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We introduce the cosmological analysis of the Dirac-Born-Infeld dRGT massive gravity theory which is
a new extension of de Rham-Gabadadze-Tolley (dRGT) massive gravity. In this theory, we consider
the Dirac-Born-Infeld (DBI) scalar field which is coupled to the graviton field. Moreover, we perform the
cosmological background equations, and we demonstrate the self-accelerating background solutions. We
show that the theory consists of self-accelerating solutions with an effective cosmological constant. In the
following, we exhibit tensor perturbations analyses and achieve the dispersion relation of gravitational
waves. We analyze the propagation of gravitational perturbation in the Friedmann-Lemaître-Robertson-
Walker cosmology in the DBI dRGT massive gravity. Finally, we present the vector and scalar
perturbations to show the stability conditions of the theory.
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I. INTRODUCTION

According to a large number of observational evidence
such as baryon acoustic oscillations [1,2], cosmic micro-
wave background (CMB) [3,4], and supernovas I-a [5,6], it
is strongly accepted that the Universe is in the accelerated
expansion phase. To explain the origin of the accelerated
expansion of the Universe and the cosmological constant
problem, there are some different approaches [7–11]. It is
clear that general relativity is a unique theory of a massless
Lorentz-invariant spin-2 particle [12]. However, this theory
cannot explain the late-time acceleration of the Universe
[13,14]. One approach to solving the problems in cosmol-
ogy is a massive gravity theory in which gravity is
propagated by a spin-2 nonzero graviton mass [15–20].
In 1939, Fierz and Pauli introduced the first massive

spin-2 field theory. They presented the unique Lorentz-
invariant linear theory without ghosts in a flat spacetime
[21]. But, there was a discontinuity (van Dam-Veltman-
Zakharov discontinuity) that the theory does not reduce to
general relativity in the limit of mg → 0 [22,23]. While
Vainshtein solved this problem by considering the non-
linear Fierz-Pauli action instead of linear [24], Boulware
and Deser claimed that the nonlinear Fierz-Pauli action has
a ghost which is called the Boulware-Deser ghost [25].
Also, Arkani-Hamed et al. and Creminelli et al. confirmed

this issue that the nonlinear massive gravity is an unstable
theory [26,27]. However, de Rham, Gabadadze, and Tolley
(dRGT) demonstrated the fully nonlinear massive gravity
without the Boulware-Deser ghost in 2010 [18,19]. They
constructed a theory with nonlinear interactions which can
show the massive spin-2 field in a flat spacetime.
As the dRGT massive gravity theory is only valid for an

open Friedmann-Lemaître-Robertson-Walker (FLRW) sol-
ution, and there are not any stable solutions for homo-
geneous and isotropic Universe [28], alternative theories
have been proposed [20,29–33]. In addition, in the dRGT
massive gravity theory, there are a strong coupling problem
and a nonlinear ghost instability, which is why the scalar
and vector perturbations vanish [34]. It is noticeable that
considering the extra degree of freedom such as an extra
scalar field is one of the great approaches. This way, the
quasidilaton massive gravity theory is successful to explain
the accelerated expansion of the Universe [35]. However,
because of the perturbations instability in the quasidilaton
massive gravity theory, extensions of this theory have been
presented [36–39]. In this paper, we consider an extra scalar
field whose kinetic term has a Dirac-Born-Infeld (DBI)
form. Actually, we introduce the new extension of the
dRGT massive gravity theory. Also, we will show the
perturbations analyses for this new extension in order to
show this new extension is free of instability.
As there is an attractor solution in the scalar fields with

inverse power-law potentials, there has been a tendency
towards this kind of theory [40]. In other words, the
significance of this issue lies in the fact that the present-
day behavior of the Universe is insensitive to the initial
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conditions [41]. The Dirac-Born-Infeld model has some-
thing to do with inflation and string theory. Recently,
there has been a trend toward finding the connection
between string theory and inflation. It should be mentioned
that the main ideas are that according to the concept of
brans, inflation interprets as the distance between two
branes that move in the extra dimensions along a warped
throat [41–45].
As several attempts have been made for introducing the

new extensions of massive gravity theories [37–39,46–52],
we would like to introduce the new extension of dRGT
massive gravity theory which can explain the accelerated
expansion of the Universe in the FLRW cosmology, and we
also try to show the conditions of stability of the system
using the perturbations analyses. In the vector and scalar
perturbations, we will exhibit the stability conditions of the
system. Moreover, in the tensor perturbation, the dispersion
relation of gravitational waves which can show the mass of
graviton will be obtained.
It should be noted that in order to impose the constraints

on the modified gravity theories, detecting and analyzing
gravitational waves is really essential. Using the mass of
graviton, the speed of gravitational wave propagation can
be determined. So, by comparing the speed of gravitational
waves and their electromagnetic waves, we can find the
constraints on the parameters of the theories. This issue
shows the significance of the investigation of the dispersion
relation of gravitational waves.
The outline of this paper is as follows. In Sec. II, we

present the Dirac-Born-Infeld dRGT massive gravity
theory. Moreover, we demonstrate the background equa-
tions of motion and self-accelerating solutions. In Sec. III,
we present perturbation analysis to determine the
dispersion relations of gravitational waves in this theory.
In addition, we elaborate on the stability condition of the
system in the vector and scalar perturbations. In Sec. IV, we
present the conclusion and discussion.
In this paper, we use M2

Pl ≡ 8πG ¼ 1, where G is
Newton’s gravitational constant. We will assume natural
units (c ¼ ℏ ¼ 1).

II. DIRAC-BORN-INFELD DRGT MASSIVE
GRAVITY

In this section, we begin by introducing a new extension
of the dRGT massive gravity theory. In this new extension,
we consider the DBI scalar field which is the response to
the dark energy scalar field. We review the dRGT massive
gravity theory which is extended by Dirac-Born-Infeld
terms. Meanwhile, we perform the evolution of a cosmo-
logical background.
The action includes the Ricci scalar R, scalar field σ,

the tension TðσÞ, the massive gravity term UðKÞ, a
dynamical metric gμν, and its determinant

ffiffiffiffiffiffi−gp
. The action

is given by

S ¼ 1

2

Z
d4x

� ffiffiffiffiffiffi
−g

p �
Rþ TðσÞ

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

gμν∂μσ∂νσ

TðσÞ

s �

þ 2m2
gUðKÞ

��
: ð1Þ

It should be pointed out that the mass of graviton mg

originates from the potential UðKÞ, which is

UðKÞ ¼ U2 þ α3U3 þ α4U4;

U2 ¼
1

2
ð½K�2 − ½K2�Þ;

U3 ¼
1

6
ð½K�3 − 3½K�½K2� þ 2½K3�Þ;

U4 ¼
1

24
ð½K�4 − 6½K�2½K2� þ 8½K�½K3� þ 3½K2�2

− 6½K4�Þ; ð2Þ

where α3 and α4 are dimensionless free parameters of the
theory. Here the quantity “½·�” is interpreted as the trace of
the tensor inside brackets. Moreover, it is necessary to note
that the building block tensor K is defined as

Kμ
ν ¼ δμν − eσ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
gμαfαν

p
; ð3Þ

where fαν is the fiducial metric, which is defined through

fαν ¼ ∂αϕ
c
∂νϕ

dηcd: ð4Þ

Here gμν is the physical metric, ηcd is the Minkowski metric
with c, d ¼ 0, 1, 2, 3, and ϕc are the Stueckelberg fields
which are introduced to restore general covariance. In
addition, the theory is invariant under a global dilation
transformation, σ → σ þ σ0.
According to our cosmological application purpose, we

choose the FLRW Universe. Therefore, the general expres-
sion of the corresponding dynamical and fiducial metrics
are given as follows:

gμν ¼ diag½−N2; a2; a2; a2�; ð5Þ

fμν ¼ diag½− _fðtÞ2; 1; 1; 1�: ð6Þ

Notice that N is the lapse function of the dynamical metric,
and it is similar to a gauge function. Furthermore, it is
obvious that the scale factor is represented by a, and _a is the
derivative with respect to time. Also, the lapse function has
something to do with the coordinate-time dt and the proper-
time dτ via dτ ¼ Ndt [53,54]. It is worth noting that the
function fðtÞ is the Stueckelberg scalar function whereas

ϕ0 ¼ fðtÞ and ∂ϕ0

∂t ¼ _fðtÞ [26].
So, the pointlike Lagrangian of the Dirac-Born-Infeld

dRGT massive gravity in FLRW cosmology is
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L ¼ −3a _a2

N
−
a3N
2

TðσÞ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
_σ2

TðσÞN2

s
− 1

�

þm2
ga3ðY − 1ÞfN½3ðY − 2Þ − ðY − 4ÞðY − 1Þα3

− ðY − 1Þ2α4� þ _fðtÞaYðY − 1Þ½3 − 3ðY − 1Þα3
þ ðY − 1Þ2α4�g; ð7Þ

where

Y ≡ eσ

a
: ð8Þ

To simplify expressions later, we define

H ≡ _a
Na

: ð9Þ

A. Background equations of motion

We obtain the cosmological background equations for a
FLRW background. This way, by varying with respect to f,
and paying attention to the unitary gauge, i.e., fðtÞ ¼ t, a
constraint equation is given by

δL
δf

¼ m2
g
d
dt

½a4YðY − 1Þ × ð3 − 3ðY − 1Þα3
þ ðY − 1Þ2α4Þ� ¼ 0: ð10Þ

On the classical level, the unphysical fields should be
eliminated from the Lagrangian using gauge transforma-
tions [55].
In this step, we calculate the equation of motion which is

related to the lapse function N∶

1

a3
δL
δN

¼ 3H2 þ TðσÞ
2ðTðσÞN2 þ ðHN þ _Y

YÞ2Þ

2
64
�
HN þ

_Y
Y

�
2

− TðσÞN2

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðHN þ _Y

YÞ2
TðσÞN2

s
− 1

1
CA
3
75

−m2
gðY − 1Þ½−3ðY − 2Þ þ ðY − 4ÞðY − 1Þα3 þ ðY − 1Þ2α4� ¼ 0: ð11Þ

By varying with respect to σ, we have

1

a3N
δS
δσ

¼ 1

4ðH2 þ TðσÞN2Þ2

8<
:−2TðσÞ2N4T 0ðσÞ

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ H2

TðσÞN2

s
− 1

1
CAþ 2H4

0
B@3TðσÞN

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ H2

TðσÞN2

s
þ T 0ðσÞ

1
CA

þH2TðσÞN2

0
B@3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ H2

TðσÞN2

s
ð2TðσÞN − T 0ðσÞÞ þ 4T 0ðσÞ

1
CA
9=
;þm2

gYf−ð3þ rÞð3þ 3α3 þ α4Þ

þ 6ðrþ 1ÞYðα4 þ 2α3 þ 1Þ − 3ð3rþ 1Þðα4 þ α3ÞY2 þ 4rα4Y3g ¼ 0; ð12Þ

where

r≡ a
N
: ð13Þ

Notice that the following equations can be obtained using
Eq. (8):

_σ

N
¼ H þ

_Y
NY

; σ̈ ¼ d
dt

�
NH þ

_Y
Y

�
: ð14Þ

According to the time reparametrization invariance intro-
duced by the Stueckelberg field f, there is a Bianchi
identity that guarantees that the equation of motion related
to the scale factor a is redundant. The Bianchi identity is

δS
δσ

_σ þ δS
δf

_f − N
d
dt

δS
δN

þ _a
δS
δa

¼ 0: ð15Þ

Therefore, this equation can be ignored.

It should be indicated that in the particular condition, all
of the background equations and total Lagrangian reduce to
those in Refs. [35,48].

B. Self-accelerating background solutions

In this subsection, we indicate the analyses of self-
accelerating solutions to explain the accelerated expansion
of the Universe. We now start the discussion of the
solutions by the Stueckelberg constraint in Eq. (10). By
integrating that equation, we have

YðY − 1Þ½3 − 3ðY − 1Þα3 þ ðY − 1Þ2α4� ∝ a−4: ð16Þ

It is necessary to mention that the constant solutions of Y
lead to the effective energy density and behave similarly to
a cosmological constant. In other words, the massive
gravity term affects the expansion like a cosmological
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constant. As we would like to consider an expanding
universe, and the right-hand side of Eq. (16) will decrease
after a long enough time, Y saturates to a constant value
YSA, which is a root of the left-hand side of Eq. (16).
According to [35], there are four constant solutions

for Y. To avoid encountering strong coupling, this
solution should be discarded [35]. Thus, we are
left with

ðY − 1Þ½3 − 3ðY − 1Þα3 þ ðY − 1Þ2α4�jY¼YSA
¼ 0: ð17Þ

Furthermore, it is clear that the other solution is Y ¼ 1.
However, this solution leads to inconsistency and vanish-
ing cosmological constant, and this is the reason why it is
unacceptable [35].

So, the two remaining solutions of Eq. (16) are

Y�
SA ¼ 3α3 þ 2α4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9α23 − 12α4

p
2α4

: ð18Þ

Here, we obtain the modified Friedmann equation. The
Friedmann equation (11) could bewritten in a different form,

3H2þ T̃

2ðT̃N2þH2N2Þ

2
64H2N2− T̃N2

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH2

T̃

s
−1

1
CA
3
75

¼Λ�
SA; ð19Þ

where T̃ is a saturate of TðσÞ. We solve Eq. (19) to calculate
the H2, so we have

H2 ¼ 1

18

n
4ðΛ�

SA − 2T̃Þ þ ð2Λ�
SA þ 5T̃Þ2

	
9

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T̃3ð−16Λ�3

SA − 120Λ�2
SAT̃ − 300Λ�

SAT̃
2 − 169T̃3Þ

q
− 2ð4Λ�3

SA

þ 30Λ�2
SAT̃ þ 75Λ�

SAT̃
2 þ 22T̃3Þ



−1
3 þ

	
−2ð4Λ�3

SA þ 30Λ�2
SAT̃ þ 75Λ�

SAT̃
2 þ 22T̃3Þ

þ 9

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T̃3ð−16Λ�3

SA − 120Λ�2
SAT̃ − 300Λ�

SAT̃
2 − 169T̃3Þ

q 
1
3

o
: ð20Þ

Note that the effective cosmological constant from the
mass term is

Λ�
SA ≡m2

gðY�
SA − 1Þ½−3Y�

SA þ 6þ ðY�
SA − 4ÞðY�

SA − 1Þα3
þ ðY�

SA − 1Þ2α4�: ð21Þ

Using Eq. (18), the above equation can be written as

Λ�
SA ¼ 3m2

g

2α34

h
9α43 � 3α33

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9α23 − 12α4

q
− 18α23α4

∓ 4α3α4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9α23 − 12α4

q
þ 6α24

i
: ð22Þ

Therefore, from Eq. (12), we have

rSA¼
1

2ðH2þ T̃Þ

8<
:2T̃þH2

0
B@2− T̃N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ H2

T̃N2

q
m2

gY�2
SAðα3Y�

SA−α3−2Þ

1
CA
9=
;:

ð23Þ

The above equation interprets the self-accelerating uni-
verse without any strong coupling. Thus, we have shown
that this theory consists of self-accelerating solutions with
an effective cosmological constant.

III. PERTURBATION ANALYSIS

At this stage, we would like to demonstrate the pertur-
bation analyses. These analyses are crucial to indicate the

stability of solutions. To reach this goal, we focus on
quadratic perturbations. The physical metric gμν can be
expanded in terms of small fluctuations δgμν around a

background solution gð0Þμν :

gμν ¼ gð0Þμν þ δgμν: ð24Þ

Note that the metric perturbations can be divided into
three parts, namely scalar, vector, and tensor perturbations.
Therefore, we have

δg00 ¼ −2N2Φ;

δg0i ¼ NaðBi þ ∂iBÞ;

δgij ¼ a2
�
hij þ

1

2
ð∂iEj þ ∂jEiÞ þ 2δijΨ

þ
�
∂i∂j −

1

3
δij∂l∂

l

�
E

�
: ð25Þ

All perturbations agree with the spatial rotation transforma-
tions, and they are functions of time and space. Also, there
are these conditions δijhij ¼ ∂

ihij ¼ ∂
iEi ¼ ∂

iBi ¼ 0 for
scalar, vector, and tensor perturbations whichmeans that the
tensor perturbations are transverse and traceless.
We perturb the scalar field σ as follows:

σ ¼ σð0Þ þ δσ: ð26Þ

In the following procedures, all terms should be kept in
quadratic order in δgμν. It is crucial to mention that, we have
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not had any problems with the form of gauge-invariant
combinations because we have indicated all analyses in the
unitary gauge. In addition, the expanded actions can be
written in the Fourier domain with plane waves, i.e.,

∇⃗2 → −k2, d3x → d3k. Note that the spatial indices on
perturbations are raised and lowered by δij and δij.

A. Tensor

The significance of tensor perturbation analysis lies in
the fact that it is the only source of gravitational waves in
general relativity. As the dispersion relation of gravitational
waves is different in modified gravity models, the speed of
propagation of the gravitational wave is different from the
speed of light in standard general relativity. In this sub-
section, we obtain the dispersion relation of gravitational
waves in the Dirac-Born-Infeld dRGT massive gravity
theory. We consider tensor perturbations around the back-
ground,

δgij ¼ a2hij; ð27Þ

where

∂
ihij ¼ 0 and gijhij ¼ 0: ð28Þ

Note that the tensor perturbed action in the second
order can be obtained for each part of the action
separately. The gravity part of the perturbed action in
quadratic order is

Sð2Þgravity¼
1

8

Z
d3kdta3

� _hij _hij
N2

−
�
k2

a2
þ4

_H
N
þ6H2

�
hijhij

�
:

ð29Þ

Furthermore, we obtain the Dirac-Born-Infeld part of the
perturbed action in quadratic order:

Sð2ÞDBI ¼
1

8

Z
d3kdta3N

2
64TðσÞ

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

_σ2

TðσÞN2

s
−1

1
CA
3
75hijhij:

ð30Þ

The massive gravity sector of the perturbed action can be
written as

Sð2Þmassive ¼
1

8

Z
d3kdta3Nm2

g½ðα3 þ α4ÞrY3

− ð1þ 2α3 þ α4Þð1þ 3rÞY2

þ ð3þ 3α3 þ α4Þð3þ 2rÞY
− 2ð6þ 4α3 þ α4Þ�hijhij: ð31Þ

Summing up the second-order pieces of the perturbed

actions Sð2Þgravity, S
ð2Þ
DBI, and Sð2Þmassive, we calculate the total

action in the second-order for tensor perturbations:

Sð2Þtotal ¼
1

8

Z
d3kdta3N

� _hij _h
ij

N2
−
�
k2

a2
þM2

GW

�
hijhij

�
:

ð32Þ

At this stage, using Eq. (18), we calculate α3 and
substitute it. As a result, the dispersion relation of
gravitational waves is obtained as

M2
GW ¼ 4

_H
N
þ 6H2 − TðσÞ

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

_σ2

TðσÞN2

s
− 1

1
CA − Δ;

ð33Þ
where

Δ ¼ m2
g

ðY�
SA − 1Þ fY

�
SA½18þ 8α3 þ Y�

SAð2α3Y�
SA þ Y�

SA

− rSAð3ðα3 þ 2Þ þ Y�
SAðα3Y�

SA − 4α3 − 3ÞÞ
− 8α3 − 10Þ� − 2ðα3 þ 3Þg; ð34Þ

where Y�
SA cannot be equal to 1, because the role of the

massive gravity term vanishes.
It is noticeable that if the mass square of gravitational

waves would be positive, the stability of long-wavelength
gravitational waves would be guaranteed. However, if it
would be negative, it would be tachyonic. So, the instability
can take the age of the Universe to develop if the mass of
the tachyon would be the order of the Hubble scale.
In fact, we exhibit the modified dispersion relation of

gravitational waves. Actually, the propagation of gravita-
tional perturbations in the FLRW cosmology in the Dirac-
Born-Infeld dRGT massive gravity is presented.

B. Vector

Here the vector perturbation analyses are shown for
the Dirac-Born-Infeld dRGT massive gravity theory. This
part’s main goal is to show the conditions in which there
would not be any instabilities.
We consider the vector perturbations,

Bi ¼
aðr2 − 1Þk2

½2k2ðr − 1Þ þ 4TðσÞð
ffiffiffiffiffiffiffiffiffiffiffi
H2a2

TðσÞN2

q
− 1Þ�

_Ei

N
: ð35Þ

As the field Bi is nondynamical, it can be entered into the
action as an auxiliary field. So, a single propagating vector
is given:

Sð2Þvector ¼
1

8

Z
d3kdta3N

�
β

N2
j _Eij2 −

k2

2
M2

GWjEij2
�
; ð36Þ
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where

β ¼ k2

2

�
1þ k2ðr2 − 1Þ

2TðσÞð
ffiffiffiffiffiffiffiffiffiffiffi
H2a2

TðσÞN2

q
− 1Þ

�
−1
: ð37Þ

It can be found that there are two cases, in the first one, if

we have ðr2−1Þ
2TðσÞð

ffiffiffiffiffiffiffiffi
H2a2

TðσÞN2

q
−1Þ

≥ 0, we do not need the critical

momentum scale. However, in the second one, if we have
ðr2−1Þ

2TðσÞð
ffiffiffiffiffiffiffiffi
H2a2

TðσÞN2

q
−1Þ

< 0, we should have a critical momentum

scale kc to avoid a ghost, which is

kc ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2TðσÞ½

ffiffiffiffiffiffiffiffiffiffiffi
H2a2

TðσÞN2

q
−1�

ð1−r2Þ

vuut
if

ðr2−1Þ
2TðσÞð

ffiffiffiffiffiffiffiffiffiffiffi
H2a2

TðσÞN2

q
−1Þ

< 0;

ð38Þ
in other words, to have stability in the system we require the
k in Eq. (37) to be smaller than a critical momentum
scale kc.
In the following, we consider the canonically normalized

fields for determining the other instabilities in the vector
modes as below:

ζi ¼
βEi

2
: ð39Þ

We have substituted Eq. (39) to Eq. (36),

S ¼ 1

2

Z
d3kdta3N

�j _ζij2
N2

− c2V jζij2
�
: ð40Þ

The sound speed for vector modes is given by

c2V ¼ M2
GWð1þ u2Þ −H2u2ð1þ 4u2Þ

ð1þ u2Þ2 ; ð41Þ

where the dimensionless quantity is considered as below:

u2 ≡ k2ðr2 − 1Þ
2TðσÞð

ffiffiffiffiffiffiffiffiffiffiffi
H2a2

TðσÞN2

q
− 1Þ

: ð42Þ

In fact, we evaluate the conditions which can cause
instability in the system. Notice that to avoid tachyonic
instability which can be originated from the first part of
Eq. (41), if we have M2

GW < 0 and u2 > 0, and to avoid
instability the below conditions must be there:

k2c ≲
2TðσÞð

ffiffiffiffiffiffiffiffiffiffiffi
H2a2

TðσÞN2

q
− 1Þ

ðr2 − 1Þ ;

if
ðr2 − 1Þ

2TðσÞð
ffiffiffiffiffiffiffiffiffiffiffi
H2a2

TðσÞN2

q
− 1Þ

> 0 and M2
GW < 0: ð43Þ

If we consider all physical momenta below a critical
momentum scale kc, thus, a growth rate of instability
should be lower than the cosmological scale.
Furthermore, if we pay attention to the second part of

Eq. (41), two cases can be considered. In the first case, if we
have u2 > 0, there is not any instability faster than the
Hubble expansion. In the second case which is u2 < 0, as
we have the no-ghost condition Eq. (38), to avoid insta-
bility we should have ju2j≲ k2

k2c
. This way, there is not any

instability in the second part of Eq. (41).
In the end, in order to guarantee the stability for vector

modes, we should consider c2V > 0. In addition, for avoid-
ing the instability the mass square of the dispersion relation
of gravitational waves should be positive M2

GW > 0, as we
pointed out in Sec. III A.

C. Scalar

In this subsection, we exhibit the scalar perturbations
analyses in the Dirac-Born-Infeld dRGT massive gravity
theory to elaborate on the stability of the system.
We start with the action quadratic in scalar perturbations:

δg00 ¼ −2N2Φ;

δg0i ¼ Na∂iB;

δgij ¼ a2
�
2δijΨþ

�
∂i∂j −

1

3
δij∂l∂

l

�
E

�
; ð44Þ

σ ¼ σð0Þ þ δσ: ð45Þ

According to the fact that the perturbation Φ and B are free
of time derivatives, they can be used as auxiliary fields
using their equations of motion:

B ¼ ðr2 − 1Þa
3TðσÞ½1 −

ffiffiffiffiffiffiffiffiffiffiffi
H2a2

TðσÞN2

q
�

8<
:6HΦ −

1

N
ðk2 _Eþ 6 _ΨÞ

þ 3TðσÞ
Ha2

2
641 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2a2

TðσÞN2

s 3
75δσ

9=
;; ð46Þ
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Φ ¼ 1

3H4½4k2ðr2 − 1Þ þ 1
H2a2 ð2QTðσÞ − TðσÞ2Þ þ 6Q − 7TðσÞ�

�
k4

a4

�
2k2ðr2 − 1Þ − 3

ðr − 1Þ ðQ − TðσÞÞ
�

× ðTðσÞ −QÞ2ðEþ 3Þδσ þ 3TðσÞH2

ðr − 1Þa2 ½ð2k
2ðr − 1Þ þ 3ðQ − TðσÞÞÞ�

�
Q

TðσÞ − 1

�
Ψ

þ 2H3k2

N
ðk2 _Eþ 6 _ΨÞðr2 − 1Þ − 3HTðσÞ

Na2
ððQ − TðσÞÞδ _σ − 6H2a2 _ΨÞ

�
Q

TðσÞ − 1

��
; ð47Þ

where

Q≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TðσÞH2a2

N2

s
: ð48Þ

It is worth pointing out that if we substitute these equations into the action, we obtain the action which contains three fields,
E,Ψ, and δσ. Meanwhile, we determine another nondynamical combination to remove the sixth degree of freedom, which is

Ψ̃ ¼ 1ffiffiffi
2

p ðΨþ δσÞ: ð49Þ

Moreover, an orthogonal combination can be defined:

eδσ ¼ 1ffiffiffi
2

p
k2

ðΨ − δσÞ: ð50Þ

Note that using above field redefinitions, we write the action in terms of Ψ̃, eδσ, and E, with no time derivatives on Ψ̃. Using
the following equation the auxiliary of Ψ̃ can be eliminated:

Ψ̃ ¼ 1

3rðr − 1Þ½ðTðσÞ2 − 2QTðσÞÞ þH2a2ð4k2 þ ð7TðσÞ − 6QÞÞ�
�
½−3k2rðr − 1Þð2QTðσÞ − TðσÞ2Þ

þ 72H4a4ð4k2ðr2 − 1Þ þ ð6Q − 7TðσÞÞÞ − 3H2a2ð4k4rðr − 1Þ þ k2rð6Qþ 6rQ − TðσÞð7r − 5ÞÞ
þ 24ðTðσÞ2 − 2QTðσÞÞÞ� eδσ − 2

ffiffiffi
2

p
H2a2k4rðr − 1ÞE

þ ½18H3a4ð4k2ðr2 − 1Þ þ 6Q − 7TðσÞÞ þ 6Ha2ð−2k2rðr − 1ÞðQ − TðσÞÞ − 3TðσÞ2 þ 6QTðσÞÞ�
_eδσ
N

þ
ffiffiffi
2

p
Ha2k2rðr − 1Þ½6H2a2 þ TðσÞ −Q�

_E
N

�
: ð51Þ

We substitute this solution in the action, and by considering the notation A≡ ð eδσ; EÞ, the scalar action is given by

S ¼ 1

2

Z
d3kdta3N

�
_A†

N
F

_A
N
þ

_A†

N
DAþ A†DT

_A
N
− ATϖ2A

�
: ð52Þ

Here, we should pay attention thatD is a real antisymmetric 2 × 2matrix, and F andϖ2 are real symmetric 2 × 2matrices.
This way, we demonstrate the components of the matrix F as below:

F 11 ¼
2k4ðQ − 1Þ

H2a2

�
1þ 9H2a2

k2ðr − 1Þ2 −
ððQ − TðσÞÞðr − 1Þ − 6H2a2rÞ2

½ðTðσÞ2 − 2QTðσÞÞ þH2a2ð4k2 þ ð7TðσÞ − 6QÞÞ�ðr − 1Þ2
�
; ð53Þ

F 12 ¼
ffiffiffi
2

p
k4ðQ − TðσÞÞ½2k2ðr − 1Þ − 3rð6H2a2 þ TðσÞ −QÞ�

3ðr − 1Þ½ðTðσÞ2 − 2TðσÞQÞ þH2a2ð4k2 þ 7TðσÞ − 6QÞ� ; ð54Þ
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F 22 ¼
k4ðQ − TðσÞÞ½2k2 − 18H2a2 þ 3ðQ − TðσÞÞ�

18ðTðσÞ2 − 2QTðσÞÞ þ 18H2a2½4k2 þ 7TðσÞ − 6Q� : ð55Þ

For determining the sign of the eigenvalues, we elaborate the determinant of the kinetic matrix F . Therefore, we have

detF ≡ F 11F 22 − F 2
12 ¼

3k6ðTðσÞ −QÞ2
ðr − 1Þ2ðQ − TðσÞ − 4k2H2a2

6H2a2þTðσÞ−QÞ
: ð56Þ

To avoid the ghosts from appearing in the scalar sector, the following condition should be taken into consideration:

k <
1

2aH

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
6H2a2 þ TðσÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2a2TðσÞ

N2

s �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2a2TðσÞ

N2

s
− TðσÞ

�vuut
: ð57Þ

Thus, if the determinant is positive, we do not have a
ghost degree of freedom. In other words, it should be
mentioned that the stability of the scalar sector could be
guaranteed with the use of the determinant of the kinetic
matrix. We have shown the conditions under which the
system can maintain its stability.

IV. CONCLUSION

In conclusion, we should like to point out that intro-
ducing the new extended dRGT massive gravity theory is
so important due to this fact that can give us the opportunity
to understand how the extended theory can behave around
their cosmological backgrounds. In this present work, we
have presented the Dirac-Born-Infeld dRGT massive grav-
ity which is constructed by considering coupled DBI scalar
field to the graviton field.
Initially, we have obtained the details of the new action

and total Lagrangian. We also performed the full set of
equations of motion for a FLRW background. In order to
explain the late-time acceleration of the Universe in the
context of the Dirac-Born-Infeld dRGT massive gravity, we
exhibited the self-accelerating background solutions. In
fact, we have shown that the theory consists of self-
accelerating solutions with an effective cosmological con-
stant which has something to do with massive gravity term.
Finally, we have presented the cosmological perturba-

tions analyses, which consist of tensor, vector, and scalar
perturbations. In tensor perturbation, we have demonstrated

the tensor perturbation calculation to investigate the mass of
graviton for the Dirac-Born-Infeld dRGT massive gravity
theory. In other words, we have presented the modified
dispersion relation of gravitational waves. Furthermore, we
have indicated that to guarantee the stability of long wave-
length, the square of gravitational waves should be positive,
i.e., M2

GW > 0. Presenting the propagation of gravitational
perturbation in the FLRW cosmology in the Dirac-Born-
Infeld dRGT massive gravity theory is really vital in the era
of gravitational waves. Empirically, themass of graviton can
be constrained by many means [56], including the propa-
gation of gravitational waves [57,58], the dynamics of the
Solar system [59], the timing of binary pulsars [60–62], and
so on. These methods probe different aspects of massive
gravity theories [56]. At the end, we have evaluated the
vector and tensor perturbations to determine the stability
conditions of the system.
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