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In this work, we study quantum fluctuations in the stress energy tensor of spinor fields evolving in
general Friedmann-Robertson-Walker (FRW) spacetimes. We quantify these fluctuations by the noise
kernel of spinor fields. For the particular case of de Sitter spacetime, we place the spinor field in what is
called the fermionic Bunch Davies vacuum and study the variation of the noise kernel with the mass of the
field. We then make use of the conformal invariance of massless spinor fields and employ an equivalence
that relates a massless spinor field in any given FRW spacetime with a corresponding massless spinor field
in de Sitter spacetime. Using this equivalence, we study the behavior of the noise kernel of massless spinor
fields in general FRW spacetimes while placing the fields in the Bunch Davies vacuum of the
corresponding massless spinor field of the de Sitter spacetime. We extend this analysis to a coordinate
invariant quantity which is built from the noise kernel of the field. We compare these results for spinor
fields in considered spacetimes with the analogous results for scalar fields. This study helps us better
understand whether the spin 1/2 fermionic matter remains strongly correlated in considered spacetimes
leading to considerable backreaction or not.
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I. INTRODUCTION finer details of the observed anisotropies [6]. In scenarios
where fluctuations over the background quantities can be
considered small, we see that the matter fluctuations (over
the background matter fields) can couple to the gravita-
tional fluctuations (over the background metric) through
their stress energy tensors.' Therefore, if we quantize these
fluctuations, then such an interaction term can be seen as
providing a perturbed Hamiltonian term to the free dynam-
ics of these fluctuations and as such the propagators of
these fluctuations get corrections from this term [7]. From
the structure of the interaction term, it is clear that it would
inevitably involve n-point correlators of the matter field
stress energy operators. Calculating n-point correlators of

With the ever so precise cosmological data [1-3]
becoming available to us, we have increasing density of
empirical references against which we can test the validity
of our theories, arrived at either through intuition or to
explain observations obtained in other astrophysical or
cosmological contexts, and gain new insights into the
origin of the Universe and its evolution history. For
example, the anisotropies in the cosmic microwave back-
ground (CMB) are believed to be related to the power
spectrum of the quantum fluctuations of the inflaton field
[4,5] and therefore, corrections to this quantity coming
from higher order effects can show up themselves in the
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"This can be easily seen by noticing that

Stotal = Sgravity (g) + Smatter (g» ¢)
= Sgravity (gbg + h) + Smatter(gbg + h’ ¢bg + 5¢)

1
= (Sgge)ivity (gbg) + Sr(r?zitter (gbgv ¢bg)) + Sr(lizller(gbgv 5¢) + Sg;)zvity (h) + / d4x\/ _gbg (_ 5 hang(}/:) o

where gy, and ¢y, are the background metric and the background matter field respectively and similarly /2 and 5¢ are the respective
fluctuations over these background quantities. We have dropped the terms which are first order in / or d¢ as they contain expressions
which correspond to the equations of motion for the background quantities and, hence, are zero. Here the terms S are second order in /
and 6¢ and provide the free dynamics of the matter and the gravity fluctuations. We see that one of the interaction terms between the
gravity fluctuations and the matter field fluctuations is proportional to the stress energy tensor of the matter field fluctuations i.e.,
Tab — _ 2 Smuer(54)
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stress energy operators is, in general, a very difficult task.
However, in order to study the second order effect (after
taking into account the first order semiclassical effects of
the one-point quantum averages of stress energy operators)
coming from this interaction term, one only needs the
knowledge of two-point correlators of quantum field stress
energy operators. A number of previous investigations have
undertaken the task of calculating and studying the behav-
ior of these two-point correlations of quantum field stress
energy operators (mainly, that of scalar fields). These works
have considered the dynamics of quantum fields over
different types of background spacetimes ranging from
the Minkowski spacetime [8—10] to the de Sitter spacetime
[11,12] to the more general conformally flat spacetimes
[13] among others [14-16]. These studies have been
performed by placing quantum fields in different types
of vacua, for example, [11,12] have carried out the analysis
by placing the scalar field in the Bunch Davies vacuum
[17,18]. A number of works have also focused attention on
how the fluctuations in quantum stress energy tensors affect
the geometry of spacetimes, for example [19,20] have
considered how congruences of geodesics are affected by
these fluctuations and similarly, [21-23] have considered
how these fluctuations manifest themselves in the power
spectra of primordial gravity waves and hence provide
possible observable effects of these fluctuations. These
fluctuations in stress energy operators, or more appropri-
ately the noise kernel (which is the vacuum expectation of
symmetrized stress energy bitensors, see below) play a
fundamental role in the stochastic gravity [24] framework
where they feed the stochastic fluctuations appearing in the
Einstein Langevin equations. Therefore, in any attempt to
go beyond the first order semiclassical analyses, we would
always end up requiring one to calculate the behavior of the
noise kernel of matter fields.

Since the present-day Universe contains both bosonic
and fermionic types of particles, it is natural to assume that
(during their journey through the evolution of the Universe)
they could couple with gravitational waves with the above
types of interaction terms. Although the majority of the
above cited works have considered only the effects of
bosonic fields such as scalar and electromagnetic fields,
there are some works that have also considered the effects
of fermionic fields on gravitational waves. For example,
assuming that the fermions were produced after inflation, in
the reheating era [25,26], Ref. [27] has considered the
backreaction of fermionic fields on gravitational waves.
Similarly, [28,29] have looked at the modification in
gravitational wave spectra caused by spinor fields during
inflation. These works have used the spinor mode sums in
momentum space and have arrived at the fermionic field
corrections to the gravitational wave spectra. In this work,
we aim to determine the coordinate space expression of the
noise kernel for spinor fields in general Friedmann-
Robertson-Walker (FRW) spacetimes. In order to carry

out this task for the particular case of spinor fields in de
Sitter spacetime, we consider that the fields are placed in
the fermionic Bunch Davies vacuum [30,31] which is
defined by choosing the fermionic mode functions in such
a way that, in the asymptotic past, the leading order
behavior of these mode functions is like that of the
Minkowski spacetime positive and negative frequency
mode functions. Then, we deal with massless spinor fields
in general FRW spacetimes and for these cases, we employ
a mapping that relates a massless spinor field in any FRW
spacetime to another massless spinor field in any other
FRW spacetime and also relates the corresponding
Wightman functions. Therefore, using this mapping, we
place a massless spinor field in a given FRW spacetime in
the Bunch-Davies vacuum of the corresponding massless
spinor field in de Sitter spacetime (or equivalently, in terms
of the Poincare vacuum of the Minkowski spacetime). We
also compare the behavior of the noise kernel of spinor
fields in the above spacetimes with the analogous studies
for scalar fields in the same spacetimes [12]. Since different
epochs of the Universe are approximately FRW type
spacetimes, the analysis of massless spinor fields in
FRW spacetimes is applicable to these different epochs
of the Universe, in particular, to the present-day dark
energy driven universe. As the surveys [1] put the dark
energy equation of state parameter to be —1.03 4 0.03,
having knowledge of the behavior of the noise kernel
for spinor fields in both the quintessence regime
(-1 <w < —1)and the phantom regime (w < —1) may
be useful [32]. Therefore, our analysis considers spinor
fields not only for quintessence but also for phantom
cosmologies and in fact, for all types of FRW spacetimes.
Carrying out this analysis for phantom cosmologies
becomes physically more sound and, hence, all the more
appealing when we can evade the unwanted big rip feature
(i.e., the scaling factor and the energy density going to
infinity in a finite interval of time) of the phantom models
[32,33] with a dynamical equation of state parameter
generated by properly chosen phantom field potentials
[34]. These types of potential allow for the possibility of
having a phantom spacetime phase for some time and then
exiting this phantom phase before a big rip occurs.

The rest of the paper is organized as follows. In Sec. II,
we give a brief review of the dynamics of spinor fields in
curved spacetimes and also provide an outline of a
calculation to arrive at the expression of the Wightman
function corresponding to the fermionic Bunch Davies
vacuum of the de Sitter spacetime. We then employ a
mapping between massless spinor fields in de Sitter and
general FRW spacetimes and, using this mapping, we relate
the expression of the Wightman function of a massless
spinor field in de Sitter spacetime with the corresponding
expressions for massless spinor fields in general FRW
spacetimes. In Sec. III, we use the point splitting technique
to write the noise kernel for spinor fields as an expression
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involving some derivative operators acting on a product of
Wightman functions. In Sec. [V, we arrive at the expression
of the noise kernel for a spinor field (placed in the Bunch
Davies vacuum) in de Sitter spacetime and analyze how the
noise kernel behaves as a function of the mass of the field.
In Sec. V, we perform a similar analysis for massless
fermions in general FRW spacetimes. In Sec. VI, we
summarize our findings and discuss their implications.
We use the (—,+,+,+), convention for the spacetime
metric.

II. PRELIMINARIES

The dynamics of spinor fields in curved spacetimes is
best described using the formalism of tetrad bases. The
action for a minimally coupled spinor field in curved
spacetime is given by

S = / d*x\/=glipy*V = mjpy]

/ d4 \/_ [”//J/ v;tl// - l(vﬂll_/)}’”ll/ - 2m1/_/l//]
+ [ Fv (i), (1)

where y# = eI, {T“,T?} = =21’ and the four diver-
gence term is a boundary term. Here e/, are the tetrad basis
which satisfy efebn® = g*. Also V, = 0, — g’ [[',, ]
where @f? = e4e™T?, — €0, e (see [35,36]). The equa-
tion of motion for the above action has the following form:

(iy*V, = m)y = 0. (2)

Since we are ultimately interested in general FRW space-
times for which one can choose coordinate systems in which
the metric can be cast into a conformally flat form [37], let us
consider ds®> = a®(n)(—dn* + dx*). For these spacetimes,
we can take the tetrad basis to be ¢, = i&ﬁ. Using this tetrad
basis and the fact that T}, = £ (580 + 5.8 — 1,,n°), we
can calculate @, = % (1,59 — 1,,63) wWhere ' represents
a derivative with respect to 7. Using these expressions, we

find that
1 a 1Tb
aﬂ—gwﬂab[r‘ ,F]
l /
— ("o, [, e
= < +4 Mual ™| ])

- (r o, +32ir0> (3)

iy*'V, =

Q|~.

Substituting this into the equation of motion, it modifies to

3id
o
<l )+ 2a

Fo—am>1;/—0. (4)
Going to the Fourier space i.e., writing w(n,X) =

f (d /)c ik ka(r/), we obtain that

and, for field redefinition y;(17) =
further to the following form:

ax(n)wz(n), it reduces

(iT% — k.T' — am)y(n) = 0. (6)
Following [31], let us now decompose the 4-column
spinors into chirality-helicity basis i.e.,

-

2"kn) = xi(n) = [h h(lf’ "

® &, (7)
)(R,h(k7 ’7) ] "

where &, are 2-column eigenvectors of (k.3)i.e., (k.6)&, =
h&, with eigenvalues h being #1.% The functions y; , (k. )

and )(R,h(]_év n) are 1-column functions and are called left-
and right-handed spinors of helicity 4, respectively. Here
® is the tensor product symbol.

Using the Weyl representation for Gamma matrices i.e.,

[l el e

-10
where @ is, again, the tensor product symbol and o}s are
2 %2 Pauli matrices, the Dirac equation reduces to the
following set of coupled linear differential equations:

sk e (k)
V2

Defining u.,(k,n) = " and specializing to the

de Sitter spacetime case i.e., taking a(n) = — Hin, we get the

following equations:

*Using the form of the Pauli matrices and demanding that
§Z§h =1, we can take the helicity eigenvectors to be

1 k. —ik 1 —k, + ik,
§+:7A|: Ay:|’ 57:7,\|: k ):|7
. 1 -k, 2(1+k2) 1+k;
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1 1 im
uly, + <k2 + %) uy, =0, (10)

where ' represents a derivative with respect to . These

equations have the form of a Bessel’s equation and hence
the most general solutions for u., are given by [38,39]

uyy(k,n) = alt\/—kn H, )( kn) + Bl _kl/[HIEi)(_kn)’
(11)

where v =3 F ™ and o/,’s and p%,’s are arbitrary
constants to be ﬁxed by initial condition. In order to
proceed further with the analysis, we need to make a
choice of vacuum for the spinor field and in this work, we
choose to work with what is called the fermionic Bunch
Davies vacuum.

A. The fermionic Bunch Davies vacuum

The Bunch Davies vacuum for spinor fields in de Sitter
spacetime is defined analogously to how one defines it for
scalar fields. For this, we fix @”,’s and f,’s in such a
way that the mode functions u.,(k,n), considered in
the asymptotic past, behave like flat spacetime mode
functions. To make it more precise, we notice that in the
asymptotic past i.e., 7 = —oo limit, Eq. (10) reduces to
', + k*ur;, = 0. This implies that there exists positive
and negative frequency modes in the asymptotic past i.e.,
e Using the following large argument expansions of
Hankel functions [39] i.e.,

HY () = \/ﬂzzem—%v—%) {1 + 0(%)] (12)
ﬂize—w =59 [1 +0 Cﬂ (13)

Re(v) > —% and |arg(z)|<m,  (14)

HY (z) =

for |z| — oo,

we see that, for nonzero o, ’s and vanishing ", ’s, the mode

functions, u.,(k, n), indeed behave like positive frequncy (or
particle) modes in the 7 — —oo limit. In fact, by substituting
upy(k,n) = o /—knH £‘j (—kn) in equations of motion and
using certain properties of Hankel functions, we find that
a, = iha" ™~ . Demanding thatlim,_, . u_,(k.n)=
we should take o, =  /Fe’
for particle modes,

_”k’/l iZ(y
wenlkon) = | =M R HD (<hop) = (ko). (15)

\/_ 9
5+ +1/2) and therefore, we have,

|—mkn
u_h(k,n) —— 1 ez (v +l/2 (1 )( kl’])

= —hg*(k,n). (16)
This implies that
f—hg
k.,n) = , 17
)(L,h( ’7) \/E ( )
f+hg
k.,n) = . 18
ZR,h( ’/I) \/E ( )

Similarly, we can determine the antiparticle modes. For
antiparticle modes, we denote the Fourier coefficient of e~ ikx
to be v;(17) and hence, in the helicity-chirality basis, the
differential equations have —k in place of k. Therefore, by
flipping the definitions of the left- and right-handed fermions
i.e., taking

wn (ko)

) = veln) = [ i

] ®&. (19

we end up with the same set of differential equations for v ,
andy;, h as (9). Now demanding that the corresponding u.;,’s

goto< \/— in the asymptotic past, we conclude that

viallon) =22, (20)
—hf*
valln) = =20, @

Using the above considered Bunch Davies modes, we can
write the field operator and its conjugate as follows’:

3
y(n,%) = a>(n) / ax 32 ag " (k. n)el

+ by, 0" (k) e™]. (23)

Here &’s and b’s are the annihilation operators while a*’s and

bs are the creation operators corresponding to the above
described Bunch Davies modes. We now define the Bunch

3For the rest of this subsection, () represents —Hl”.
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Davies vacuum, |0), to be the state which is annihilated by all
ag,’s and @Eh’s ie., a;,|0) =0 and 13,;~h|0> = 0. From the
expressions for the field operator and its adjoint, we find that
the Wightman functions are given by

Sij (0 x') = (i (x)ir; (x'))
= a3 (a3 () / (;i];;x?(l? 7 (k.r)
x ik 3¥) (24)
and
Rji(x' . x) = (yr; (X' )i (x))

= =8;;(x, x). (25)

After some manipulations, one can show that (see [30,31])

Sij(x, x') = (i (g (x)) 2
R v
« [s+ ) s e s FO] . (26)
where
5. () TCEIBITO T )

(47)?

x o F) <2i i%,l ¥ ig,Z,Z(x,x')> (27)

and Z(x,x') = 1 + =00 Uging that V) =0, —

dnf

0apa[[*.T) = 0, + £, [T0.T7) and V] = L (10, +
%FO), the above expression can be written as
3id'(n,) H?
Sii(x,x) = {il"’la" + T +a(n)m| ——
! ’ 2(1(7’“) a(nx)a<’7x’)
1+1° 1-1°
@4xx> #S- ) 5E]
= e T T et
Valn)aln,)
1+ 1-1°
X [S+(x x') +S_(x,x’) ] (28)

We need the forms of the Wightman functions, S;;(x, x’) and
R;;(x', x), later on in this work when we study the behavior of
the fluctuations in the stress energy operator which, as we
shall see, can be expressed as certain derivatives acting on
products of Wightman functions.

B. Equivalence between massless spinor fields
in FRW spacetimes and de Sitter spacetime

It has been established, in [40], that massless scalar fields
in FRW spacetimes can be mapped to massive scalar fields
in de Sitter spacetime and hence one can make use of this
equivalence to study the dynamics in one setup in terms of
the another. In this subsection, we make use of the
conformal invariance of massless spinor fields and relate
the Wightman functions of massless spinor fields in general
FRW spacetimes with the Wightman function of a massless
spinor field in de Sitter spacetime. In fact, we start with a
massive spinor field in an arbitrary FRW spacetime and try
to relate it to another spinor field in some other arbitrary
FRW spacetime. For this, consider the action of a spinor
field in a spacetime with ds®> = ¢*(y)(—dn* + dX?) i.e.,

S = / d*x\/=gligy*V y — mipy]
4, 3| 3¢
= [ d*xcy|il¥0, + 12—F —cmly.  (29)
c

Considering the transformation y = F(1)Q, we observe
that the above action transforms to

3¢ F
/d4xc3FZQ{ll"”0 +12—F0—|—1 Fo—cm]Q (30)

and now demanding that ¢>F? = b® and [i 3T + i £10 -
cm)] = [i32T0 — bm'], the above action becomes

/
S = /d4xb3fz [irﬂaﬂ - i%l‘o - bm’} Q (31

which is the action of a spinor field, €, in a spacetime
with ds? = b*(n)(—dn? + dx?).

We notice that the condition that ¢®F? = b automati-
cally gives

3¢ F 3b
— == 32
2c + F 2b (32)
Therefore, from the condition that
3¢ F 3p'
[iz—(;f‘o+ifro—cm] = [zEFO b '}, (33)

we obtain that m’ = {m. A number of interesting con-

clusions can be drawn from this analysis. But for our
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purposes, all we need to observe is that a massless spinor
field in an FRW spacetime can always be mapped to
another massless spinor field in any other FRW spacetime,
in particular, we can map a massless spinor field in any
FRW spacetime to a massless spinor field in de Sitter or flat
spacetime. We make use of this equivalence and determine
the desired results in general FRW spacetimes in terms of
the de Sitter quantities i.e., we take b(17) = a(n) = — Hin In
particular, we observe that the Wightmann function for a
massless spinor field in an FRW spacetime [with scale
factor being c(n)] is given by

SFRW (

Il
N
m’a
~— |
= |

N—
~_

Similarly, we have

REFY (X', x) = (9, (X' )wi(x)) = (F(n) F (i)

)
Gy e
S T (35)

(1) (ny)

Q;(x) € (x))

mm

We make use of these relations later on in this work and
find that the noise kernel for massless spinor fields in
general FRW spacetimes is related to the de Sitter noise
kernel again by conformal factors.

III. NOISE KERNEL AND POINT SPLITTING

Using the expression that

2 oS

V=g6¢"(x)’ (36)

T;w(x) ==

we find that, for spinor fields in curved spacetimes, the
stress energy tensor [35,36] is given by

*As we have seen that massless spinor fields in FRW space-
times are equivalent to massless spinor fields in flat spacetime as
well, we could have equally well carried out the FRW analyses in
terms of the flat spacetime quantities. But since we are going to
analyze the de Sitter noise kernel before going to the general
FRW cases, it seems more seamless with the flow of the paper to
map FRW analyses to the de Sitter case.

i _ - =
w = =5 9 Wy Vo — 'V, iy

— (Yt +m)lw
ll_/[}/(ﬂvl/) - v(yyﬂ)h// (37)

Using the point splitting technique [17], this can succinctly
be written as

T;w(x> = )},iirlpmzij(x’ x/)l/_/i(x)l//j<xl)v (38)

where summation over i and j is understood and

G /. 32X =X
P,umj ()C )C/) = _% [(lylvl - m) - (lvﬂ/l + m)]
i =x Sx
t3 Yo Vo) = Virwli (39)

To conclude whether the semiclassical analyses (based only
on the expectation values of the stress energy operators)
alone are sufficient or not, we must have knowledge of the
behavior of the quantum fluctuations in stress energy
tensors. In stochastic gravity paradigm [24], these are
characterized by the noise kernel which is given by

(Tap()Tea(y)) = Tap()){Tea()s  (40)

where, as usual, the quantum stress energy operator is
obtained from the classical expression by replacing the
classical fields by their corresponding operator quantities.

Using the above notations, we find that the noise kernel
can be written as

Nubcd(x’ y) =

Napea(x,y) = Im Hm P ;5 (x, X)Pegig (v, Y')

X [ ()i () (V)i ()

AL ZCINTARIZICONINCY

Applying Wick’s theorem to the first term, we see that the
noise kernel is now given by

Napea(x.y) = )}}_Igyl}iny Papij (X X )P eara (v, Y')

[ (0 () @ (9] (42)

Since yr is a linear combination of the solutions of the Dirac
equation and  is a linear combination of the solutions of
the adjoint of the Dirac equation, we see that, in the stress
energy operator, the terms which correspond to the Dirac
equation and its adjoint drop out. Therefore, we are left
with the following expression for the noise kernel:
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o1 <y
Nabcd(x,Y):}}}_Tg;}_fg [( Vb Va)’b]u[ cv = ViraluSu*', y)Su(y', x)
. . 1 = v/ >/ «—
=)}}3}(}!}3}-[Tr(me)S(X’,y)m-V’d)S(y’,x))—Tr(meS( ViraSO'.x))
—Tr(S( 3)7( VSO X)Viariy) + Tr(S (., 3) ViSO )V arsy ). (43)

The analysis done in this section is independent of the
spacetime that we consider and as such holds for all
types of spacetimes. In the next section, we calculate the
behavior of the noise kernel in de Sitter spacetime
while placing the quantum spinor field in the Bunch
Davies vacuum and therefore we use the Wightmann
function for this state given in the previous section.
In particular, we calculate the (a = b = ¢ = d = 0) com-
ponent of the noise kernel as this can be related to a
coordinate invariant quantity as discussed later on in
this work.

Noooo(x,y) = PE}C yh_r}lv /

a(n)a(ny)
4

!

— lim hmaT[ag;& + O — O 0

x—>x) -y

;L
x Tr <F0 {ilﬂd’j +i—519 + ax/m} { S.(x,y)
e=+

X

XF0|: yFOJra«m][ZS
e=%

It can be easily shown that the factor ——ZL -

[0 0 + 930y — 05 & — 03

IV. NOISE KERNEL IN DE SITTER SPACETIME

In this section, we specialize to the case of a spinor
field evolving in the de Sitter spacetime. As mentioned in
the previous section, we are interested in calculating the
(a =b =c=d=0) component of the noise kernel i.e.,
Noooo(x,y). Since we have expressed the noise kernel as a
sum of derivatives acting on a product of Wightman func-
tions, we take the above given expression of the Wightman
function for a spinor field (in de Sitter spacetime) placing it in

the Bunch Davies vacuum. Using that VS = d;, we see that®

050y I Tr(ToS (', )8 (Y, %)

H4
\/a ax/aya\/

1 +er®
2

1 +2er0] ) ' (44)

— 030y ]

Jaasaay after having been operated by all the derivative operators, simply come in

front of the bigger square brackets (which contain the derivative operators) as it is and in the above limits cancel out the

already present a.a, factor. Finally, we obtain

H4

Noooo(x,y) = lim hm_[%/a(y)l + 050y —

X—UCV—’V

x Tr <F0 {ilﬂdx +i*
ay

Y04 g /m] [ S.(x',y)

95 0y — 0503 |

1+ eFO]

€=

1 I
XFo[lF”(}‘—H yFO—I—a«m] [ZS +€ })
e=%

(45)

Thus, we see that, in the expression of the noise kernel, we have traces of the Dirac matrices. Therefore, we can use the well-
known properties [35] of these traces to proceed further with our calculations.

From this section onwards, we always take a,=a(y,)=—

1
Hp,*
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A. “Gammatronics”

Using the cyclic property of traces, we can write the noise kernel expression in the following expanded form:

H4 Y /v /
Noooo(x. y) = chyh_rgT [0 0 + 950 — 9 9 — 950 |
., 1+ el
Tr( Ty |[iT* 10 /
Ty oo firiag +19210 4 g |15
e=+ 6= X
ay 1+ 610
x Ty {i 2 F0+ayrm] [ + })Se(x’,y)S,;(y’,x)
ayr 2
H4 3y /1y 4
= tim tim 050 + 030, — 050 - 00}
x Y 3 Tr (izrerffPax P + z2rﬂMr‘0P o + iaym 2% [y poy
Py - ay ay
a, a, a ! al'/
+ 22X LTOMTOP + im = ayT°MP + iaymMT°Poy + ia,m—-MI°P + ax/ay/szP>
ay ay ay ay
X Se(x', y)85(y, %), (40)
where M = [ ”“] and P = [0 5-9]. Employing the known properties of the traces of the Gamma matrices, we find that the

above expression reduces to

. . 2H4 Y ; / !
Noooo(x,y) = —1lim hmT[&S‘% + 950 — 3 % — %50, |

X' —=xy =y

S (050 + (% - cimay Yoy + (& —eima, o + (2 —ci g S.(¥,3)S.(v/, %)
X —ema, —emma,y ——c€imma,y —emmay e\ X, e\,

2\ %%+ g, eima, |0 a eimay |0 o eimay || = —eima X, y)S (v, x
00705, ()5 0'0) 45 (4.0)8, () (47)

B. Behavior on equal time sheets

In order to study how the stress energy tensors for spatially separated points are correlated with each other, we specialize
to the case where i, = . But before we consider this case, we have to perform all the derivatives above. While performing
these calculations, we make use of the fact that S (x, x") = S4.(Z(x,x")) i.e., it is a function of the invariant distance Z. We
should take extra care to make sure that we take all the limits only after performing all the derivatives. Using the formulas
given in Appendix A, we find that, on equal time sheets, we have

24 Noooo(x,y) = (S1S_ + (= < +)) [— /. (AW] + (8457) [— (Mﬂ + (SYSL 4 (=< +)) {@]

" H 8 4nd 16n'° 32910
eim\ [(SL)? [(AX)* (AX)? 2 3(AX)*  (AX)?
- — S8+ 8.8 - -
+Z< )[ 4 [2118 o I R I
(AX)® eim\2[(SL)? [(AX)* S.S, (AX)? 1 (AX)*
S.S" — S.S" 1 —— S.S. —| =S5
(S )32 0| H 4 28 * n* * 250 +l’]4 Tk
L[S0 (AR, (AD7 | 2] | SISY(AR)[2 (AR7] | SISUARP _siS(ARF) o
4 4t n° n* 8 4n® |n? it 16 8p'? 16 8% |

Now we are interested in seeing the behavior of this noise kernel for late time limits i.e., 7 — 0 limit. Recalling that the S..s
are just hypergeometric functions (see Sec. II) and using the fact that their derivatives are again hypergeometric functions
[39] and also making use of their asymptotic behavior, we find that the leading order behavior of the noise kernel is given by
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Nooo(x,y) = +0(n*). (49)

Thus, from the above expression, we see that, irrespective
of how massive or light the fermionic fields are, the
considered component of the noise kernel vanishes in
the late time limit i.e., # — O limit. In that sense, the decay
of the noise kernel component for a spinor field in de Sitter
spacetime is a universal phenomenon independent of the
mass of the field. This is in contrast to the behavior of the
noise kernel for quantum scalar fields in de Sitter spacetime
where the considered noise kernel component shows a
transition from vanishing to divergent behavior as mass is
varied from [0,3] with “critical mass” value being 2 HZ =2
(see [12]). This implies that, if we start with two spatially
separated points on a constant time sheet in the past, then
the corresponding local stress energy tensors (physically
speaking, energy momentum content) do not develop any
correlations in the far future. In fact, more appropriately, the
correlations between the quantum stress energy tensor at
different points get washed away as the de Sitter spacetime
evolves to late time limit. To present this conclusion in a
more illuminating manner, we notice that at the start of the
inflation i.e., in the # — —oo limit, all points, on this very
early constant time slice of the de Sitter spacetime, are
separated by zero physical distances and hence, the
quantum field at different coordinate distances (but with
zero physical separations) have maximum correlations.
However, as the de Sitter spacetime evolves, the physical
distances between spatially separated points increase and
intuitively, we expect that the correlations between the
corresponding local stress energy tensors (for that matter,
between the field operators themselves or any other
functions of the field operators) should decrease. The
above obtained results suggest that the quantum dynamics
of the spinor fields in de Sitter spacetime is not so that it can
overcome the diminishing effect of increasing physical
distances and we have an overall vanishing of the noise
kernel in the late time limit. But we see (from the behavior
of the noise kernel of scalar fields [12]) that, for quantum
scalar fields in de Sitter spacetime, there are mass ranges for
which their dyanmics can overcome the effect of the
classical expansion of the de Sitter spacetime and we
obtain divergent noise kernel for these cases. Another
important yet very intuitive property of the noise kernel
is that the vanishing of the noise kernel is inversely
proportional to the coordinate distances between spatially
separated points i.e., the lesser the coordinate distances are
(between the spatially separated points), the later (in the
evolution history of the de Sitter spacetime) the correla-
tions decay.

As the noise kernel is a (bi)tensor quantity and hence is
expressed differently in different coordinate systems, let us
express the above obtained results in terms of a coordinate
invariant quantity. To define this quantity, let us consider a

vector field which, in conformal coordinates, is given by
*(n,X) = (ﬁ,0,0,0) so that g,,1t" = —1 at all space-
time points. In fact, the considered vector field is a
normalized tangent vector field to comoving observers
whose spatial coordinates remain fixed. Using this vector
field, we can construct a coordinate invariant object like

T op(x)1%(x) P (x) (= % in conformal coordinates) for
any spacetime point. It can be shown that the vacuum
expectation value of the stress energy tensor for spinor
fields in the considered spacetimes can be written in the
perfect fluid form with the above chosen vector field
(shown in Appendix B) ie., (T,,) = (p+ p)t,t, + pgu
and therefore, we see that <Taﬁ>t“tﬁ is equal to the energy
density i.e., —(T9) = p. We can define a correlator for these
invariant objects at two spacetime points as follows:

(T ()1 (x) 2 () (T

— (T ()2 (x)1*(x)))
= (T () Tap(y)) = (T (x
v (X, ) 1 ()1 (x) 1 (y

s ()P ()

(TasM1* ()P ()

DT s () ()1 (0) 7 ()
)P (). (50)

We see that it is a manifestly invariant quantity and will
refer to it as the invariant correlator for the rest of this
paper. For the conformal coordinates, the above correlator
becomes

Mo (5 3P 0) = B0E I (si)

So, it is important to remember that it is the quantity

N (6. 9) 0 ()2 ()14 (y) P () (52)
which is coordinate invariant but not % It is just that
the coordinate invariant quantity is equal to Noooey) 5

a*(n.)a’(ny)
conformal coordinates.

From the expression of the noise kernel on constant time
slices, we find that the invariant correlator, on late constant
time sheets, has leading order behavior of the form

ﬂ%’::g; % Although there is an extra factor of
(Hn)* in front of the invariant correlator compared to
the noise kernel and hence leading to an even faster decay
at late times, the qualitative remarks, made above for the
noise kernel, hold equally good for the invariant correlator
as well. Let us now move on to discuss similar studies but
now in general FRW settings and for massless spinor

fields only.
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V. BEHAVIOR OF THE NOISE KERNEL AND THE
INVARIANT CORRELATOR FOR MASSLESS
SPINORS IN GENERAL FRW SPACETIMES

In this section, we analyze the behavior of the noise
kernel and the invariant correlator for massless spinor fields
in general FRW spacetimes. To carry out this task, we make
use of the equivalence of massless spinors in FRW space-
times with massless spinors in de Sitter spacetime to relate
the corresponding noise kernels. This equivalence between
massless spinors in FRW and de Sitter spacetimes is
analogous to the equivalence between massless scalar
fields in FRW spacetimes with massive scalar fields in
de Sitter spacetime established in [40]. Now recalling that a
massless spinor field, y, in an FRW spacetime [with scale
factor, ¢(n)] is related to a massless spinor field, Q, in
de Sitter spacetime by the relation w(x) = (%)%Q(x)
|

CCy

X=xy -y

a.

NS (x.) = lim lim 522 (0505 + 040} — 00 — o5y 1H"

(see Sec. II B), we find that the Wightmann functions in
the corresponding spacetimes are related by

FRW (1 ) — @% a(n') %45x
s = (G) (&) S
and

FRW(y, x) = @%a(”l)%‘?.s X

R = (40) (98 R0, (59
where a(n) = — HL” Using these expressions in Eq. (43), we

see that the considered component of the FRW noise kernel
is given by°

(a,ayayay

(cxcpeyey):

| ~—

ol

a.,

/ / 0
e 1+ el® A 1 + el
X Tr(FO {ll“ o + l—F:| {E Se(xX,y) 5 }FO |:lF o +i—=T SEZiSe(y’,x) 5 . (59)

X e==+

After operating all the derivative operators (present in the
bigger square brackets) on the H* % term, we find
that this term comes in front of the biggér équare brackets as it
is. Therefore, we can conclude that the massless spinor field
(a,a,)*
(Cxcy)z
multiplying the de Sitter noise kernel expression of the
previous section along with the fact that we also have m = 0
and hence S, (Z(x,y)) = S_(Z(x,y)) = WZ@))) Like

in the previous section, we consider the (a=b=c=d=0)
component of the noise kernel on equal time sheets i.e.,
1y = n, = 1, which, in this case, is given by

factor

noise kernel in general FRW spacetimes is just

Nigoo (%) =

4 qpr4 4
@ SH 3 4 (sg)
ctant(AX)d  27*(AX)3

Thus, we see that the considered component of the noise
kernel of a massless spinor field in an FRW spacetime [with
scale factor being ¢(77)] behaves in a manner that is opposite
to the behavior of the scale factor. This implies that the
correlations, between (massless) spinor matter located at
spatially separated points on constant time sheets, decay
during the expanding phases of the universe while they grow
during the contracting phases of the universe. We also notice
that the behavior of the noise kernel component is monotonic

®Here, like in the case of de Sitter scale factor (ay), ¢, stands
for ¢(n,).

y

|

(nonmonotonic) if the scale factor changes monotonically
(nonmonotonically). By monotonic growth (or decay) of the
noise kernel, we simply mean that the value of the noise
kernel for spatially separated points on any constant time
sheet is always more (or less) than its values on earlier time
sheets. We now specialize to the cosmologically interesting
power-law type expanding FRW spacetimesi.e., c() « 179.
For these cases, we have

3
Neoo (x.y) = 2 (AN (Hn)*. (57)

Since n — 0 limit is the late time limit for spacetimes
with positive values of ¢, we notice that, for these space-
times, the considered component of the noise kernel
vanishes in this limit. For these spacetimes i.e.,
q € (0, 0), the equation of state parameter, w, lies in
the range (—oo, —3) and these are acceleratingly expanding
spacetimes. These spacetimes include both phantom cos-
mologies (see [32]) i.e., w € (—o0, —1), as well as quintes-
sence cosmologies i.e., w € (—1,—%). In fact, the most
accurate data to date puts the present-day dark energy
driven universe in this regime i.e., ® = —1.03 £ 0.03 [1].
For spacetimes with negative values of ¢, the late time limit
is the # — oo limit and we see that, for these spacetimes
also, the considered component of the noise kernel vanishes
in the late time limit. For these spacetimes i.e.,
g € (—0,0), the equation of state parameter, w, lies in
the interval (— % o). These spacetimes are also expanding
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spacetimes but, for them, the rate of expansion decreases
with time i.e., the expansion is decelerating. These space-
times include cosmologically interesting epochs like radi-
ation dominated and dust dominated cases as well. These
considerations imply that the vanishing of the noise kernel
component, in the scaling factor going to large value limit,
is universal for all power-law type expanding FRW
cosmologies and we know that this should be the case
for expanding spacetimes as we have already seen that the
behavior of the considered noise kernel component is
opposite compared to the behavior of the scaling factor.
As argued in the de Sitter case, this implies that the
quantum dynamics of massless spinor fields in power-
law type FRW spacetimes is not such that it can overcome
the effects of increasing physical distances between spa-
tially separated points. Thus, we see that the quantum
correlations between local stress energy operators (at
different points on constant time slices) are suppressed
by the increasing physical distances in these expanding
spacetimes.

Like in the previous section, we see that the considered
noise kernel component may change its form under
coordinate transformations. Therefore, we look for the
coordinate independent quantity of the previous section
i.e., the invariant correlator which is given by (on equal
time sheets)

Ng(l){()\0V<x’y) _ -8 3 (58)

Aln)ny) 20 (AR

This implies that, like the considered component of the
noise kernel, the behavior of the invariant correlator is also
opposite to the behavior of the scale factor (of the FRW
spacetime). In particular, it vanishes for all power-law type
expanding FRW spacetimes. All the remarks made above
for the (a =b=c=d=0) component of the noise
kernel hold for the invariant correlator as well except for
the fact that the invariant correlator depends on even more
negative power of the scale factor compared to the
considered noise kernel component.

For the special case of power-law type FRW spacetimes,
one can compare these results for massless spinor fields
with the corresponding results for massless scalar fields
[12]. Whereas in the case of massless spinor fields in
power-law FRW spacetimes, there are no second order
quantum corrections, [12] shows that, in case of massless
scalar fields evolving in these FRW spacetimes, there are a
number of these power-law FRW spacetimes for which the
second order quantum corrections coming from the noise

kernel are significant e.g., for w € (0,—1) U (=1.-1)

3
universes there are large quantum fluctuations. This implies
that, for scenarios where we have both massless spinor and
massless scalar fields present in power-law FRW space-

times, the results, obtained by performing only the (first

order) semiclassical analysis, get corrections only from the
scalar sector but not from the spinor sector.

At this point, it is important that we look at our results in
the light of previously obtained results for the dynamics of
spinor fields in de Sitter and other FRW spacetimes. In our
work, we have considered free fermions in FRW space-
times and have calculated the stress energy correlators for
them. But one can also study their dynamics in the presence
of interactions with other fields. For example, [41,42] have
studied the dynamics of massless fermions in de Sitter
spacetime which are Yukawa-coupled to massless and
nearly massless (and/or minimally coupled) scalar fields,
respectively. Reference [41] shows that fermions remain
massless but experience particle production whereas [42]
shows that massless fermions acquire a mass. But the
results of the previous section on the correlations of
massive fermions in de Sitter spacetime implies that even
though the fermions acquire mass through Yukawa cou-
pling, the stress energy correlations between them still
decay as the spacetime evolves. Other important studies for
Yukawa coupled fermions in de Sitter and other FRW
spacetimes are considered in [43—45] and in fact, one can
try to extend the noise kernel analysis for spinors in more
general curved spacetimes with more general Yukawa
couplings as considered in [46,47] and study the second
order quantum corrections for these more general settings.
Similarly, one can consider the effect of the gravitons on the
dynamics of spinors in the de Sitter spacetime. For
example, [48] computes the one-loop self-energy of mass-
less fermions induced by their interactions with gravitons
and [49] solves for the dynamics of the fermions corrected
by this one-loop self-energy. A similar study for nearly
massless fermions in de Sitter spacetime has been per-
formed in [50]. A direct conclusion regarding the behavior
of the noise kernel for spinors in these settings cannot be
made without actually explicitly calculating them and
hence these possibilities provide opportunity for potentially
important future investigations.

VI. SUMMARY AND CONCLUSIONS

In this work, we have tried to understand the dynamics of
arbitrarily massive spinor fields living on de Sitter space-
time. In particular, we have looked at the correlations
between local stress energy operators in the late time limit
while assuming the Bunch Davies initial conditions for the
spinor fields at early times. We have also considered the
behavior of these correlations for masssless spinor fields in
general FRW spacetimes. In order to carry out this analysis,
we employed a conformal mapping from massless spinor
fields in a general FRW spacetime to massless spinor fields
in de Sitter spacetime. This mapping helps us place
massless spinor fields (in FRW spacetimes) in Bunch
Davies like vacua. Below, we give a brief summary of
the results obtained in this work:
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(i) Behavior of the noise kernel for spinor fields in de
Sitter spacetime: We consider the (a =b =c =
d = 0) component of the noise kernel for a spinor
field in the de Sitter spacetime. We find that, in the
late time i.e., # — O limit, the leading order behavior
tells us that the considered component of the noise
kernel (on constant time slices) decays. From this,
we infer that the quantum dynamics of the spinor
fields is washed away by the classical accelerated
expansion of the de Sitter spacetime. This domi-
nance of the classical dynamics of the background
over the quantum dynamics of the spinor field is
universal, in the sense that it occurs irrespective of
the mass of the field. This behavior of the noise
kernel for spinor fields is in stark contrast to the
behavior of the noise kernel for scalar fields (in
de Sitter spacetime) [12] where the noise kernel,
considered at late times, decays for scalar fields

with (2 < 2—2 < 3) but diverges for scalar fields with

0 < 1";—2 < 2). For spinor fields, we observe that the
invariant correlator also decays. In fact, the decay is
faster for this correlator. We also find that these
correlators show the usual dependence on the
coordinate distance for points on equal time sheets
i.e., that these correlations become less and less
important as the comoving distances increase.

(i) Behavior of the noise kernel for spinor fields in
FRW spacetimes: Using the equivalence that exists
between massless spinor fields in FRW spacetimes
and massless spinor fields in de Sitter spacetime, we
consider the behavior of the (a =b =c¢=d =0)
component of the noise kernel for massless spinor
fields in FRW spacetimes, again on constant time
slices. In this setting, we find that the considered
component of the noise kernel behaves in a manner
that is opposite to the behavior of the scale factor i.e.,
it decays (or grows) with expanding (or contracting)
scale factors. This implies that the noise kernel
component always decays for power-law type ex-
panding FRW spacetimes. These results, for power-
law type expanding FRW spacetimes, are in stark
contrast to the behavior of the considered noise
kernel component for quantum scalar fields for
which the noise kernel does not always decay
[12]. Like the noise kernel component, the invariant
correlator of the massless spinor fields is also
inversely related to the scale factor.

From the above results, one can conclude that, for systems
involving massless spinor fields in power-law type expand-
ing FRW spacetimes and arbitrarily massive spinor fields in
de Sitter spacetime, the first order quantum treatments
(based solely upon considering quantum averages of the
stress energy operator) do not get significant corrections
from the second order quantum effects coming from the
noise kernel and hence, inferences made from a first order

analysis will remain robust against the considered quantum
fluctuations. It is important to emphasize that these con-
clusions have been arrived at for spinor fields by placing
them in the Bunch-Davies-like vacua. Since the conclu-
sions of field theories in curved spacetimes are markedly
different for different vacua [30,51,52], it would be
interesting to investigate how the noise kernel for spinor
fields behaves for other de Sitter spacetime vacua like the
fermionic alpha-vacua [30] etc. For general FRW space-
times, we can again use the conformal invariance of
massless spinor fields and carry out the analysis for the
FRW vacua corresponding to other de Sitter spacetime
vacua. It would also be interesting to extend the analysis of
the behavior of the noise kernel for Majorana fermions
[53,54] as well especially in CP-violating backgrounds
[55] in which we would expect to see some differences
between the Dirac and the Majorana cases.
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APPENDIX A: SOME USEFUL FORMULAS

Here we enlist some important formulas that are
used in evaluating noise kernel in the main portion of
the draft:

(ne —ny)* = (& = §)?
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(x,y) dno, (A1)
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APPENDIX B: PERFECT FLUID FORM OF THE
STRESS-ENERGY EXPECTATION

In this appendix, we show that the vacuum expectation
value of the spinor field stress energy operator in the
considered spacetimes can be written in the perfect fluid
form. The expectation value of the stress energy tensor can
be written in the following point split form:

|

(T (x)) = Tm Py (e, ) (i (x)w; (). (BI)
where summation over i and j is understood and
1 = <
P;wij(xv X/) = 5 [7(ﬂvv) v v ] (BZ)

Before we proceed, we write the equation of motion in the
following manner:

> 3d
09y = <—rﬂa,, + %ro - iam> w.  (B3)

Similarly, its adjoint can be written as

< 3d’
(0o )T = lp(—aprﬁ + ZFO + iam). (B4)

Now we consider the partial derivative of the Wightman
function with respect to spatial coordinates i.e.,

0"/Rl](x X)) =

b 05 Sjilx',x)

= —amaior) [ 5555 k)
h

x i (k) (ik,, )™ =) (BS)
and we see that if we take the X’ — x limit and perform the
0, ¢ integrals, we get 0. This is easily seen to be true for
spatial partial derivatives with respect to the x spacetime
point as well. Therefore, single partial derivatives of the
Wightman function with respect to spatial coordinates
vanish in the x’ — x limit. With these preparations, let
us look at the temporal spatial components i.e.,

. la > a .y - a -«
<T0p(x)> = —l}mz (FO (6; - %Forp> + Fpag - (a; + %For‘p)l—‘o —_ %FP> “Sﬁ(x/’x)
1y

. a/ =/ a/ «
= —Ilim — (_MFOFOFP + Fpa(); + %Fororp - ()xol“p) ”Sjl-(x/’x)
ij

= _ilir}c (F FOFde oyroror )i (X', x). (B6)
Using the above given form of the equation of motion and its adjoint, we see that
- 3d ) < 3a' )
(Top(x)) = )}1{3 (F F0< I79, —I—EFO - lam> - <—0PFP —I—ZFO + lam> FOFp>iij,~(x’,x)
= —}1_13( (—F 1"01“1’6 +6 r°rer,), 1S5i(x,x) = 0. (B7)

Similarly, we can consider the spatial-spatial components i.e.,
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X' —=x 2a

<Tmn(x)> = _hm§ <rm <5fl/ - iFOFn>

-y d < a
+ l—‘n ((};1 —zrorm> - (6;1 +%F0Fm>rn

- (5x +§—ar0rn>rm> Si(x' x). (BS)

ij
The above expression vanishes as can be easily seen by
using the basic properties of the gamma matrices and
also making use of the fact that the spatial derivatives
acting on the Wightman function in the coincidence limit
give 0. Finally, let us calculate the temporal-temporal
component i.e.,

(Toolx)) = ~lim 2%

X' —>x

—I3 + G1°);;8:(x'. %) (BY)

which, using the above given form of the equation of
motion, becomes

X' —x

ia - 3d
R TIN L B 3a .
(Too(x)) lim > < < [0, + P Iy lam>

< 3a’ )
+ <—0PF” + %FO + zam>>l'5ﬁ(x’,x)

ij
= a’mlimTr(S;;(x', x)) = pa®. (B10)

X =X

These calculations imply that we can write the vacuum
expectation of the stress energy operator for spinor fields in
FRW spacetimes in the perfect fluid form with the tangent
vector field * = %(1,0, 0,0) ie.,

(Tw) = (p+ P)tuty + PG (B11)

Therefore, we see that (7)1 = p. Also, we see that
p =0 in this case. Similarly, one can write the vacuum
expectation of the stress energy operator of the scalar field
in FRW spacetimes in a perfect fluid form.
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