allowing us to directly relate the
poles in each to the associated S-matrix elements. To
calculate the in-out correlators, we need the time-ordered
Green’s function

(T (¢(1,. K)p(t2. K')|0)

1 - -
= — e kn-nln)3s(k + k).

o (2.18)

We can calculate an equal time in-out correlator for our
example with a cubic interaction to find the same result as
the in-in correlator

(Th(0, Kk, )p(0, k) (0, k3))
L[ H i

= - dt —2 omilkithotks)l
l/_w "8k koky

= - . 2.20
Ak kyks (ky + ko + k3) (220

(2.19)

To see the connection to the S-matrix elements, we need to
consider unequal times such that

(T(t1,k)p(t2.k2)p(13.k3))

U e~ ika(—1)=iks(13—11)
= — < (2.22)
8k koks ki + ky + ks
eiki(ti—h)=iks(13-12) _ p=iky(tr=11)=iks3(13~11) 53
+ .
—ki + ky + k3 ( )
eiki(ti=t)+iky (t=t5) _ oiki(ti=tr)=iks(13-1)
+ 2.24
—k; — ky + k3 ( )
etk (t=13)+iky(1=13) 5 5
—+ N .
ky + ko + k3 ) (225)

where we have assume #; <, < t; without loss of
generality.

Since our above expression assumes t; < f, < f3, apply-
ing LSZ while maintaining this order is consistent if #; is
associated with the initial state and #,, 75 are the final states.
We can calculate the S-matrix elements by first taking the
Fourier transform,

<T¢(0)3J;3)¢(w27/;2)45(601,/;1))/
—_ /dtldtzdt3ei(—wlt]+w21‘2+w3t3)
X (T(t3.k3) (12, Ka)p(11, Ky)).  (2.26)

Performing the integral imposing #; < t, < t3 gives the
term of interest

1 1

_ = K —iky [ty =1] y=ika|tr=t] y—iks|t3—1]
= dt =t gikalio=1] g=iks s 221
’/_w T 221)
(Th(ws, k3)p(ws, k) p(1, ky))’
iy 1
2nd — —
D 8k2k2k3 JT (a)2+(03 a)l)<

1 1 1

w3—k3w3—k3+a)2—k2k1+k2+k3

1 1 1

0)3—k30)3+602—k1—k1+k2+k3

1 1 1

+
6()3—k36()3—k3+602—k2—k1+k2+k3

1 1 1

0)3—k1—k20)3—6l)2—k1—k1—k2+k3

1 1 1

a)3—k1—k2a)3+a)2—k1k1—|—k2+k3

Now we want to isolate the part of the correlator that
encodes the k; — k, + k3 scattering amplitude. Using
LSZ, we see

(ky, kslky) = whil}((wl — ki) (@, — ko) (w03 — k3) (8k1 ko k)
X (Tp(ws, k3)p(n, o) (a1, Ky)).  (2.28)

Since each factor of (w; —k;) will vanish in the limit
w; = k;, it is easy to see that only terms in the in-out
correlator with three poles in on-shell limit will contribute

+
w3—k3w2+a)3—kl—k1—k2+k3

), (2.27)

to amplitude. As result, only two terms from Eq. (2.27)
contribute to the amplitude,

(ko ks|ky) = in(2x) lin}(_é(a)z + w3 — )

% <_0)3—k3 (U1—k1 w2—k2
0)3—k3a)3+a)2—k1—k1+k2+k3

w3 — k3 ) — ky ) — ki )
3 —k3a)3—k3 ‘I’C()z—kz—k] +k2+k3
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We see that the poles in k; — k, — k5 are precisely those that
give the k; — k, + k3 scattering amplitude.

The equal-time in-in and in-out correlation functions are
the same, yetin both cases the poles responsible for anonzero
scattering amplitude vanish at equal time. This is a reflection
of the fact that no scattering process takes place in the
vacuum: the only way to produce the scattering process
requires one of the operators to be placed at 1 — —oo and the
other two taken at ¢ — +oo. The total energy pole that
survives at equal time reflects only the 0 — 3 or 3 - 0
processes that are forbidden by energy conservation.

2. Classical fluctuations

Time-ordered (in-out) correlation functions are also
calculable for classical statistics. Using the time-ordered
Green’s function, we can calculate the leading correction
to ¢ as

- & - =,
120n) = [ aGetir=1) [ EEp(5.09(E- 5.0,

(2x
(2.30)
where we are using the Feynman propagator
.
Gp(k,t) = — e~k (2.31)

2k

We can then calculate the time-ordered correlator by
substituting this expression and applying the classical
(Gaussian) statistics,

(Tp(t, k) )p(t.ky) (1, k3)).

. S ﬂ —3 _ 4
— _ df — L p-iki|t=t |=i(kyths) (1=1')
o e

+ permutations

- u 3 1 1
 16kykoks \k, ki —ky —ky ko — k3 — kK

v
ks —ki—ky)

Like the quantum case, this is precisely the same as the in-
in correlator and we see the appearance of poles at physical
momenta.

In order to understand these new poles, we first notice
that the LSZ formula does not apply straightforwardly to
our classical correlator. Concretely, we recall that the
relation between @ > 0 (w < 0) and particles in the in-
state (out-state) relied on the fact that the quantum vacuum
is annihilated by the negative frequency mode, a;|Q) = 0.
To make sense of what LSZ would imply for our classical
correlations, let us interpret the classical correlators as
arising from a highly occupied state, |n). If we apply LSZ
in this state, we get

(2.32)

/d4z ie"“(—Dj —l_l—mz)
(27)2Z:
X (Mou| T (x1)...0(x,)0(2)@(¥1)---@(¥0) i)
= /20, (Nou| Tp(x1)..0(x,)@ (1) .0 (v ap|in)
— V20, (ol ah To(x))...0(x,) @ (1) .0 () [ 1in)
(2.33)

(
(

where we have labeled |n,,) and |n;,) to indicate that they
are defined to t = 400 and —oo respectively. We see that
the LSZ formula does not isolate a particle in an in- or out-
state, but instead isolated a particle in the in-state minus a
hole in the out state (or vice versa) for every field.

A related consequence of this analog of Eq. (2.33) is that
equal time correlators can now exhibit physical poles.
Specifically, we can use LSZ to calculate the S-matrix
element,

li

t_)inoo<<nout|akzak3aikl Mnin) = (g, + 1ong, + 1,y = 1ngy)

< Aj_08(ky —ky—k3). (2.34)

This is just the amplitude for the decay of a particle with
momentum k; in the initial state to particles with momen-

tum 122 and 123 in the final state. Since all the operators
acting on (n| as t - 400 do not vanish, there is no reason
to expect the equal-time correlator to vanish either.

The most straightforward consequence is that the poles at
physical momenta seen in the equal-time in-out (and
consequently in-in) correlators, Eq. (2.32), are the same
poles responsible for the 1 — 2 and 2 — 1 S-matrix
elements determined by LSZ. This can be seen by directly
applying the (naive) LSZ formula to the unequal-time
classical in-out correlator. The result mirrors our quantum
calculation. The full expression for the nonequal time
correlator is quite long, but the term responsible for the
“S-matrix” element is now

(@r, (1) P, (12) i, (1))

5__H coslky (1) — 12) + k3(t) — 13)]
16k, Kok K — ky — ks
n coslk () — 12) + ks(ty — 13)]
—ky + ky + k3
coslk(t; —13) + ky(t3 — fz)])
+ 2.35
—ki + ky + ks ( )
i ! (2.36)

16k, koks —ky + ks + k3

In other words, if we were to repeat the LSZ procedure, as
in Eq. (2.29), to the first two lines of (2.35), we would
recover a nonzero result. The final line shows that this term
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survives the equal time limit, in contrast to quantum case.
This provides a concrete demonstration that the physical
poles in the in-in correlators can be interpreted as the decay
of particles in the initial state, as was argued in [35] for
inflationary correlators.

C. Resolving and interpreting poles
at physical momenta

The connection between in-in correlators and S-matrix
elements provides some useful intuition. However, if the in-
in correlators represent physical measurements, we would
not expect them to have true poles at physical momenta, as
the answers to physical questions are rarely infinite. In the
case of inflationary correlators, it was argued in [35] that the
S-matrix elements that are responsible for the poles also
cause the particles to decay, therefore introducing an
effective width. As a result, one might expect the physical
poles to be replaced by a resonance, both in the inflationary
context and in flat space. While this resolution was seen in
explicit examples [32,34], it is less clear that this is the only
resolution, particularly in cosmology. In an expanding
universe, the energy density blueshifts in the past and
diverges as t — —oo. As a result, cosmological correlators
are also regulated by the finite duration of inflation [76-81].

Flat space provides a very useful testing ground for the
regulation of these physical poles. First, there is no analog of
the blueshift and the energy does not diverge at early times.
As aresult, the # — —oo limit is not necessarily unphysical.
In addition, in flat space, decays can be forbidden by energy
conservation” and thus can eliminate the role of a finite width.
This is easily achieved by considering massive scalars in
place of our massless correlators. Using this approach, we
will see that it is not strictly cosmological expansion that is
responsible for physical divergences as ¢t — —oo.

1. Massive particles

In flat space, the decays of particles are controlled by
energy conservation. The simplest way to test the con-
nection between the physical poles and decay is to consider

massive particles such that E;, = v/k* + m? and the pos-
itive frequency mode functions become

> 1 .
¢(k, t) = 2—E‘k elEkt. (237)

With the modified mode function, we can calculate the
equal time in-in bispectrum as before. For quantum and
classical statistics, one finds

*It is also known that these divergences are not regulated by
standard renormalization techniques, as was seen from studying
the divergences of perturbation theory in non-Bunch Davies dS
vacua [75].

As energy is not conserved in cosmology, decays can always
occur.

(0. R)HOR)IOK) =~ g Ty

(2.38)

and

(D1, k) p(t. k) (1, k3))

_ I 3 1
~ 16E,E,E; \E, E,—-E,—E,

1 1
- - , (2.39)
E,—E —E;, E,—E —E,

respectively. While we see the poles when E| + E, = Ej,
and permutations thereof, these poles cannot be reached at
physical energies for the same kinematic reason that the
lightest massive particle is stable. As a result, we see the
connection between the stability of these particles and the
absence of poles at physical momentum.

At first sight, this indeed suggests that the finite width of
the particle is sufficient to avoid poles at physical momenta.
At least for the three-point function, eliminating the width
also eliminated the pole. However, if we continue to higher-
point correlators, even stable particles can lead to poles as
physical momenta. We do not find such poles at four points
with a A¢* interaction. However, the classical five-point

. . S
correlator due to a contact interaction H;,, = %% takes the
form

-

(2. ky)-p(1,K5))
1 ( 5 +Z 3

 256AE|E,E;E Es \E  “ (Eq —2E;)
=5
+y — (2.40)
; Ei —2E; - 2E;

where E,,, = Y, E;. The final term contains a pole that is
consistent with the allowed kinematic region of 2 — 3
scattering. In this sense, we can see that nothing prevents us
from reaching this pole for physical momentum. In
addition, since the particles do not decay, there is no finite
width that needs to be included in this calculation. Finally,
there is no analog of the blueshifting of energies at early
times that demands that we regulate the early time limit of
this calculation. Clearly we need another physical inter-
pretation for how this pole arises.

2. Finite time of interactions

The origin of the physical poles in the classical case
can be understood from the integral expression for the
correlator,
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- -

PR E) = > [ drsin(Ei(1=1)
X Hcos(Ej(t—t’)).

J#i

(2.41)

When we sit on a pole where E, — 2E; — 2E;, there is a
nonoscillatory contribution to the integrand such that the
integral diverges at + — —oo. This is a reflection of the fact
that there is now an on-shell process that changes the
classical distribution. Specifically, our Gaussian state |n) is
not a stationary configuration in the presence of these
interactions. Instead, the particles can now scatter, exchang-
ing energy, momentum, and even particle number. Given an
infinite amount of time to interact, we should expect the
final distribution of particles to be a stationary configura-
tion, e.g., a thermal distribution. Stationary states do not
normally exhibit the long-range correlations of the quantum
vacuum fluctuations.’

We should therefore create the initial Gaussian state at a
finite time in the past, #; < t, such that the distribution at
time ¢ is only weakly non-Gaussian. For simplicity, we
return to the bispectrum

(Dt k)bt )1, K)o

3(1 — kAt
o (1 = cos(k,Ar)) (2.42)
16k, koks ky
1— ky —ky — ks ) At
(S )
(2.43)

where At = t — t;. Unlike a mass or width which moves the
poles to complex momenta, now we see that there are no
poles at all. Instead, when we take k| — ky + k3

H 1 —COS((kl —kz—k3)A[)
16k, Kok ki —ky — ks
(A1) (ky =k = k3),

U
7 320k + ko) koks (244)
which vanishes as k; — k, — k3 — 0. This correlator gets its
largest contribution when (k; —k, — k3) ~ At~! and is
enhanced relative to the total energy pole by a factor
Atk,. As aresult, the signal in the folded configurations will
still dominate over the equilateral [82], much like the
cosmological setting [35],. This is consistent with more
general expectation about the perturbative structure of
cosmological correlators. On general grounds, even the

>We are not claiming long-range correlations are impossible in
general, but the consistent appearance of these poles in pertur-
bation theory suggests that it does not arise from a generic local
Hamiltonian near a Gaussian fixed point.

total energy pole is expected to vanish for cosmological
correlators in a UV complete theory [38,83]. Yet, in
perturbation theory the poles accurately capture the observ-
able signals [84].

III. PARTICLE DETECTORS AND THE
IN-IN FORMALISM

The structure of in-in correlation in flat space is largely
the same as in (quasi-)de Sitter space. However, without
cosmological particle production, we do not have an
obvious interpretation of the correlator in terms of some
physical process. One might worry that this is some
mathematical device that lacks a physics reality outside
of cosmology. In this section, we will show how the in-in
correlator arises in physical models of particle detection.
This will allow us to give a clear physical meaning to the
flat space correlators and their poles.

A. Unruh-de Witt detectors

We will first review the Unruh-de Witt (UdW) model for
particle detection. The central idea is that we have a single
qubit that registers whether or not there was a particle in
some localized region of space-time. To do so, we place it
in the zero-state initially (]0),). We then couple this qubit to
our field, ¢(X, 1), for some finite amount of time and inside
some localized region of space. After we turn off the
coupling to ¢, we should have a nonzero probability of
finding our qubit in the one-state, |1),, if there was a
particle (or were particles) in the detector while it was on.

We implement this model by introducing an interaction
Hamiltonian that couples our qubit to ¢. Following [56],
the detector is described by a Hamiltonian

Hy = 2e(t) [ dxp(Gow@5+ v @5, (3D

where A is the coupling constant, (z) is a function that
defines how we turn on/off the detector, and w(X) is a
function that defines the spatial resolution of our detector
such that y(x) vanishes outside the detector. The detector
state is defined by

§10), =8"[1)s=0. §T(0);=[1);.  $[1);=10);.  (3.2)
and the free field is again given by
T LI S T i
d)(x’t):/W\/—Z_kEk [a’ e M age ™). (3.3)

Even though we are giving a quantum description of the
detector, the fluctuations of field ¢ may be quantum or
classical.

Let us check that, at leading order in 4, this detector
works as promised. We will put the scalar field into a single
particle state
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[#1(¥. 10)) = ¢(¥)[0)
d3p —ipy T
= /We PV f(p.to)azl0).  (3.4)
where f(p,t) = eP'/\/2p as before. If we now turn on the
detector interaction, the probability for finding an excited
detector at leading order, O(4?), is

Py = Ay + Ao (3.5)
where
v = (002 [ dre(t) [ )
& o o
< [ Gsem N 00 (36
—/l/dte(t)/d3xw*()?)GF(f, 5y, to)  (3.7)
and
Aias = (@l [ aie(t) [ a3
Bp o R
X/ A AR

=1 [[dret) [ @ (R4 x00(5.10)0)- (39

The first term A;.;_ is the amplitude that the particle at y
and time ¢, is absorbed at time  in the detector located at X.
This term captures the physics of interest, namely the
detection of the particle that we put in the initial state. The
second term A;._, is the probability that the detector
creates an antiparticle6 from the vacuum while registering a
particle in the detector. This contribution is not the
detection of our initial particle, but is the detection of a
particle created from the vacuum by the detector.

One important aspect of the UdW detector is that it
shows concretely that the act of measuring the field ¢
changes the state of the system. In particular, if we try to
measure a particle in the vacuum (of the free theory), a
nonzero amplitude for exciting the detector (at order 1)
requires the creation of an antiparticle. We can see this, in
analogy with Eq. (3.4), by projecting onto a 1-particle final
state,

v =4 [ drele) [ dop@11p(0/0). (3.10)

The real scalar ¢ is its own antiparticle, but this distinction is
helpful for gaining intuition. See the Appendix for more details.

We can interpret this as follows: the act of performing the
measurement absorbs a particle from a particle-antiparticle
pair, creating an outgoing antiparticle of equal and opposite
momentum in the process. Importantly, it is the act of
localizing the measurement in time and space that provides
the energy and momentum needed to excite the vacuum.
This explanation coincides with our intuition from the
uncertainty principle.

To confirm the interpretation, let us consider what
happens as we change the function €(7) to be less localized
in time, thus corresponding to smaller energies by the
uncertainty principle. If we create the one-particle state at a
time ¢y < 0 and measure at r =~ 0 with

1 - -
()= eI (D =a@. (1)
t
then the amplitude becomes
1 iE- A —E%6%)2
01 = A [ dte(t B = —— 1% (312
A1,0—>1 /1/ 6( )2Elze k 2Eke k ( )

This is, again, nothing more than the uncertainty principle, as
our resolution in energy is inversely proportional to our
resolution in time, oz « o, '. Given that we start in the
vacuum (zero energy), we must have a large uncertainty in
energy to create particles. For example, if we were to work

with massive particles such that E; > m for all k, the

probability of finding a particle in the vacuum is exponen-
tially suppressed unless 6 > m or, equivalently, 5, << 1/m.

B. Particle detection and cosmological correlators

Now suppose we want to measure correlations of
these vacuum fluctuations using our particle detector.”
We can imagine placing N UdW detectors at distinct
points in space X; such that the detectors do not overlap,
w(X —X)w(X—X;) =0 for i # j. Furthermore, we will
assume that €(7) is sufficiently localized in time such that
the detectors are all spacelike separated when they are on.
We denote |Q) as the interacting vacuum of ¢» when 1 = 0,
so that the amplitude for all N detectors to be in the |1)
state and for ¢ to remain in the vacuum is

Ava = (T1 [ atesets - tywi, - )

x (Qp(2),X))..p(1y, X)) |Q) + local. (3.13)
We see that this amplitude is proportional to the in-in
correlator, convolved with the detector. Because the detec-
tors are spacelike separated, from Eq. (2.1) we see that any

"Here we are using particle detectors in flat space, but it is
interesting to also consider these detectors as a probe of inflation
directly [85].
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additional terms associated with the commutator of the
interaction Hamiltonian H,, with the detector Hamiltonian
Hp will give purely local terms (i.e., these contributions are
equivalent to field redefinitions of ¢ and do not produce a
total energy pole). We can write this in terms of the in-in
correlation function in fourier space as

Ava = (] [ atke 02 - i)

X (QIp(1), Ky )bty k)| (3.14)

-

where we used the notation where (k) is the fourier
transforms of w(X). We see that the fourier modes that
contribute to this amplitude are only those that appear in the
detector itself via (k).

In the case where e(7) ~5(f) and w(X) =~ §(X) with
¢, — t, the amplitude becomes proportional to the equal
time in-in correlator in position space:

Ao = NV (QUp(LF).(LF)IQ).  (3.15)

For quantum vacuum fluctuations, the amplitude for three
coincident particles becomes

Asq = P (P31, )p(%s, 1)p(X3. 1)) (3.16)
:_/13/1 H/ d3ki eizf'}i
4141 ) (2x)?
1 - . -
X— (27)38(k, + ky + k 3.17
(kl+k2+k3)(”) (ky 2 3) ( )
— _/'{3/1/&@”:1'}13
4/ (2x)3
d3k2 ]_é - 1
ey X3 , 3.18
) / (27)? ¢ (ky + ky + k3)ky ko ks ( )

where we defined X;; = X; —X;. In order to make the k;
integrals manageable, let us assume x, is far from x; and x5
so that x|3 < x,3. We can then expand in k| = k3 > k, to
find

(p(X1. 0)(%5. 1)p(X5. 1))

H d3k1 k%13 / d3k2 iky %3 1
~—C iky X iy X 3.19
4 / 2n)y ¢ o e G
p logxis
N—— . 3.20
327t X, (3.20)

For comparison, the two-point function of the massless
field ¢ will fall off like 1/x* (¢ is dimension one in 3 + 1
dimensions). As we separate the detectors, it is important

that the contribution to the amplitude will decay with the
same power of the distance as it would in the free theory.

In contrast, let us see what happens to the detector in the
presence of classical fluctuations. We again take the in-in
three-point function and we will focus on the contribution
from a physical pole (the total energy pole we give the same
result as the quantum theory),

(@(x1. (X2, 1)p(X3. 1))
o 1

H d3ki ik
o — iXi
16 |:H/ (2”)3 ¢ klkzkg(kl + k2 - k3)

X (271')35(/;1 + E2 + ;3)

3
5 ﬁ d kl
16) (2x)}

iky-X3

/ Bhy - 1
X IR X23 s
(27[)3 k1k2k3 kl + k2 —_ k3

(3.21)

where in the second line k3 = |I;1 + I_éz\ Again we will
assume the point x, is far from x; and x3. As such we
consider the limit x;3 < x,3 by expanding in k; = k3 > k»,

(X1, 1) (X2, 1)p(X3. 1))

3 . 3 N
Nﬁ d’ky eikl‘fls/ d’ky eika¥os !
16 ) (2n)? (2r)3 k2k3(1 — cos 0)
(3.22)
poo 1 Orin\ ;i «
r———— =1 min . , 3.23
647r4x13x23( 0g< 3 >f(xz3 x13)> ( )

where 6,,;, is the minimum angle between l?l and l_éz and
f(%23 - &13) is a function of the angle between X3 and X3
with f(1) = 1. This formula is noteworthy for two reasons:
first, it has a pole as x;3 — 0 which enhances the size of the
non-Gaussian signal. Second, it falls off more slowly than
the Gaussian two-point function and will therefore give the
dominant contribution to any long distance correlations.

C. Classical interpretation

We have seen how the detector model provides a
physical interpretation of the quantum in-in correlators.
For quantum fluctuations, we can naturally understand the
role of the detector in exciting the vacuum and giving rise to
particles. The uncertainty principle tells us that localizing a
measurement in time will mean that we are no longer in an
energy eigenstate (in this case, the vacuum). This is an
inevitable feature of a quantum-measurement involving an
operator that does not commute with the Hamiltonian.

Stated this way, it is the interpretation of the classical
measurement that requires explanation. Classical measure-
ments do not have to disturb the state and therefore the
response of our detector should be a fundamental property
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of the classical system. On the other hand, our derivation of
the amplitude for exciting the detector did not assume the
in-in correlator was calculated in the vacuum and would be
equally applicable in the classical limit using

(p(k)).p(ky)). = lim 2Im(n|p(k,)..¢p(Kn)

n—-oo

y / "t Hy, (1)), (3.24)

For this to be consistent with something classical, it must be
how we interpret the state of the detector that has to change.
For states close to the quantum vacuum, we demonstrate
that the UdW detector is designed to be excited when a
particle is present in the initial state. In the classical case,
we have lots of particles in the initial state, even in the
absence of fluctuations, and therefore the response of the
detector to this state requires more care.

Consider what happens as we evolve the state |n) in the
presence of the detector Hamiltonian, Hp. Working to
linear order in A, we get at time f,

0)ylr) — [0)[m) + A1), / PryIE D) (3.25)

= [0)Jm) + iAl1), / Sl
+

% (eikt Tl + D7
n e—fkf\/n—,;m,; - 1>|fz;k>>.

-

_k>

(3.26)

The second term shows that the detector will register a
“particle” for both an increase and decrease in the total
number of particles. In addition, we notice that in the limit
n; — oo, this is approximately

lim 0) )
&k y(-k)
5k \/T‘/ rcos(kt)|n).

—10),|n) +iA|1), (3.27)

Concretely, our state is responding to the classical (real)
oscillations of ¢ around the mean density.

In the free theory, there was no problem working in this
very carefully defined excited state, |n). Including inter-
actions not only produces higher-point correlations, it also
takes the state away from the static initial state we took in
the Gaussian theory. Since the detectors are essentially
registering changes in the state away from the Gaussian
initial state, this classical evolution alone should be
sufficient to excite the detectors. Evolving the state accord-
ing the interacting Hamiltonian, we find

) = )+ [ () (3.28)
—|n +% / dr / B, 1)|n) (3.29)
=lm / (H/(Zﬂ V2Ex,
x (etkff n_z +1n_g +1lnz) (3.30)
e iing =1 g)) )0 (SF, )
ky, ks, —ky. —k, —k3). | (3.31)

We see that the time evolution of state changes the number
(density) of particles of different momenta. This change to
the density is precisely of the form that our UdW detector
will register as a “particle.” Classically, the detector is not
responsible for exciting the fluctuations, those were already
created by the classical-time evolution of ¢.

An additional confusion with this description is the
meaning of the total energy pole. The poles at physical
momenta capture the decay of the particles in the initial
state which leads to density fluctuations by changing the
number densities of particles with different momenta. The
total energy pole does not have such a simple description
classically. In the quantum theory, we interpreted this pole
as a violation of energy conservation, via the uncertainty
principle, which would be forbidden in a classical theory.
However, the quantum interpretation was needed because
the quantum vacuum is an energy eigenstate of the full
interacting Hamiltonian. In contrast, what we see in
Eq. (3.31) is that the state |n) is not a stationary state of
the classical Hamiltonian. In the presence of the interaction,
the system wants to evolve towards equilibrium as
explained in Sec. I C 2. The total energy pole is therefore
not a violation of energy conservation but a reflection that
our classical probabilistic system included states of differ-
ent energies initially.

IV. DETECTOR ENTANGLEMENT

Entanglement has become an increasingly valuable
probe of fundamental physics. It can reveal the structure
of quantum field theories and states of matter in flat space
[71]. In curved space times, it is central to our under-
standing of black holes [86-88] and particle production
[89]. Entanglement is even thought to encode the causal
structure of spacetime itself [90-92].

In the quantum field theory, the entanglement entropy in
vacuum is expected to follow an area law [69,70], while it
should scale as volume in a generic excited state. This
offers a different starting point for understanding the nature
of the quantum vacuum than the structure of poles in
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cosmological correlators. In this section, we will explore to
what degree these properties are related.

In order to make the comparison, we will consider N
UdW detectors and some free field ¢ such that the state of
the detectors is

[¥p.uaw) = (1= C)[0g;y) — izq’j\9>|1p0{i.}}>
J

J.k

(4.1)

where ®; = 1 [ dte;(t) [ d*xy;(X)¢(X. 1), C is a normali-
zation constant, and the detector states are defined by

|11’ 0{1 i ® |0
D
1116 0pi50y) = §;|0>sk ® §1[0);, @ 10).  (4.2)

i#].k

This setup is the N-particle generalization of the detector
configuration described in [59,60].

We will be interested in understanding the entanglement
of the individual detectors as a probe of the state of ¢.
As the detectors already encode the cosmological correla-
tors, this offers a simple approach to connecting these
correlations with the entanglement. Our approach will be
qualitatively similar to entanglement harvesting [64,65].
However, given our cosmological motivations, we will not
be interested in whether the detectors themselves are in a
uniquely quantum state (cosmological observations are
always classical after all). Instead we want to use it as a
probe of the quantum nature of ¢ itself.

We will assume that we know that ¢ is in the interacting
vacuum. This is a useful assumption as we can project the
state in Eq. (4.1) onto the vacuum, so that the state of the
detector becomes

|Puaw) = <Q|T¢,wa>
=([1-0)0) - ij<9|<1>,~*<1>7|9>|1,~1k, Opi5iy)
7
+ 0(2). (4.3)

As a theoretical tool, this projection has the advantage that it
leaves the detectors in a pure quantum state. In other words,
we have projected onto the product state so that the density
matrix takes the form p, ygw = puaw ® [Q)(Q|. As aresult,
the entanglement between the detector and the field degrees
of freedom has been set to zero, Sgeiecior = Sy = 0. Note that
this procedure does not represent a true measurement, as the
purpose of the detectors is to measure the state of the field ¢,
which we presumably not know directly.

A. Position space entanglement

First, we will assume that each detector is localized at a
point in space-time so that the detector is described by
wi(X) = 8(xX — Z;) for some point Z; and €(7) ~ 5(¢). Note
that with these choices, A has units of distance. We now
want to use the entanglement between the UdW detectors
as a proxy for the entanglement in the underlying state of ¢.
Having localized the detectors in space, it is natural to
consider entanglement between the detectors localized in
two regions A and B.

For simplicity, let us take the region A as a sphere of
radius R and B = A is the region outside the sphere. Now
we want to define the state of the detectors located inside A
and B, X; € A and y; € B, as follows:

H{X,},0) = 15,15, Oz, 5,00 (4.5)
)= 115,15, 0gis, sy ) (4.6)

|{xn} {yN}> = |1x1 1 yl vaO{le x,,,fr,,...,ﬁ'N}> (47)

so that
[Yuaw) = [0,0) + Z a1 1{%.}.0)
{n}#0
+ > )
{In}#2

(4.8)

o

{x.}.Uv}#2

e v )

The entanglement between A and B can be determined
from reduced density matrix of the detectors in A (inside
the sphere) tracing over the detectors in B (outside the
sphere). The contributions from a; ), and b5, can be
removed by a change of basis (as they do not entangle
detectors in A with detectors in B). The contribution to a
nontrivial density matrix comes instead from

_ 1 = W/
PN} = ZC{EV,},{}N}C{}"’},{}N}|{xn}><{xm}|' (4.9)

{¥w}

In the free theory, these coefficients are determined by
Wick contractions alone,

CELGN = H@}i@y) + permutations. (4.10)

i

For a massive theory, these two-point functions are expo-
nentially suppressed and therefore

Cy5, & e "EIL (4.11)
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Any nontrivial entanglement between the detectors in A
and B will therefore be exponentially suppressed as well.
For massless fields, correlations scale like powers for the
distance and thus are more entangled than the massive case.
Expanding in A, the leading contribution is from

2
C}i_yj = <(I)7€l¢);j> = _)14_)2’ (412)
X — ¥l
where we assumed we are in 3 + 1 dimensions. The key
question we want to understand is how B and A are
entangled. We are particularly interested in how the
reduced density matrix of the detectors within A depends
on their proximity to the boundary with B. In massive
quantum field theory (QFT), entanglement is short ranged
and is responsible for the famous area law in the quantum
vacuum. We now want to understand what happens for the
range of entanglement of our detectors. For massive fields,
the exponential decay of the two-point correlators ensures
the entanglement is short range.

To understand the range of entanglement of the detectors
for massless ¢, we will consider a small number of
localized detectors with A entangled with detectors in B.
The simplest such possibility is two detectors, one in A and
one in B. The state |Pyqw) of these detectors gives us a
density matrix at O(4%)

1-¢2. 0 0 —Cxy
X,y ’
0 00 O
(4B) — , 4.13
’ 0O 00 0 (4.13)
—ciz 0 0 iy

where the matrix indices are [0705), |1;05), [0z15) and
|1315). This is, of course, the density matrix of a pure state.
Tracing over B produces the reduced density matrix for the
detector in A,

1
pA) = TrypdB) — (

and entanglement entropy

Stw = —Trp™ log pY)

= —cis(logei; — 1) + O(2). (4.15)
We see that in the limit y — oo, holding X fixed,
S4., xy*logy — 0.

¥Notice this density matrix differs from those in similar two-
detector models as in [59,60]. The difference arises because we
have projected onto the ground state of ¢ to arrive at a pure state,
rather than tracing over ¢, which results in a mixed state.

Now let us consider the generalization of this case where
we take a single detector in A at location X with a large
number of detectors in B, N, that are uniformly distributed
in space. The entanglement between any detector in A and
any detector in B is the same as our above example, such
that the reduced density matrix is again diagonal with pgy =
1 —p; and

1
5 J

First let us place the detector in A near then center of the
sphere so that x << R. Using the large Ny limit to replace
the sum by an integral, the leading contribution to the
reduced density matrix becomes

An)*Ny [ 5, 1 4mit
P i~ ridr— = ——ng,
R r R

(4.17)

where ng = N /V is the number density of detectors in B.
In contrast, a point near the boundary gets a much larger
contribution. For example, if x & R we can write

20M Ny [, 1
oyt B/ Pdr— = 2x2*Ang,  (4.18)
\% 1/A r

where A~! is the smallest distance between a detector in B
and X. So far, the entanglement of a few detectors inside A,
for a free theory of ¢, are consistent with the intuition that
entanglement mostly arises from a point near the boundary
of A, or that entanglement in the vacuum is short ranged.9
Now we would like to understand how the range of
entanglement changes with interactions. We will again
focus on the cases where the underlying QFT has a
nontrivial three-point function. The contributions of interest
will arise from entanglement induced between a single
detector in X € A, now with two detectors in B at positions
y, and y,. The interaction introduces a nontrivial amplitude
for exciting the three detectors simultaneously,
5,5, = A (QRR)P(G))P(5,))Q),  (4.19)
where we have used Eq. (3.16) to relate the in-in correlator
and the entanglement between detectors. This contribution
to the state of the detectors is illustrated in Fig. 2. Tracing
over the detectors in B we arrive again at a diagonal density
matrix for the single detector in A with pég) =1- pﬁ), but
now with

"We can also repeat this argument for generalized free field
(e.g., [93]) by substituting |X — ¥|72 — |¥ — y|7* in Eq. (4.12),
where A is the scaling dimension of the operator. It is interesting
to note that the unitarity bound A > 1 ensures that entanglement
of the detectors is short ranged.
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FIG. 2. Entanglement between detector in region A, located at
X, and two detectors in B, located at y; and ,, produced by the
three-point interaction H;, = u¢p>. Time runs in the vertical
direction such that the correlation between detectors on the equal
time surface is due to interactions in the past.

+c2. +

X,y2

v =y, STEAL (4.20)
Since the three-point functions are different for classical and
quantum statistics of ¢, we must consider the entanglement
separately as well. First, we consider the case where ¢ is in
the interacting (quantum) vacuum with a nonzero three-point
function given by Eq. (3.20). We are specifically interested in
the case where X is located near the center of the sphere
and the two detectors of B are close together so that

[¥1 — ¥2| < |X = ¥| = |X = ¥,]|. In this limit, we find

(quantum) _,
ERGINCY B

pploglfi=Rl o)
327 |-y,
We notice that the contribution from the interaction is
suppressed relative to the contribution from the free theory.
Concretely, in the limit y;,y, — oo, we find the scaling
behavior

(quantum)

%1 (4.22)

IS /13/4)11_2 < czy & /12y]_2,
where we used pud < 1, which is required for perturbative
control. The entanglement in region A is therefore dominated
|

(quantum)
EREINEY

(C(classical))z _ (C

. {152}

op

Since both p, and &p are diagonal, [p4,Sp] =0, we can
expand the relative entropy

1
S(palply) = tpslog py — trp, log (pA +p3'op - 5p225p2>

(4.26)

1
= Etrpglépz. (4.27)

)2

by the free theory and is again short ranged. This is consistent
with our expectations from QFT.

Now let use consider the classical (excited) state for ¢
where the three-point correlator is given by Eq. (2.32).
When we compute the reduced density matrix with the
detectors again near the center of the sphere, we can use
Eq. (3.23) to find

U 1
647" % = 3|5 — ¥

 (—tog (%) 551

where ¥, = ¥, — 5, and % and §,, are the unit vectors
associated with X and y;,. We again take the limit in the
limit y,, y, — oo but instead find

(classical) _ ,3
L T

(4.23)

(classical)
EREINEY

o« Buyy =T > Cyj, & Pyri (4.24)

The range of entanglement is clearly increased by the
interaction. Furthermore, if we were to repeat the calcu-
lation in Eq. (4.17) with a large number of detectors in B,
the integrals would no longer converge. This long-range
entanglement between detectors at large distances for the
classical case, which is absent in the quantum vacuum, is
suggestive of the area versus volume law behavior known
to distinguish the two cases.

This difference between classical and quantum correla-
tors also manifests itself in the relative entropy [94], a
measure of distance between two states. Since we are
interested in distinguishing the quantum vacuum from the
classical (excited) state, consider the relative entropy for
detector A, S(palp)y) = trpslogps — trpy log p'y, where py
is the density matrix for detector A in the quantum vacuum
and p/, is the same density matrix in a classical state. Here
we can write p/, = p, + dp, where

0
4.25
(classical) )2 + (C ( )

(quantum) )2
x{y .52}

XV}

—(c

As a result, the leading-order contribution to the relative
entropy is

(classical))2 _ (

(quantum)\ 22
05.52) ))

X{V.52}

S(palel) = (4.28)

This provides further confirmation that the difference
between correlators manifests itself a robust difference in
the states of the detectors used to observe them.
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B. Momentum space detectors and entanglement

Although entanglement is more often discussed in
position space, momentum space entanglement [95-100]
offers another useful window into the nature of cosmo-
logical correlators. Cosmological correlators are easier to
calculate and represent in momentum space. Likewise,
entanglement in momentum space is easier to calculate
because the vacuum of the free theory is a tensor product in
the momentum basis. As a result, entanglement between
states of different momenta is uniquely a property of the
interacting theory and thus is a window into the non-
Gaussian nature of the correlations.

A natural approach that combines these benefits is to
work with UdW detectors that register particles in specific
momentum eigenstates, rather than specific positions. We
can achieve this by modifying the detector response so that

pi(¥) = e R, (4.29)

and therefore

®; = Ap(k;. 1).

By measuring momentum eigenstates at a fixed time, our
detectors are responding to ¢(k, t) which is precisely what
appears in our cosmological correlators.

Now we can again split our detectors into two groups, A

(4.30)

and B, where momenta /2 € A and p € B. We will define
group A as the detectors with momenta below a fixed
cutoff, k; < A, and the B detectors have momenta above the
cutoff, p; > A. The state of the detectors is again repre-
sented in analogy with Eq. (4.8), now defining

{kn}. 0) = [z 15 .0k, ) (4.32)
> = |1P1 PN’O{lpl qqqqq i’N}>’ (433)

[} AP =11z,

k ’ PI IPN’O{lkl oD ﬁN}>'
(4.34)

As aresult, the state of our momentum detectors is given by
+ 3 azyl{k,}.0)+ )
{k, }#0

+ Z C{En},{ﬁN}HEn}v {Pn})-

{E:}’{ﬁN}#O

| \PUdW
{Pn}#0

(4.35)

In the free theory, the Hilbert space of ¢ can be decom-
posed into a tensor product over momentum eigenmodes
via the Fock space, H =®; Hj. Since each detector is tied
only to a single momentum scale, the combined state of the

detectors in A and B with the fields are similarly described
by a tensor product in momentum space. More dramati-
cally, when we project onto the vacuum of ¢, which is a
zero momentum state, we will find the detector is never
excited unless we have two detectors with equal and

opposite momentum (i.e., k and —k or p and —p). This
reflects the fact that, in the free theory, measuring a particle

at momentum k or p requires the production of (anti-)

particles with momentum —k or —p. Without a second
detector, this is a real particle and therefore is not in the

vacuum. Furthermore, since k and —k are in A and p and
—p are in B, we cannot generate entanglement between A
and B in the free theory. Therefore, We need interactions in
order to generate entanglement in momentum space.

We can easily determine the detector state in the interact-
ing theory for a single detector in A with momentum k and
two detectors in B with momenta p; and p,. Like the free
theory, the quadratic terms vanish, ¢; ; =c 5, =c¢j, 5, =0,
such that the leading nontrivial contribution to the state is

k {P1.72} = /13 <¢(k’ t)¢(l_51’ t)‘p(ﬁz, l)>

We can now trace over the detectors in B to arrive at a

diagonal reduced density matrix for A with pga) =1-p_

and

(4.36)

A
,0(11) = |Ci{,{,31,52}|2- (4.37)
Again, the entanglement entropy of A is given in terms of this
single coefficient

Stw = =TipY log p*)

= _‘cl?,{ﬁl,ﬁz}|2(10g |c,—(»’{ﬁ] ﬁ2}|2 —-1)+03). (4.38)
From Eq. (4.36), we see that the entanglement entropy is
determine by the in-in correlators.

Now we want to compare the nature of the momentum
space entanglement for our two types of statistics. These
are just our in-in correlatators in moemtnum space, so in the

quantum theory we have

3 H
dkpip(k+ pi + pa)

(quantum)
k{p1.p2}

. (4.39)

and in the classical theory

(classical)
k{p1.p2}

s M ( 3 1
+
16kpipy \k+pi+p, k—pi—p»

1 1
+ . 4.40
p1—k—p; Pz—k—Pl) ( )

The presence of poles at physical momenta means that

gla) classical oo glA).quantum pie o oain reflects the underlying
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fact that creating a state with classical fluctuations intro-
duces much stronger correlations between scales than occur
in the vacuum.

We also note that, in this case, the structure of entangle-
ment of the UdW detectors in momentum space is propor-
tional to the entanglement of ¢ in momentum space [96].
The origin of this relationship is that entanglement in
momentum space is trivial in the free theory. Therefore, the
perturbative construction of the detector states is consistent
with the perturbative nature of the entanglement in the
vacuum. In position space, the reduced density matrix is
nontrivial in the free theory and is less naturally organized
as a perturbative expansion in correlators (although see e.g.,
[101-103] for developments).

V. CONCLUSIONS

The nature of the vacuum in quantum field theory is
unlike any classical statistical state. The quantum vacuum
is the lowest-energy state and therefore dictates that
fluctuations only have positive energies. This fact, built
into the structure of perturbative QFT, manifests itself in the
structure of correlation functions and gives rise to the LSZ
reduction formula relating correlators and S-matrix ele-
ments [53]. Classical (e.g., thermal) fluctuations are always
around a positive energy state and thus can both increase
and decrease the energy.

In cosmology, these kinds of vacuum fluctuation are
thought to be responsible for structure in the Universe. Yet,
it remains a viable possibility that structure arose from
thermal fluctuation [29-34]. One cannot perform experi-
ments on the state of the Universe to isolate their quantum
nature and resolve this question [16]. Instead, we must rely
on statistical properties of the initial conditions to infer how
structure was created. Concretely, it was proposed in [35]
that the difference in the analytic structure of correlators for
quantum and classical fluctuations is both completely
general and observable.

In this paper, we demonstrated that this proposed
cosmological Bell-like test has a flat space analog. The
same analytic structure seen in cosmological correlators
appears in both in-in and in-out correlators in flat space,
and is responsible for the LSZ reduction for quantum
vacuum correlators. For classical correlators, the additional
poles seen in inflationary correlators is a direct conse-
quence of scattering processes involving particles that are
necessarily present in the initial state.

The meaning of the in-in correlator is less clear in flat
space than it is in cosmology. In cosmology, we interpret
these correlators as a signal of cosmological particle
production. In flat space, the interacting (quantum) vacuum
is a well-defined energy eigenstate containing no particles
and, yet, has nonzero in-in correlations. Instead, we show
the flat space in-in correlator contributes to the amplitude
for exciting a localized (Unruh—de Witt) particle detector.
The particle production arises in flat space because of the

uncertainty principle: a particle detector that is sufficiently
localized in space and time to make such a measurement
breaks translations and excites particles from the vacuum.
We additionally show that one can use the entanglement
of these detectors as probes to the entanglement of the
underlying field.

Much is known about the unique properties of quantum
mechanical systems in flat space. Naturally one would hope
these insights could be applied to cosmology, particularly
in light of some analogous structure of the correlators. The
central challenge is that cosmological observables are
classical, for all practical purposes; one cannot simply
expose the quantum nature of cosmology through the direct
measurement of noncommuting observables. Yet, the
question of what kinds of initial conditions can only be
prepared in a quantum universe is closely related to the
problem of quantum state preparation on a quantum
computer. One might hope that intuition from quantum
computing could shed further light on cosmology, or vice
versa [104,105].
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APPENDIX: CLASSICAL HIDDEN VARIABLES
AND ANTIPARTICLES

In our classical in-in correlators, the appearance of poles
at physical momenta can be traced to the form of the causal
propagator,

sin(kt) 1

Gk, t) = T (efkt — e~ikty,

(A1)

The appearance of both positive and negative frequency
modes in this expression is responsible for the additional
poles in the classical correlators. If we were to simply
remove the negative frequency term in this expression in
the limit r — 0 the propagator is nonanalytic in &,
G(k,t =0) « 1/k. This would imply a violation of cau-
sality as the propagator is nonzero at spacelike separated
points. This is the precise sense in which replicating the
quantum signal requires a nonlocal theory [1-3].

The need for a negative frequency mode in the causal
propagator is essentially the same reason that causality
demands antiparticles. To see this connection, we will work
with a complex scalar, ¢, such that

. Pk 1
1) = / Ak

—ik-XT,, ikt T ikt
(2ﬂ)3ﬁe lage™ +b'e™].  (A2)
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In contrast to a real scalar, we have the option of setting
b_; =0 so that we propagate only positive frequency
modes.

To make sense of the classical case, we will consider the
quantum theory at large occupation number, as we did in
Sec. I A. Suppose the field ¢ is in an n particle and n
antistate at each momenta, as defined in Eq. (2.10).
Schematically, the field would act on this state as

o(k.1)|n,n) —Ae™M|nz—1,n) +B*e™|n,n_p+1), (A3)
@k, 1)|n,n) = A*e™|n_+1,n) + Be™®|n,nz—1), (A4)
<n,n|go(l€, 1) = (n,n;—1|B*e™ + (n_p+1,n|Ae™*  (A5)

n.n|@(k,t) = (n.n_=+1|Be™* + (n-—1,n|A*e™™, (A6
k k

where |n, m) is an n particle m antiparticle state, and A and
B are time-independent functions of k that are determined
by how a; and by act on these states. Concretely, if B = 0 it
would imply b and b" annihilate the state |n, n).

Using how the operators act on the states, we can write
the two-point functions as

(o )p(E. 1) = [BPeN o, — 1
+ AP =) (nz + 1,n|n_; + 1.n),
(A7)

n.n_p—1)

(@, (K 1)) = |AP* = (nz — 1.nln_z — 1.n)

+ |B[*e=* = (n,n_; + 1n,ny + 1).
(A8)

In the local model A = B = 1/(1/2k). We argued from the
structure of the causal Green’s function that B =0 is
nonlocal, which eliminates the possibility of locally propa-
gating only the positive frequency modes classically.

We can see the connection between B = A, locality, and
antiparticles using time-order (in-out) correlators. We start
by noting that a' creates a positive energy state when acting
on the right and negative energy state when acting on the
left. However, since the time ordering can be changed by a
Lorentz boost, ¢ must create a positive energy state when
acting on either the right or the left. As a result, ¢ creates a
particle when acting on the right and an antiparticle when
acting on the left. This is only possible with |[A| = |B|.
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