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Quantum electrodynamics in the null-plane causal perturbation theory
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We study quantum electrodynamics (QED) in the light-front dynamical form by using null-plane causal
perturbation theory. We establish the equivalence with instant dynamics for the scattering processes, whose
normalization allows one to construct the instantaneous terms of the usual null-plane QED Lagrangian
density. Then we study vacuum polarization and normalize it by studying its insertions into Mgller’s
scattering process, obtaining the complete photon propagator, which turns out to be equivalent to the one of
instant dynamics only when gauge invariance is taken into account.
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I. INTRODUCTION

Quantum electrodynamics (QED) is the theory of the
interaction between leptons and photons. It was the first
quantum field theory to be constructed and, by virtue of its
accessibility to experimental testing as well as its great
success in predicting physical quantities such as the
gyromagnetic ratio of the electron and Lamb’s shift, it
becomes the paradigm of this entire area of physics and one
of the most studied theories. The most famous formulation
of QED is the one developed by Tomonaga [1-5],
Schwinger [6-8], Feynman [9], and Dyson [10] between
1946 and 1949. It was also Dyson, in 1949, who invented
the techniques of regularization of the QED integrals and
renormalization of the theory by the absorption of the
infinities into the mass and charge terms [11].

In 1949, Dirac [12] started the study of the relativistic
dynamical forms. He discovered three possibilities:
(a) Instant dynamics: The one in which the isochronic
surfaces are the planes of constant x. (b) Point-form
dynamics: The isochronic surface is the superior branch
of the hyperboloid a®> = x?, the parameter a® being the
time. (c) Light-front dynamics: The isochronic surfaces are
null planes of constant x*. This list was completed by
Leutwyler and Stern [13] in 1978; they encountered two
more dynamical forms [14], with the following isochronic
surfaces: (d) the superior branch of the hyperboloid
(x9)2 = (x')? = (x?)?> = @?, and (e) the superior branch
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of the hyperboloid (x°)? — (x*)> = a?; in both cases the
parameter a” being the time. Among these dynamical forms
the light-front one is special: in it the number of Poincaré
generators independent of the interaction is maximum [12];
also, the null planes are the characteristic surfaces of Klein-
Gordon-Fock’s equation [15,16]. These theoretical advan-
tages of light-front dynamics translate into its success in
treating a variety of practical problems, for example, in the
context of current algebra [17-19], in the study of laser
fields [16,20,21], for treating deep-inelastic scattering
[22-25], or in QCD for the study of hadron physics [26].

However, being, as there are, many ways to describe the
relativistic dynamics, there will also be various quantum
field theories. The obvious question to ask in this context is
which one of them is the correct theory, or if they are
physically equivalent. To develop such theories is neces-
sary in order to answer that question. Focusing on light-
front dynamics, the quantization of fields on the null plane
and the corresponding formulation of null-plane QED were
done by Chang and Ma [27], Kogut and Soper [28],
Rohrlich and Neville [16,29], and Leutwyler, Klauder,
and Streit [30]. The equivalence between null-plane
QED and the conventional instant one was then considered
by Ten Eyck and Rohrlich [31,32] and by Yan [33,34]. In
all these calculations, Feynman’s amplitudes at one-loop
level exhibited double-pole singularities as a consequence
of an inconsistent treatment of the poles of the gauge field
propagator in the null-plane gauge A™ = 0; this problem
was solved by Pimentel and Suzuki [35,36], who proposed
a prescription to treat those poles in a causal way.
Perturbative renormalization of null-plane QED was stud-
ied by Brodsky, Roskies, and Suaya [37] and by Mustaki,
Pinsky, Shigemitsu, and Wilson [38]. Additionally, the
constraint structure of classical QED and scalar QED in
light-front dynamics and in the null-plane gauge was
studied by Casana, Pimentel, and Zambrano [39].
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However, the equivalence between null-plane QED and the
instant one is still under discussion; particularly, the
importance of the instantaneous terms in the fermion
and gauge fields propagators is not clear; recent reviews
on the status quo of the gauge field propagator can be found
in Refs. [40,41]. Very recently, the equivalence problem for
one-loop radiative corrections was studied in Refs. [42,43],
and the fulfilment of Ward-Takahashi’s identity at one-loop
order in Ref. [44].

It is in this context that the axiomatic approaches could
offer a new insight into the subtleties of null-plane QED.
Particularly, we will adopt the “S-matrix program” point of
view, initiated by Heisenberg [45] in 1943 as an attempt to
go beyond the Lagrangian theory, and which was axiom-
atized in instant dynamics in the works by Stiickelberg and
Rivier [46,47] and Bogoliubov, Medvedev, and Polivanov
[48-50]. The detailed perturbative solution to Bogoliubov-
Madvedev-Polivanov’s axioms was carried out in 1973 by
Epstein and Glaser [51], in a method in which the causality
axiom plays an essential role, and its first application to
QED was done by Scharf in 1989—in a monograph which
is the first edition of Ref. [52]. This theory is now called
causal perturbation theory. Within this framework, QED in
2 + 1 dimensions was considered by Scharf, Wreszinski,
Pimentel, and Tomazelli [53], while Diitsch, Krahe, and
Scharf [54] used this theory to study scalar QED (SQED),
showing that in the causal approach it suffices to start with
the first-order coupling and the second-order vertex of the
usual formulation is automatically generated as a normali-
zation term in the second-order step. SQED was also
investigated by Lunardi, Pimentel, Valverde, Manzoni,
Beltrén, and Soto [55,56], who have used causal perturba-
tion theory (CPT) to study the equivalence between
Klein-Gordon-Fock’s and Duffin-Kemmer-Petiau’s scalar
quantum electrodynamics. Also Podolsky’s second-order
electrodynamics was considered from the causal point of
view by Bufalo, Pimentel, and Soto [57,58]. So, QED in
instant dynamics CPT is well established. It is the purpose
of this paper, which is the first in a series, to start the study
of null-plane QED in the causal framework. The formu-
lation of CPT on light-front dynamics was done in
Refs. [59,60], in which the causality axiom is referred to
the null-plane time coordinate x*, and has been success-
fully applied to obtain the radiative corrections for
Yukawa’s model [61], directly showing the equivalence
with the instant dynamics formulation [62] for that model.
In view of the mentioned successes of CPT, we hope that
this framework would lead to a very clear formulation of
null-plane QED.

This paper is organized as follows. Section II is devoted
to the definition of the field operators of the electron and
photon. In Sec. III we offer a short review of null-plane
CPT. The construction of the second-order causal distri-
bution for null-plane QED is done in Sec. IV. Mgller’s and
Compton’s scattering processes are studied in Sec. V, in

which also a comparison with the Lagrangian approach is
discussed. Then, in Sec. VI we turn to vacuum polarization.
Section VII contains our conclusions and perspectives of
future work.

II. QUANTIZED FIELD OPERATORS
OF NULL-PLANE QED

QED deals with fermion and photon fields; the quanti-
zation of them was done in Appendix A of Ref. [60] by the
method of direct construction of Fock’s space and a careful
choice of the basis functions in the one-particle Hilbert
space, exploiting the relation with the classical Goursat’s
problem. Then it was obtained that the fermion quantized
field operator has the following expression:

l//(x) = (271')—3/22/dﬂ(p)\/é;:(us(p>bs(p)e—ipx
i p)er) )

with the four-component functions u, # and v, ¥ normalized
so as to satisfy the sum rules:

Eyt+|p_ly+pirt+m
12p_| ’

S u,(p)ity(p) = )

Eyt+|p_ly +piyt-m
12p_| ’

S 0, (p)5,(p) = 3)

and the emission and absorption field operators satisfying
the following anticommutation relations:

{b,(p):br(@)} = 2p-6,6(p —q) = {d,(p): d}(@)}.  (4)

The anticommutator of Dirac’s field with its Dirac’s
adjoint is

{w(x);w(y)} = —iS(x - y), (5)

with the distribution S(x) the one which in the classical
case solves Goursat’s problem for Dirac’s equation:

S(x) = i(27r)‘3 / d4p(11—|— m)sgn(p_)é(pz _ mz)e_ipx
- (lﬂ + m)D(x). (6)

Particularly, the equal-time anticommutation relation is

{wxtsx);w(x5p)} = (§—im)D(x = y)| iy (7)

In the right-hand side of this equation, the derivation with
respect to the variables x~ and x* can be directly done, with
the following result:
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D5 —3) = 2r) ot -y [ ap )

= Jsen(x —y7)3(ct ). (8)

The derivation with respect to x™, instead, must be done
before the evaluation at y© = x™. It leads to

a+D(x - y)|y+:x4r

= (22)7 / d*psgn(p_)p.,8(p* = m?)e= =)

yr=xt
1 o
= (27)73 / dﬁ;m(pi + m?)eip-0 =y )=ipL (=)

1
= =3 00 =)=+ (e = )

1
=-gh - Y I(=07 +m?)5(x" = yh). )
Therefore,

{w(x"x);w(xtsy)}

— 5 {rotm )+ Jenter =30 - im)

e =yl +m2>}5<xL -yH. (10

This result coincides with the one obtained by Kogut and
Soper [28], by Rohrlich and Neville [16,29], and by the use
of Dirac-Bergmann’s method via the correspondence prin-
ciple in Ref. [39].

The photon quantized field operator in the null-plane
gauge, on the other hand, is

) = 222 Y / du(p)e, (p)*

i=12
x (a;(p)e™" + aj(p)e'™™). (11)

As we can see, only the physical degrees of freedom—the
transversal polarization vectors—appear in it. For com-
pleteness we give the expression of the four polarization
vectors, which can be found in a classical analysis [63]:

8MP)“=:<0;k0;—£ﬂ>, 8ﬂP)”ZZ(OKh1t-£3>,
p

2
a __ R 2 2 a_ (00
e, (p)*= < a_z,—z,zp?), e_(p)*=1(0;0;0;1).
(12)

The photon emission and absorption field operators satisfy
the following commutation relations:

[ax(p); ab(q)] = 2p-8,,5(p —q). (13)
The commutation distribution for this field operator is
[A%(x): AP (y)] = iD®" (x = y), (14)

with
DP(x) = i(27)3 / d* pe-ivs

" 5 b _panb +I7apb
sen(p-)a(p) (o - P s

Here, the vector 1 has components (7*) = (0;0,;1). We
can also obtain the restriction of these commutation
relations to the null plane y*' = x*. The equal-time
commutators between the transversal components of the
quantized field operators are

[Ag(xT5x); Ag(x T3 y)]
i
= —Z6gsgn(x‘ —y7)8(xt —yh). (16)
Again, these results agree with the ones in Refs. [16,29,39].

III. NULL-PLANE CAUSAL
PERTURBATION THEORY

In the causal theory one uses the operation of “adiabatic
switching” [49], by means of which the coupling constant
of the interaction theory is multiplied by a “switching
function” g € .(R*):R* > R, in order to isolate the
problem of infrared divergences, and with it, the problem
of the confinement in the real (physical) asymptotic states;
it is through the adiabatic limit g — 1 that the real
interaction is recovered. This operation allows the usage
of the free fields for the construction of the S(g) scattering
operator, which is subjected to Bogoliubov-Medvedev-
Polivanov’s axioms [48-50]: (i) translation invariance,
(ii) causality—now referred to the x™ null-plane time,
(iii) unitarity, (iv) Lorentz invariance, and (v) vacuum
stability. For the construction of CPT only the axioms (i)
and (ii) are necessary, while (iii), (iv), and (v) are physical
conditions imposed for the normalization of the scattering
operator. The details of the formulation of this theory on
light-front dynamics can be found in Ref. [60].

Being a perturbation theory, in CPT the S(g) operator is
written as the following formal series:

st =1+ [ axt,00000. (1)
n=1"""

with the notations T,(X)=T,(x;;...;x,), g(X)=
g(x1)...g(x,), and dX = d*x,...d*x,. Equation (17) is also
the definition of the transition distributions of order n or
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n-point distributions 7, (x;...;x,) € .#'(R*"), which are
symmetrical in the coordinates x, ..., x,, as the products of
functions g(x,)...g(x,) are.

The inverse operator S(g)
series as well:

S(g) _1+Z /dXT

~! is given as a perturbation

The causality axiom implies that the transition distribu-
tions are “chronologically ordered”—in the sense of the x™
time:

Tn(X) = Tm(XZ)Tn—m(Xl) for Xl <X2;
7T,X);T,(Y)]=0 forX~Y. (19)

Because of this, we can define the advanced distribution of
order n as the following distribution:

A,(Y;x,) =

D TuX)Tun(X U {x,}),  (20)

Xux'=y
Xnx'=g

and the retarded distribution of order n as

Rn(Y; xn) = Z Tn—m<X/ U {xn})Tm(X)' (21)

In these distributions the n-point distribution appears once.
Separating it from the other terms:

An<Y;xn) =
R, (Y:x,)

Tu(Y U {x,}) + AL (Y x,),
T,(Y U{x}) + Ru(Yixa),  (22)

with the following definitions of the advanced subsidiary
distribution and of the retarded subsidiary distribution,
respectively, which do not contain 7,, but only the
transition distributions 7T, with m < n — 1:

S T,(x

xux/’ Y
XnX'=o
X#@

AL (Y:x,) - Tpm (X" U {x,}),  (23)

Ry(¥ix) = 30T, (X U {e DT(X).  (24)

XnX'=@
X+

The transition distribution of order n is then equal to
(a similar formula holds with the advanced distribution)

T,(YU{x,}) =R,(Y;x,) - R,(Y;x,).  (25)
Therefore, the n-point distribution can be found by
encountering the retarded distribution of order n, which
can be done by splitting [64—66] the causal distribution of
order n:

D,(Y;x,) =
=R,(Y;x,) = AL(Y;x,). (26)

It must be done as follows: Suppose that the causal
distribution of order n was already constructed by means
of the inductive procedure; it has, in general, the following
form:

D xl,...,

de X1 eax,) Celu®):, (27)

with d%(x;; ...; x,) a numerical distribution and : C;(u”): a
Wick’s monomial of the different quantized free field
operators u” of the theory. Since these field operators do
not restrict the support of the complete distribution, it is
sufficient to consider the splitting of the numerical dis-
tribution d%, whose support, then, is causal by hypothesis.
Also the advanced and retarded distributions will maintain
the operator fields structure of the causal distribution:

n)—Za Xp5 e X,) 1 Cr(u?) s, (28)

n .X'l,...

R,(x15...5x,)

:Zrﬁ(xl;...;xn):Ck(uA)I, (29)

k

with af and r% the advanced and retarded parts, respec-
tively, of the numerical distribution d%. Using the
translational invariance, define the numerical distribution
d e " (R*"4) as

d(x) = dk(xy — X5 .. X —x,;0), (30)

with supp(d) €T}, (0)uT';,_, (0), and which will be split as

d=r—a; supp(r)CT,_;(0). supp(a)CT,_(0). (31)
Here we are denoting

THO) = {(xy:-+-3x,) € M| Vje{l,...n}:,
X7 20A A(Fx, € VE(0)(k # j):x; € VE(x))}

with V*(x) the interior of the future or past, respectively,

light-cone with vertex at the point x, V*(x) its closure, and
V*(x) the union of its closure and the x~ axis. An analogous
definition holds for I';(0). Additionally, in Eq. (30) we
have written d(x); x means (x; — X,; ...; X,,_; — X,,). In the
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following we will use Schwartz’s multi-index notation [67].
We will also use the notation x* = (x{ — x4 ...;x%_, —x%).

To perform the splitting, it is crucial to remember that the
product of a distribution with a discontinuous function can
be ill defined if the distribution has a singularity precisely
on the discontinuity surface of the function [69]. In our case
we then need to control the behavior of the causal
distribution near the splitting region. In instant dynamics,
in which the splitting region is the vertex of the light cone,
the concept of Vladimirov-Drozzinov-Zavialov’s quasia-
symptotics [70] was introduced to cast that behavior [71].
In null-plane dynamics, the splitting region is the inter-
section of the null plane x* = 0 with the light cone, which
is the entire x~ axis, hence the concept of quasiasymptotics
by selected variable [72] is most adequate for this purpose:

Definition.—Let d € .’ (R™) be a distribution, and let p
be a continuous positive function. If the (distributional)
limit

lim p(s)s¥/*d(sxt; sxtx7) = d_(x) (32)

s—=0"

exists in .’ (R™) and is non-null, then the distribution d_ is
called the quasiasymptotics of d at the x~ axis, with regard
to the function p.

The function p(s) can be shown to be a regularly varying
at zero function, also called an automodel function [52,70],
which means that for every a > 0: lim,_ - p(as)/p(s) = a*
for some a € R, called the order of automodelity of the
function p. This number serves as a characterizing param-
eter of the distribution, which is called its singular order at
the x~ axis and is denoted by w_.

In momentum space the following splitting formulas are
found: For negative singular order, w_ < 0,

i [tod(p, —kp)
#(p) —27[/_00 L0 dk. (33)

For non-negative singular order, w_ > 0, the retarded
distribution with normalization line (g, ;g ;p_) is

i 400 dk n
= — _— d —k’
27[/_00 k+io+{ (p+ = kp)

lo-]

| .

- E E (p+.a - Q+,II)LD+,ad(q+ —k; q.1; p—)}
le|=0 "~

7,(p)

(34)

A particular case of normalization line is (0;0,; p_); the
solution normalized at it is called the central solution.

Finally, if r; and r, are two solutions of the splitting
problem, then they could be different only by normalization
terms which are distributions with support on the x~ axis.
In momentum space,

()= ta(p) =Y Culpo)ph . (35)
=

with C,(p_) some distributions of the variable p_. The
singular order of each one of these terms is |b|, independ-
ently of which is the distribution C,,(p_) is, because the
variable p_ is not scaled in the singular order calculus in
light-front dynamics; this leads to a richer variety of
possible normalization terms when compared to instant
dynamics; particularly, instantaneous normalization terms
are now allowed. The procedure of determining these
unknown distributions by the imposition of physical
requirements is called the normalization process.

IV. CAUSAL DISTRIBUTION OF THE
SECOND-ORDER QED

For QED the first-order term of the S(g) operator is given
by the one-point distribution:

Ty(x) = i:j%(x): Ag(x) = dep(x)r'y (x) 1 Aq(x). (36)

The construction of the second-order causal distribution
starts with the definition of the subsidiary ones:

As(xi320) = Ty (x))T1 (x2) = =T, (x)) Ty (x),  (37)
Ri(x13x) = Ty (x2)T1(x1) = =T1(x) Ty (x1),  (38)
with which the causal distribution D, = R), — A} is equal to
Dy(x13x7) = [T1(x1); T (x2))- (39)

The explicit expression of this distribution is obtained by

replacing Eq. (36) into Eq. (39), and by using Wick’s
theorem with the contractions:

VT 0) = Suslx—y),  (40)
Py () =500 -0, (41)
Aa (X)Ab (y) - iDalH- ()C - y) (42)

We will need the subsidiary retarded distribution [see
Eq. (25)] given by
Ry (x13x3) = ey8y oy [ (e )y () (x2)wra(x2) :
+ iSpe— (%1 = X2) 1 Wa(x1)Wal(x2):
+ 1S aar (X2 = x1) 1 (x1)W e (x2) !
= Spe— (X1 = %2)Sgay (X2 — x1)]
X [1AL(x1)Ap(x2) + Dy (X — x1)], (43)
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and the causal distribution, whose final form is

D, =DM + DI9 + VP 4+ DIF) 4 DIVD) | (a4)

with (we use the relative coordinate y = x| — x,)

DgM) (x13x7) = _iezDab(y)
x o (x)rw ()@ (a)rPw (), (45)

DY) (x13xy) = i€? 1A, (x))Ap(x2):
X [2 (x)r*S(y)rPw(x,) :
— ()" S(=y)riw(xy) ], (46)

DYP) (xy1x0) = —e2: Ay (x))Ap(x2)

XTr[y*S_(y)r? S, (=y) =r*S+ (y)r*S_(=y)],
(47)

DS (x13x%,) = =21 (x, )y [S_ () Doy (=)
+ 8 (V)Daps IrPw(x2) s + €1y (xa)r*
X [S4 (=¥)Dapy (=y) + S_(=y)Dap (¥)]
x Py (xp):, (48)

DY (x13x,) = —ie* Doy (—)
XTr[r*S_(y)r"S4 (=) =r*S_(=y)r" S+ (y)].
(49)

In this form, Egs. (45)—(49) allow one to directly identify
the terms which will contribute to each process: the
noncontracted quantized field operators determine the
initial and final states which will give a non-null contri-
bution to the amplitude |(¥;S(g)®)|>. Hence, the distri-
bution DgM) describes the scattering of two fermions, D§C>,

the scattering of a fermion by a photon; the distributions

D<2VP) and DgSE) represent the vacuum polarization and

fermion’s self-energy, respectively; finally, the distribution

DEVG) does not describe any physical process.

V. SCATTERING PROCESSES

In this section we will show in a very direct manner that
the equivalence with instant dynamics for the scattering
processes at second order can be obtained by a suitable
choice of the normalization terms.

A. Mgller’s scattering

The scattering of two leptons, called Mgller’s scattering,
is described by the causal distribution in Eq. (45). The
numerical distribution contained in it is the commutation

distribution of the radiation field, whose expression in
momentum space and in the null-plane gauge is

o(0) = sen(p )6l (s = P ). (s0)

>

Some of the components of this causal distribution have
singular order w_ = —2, while others have w_ = —1. In
any case, the singular order is negative, so the retarded part
is found by application of Eq. (33). In order to do that, it
will be convenient to define the following distributions:

0 (p) = msen(p)0(p). ()= ()25 (1)

as a function of which the commutation distribution is

Du(p) = Gapd) (p) - [a2a(p)’7b + ﬂaaﬂ)(p)]' (52)

To find the retarded part of D, is then equivalent to finding

the retarded parts of 211 and 212,1. We find, by using the
variable s = —2kp_,

R _, [+eosgn(p_)s(p* —2kp_
i(p) = (2 [P 220 g

+o0 §(s + p?)
= (27)2 RSO
(27) /_w el as
1

:—2 _27;
(27) p>+ip_0*

(53)

since the variables p,_ do not change in the splitting
formula of Eq. (33):

. Pa— . _ 1 Pa-
F2a-(P) = ) M(p)=—(Q2n) 25—,

and finally,

dk

. _, [+osgn(p_)s(p?—2kp_)(p, —k)
72+(P):_(2”) 2/_00 p_(k+i0+)

L, [+o8(s+p?)(pi+5)
( ﬂ) 2/—00 P—(S_ip—0+)

1 py 1
S — 55
p*+ip_ 0t p_ 2p-> 55)

ds

= —(2;z)-2<

Equations (53)—(55) imply that the retarded part of the
commutation distribution of the massless vector field is [see
Eq. (52)]

016014-6



QUANTUM ELECTRODYNAMICS IN THE NULL-PLANE CAUSAL ...

PHYS. REV. D 106, 016014 (2022)

(27)~2
p*+ip_0F

Pally + 1Py P
X {gab - % +F [8ust1p + '7a5b+]}-

(56)

Dret( ) _

But, since o,, are precisely the components of 7,, the
above equation simplifies to

27)” Pallb + NaPyp
Dret ( a a +_
) = Ly L el P,

(57)

Subtracting the subsidiary retarded distribution, which
corresponds to the negative frequency part of the commu-
tation distribution,

. i

- 50013 g - LI, s

D-
we obtain Feynman’s propagator of this quantized field:

=D (p)—Day-(p)

(2m)~? Pally+1aPp . P
- 59
Pl L +p277a’7b (59)

which is the one that enters into the transition distribution
for Mgller’s scattering:

be(P)

S _ 1
2 2p, 2q, 2p, 2
\/ P1-«q1-<Pr—=qr_
1 je?

(Q; b,, (%)bsz(l’z)

TéM) (x13x,) = —ie* DL, (y)
x @ (xy)y (0w () rPw (x2) . (60)

As we see in Eq. (57), we have obtained an instantaneous
term in the splitting process of the causal distribution. This
has led to the so-called doubly transverse gauge propagator,
shown in Eq. (59), which means that D, (p) is transverse
both to p* and #“ [31,32,73]; here we have obtained it in a
very natural way. Now, the singular order of this distribu-
tionis w_[DE,] = 0, so it is allowed a normalization term of

the form C(p_). Choosing

—ie?(2n) 2 1l (61)

Cp-) = .

the instantaneous term which arose in the splitting pro-
cedure cancels out and we are left with

d.(p) = Dl (p) + C(p-)

27)2 Pallp + Nap

Consider now the following initial and final states,
respectively, with definite momenta:

bzl(pl)bjl(ql)g bIz@Z) bjz(qZ)Q
V2pi-V2q,- V22— \V2q,-

For these states, the S operator to second order in the
adiabatic limit g — 1 is

(63)

bsl(p]) (‘Il)TQ)

. / dkdx d e (K) (2 by, (42)bs, (72)

V2p1-2q1-2p2-2¢>-2(2x)?

X (g )y y () (x2)yPwr (x2) 1 by, (1) D, (1) Q). (64)

Inside the parentheses, the non-null contributions are found by using Wick’s theorem. There are four contributions, which

we obtain by using the contractions

bs(p) (x) =

w(x)b, (p)F = (22)320(p

Then,

o) __ie?
2(2x)3

3/2@

ENCTE N
)V 2p-us(p)e™*, (65)

/ Bk x dxye7 08, (K)O(p1)O(q1_)0(ps)O(gs-)

x (it (p2)y ity (@) ity (42)1 "ty (py )P0 )

— iy, (p2)r us, (1), (42)7"
— Uy (q2)7/ Mrl( )

(p )7/ le(1’1>

( )e i(p2=p1)x1+i(g2—41)%

i(q2=q1)X1+i(p2=p1)x2

+ i, (2)7us, (p1) iy, (p2)rPu,, (q)ei(Prxilpma)n ), (66)
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In all of the terms the following integral appears:
/ ey dxy o= PO — (27)85(k—P)S(P+0), (67)

so that,
symmetries of the Ziab distribution [see Eq. (62)],

integrating in the variable k and using the

aab(k) = aab(_k) and Ziab<k) = aba(k>’ (68)

we finally find

Sg]) =ie’d(pr+ g~ p1—q1)
x0(pi-)0(q, ) (pz )0(q2-)
x {its, (p2)r?u,, (91)a,,(q2) b”s,(Pl)aab(Pz - q1)
— ity (p2)7“us, (p1) iy, (q2)7"uy, (ql)dab(pZ_pl)}'
(69)

The wave-functions u(p) and u(p) satisfy Dirac’s
equation in momentum space:

pu(p) = mu(p), u(p)p =mu(p).  (70)

Therefore,

iy, [2)7 Uy, (q1) (P20 — G1a) = U, (P2) (P2 — 1)y, (1)
o, (71)

and the noncovariant terms in the Zlab distribution do not

contribute to S(g) [see Egs. (62) and (69)]. We conclude
that all of the nonlocal terms cancel out, and the result is the
same as if we would consider the covariant part of the
radiation field commutation distribution only:

(2m)2

- mgab’ (72)

establishing the equivalence with instant dynamics.

B. Compton’s scattering

Now we turn to the study of Compton’s scattering, this is
to say, the scattering of a fermion by a photon, whose causal
distribution at second order is the one in Eq. (46). Defining
the numerical distribution,

d*(y) = ie*y*S(y)r’, (73)

we will have

D(zc)(x1§x2) = 1AL () Ay (x2) : (r(xy)d™ (V) (x) :
— 1 (x)d" (=y)p(x)):). (74)

The distribution d“*(y) has singular order w_ = —1, and its

retarded part is
PO (y) = ie*y S ()" (75)

Hence we need to obtain the retarded part of the anti-
commutation distribution of the fermion field. In momen-
tum space it is

- i

S(p) = 5 (7 +m)sgn(p_)3(p* —m?).  (76)

As it was said, its singular order at the x~ axis is
_ =—1 <0, so its retarded part is given by Eq. (33):

() ==(2m)* [ Emsen(po) (=

+pirt+p_y +mléQ2p.p_—2kp_—w3). (77)

Using the variable s = —2kp_, the above integral is equal to

ds

2
m&(&' + 2p+p_ - a)p)

5(p) =) [

N
X <p+7/+ +pirt+pyr+m+ 2p7/+)

_(HZ
(2 2 Ty
=—(2n
2p,p- —wh +ip_ 0"

I r+m v
(27) (pz_m2+ip_o+ 2p_>. (78)

Subtracting the corresponding #?(y) subsidiary distribu-
tion, which corresponds to the negative frequency part of
the anticommutation distribution,

8_(p) = -0~

5-0(=p-)r+ m)8(p* —m?),  (79)

we obtain for the numerical part of the transition distribution

1 (y) = ie*y* S (y)y". (80)

with Feynman’s propagator being

§F(p) = 8_(p) - §(p)
y+m

= (272)7? (m - 2%) (81)

As we see, in the splitting process of the causal distribution
an instantaneous term arises. Writing the normalization
term that is allowed for @_ = 0, which is the singular order
of the distribution %2,
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ie? y+m a A
’iab — a _ b C(p_
(p) 2! <p2_m2+l.0+ 2p_>1/ +C(p-)
(82)
Choosing
R ieZ 7/L/17/+},b
C(p->—<2”>2 TR (83)

the instantaneous noncovariant term in the fermion
Feynman’s propagator is canceled out, and we arrive at
the final result,

52
nab e y+m b
M) = e

(84)
showing, also for this scattering process, the equivalence
with instant dynamics.

C. Interaction Lagrangian density

In our study of the scattering processes we have seen that
Lorentz’s covariance requires the introduction of very
specific normalization terms. In the case of Mgller’s scatter-
ing, the contribution of the normalization term in Eq. (61) to
the second-order S(g) operator in the adiabatic limit g — 1is

i . Nall 3y .
+5/d4x1d4x2:] (Xl)é()’)a—ghjb(b)-

:/d“x]:j*(xl)z;zf(xl):' (85)

This is precisely the instantaneous term which in the usual
approach appears in the Lagrangian density by solving the
constraint equation for the radiation field in the null-plane
gauge in the interacting theory [31,32].

Another normalization term was required to obtain a
covariant transition distribution for Compton’s scattering—
Eq. (83); its contribution to the scattering operator in the
adiabatic limit g — 1 is, taking into account the two terms
in Eq. (74),

1
o3 [ anatne{ e,
er

20 (r"Ap(x2)w(x2))

x6(y)

+

e Au32)30) T (A )

= [@nemtra) TP a6

The term so obtained is the one which corresponds, in the
Lagrangian approach, to the instantaneous interaction term

which arises when solving the constraint equation for the
fermion field in the interacting theory [31,32].

Joining Egs. (36), (85), and (86) we can identify the
interaction Lagrangian density, defined as —i times the one-
point transition distribution plus —i times the contribution
of the normalization terms of the next-order transition
distributions to the scattering operator in the adiabatic limit:

2= WA= (50 0)

PP A L (A0 (87)

This Lagrangian density was first obtained by Kogut and
Soper [28]. We remind the reader that the Lagrangian
density of Eq. (87) is of first order in e when written as a
function of interacting fields; its second-order structure
arises when the constraint equations are solved and
reintroduced in it. Therefore, that these terms appear in
null-plane CPT at the second order is in accordance with the
philosophy of the causal approach, which works with free
fields only.

Now, it is a debate question if the instantaneous terms in
this Lagrangian density cancel exactly the terms coming
from the instantaneous terms in the field propagators. Null-
plane CPT answers this question in a direct way: Since the
normalization terms cancel the instantaneous terms of the
propagators at second order, it will cancel them at all orders
in a perturbation series based on .Z, because the next-order
causal distributions are constructed with the normalized
transition distributions. Here we see the advantage of
working in an inductive framework.

VI. VACUUM POLARIZATION

We consider in this subsection the radiative correction
known as vacuum polarization, which will be precisely
defined later on, and which comes from the study of the
causal distribution in Eq. (47); we write it as

DY (x13x2) = (PP (y) = PP (=y)) 1 Ay (x1)A, (x5) . (88)
with

P (y) = e Tr[y*S, (y)r"S-(=y)]. (89)
Fourier’s transform of the P?? distribution is
PO = 220)7 [ TS (p)S-(p - )

=e*(27)7? / d*pTrly(p + m)y" (7 — § + m)]

x Dy (p)D_(p - k). (90)
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The trace which appears here is calculated by the usual
techniques:

Tely“(p+m)y"(p— K+ m)]
=Tr[y"py" (7 = B)] + m*Tr[y"y"]
=4[p*(p" = k") + p"(p* = k%) = g (p(p — k) = m?)].
(1)

Also, since

A

Du(p) = +5 OGP (2 =), (92)

in the integrand of Eq. (90) the following Dirac’s delta
distributions will appear: §(p> — m?) and 5((p — k)*> — m?);
they imply that p?> = m? and k> = 2pk. Hence,

2

N 4e
Pab(k):(2”)4/d4p[2papb_pakb_kapb+gabpk]

xO(p_)8(p* —m*)®(k_—p_)5(k* —2pk). (93)

We can see from Eq. (93) that the distribution P (k) is
symmetric in its indices. And, in addition, it is orthogonal to
the momentum k, since the multiplication by this vector gives

ko P (k) ~ (2pk — K*) p?, (94)

which is null by means of the support of 8(k*> —2pk).
Therefore, P“b(k) must be proportional to the projector
k¢ kb _ k2 gah:

P (k) = (kk? = I2g)B(K?). (93)

Taking the trace of this equation and also in Eq. (93), we
obtain the following formula for B(k?):

1 4 42 2m?
B(R) = — 5 P <k>———< e

P en >I(k), (96)

with 7(k) the following integral:

10 = [ @*pBlp_)0(k- = p)s(p? = m)o(k = 2pk)
(97)

This integral is the same which appears in the calculus of the

boson’s self-energy in Yukawa’s model; see Ref. [61]. It is
equal to

I(k) =

e ar.b
P (k) = 3007 (g“b _ Kk )(k2 +2m2)0(k_)

- (99)

The numerical distribution associated with vacuum polari-
zation is therefore [see Eq. (88)],

2

(1) = 5 (= S )00 + 207 )senle)

x O(k2 — 4m?) (100)

In order to obtain its retarded part we will factorize a
second-order polynomial:

62

d® (k) = K2g® — kekb)d, (k), 101
(k) 3(271)3( g9 )di (k) (101)
with d, (k) the following distribution:
. 2m> 4m?
dl(k)_(1+k—"§>sgn(k_)®(k2—4m2) 1—k—"§. (102)

Now, a great amount of calculations could be avoided if one
uses the following result, which can be shown by using the
general splitting formulas given in Egs. (33) and (34):

For a causal distribution which in momentum space is of
the form

(103)

with P a polynomial, if #;(p) is a retarded distribution
corresponding to d;(p), then P(p)#(p) is a retarded
distribution corresponding to d(p). This property is very
convenient for practical purposes because it assures that it
suffices to split the distribution d;(p), which is less
singular than d(p).

Therefore, returning to our problem, we only need to
obtain the retarded part of d, (k) given in Eq. (102), whose
singular order at the x~ axis is

w_[d,] = 0. (104)

Its retarded part is given by (we use the variable
s = —2k_q)
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R i ds
#(k) = _E/is—ikﬁ* {@(s+k2—4m2)
s+ k2 s+ k2

—O(s — 4m?) (1 + 2%2) 1- %}. (105)

N

Applying Sokhotskiy’s formula in the first integral, then
changing the variable to s + k> — s in it, we find

' 1
P (k) = ész(k) + Esgn(k_)(a(k2 — 4m?)
2m? 4m?
(N (106)
with
oo (54 2m?) /1 =422
E(k) = S ds. (107
) Amz ce—y 4 (07)

This is the same integral which appears in instant dynamics
[52], and has the value

Bl =" [i—fg (5 4y %) log(é)

5 1 22
= -] —-—= 108
+3(e+5) -2 (108)
with the parameter £ defined by the relation
k(=92

Therefore, the retarded distribution is

i m? [ [1 1
(k) = z’ﬂ’,";{ [lff <5—4 +5) log (&)

5 1 22 .
+ 3 (5 + E) - ?} —imsgn(k_)

x O(k* — 4m?)(K* +2m*)( | 1 —4%2}. (110)

Note however that by Eq. (109)

1 k?

-=2-—, 111
Ete o (111)
so the terms in the first line of Eq. (110) which do not
multiply the logarithm have coefficients subjected to
normalization. Finally, putting this result into Eq. (101)

to obtain the retarded distribution #**(k) and subtracting
the subsidiary distribution #“*(k), we are able to define the
vacuum polarization tensor I1(k) as

70 (k) = — i1 (k),

T3 (x1500) = =1 AL ()™ () = 1y)Ap(x1y):, (112)
so that
ab —4 kukb b\
IT (k) = (271') 7 - ga H(k), (1 13)
with

4m?

7} (114)

Additionally, since IT(k) has singular order w_ = 2, its
general expression is

—in®(k* — 4m*) (K> +2m?)y [ 1 —

[1(k) = T1(k) + Cy + C,k2, (115)

because a term such as c, k* is forbidden due to parity
invariance of the QED. In order to fix the values of C and
C, we study Mgller’s scattering with vacuum polarization
insertions. By a procedure identical to the one developed
for the scattering of two fermions in Yukawa’s model in
Ref. [61], we find that the total radiation field propagator is
the solution of the equation:

D = d*“ (52 + (27)*T1.a D), (116)
with d*’ the normalized distribution for Mgller’s scattering
given in Eq. (62). Equation (116) can also be put in the
following form:

(84 — (22)*d*“T1,q) D = a**. (117)
The usual technique [52] to solve this equation consists in
inverting the distribution d®*. However, in our case this
distribution has no inverse due to the noncovariant terms
contained in it [74]. Nonetheless, with Egs. (62) and (113)
we can form the inter-parenthetical expression of Eq. (117),
which we will write as

Lad = ﬂléj-f—ﬂzkaﬂd; (118)
k= (2n) M+ 00"

(27)~M1
= P . ) -
k* +i0t

T iony
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It turns out that this tensor does have an inverse, which we
will call E€,:

E¢ =064+ 02k %k, + 03k, +04nky + 051N, (119)

Then the coefficients o; are found by the set of equations
E¢, L%, = 09%; the solution is

- 1 —0 - (V%) o
o) =—, 0y, =V, 03 ————— [

- N 0205.
77.'1 7T1+k_7f2

(120)

Substituting Eq. (120) with the values of z; given in
Eq. (118) into Eq. (119) we find

1 (27)~11
. 2ge S ey L (121
12— (27) 2+ 0" { “ Tk ”“} (121)

E, =

Now we can solve Eq. (117) by multiplying it by E€,. We
obtain that the total photon propagator is

(2m)
K — (2z) 2T (k) + i0*

kc,,lb +’7ckb
X (ng _ki .

D (k) = -
(122)

As we can see, the total propagator preserves the same

tensor structure of the distribution @’ (k). This is different
to what occurs when normalizing the total photon propa-
gator in a covariant approach in instant dynamics, when the
total propagator is split into two terms. The one which
contains I is transversal to the momentum k, while the part
parallel to the momentum remains independent of IT; see
Ref. [52]. However, the two propagators reduce to the
covariant one and are equal to each other once the
conservation of the current is taken into account, elimi-
nating all the terms proportional to k“; this is an expression
of gauge invariance.

The vacuum polarization scalar IT appears in the denom-
inator of D& (k), so that it is possible to impose the physical
requirements: (i) The physical mass of the photon is zero,
so that the propagator must have a pole in k> = 0. (ii) The
physical value of the electric charge is the coupling
constant e of the one-point distribution 7'y. These two
requirements are translated, respectively, into

8 dl1(k
lim I1(k) =0 and lim # =0.
kK2—0 k=0 d(k )

(123)
These two conditions are already satisfied by I1(k) in
Eq. (114), so that the coefficients in Eq. (115) must be
Cy =0=C,, and the right normalized solution is the
central one.

VII. CONCLUSIONS

We have formulated QED in light-front dynamics
in the causal framework, for which we used the quan-
tized field operators obtained by direct construction of
Fock’s space; it was proved that the equal-time (anti)
commutation relations for them are the same as that
obtained in Refs. [16,28] and by the usage of Dirac-
Bergmann’s method and the correspondence principle
in Ref. [39].

We proved that Mgller’s and Compton’s scattering
processes are equivalent to those in instant dynamics if
the right normalization terms are chosen, and, in the first
case, if the conservation of current is taken into account—
an extension off the mass shell of the S operator would lead
to a difference with instant dynamics, but that is not
manifest in the real world. We can interpret this result
by saying that the instantaneous terms in Feynman’s
propagators are not physical ones, but a consequence of
the splitting procedure according to a time variable whose
isochronic surfaces intersect the light cone on the entire x~
axis. Such a splitting procedure, by construction, cannot tell
anything about the value of the retarded distribution at the
x~ axis [60], so the instantaneous terms that arise in it
cannot be relied on, but must be fixed by other conditions
besides causality. As we have seen, Lorentz covariance
implies that they must not be there. We see here that the
intrinsic richness of the possible normalization terms in
light-front dynamics allows one to start with an invariant 7'
distribution, without instantaneous interaction terms
that are unnecessary in order to obtain a covariant
theory. They can be recovered, however, by defining the
Lagrangian density as containing all the normalization
terms of the higher-order transition distributions, which
establishes a direct link to the usual approach, and showing
in passing, and without the necessity of any combinatoric
argument, that in a perturbation series based on .2, the
instantaneous terms in it cancel exactly the ones in the field
propagators.

In the study of vacuum polarization, the calculation is
greatly simplified by the factorization of a second-order
polynomial, leading to a result which is equal to the one
obtained in instant dynamics. For its normalization we have
considered Mgller’s scattering with vacuum polarization
insertions. This requires one to define the total photon
propagator, which has the same tensor structure as the
commutation distribution of this field. Again, although
different to the instant dynamics total propagator, it leads to
the same physical results because the current conservation
holds in the real world, as an expression of gauge
invariance. The imposition of the zero mass of the photon
and the value of the electric charge imply that the central
solution is the right one.

Along this study we have encountered gauge invariance
at two points: in the study of Mgller’s scattering and in the
study of vacuum polarization. We have explicitly shown
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that the equivalence of these two results with instant
dynamics relies on the gauge invariance property,
expressed as the conservation of the electric current.
Consequently, it is mandatory to study the complete
implementation of quantum gauge invariance in null-plane
QED. Our study of QED in the null-plane CPT will
continue by addressing this problem and by considering

other radiative corrections, Ward-Takahashi’s identities,
and so on.
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