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Tidal deformability of crystallized white dwarfs in full general relativity
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Space-based gravitational-wave detectors offer new prospects for probing the interior of white dwarfs in
binary systems through the imprints of tidal effects on the gravitational-wave signal. Some of the binaries
that will be observed could have evolved for long enough for the white dwarfs to be at least partially
crystallized. The apsidal motion constant k, (also called the second gravitoelectric Love number) of a cold
crystallized white dwarf is computed in full general relativity considering different compositions. The
elasticity of the crystallized core is found to systematically reduce the tidal deformability, especially for
low-mass stars. Fully relativistic results are compared to those obtained in Newtonian gravity. It is shown
that the relativistic correction to the observable tidal deformability k,R> (where R is the stellar radius) is
negligible for low-mass white dwarfs but becomes increasingly important for more massive white dwarfs.
When approaching the maximum mass, the application of Newtonian theory instead of general relativity
leads to dramatic errors. The case of eccentric binaries, for which the precession of the periastron causes a
frequency splitting of the gravitational-wave signal depending on the apsidal motion constants of the two
stars, is investigated. Future measurements of the precession rate by the Laser Interferometer Space
Antenna, which is planned to be in operation within the next decade, could potentially provide estimates of
the individual masses. It is found that the errors incurred by the neglect of the elasticity of the crystallized
core could be very large, especially for low-mass white dwarfs. Gravitational-wave observations could thus
provide a new way to study the crystallization of white dwarfs.

DOI: 10.1103/PhysRevD.106.023012

I. INTRODUCTION

The direct detection of gravitational waves (GWs) from
the mergers of black holes and/or neutron stars by the
LIGO-Virgo Collaboration has opened a new era in
astronomy, offering a completely new way of probing
the physics of these compact objects [1]. The advent of
space-based GW observatories—such as the Laser
Interferometer Space Antenna (LISA) [2], the Deci-hertz
Interferometer Gravitational Wave Observatory [3],
TianQin, and Taiji [4]—will allow the detection of signals
with lower frequencies ranging from 10~ to 10 Hz emitted
by a variety of different sources, most of which are
expected to be double white dwarfs (WDs) in our
Galaxy. According to population synthesis models, more
than 10* binaries could be individually resolved over the
nominal 4-year duration of the LISA mission [5-8] (see
also Ref. [9]). Among them, eccentric binaries are of
particular interest for probing the structure of WDs and
the properties of dense matter. Eccentric binaries may be
formed through dynamical interactions in globular clusters
[10] or as products of hierarchical triple systems [11]. For
such binaries, tidal forces cause a non-dissipative preces-
sion of the periastron of the orbit. This so-called apsidal
motion could be observable with LISA [12—14]. While in
purely elliptic binaries GW radiation is emitted at multiples
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of the orbital frequency (see, e.g., Sec. IV. 1.2 in Ref. [15]),
in the presence of periastron precession each of these
harmonics is split into a triplet with frequencies separated
by y/x, where y is the apsidal precession rate [12] (a dot is
used to indicate a time derivative). The tidal contribution to
7 is governed by the quadrupolar apsidal motion constant
k, (also referred to as the Love number), which in turn is
determined by the internal constitution of WDs. However,
most binaries are expected to be circular and emit mono-
chromatic GWs at twice the orbital frequency. Information
on tidal effects and k, could still be potentially extracted
from long-term monitoring of such systems [16-19].
Depending on their initial orbital period and eccen-
tricities, the binaries that will be observed by LISA may
have evolved for billions of years since their formation, a
long enough time for the interior of the WDs to have
crystallized at least partially. Predicted and studied inde-
pendently by Kirzhnits [20], Abrikosov [21], and Salpeter
[22], the crystallization of dense matter in the core of WDs
first found observational evidence in 1997 from the
asteroseismological study of BPM 37093 [23] (see, e.g.,
Ref. [24] for more recent developments). Crystallization
was also shown to affect the cooling of a WD [25,26],
but it was only recently that strong observational support
was reported from the analysis of the GAIA data [27].

© 2022 American Physical Society
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The crystallization of WDs is likely to alter their tidal
deformability, which in turn could impact the orbital
motion of binaries and the GW emission. However,
previous studies, including recent calculations of the tidal
deformability [28,29], assumed purely fluid WDs treated in
Newtonian theory.

In this paper, we compute the quadrupolar apsidal
motion constant k, of WDs in full general relativity
(GR), allowing for the existence of a solid core by adapting
the formalism developed in the neutron-star context
[30-33]. The adopted equation of state is briefly described
in Sec. II. After presenting the general-relativistic formal-
ism in Sec. III, numerical results are discussed in Sec. IV.

All values for the fundamental constants were taken from
NIST CODATA 2018." We use the spacetime metric
signature (—, +, +, +).

II. EQUATION OF STATE FOR
A WHITE DWARF

The core of a WD consists of a dense Coulomb plasma of
atomic nuclei coexisting with a relativistic gas of free
electrons. Apart from carbon and oxygen (the primary ashes
of helium burning), the core may contain other nuclei like
helium [34-36], neon, and magnesium [37]. The core of
some WDs might even be made of iron. Iron WDs could be
formed from the explosive ignition of electron-degenerate
oxygen-neon-magnesium cores [38], or from failed-
detonation supernovae [39]. However, observational evi-
dence for the existence of such iron WDs remains elusive
[40—47]. For simplicity, we will assume that the stellar core is
made of only one type of nuclei with charge number Z and
mass number A. The core of a WD is generally surrounded by
a helium mantle and a hydrogen envelope. However, their
contribution to the mass of the star cannot exceed ~1% and
~0.01%, respectively, to avoid a thermonuclear runaway. We
will ignore these layers here.

Crystallization of the core occurs at a temperature 7,
approximately given by [48]

175 1/3
T, ~13x 10522<F> <’;“’> K. (1)

where kg is Boltzmann’s constant, I',, ® 175 is the
Coulomb coupling parameter at melting (see, e.g.,
Ref. [49] and references therein for a discussion of
corrections), and pg = p/10° gcm™, where p is the
mass-energy density. We will consider that the WD has
sufficiently cooled down such that the core has crystallized.
The core of He WDs might form a Bose-Einstein con-
densate instead [50]; however, a crystalline phase is not
excluded either [51]. Because the temperature 7', is much
lower than the electron Fermi temperature, defined by

"https://physics.nist.gov/cuu/Constants/.

2
He —M,C

T =
Fe kB
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where p, is the electron Fermi energy, m, is the electron
mass, and c is the speed of light, electrons are highly
degenerate in the core of a crystallized WD. To a good
approximation, electrons can therefore be treated as a
relativistic Fermi gas. We will neglect the thermal con-
tributions to the thermodynamic potentials.

Since the Coulomb crystal is electrically neutral, the
number density n; of ions is directly determined by the
electron density n, through n; = n,/Z. The mass density is
thus given by

M(A.Z)
Z 9

(3)

PN = I,

where the nucleus mass M(A, Z) (including the rest mass of
Z electrons) can be obtained from the corresponding
tabulated atomic mass excess E(A,Z) after subtracting
out the electron binding energy as follows [52]:

M(A.Z) = Am, + E(A, Z) + 1.44381 x 1075223
+ 1.55468 x 107122535, (4)

where m, is the unified atomic mass unit. The baryon
number density is given by

A
n=_n, = An,. (5)

Taking into account lattice, electron exchange, and
screening corrections, the mass-energy density p and
pressure P of the one-component Coulomb crystal are
approximately given, respectively, by [53]

me
/):/’N‘f'm [x,(1+2x§)\/ 1+X%—10g<xr+ 1+X%)}

4\ 13 ah
X <1 —|—g> —n,m,+ Cy (—ﬂ> aTnZWZif/fS, (6)

2w 3
2 2
P:% {x,(Ex%—1)\/1—|—x%+10g<x,+\/1+x%>]
a Cwm (4n 13 4/3,2/3
X (1 +2_][> +T (?> ahcl’le/ Zef/f s (7)

where x, = 4,k, is a dimensionless relativity parameter
with the electron Compton wavelength 4, = A/ (m,c) and
electron Fermi wave number k, = (37°n,)'/3, h is the
reduced Planck constant, « is the fine-structure constant,
Cy is the Madelung constant, and

Zegt = 20(2)3/2 (8)
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with the dimensionless function

4/3

12
o(Z)=1+a—— (1 -1.1866Z70267 4-0.27271)Z*/3.
3571/
9)

The introduction of an effective nuclear charge Z.g is to
approximately account for electron charge screening effects,
as discussed in Ref. [53]. Considering that ions are arranged
in a body-centered cubic lattice, as predicted by ab initio
density functional calculations for carbon [54], the Madelung
constant is given by Cy; = —0.895929255682 [55].

At the scales of interest for the global description of tidal
deformations, we assume that each stellar matter element
consists of an isotropic polycrystalline solid. The elastic
properties are thus characterized by a single parameter, the
effective shear modulus, given by [56,57]

4 1/3
g:o.119457234091<?”> ahcZ?*nd?. (10)

This value, obtained from a Voigt average, represents an
upper limit [58].

III. RELATIVISTIC TIDAL DEFORMATIONS
OF AN ELASTIC STAR

A WD in a close orbit with a compact companion is
tidally deformed by the mutual gravitational interactions.
Assuming internal motions are much faster than orbital
motions (adiabatic approximation), the static external
quadrupolar tidal field &;; induces a nonzero quadrupolar
mass moment Q;; in the star, which is given to linear order
by [59]

2
_ 5
Q= %sz Eijs (11)
where G is the universal gravitational constant, R is the
stellar radius, and the second gravitoelectric Love number
ky, is a dimensionless parameter characterizing the tidal
response of the star.

A. Background configuration

During most of the binary evolution, tidal effects remain
negligible (see, e.g., Ref. [60] for a review). They come into
play only during the last stage (observable by space-based
gravitational-wave detectors) after a time presumably long
enough for the WDs to have crystallized, as will be further
discussed in Sec. IV D. Considering that the WDs are
nonrotating, we can thus reasonably assume that their solid
interior is not strained when tidal interactions start to
become significant. The stress-energy tensor of a fully
relaxed solid star takes the same form as for a perfect fluid
star,

TY = (P + pc?)u,u” + P8, (12)

where u* denotes the fluid four-velocity. The spacetime
metric can be written as

g = diag{—e*, ¢*, r?, r* sin’ 6}, (13)
where v = v(r) and A = A(r) depend only on the radial
coordinate . Given the normalization relation u,u* = —1,
the four-velocity of the fluid inside the static star and the
stress-energy tensor are explicitly given by

u = (e7¥/2,0,0,0) (14)
and

T, = diag{—pc?, P, P, P}, (15)

respectively. Setting

o = <1 —me>_l, (16)

cr

solving the Einstein field equations leads to the Tolman-
Oppenheimer-Volkoff (TOV) equations [61,62],

m' = 4nr’p, (17a)

1
P = ) (P+pc*)V/, (17b)

where the prime denotes a derivative with respect to r and
m(r) represents the gravitational mass enclosed in a sphere
of radius r. The metric potentials are given by

2Gm G
'=¢ 8r— P |, 17
V=e <c2r2+ g ) (17¢)
2Gm G
N=e{—- 8ar—p ). 17d
e < 2,2 + ﬂrc2p> (17d)

The radial coordinate R delimiting the stellar surface and
defining the circumferential radius of the star is determined
by the condition P(R) = 0. The gravitational mass of the
star is then defined as M = m(R).

In the Newtonian limit, the TOV equations reduce to the
classical hydrostatic equilibrium equations:

m' = 4nripy, (18a)
Gmpy
P=-N, (18b)

with the mass density py given by Eq. (3).
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B. Tidal perturbations

We will now review the formalism to determine static
gravitoelectric (even-parity) tidal perturbations following
the analogous study of Ref. [32] in the neutron-star context.

Since we consider an unstrained background, the stellar
elasticity manifests itself only in the perturbed configura-
tion. To solve the elastic problem, we have to consider the
perturbations of the total stress-energy tensor obtained by
adding the contribution SIT}, of the shear tensor to variations
of the perfect-fluid stress-energy tensor (12). The perturbed
Einstein field equations thus become

87nG
(SG” - 7

8rG

0T o1 = —a (6T}, + OI13). (19)

From Eq. (12), the perturbed perfect-fluid stress-energy
tensor is given by

8T, = (8P + dpc?)u,u” + (P + pe?) (Su,u® + u,Su”)

+ 6P}, (20)
Since the equation of state is barotropic, i.e., the mass-
energy density (6) and pressure (7) are functions of the

baryon number density only, their Euler variations are
simply given by

dp dp
6P = —ép, op =—on, 21
0 p = 6n (21)
where 62% =y is the baryon chemical potential, and

‘0’[—2’ = ¢? is the squared speed of sound. The latter relation

implies in particular that
SP = c28p. (22)

The perturbed perfect-fluid stress-energy tensor is thus
explicitly given by

2
ST = diag{—%, 11, 1}5P. (23)

s

In the Regge-Wheeler gauge [63], the static Eulerian
perturbation of the metric is given by

89, = h,, = diag{e*H,, e*H,, r*K, r* sin* 0K }Y ,,,, (24)

where Hy = H(r), H, = H,(r), and K = K(r) are radial
functions describing the perturbed spacetime and Y., =
Y;n(0,¢) is a spherical harmonic. Note that, in the
following, all of the perturbed quantities will be factored
into a radial and an angular part in a similar way. The small
changes in the coordinates are described by

0—0+&,

r—r—+¢&, -+, (25

where the components of the static displacement vector &
are written as

WVvVa V 9
g <0’ r 1200 1 sin290¢> om (26)

with the functions W = W(r) and V = V(r) describing the
radial and tangential displacements, respectively.

The Lagrangian variation of the fluid four-velocity is
given by [64]

1
Auw! = 3 U u’Ag,,. (27)

Since the Lagrangian variations are related to the Eulerian
ones through A =6+ L, where L; represents the Lie
derivative along &, the Lagrangian variation of the metric
reads Ag,, = h,, + Lg,,, and the Eulerian variation of the
fluid four-velocity is thus given by

1
Sut = Eu”u”u”hm + 15L&, (28)
where the orthogonal projector to the fluid flow is

1, = gy +u,u,, and L, represents the Lie derivative
along the fluid four-velocity. Its explicit components are

e—v/2
Sut = Hy,0,0,0)Y,,. 29
2

The Lagrangian variations of the pressure and mass-energy
density are simply given by

_dp

d,
=" Ap, _ar
dp

AP =
dn

Ap An, (30)

and the Lagrangian variation of the density n is [64]
1 v
An = —EnJ_” Agy,, (31)

which explicitly reads
An = |&(&+ 1)V = W
n = ﬁ ( + ) —r
A H
- (1 +%>W— r <K+72>] Yom. (32)

Finally, using the Gibbs-Duhem relation pc? + P = un
together with Eq. (32) inserted into Eqgs. (30) yields

P 2\ 2
Ap=t +2pcz)cs
r-c

- <1 +%/>W— r2<K+%>}ng. (33)

[f(f + 1)V =W
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From the relation between the Lagrangian and Eulerian
variations and using the TOV equation (17b) for the
pressure, we also have

P+ pc?

AP = (5P - 1/W> Y s, (34)

where here and in the following 6P = §P(r) denotes the
radial part of the perturbed pressure [with the full pertur-
bation being given by 6P(r)Y,,,(0,¢)]. The combination
of the two latter relations will be useful to close the system
of differential equations for the elastic problem.

The perturbed shear tensor is given by [65]

77 [ 1 v g
STI = —fi (J_MJ_ -zl ﬂ) Agyy  (35)

As in Refs. [30,32], we define the dimensionless radial and
tangential traction variables T, = T,.(r) and Ty = Ty(r) as
follows:

G
T,Y 4y = — 0TI
C
2G . , ,
+72(H2—K)]Yfm, (36)
Y, G
TQ ae :—47"35H€
G oY
——A(rV' =2V + Aw) =2 37
SRV =2V + W) L (37)

With these definitions, the nonzero components of the
perturbed shear tensor are

ST — C—;% Y, (38)
STI = i—jﬁr{g = %T—Sagg’” , (38b)
sT1f = #;Qéng - griﬁag ; (38¢)
ST1Y = —{ﬂrv [ £+ 1)+ 2;;] %%T }Yfm, (38d)
811 = {”F—Z {f(ﬂ 1)+ 2:—;} —%%%}Yﬁn, (38e)
8I1% = sin® O5IT) = 2’:—2‘/ (cot@% - %) Yem  (38f)

Combining these with the perturbed Einstein field
equations (19) leads to the following relation:

G
C

The definitions of the traction variables (36) and (37)
together with Eq. (39) lead to two differential equations for
V and W:

2 et T,
Vi==V-——W-——, 40
r r G rji (40a)
2 ¥ r 3c¢*T
W= (Z-Z)\W+2(K-Hy) ->=—L
<r 2) 3l D ¥e rji
G . (+1)
- {16ﬂ?r,u+ P ]V (40b)
Defining
Hj, = p, (40c)

other appropriate combinations of the Einstein field equa-
tions lead to the following differential equations for K, T,
and f:

167 G 16x

ﬁ+v’H0+——(2—|—ry) V——Tg, (40d)
AN=v 1 G 1
T;)—( 3 —;>T9—r€ 5P+F(1/ +/1/)
G A
+C—e—[2 £+ )}ﬁVJr%T,, (40e)

V=V 2
=555
et 3+

~{Z-praerG

_Ulz}HO

G
—87[—{ <3+ )5P—|—21/,u’V
C S
1— A
+8< A
r

They also lead to the following algebraic relation involving
oP and T,:

W+ VA et

|
6P = 62 G {rzl/ﬂ + (¢ + 1)e* =2 + r?H,

G
+ 2-24(¢ + 1)]e’K + 167 — PV iV
c

— 1672+ r/ )Ty - 167re’1T,}. (40g)
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To close the system, we need one more relation involving
OoP and T,. To this end, we combine Eqs. (33) and (34),
using Egs. (39) and (40b):
- 4 G r’c? P+ 3
== —_ ~r’K
T3t (P +pc?)c? 2

/C2

—yﬂ(m 151 (3—2”—

s

)W] . (40h)

The system of equations (40a)—(40h) fully determines the
elastic perturbations. Note that all of our equations fully
agree with Egs. (30a)—(30g) of Ref. [32].

In the purely perfect fluid case, combining Eqgs. (40e)
and (40f) and setting i = 0 leads to the following pertur-
bation equation for f:

A

2 r
o9/ +51 W+ )3
+ 2r + ( 202 V2 Ho. (41)

This equation coincides with Eq. (15) of Ref. [59] using the
definition (40c). In the Newtonian limit, Eq. (41) reduces to

26+ 1)

p = 2 }HO. (42)

_ 4 ﬁ |:47Z'GpN

Cs

C. Tidal Love number and deformability

In our analysis, we will focus on the case 7 = 2.
Introducing the dimensionless quantity

_ RB(R)
Hy(R)

(43)

evaluated at the surface of the star, the second gravito-
electric Love number is given by [59]

k :§C5(1 _20)2(y—1)C—y+2]
x{2C4(y+1)C*+2(3y-2)C?
-2(11y-13)C*+3(5y—8)C-3(y—2)]
+3(1-20)?2(y=1)C—y+2]log(1-2C)}7!,  (44)

where C = Z_R is the compactness parameter. The observ-
able tidal deformability parameter is related to the Love
number through

2
A2 - gkzc_s. (45)
The Newtonian limit C — 0 of Eq. (44) yields

K = . (46)

As shown in Appendix B, k) coincides with the so-called
apsidal-motion constant discussed in previous studies. The
Love number characterizes the distribution of matter inside
the star: the more matter is concentrated, the lower kY is.
The highest possible value is thus reached for an incom-
pressible star and is given by kY = 3/4 [66].

D. Boundary conditions

Unlike neutron stars considered in Refs. [32,33] and
made of an elastic crust on top of a liquid core, partially
crystallized WDs are expected to have a solid core
surrounded by some fluid layers. Following the approach
of Refs. [32,33], we present here the boundary conditions
that must be applied inside a WD: at the center, at the
interface between the elastic and fluid regions, as well as at
the surface.

1. Conditions at the stellar center

To solve the system of equations describing the
structure of the star and the tidal perturbations presented
in Secs. III A and III B, we need to specify the density p,,
pressure P, and shear modulus fi.. at the center of the star.
Since the equations are singular in » = 0 due to the use of
Schwarzschild coordinates (terms in 1/r), we expand all
fields F(r) in series of the form

F(r) = r[FO + F&r2 + O(r*)]. (47)
Note that first-order terms in this expansion vanish due to
the symmetry of the field equations. Explicit forms of the
coefficients F(© and F( and the exponents s are given in
Appendix A. In the elastic case, we are left with three
undetermined coefficients: one is an arbitrary amplitude,
which cancels in the expression for the Love number (the
tidal deformability does not depend on the amplitude of the
perturbation), while the two others are to be determined
using the boundary conditions at the surface of the elastic
region.

2. Conditions at interfaces

At an elastic-fluid interface inside the star or at an elastic-
vacuum interface (the stellar surface), the shear modulus i
varies discontinuously. There can also exist density dis-
continuities. In particular, the vanishing of the pressure at
the surface of the star entails a finite density and a finite
shear modulus, as can be seen from Eqgs. (7) and (10). We
shall thus consider generic boundary conditions allowing
for discontinuities of both /i and p.

Following Ref. [32], imposing the continuity of the
induced three-metric on the interface as well as the
continuity of the extrinsic curvature, and making use of
the appropriate Einstein field equations (40) lead to the
following conditions:

023012-6
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T,) =0, [T,—I—grzéP—%c—cil/rpW] —0. [W]=o0.
[K]=0, [Hy=0, {ﬁ—i— 16ﬂ%l//ﬂv—8ﬂc—Gze—:pW] =0,
(48)

where we have introduced the notation [F]=

lim._o[F(r +¢€) — F(r —¢)]. If the WD is only partially
crystallized up to some radial coordinate r = R, the
relevant associated boundary conditions read explicitly

T; =0,

G

1G
ZRE(OPT =6P7) =T =551/ (R)R.(p" =p7) W(R.) =0,

(49)
Hj =Hj,

- G o G eHRe)
pr=p —|—167r?1/(RC)/4 1% —|—8ﬂ'? R

(er —,0_) W(Rc)7

(50)
where the “—” (“4”) refers to a quantity calculated at
r = R, from the inner elastic (outer fluid) region. The same

set of conditions can be applied at the surface of the star
with p* =0 and 6P = 0.

IV. NUMERICAL RESULTS

A. Numerical computations

1. Numerical scheme

We have solved the system of first-order differential
equations (40) together with Egs. (17) using the classical
fourth-order Runge-Kutta method by integrating from the
center of the star to the top of the elastic region. To avoid
singularities, we have begun the integration at a small radial
coordinate r = ¢ with initial conditions given by Eq. (47).
Since the initial conditions depend on three unknown

coefficients H(()O), Vv and V), we have generated three

linearly independent solutions by setting (H, (()0) VO v@)y =
(1,0,0), (0,1,0), and (0,0,1), respectively. When superpos-
ing the solutions, one of the constants must be left arbitrary
(arbitrary amplitude of the perturbation), and the two others
are to be determined using the boundary conditions on the
tractions (49). If a fluid layer is present on top of the elastic
core, the two remaining boundary conditions (50) are to be
used to pursue the integration to the stellar surface and to
calculate the quantity y(R) [Eq. (43)]; if not, these latter
conditions are directly used to calculate y(R). Note that the
only density discontinuity that we consider here is at the
stellar surface, recalling that the surface density is taken such
that the pressure vanishes in Eq. (7).

2. Tests of our computer code

We have tested the precision of our computer code by
considering purely fluid stars (with ji = 0 everywhere) in
Newtonian gravity using polytropic equations of state of
the form (where C and I" are constants)

P = Kpy, (51)

for which solutions of the hydrostatic equilibrium equa-
tions (18a)—(18b) are known [67]. Love numbers k? (also
called apsidal constants of motion; see Appendix B) were
calculated for different values of the adiabatic index I" in
Ref. [66], recalling that physical solutions only exist
forI' > 6/5.

Given the density p,. at the center of the star, the mass and
radius are expressible as [67]

Pe §%|9/(91>

M= 47r[ . (52)

472G - 1

_ [Tk rap
R = 47IG(F— l)pc Q1 (53)

where 6(g) is the solution of the Lane-Emden equation

T 132 Greayp
)

1 d ,do /(=1
—— = =Y/, 54
o*de” do (54
with 8(0) =1 and #'(0) = 0 (the prime denoting here a
derivative with respect to @), and @; is defined by
0(¢1) = 0. Solutions for different values of I can be found
in Ref. [67]. Love numbers k¥ are given by [66]

£+ 1-n(0)
N_f - e 55
£ 20+ 2n(0) (53)

where 7(¢) is the solution of the Clairaut-Radau equation

oL/ (r-1)

Qn’+n(n—1)—f(f+1)+29W(ﬂ+1)=0, (56)

subject to the boundary condition 7(0) = £ — 2. It should
be noted that the functions 7(¢) and 6(¢) depend on the
equation of state only through the adiabatic index I" but are
independent of C. Moreover, they do not depend on p..
As a consequence, Love numbers kf}I are uniquely deter-
mined by £ and I and take the same values for all stars
irrespective of their mass. For the special case I' = 2,
Eq. (56) for £ = 2 can be recast into a Bessel equation and
the Love number is given by [59]

15 1
K =5~ 5 = 0.259908877... (57)
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With our code, we have numerically solved Egs. (18) and
(42), setting I' = 2 and using some arbitrary value for K.
Our numerical result for the Love number (46) agrees with
the exact value (57) up to nine significant digits.

We have also compared our numerical results with those
obtained when treating electrons in the ultrarelativistic
regime x, > 1, since in this case the equation of state
(7) reduces to the polytropic form (51) with I' = 4/3 and

a 4Cy [ 4\ 13
K=K, {1 +5.+ a?M (%> Ziﬂ, (58)

where

_ he(32%)'/3 Z N\
% =" () %)

is the constant obtained in the original Chandrasekhar
model [68] when considering an ideal electron Fermi gas
ignoring electron exchange, as well as electrostatic and
polarization corrections. The results obtained from our
code agree with the mass and radius given by Egs. (52) and
(53) using the well-known solution ¢; ~6.89685 and
0110 (01)] ~2.01824, up to six significant digits at least.
Finally, to assess the numerical stability of our elastic
computer code, we have checked that the results for the
Love number are independent of the chosen value for the
lower radial coordinate e in the integration, provided
the value of e does not exceed ~1% of the stellar radius
R. Moreover, we have found that the results converge to the
perfect-fluid values when the shear modulus goes to zero.

B. Effects of crystallization on the tidal deformability

To assess the impact of crystallization on the tidal
deformability of a WD, we compare results obtained in
full GR for stars that are either entirely solid or entirely
fluid.

In Figs. 1-6, we show the second gravitoelectric tidal
Love number &, as a function of the WD mass M with and
without elasticity and the corresponding relative deviation,
for WDs made of “He, '’C, '°0, ?Ne, **Mg, and Fe,
respectively. First, we can see that, regardless of the
composition and the mass, the inclusion of the elasticity
of dense matter systematically reduces the Love number,
similarly with the results obtained in neutron stars [30-33].
For a given mass, the relative difference in k, between
the elastic and fluid models increases with the atomic
number Z. This is not surprising as the shear modulus
varies as ~Z%/3; see Eq. (10). The effect of crystallization is
then the least (most) pronounced for helium (iron) WDs; as
an example, for a 0.3 M, star, the relative differences are
about 2.1%, 5.5%, and 11% for helium, oxygen, and iron
WDs, respectively. For a given composition, the less
massive the star, the more significant the effects of
elasticity. Note that the relative impact of crystallization

0.16

0.12 [

ks

0.08

ka/ks
o <
o o
S &
T T

0 . oo b b by b b by
0 02 04 06 08 1 1.2 14
MM

FIG. 1. Top panel: second gravitoelectric Love number k,
as a function of the WD mass M with and without elasticity,
for a WD made of *He. Bottom panel: relative deviation
(ktzluid _ k;lastic)/kglastic_

on the observable tidal coefficient A, « k, R’ is the same as
on k, since elasticity only enters through the tidal pertur-
bations; R refers to the radius of the unperturbed (spherical)
star and therefore remains unchanged. Crystallization could
thus be important when analyzing the GW signals from
WD binaries that will be observed by space-based GW
detectors.

To conclude this section, let us now explore the situation
in which the star is not entirely crystallized, i.e., a fluid
layer is present on top of the solid core. In Fig. 7, we show

5

016 EF o ———-ﬂuid.
L AN elastic
0.14 f NN

T

T
T

T
/

0.12F SN

£ 0.1f e

T

0.08 AN

T
T

T

0.06
0.04

e e b Lo Lo a Lo Ly

T

£ 0.08
~
£ 0.04
q

T

T

M[Mo)]

FIG. 2. Same as Fig. 1, for a WD made of '°C.
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FIG. 3. Same as Fig. 1, for a WD made of '°0.

the Love number k, for a typical 0.45 My oxygen WD,
varying the mass-energy density pjnerface delimiting the
interface between the two regions. In this case, k, (and
therefore A,) remains unchanged if the transition lies at
densities below ~10° gcm™, corresponding to a very thin
fluid layer with a thickness of about 80 km, as can be seen
in Fig. 8. On the other hand, k, is essentially given by that
of a purely fluid star if only the innermost region of the core
down to about 10° g cm™ is solid. Similar conclusions hold
for different compositions and masses. This shows that the
actual tidal deformability of binary WDs will depend on the
extent of the crystallization region.
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FIG. 5. Same as Fig. 1, for a WD made of *Mg.

C. Deviations between Newtonian theory
and general relativity

In this section, we compare our general-relativistic
results with those obtained for purely fluid stars in
Newtonian gravity. Note that GR changes not only k,
but also R, as shown in Fig. 9 for different WDs
compositions and masses. For low-mass WDs, the devia-
tions for both k, and the observable combination k,R> are
small, as one can see in Figs. 10 and 11, respectively. The
relative error on k,R> for a typical oxygen 0.45 My WD is
0.48%, which is about an order of magnitude smaller than
the deviation due to elasticity (4.3%). On the other hand,

0.2

N — ——-fluid
elastic

2
L e

TTT TTTT T

o

FIG

. 4. Same as Fig

0.6

0.8

M[Mo)]

1

1.2

. 1, for a WD made of 2°Ne.
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FIG. 7. Second gravitoelectric Love number k, as a function of
the mass-energy density piyerace at the interface between the
elastic and fluid regions, for a 0.45 My WD made of '%0. The
horizontal dotted lines correspond to the two extreme cases where
the star is either fully crystallized (elastic) or fully fluid.

the deviations increase with increasing mass. Although the
separate corrections for k, and R still lie within ~10% for
WDs with a mass M 2 1 M, that for the observable tidal
deformability exceeds ~10% and reaches ~100% at the
Chandrasekhar limit. Therefore, calculations in full GR
become essential for the most massive WDs.

To conclude this section, we have compared our numeri-
cal results for k) calculated with the full equation of state
(7) for WDs at the Chandrasekhar limit with different
compositions. Since the polytropic approximation (51)
with I'=4/3 becomes more accurate with increasing
density, we expect kY to be independent of the mass and

1 —

—_
o
S

L L B L B L) B RS B L R

TEERTTT BRI BT RRTIT BN RE AT B AR RTTT AT

ol e
2000 4000 6000 8000

r [km]

10000

o

FIG. 8. Mass-energy density p as a function of the radial
coordinate r, for a 0.45 My WD made of '°0.
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FIG. 9. Relative deviation between the star radius R calculated
in full GR and in Newtonian theory (RN — ROR)/ROR as a
function of the WD mass M for different compositions.

internal composition of the WD, and to converge towards
the universal value kY ~0.01444298 [66], as shown in
Sec. IVA 2. We have checked that this is indeed the case
with a precision of at least five significant digits.

D. Eccentric binaries

In this section, we focus on eccentric WD binary
systems, which are of particular interest to extract the
second gravitoelectric Love number from the GW signal.
Indeed, the precession rate of the periastron could be
measured through the frequency splitting of the signal,
as discussed in Sec. I. The total apsidal precession rate y of
the binary is the sum of different contributions:

0.12 T
L |[——4He ]

L _.120 i

0.1F 185G .

L 201\]e 4

0.08 |-|—*Mg ]

L ———-56Fe 4

£ I :
5006 .
4 i ]
0.04 - ]
0.02 - ]
0" R A ]

0 02 04 1.4

FIG. 10. Relative deviation between the Love number calcu-
lated in full GR and in Newtonian theory (kY — kS®)/kSR, as a
function of the WD mass M for different compositions.
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FIG. 11. Relative deviation between k,R> calculated in full GR

and in Newtonian theory [(k,R>)N — (k,R3)OR]/(k,RY)CR, as a
function of the WD mass M for different compositions.

Yy =7er + z7rot,i + Viidii» (60)
i=12

where ygr comes from GR, y,,,; from the rotation, and 4 ;
from the tidal effects in each star, and the index i = 1, 2 is
used to label the individual stars. These contributions are,
respectively, given by [14]

, 21 \5/33G*3 M}
YGr = 3 =, (61)
Torb C 1-— e
2 1 My (Q./Q)2
= ! kyR3),, 62
Vrot.i Torb a5 Mi (1 — 62)2( 2 )z ( )
) 30 1 M;_;1+3e*/2 +¢*/8
Yidi = 7 3 : (k2R5)iv (63)

Torb Cls Mi (1 - 62)5

where Q = 27/Ty, is the mean motion, Q; are the angular
velocities of the uniformly rotating stars, M; are the
individual masses and M, = M| + M, is the total mass
of the binary, Ty, is the orbital period, « is the semimajor
axis of the elliptic orbit, and e is the eccentricity. For
simplicity, in our calculations we assume that the rotations
of the two stars are tidally locked, i.e., Q; = Q as in
Ref. [14]. While the GR contribution is only a function of
the orbital parameters and the total mass of the system,
the rotational and tidal ones depend in addition on the
individual masses as well as the internal structure of the
WDs through the parameters (k,R’);. The sum of the tidal
and rotational contributions to the precession rate must
represent at least ~10% of the total precession rate y
to be observable by LISA [14], which requires the two
orbiting stars to be sufficiently close to merger. The merger
time of an initially eccentric binary system at formation is
roughly given by [69]

70 N\8/3 /M 1/3 /1 M2
7/9.829 % 1073 | —ob ot ©_ ) F(ey) Gyr,
1h M, MM,

(64)

where T, is the initial orbital period, and F(ey)~
(1 — e2)7/? with ¢, being the initial eccentricity. Note that
for a circular orbit, F(ey = 0) = 1. The more eccentric the
orbit, the shorter the merger time: for ¢y = 0.6, F(e() ~ 0.2
and the merger time is divided by 5 compared to a circular
orbit. Depending on Tgrb and e, the binaries that will be
observed by LISA may have evolved for billions of years
since their formation. In Fig. 12, we show the initial
eccentricity e, as a function of the initial period of the
binary Tgrb, which can be estimated from Eq. (64) for any
given merger time z:

~ 1= 11017 x 102 [ —
eo\/ [07x0<1Gyr><

The shaded area between the two curves represents the
binaries with a merger time between 5 and 11 Gyr, a long
enough time for the interior of the WDs to have crystallized
at least partially. Their initial orbital periods lie in the range
predicted by population synthesis models [6]. Taking into
account 2 Gyr of formation [6], these binaries are now
potentially close enough to merger for tidal effects to be
measurable by LISA provided the frequency of the GW
signal emitted by the binary lies in the sensitivity band

Tgrb> -8/3 <M1M2> (Mt0t> —1/3:| 2/7
1h M2 M, '

(65)

[

107*-10~" Hz. The frequency of maximum GW power
emission is approximately given by [70]

GMtot (1 +€)1'1954

z fa(l-— ez)]3/2 ' (66)

fmaxz

To determine the current orbital properties of binary
WDs that fulfill all of the above conditions, we must solve
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FIG. 12. Initial eccentricity e, as a function of the initial period
79, (in hours) for a binary system with two 0.45 My WDs. The
shaded area represents the binaries with a merger time between 5
and 11 Gyr.

the equations governing the evolution of the semimajor
axis a and the eccentricity e with time [69]:

) 64 G?
o=~ s MMM

1 73 37
S =y (1+55¢ + 56
(©7)

. 30467 e 121 ,
e =— 15 M M2Mt°‘4(1—)5/2 <1+ﬁ€ >, (68)

with the semimajor axis of the elliptic orbit being linked to
the orbital period through Kepler’s law,
a3

GM

Top, = 2r (69)

In Table I, we show some examples of equal-mass eccentric
binary WDs with different compositions. Starting from an
initial eccentricity of 0.60 and an initial orbital period of a
few hours, we find that binaries will merge in a time
between 5 and 11 Gyr. As explained before, the binary has
to be close enough to merger now in order for y., =
> i—12¥rori and g = 301 o¥rai 1o Tepresent a sizable
fraction of y. Such a situation is encountered a few million
years before the merger for very low-mass WDs. For more
massive WDs, the corresponding time is shorter. This
justifies our neglect of tidal effects in the evolution of
the orbital parameters a and e in Egs. (67) and (68). Even
though the eccentricity has been considerably reduced at
this time, it remains measurable (see Ref. [14]). Moreover,
the semimajor axis length is about 1 order of magnitude
larger than the radii of the stars, and therefore the
perturbative approach to compute tidal effects remains

TABLE I. Parameters of potentially observable configurations
of equal-mass WD binaries made of helium (0.3-0.3 M), carbon
(0.45-0.45 M), or oxygen (0.6-0.6 M,): initial eccentricity e,
and initial orbital period 79, at formation of the binary, merger
time 7 since formation of the binary, remaining time before merger
T —t, current eccentricity e, current semimajor axis length a,
current orbital period 7,4, frequency of maximum GW power
emission f.., and precession rates due to GR (ygg), rotation
(7r0)» and tidal effects (y4q) using values of k,R> from full GR
calculations with the equation of state (7) and taking crystalliza-
tion into account.

Composition “He 12c 160
My, (Mo 0.60 0.90 1.20
€ 0.60 0.60 0.60
79, [h] 100 13.0 160

7 [Gyr] 8.813 9.026 9.721
7 —t [Myr] 6.00 1.50 0.350
e 0.0393 0.0225 0.0123
a [10° km] 1.50 1.44 1.24
T.y [h] 0360 0.275 0.191
Fon [mHZ] 1.62 2.07 2.96
ver Lyr™'] 2.71 5.54 12.4
Tror [yr ] 0.279 0.155 0.194
7ia [yr] 2.11 1.17 1.45

valid. In these examples, the frequency (66) of maximum
GW power emission emitted by the system at the time of
observation is of the order of a few millihertz, which lies in
the LISA sensitivity band.

As previously discussed in Ref. [14], the precession rate
measurement through the GW signal can be used to
determine the individual masses of the WDs composing
the binary system. For this purpose, it is necessary to use a
relation between the observable combinations (k,R>); and
the masses. In turn, this relation depends on the internal
properties of the WDs. We have investigated the errors
made on the inferred masses incurred by the neglect of
crystallization. Since the radius is determined by the
unperturbed configuration, it does not change when taking
elasticity into account. Therefore, we focus on the relation
between k, and M. We find that the numerical results can
be well fitted by the following fitting formula:

6
by =" b;M/, (70)
Jj=0

with the mass M in solar units. The fitting parameters b; for
fluid and elastic stars are given in Table II. The relative

TABLE 1I.
of 10.

Fitting coefficients of Eq. (70) for a WD made

by b b, by b, bs be

Fluid 0.2005 —0.4338 1.6327 —3.8664 5.0183 —3.3791 0.9165
Elastic 0.1653 —0.1660 0.5015 —1.2012 1.5374 —1.0252 0.2748

023012-12



TIDAL DEFORMABILITY OF CRYSTALLIZED WHITE DWARES ...

PHYS. REV. D 106, 023012 (2022)

1

0.8 A
0.6 ]

AM/M

0.4 ]
0.2 ]

[0 e T BV BRI
0.09 0.1 0.11 0.12 0.13 0.14 0.15
ks

FIG. 13. Relative deviation of the mass (M1¢ — pyelastic) / pyetastic
for a WD made of '%0 as a function of the Love number k.

error on the fit is <0.1% for WD masses between 0.1 and
1 M. As shown in Fig. 13, the relative error on the mass
when the elasticity of a crystallized oxygen WD is ignored
becomes larger and larger when k, increases, i.e., for low-
mass stars, and reaches about 90% for k, = 0.15. Ignoring
the effects of crystallization on the tidal deformability may
lead to dramatic errors when trying to deduce the individual
masses from the relations (62) and (63).

V. CONCLUSIONS

Some of the WD binaries that will be observed by space-
based GW detectors could have evolved for long enough
for the WDs to be at least partially crystallized. We have
investigated the role of crystallization in the quadrupolar
tidal perturbations in binary WD systems. These perturba-
tions, characterized by the apsidal motion constant (second
gravitoelectric tidal Love number) k,, will be potentially
measurable by LISA, which is expected to be in operation
within the next decade.

We have found that the inclusion of elasticity system-
atically reduces the tidal deformability. This effect is more
pronounced for low-mass WDs whose solid core contains
heavy elements. Observations of tidal effects could thus
potentially shed light on elusive iron WDs. Crystallization
can lead to deviations in the tidal perturbations that are
comparable or larger than the estimated observational
uncertainties. This may have important implications for
the analysis of the GW data from space-based detectors
since most of the WDs observable with GWs are expected
to have low masses.

We have also compared fully relativistic results with
Newtonian ones. We have found that the general-relativistic
correction to the tidal deformability remains negligible for
low-mass stars compared with the correction due to elasticity.
However, approaching the maximum mass, the relativistic

effects become less and less negligible. Not only is the tidal
Love number k, affected, but also the radius R of the star.

Finally, we have focused on eccentric binary WD
systems, which are of particular interest when studying
tidal effects, since the precession of the periastron leads to a
frequency splitting of the GW signal depending on the tidal
deformabilities of the two stars. In particular, if the binary is
close enough to merger, measuring this effect in the GW
signal would provide the individual star masses. We have
found that neglecting the elasticity of crystallized matter
can lead to very large errors on the inferred masses,
especially for low-mass stars.

In our work, we have considered WDs with uniform
compositions. However, we do not expect that allowing for
the coexistence of different elements in WDs would change
our conclusions since the pressure is mainly determined by
the electron gas and the shear modulus of solid compounds
are not much different from those of the separate pure
solids. The equation of state we have adopted here assumes
fully ionized matter and complete degeneracy of the
electron gas, and ignores thermal effects. Although these
approximations are expected to be fairly accurate for the
dense core of crystallized WDs, they become less reliable
in the outermost layers. Their impact on the tidal deform-
ability, especially for low-mass WDs, remains to be
investigated using more realistic equations of state.

We have shown that the role of crystallization in tidal
perturbations depends on the extent of the solid core. On
the other hand, the cooling of the WDs and the crystal-
lization may be influenced by tidal heating, especially for
WDs close to merger [71]. This issue could be studied by
performing cooling simulations combined with orbital
evolution of the binary.
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APPENDIX A: TAYLOR EXPANSIONS
AT THE STELLAR CENTER

To start the integration of the system of equations, we
need some initial conditions. Since the equations are singular
at the center of the star due to terms in ~1/r, we have to
expand each function in Taylor series near the center.

First, we expand the background functions:

P=P.+ PP+ 00", (Ala)

p=pe+pPr+ 0, (Alb)
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m=r3 m® +m?r? + O(r*)), (Alc)
2 =20 4202 + O(r4), (Ald)
V0RO, (Al

Inserting these expansions into Eq. (16) and the TOV
equations (17) leads to the following expressions for the
different coefficients:

2G

PO = =2 a(Po+e)(3Pcte).  (A2a)
P
e . (A2b)
(0) 4
. S0 (A2¢)
2 — 4 2)
m) = 2rp), (A2d)
20 — 0, (A2e)
8G
2@ = 32 (A2f)
4G
L0 — 3 n (3P + o). (A2g)

where £, = p.c¢* and {, = clzté_llj
speed of sound evaluated at the center of the star. The

coefficient (9 can be left arbitrary.

~—o 1s the dimensionless

H

Next, we expand the perturbation functions:

Hy = r'[HY + HY 2+ 0(*), (A3a)
p=reHY + 2+ OHP R +0(%),  (A3b)
K =r[KO + K@ 4+ O(r*)], (A3c)
V=r[VO +v@r2 100, (A3d)
W= r WO + W@ 4 O(*)], (A3e)
Ty =r [Ty + Ty + O(r*)]. (A3f)

We can also expand the shear modulus in the same way:

=i + a9+ 0(r), (A4)
where ji® = P®)y, with y,=%| _,. Inserting these
expansions into the elastic equations (40) and using
Egs. (Al) with Egs. (A2) for the background functions,

we get for the zeroth-order coefficients

G
KO =H 4322~ i, VO), (A5a)
C
WO = 2y, (A5b)
0 G _
TV = 25 (¢~ DV, (A5c)

and for the second-order ones,

G G _
= 277 {32774“0(9 + O)i2[3(=3+ £+ 9 )P, + 3+ +27¢,)e ]V

—9<:c(3+f>(Pc+ec)[( +9¢, + ¢ )HY — 167 4(1+3cc) (= 1+f)PcV“’>]P

- 3§c(3 + f)(PC + gc) |:(3 + ISCC 3£Cc - 2l/ﬂ2§c)

+ 48ﬂ§gc<3 )Py + )1+ 3 )ye(—1+ )62V

+3,(—6 + 13¢ + 3¢%)|P2V(©
G

+ 167 B BLA (=T +£)(4+2)
L9+ £)(3+3C + 262 + 272, )e HY)
G

8 -
+ ﬂc4

x {363+ 20)[(9+ O + 3.3+ £)(P

(0

El

6475(:1( 1+3¢,) C<—1+f)PCV<O):|8C

) — 247r£4ﬂc[f(9 +£)+62(3+£)(9+ ¢)

—36C.ji.(1+3C.)(1+£)3+26)P. VP

—2£(9 + ) + 38%(—144 — 547 + 5% 4 33)|P e V)
=36 fic(1+38:) (1 +£)(3 4 2£)e VP
f[~C(9+ ) +3C.(1 + &) (=18 + £ + 267) 4 6£2(—63 — 187 + 8% + 3£3)]|2V O >}

et et

(A6a)
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G G
K® =272 {—941(3 FO)P A+ e)2+ €+ L6+ 36+ )P H 1442813 + €) (P, + ¢.)
C C

w2 =

Ty

X [(1=2)2+ &) + (643 + ) P2VO —3¢ (34 ) (P, + ¢.)
G
X BQ2+8)+ (18 + £ =762 = 26%)|e HY = 1922 =-L o303+ £)(Pe + &)
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We note that we only have seven constraints for ten
unknown coefficients. The remaining coefficients can be
determined as discussed in Sec. IVA 1.

APPENDIX B: EQUIVALENCE BETWEEN LOVE
NUMBER AND APSIDAL-MOTION CONSTANT

In this appendix, we show that the apsidal-motion
constants [72] considered in previous (Newtonian) studies
of binary WDs [12—14] are equivalent to Love numbers
[73]. Introducing the function y(r) = rf(r)/Hy(r), we can
rewrite the perfect-fluid perturbation equation (41) together
with (40c) as a single first-order differential equation:

G
ry 4+ y* + et [1 + 47r?r2(P —pcz)}y

G P+pc?
+ 471'? rre’ <9P +5pc? + +C2pc c2>

s

-+ 1)t = rv? =0. (B1)

If the density p does not vanish at the surface of the star
[defined by P(R) = 0], one has to add a correction to y(R)
calculated from Eq. (B1). It can be obtained from the
boundary conditions (49) and (50), and using the fact that
oP :’#HO [from Eq. (29¢) in Ref. [32]] in a fluid
region,

p(R)
where p(r) = 25 m(r) is the average mass-energy density
inside a sphere of radius r.

_ 3/ (R)

Yy (R) =y (R) (B2)

In the Newtonian limit, Eq. (B1) reduces to

4nGr?
r vy 1) =+ 1)+ PN o (B3)
Making the change of variable
o) = () +3240 (B4)
px(r)

and using the hydrostatic equilibrium equations (18a)—(18b),
we recover the so-called Clairaut-Radau differential
equation for the variable 7 [see Eq. (5) of Ref. [72]]:

m’+n(n—1)-/(5+1)+6/’f}—”(n+1) —0. (BS)

N

The surface boundary condition (B2) remains the same except
that the mass-energy density p should be replaced by the mass
density py:

Pr(R)
An(R)

Yy (R) =y (R) -3 (B6)

With this and Eq. (B4) evaluated at r = R, and inserting
vy (R) into Eq. (46), we recover the explicit expression for the
Newtonian apsidal-motion constant for £ = 2 [see Eq. (1) in
Ref. [66]]:

N _ 3-1n(R)

Y = (B7)
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