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Motivated by tensions between experimental measurements and SM predictions in b — s£¢~
transitions, we present the first study of nonminimal flavor-violating minimal supersymmetric Standard
Model (MSSM) scenarios contributing to the relevant Wilson coefficients to address the observed
anomalies using SuperIso and MARTY. We calculate the full one-loop analytical contributions of the
general MSSM to Wilson coefficients relevant for flavor anomalies, together with the anomalous muon
magnetic dipole moment (g — 2) 4 We show that, after imposing theoretical constraints on the flavor-

violating parameters, we can find scenarios in agreement with the experimental measurements that can
address at the same time the tensions in flavor observables and in (g —2),.
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I. INTRODUCTION

In recent years, impressive progress has been achieved in
studying and measuring semileptonic B decays. In particu-
lar, neutral currents with b — s transitions offer a plethora
of clean observables that have been under scrutiny, as they
present tensions with the Standard Model (SM) predictions.
The first tension, at the level of 3¢, was reported in 2013 in
the measurement of angular observables related to B —
K*utp~ decay [1]. Since then, similar tensions have
been observed in several decays, such as B — Ku'tu~,
B,—¢uu~, and A, —» Aptu~ [2-5]. In addition, LHCb
measured lepton-flavor-universality-violating (LFUV) ratios
Ryy =BR(B— K®uu)/BR(B— K*)ee), that are pre-
dicted very precisely in the SM, and confirmed the tension
with the SM with about 3¢ significance for low dilepton
mass squared (qz) [6,7]. Interestingly, all these deviations
point to a coherent and consistent pattern, and can find a
common explanation from new physics (NP) contributing
to the Wilson coefficients Cy (as was shown in, e.g.,
Refs. [8—11]).
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While LFUV observables have theoretical uncertainties
at the percent level (or below) due to the cancellation of
hadronic uncertainties in the ratios, the rest of the b — s
observables are subject to assumptions made for the
nonlocal hadronic effects and generally suffer from larger
theoretical uncertainties [12]. In this analysis, we con-
sider the minimal supersymmetric Standard Model
(MSSM) [13,14], which predicts a superpartner particle
(sparticle) to each SM field, together with an additional
Higgs doublet. As supersymmetry (SUSY) is not
observed at low energy scales, it needs to be a broken
symmetry of nature. To preserve some of the nice features
of supersymmetry, it should be “softly” broken, namely
by introducing a SUSY-violating effective Lagrangian
Lsorr, that contains all necessary couplings and masses,
adding up to 105 new free parameters.

Until very recently, due to obvious computational chal-
lenges, the whole MSSM has been little studied. Indeed,
more constrained SUSY models were devised to allow for
doable calculations and computations, through well-moti-
vated and seemingly reasonable, but not physically founded
assumptions. Such models with simplifications at the GUT
scale consider a handful of parameters, like the constrained
MSSM (cMSSM) [15]. More recently, the phenomenologi-
cal MSSM (pMSSM), which considers CP conservation
and minimal flavor violation (MFV) simplifications [16],
entered within computational reach with its 19 free param-
eters [17-21]. These models fail to provide a SUSY
scenario fully compatible with the aforementioned flavor
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anomalies if R-parity is conserved [22] (for R-parity-
violating models, see, e.g., Refs. [23,24]).

In this work, following our preliminary results [25], we
will go one step further and consider for the first time a more
general setup, based on the assumptions of the pMSSM but
including in addition nonminimal flavor violation (NMFV)
in the squark sector, as a candidate for the explanation of the
flavor anomalies in the b — s/ transitions. NMFV allows
for sizeable flavor-changing neutral current (FCNC) effects
coming directly from the squark mass matrices at the weak
scale, whose off-diagonal entries are then considered as new
free parameters with respect to MFV scenarios. We will first
consider NMFV contributions to Wilson coefficients
through the mass insertion approximation (MIA) and show
that the new FCNCs can highly affect the value of Cq in
some scenarios, while still being compatible with the rest of
the b — s constraints. Then, we will present the first
analytical calculation of the general contributions to C5,
Co, Cyp, and also (g—2), in the full MSSM with 105
parameters, and their evaluation for particular NMFV
scenarios with 42 parameters.

The paper is organized as follows: Section II describes
the theoretical context of our analysis. In Sec. III, the flavor-
violating parameters are introduced in the mass insertion
approximation, and their new contributions to Wilson
coefficients are defined. In Sec. IV, the numerical setup
for our scans is presented. Section V shows and discusses
how the NMFV models may fit the flavor anomalies. In
Sec. VI, we present the first full analytical evaluation of the
Wilson coefficients and (g — 2)”, using MARTY [26,27], in
the MSSM and their evaluation in NMFV scenarios,
confronting the results to the expected experimental values.
Finally, the conclusions are given in Sec. VIIL

II. THEORETICAL CONTEXT

In the MSSM, the most general soft supersymmetry-
breaking Lagrangian can be written as: —Lgsopr =
_‘Cgaugino - ‘Csferrnions - ﬁHiggs - Ltril" where the different
terms are [16,28]

(1) Mass terms for the gluinos, winos, and binos:

| S
~Lyugino = 7 [MlB BiMy )y WeW,

where B, W, and G are the bino, wino, and gluino
fields, respectively.

(2) Mass terms for the scalar fermions:

—Ly= Z Q,T<M2Q)iij+£lT<Mzz>ijij
i,j=gen

+ U] (M2)

ny +bj(M%)iij +EI(M%)UE;'7

(2.2)

where Q; and L, are the left-handed squarks and

sleptons, respectively, with their right-handed coun-

terparts U, D, and E [no right-handed (s)neutrinos

are assumed]. The indices i, j run over generation,

and all scalar squared mass matrices are Hermitian.
(3) Mass and bilinear terms for the Higgs bosons:

_ﬁHiggs = m%{“HZHu + m%{delHd +uH,.H;+H.c.,
(2.3)

where u
parameter.

(4) Trilinear couplings between sfermions and Higgs
bosons:

is the supersymmetric Higgs mass

Ly, = Z ALY'iig H,.Q; + ALY%dy H,.0;
i,j=gen

+ALY Iz H, L +Hc.,

iy (2'4)
where A{j are the general 3 x 3 complex soft SUSY-
breaking scalar trilinear coupling matrices between
Higgs fields (H,,H;) and sfermions, in genera-
tion basis.

Several mixing effects arise in the general MSSM. In
particular, the electroweak gauginos mix together with the
Higgsinos and give rise to the chargino and neutralino mass
eigenstates. The chargino mixing matrix in the weak
eigenstate (W, Hj, W=, H7) basis is given by

M, V2My sinﬁ>
M, = , 2.5
“ <\/§chosﬂ u 25)

where p is the Higgs quadratic coupling and M, is the soft
SUSY-breaking wino mass. The f parameter is related to
the vacuum expectation values of the two Higgs doublets
present in the MSSM by

tan g = Du , (2.6)

with v, = (HY) = vsin B, and v, = (HY) = v cos .
The 2 x 2 unitary matrices U and V which diagonalize
the chargino mass matrix M, are defined as
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UM,V = diag(MXli,Mﬁ). (2.7)
Their explicit expressions
Refs. [16,29,30].

In the other sectors, the MFV hypothesis limits the
mixing of squarks to the third generation only. This
approach is still widely used in the study of the MSSM.
If the MFV hypothesis is relaxed for other generations, a
rich mixing dynamic arises. Concentrating on the squark
sector in such a NMFV model, and starting from the
Lagrangian in Eq. (2.2), one can define the super-CKM
(sCKM) basis so that it rotates the (s)quarks’ superfields in
flavor space, making the quark mass matrices m, ; diago-
nal. This flavor alignment between quarks and squarks does
not imply diagonal squark mass matrices, and it can yield
substantial flavor-changing effects.

In the same manner as Ref. [29], let

(%)

be a six-component vector, where f;,fr are spanning
generation space. We can therefore write the 6 x 6 flavor
mixed squared fermion mass matrices as

can be found in, e.g,

(2.8)

2 2
2 _ Sro Sre

M; = M2oME T 29)
fLR fRR

Collecting all sfermion mass terms in Eq. (2.2) and using
Eq. (2.9),

~Ly = Z iw; f. (2.10)
S

This defines the relevant mass matrices for the squark
sector: M%,M‘%, in the corresponding bases (i, ¢y, 7,
Ile, Z‘R, ;R) and (dL, EL’ bL’ dRs §R, bR) Their Complete
expressions can be found, e.g., in Ref. [31], and a thorough
analysis of the various terms at play can be found in

Ref. [29]. Following Ref. [31], we define

M2Q +m%+Dy, %T:;—mdutanﬁ

M2 =
d ) *
\”/—%Td—md,u tanﬁ M%—l—m%—f—Da’R
v VoM Vg +mi+Dyy 5T myghs
a ) * 2 2 ’
:/_ET”_mu[:Tﬂ M0+mu+Dﬁ,R
(2.11)

where M%/, M%, and MZQ are the soft breaking squark
masses defined in Eq. (2.2), and m, , are the diagonal

up- and down-type quark masses. The various D terms are
given by
Dy;; pr = €08 2Pm5(T3 — Qpsin® Oy) 15,  (2.12)
which are obviously flavor diagonal.
Finally, the T, ; terms are related to the trilinear quark-
squark-Higgs couplings in Eq. (2.4) by

(T);; = (A"Y") (2.13)

ijs

— (Adyd
(Ta)i; = (AY);;. (2.14)

The final mass-ordered squark mass eigenstates are
obtained by introducing the unitary transformation to the
matrices in Eq. (2.11):

diag(m3 . m2 .....m2 ) = RuZMAR!

% 7Ra for g = u, d,

2 (2.15)

2
and my < ...<mg,
with the matrices R, ; containing the flavor decomposition

information of the mass-ordered squark mass eigenstates:

(fty @y @iy @y G5 @) =Ry(ity, ¢ 7y fig g 1),

(dy dy dy dy ds do)'=Ry(dy 5, by, dg 3g bg)"-
(2.16)

Transformations between mass and flavor eigenstates are
needed to perform phenomenological analyses on the
model, as its parameters cannot be accessed directly from
the mixed final eigenstates. The complexity of such
analyses grows rapidly with the allowed mixings and free
parameters. The computational challenge is such that a
complete analysis of the most general MSSM with its 105
free parameters is not feasible. We propose two approaches:
one within the so-called mass insertion approximation
(MIA) with 28 free parameters, and then within a subset
of the MSSM including NMFV with 42 parameters.

III. THE MASS INSERTION APPROACH TO
THE NMFV MSSM

The usual approach when studying NMFYV effects in the
MSSM is to use the MIA approach, introduced as early as
1989 in Ref. [32]. The MIA originates as a diagrammatic
technique [32,33], allowing us to choose a basis where the
quark-squark-neutral gaugino couplings are flavor diagonal.
The flavor-changing effects are provided by nondiagonal
contributions in the sfermion propagators, as shown in
Figs. 1 and 2. The new SUSY contributions (to, e.g.,
Wilson coefficients) are then proportional to the various
off-diagonal elements.

The MIA is also defined algebraically through the flavor
expansion theorem (FET) [34], the main features of which
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FIG. 1. Some of the relevant penguin diagrams for b — s ¢~

The red cross indicates a Mass Insertion. First row diagrams are
based on chargino interactions. The ones at the bottom consider
gluino interactions.
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FIG. 2. Relevant box diagram for b — s£"#~. The red cross
indicates a Mass Insertion.

we will summarize in the following. All sfermion squared
mass matrices M can be decomposed as a sum of a diagonal

diag(M;) = M¢ and a nondiagonal M, ; matrix. Calculating
loop amplitudes requires evaluating Hermitian matrix
functions f(M) of the involved mass matrices, which
can be expanded following the FET’s conditions:

f(M),; = 8iif (M?) +f“](M?vM?)Mij

+Zf[2](M?’M;1’MgI)Amlenl +-y (31)

where the divided difference f*¥ functions are defined
in Ref. [34].

This expansion expresses the loop quantities such as
Wilson coefficients in terms of the flavor-violating oft-
diagonal entries in the squark squared mass matrices. The
following dimensionless ratio is usually introduced to
define the mass insertions:

s = (M—i)” (3.2)
(M3);:(M3) ;;

where M}% is one of the fermion soft-breaking matrices in

Eq. (2.2). As the full sfermion mass matrix is actually a
6 x 6 matrix spanning both generation and chirality
indices [Eq. (2.9)], the actual mass insertion parameter

is of the form (5{]) Ap> Where i, j are generation indices,
and (AB) € {LL,LR,RL,RR}.

In this framework, we define the relevant mass insertions
(MlIs) for our study. To be consistent with the constraints
from kaon observables [29,33,35], every off-diagonal
element involving a first-generation squark is neglected.

The relevant (5J2"3) Ap S are

SO (7 R 17/

T (My)pn(Mp)ss” R (My)p(My)ss” R (Mp)y(Mp)ss”

S — Uy (T)23 5t _ Uy (T3

RE \/E (MQ)22(MI~])33 ’ LR \/E (MQ>33 (Mﬂ)zz ’

7 Ud (Ta)os o _ V.  (Ta)sx

S MMy R T A My n(Mp)n 53

For the &%, insertion, following the definition of M2 in
Eq. (2.11), we express it in terms of the soft-breaking
squark mass matrix MZQ as

(VexmM 2Q V1C-KM)23
(VexkmuM 0 VI:KM)ZZ(VCKMM 0 Verm)ss

Ol = (3.4)

All the relevant NMFV contributions to the C;, Cq, and Cy
Wilson coefficients are given in Appendix B.

IV. NUMERICAL SETUP

In what follows, we present a study of NMFV contri-
butions to the b — sll processes in terms of Wilson
coefficients (given in Sec. A2 of Appendix A) and mass
insertions. The model used is an extension of the
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TABLE I. SM parameters’ values used in this study. TABLE IIl. Additional NMFV input parameters in the MIA.
SM parameter Value Parameter Range
m, 173.8 GeV (6‘2:‘3)LR [-1,1]
mp 4.8 GeV (653)LL [_1’ 1}
me 1.4 GeV (653)LR [—l, 1}
Mg 5.27 GeV 2LL 1]
ag(mz) 0.119 (523)121? ,
1/ay(myz) 128.9 (8%3)re [~1,1]
sin® Oy, 0.2334 (64) 1x [-1,1]
(5313)RL [_L 1}
phenomenological MSSM (pMSSM), where the new con- (8%) Lk [-1,1]

tributions arise from additional flavor violation sources in
the form of mass insertions. No new sources of CP
violation in Lggpr With respect to the pMSSM are included,
and the degeneracy between the first and second gener-
ations of squarks is kept.

The third-generation trilinear interactions A,, A,, and A,
are allowed to vary, while the others are set to zero. As we
will see in Sec. VIB 2, the slepton sector contribution to
(9—2), can be completely decoupled from the squark
sector analysis. Therefore, no flavor-violating effect is
turned on in the slepton sector, as they do not contribute
to the b — sll observables. The Standard Model sector
parameters are given in Table 1.

The 28 input parameters for our model and their ranges
(pMSSM + MIA) are given in Tables II and III. They are
randomly sampled from a uniform distribution. The spec-
trum is calculated at the electroweak scale using the code
SOFTSUSY [36]. Following Ref. [30], we have introduced
an average squark mass (over the first two generations),
obtained from the resulting spectra, and used it to compute
the various Wilson coefficients:

1
g Z Mgquarks-

squarks

My, (4.1)

We then use SuperIso [37-40] to compute all relevant
pPMSSM contributions from the obtained spectrum. The

TABLE II. Allowed ranges for the 19 pMSSM soft-breaking

parameters.
Parameter Range
M, [50, 5000]
M, [50, 5000]
M3 [50, 5000]
my [50, 5000]
tan 12, 60]
H [-10%,10%]
At, Ah, AT [_104’ 104}
My, . Mg, [50, 5000]
M Mg, . My, My, [50, 5000]
Mz, M, Mz, My, [50, 5000]

additional NMFV contributions to Wilson coefficients are
computed following the formulas presented in Appendix B.

A. Constraints

In the following, we give the constraints considered in
our study, both during and after the sampling of the
parameter space.

First, no tachyonic spectra are kept. This is a built-in
condition in many spectrum calculators such as SOFTSUSY,
which is enforced during execution.

We discard any spectra with a charged lightest super-
symmetric particle (LSP) to ensure the possibility for the
LSP (often the lightest neutralino) to be a viable dark matter
candidate. We impose further the latest available mass
limits from supersymmetric searches given by Ref. [41].
No additional ab initio constraints are imposed, in order to
keep the study as general as it can be.

As the SLHA1 [42] file format does not implement flavor
mixing, the spectrum yielded by SOFTSUSY is obtained
without considering the flavor-violating MIA parameters.
Therefore, the spectrum considered here is pMSSM-like.
The &’s are considered as additional free parameters that do
not intervene in the computation of the spectrum. This can
be justified a posteriori by considering constraints on the
ML, as the approximation should be valid if they are small
enough with respect to the diagonal mass parameters.

The following limits on the MIA parameters are also
considered a posteriori:

(1) To avoid tachyonic sparticles, all the MI parameters’

ranges are reduced to

167 .| < 0.85. (4.2)
(2) From vacuum stability arguments [30,43],
2M2, +2(m?)
5q ] m,
(053)pl < mi=———F——=~——. (43)
Mz, My,

015018-5



M. A. BOUSSEJRA, F. MAHMOUDI, and G. UHLRICH

PHYS. REV. D 106, 015018 (2022)

The flavor-violating parameters that contribute the most to
Cy are (8%;);, and (64;);z, in the chargino penguin
diagrams such as the ones shown in Fig. 1, which are
mainly constrained by Egs. (4.2) and (4.3). On the other
hand, in the d sector, the gluino loops contribute mostly to
C;, which is already strongly limited by experimental data.
Therefore, considering all double mass insertions as neg-
ligible, no constraints on the other MI parameters are
imposed. A comprehensive discussion of the allowed
ranges for these parameters can be found in Ref. [44].

Finally, all spectra should be considered with particular
care, as flavor mixing can significantly affect the squark
masses and their expected signal topologies at colliders.
Also, the recast of LHC limits for general MSSM models is
a nontrivial task [45,46], which goes beyond the scope of
this study. Therefore, no particular limits on the sparticle
masses are considered, apart from the model-independent
ones present in Ref. [41].

V. RESULTS AND DISCUSSION

The mass insertions allow new sources of FCNC, which
give sizeable contributions to flavor observables by sig-
nificantly shifting the relevant Wilson coefficients. In
Fig. 3, we present the scan results with 2 x 10® model
points. We can see an oyster-shaped spread of the pMSSM
distribution upon turning on the NMFV contributions in the
(Cy,C7) plane. In the (Cy,Cyy) case, we can see an
isotropic spread of the pMSSM distribution in all quad-
rants, indicating a homogeneous behavior of the two
Wilson coefficients under flavor violation in the squark
sector. On the other hand, in the (Cy, C;) case, the largest
contribution to Cy can be obtained by shifting C; signifi-
cantly from its SM value, which is strongly constrained by

LX)
e NMFV e
41 @ PMSSM  ¢*°
2
S
$)
~ .
—2 :
1]
4 ) iX!
":;t- 2
2 3 4 5 6

FIG. 3.

the b — sy data. However, it is clear from the impressive
spread that the flavor anomalies can be given a satisfying
answer using this framework, while still having reasonable
values for C.

In Fig. 4(a), a zoom in the region of interest in the
(6Cy,6Cy) plane is presented, together with the global
best-fit patches from Ref. [47]. OC; is defined as
CNMEV _ ¢ The pMSSM distribution is shown in
red, and the corresponding NMFV points are shown in
blue. Imposing the constraints discussed in Sec. IV IVA
yields Fig. 4(b) with 1721 remaining points. We can see
that even if the highest density of model points can be
found away from the C; best-fit region, the presented
NMFV model succeeds in proposing valid scenarios. In
particular, several points seem to completely account for
the flavor anomalies in the B sector, but further exploration
of the full model spectrum is necessary. Also, it is clear that
the pMSSM alone cannot give sufficient contributions to
Cy and C7: the red distribution can at most account for half
of the required shift in Cq to explain the anomalies, with no
other constraints imposed on the pMSSM parameters.
Indeed, Fig. 5 clearly shows this feature, where we can
see the spread of Cy for both pMSSM and NMFV models,
with no particular constraints on the sampled points. The
pMSSM, while being able to provide compelling shifts,
fails to fully account for the anomalies (best fit given in
Refs. [47-49]) as was shown already in Ref. [22], whereas
the NMFV is capable of providing hundreds of compatible
scenarios if no other constraints are considered.

To examine these best-fit points, one can look at the
associated mass spectra for some well-studied collider
SUSY signals like electroweakinos and colored sparticle
states. In particular, in Fig. 6, we show both MI parameters
and the LSP’s mass distribution for our candidate models,

-2.0

e NMFV

e PMSSM |
-25 ‘

-3.0

-3.5

)

Cro(Mp

-4.0

—4.5

-5.0

=55

Co(up)

Combined distributions of the scanned points in the (Co, C7) and (Cy, Cy¢) planes. The blue distribution is calculated in the

NMFV augmented pMSSM, and the corresponding pMSSM points are shown in red.
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FIG. 4. Combined distribution of the scanned model points in the (§Cy, 5C;) plane for the whole sample (a) and after applying cuts
(b), where 6C;(u;,) = C?IMFV‘pMSSM (1) — C3™ (). The orange bands represent the 1o best-fit regions from Ref. [47].

without imposing constraints (left) and after imposing
constraints (right) for some of the best points with respect
to the expected Co shift. We see that a 10% fraction
survives the tachyonic and vacuum stability constraints
while still offering valid candidates for the flavor
anomalies.

Similarly to what was shown in Refs. [30,50], it is
mostly the top row diagrams in Fig. 1 corresponding to
chargino interactions that contribute the most to Co, which
corresponds to (8%5), g, (843),, terms in the MIA. For C5,
the major contributions come from (54;),, in the gluino
diagrams. However, the effect on the Wilson coefficients
shown here is the result of a global effect coming from
all the contributions. The correlation between the free

T
10° £ o NMFV

|05 | = pMSSM
best-fit
10*
=
2 103
Q
10?
10!
10°
-2.0 —1.5 —1.0 -0.5 0.0
6Co (1)
FIG. 5. Compared distribution of &Co(u,) <0 for both

the pMSSM and our NMFV model. The SM value is shown
at the dashed black line, and the best-fit patches are shown in
orange. The bins of each histogram differ to show the features of
each model.

parameters (pMSSM + MI) and the best (Cy, C;) values
was not found to point towards a specific direction.

The effect of the constraints on the most important MI
parameters is also shown in Figs. 6(d) and 6(c). From left to
right, the available parameter space in the (5;;, 6} ) plane
is reduced from [-1,1]x[-1,1] to =~[-0.85,0.85]x
[—0.2,0.2]. This shows that vacuum stability constraints
on ¢; — 1 mixing are the most stringent ones, as expected
from large average squark masses, i.e., M, > 2m,. The
other MI parameters contribute very little to C; ¢ and can be
neglected and/or kept close to zero.

The results clearly show the interest of NMFV scenarios,
and the need of their further exploration. Indeed, the main
advantage of the MIA in our case was to easily explore the
pMSSM extended with flavor violation, with direct access
to the flavor-violating parameters instead of the final mass
eigenstates. Also, it has the advantage of reducing the
model’s free parameters, if their contribution is not sig-
nificant in the subject at hand, which we did by keeping
fewer than 30 parameters, instead of O(50) or O(100).
However, due to the obviously expected effect on the
sparticle spectrum, a more general and complete approach
without approximation is necessary to completely confirm
the model’s shown interesting features. Moreover, a com-
plete approach should also evaluate the contribution of such
models to the muon (g—2),. This is precisely what is
addressed in the next section.

VI. ANALYTICAL CALCULATIONS IN NMFV-
MSSM SCENARIOS WITHOUT APPROXIMATION

In the pMSSM, analytical calculations have been per-
formed for several one-loop quantities such as C;, Cq [51],
and (g-2), [52].

In NMFV scenarios, some calculations have been per-
formed at the one-loop level (see, e.g., Refs. [53-55]), but
the general contributions to C;, Co, and (g —2), are not
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FIG. 6. (a), (b) Distribution of the sampled points in the (mxli, mx?) plane, first (top-left) in the case of unconstrained model points
that significantly shift the value of Cy. Applying vacuum stability and tachyon constraints on the § parameters yields the top-right plot.
(), (d) The same goes for the bottom plots, in the [(6%5),,.(65;),x) plane.

known. In the following sections, we present the methods
that we used to derive analytically these quantities in the
general MSSM with 105 parameters for the first time,
together with their evaluation in a particular subset of
NMEFYV scenarios with 42 parameters.

A. Methods

1. Theoretical calculations

In order to derive the full one-loop NMFV contributions
to the Wilson coefficients and (g —2),, a large number of
Feynman diagrams must be calculated. We performed the
analytical calculation in the unconstrained MSSM with
general mixings. This means that diagrams must be
summed over all particle families: two charginos 5(1*’2, four

neutralinos 79, ,, six sleptons /,

.....

,,,,,

1 53. For the diagram shown in Fig. 7(c), for example,
there are 4 x 4 x 6 X 6 x 2 = 1152 independent diagrams,
where the factor of 2 comes from the two possible

contractions for any given ordered pair of neutralinos
(counting the crossed diagrams).

We used MARTY [26,27] to calculate automatically all
the involved Feynman diagrams and extract the coefficients
(9—2),,» C7, and Cy. The number of diagrams for each
contribution is presented in Table IV. As MARTY counts left
and right Dirac projectors P; and Pp as independent
vertices, the number of diagrams is larger than what a
standard counting method would imply.

2. Numerical evaluation

The mathematical expressions resulting from the sum of
thousands of one-loop diagrams are too large for any
analytical purpose. In order to obtain predictions,
MARTY generates a numerical C++ library containing
functions evaluating the results given a general MSSM
scenario. From a set of values for the SUSY-breaking
parameters presented in Egs. (2.1) to (2.4), we are therefore
able to evaluate the exact values of C;, Cg, and (g —2), at

the one-loop level in the library generated by MARTY.
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FIG. 7. Examples of contributions in NMFV-MSSM scenarios. Other chargino, neutralino, and Higgs diagrams also contribute to C,

Cy, and (g —2),.

While MARTY also generates a tree-level spectrum
generator to calculate masses and mixings from the initial
model parameters, loop corrections are known to be large,
and we therefore use SPheno [56,57] to produce a more
precise spectrum including loop-level corrections and
phenomenological constraints. Finally, the values of the
Wilson coefficients are given to SuperIso to apply
renormalization group equations and evolve the coeffi-
cients down to the b mass scale, and calculate flavor
observables.

3. Random scan

To sample the MSSM parameter space, we used a
uniform random scan in 42 dimensions with NMFV only
in the squark sector to reduce the number of free param-
eters. Input parameter ranges are presented in Table V.

The scan efficiency is of about 0.05%, corresponding to
physical scenarios for which SPheno can calculate a
spectrum. For such a low efficiency, there is a large bias
in the selected scenarios. Consequently, we also present
some posterior distributions of the spectrum in Fig. 8. The
scan could be refined with better constraints on the input
parameters to improve the efficiency. The following analy-
sis is therefore more a proof of principle rather than a
complete phenomenological study of the MSSM parameter

TABLE IV. Number of diagrams for each contribution calcu-
lated by MARTY. The starred numbers are NMFV-specific
contributions. By definition, C; and (g—2), only receive
contributions from y-penguin diagrams. There are in total
17949 Feynman diagrams.

bal bet g H" H.A
(9-2), 96 96 0 1 2
(& 240 96* 24* 24 0
Cy/y penguins 240 96* 24* 24 0
Cy/Z penguins 624 1344* 240" 78 0
Cy/boxes 864 13824* 0 12 0

space. There are two visible biases in the posterior
distributions of spectrum parameters:

(1) Charged sleptons are lighter than sneutrinos because
the range for M3 is smaller than that of M3 .

(2) The lightest neutralino is always lighter than
400 GeV, contrary to the lightest chargino. This is
because we impose the condition of having a neutral
LSP in order to be a dark matter candidate.

To improve the scan efficiency, we considered machine
learning techniques to sample the parameter space. The
purpose of these techniques is to create a sampling bias
toward scenarios that generate valid model points, that

TABLE V. Input parameters for the scan. Specific ranges have
been chosen empirically to improve the scan efficiency. There are
in total 42 free parameters, which include the 19 pMSSM
parameters and 14 flavor violating parameters (M2Q)23,

(sz)zs’ (Au)ij’ and (Ad)ij for i # j.

Parameter Scanned range
tan 8 (2, 60]

H [—100, 1000] GeV
My, M, [100, 3000] GeV
M; [100, 7000] GeV
M, [100, 5000] GeV
(M3)ii [102,107] GeV?
(M3);; [102,107] GeV?
(M%);; [102,107] GeV?
(M3), [102,105] GeV?
(M%), [102,105] GeV?
(Ac)33 [~100, 100] GeV
(Awa) i [-0.1,0.1] GeV
(Ausa)n [-100, 100] GeV
(Aua)ss [-10%,10%] GeV
(M) [0, 10%] GeV?
(M%)B [0,10%] GeV?
(Au)ij i #J [~100, 100] GeV
(Ag)iji#J [~100, 100] GeV
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FIG. 8. Posterior distributions for gaugino (left), slepton (middle), and squark (right) masses. For particle families, the distribution

corresponds to the lightest particle of the family. Chargino and gluino mass distributions extend up to 3 TeV and 7 TeV, respectively.

therefore improves the scan efficiency. However, while these
techniques can be implemented without much difficulty for
the pMSSM with 19 parameters, the 43-dimensional space
of the NMFV scenarios we present in this paper is too large
for the machine-learning-based sampling to be established.
Indeed, in the absence of prior knowledge on the distribution
of valid parameters, and because of the high number of
dimensions, no efficient sampler could be constructed with
the considered techniques such as normalizing flows or
Hamiltonian Monte Carlo samplers. Further work is
required to build efficient samplers in highly dimensional
unknown and little-constrained parameter spaces with very
few acceptable points, which is beyond the scope of
this work.

Finally, let us stress that the current LHC limits on
SUSY particle masses are not directly applicable to our
study. The NMFV MSSM being a more general model
than the so-called simplified or constrained MSSM sce-
narios, the recasting of collider constraints on the sparticle
spectrum is a nontrivial task (see, e.g., Refs. [45,46])
and yields weaker bounds. We nevertheless checked for

105 J
Best fit

104 4
103 4
2
2

102 4

101 4

o]
10 , ' . . . H ' i
-05 00 05 10 15 20 25
6C7(mp)

3.0

points leading to significant negative contributions to Cy
that they escape the direct limits, in particular due to the
degeneracy between the lightest neutralino and chargino,
Am(y9, xF) < 1 GeV, which makes them extremely com-
plicated to probe experimentally.

B. Results

Using as input the NMFV-MSSM spectra obtained with
SPheno the numerical functions generated by MARTY
evaluate the full one-loop contributions to the Wilson
coefficients and (g — 2),. As the scan is random, we show
distributions for the different quantities that we calculated
for the 70282 valid model points. In the following, we
study the impact on the Wilson coefficients and (g —2),
separately. Then, the relation between the two will be
discussed.

1. Wilson coefficients

The distributions for the NMFV-MSSM contributions to
the Wilson coefficients C; and Cy are presented in Fig. 9.

Best fit
104_
103_
éé
102_
101_
0 |
oenn — ﬂ,’—lT,H. 0
-1.0 -05 00 05 10 15 20 25

6Co(mp)

FIG. 9. Distribution of the Wilson coefficients §C; and 5Cj. The 1o best-fit regions from Ref. [47] are shown in orange.
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FIG. 10. Combined distribution of the Wilson coefficients 6C
and 5CY. The best-fit region for 6C; is shown in green.

Both distributions are centered around zero, as expected.
While the majority of §C; points are close to zero and the
best-fit region, many scenarios are already excluded
because of a large shift to this coefficient. For 5C’;, the
best-fit region is shifted by —1 from the SM value. While it
is possible to obtain substantial Cy shifts in our scenarios,
only a handful of them predict §Cj < 0.2.

It is important to note that the best-fit region
for Cfj should not be considered as a discriminant
criterion; any scenario between the SM and the best fit
can still fit better flavor observables and should be
carefully considered.

A 2D distribution of (§C;, §Cy) is presented in Fig. 10. It
is clear that the constraint on 6C; excludes several
scenarios with §Cy < —0.15. It seems nevertheless possible
to address both coefficients, but a larger dataset is required
to explore the region with large negative 6C.

2. (g-2), and combined analysis

For just over fifteen years, the anomalous magnetic
moment of the muon has proven to be a persistent tension
between the SM [58-78] and experimental measurements.
The most recent results obtained at Fermilab [79] have not
only confirmed the Brookhaven 36—4¢ [80] discrepancy,
but raised it to the 4.2¢ level with a combined experimental
average of a,X" =116592061(41) x 10~'". However,
multiple questions remain, as lattice QCD calculations
may reduce the discrepancy to only 1.60 [81]. In the
following, we investigate whether NMFV-MSSM models
can account for the observed tensions in both (g —2), and

the b quark flavor sector.

EXP
103 4

102 4

Nhit

1014 H

100 4

107t

logio(a, >0)

FIG. 11. Distribution of 8(g—2),. Only scenarios with a
positive shift are considered, and the experimental measurement
with its 1o uncertainty [79] is shown in orange.

Our present analysis does not strictly consider NMFV
parameters in the lepton sector,’ as shown in Table V. We
present the numerical results for (g —2), in the following.
The mass distribution for charged sleptons is around the
electroweak scale—i.e., a few hundred GeV (see Fig. 8).
This implies significant contributions to (g —2), that are
shown in Fig. 11. As the experimental deviation is very
small [79], it is not hard to address (g —2), alone.

As shown in Table IV, the lepton and quark sectors are
sensitive to the neutralino and chargino mass scales.
However, while there are slepton contributions in box
diagrams for Cg, these contributions are small, and the
latter coefficient is almost independent of the slepton
masses. Figure 12 shows the dependence of (g —2), and
C} with respect to the relative slepton mass scale.”

This analysis shows that by rescaling the slepton masses
(charged sleptons and sneutrinos), one can shift the value of
(9—2), and let Wilson coefficients C; and Cy remain
stable. It is therefore possible to search for a scenario that
fits the flavor observables well and adjust the slepton mass
scale to address (g —2),.

VII. CONCLUSION

We presented a first study of the pMSSM extended with
nonminimal flavor-violating couplings in the context of the
tensions observed in b — s£7 ¢~ transitions with the SM
predictions, and we considered the SUSY contributions to

"There is no limitation for NMFV in the lepton sector; this
choice has been made to reduce the number of free parameters
and concentrate on flavor observables that are more difficult to
address because of the C’; shift.

*C, is completely independent of the slepton sector.
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FIG. 12. The variation of the relative mean absolute value of Cy
and (g —2), for the entire dataset is plotted as a function of the
relative slepton mass scale. The initial, nonmodified dataset
corresponds to the point at (1,1).

the relevant Wilson coefficients. We carry on our study first
by assuming the mass insertion approximation, and then
show that the NMFV contributions allow us to shift the
Wilson coefficients sufficiently to fully address the anoma-
lies. After imposing theoretical constraints on the flavor-
violating parameters, we still find scenarios in agreement
with the experimental measurements.

While the MIA provides a direct access to the flavor-
violating parameters and eases the phenomenological
studies by reducing the number of free parameters, a more
general approach is necessary to fully assess the impact of
NMFV contributions. Hence, in a second part, we calcu-
lated for the first time the full one-loop analytical con-
tributions in the general MSSM to the relevant Wilson
coefficients, as well as to (g—2),, using MARTY. By
scanning the MSSM parameter space randomly and setting
nonzero values for some of the flavor-violating parameters,
we obtained 70282 valid scenarios with their individual
spectra. In these scenarios, we showed that Cjy can be
shifted towards the best-fit region given in Ref. [47], but
that we have only a few points that shift Cj in the favored
direction and let C; come close to the SM prediction. We
then discussed the scaling of (g — 2),, with the slepton mass
scale that allows us to address (g — 2), without modifying
the predictions for flavor observables.

The present analysis is limited by the small sample of
scenarios. For perspective, the scan should be optimized by
searching a parameter set that is more likely to produce
physical scenarios. In particular, by looking at the posterior
distributions of the input parameters, it is possible to refine
the scan, improve the efficiency, and generate more
scenarios to analyze. Finally, experimental constraints

could be studied more in depth to compare the obtained
spectra with direct searches of SUSY particles, in particular
from LHC measurements. The obtained results are never-
theless very promising and show for the first time the
impact of NMFV parameters in addressing the recent
anomalies.
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APPENDIX A: WILSON COEFFICIENTS

1. Effective Hamiltonian at the electroweak scale

The effective Hamiltonian for the decay B — X, #7¢~ in
the SM and in the MSSM is given by (neglecting the small
contribution proportional to V;;V ), in the basis of Ref. [30],

4GF * ,,,[ZC(MOJr Zc }

(A1)

H_

where the O; operators read

O1 =5Sra¥ubraCrpr’crp,
Oy = 5S1a¥ubrsCrpr” cras

O3 = 514VybLa Z (]L/ﬁ/’ qrp-

q=u....,

O4 = S1aVyubrp Z (IL/i}’ dLas
q=u,...,

05 - sLayybLa Z 4qrpY" dRp»
q=u,....b

) g=u..
! 167;2 myS,0* bRF,,,
Og = 16 ——mps 16" brGy,,
Og = (Sp7,br)Ir",
010 = (5.7,b)lr*ysl,
with V being the CKM matrix and g, ) = (1275) q.

This Hamiltonian is known to next-to-leading order both
in the SM [82,83] and in the MSSM [84-86].

For the B system, the operators and coefficients of
interest for the anomalies are C;, Cy, and C|.

2. Wilson coefficients

We consider the contributions to the Wilson coefficients
as given in Ref. [30], including the correction as suggested
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in Ref. [50], which we reproduce here for completeness.
The loop functions P, (a, b) are defined in Appendix B.
The constants are as follows:
(1) Oy is the weak mixing angle of the SM for the
electroweak bosons.
(2) M3, is the squared mass of the W* boson.
(3) A, are the Yukawa couplings for the top and bottom
quarks.
(4) g, is the weak isospin coupling constant.
(5) My, is the average squark mass.
6) M, 1s the gluino mass.
(7) In P,Jk(x,,x /)> X;, and x; are defined as M7 /M7, for
chargino loops.
(8) In Pyy(x,x), x is defined as M/M;
graphs.
(9) The V,,’s are the elements of the CKM matrix.
(10) my, are the pole masses of the s, b quarks.
(11) N, =3 is the number of color charges in SU(3),.
(12) a; is the QCD coupling constant, evaluated at M.
(13) Gy is the Fermi constant.
(14) U, V are the charginos mixing matrices defined
in eq. (A2).

5¢» for gluino

Cy A Ves

In the weak eigenstates basis, the chargino mass matrix is
given by [29]

M — < M2 \/EMW Sinﬂ
“ \V2My cos p 7

where the index 1 of rows and columns refers to the wino,
and the index 2 to the Higgsino. u is the Higgs quadratic
coupling, and M, is the soft SUSY-breaking wino mass.
The 3 x 3 complex matrices U and V which diagonalize
M, are introduced:

) @

diag(M, ,M,,) = UM, V™. (A3)
Their explicit expressions can be found in, e.g., Ref. [87].
All the contributions to the Wilson coefficients are evalu-

ated at the renormalization scale py = myy.

a. Chargino contributions

In the following, we give the contributions from chargino
loops, such as the two top diagrams in Fig. 1.
Z-penguin with Higgsino/wino loops:

——————=C;o= (& VaVs
1—4Sin29w 10 ( 23) g V* 4Sln HW Z ity 2

1
X {UTI Uji/XixiPrio(xi x;) + Vi Vi Prg (xi, x;) — EéijPOZI(xi’xj)}~ (A4)

This diagram is proportional to (8%;),z, which is one of the most interesting mass insertions, and is yet to be more
constrained.
Z-penguin with two wino vertices:
Vie 1
(523)LL V* 4Sln Z Vllvjl
X {U?IUjI\/xiijIIZ(xhxj) + V?lvjlplll(xi’xj) - 5ijP021(xivxj>}'

This is the same diagram as above, but with the exchange of two winos. They differ only by the specific mass insertion and
the factor 4,/g,. Both diagrams are null in the limit of a diagonal chargino mass matrix, and so they are negligible for
large M,.

_—:CIO -

(AS)

Gamma penguin with two wino vertices:

M3, 1V’gs
Cr =—(8%)LL M3V ZVHV,l{ Py (. x;) +P132(xi’xi)}’ (A6)
M3, A 1
—(5) 1L~ 2 ¥ ZVAV P315 (x5, X;) = 5 Poan (X7, %;) + X P3y3 (%, ;) ¢ (A7)
M3 3 Vi 3
M2, 1Vigm
(523)LL M2 3 V* - thlv { P222<xlax1) + P1’32(xlvx1)} (AS)
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Gamma penguin with Higgsino-wino vertex:

M2, Ve, A (1 |
G = Z [szvll . {21’222(%)‘ ) +3P132(xiaxi)}(533)ue

2 *
M3y Vis 5
){1 A‘b 2 u
+ Uszl—bg— Poin(x;,x;) +§P122(xi’xi) (653) 1L (A9)
>
M3 2, V;s |
Co = (833) 1k MEV ZV {P312 Xjs Xj) = §P042(xi’xi> +xiP313(xivxi)}v (A10)
Vis 55
M?> 14, Vigmy
CL=(8%) g~ L8N Ty P , P (x;,x;) v All
7 =(053)Lr M2,3 g, Vi, my, 2 Z { 222 (X, X;) + Praa(x; xz)} (Al1)

The primed operators are obtained by switching the chirality of external states. All of these contributions are used, but we
are most interested in the Cy contribution coming from the yH W vertex.

Z-penguin with two wino vertices and a double mass insertion:

Even though a double mass insertion corresponds to a higher order in the perturbative expansion, it has been pointed out
[30] that this particular diagram could provide enhancement in the K system. For completeness, in the B decay, the
contribution is

Cy (933)Lr
- =g = -7 1% V
1 — 4sin’0y, 10 4s1n20W Vi i]z;z i
1 O;
X {U?IUjI\/xiij123< Xi» j) +2V11V11P122(x1v 1) ?jP032<xi7xj)}' (A12)

b. Gluino contribution

In this part, we collect all the contributions arising from gluino loops, from the bottom diagrams in Fig. 1,
with x = M3/ M,.

y-penguin:
\/E 1Nz =1 7a, my\ 1 M-
C; = M2,Gr3 2N, ViVy [( (8%) 11 + (55)r m—b> ZPm(x, x) + (8%3) pe P12 (%, x) m—;’] (A13)
\/i IN2-1 na, m,\ 1 e
¢, = GF3 N, ViV, K (8%3)re + (8531 m—h> 4P132(x x) + (8%3) g P12 (%, x) m—:] (Al4)

V2 IN2—1 za, 1

Cy = —P 64), 1. AlS
9 quGFS IN, ViV, 3 042(x x)( 23)LL ( )

V2 IN2-1 za, 1

Cl, =
° T M%LGp3 2N, ViV,3

= Poar (x, x)(ég3)RR' (Al6)

The terms proportional to M can be dominant over the others. However, the mass insertion which enters the diagram is
strongly constrained from b — sy [32].

Double mass insertion, Z — g
For completeness, we give the gluino penguin contribution with a double mass insertion:

C 1) & N2 -1
— 9 5 ClO — ( 33)LR( 23)RL Ay (x x) (A17)
1 —4sin” Oy Vi Vi 2N, 12a
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Co (5313)RL(5§3)LRN 1 ay
—————=(y= —P Al8
| —4sin20,, 10 V,Vi 2N, 12a 122(%, %). (A18)
c. Box diagrams
The following contributions come from the box diagrams in Fig 2.
Box diagram with wino exchange:
Vf‘s M2 * *
C = _ClO (523)LL V* M2 mi;Z(V“VﬂV“Vﬂ)‘f@C .XJ,.X ) (A19)
where
yz(1-2)?
X;\ X, Xp) dx | d dz A20
fl / / y/ Y(I=2) + x5 (1 =y)(1 = 2) + z(xx + x;(1 = x))]? (420)
and x; = M2/M?,.
Box diagram with Higgsino-bottom-stop vertex:
Replacing the wino with a Higgsino yields
Vi, M?
Cy=—-Cy= —(533> e Z (V71Vj1V11V;2)f(xux,,x )- (A21)

APPENDIX B: FEYNMAN INTEGRALS AND
HYPER-GEOMETRIC FUNCTIONS

1. Hypergeometric functions and integral
representations
To calculate the new Wilson coefficients in the NMFV/

MIA framework, the following integrals need to be
evaluated:

i(1-y)
clab) dx | d .
Pila. /x/ yl—y+axy+b( x)y)*

(B1)

These integrals can be shown to be linear combinations of
hypergeometric functionspF , (for an extensive review see

Refs. [88,89]). In most cases, the integrals can be rewritten
using solely ,F;, which is sometimes referred to as the
Gaussian or ordinary hypergeometric function. This leads
to nearly arbitrary precision in the numerical implementa-
tion as the series usually converge quickly. However, in
some cases, particular analytical continuation formulas
have to be used, which are well known in the literature,
and can be found in, e.g., Ref. [88].

The integral representation of ,F; is defined by Euler’s
formula:

LR y/x 2 112
Vts qu G s QW ij

=12

|
,Fi(a,b;c;z) =

« / 1(1 = 1)=b1(1  17)~2ds, (B2)

which is a one-valued analytic function of z, provided
R(c) > R(b) >0, |arg(1 — z)| < = [88].

In what follows, we will refer to ,F; as simply F.
Equation (B2) provides an analytic continuation of F,
which is usually defined by its series representation:

& n b
F(a,b;c;z) ; ©). ; (B3)
where
r
(a), = (Icz (:)n) .is the (rising) Pochhammer symbol.

The generalized hypergeometric functions
defined by

a,....a, =~ (ay), - (ap),
o[ = e

and a general Euler integral transform relates hypergeo-
metric functions of higher and lower orders [89]:

»F, can be
q

(B4)
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ap, ..., 44, C
A+1FB+1 b, by dQZ
I'(d) /1 - ap,...,d,
= - 1—1‘01_"_1 F Stz .
Mor@—a o T T,

(B5)

2. Analytical expressions for P

Let us demonstrate that the class of loop integrals in
Eq. (B1) can all be expressed using hypergeometric
functions.

First, we rewrite Eq. (B1) using Fubini’s theorem as

1 ' 1 1
Pijk(a’b):A dyy'(1-y) A dx[A(a,b;y)X-l-B(b;)’)]k’

with

A(a,b;y) =y(a—b), (B7)

B(b;y) =1+y(b-1). (B8)

Therefore, for k # 1 and a # b, we can integrate over x
using Cavalieri’s quadrature formula:

Al : dx {(Ax + B)l"‘} ! _(a+ B)!=k — Bl-k

B+Axf | (1-bA |, A(l-k)

(B9)

Then, by replacing the integrand in Eq. (B6) with the result

(B6) of Eq. (B9), we obtain
|
: Yy -y)y - 1—k
Pii(a,b) = dy ——F—— -1)+1 -(b-1)+1 . B10
lab) = [May TS 1)+ ) = (b= 1)+ 1) (B10)
We can spot the integral representation of the hypergeometric function. Explicitly,
Poslab) =——— [N ayy =1 (1 =31 = y(1 =) —a o )
P T A= b1k o
a-b)i—p Fk-Lsitj+hl-a)—ao b (B11)

where we use Eq. (B2) and Euler’s beta function’s
definition.

k#1,a=b:
Let G(b) = F(k—1,i;i+ j+ 1;1 — b). By definition,
. G(a)—G(b)
lim ——— % = G'(b), B12
lin ==y =®) (B12)
and the differentiation formula for F' is
dF(a,p:7;
MzﬁF(a—l—l,ﬁ—i—l;y%—l;z). (B13)
dz 4
Therefore,
. .. . 1
imPy(a.b) =fe(i.j+ l)ggm[G(a) —G(b)].
(B14)
i
P ) G (B15)
1-k
. (k—=1)i . o
= , 1) ———-—F(k, 1; 2;1-0b),

(B16)

|
which simplifies to

Pij(b,b) =pe(i+1,j+ 1)F(k,i+1,i+j+2;1-b).
(B17)

k=1:
Only three of these integrals appear in the computation
of the Wilson coefficients; all three are reasonably doable:

y(1-y)
pam— [ du . (B8
1i(a, b) 0P y1_y+axy+b(1—x)y (B18)
(1-y)?
021(a. a) /[0.1]2 y1+y(a—1) (B19)
y(1-y)
P a,a) = dxdy ———. B20
1i(a, a) /[0’1]2 y1_|_y(a—1) (B20)

The last two integrals are straightforward to compute:
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[ (1 -y)
Pm(a»a)—/o dyl—l—y(a—l)’

— 21 (o= ettt =)= [ 1= 20 10e(1 430 - 1)y

a— 0

_ ‘11 /01 dy(1 = 2y) log((1 + y(a — 1)),

a—

-1 —da®+2alog(a) + 1

= B21
a-1 2(a—1)? ’ (B21)
with
1 2
im 1 —a* +2alog(a) + 1 :l.
a>la—1 2(a—1)? 6
Similarly,
Py (a, a) / dxdy— (L7 /1d2(1 Jlog (14 y(a 1))
= = —_— 0 —
e 0,12 xy1+y(a_1) a-1J, * Yo e ’
~ (a+1)(3a* —2a*log(a) —4a + 1 (B22)
B 2(a—1)a '
with
2_n9,2 _
lim(a + 1)(3a* — 2a*log(a) —4a + 1 o,
a—1 2(61 - 1)2(1
y(1-y)
Pi(a,b) = dxd , B23
lll( ) 0.1 yl—y+axy+b(l—x)y ( )
B 1
2(a=1)*(a=b)(b—=1)*(ab—a—b+1)
x [(a— 12(a=b)(b—1?%+ (a—12(b - l)zlog<%> (ab—a—b+1)
+(a=1)2(2b=1)(=logb)(ab—a—b+1)
+(2a—1)(b—1)210g(a)(ab—a—b+1)]. (B24)
|
For completeness, let us show that in this case too, we 1 1 yi(l—y)
. . . . i l(a b) = dx d
can reexpress P;;i(a, b) using hypergeometric functions: j 1—y+axy+b(1-x)y

We are interested in the set of integrals defined by

1 yi(1—y)
‘/0 YO —a)

i(1—-y)i
l]l Clb /dX/ 1—y—|—axy—|—b(1— ) . (B25)

Two cases, a = b and a # b, have to be distinguished.

k=1,a=b:
In this case, the computation is straightforward and
yields k=1, a#b:

015018-17
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We can express Eq. (B25) as an integral over ,F:

y'(1-y)

1 1
Pl“ ,b - d d
j1(a.b) /) x/) YTy T any 1 b =)y

- Aldxfdyyfu — )1 =y(1=b—x(a—b)))

This holds provided Re{1 — ax —b(1 —x)} < 1. For x € [0, 1],a,b € R, this is always true.
Using the general Euler transform [Eq. (B5)], we can compute the integral over ,F:

(B28)
1
:/ dxpp(i+1,j+ 1),F(Li+ 1;i+j+2;1-b—x(a—0b)). (B29)
0
1L,1,i+1
ST —a]—aeb). (B30)
2,i+j+2

Piji(a,b) =pp(i+1,j+ l)ﬁ <(1 —a)3F2[

The two previous results for a = b and a # b can be checked against the explicit analytical expressions given before.
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