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We explore the potential of the eþe− colliders to discover dark matter and determine its properties such
as mass and spin. For this purpose we study spin zero and spin one-half cases of dark matter D, which
belongs to the SUð2Þweak doublet and therefore has the charged doublet partnerDþ. For the case of scalar
dark matter we chose inert doublet model, while for the case of fermion dark matter we suggest the new
minimal fermion dark matter model with only three parameters. We choose two benchmarks for the models
under study, which provide the correct amount of observed dark matter (DM) relic density and consistent
with the current DM searches. We focus on the particular process eþe− → DþD− → DDWþW− →
DDðqq̄Þðμ�νÞ at the 500 GeV ILC collider that gives rise to the “dijetþ μþ =ET” signature and study it at
the level of fast detector simulation, taking into account bremsstrahlung and ISR effects. We have found
that two kinematical observables—the energy of the muon Eμ and the angular distribution of theW boson,
reconstructed from dijet cos θjj are very powerful in determination of DM mass and spin, respectively. In
particular we have demonstrated that in the case of fermion DM, the masses can be measured with a few
percent accuracy already at 500 fb−1 integrated luminosity. At the same time, the scalar DM model which
has about an order of magnitude lower signal, requires about a factor of 40 higher luminosity to reach the
same accuracy in the mass measurement. We have found that one can distinguish fermion and scalar DM
scenarios with about 2 ab−1 total integrated luminosity or less without using the information on the cross
sections for benchmarks under study. The methods of the determination of DM properties which we
suggest here are generic for the models where DM and its partner belong to the weak multiplet and can be
applied to explore various DM models at future eþe− colliders.
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I. INTRODUCTION

The search for dark matter (DM) in high energy physics
(HEP) experiments has become one of the primary goals of
the LHC and future colliders, in addition to noncollider
experiments. Indeed it is one of the fundamental pro-
blems for the HEP community to discover and decode the
nature of DM, the existence of which has been con-
firmed by several independent cosmological observations.

These include galactic rotation curves, cosmic microwave
background fits of the WMAP and PLANCK data, gravi-
tational lensing, the large scale structure of the Universe,
and interacting galaxy clusters such as the bullet cluster.
Despite this multitude of observations strongly suggesting
the existence of cold nonbaryonic particle DM, many of its
properties remain a mystery. We do not know what is the
spin and the mass of DM, whether it is involved in
nongravitational interactions, what symmetry stabilizes
any partner of DM particles in the dark sector.
As one of the most active research areas in HEP, there are

many key papers exploring the vast model landscape of DM
and the possibilities to disentangle these models experimen-
tally. DM models under study include SUSY [1–3], sterile
neutrinos [4], general minimal WIMP models [5], Axions
[6], Kaluza-Klein DM [7], universal extra dimensions [8],
and extended Higgs sectors [9–11]. Determination of DM
properties such as spin [12–14] and mass [15,16] would be
key in the event of a discovery.
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Traditional searches for DM at the LHC via missing
energy signatures through monojet [17,18], mono-ZðWÞ
[19–24], mono-Higgs [25–29], DMþ top quarks [30–32],
and invisible Higgs decays [23,33,34] or through potential
mediators [35–37] expand on constraints from Large
Electron-Positron (LEP) collider on DM charged partner
masses [38]. DM may also be probed in scenarios where its
charged partners are long-lived, providing unique signa-
tures with little background. These scenarios, known as
nonprompt searches, include disappearing charged tracks
[39,40] and displaced vertices [41,42].
In the case of generic scenarios where DM is involved in

SUð2Þ electroweak (EW) interactions and no additional
beyond-the-standard-model (BSM) mediators are present,
it is quite challenging for the LHC to probe such a DM even
in the 100 GeV range. For example, in [43] it was shown
that even at the high luminosity (HL) LHC, the Higgsino-
like neutralino DM from the Minimal Supersymmetric
Standard Model (MSSM) can be probed only up to about
200 GeV mass with very high transverse momentum
monojet signature requited to reduce the large SM back-
ground. There are no current constraints on such a scenario
from the LHC and the best limits are set up by LEP on
charged DM partner (e.g., chargino) mass to be above
100 GeV [43].
The most recent global scans of the MSSM [44]

including the neutralino and chargino sector (analogous
to split SUSY scenarios) [45] reveal a best fit region
consistent with a higgsino-bino DM candidate, which is
mostly bino (mostly singlet DM will avoid direct detection
constraints). These viable points rely on the so-called
“Higgs funnel” annihilation channel (DM mass around
half Higgs mass) in order to reproduce the relic density as
measured by PLANCK. Such scenarios may be ideally
probed by a eþe− 500 GeV collider such as the ILC, where
the accessible particle spectrum (< 300 GeV) contains the
two lightest neutralinos in addition to the lightest chargino.
In this study we explore the potential of a future eþe−

collider to probe and distinguish two well-motivated
minimal models with DM of spin-0 and spin-1=2
embedded into an SUð2Þ weak doublet with no additional
BSM mediator. We assume that the DM sector is repre-
sented by an EW doublet without loss of generality and that
each model includes DM D, its charged partner Dþ, and
heavier neutral partner(s) D2 with MD2

> MD, which are
odd particles with respect to the Z2 symmetry responsible
for DM stability. We explore the potential of the 500 GeV
eþe− collider (which can be ILC, FCC-ee, CLIC, etc.) to
measure MD and Mþ masses and distinguish DM spin
using semileptonic signature from DþD− decays. The
observation of such signature requires a nonvanishing mass
gap ΔM ¼ Mþ −MD (≳10 GeV) which would provide
detectable leptons.
There are several important advantages of the eþe−

colliders in comparison to the LHC which motivate our

study, including (a) the background cross section at eþe−
collider is lower and the respective signal to background
ratio is at least 1 order of magnitude higher than the one at
the LHC; (b) at eþe− colliders one can determine not only
the missing transverse momentum, but also missing mass,
which allows us to further suppress the background without
reducing the signal; (c) since the center-of-mass energy is
fixed at eþe− colliders, they allow us to reconstruct
kinematics of various particles and their distributions in
the lab frame, including characteristics of W� bosons from
D� decays which is crucial for determination of DM
properties as we demonstrate in our paper.
Our study goes beyond the previous exploration (e.g.,

Refs. [14] or [46]) of the ILC potential to discriminate DM
models in several principal aspects: (a) we explore models
with DM of two different spins and for the first time
demonstrate thatW-boson angular distribution allows us to
determine the spin of DM even without using the infor-
mation about the signal cross section; (b) we explore the
signature with leptonic final state which has the advantage
of keeping the background under better control and more
precise determination of the final state energy distributions;
(c) we make use of the predicted cross sections for typical
parameter points delivering the correct relic abundance;
(d) we suggest the set of new kinematical observables and
cuts which boost eþe− collider potential discrimination of
DM models; (e) we explore both cases for off-shell and on-
shell W-boson decay; (f) we use a model-independent
template-based approach to fit kinematic end points and
determine D and Dþ masses using likelihood methods. In
addition, for the case of fermion DM we suggest the new
minimal fermion dark matter (MFDM) model with only
three parameters.
This paper is organized as following. In Sec. II we

discuss models, benchmarks, and analysis setup, in Sec. III
we study the signal properties, in Sec. IV we perform signal
versus background analysis and find the potential of the
eþe− collider to determine DM properties, such as mass
and spin. Finally in Sec. V we draw our conclusions.

II. MODELS AND BENCHMARKS

A. Inert doublet model (I2HDM)

The spin-0 or scalar DM (SDM) model which we use
as a first case study is the inert two Higgs doublet model
[47–53], which in addition to the SM Higgs doublet
contains the inert scalar Z2-odd doublet, ϕD, that does
not acquire a vacuum expectation value (VEV). In our
paper we call all particles odd under Z2 symmetry D
particles, and refer to the Z2 symmetry as D parity. The
scalar sector of the model is given by

L ¼ jDμΦj2 þ jDμϕDj2 − VðΦ;ϕDÞ; ð1Þ

where V is the potential with all scalar interactions
compatible with the Z2 symmetry:
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V ¼ −m2
1ðΦ†ΦÞ −m2

2ðϕ†
DϕDÞ þ λ1ðΦ†ΦÞ2 þ λ2ðϕ†

DϕDÞ2
þ λ3ðΦ†ΦÞðϕ†

DϕDÞ þ λ4ðϕ†
DΦÞðΦ†ϕDÞ

þ λ5
2
½ðΦ†ϕDÞ2 þ ðϕ†

DΦÞ2�: ð2Þ

In the unitary gauge, the SM doublet, Φ and the inert
doublet, ϕD take the form

Φ ¼ 1ffiffiffi
2

p
�

0

vþH

�
; ϕD ¼ 1ffiffiffi

2
p
� ffiffiffi

2
p

Dþ

Dþ iD2

�
; ð3Þ

where we consider the parameter space in which only the
first, SM-like doublet, acquires a VEV, v. After EW
symmetry breaking (EWSB), the D parity is still conserved
by the vacuum state, which forbids direct coupling of any
single inert field to the SM fields and protects the lightest
inert boson from decaying, hence providing the DM candi-
date in this scenario. In addition to the SM-like scalarH, the
model contains one inert charged Dþ and two further inert
neutral D and D2 scalars. The two neutral scalars of the
I2HDM have opposite CP parities, but it is impossible to
unambiguously determine which of them is CP even and
which one is CP odd since the model has two CP
symmetries, D → D;D2 → −D2 and D → −D;D2 → D2,
which get interchanged upon a change of basis ϕD → iϕD.
This makes the specification of the CP properties of D and
D2 a basis-dependent statement. Therefore, following
Ref. [11], we denote the two neutral inert scalar masses as
MD < MD2

, without specifying which is scalar or pseudo-
scalar, so that D is the DM candidate.

The model can be conveniently described by a five-
dimensional parameter space [11] using the following
phenomenologically relevant variables:

MD; MD2
>MD; Mþ>MD; λ2>0; λ345>−2

ffiffiffiffiffiffiffiffiffi
λ1λ2

p
;

ð4Þ

where MD;MD2
and Mþ are the masses of the two neutral

and charged inert scalars, respectively, whereas λ345 ¼ λ3 þ
λ4 þ λ5 is the coupling that governs the Higgs-DM inter-
action vertex HDD. There is (ϕD → iϕD, λ5 → −λ5)
symmetry of the Lagrangian which allows us to chose
λ5 > 0 as a conversion. The masses of the three inert scalars
are expressed in terms of the parameters of the Lagrangian
in Eqs. (1)–(2) as follows:

M2
D ¼ 1

2
ðλ3 þ λ4 − λ5Þv2 −m2

2;

M2
D2

¼ 1

2
ðλ3 þ λ4 þ λ5Þv2 −m2

2 > M2
D;

M2þ ¼ 1

2
λ3v2 −m2

2; ð5Þ

which represent the only three parameters relevant to our
study, since we explore production of D particles in the
gauge interactions at eþe− colliders.
Constraints on the Higgs potential from requiring vac-

uum stability and a global minimum take the following
form [11]:

�
M2

D > 0 ðthe trivial oneÞ for jRj < 1;

M2
D > ðλ345=2

ffiffiffiffiffiffiffiffiffi
λ1λ2

p
− 1Þ ffiffiffiffiffiffiffiffiffi

λ1λ2
p

v2 ¼ ðR − 1Þ ffiffiffiffiffiffiffiffiffi
λ1λ2

p
v2 for R > 1;

ð6Þ

where R ¼ λ345=2
ffiffiffiffiffiffiffiffiffi
λ1λ2

p
and λ1 ≈ 0.129 is fixed as in the

SM by the Higgs mass in Eq. (5). The latter condition
places an important upper bound on λ345 for a given DM
massMD. Constraints on the model’s parameter space have
already been comprehensively explored in a large variety of
previous papers [11,47–50,54–75].

B. Minimal Fermion DM (MFDM)

The second model we consider here is a minimal model
with an EW fermion DM doublet. The model should
respect direct DM constraints coming from the most
restrictive DM direct detection (DD) searches from the
XENON1T experiment [76], and at the same time provide
the correct amount (or at least not an overabundance) of
relic density. Therefore the model must have a mechanism
to suppress DM scattering through intermediate Z bosons
and/or Higgs bosons. Among several candidates for such a

mechanism, the most minimal is to introduce Majorana
neutralD-odd particles χ01 and χ

0
2 as a part of an EW doublet

and split their masses via interactions with the SM Higgs
doublet and additional Majorana singlet fermion χ0s :

LFDM ¼ LSM þ ψ̄ði=D −mψÞψ þ 1

2
χ0sði=∂ −msÞχ0s

− ðYðψ̄Φχ0sÞ þ H:c:Þ; ð7Þ

where fermion fields are in bispinor form and Φ is the SM
Higgs doublet. A DM SUð2Þ vectorlike doublet with
hypercharge Y ¼ 1=2, may be defined in terms of majorana
states χ0, χ00 as

ψ ¼
� χþ

1ffiffi
2

p ðχ0 þ iχ00Þ
�
: ð8Þ
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The model which we suggest and use in our paper has
only three new parameters: mψ ; Y, and ms. This model is
more minimal in comparison to the previously studied
doublet-singlet model [77,78] which has four parameters
because of two Yukawa couplings, distinguishing left- and
right-handed interactions of Higgs and DM doublets with
χ0s . Our choice of the parity conserving ψ −Φ − χ0s Yukawa
interactions adds just one parameter to the model—the
Yukawa coupling, which is the same for left and right
interactions. We have checked that this scenario is radia-
tively stable. This parity would be spoiled if the DM sector
would directly couple to SM fermions, which is eventually
not the case. Therefore our model with just three new
parameters is consistent and truly the minimal one.
The Yukawa interaction mixes χ0 and χ0s while χþ and χ00

have the same massmψ and remain degenerate at tree level.
This degeneracy is not essential, since χ00 decay is driven
by the χ00 → χ0Zð�Þ process.
We trade mψ ; Y and ms parameters for three physical

masses:

MD; mψ ≡Mþ ¼ MD0 ; and MD2
; ð9Þ

corresponding to ðD;D2; D0Þmass bases of the neutral DM
sector, which one obtains from the diagonalization of the
mass matrix in the ðχ0; χs; χ00Þ basis:

M ¼

2
64
mψ Yv 0

Yv ms 0

0 0 mψ

3
75: ð10Þ

Since the mass and gauge eigenstate of χ00 coincide and
have the massmψ ≡Mþ ¼ mD2

, diagonalization should be
done only for 2 × 2 upper-left block of the matrix (10). This
diagonalization describes the rotation of the gauge eigen-
states ðχ0; χ0sÞ into the mass eigenstates ðD;D2Þ by angle θ
and given by

χ0 ¼ D cos θ −D2 sin θ;

χ0s ¼ D sin θ þD2 cos θ: ð11Þ

One can find the following useful relations from this
diagonalization:

ms ¼ MD þMD2
−Mþ; ð12Þ

tan 2θ ¼ 2Yv
mψ −ms

¼ 2Yv
2Mþ −MD2

−MD
; ð13Þ

sin 2θ ¼ −
2Yv

MD2
−MD

: ð14Þ

The relation between Yukawa coupling, Y and physical
mass parameters is given by

Y ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðMD2

−MþÞðMþ −MDÞ
p

v
: ð15Þ

The mass order

MD2
> Mþ ¼ MD0 > MD ð16Þ

follows from the condition for Y to be real. The phase of χ0s
may be chosen such that Y is positive. This MFDM model,
with singlet-doublet dark sector content can be mapped into
the bino-Higgsino MSSM model with all other SUSY
particles decoupled, including winos.
In this model, DM interaction with the Z boson is absent

at tree level. One should also note that inelastic upscatter-
ings arising from the ZDD0 vertex do not take place for the
mass split between D and D0 above the recoil energy
threshold of direct detection experiments (typically around
1–10 keV)—the case of our study. The spin-independent
DM—nucleon scattering cross section therefore depends
only on the Higgs coupling to DM, gDDh, given by

gDDh ¼ −2Y cos θ sin θ ¼ 2
ðMþ −MDÞðMD2

−MþÞ
vðMD2

−MDÞ
;

ð17Þ

which follows from Eqs. (14) and (15). This coupling can
be small, which provides viable parameter space from DM
direct detection point of view. In this study we consider
scenarios with relatively largeMþ −MD mass gap—of the
order of W-boson mass, so Dþ decays to on-shell (or
slightly virtual) W bosons. In this scenario, the small value
of gDDh coupling is driven by the smallMD2

−Mþ value as
one can see from Eq. (17). At the same time the correct relic
abundance can be provided through the effective resonant
annihilation of DM through the Higgs boson, when MD ≃
Mh=2 even if the value of gDDh is small. One should note
that in this case D −D2 and D −Dþ co-annihilation
channels are subdominant due to the relatively large mass
split between DM and its partners. The implementation of
this model in the CalcHEP [79] format using the LanHEP
package [80] is publicly available in the High Energy
Model Physics database (HEPMDB) [81] at [82].

C. Benchmark points

In our study we chose two benchmarks with different
Dþ −Dmass gaps: one—providingDþ → DW decay with
on-mass-shell W boson in the final state and another—with
the off-mass-shell W� boson. We choose model parameters
providing the right amount of relic density and satisfying the
latest DM DD constraint from XENON1T searches to make
sure that chosen benchmarks are the realistic ones. The
benchmarks are presented in Table I together with DM
observables, where abbreviations SDM and FDM denote
scalar and fermion DM, respectively. One should note that
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I2HDMmodel has twomore parameters (fiveversus three) in
comparison to MFDM model—λ345 and λ2. First we chose
MD;M

þ
D;MD2

to make the relic density consistent with the
results fromPLANCKforMFDMmodel, then use additional
parameter λ345 from I2HDM to make the relic density from
this model to be consistent with PLANCK. The other
parameter—λ2, which controls the self-interaction of DM,
is not relevant to collider phenomenology. We keep λ2 ¼ 1
without loss of generality1 since it does not affect any
conclusion in this paper. We chose the same D, Dþ, and
D2 masses for both models with the aim to explore the ILC
potential in distinguishing theories with the same mass but
different spin of the DM sector.
The relic density Ωh2 and spin-independent proton

scattering cross section σpSI were calculated using the
micrOMEGAs package [83].
We have recast an existing SUSY analysis using

CheckMATE2 [84] and found that the most sensitive
search for BP1 and BP2 is the CMS 13 TeV search for
electroweak production of charginos and neutralinos in
multilepton final states [85]. CheckMATE evaluates the r
number defined as a ratio of the signal cross section and the
cross section excluded at 95% Confidence Level (CL), so
r ¼ 1 means that the model is excluded at 95% CL The
respective values for BP1 and BP2 are found to be 0.325
and 0.664, respectively, which means that these points are
still allowed by the LHC data.2 Many of the most stringent
LHC constraints on electroweak scale WIMP masses arise

from decays mediated by sleptons and sneutrinos of mass
⪅ 500 GeV. In the scenarios explored here we assume that
all additional SUSY particles (or analogous particles which
could appear in the I2HDM extension) are decoupled. It is
worth noting that the global scan of electroweakino DM by
the GAMBIT Collaboration shows favored parameter
points around our benchmarks [45].
For the models under study one should also respect the

constraints from the electroweak precision test (EWPT).
EWPT quantities include S, T, and U observables that
parametrize contributions from beyond standard model
physics to electroweak radiative corrections [86]. For
I2HDM the expressions for the S and T parameters are
evaluated in [48,61] and give

S ¼ −0.016ð−0.013Þ; T ¼ −0.00146ð−0.00090Þ ð18Þ

values for BP1(BP2), respectively. The contribution to the
U parameter for I2HDM can be neglected. These S and T
values for our benchmarks are allowed by the current
EWPT fits which (with U fixed to be zero), have the
following central values (for SM Higgs boson mass
125 GeV) [87]:

S ¼ −0.01� 0.07; T ¼ 0.04� 0.06; ð19Þ

with correlation coefficient þ0.91. For MFDM we have
derived the expressions for S and T and present them in
Appendix A. For MFDM the values of the S parameter are

S ¼ −1.06 × 10−4ð−8.38 × 10−5Þ ð20Þ

for BP1(BP2) respectively, while the T and U parameters
are explicitly zero. This happens because one of the down
parts of the vectorlike doublet, corresponding to the neutral
Majorana fermion, does not mix and has the same mass as
the charged fermion. For details we refer the reader to
Appendix A. To conclude, the benchmarks for both models
are consistent with the EWPT, which is expected since the
mass split between vectorlike fermions is not large and the
S and T parameters are proportional to the mass split
squared (in case if they are not explicitly zero like the T
parameter in MFDM). We would like also to note that
contrary to the case of doublet of new chiral fermions, the T
parameter for which is known for more than 40 years
[88,89], the T parameter for vectorlike fermions is model
dependent. Therefore, we would like to stress that the
general statement in the Review of Particle Physics (PDG)
[87] that vectorlike fermion doublets contribute to T with
an extra factor of 2 is not correct in general.

D. Analysis setup

In our study we use the following tools to evaluate the
ILC potential to probe properties of DM. We use CalcHEP
[79] to perform the parton-level signal analysis in Sec. III,

TABLE I. Benchmark points for I2HDM and MFDM with DM
observables. All masses are given in GeV. Abbreviations SDM
and FDM denote scalar and fermion DM, respectively.

Benchmarks

Parameters BP1 BP2

MD 60 60
Mþ 160 120
MD2

160.85 120.85

I2HDM parameters

λ345 6.5 × 10−4 7.0 × 10−4

λ2 1.0 1.0

DM observables

Ωh2 SDM 0.111 0.112
FDM 0.108 0.109

σpSI[pb] SDM 6.17 × 10−13 6.17 × 10−13

FDM 1.67 × 10−11 1.65 × 10−11

1The large value of the λ2 could potentially affect the DM
density profile and loop-induced DM annhillation into SM
particles. These effects are outside the scope of this paper.

2The latest CheckMATE2 sensitivity could be a bit higher
since the time our analysis was done.
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including the study of the finite width effects fromW-boson
decay, and the effects from the initial state radiation (ISR) and
beamstrahlung radiation (B).3 We use Pythia8 [91] to
simulate final state radiation and hadronization effects.
Events from Pythia are then passed to the Delphes [92]
fast-detector simulator using the ILC card based on the
proposed ILD detector [90]. We have used the anti-KT jet
clustering algorithm [93] with the value of radius parameter
R set to 0.8 (instead of its default 0.5) which allows us to add
the additional soft jets and improve dijet reconstruction. At
this level of simulation we have performed signal and
background analysis of the various kinematic distributions
to extractD andDþ masses to distinguish scalar and fermion
DM models as discussed in detail in Sec. III. D.

III. THE PROPERTIES OF DM SIGNAL
AT THE e+ e− COLLIDER

In this section, we discuss and develop the generic
strategies which we suggest to employ in order to discern
the masses and spin of DM in the classes of models
discussed in the previous section. In order to evaluate the
applicability of such strategies we examine the cross
section of the relevant production channels and the dom-
inant background processes. Besides, we also discuss
various kinematical observables and the respective distri-
butions which will be later used to discriminate DM
properties and optimize signal versus background.

A. The signatures

The eþe− → DþD− process, followed by subsequent
D� decay to D and W and then by W decay to leptons or
quarks lead to the following signatures:

(i) Two dijetsþ =ET from the

eþe− → DþD− → DDWþW− → DDðWþ → qq̄0Þ
× ðW− → qq̄0Þ ð21Þ

process. This signature has large missing transverse
mass =ET and large Mmiss while each dijet cluster has

energy <
ffiffi
s

p
2
.

(ii) Dijetþ ðe or μÞ þ =ET , with energy of each dijet or

lepton <
ffiffi
s

p
2
, with large =ET and large Mmiss, which

originates from the

eþe− → DþD− → DDWþW− → DDðW → lνÞ
× ðW → qq̄Þ ð22Þ

process.

Here we consider the Mþ < MD2
case only, for which the

branching fraction of D� → DW� decay is 100%. At
M�

W > 5 GeV, the branching ratios for different channels
of W� decay are roughly identical to those for on-shell W
[94]. In particular, the fraction of events with signature (21)
is 0.6762 ≈ 0.45. The fraction of events with signature (22)
is 2 · 0.676 · ð2þ 0.17Þ · 0.108 ≈ 0.32 (here 0.17 is a frac-
tion of μ or e from τ decay). At M�

W < 5 GeV the
branchings BRðeνÞ and BRðμνÞ increase, while the dijet
becomes a set of a few hadrons.
One should also mention, that in case when Mþ > MD2

(which we do not study here), D2 contributes to D� decay
such as

D� → D2W� → DZW�; ð23Þ

which gives rise to the additional signatures such as
(i) from (4 dijets, 0 charged leptons) to (1 dijet, 5

charged leptons),
originating from

eþe− → DþD− → DWþD2W− → DDWþW−Z ð24Þ

and

eþe− → DþD− → D2WþD2W− → DDWþW−ZZ ð25Þ

cascade processes. Note that the processes with invisible
decay Z → νν̄ (with branching fraction BR ¼ 20%) have
the same signature as processes (21) and (22). There is also
an additional process leading to D-odd particlesþ leptons
in the final state, eþe− → DD2 → DDZ which we discuss
in Appendix B in the details.
In our study we denote electron beam energy as

E ¼ ffiffiffi
s

p
=2: ð26Þ

We consider energies E and three-momenta, p⃗, of
particles in different reference systems and use particle
name in superscript (W for Wþ and D for Dþ) for energy
and momentum to indicate their Lorentz frame. For the lab
system (cms for eþe−) corresponding quantities are written
without superscript. The subscript indicates just the name
of the particle to which the physical quantity belongs. For
example, p⃗D

þ
W is value of three momentum ofWþ in the rest

frame of Dþ, and Eμ is the energy of muon in the lab
system.
We supply upper superscript by additional sign max,

(þ), (−) to characterize the values for the corresponding
energy which we define in the text. The energy can depend
on some parameters, e.g., the mass of a virtual W boson
(M�

W), which we indicate in brackets. For example,
Emax
μ ðM�

WÞ means the maximum energy of the muon from
the W� with the M�

W invariant mass.

3In our setup we have used the ISR scale equal to the
ffiffiffi
s

p
,

σx þ σy ¼ 500 nm for bunch xþ y size, 0.3 mm for bunch length
and 2 × 1010 particles in the bunch, corresponding to the standard
setup for ILC simulation [90].
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B. Kinematical observables

We study the signal from DM originating from the
eþe− → DþD− process, followed by D� decay to D and
on-shell or off-shell W�, which we denote as W from now
on for both (off-shell or on-shell) cases. In its turn, W
decays to a qq̄ pair (dijet) or lν.
Respectively, we will use several characteristic kinemati-

cal observables for the signal and background processes
relevant to this final state.

(i) Among them is the missing mass, Mmiss which is
invariant mass of the invisible particles system, i.e.,
invisible mass for a pair of DM particles, defined as

Mmiss ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
ð ffiffiffi

s
p

; 0; 0; 0Þ −
X
vis

Pvis

�
2

s
; ð27Þ

where Pvis are 4-momenta of visible particles.
In the absence of the initial state radiation and beamstrah-
lung effects (which we call ISRþ B effects for brevity from
now on) the minimum value ofMmiss is 2MD, while for SM
background (BG) with just one neutrino in the final state
Mmiss is vanishing. Therefore, in this particular case BG can
be perfectly separated from the signal using just one Mmiss
variable. In reality ISRþ B effects play an important role
as we demonstrate below. Therefore we will make use of
several other useful kinematical variables, such as

(i) missing transverse momentum, =ET
(ii) charged lepton energy (muon in particular), Eμ

(iii) angle of reconstructed W boson in the LAB sys-
tem, cos θW

(iv) the energy of W-boson reconstructed from the dijet
pair, Ejj.

C. The strategy for the signal exploration

It has been shown that the eþe− colliders such as ILC
and CLIC provide an excellent opportunity for discovery of
DM and study its properties for some promising theories,
including supersymmetry (see, e.g., Refs. [95,96]). In this
paper we also demonstrate that this is the case for the
eþe− → DþD− process under study with the signatures
discussed above in Sec. III A. The cross section of this
process for both DM theories we study here is large enough
in comparison with the respective SM background, such
that not only DM discovery is possible at ILC and CLIC but
also determination of DM properties.
The masses Mþ and MD can be determined from the

edges of the W-boson energy distribution which can be
measured using dijets originating from Dþ → DW� →
Djj decay chain as we discuss in Sec. III E 1, (see
Refs. [97,98] for MSSM and [51–53] for I2HDM model
cases). However, this method provides an accuracy worse
than that which can be achieved by using the lepton energy
distribution which we exploit in our study, Sec. III E 2,
together with the usage of dijet energy. Indeed, the accuracy

of the jet energy resolution is typically 1 order of magnitude
worse than muon momentum resolution [99] for ILC,
which eventually affects the edges of the respective dis-
tributions and consequently the accuracy of the mass
measurement. The energy distribution of leptons from
the D� → DW� → Dνl� signal has two kink points
whose positions are determined by the decay chain kin-
ematics and can be used to determine the Mþ and MD
masses of Dþ and D, respectively. The energy distribution
of the W boson (which can be determined from dijet decay
channel) also has two kinks which can be used as an
important complementary way to measure the masses of
DM particles.
We would also like to note that charge lepton and W-

boson energy distributions for both—spin zero and spin-
half DM cases that we study here—are quite similar as we
demonstrate in the following section. However, the angular
distributions of W bosons from Dþ decay as well as the
signal production cross sections are quite different for spin
zero and spin-half DM. These two observables allow one to
very clearly distinguish the spin of DM from the signal
under study at lepton colliders.
The strategy for DM discovery with the respective

signature we discuss here is very different from the case
when the lightest charged D-odd particle is charged
slepton, the spin-zero superpartner of the SM charged
lepton. In this case, the important signal channel is the
eþe− → l̃þl̃− → lþl−χ0χ0 process. This process has
dilepton signature which is quite clean and well identifiable
but different from the one we study. Also, the energy of an
observable lepton—decay product of slepton—is well
measurable in each individual event, contrary to our case,
when similar product of decay, W, is seen as a dijet or
lepton plus neutrino with worse measurable energy in each
individual event. Therefore, the approach used in the
analysis of slepton production (cf. [100–102]) cannot be
applied directly to our study.

D. Cross sections for D +D− production

It is convenient use the cross section for the SM process

σ0 ≡ σðeþe− → γ → μþμ−Þ ¼ 4πα2=3s; ð28Þ

which allows us to express the QED cross section of the
eþe− → DþD− process with the photon exchange only as

σγ ¼
8<
:

σ0βD
h
1þ 2M2

þ
s

i
if sD ¼ 1

2

σ0
β3D
4

if sD ¼ 0

; ð29Þ

where βD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4M2þ=s

p
. Now we can express the total

cross section of the eþe− → DþD− process as
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σ ¼ σγ þ σγ=Z þ σZ ¼ σγ

�
1þ κγ=Z

1 − M2
Z
s

þ κZ

ð1 − M2
Z
s Þ

2

�
; ð30Þ

where σγ=Z and σZ represent the contribution from the γ=Z
interference and squared diagram with Z-boson exchange,
respectively. The corresponding κγ=Z and κZ coefficients are
given by

κγ=Z ¼ cos 2θWð2 cos 2θW − 1Þ
4 cos2 θW sin2 θW

≈ 0.0867; ð31Þ

κZ ¼ cos2 2θWðcos2 2θW þ ðcos 2θW − 1Þ2ÞÞ
32 cos4 θW sin4 θW

≈ 0.162:

ð32Þ

The respective signal cross sections for both models and
both benchmarks as well as for the leading SM background
eþe− → WþW− are presented in Fig. 1.
For our benchmarks, the eþe− → DþD− cross section

for the fermion DM (FDM) case is close to σ0, (which
makes its use convenient) while for scalar DM (SDM) case
the cross section is about 1 order of magnitude lower. The
annual integrated luminosity L for the ILC project [96] is
expected to be 500 fb−1 which provides of the order 105

and 104 events for FDM and SDM cases, respectively. The
initial ratios of the FDM and SDM signals to the eþe− →
WþW− background are about 1

10
and 1

100
, respectively.

To measure the eþe− → DþD− cross section at the
experimental level one should measure the sum over all
processes with signatures (21) and (22) [that is about 7=9 of
the total cross section of DþD− production, since our
signature does not include the dilepton final state which is
2 × ð3=9 × 3=9Þ ¼ 2=9]. When masses Mþ is measured,
the cross section of σðeþe− → DþD−Þ process can be

calculated and compared with the measured one. Since the
difference between the FDM and SDM signal is about 1
order of magnitude, the knowledge of the cross section
would allow us to distinguish DM spin for these two
models. One should note, that in case of supersymmetry the
FDM cross section can be modified by t-channel diagrams
with the sleptons, which could reduce the cross section by
about factor of 2, which, however, would still allow us to
discriminate FDM from the SDM case.

E. W and charged lepton energy distribution and dark
matter mass reconstruction

We proceed with a discussion of the features of the W
and charged lepton energy distributions for processes (21)
and (22), comprising the positions of discontinuities and
end points, expressions for which are derived using simple
kinematics.

1. W energy distributions

First we consider the energy distribution of W (which
may be virtual) with massM�

W . In the regime whereW may
be produced on-shell (i.e., Mþ −MD > MW), then
M�

W ¼ MW . However, when W is produced off-shell its
maximum effective mass is M�

W ¼ Mþ −MD for W� at
zero momentum. In the rest frame of D� we have a two-
particle decay D� → DW�. The energy and three-momen-
tum of the W boson in the D� rest frame (labeled by
superscript D) are given by

ED
WðM�

WÞ ¼
M2þ þM�2

W −M2
D

2Mþ
;

pD
WðM�

WÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2þ −M�2

W −M2
DÞ2 − 4M2

DM
�2
W

p
2Mþ

: ð33Þ

FIG. 1. Left: cross section versus
ffiffiffi
s

p
for background eþe− → WþW− process (green) compared to the cross section of eþe− →

DþD− signal processes for fermion (orange) and scalar (blue) dark matter for BP1 (Mþ ¼ 160 GeV). Solid (dashed) lines present
results for ISRþ B effects switched on (off), respectively. Right: eþe− → DþD− cross section versus Mþ.
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Denoting θ as the Wþ escape angle in the Dþ rest frame
with respect to the direction ofDþ motion in the laboratory
frame, and using c≡ cos θ, we find the energy ofWþ in the
laboratory frame to be

EW ¼ γDðED
W þ cβDpD

WÞ⇒ Eð−Þ
W ðM�

WÞ<EW <EðþÞ
W ðM�

WÞ;
ð34Þ

where

Eð�Þ
W ðM�

WÞ ¼ γDðED
W � βDpD

WÞ; ð35Þ

with γD ¼
ffiffi
s

p
2Mþ

.

For the on-shell W (M�
W ¼ MW) case, the kinematical

edges of the W energy distribution are

Eð�Þ
W ðMWÞ ¼

E
2

�
1þM2

W −M2
D

M2þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2þ −M2

W −M2
DÞ2 − 4M2

DM
2
W

p
M2þ

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

M2þ
E2

r �
; ð36Þ

where E is the D� energy, which is quite different from
delta-function shape of the background distribution, peak-
ing at E in the absence of ISRþ B. We show the W-boson
energy distribution in Fig. 2 for both the SDM and FDM
cases. In reality ISRþ B, as we show later, introduces an
important smearing which makes the background non-
negligible.
For the off-shell case (Mþ −MD < MW) although these

equations hold for events with both a virtual W and real D
produced at rest in the D� frame, the kinematic edges are
smeared as a result of variation the final state momenta

(and, consequently, the four-momentum of the virtual W)
over the phase space. This is demonstrated below in Fig. 5
where the kinematic edges are not clearly visible.
In a well-known approach, one measures edges in the

energy distributions of dijets, representing W coming from
D� → DW� decay [97,98]. However, the individual jet
energies and, consequently, effective masses of dijets
cannot be measured with a high precision. The observed
lower edge of theW energy distribution in the dijet mode is
smeared because of this. One can only hope for a
sufficiently accurate measurement of the upper edge of
theW energy distribution, Eþ

W given by Eq. (36). Therefore
we suggest to extract the second quantity for derivation of
masses from the lepton energy spectra. The lepton energy is
measurable with a higher accuracy in comparison to the
dijet one. We will show that the singular points of the
energy distribution of the leptons in the final state with
signature (22) are kinematically determined, and therefore
can be used for a mass measurement.

2. Charged lepton energy distributions
in e+ e− → D+D− → DDW+W − → DDqq̄lν

We next study the distribution of events over the muon
energy, Eμ. The fraction of such events for each separate
lepton, eþ, e−, μþ or μ−, is about 1=9 × 2=3 ¼ 2=27≃
0.074, while their sum is about 4 × 2=27 ≃ 0.30 of the total
cross section of the process.
In the following sections we consider only muons, so

that in the W rest frame and the laboratory system with W
energy EW, respectively, we have

EW
μ ¼jp⃗jWμ ¼Mð�Þ

W =2; γW ¼EW=M
ð�Þ
W ; βW ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−γ−2W

q
:

ð37Þ
Just as before, we denote θ1 as the escape angle of μ

relative to the direction of theW in the laboratory frame and

FIG. 2. The energy spectra (without ISRþ B) of the W (left) and muon (right) for different DM mass, mD, and mass split with its
charged partner, ΔMþ. Solid and dashed lines correspond to FDM and SDM, respectively.
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use c1 ¼ cos θ1. The muon energy in the laboratory
frame is

Eμ ¼
EW

2
ð1þ c1βWÞ: ð38Þ

Muon energies lie between energies 1
2
ðEW �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2
W −Mð�Þ2

W

q
Þ. The maximum muon energy, Emax

μ , may
be determined from the highest value of W energy, i.e.,

EW ¼ EðþÞ
W from Eq. (36) (see Appendix C 1):

Emax
μ ¼ E

2
ð1þ βDÞ

�
1 −

MD

Mþ

�
: ð39Þ

With a shift of EW from these boundaries inwards, the
density of states in the Eμ distribution grows monotonically

due to contributions of smaller EW values up to Eð�Þ
μ values,

corresponding to the lowest value of W energy Eð−Þ
W from

Eq. (36). At these points the energy distributions of muons

have kinks, located at Eð�Þ
μ . Between these kinks, the Eμ

distribution is approximately flat. The following equation
(derived in Appendix C 2),

Eð�Þ
μ ¼ Eð−Þ

W �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEð−Þ

W Þ2 −M2
W

q
2

; ð40Þ

gives the upper and lower bounds in the muon energy
distributions.
At Mþ −MD > MW , the positions of the upper edge in

the dijet energy distribution EðþÞ
W (36) and the lower kink in

the muon energy distribution Eð−Þ
μ (40) give us two

equations necessary for determination of MD and Mþ
(derived in Appendix C 3):

M2
D ¼ M2

W −M2þ

�
1

E
ðαþ βÞ − 1

�
; ð41Þ

M2þ ¼ 2

�
E2ðαβ þM2

WÞ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E4ðα2 −M2

WÞðβ2 −M2
WÞ

p
ðαþ βÞ2

�
;

ð42Þ

where α and β are defined as

α ¼ 4EðþÞ2
μ þM2

W

4EðþÞ
μ

; β ¼ 4Eð−Þ2
μ þM2

W

4Eð−Þ
μ

: ð43Þ

The position of the upper edge in the dijet energy

distribution EðþÞ
W should be extracted from all events with

signatures (21), (22), while the position of the lower kink in

the muon energy distribution Eð−Þ
μ can be extracted from

events with signature (22) only.

If a D2 particle is absent orMD2
> Mþ, the results (38)–

(40) are valid since one can neglect the interference
between the signal and SM diagrams as we discuss below.
The shape of the energy distribution of leptons (with one
peak or two kinks) allows us to determine which case is
realized, Mþ −MD > MW or Mþ −MD < MW. The
energy distributions (without ISRþ B effects) of muons
Eμ alongside EW are presented in Fig. 2 for both the SDM
and FDM cases.
While spin does not affect the shape of distributions

in Fig. 2, the different DM masses and mass split scenarios
can be easily distinguished by using both energy spectra
EW and Eμ. For the W energy distributions in the left plot,
increasing ΔMþ spreads the energy distribution across a
larger range. The W is produced nearly at rest when near
the D −Dþ mass split but can have a larger range when
given more energy and is more boosted.
This is opposite in the case of muon energy distribu-

tions in the right plot, where increasing ΔMþ narrows the
distributions. When the width of EW is minimal, this
maximizes the width of Eμ because the muon can go
exactly along W or opposite this direction, making the
muon distribution as wide as possible. If W has larger
phase space then it is not aligned along the direction of
Dþ. In this case the W energy is not fixed and can be
varied, which leaves less phase space to muon for its
energy variation.
In theW energy distributions, increasing DMmass shifts

the distributions to lower energies. This is also the case for
muon energy distributions, as the tails extend to higher
energies for smaller DM mass. Since a heavier DM is
produced, this takes a larger fraction of the system’s energy,
giving less energy to the W and muons for the same input
energy.
The low and high end kinks can be very close or even

overlap either for EW or Eμ energy distributions, which
would eventually spoilMþ andMD determination. The key
point we stress here is that these kinks never overlap for
both distributions simultaneously, as is demonstrated in
Fig. 3, meaning that Mþ and MD masses can be always
reconstructed. When kinematic edges are not distinguish-
able in the Eμ energy distribution, the EW distribution
displays a maximal separation of kinematic edges and
vice versa. This is an important feature of the signal
which highlights the complementary power of the two
observables which allows usto effectively extract DM
masses in the whole parameter space relevant to the ILC
signal under study.
Observation of events with signature (21), (22) will be a

clear signal for DM particle candidates. The nonobserva-
tion of such events will allow us to find lower limits for

masses Mþ, like [51–53]. At Mþ <
ffiffi
s

p
2
, the cross section

eþe− → DþD− is a large fraction of the total cross section
of eþe− annihilation, making this observation a very
realistic task.
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3. Distortion of the energy distributions from width
effects, ISR+B and intermediate τ’s

A more detailed analysis reveals two main sources of
distortion of the energy distributions (we neglected them in
our preliminary analysis).
(1) The final width of W and D� leads to a blurring of

the singularities derived. This effect increases with
the growth of Mþ −MD.

(2) The energy spectra under discussion will be
smoothed due to QED initial state radiation and
beamstrahlung.

(3) Smearing from intermediate τ leptons in the cas-
cade D− → DW− → Dτ−ν → Dμ−ννν

For the on-shell W energy distributions with scalar and
fermion DM shown in Fig. 4 the upper and lower edges in
EW are clearly visible. However, the ISRþ B smearing
effect increases the uncertainty in edge identification,
especially for the upper edge in EW . For the off-shell W
case, its energy distributions in Fig. 5 shows no visible

kinks or edges, making it impossible to determine DM
masses, regardless of ISRþ B effects.
The effect of ISRþ B which distorts the parton level

muon energy distributions is presented in Fig. 6 left and
right for SDM and FDM, respectively (for BP1). The blue
line corresponds to production of D�DW∓ and subsequent
decay of W boson, i.e., W-width effects are not included.
The yellow line corresponds to simulation of the full
production cross section, taking into account all widths.

This effect smooths EðþÞ
μ considerably, but the dominant

distortion comes from the effects of ISRþ B, as shown by
the green line. In CalcHEP, ISR is modeled using the
equation by Jadach, Skrzypek, and Ward [103], and
bremsstrahlung by that of Chen [104]. The key observation

here is that the left-hand kink, Eð−Þ
μ , remains visible.

The process D− → DW− → Dτ−ν → Dμ−ννν also
modifies the spectra just discussed. The energy distribution
of τ produced in the decayW → τν is the same as that for μ
or e [within the accuracy of ∼ðMτ=M�

WÞ2]. Once produced,

FIG. 4. The W energy distribution for BP1, the on-shell W case, for SDM (left) and FDM (right).

FIG. 3. The dependence of position of kink of theW (left) and muon (right) energy distributions on the DM mass, mD, and mass split
with its charged partner, ΔMþ. Here solid (dashed) lines correspond to lower (upper) kinks of the respective energy distributions.
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τ decays to μνν in 17% of cases (the same for decay to eνν).
These muons are added to those discussed above. In the τ
rest frame, the energy of muon is Eτ

μ ¼ yMτ=2 with y ≤ 1.
The energy spectrum of muons is dN=dy ¼ 2ð3 − 2yÞy2.
The signal evaluation is presented as energy distributions of
muons in the Lab frame. It is clear that this contribution is
strongly shifted towards the soft end of the entire muon
energy spectrum.
In Fig. 7, we compare the normalized muon energy

distributions for SDM and FDM, including all width and
ISRþ B effects. Since positions of kinks are kinematically
determined, it is not surprising that calculations for distinct
models (containing different angular dependence) demon-
strate variations in shapes, but do not perturb the position of

kinks. We see that for FDM, EðþÞ
μ is less well preserved than

for SDM. Also, the higher energy tail demonstrates small
differences in behavior, however does not change the end

point, EðþÞ
μ , required for measurement of mass. This small

difference between overall shapes suggests that muon
energy is not a good observable to differentiate between
spins of DM, but conversely that it is a good observable for

spin-independent measurements of mass. Note that spin
correlations were taken into account from 2 → 4 process.
The right plot in Fig. 7 shows the muon energy

distribution for the off-shell W decay case. In this case,

Eð−Þ
μ is easily distinguishable between DM spins, including

some differences in the shapes of the distribution tails.

However, EðþÞ
μ does not exist in this case, so one must rely

solely on Eð−Þ
μ for mass and spin determination for the off-

shell case. In the next section we discuss the observable that
can be used for DM spin determination.

F. Angular distributions for dark matter
spin discrimination

We have found that the remarkable observable, which
can distinguish the spin of DM, is the angular distribution
of W-boson with respect to the electron beam in the lab
frame. We found thatDþ angular distribution is determined
by the spin of DM (and in the case of s-channel SM vector
mediators—photon and Z boson). For spin zero and spin
one-half of DM:

FIG. 5. The W energy distribution for BP2, the off-shell W case, for SDM (left) and FDM (right).

FIG. 6. Muon energy distribution at BP1 for SDM (left) and FDM (right).
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dσ
d cos θD�

∝

(
1 − cos2θD� ; for scalar D�

1þ s−4M2
þ

sþ4M2
þ
cos2θD� ; for fermion D�:

ð44Þ

On the other hand, the angular distribution of W boson
fromD� decay is strongly correlated with theD� one. This
can be observed from Fig. 8 (left), where we present
normalized angular distributions for D� and W� for two
benchmarks of the fermion and scalar DM cases. One can
see that the shapes of the D� distributions, given by
Eq. (44) determine the angular distribution of its decay
product W�, whose angular distribution is very close to its
parent, D�. While the (inverted parabolic) shape of D�
angular distribution is the same for different masses of DM
in case of scalar DM, the shape of angular distribution for
the fermion DM case has mild dependence on DM mass
and in the extreme case of the D� production at the
threshold it becomes flat, but still clearly distinguishable

from the inverted parabolic shape of the angular distribu-
tion for the scalar DM case.
The different shapes of the distributions for DM with

different spins have a very simple physical explanation.
Since the mediator for DþD− production is the spin-one
SM vector bosons—photons and Z boson, only left-left
(LL) or right-right (RR) spin configuration for the initial
eþe− state is allowed. In the case of scalar DM, the
forward-backward scattering of the DþD− pair is for-
bidden, since the forward-backward DþD− pair cannot
form orbital momentum equal to 1 to match the spin of the
mediator. This angular momentum conservation is
reflected in ð1 − cos2 θÞ dependence of the angular dis-
tribution of the scalar D� particles. At the same time, in
the case of fermion DM the forward-backward scattering
of DþD− with their LL or RR final state spin configu-
ration (matching spin one mediator) is naturally allowed,

which is reflected in the ð1þ s−4M2
þ

sþ4M2
þ
cos2 θÞ functional

FIG. 7. Comparing SDM and FDM normalized muon energy distributions for BP1 (left) and BP2 (right) values, including width and
ISRþ B effects.

FIG. 8. Left: comparison of the W� and D� angular distributions with respect to beam direction in the lab frame. Right: the angular
distribution of W� with respect to beam direction in the lab frame for signal and background processes.
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form of the angular distribution of the fermion D�
particles.
It is important to stress that angular distributions of W�

are very close to D� ones for both on-shell and off-shell
W-boson cases. This makes the approach of distinguishing
DM with different spins applicable to the whole model
parameter space, once theW mboson (on-shell or off-shell)
is reconstructed from the dijet.
Another remarkable property of the signal angular

distributions for both spin zero and spin one-half DM is
that they are very different from the background. This is
demonstrated in Fig. 8 (right), where we present normal-
ized angular distributions for W� for both benchmarks
from both DM models as well as the leading eþe− →
WþW− background. One can see that the background
distribution has very pronounced forward-backward peak
even in comparison with the distribution for the fermion
DM. The reason for this is the t-channel diagram with the
electron exchange for the background, shown in Fig. 9
(right) which plays an important role and provides the
gauge invariance together with the s-channel γ=Z diagram.
This is contrary to the signal case, which has only s-channel
γ=Z diagram [Fig. 9 (left)] for the DþD−. In the case of an
additional t-channel diagram for sleptons production which
could take place in case of supersymmetry, the angular D�

and, respectively, W� distributions will be still quite
different from WþW−, as shown in [15].
Therefore, the angular distribution of W� from D� is a

very powerful observable to discriminate the spin of DM.
Moreover, as we have found in our study, this variable is the
generic one for the whole parameter space of a given model
and therefore it allows one to successfully distinguish
signal models as well as background between each other
as we demonstrate below.

IV. SIGNAL VERSUS BACKGROUND
ANALYSIS AND DETERMINATION OF

DARK MATTER MASS AND SPIN

In this section, we study various background processes
and suggest strategies to optimize the statistical sig-
nificance of the signal as well as the signal to background
ratio (which controls the impact of systematic errors).

This analysis uses the kinematical observables and distri-
butions discussed in Sec. III. The “backgrounds” discussed
here are of two distinct types:

(I) SM backgrounds—reducible model-independent
backgrounds, which influence observation of
the model.

(II) Model specific irreducible backgrounds—those
which can potentially obscure precise measurement
of the shape and kinematic features (as presented in
Sec. III) of signature (22).

Backgrounds of type-II have the same final state
particles as the signal process eþe− → DþD− →
WþW−DD. Since the aim of the analysis is to accurately
measure the masses of the models and determine the
spin of DM, our strategy is to minimize both types of
background without significantly distorting the shape of
the signal. In this section we perform signal versus
background optimization at the fast detector simulation
level and present results demonstrating the possibility of
mass and spin determination of DM which is the main
aim of this paper.

A. Background processes

In this study we focus on the signal process (22) with the
respective “dijetþ ðe or μÞ þ =ET” signature. The total
cross section for background processes providing this
signature is ∼10–100 times more than that of the signal,
therefore we explore kinematical distributions and optimize
kinematical cuts to maximize signal significance and
improve signal to background ratio. There are several
backgrounds contributing to this signature which we
include in our analysis, such as

(i) [BG1] The process eþe− → WþW−. This is by far
the dominant background and is of type-I. The cross
section of this process itself is 1 (2) order of
magnitude higher than the signal from fermion
(scalar) DM, as was discussed earlier and illus-
trated in Fig. 1. There are several kinematical
observables which allow us to suppress BG1, for
example,
(a) the energy of each dijet for BG1 is Ejj ¼

ffiffi
s

p
2
,

while for the signal Ejj will be below
ffiffi
s

p
2
−MD,

so a suitable cut on Ejj should strongly suppress
BG1. The main obstacles for this cut to work
perfectly are the ISRþ B effects as well as the
effect of the detector energy smearing as we
demonstrate below.

(b) the missing mass, Mmiss, is zero for BG1 for the
ideal detector and no ISRþ B effects. If this
would be the case, then Mmiss > 2MD would
remove BG1 completely since, for the signal, the
minimal value of Mmiss is 2MD. This is not the
case, as we know, therefore taking into account
ISRþ B effects as well as realistic detector
resolution is crucial for this study.

FIG. 9. Signal (left) and background (right) diagrams.
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One should note, however, that in spite of ISRþ B and
detector effects, both kinematical variables are very
efficient for BG1 suppression.
(ii) [BG2] A type-II background. The process

eþe− → W−DDþ → W−WþDD; ð45Þ

which has just oneD� in the intermediate state leads
to the same final state as the signal process. To
simplify the discussion, we detail the case where
MD2

> Mþ only (as is the case with the benchmarks
analyzed here). The contribution of this process is at
least αW times less then that of the signal process
since it is genuine 2 → 3 process. The interference
of the BG2 process with the signal is also relatively
small since this interference is proportional to the
small D� width. The overall contribution of BG2 to
the total BG is below 1%.

(iii) [BG3] A type-II background. The process

eþe− → DD2 → DDþW− → DDWþW−; ð46Þ

could also contribute to the signature under
study. This background is absent if MD2

< Mþ or
MD2

þMD >
ffiffiffi
s

p
. If the rate of this process is large

enough, it will also be observable via eþe− → DDZ
final state (B2). The cross section σðeþe− → DD2Þ
is of the same order as σðeþe− → DþD−Þ in general
but can be suppressed in the case of FDM by the
small value of singlet-doublet mixing when MD2

−
Mþ mass split is small (which is the case of our
benchmarks dictated by the DM DD constraints).
The kinematics of this background is quite different
from the signal: all visible particles follow the D2

direction and therefore will be mostly in just
one hemisphere in contrast to the signal process.

Therefore, the contribution of this background
process may be suppressed by application of sui-
table respective cuts. Moreover, in the case MD2

<
Mþ þMW (the case of our benchmarks) this back-
ground comes from genuine 2 → 3 process
(eþe− → DDþW−) with the intermediate D2 and
therefore it is suppressed by αW in comparison to the
signal under study.

(iv) [BG4] A type-I background. There could be an
additional pure SM BG process

eþe− → WþW−Z ð47Þ
contributing to the signature under study, with large
=ET and Mmiss carried away by neutrinos from Z
boson produced in association withWþW− pair. The
corresponding cross section is suppressed at least by
αW in comparison to BG1.

B. Signal versus background analysis
and ILC discovery potential

Here we present the signal versus background analysis
and ILC discovery potential for DM at nominal integrated
luminosity of 500 fb−1 (expected at end of run 1). For our
analysis we use tools and setup discussed in Sec. II D.
In Figs. 10–12 we present the key signal and background

distributions at fast detector simulation (Delphes) level for
Mmiss, Ejj and cos θjj respectively for both benchmarks—
BP1(left) and BP2(right).
One can see that missing mass, Mmiss, given by Eq. (27)

has a an expected peak at low values as well as a long tail
towards the large values (where the signal “lives”) due to
the ISRþ B and detector energy smearing effects. These
effects are crucial for the correct BG estimation and
obviously should be taken into account. In the region of
large Mmiss due to the these effects the dominant BG1 is
non-negligible—it is comparable to the FDM signal and

FIG. 10. Missing mass at the detector level for the signal and background processes in both SDM and FDM, for BP1 (left) and
BP2 (right).
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about 1 order of magnitude above the SDM signal. As we
mentioned above without these effects BG1 would be
simply a delta function at zero and could be trivially
removed. In the low panel of Figs. 10–12 we also present an
S=

ffiffiffiffiffiffiffiffiffiffiffiffi
Sþ B

p
distribution to give an idea about the statistical

signal significance before cuts application.
The dijet energy distribution (Fig. 11) of BG1 and BG4

exhibits a longer tail towards higher values of Ejj than the
signal, as a result of a t-channel process mediated by an
electron neutrino. These are detector level distributions,
where we have applied an initial veto requiring at least 2
jets and a single muon. Besides this longer tail, BG1 and
BG4 peak at higher values than the signal because these
backgrounds do not contain DM pair in the final state. One
can see that the difference between the signal and BG1 or
BG4 expected at the parton level is preserved also at the
detector level. One can also see that the shape of cos θjj
distribution (Fig. 12) discussed earlier at the parton level in
Sec. III.6 is also preserved at the detector level which brings

an excellent potential to discriminate the DM spin. One
should note that model-dependent BG2þ BG3 can be
safely neglected even for the case of SDM, for which
these backgrounds are 1 order of magnitude higher than for
FDM (due to the small singlet-doublet mixing effect in case
of FDM).
In the analysis from now on we study “dijetþ μþ =ET”

signature and quote the respective numbers for the
event rates. Based on the properties of the signal and
background distributions we propose simple kinematical
cuts which are indicated in Figs. 10–12 by red shaded
regions. The corresponding cut-flow analyses are presented
in Tables II and III. Table II presents details of the
evaluation of SM BI backgrounds and efficiency of the
cuts, while Table III presents cut-flow analysis of the signal
(S) as well as background BII, which actually becomes part
of the signal since it comes from the non-SM diagrams.
This table also presents the S=B ratio which is equal to
ðSþ BIIÞ=BI as well as the signal significance

FIG. 11. Energy of W boson reconstructed from dijet at the detector level.

FIG. 12. Scattering angle of W as reconstructed from dijet at the detector level.
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αðδsystÞ ¼
Sffiffiffiffiffiffiffiffiffiffiffiffi

Sþ B
p þ δsystðSþ BÞ ; ð48Þ

which includes statistical and systematic uncertainty of the
signal. The numbers are presented for the 500 fb−1 inte-
grated luminosity and for two values of systematic uncer-
tainty, δsys ¼ 0 and δsys ¼ 0.01. The starting point of
Tables II and III is the reconstruction level (Reco level)
after Delphes simulation for which require at least two jets
with pj

T > 20 GeV and one muon with pμ
T > 20 GeV. In

this example of the cut-flow analysis we apply a simple set
of cuts, which demonstrate that cuts on Mmiss, Ejj, cos θjj,
and cos θμ can be chosen such that their cumulative

efficiency will be as high as about 90% for the signal
and only about 5%–7% for the background. This is
demonstrated in Tables II and III where we present the
relative efficiency of each cut after the consequent appli-
cation one cut after another (see columns εS and εBI

for
signal and background, respectively), so their cumulative
efficiency is equal to their product.
One should also note that the efficiency of the initial

(precut) signal selection is about factor of 2 higher for BP1
in comparison to BP2. This is because the jets and muon
from the off-shell W-boson decay in case of BP2 are
eventually softer in comparison to the on-shell W-boson
decay, so the respective efficiencies for jet reconstruction
and muon identification with pT > 20 GeV are, respec-
tively, lower for the BP2.
The kinematical cuts on the key kinematical variables

listed in Tables II and III can be further optimized using
various techniques, including multivariate cuts analysis,
boosted decision trees analysis, or even neural net analysis
at a more sophisticated level. However, as one can see, we
can achieve high enough significance even without a
sophisticated set of cuts and therefore limit ourselves for
this study by analysis based on simple cuts on key variables
we have found.
In Table IV we present the luminosity required to

observe the “dijetþ μþ =ET” signature from SDM and

TABLE II. Cut flow for the SM BG (BG1 and BG4), which are
BP independent.

SM BG cut flow

Cut BG1 BG4 BI εBI

Parton level 6.600 × 105 1.947 × 104 6.795 × 105 …
Reco level 2.921 × 105 1.842 × 103 2.939 × 105 0.433
Mmiss > 170 4.053 × 104 4.881 × 102 4.101 × 104 0.140
Ejj < 200 3.718 × 104 2.993 × 102 3.748 × 104 0.914
j cos θjjj < 0.9 1.902 × 104 2.332 × 102 1.925 × 104 0.514
j cos θμj < 0.9 1.456 × 104 1.981 × 102 1.476 × 104 0.767

TABLE III. Cut flow for BP1 (top) and BP2 (bottom) with efficiency and significances, αðδsystÞ for the 500 fb−1 integrated luminosity.
See details in the text.

BP1 cut flow

SDM FDM

Cut S εS BII εBII

ðSþBIIÞ
BI

αðδsystÞ
S εS BII εBII

ðSþBIIÞ
BI

αðδsystÞ
αð0Þ αð0.01Þ αð0Þ αð0.01Þ

Parton level 4.519 × 103 … 16.55 … 0.007 5.464 0.589 3.556 × 104 … 1.540 … 0.052 42.06 4.448
Reco level 2.185 × 103 0.484 12.56 0.759 0.007 4.016 0.623 1.848 × 104 0.520 1.185 0.769 0.063 33.06 5.017
Mmiss > 170 2.182 × 103 0.999 12.52 0.996 0.054 10.50 3.411 1.845 × 104 0.999 1.174 0.991 0.450 75.67 22.01
Ejj < 200 2.182 × 103 1.000 12.49 0.998 0.059 10.96 3.663 1.844 × 104 1.000 1.168 0.994 0.492 78.00 23.18
j cos θjjj < 0.9 2.132 × 103 0.977 10.64 0.852 0.111 14.58 5.921 1.651 × 104 0.895 0.946 0.810 0.858 87.30 30.20
j cos θμj < 0.9 2.027 × 103 0.951 9.587 0.901 0.138 15.65 6.816 1.542 × 104 0.934 0.851 0.899 1.045 88.77 32.43

BP2 cut flow

SDM FDM

Cut S εS BII εBII

ðSþBIIÞ
BI

αðδsystÞ
S εS BII εBII

ðSþBIIÞ
BI

αðδsystÞ
αð0Þ αð0.01Þ αð0Þ αð0.01Þ

Parton level 4.519 × 103 … 16.55 … 0.007 5.464 0.589 3.556 × 104 … 1.540 … 0.052 42.06 4.448
Reco level 1.352 × 103 0.299 19.98 1.207 0.005 2.487 0.387 7.894 × 103 0.222 2.376 1.543 0.027 14.37 2.213
Mmiss > 170 1.352 × 103 1.000 19.81 0.992 0.033 6.566 2.147 7.894 × 103 1.000 2.328 0.979 0.193 35.70 11.11
Ejj < 200 1.351 × 103 1.000 19.18 0.968 0.037 6.858 2.309 7.891 × 103 1.000 2.194 0.943 0.211 37.05 11.84
j cos θjjj < 0.9 1.345 × 103 0.995 15.85 0.826 0.071 9.369 3.848 7.616 × 103 0.965 1.761 0.802 0.396 46.46 17.61
j cos θμj < 0.9 1.308 × 103 0.973 14.71 0.928 0.090 10.32 4.551 7.262 × 103 0.954 1.614 0.917 0.492 48.94 19.70
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FDM models at the 5σ level for zero and 1% systematic
error values, denoted by αð0Þ and αð0.01Þ values. We use
the cut flow from Tables II and III. The luminosity is
calculated using the Asimov dataset, and as such represents
an “expected” luminosity for discovery. The number of
signal and background events for the respective luminos-
ities is large enough to assume the statistical distribution is
approximately Gaussian.
In Fig. 13 we present the luminosity required for

discovery as the function of the value of the systematic
error using formula (48) for α. From this plot, we see that if
systematic errors are above a few percent, then discovery of
the SDM benchmarks via the channel under study alone at
ILC is problematic for simple cut-based analysis we use
here. However, various studies at future eþe− colliders
[105,106] including ILC shows that the control of the
systematic error for the leading WþW− background at the
1% level is quite realistic.
One should also add that the background can be further

controlled and reduced using electron-positron beam
polarization. We have checked that, for example, in the
case of 80% polarization of both electron (right) and
positron (left) beams the background is reduced by about

factor of 20 while the signal from both models drops down
by less than a factor of 2 only.

C. DM mass determination

1. Kinematic fitting

In our analysis we approximate shape of the muon
energy distribution using a piecewise function. The func-
tional form has power-law dependence for the tail regions,
and a constant for the plateau region between the two kinks,
described by the following function:

fðEμÞ¼

8>>>>>>>><
>>>>>>>>:

b
�

Eμ

Eð−Þ
μ

	
a

if Eμ ≤Eð−Þ
μ

b if Eð−Þ
μ <Eμ <EðþÞ

μ

b
�
1− Eμ−E

ðþÞ
μ

Emax
μ −EðþÞ

μ

	c
if EðþÞ

μ ≤Eμ <Emax
μ

0 if Eμ ≥Emax
μ ;

ð49Þ

where Eð−Þ
μ and EðþÞ

μ are positions of the left and right kinks
of the muon energy distribution, respectively. The fit of the
muon energy distribution for BP1 using the function (49)
was made for the expected number of events, simulated at
the Delphes level for each model. We have generated the
pseudo-experimental dataset neglecting theory errors. This
dataset corresponds to the expected number of events in
each bin from a large MC sample (often called the Asimov
dataset), allowing us to evaluate the expected resolutions
for D and Dþ masses. The discrepancy between the
piecewise function (49) and the detector level distributions
for each model results in a bias on the estimator. To capture
this we include a methodological error (conservatively set
to be 10% of signal for each bin). We have found that this
value of the methodological error gives the result consistent
with the input mass and the error from χ2 profile.
The number of signalþ background events is evaluated

for realistic statistics, corresponding to the cross section
times luminosity for each process. Cuts outlined in Table III
are applied, except the cut on cos θjj since this cut smears

Eð−Þ
μ considerably, while other cuts give approximately

uniform modulation of the signal distribution. The profile
χ2 is calculated by minimizing over nuisance parameters a,

b, and c as well as MD andMþ masses expressed via Eð−Þ
μ ,

Emax
μ values of the fit. The mean collision energy after

ISRþ B was found to be 477.78 GeV from the simulation.
This value was used in the fit. As a result, we have found
the minimum of this profiled χ2, corresponding to the
global minimum of the fit, whereMD;Mþ are also allowed
to vary.
The result of this fit is illustrated in Figs. 14 and 15 for

FDM (500 fb−1) and SDM (20 ab−1) cases, respectively.
The right panels of these figures present Eμ distributions for
signal and background as well as piecewise functions (49)

FIG. 13. Luminosity required for a 5σ DM signal excess above
SM backgrounds as a function of the systematic error percentage
based on αðδsystÞ given by Eq. (48).

TABLE IV. Table demonstrating the expected luminosity (in
fb−1) required to observe a 5σ excess above SM backgrounds.

Luminosity required for discovery ðat 5σÞ=fb−1
αð0Þ αð0.01Þ

SDM BP1 51.1 149
BP2 117 789

FDM BP1 1.59 1.95
BP2 5.21 7.25
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determined from the fit together with the Eð−Þ
μ ; EðþÞ

μ

parameters which have determined the values of MD and
Mþ. The left panels of the Figs. 14 and 15 present the
1-2-3-σ contours in MD–Mþ plane from the likelihood
variation at the respective confidence levels which allows
us to determine the errors on the MD and Mþ masses.
Although this shape fitting procedure is less sensitive than
template fitting (which we discuss in the next section for
BP2 case), it has the key advantage of being model

independent. The example of the numerical output of
the fit is given in Table V, which presents the values of
the MD and Mþ determined from the fit as well as the
accuracy of their measurement. From this table one can see
that the input values of MD and Mþ −60 and 160 GeV
respectively—are consistent with the fit and its accuracy,
which is a good cross check of the approach we are using.
One can also observe that the accuracy of the FDM mass
determination at 500 fb−1 is similar to that of the SDM at

FIG. 14. Profile χ2 value for kinematic fitting of BP1 (left) and muon energy distribution with best fit (right), for FDM.

FIG. 15. Profile χ2 value for kinematic fitting of BP1 (left) and muon energy distribution with best fit (right), for SDM.
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20 ab−1. The determination of SDM masses at 500 fb−1 is
quite problematic using the simple set of cuts and piecewise
function fitting method which requires approximately 40
times more luminosity to obtain comparable precision for
SDM as for FDM model.

2. Template fitting

For off-shell W bosons in case of “dijetþ μþ =ET”
signature for BP2, there are no longer clear kinematic edges

TABLE V. Mass resolutions for BP1 kinematic fitting
procedure.

500 fb−1 20 ab−1

FDM MD 58.4þ5.7
−6.0 57.6þ1.9

−2.2
Mþ 158.1þ4.0

−3.7 157.4þ2.7
−2.4

SDM MD 66.0þ19.2
−64.3 64.3þ3.2

−6.1
Mþ 161.3þ14.7

−52.8 161.0þ3.3
−3.9

FIG. 16. Profile χ2 value for template fitting of BP2 (left) and muon energy distribution with best fit (right), for FDM.

FIG. 17. Profile χ2 value for template fitting of BP2 (left) and muon energy distribution with best fit (right), for SDM.
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inEμ distribution. Therefore, in this case we have employed
the Monte Carlo template fitting method. We have pro-
duced a 13 × 13 grid of muon energy distributions for
MD ¼ 168.0–170.0 and Mþ ¼ 118.0–122.0 GeV ranges.
Then, using a 2D linear interpolation in ðMD;MþÞ space
we have calculated the χ2 contour presented in Figs. 16 and
17 together with the result of the fit. Although this strategy
yields better accuracy, information about the overall nor-
malization of the distributions—the cross section—was
used, making this approach more model dependent. Indeed,
from Table VI which presents details of the template fit of
BP2 parameters, one can see this method provides an order
of magnitude better accuracy in the case of FDM in
comparison to the BP1 piecewise function fit. At the same
time, the template fit of BP2 parameters in the case of SDM
provides similar accuracy to that of the BP1 piecewise
function fit. The reason for this is quite simple: when using
the template fit, we do not assume 10% methodological
error contrary to the case of piecewise function fit. In case
of FDM this error is dominant, that is why, template fit
which does not have such an uncertainty improved the
accuracy of the mass measurement of the fermion DM. At
the same time in the case of SDM, because of its lower
signal, the statistical uncertainty is comparable to the
methodological error and therefore when we exclude the
later one in template fit, we do not achieve a big effect on
improving of the accuracy of the mass measurement.

D. Spin discrimination

As discussed in Sec. III F the angular distribution of the
W boson reconstructed from dijet is a very important
observable to distinguish scalar and fermionic DM as well
as to distinguish the signal from the background.
We have performed a binned composite likelihood

analysis to estimate discriminating power of these distri-
butions from Fig. 12, assuming that a signal of one model is
present. We assume that the mass of the DM is precisely
known, noting that more complete treatment would involve
a simultaneous fit of mass and spin. Events have been
generated for the model assigned to “assumed nature” in
Table VII, before the statistical comparison with the
alternative model is conducted. We perform the analysis
for two cases: using only the shape (signal strength
becomes a nuisance parameter μ, which may vary to
maximize the likelihood) and also using the signal strength

predicted by the specific model (in which case μ ¼ 1). In
Table VII we present the luminosity required to exclude a
given hypothesis at the expected 95% confidence level.
Distributions used in this analysis were taken after the
Mmiss and Ejj cuts of Table III only. From Table VII one can
see first that if one would use the information about the
signal cross section, one can discriminate the spin of DM
with integrated luminosity of the order of 10 fb−1 only.
However this discrimination is quite model dependent. On
the other hand, even if we do not use the signal cross
section as a discriminator, one can still distinguish FDM
from SDM scenarios with about 2 ab−1 total integrated
luminosity in the worst case scenario of the assumed nature
model for BP1 or BP2. This discrimination is purely based
on the shape of the cos θjj distribution, demonstrating its
important power.

V. CONCLUSIONS

In this study we explore the potential of the eþe−
colliders to discover and determine the properties of
DM, such as mass and the spin. The results of this study
are applicable for future eþe− colliders such as ILC or
FCC-ee.
We study two cases of minimal models with DM, D of

spin zero and spin one-half, which belongs to the SUð2Þ
weak doublet with the hypercharge 1=2 and therefore has
the charged doublet partner, Dþ. For the case of scalar DM
we chose the inert doublet model, while for the case of
fermion DM we suggest the new minimal fermion dark
matter (MFDM) model with only three parameters. In this
MFDM model the SUð2Þ DM weak doublet interacts with
the singlet Majorana fermion and the SM Higgs doublet. In
comparison to the previously studied doublet-singlet model
with different left- and right-handed interactions of Higgs,
DM doublet, and the singlet, MFDM has these couplings
equal to each other and this structure is preserved against
the quantum corrections.
We suggest two benchmarks for the models under study

which provide the correct amount of observed DM relic
density and satisfy the current DM direct (and indirect)
detection as well as LHC constraints. We also provide the
values of oblique S, T, U parameters which are consistent
with the current electroweak precision tests. For the case of

TABLE VI. Mass resolutions for BP2 shape fitting procedure.

500 fb−1 20 ab−1

FDM MD 60.0þ0.7
−0.8 60.0þ0.1

−0.1
Mþ 120.0þ1.5

−1.7 120.0þ0.2
−0.3

SDM MD 60.0þ24.1
−19.7 60.0þ4.4

−1.3
Mþ 120.0þ22.3

−45.9 120.0þ2.3
−2.7

TABLE VII. Integrated luminosity required to discriminate
between spin of DM within these models using binned composite
likelihoods.

Lint to differentiate at 95% CL=fb−1

Shape only Shape and cross section

Assumed nature SDM FDM SDM FDM

BP1 9.8 × 102 30 1.9 3.4
BP2 2.3 × 103 1.2 × 102 9.6 13
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MFDM this result is new—we have evaluated formulas for
S, T, and U parameters and found that for this model the
values of T andU are zero because of the model’s structure,
while the values of the S parameter are very close to the
SM one.
We chose the particular process eþe− → DþD− →

DDWþW− → DDðqq̄Þðμ�νÞ providing the signature
“dijetþ μþ =ET” at 500 GeV ILC collider and study it at
the level of the fast detector simulation, taking into account
bremsstrahlung and ISR effects. As a result, we have found
several key kinematical characteristics that allow us to
optimize the signal to background ratio, and discover and
identify properties of DM properties. Among them are the
missing mass, Mmiss, the muon energy Eμ, and the angular
distribution of theW boson, reconstructed fromdijet, cos θjj.
In particular, we have shown that Eμ distribution in the

case of on-shell W-boson from Dþ → DWþ decay (BP1),
has characteristic points (kinks), whose positions are
kinematically determined by masses of Dþ and D. The
successful determination of these points allows us to
precisely determine these masses as we have demonstrated
using the piecewise function fitting procedure which we
suggest in this paper. For the model parameter space with
off-shellW-boson (BP2) we have demonstrated the success
of the template fit of Eμ distribution, since it does not have
kinks in this case. In particular we have demonstrated that
in case of fermion DM, the masses can be measured with
few percent accuracy already at 500 fb−1 integrated lumi-
nosity. At the same time, the scalar DM model which has
about an order of magnitude lower signal, requires about
factor of 40 higher luminosity to reach the same accuracy in
the mass measurement. One should also add that the
background can be further controlled and reduced using
electron-positron beam polarization. We have also found
the background can be further strongly suppressed by using
the electron-positron beam (right-left) polarization which
only mildly affects the signal rate.
We have also found that cos θjj distribution is crucial for

the determination of the DM spin. To the best of our
knowledge, we have shown for the first time that it allows

to distinguish fermion and scalar DM scenarios with about
2 ab−1 total integrated luminosity or less without using the
information on BP1 or BP2 cross sections. This discrimi-
nation is purely based on the shape of the cos θjj distri-
bution, demonstrating its important role.
The methods of the identification of DM properties we

suggest here are generic for the models where DM and its
partner belong to the weak multiplet and can be applied to
explore various DMmodels at future eþe− colliders such as
ILC, CLIC, and FCC-ee.
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APPENDIX A: EVALUATION OF THE S
AND T PARAMETERS FOR MFDM

To find the contribution of new physics to the oblique
parameters one should evaluate quantum corrections to the
masses of vector bosons and their mixings, ΠZZðp2Þ,
ΠZγðp2Þ, Πγγðp2Þ, and ΠWWðp2Þ (or in unbroken gauge
basis, 3,0 labels refer toW3, B gauge bosons, respectively),
defined by the effective Lagrangian

Loblique ¼
1

2
ZμΠZZðp2ÞZμ þ 1

2
γμΠγγðp2Þγμ þ ZμΠZγðp2Þγμ þWþ

μ ΠWWðp2ÞW−μ; ðA1Þ

where vacuum polarization functions Π’s can be expanded in powers of p2:

Πðp2Þ ¼ Πð0Þ þ p2Π0ð0Þ þ ðp2Þ2
2

Π00ð0Þ þ…; ðA2Þ

since the new physics scale is expected to be high. As for I2HDM, for MFDM we are evaluating here S, T, and U
observables [86] among the complete set of seven oblique parameters [107] which are related to Π functions as follows:

S≡ 4c2Ws
2
W

α

�
Π0

ZZð0Þ −
c2W − s2W
cWsW

Π0
Zγð0Þ − Π0

γγð0Þ
�
¼ 4s2W

α

g
g0
Π0

30ð0Þ; ðA3Þ
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T ≡ 1

α

�
ΠWWð0Þ
M2

W
−
ΠZZð0Þ
M2

Z

�
¼ 1

α

Π33ð0Þ − ΠWWð0Þ
M2

W
; ðA4Þ

U≡ 4s2W
α

�
Π0

WWð0Þ −
cW
sW

Π0
Zγð0Þ − Π0

γγð0Þ
�
− S ¼ 4s2W

α
½Π0

WWð0Þ − Π0
33ð0Þ�; ðA5Þ

where α ¼ αemðMZÞ. In the following expressions we adopt Πð0Þð0Þ≡ Πð0Þ notation, i.e., omit (0) argument of Πð0Þ
functions,
To find S, T, and U values we have calculated Π functions for the interaction Lagrangian of the general form:

LVψψ ¼ ψ1ðgVγμ − gAγμγ5Þψ2Vμ þ H:c: ðA6Þ
using dimensional regularization. We have found that

Πð0Þ ¼ 1

4π2
ððg2V þ g2AÞΠð0Þ

VþA þ ðg2V − g2AÞΠð0Þ
V−AÞ; ðA7Þ

with Πð0Þ
V�A given by

ΠVþA ¼ −
1

2
ðm2

1 þm2
2Þðdivþ LÞ − 1

4
ðm2

1 þm2
2Þ −

ðm4
1 þm4

2Þ
4ðm2

1 −m2
2Þ
ln

�
m2

2

m2
1

�
; ðA8Þ

ΠV−A ¼ m1m2

�
divþ Lþ 1þ ðm2

1 þm2
2Þ

2ðm2
1 −m2

2Þ
ln

�
m2

2

m2
1

��
; ðA9Þ

Π0
VþA ¼

�
1

3
divþ 1

3
L

�
þm4

1 − 8m2
1m

2
2 þm4

2

9ðm2
1 −m2

2Þ2
þ ðm2

1 þm2
2Þðm4

1 − 4m2
1m

2
2 þm4

2Þ
6ðm2

1 −m2
2Þ3

ln

�
m2

2

m2
1

�
; ðA10Þ

Π0
V−A ¼ m1m2

� ðm2
1 þm2

2Þ
2ðm2

1 −m2
2Þ2

þ m2
1m

2
2

ðm2
1 −m2

2Þ3
ln

�
m2

2

m2
1

��
; ðA11Þ

where div ¼ 1
ϵ þ lnð4πÞ − γϵ, L ¼ lnð μ2

m1m2
Þ and m1, m2 are the fermion masses in the loop. For m1 ¼ m2 ≡m the

expressions for Πð0Þ
V�A are given by

ΠVþA ¼ −m2div −m2 ln

�
μ2

m2

�
; ΠV−A ¼ m2divþm2 ln

�
μ2

m2

�
ðA12Þ

Π0
VþA ¼ 1

3
divþ 1

3
ln

�
μ2

m2

�
−
1

6
; Π0

V−A ¼ 1

6
: ðA13Þ

One should note that in [108] the identical expressions have
been found in the context of generic model with vectorlike
fermions, with the exception of two errors/typos in the
expressions for Π0

VþA given by Eqs. (A10) and (A13). The
modification of Π0

VþA presented in [108] such that L →
L=3 in addition to squaring the denominator of the third
term gives results identical to our independent calculation.
We assume these mistakes are typos as taking the limit of
their complete expression for Π0

VþA gives rise to a further
divergence, and the equal mass limit presented in [108] has
inconsistent dimensionality.
For the model with vectorlike fermions (gV ¼ 1, gA ¼ 0)

such as MFDM, the expressions for S and T observables are
given in terms of

Πð0Þ
V ¼ Πð0Þ

VþA þ Πð0Þ
V−A; ðA14Þ

which follows from Eq. (A7). Using Eqs. (A8)–(A13) and
Eq. (A14), one finds the following expressions for S and T
observables for MFDM:

S ¼ 1

π
½cos2 θΠ0

VðMD0 ;MDÞ þ sin2 θΠ0
VðMD0 ;MD2

Þ
− Π0

VðMþ;MþÞ�; ðA15Þ

T ¼ 1

4πM2
Ws

2
W
½ΠVðMþ;MD0 Þ þ cos2 θΠVðMþ;MDÞ

þ sin2 θΠVðMþ;MD2
Þ−ΠVðMþ;MþÞ

− cos2 θΠVðMD0 ;MDÞ− sin2 θΠVðMD0 ;MD2
Þ�; ðA16Þ
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where θ is the χ0-χ0s mixing angle defined by Eq. (11). The
coefficients in front of Π and Π0 functions in Eqs. (A15),
(A16) are defined by the Lagrangian of MFDM model (7),
the complete set of Feynman rules for which is given in
HEPMDB.
Recalling that Mþ ¼ MD0 from Eq. (A16) it follows that

T ≡ 0: ðA17Þ
This important feature of MFDM takes place because one
of the down parts of the vectorlike doublet, corresponding
to the neutral Majorana fermion, does not mix and has the
same mass as the charged fermion. For the same reason

U ≡ 0 ðA18Þ

for MFDM. One should also note that for the expressions
for S, T, and U observables both div and lnðμ2Þ terms
cancel out as expected, confirming the consistency and
correctness of our evaluation.

APPENDIX B: PROCESS e + e− → Z → DD2 → DDZ

One more process leading to the production of D-odd
particles at ILC is also observable at MD2

þMD <
ffiffiffi
s

p
(in

particular, at
ffiffi
s

p
2
> Mþ > MD2

):

eþe− → Z → DD2 → DDZ: ðB1Þ
This process has a clear signature in the modes suitable for
observation:

The eþe− or μþμ− pair with large =ET and large Mð=ETÞ þ nothing: The effective mass of this

dilepton is ≤ MZ; its energy is typically less than
ffiffi
s

p
2
:

ðB2aÞ

A quark dijet with large =ET and large Mð=ETÞ þ nothing: The effective mass of this dijet is

≤ MZ; its energy is typically less than
ffiffi
s

p
2
:

ðB2bÞ

At MD2
< Mþ the BR for channel with signature (B2a) is 0.06, for the channel with signature (B2b)—0.7. We skip

channel Z → τþτ− with BR ¼ 0.03, 20% of decays of Z are invisible (Z → νν̄).
AtMD2

> Mþ BR’s for processes with signature (B2) become less, since new decay channelsD2 → D∓W� → DWþW−

are added with signature:

eþe− → DD2 → DDWþW−∶ Two quark dijets or dijetþ single lepton or two leptons in one

hemisphere with large =ET and large Mð=ETÞ þ nothing: The effective mass of this system is ≤ MZ;

its energy is typically less than
ffiffi
s

p
2
:

ðB3Þ

The cross section of the process eþe− → DD2 is model
dependent. In the IDM it is determined unambiguously, in
MSSM result depends onmixing angles and on the nature of
fermions D and D2 (Dirac or Majorana). In all considered
cases at

ffiffiffi
s

p
> 200 GeV this cross section is smaller than

0.1σ0. Since theBR for eventswith signature (B2a) is 0.06, at
the 500 fb−1 luminosity the number of events with this
signature is of the order of 103 which is not enough for high
precisionmeasurements [but certain limits on themasses can
be obtained (cf. [51–53] for LEP)].
Nevertheless we describe, for completeness, the energy

distributions of Z in this process. The obtained equations
are similar to (33)–(36) for new kinematics.
The γ factor and velocity of D2 in c.m.s. for eþe− are

γD2
¼ sþM2

D2
−M2

D

2
ffiffiffi
s

p
MD2

;

βD2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs2 −M2

D2
−M2

DÞ2 − 4M2
DM

2
D2

q
sþM2

D2
−M2

D
: ðB4Þ

For production ofZwith an effectivemassM�
Z (M

�
Z ¼ MZ at

MD2
−MD>MZ and M�

Z≤MD2
−MD at MD2

−MD<MZ)
in the rest frame of D2

ED
Z ¼ M2

D2
þM�2

Z −M2
D

2MD2

;

pD
Z ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2

D2
−M�2

Z −M2
DÞ2 − 4M2

DM
�2
Z

q
2MD2

: ðB5Þ

At MD2
−MD > MZ the Z-boson energy EZ lies within

the interval with edges

Eð−Þ
Z ¼ γD2

ðED
Z − βD2

jp⃗jDZ Þ; EðþÞ
Z ¼ γD2

ðED
Z þ βD2

jp⃗jDZ Þ:
ðB6Þ

AtMD2
−MD < MZ similar equations are valid for each

value ofM�
Z. Absolute upper and lower edges of the energy

distribution of Z are reached at M�
Z ¼ 0:
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Eð�Þ
Z ¼ γD2

ð1� βD2
ÞðM2

D2
−M2

DÞ=ð2MD2
Þ: ðB7Þ

The peak in the energy distribution of dilepton appears at
M�

Z ¼ MD2
−MD:

EZ ¼ γD2
ðMD2

−MDÞ: ðB8Þ

At first sight, measurement of kinematical edges of the
dilepton spectrum (B6) (at MD2

−MD > MZ) gives two
equations for MD and MD2

, allowing for determination of
these masses. AtMD2

−MD < MZ, the same procedure can
be performed separately for eachvalue of the effectivemass of
dilepton [109]. In the latter case, the absolute edges of the
dilepton energy spectrum (B7) and the position of the peak in
this spectrum (B8) could be also used for measuring MD
and MD2

.
In any case, the upper edge in the dijet energy spectrum

EðþÞ
Z (B6), (B7) [signature (B2)] gives one equation, neces-

sary to findMD2
andMD. In principle, necessary additional

information gives position of lower edge in the dilepton

energy spectrum Eð−Þ
Z . However, as it was noted above, the

anticipated number of events with signature (B2a) looks
insufficient for obtaining precise results. Together with good
results forMD andMþ, onecanhope to findanaccuratevalue
of MD2

.

APPENDIX C: DERIVATIONS

1. Eμ end point: Emax
μ

In this section we present the derivation for the maximum
muon energy, Emax

μ , which is achieved when the mass of
virtualW bosonM�

W reaches itsmaximumvalueofMþ−MD.
We start with the muon energy in the laboratory frame:

Eμ ¼ γWð1þ c1βWÞðMð�Þ
W =2Þ; ðC1Þ

where c1 is cos θ1 of the escape angle of μ relative to the
direction of theW in the laboratory frame.We then substitute
the γW and βW variables for the edge, given by

γW ¼ EW=M
ð�Þ
W ¼ Eð1 −MD=MþÞ=Mð�Þ

W ; ðC2Þ

βW ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −Mð�Þ2

W =E2
W

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

Mð�Þ2
W

E2ð1 −MD=MþÞ2

s
ðC3Þ

into Eq. (C1), which gives an Eμ for the off-shell W boson
case:

Eμ ¼
Eð1 −MD=MþÞ

M�
W

�
1þ c1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

M�2
W

E2ð1 −MD=MþÞ2

s �

× ðM�
W=2Þ: ðC4Þ

By substitutingMð�Þ
W ¼ Mþ −MD for themaximum value of

M�
W into Eq. (C4) and setting c1 to þ1 corresponding to the

maximum in Eμ, this gives the maximum edge in muon
energy,

Emax
μ ¼ E

ð1 −MD=MþÞ
Mþ −MD

 
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

ðMþ −MDÞ2
E2ð1 − MD

Mþ
Þ2

s !

×

�
Mþ −MD

2

�
: ðC5Þ

Simplifying this down to

Emax
μ ¼ Eð1 − MD

MþÞ
2

 
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
Mþ −MD

Eð1 − MD
Mþ

Þ

�
2

s !
; ðC6Þ

it follows that

Emax
μ ¼ Eð1 − MD

MþÞ
2

ð1þ βþÞ; ðC7Þ

where βþ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðMþ

E Þ2
q

.

2. E�
μ derivations

In this section we present the derivation for the upper (þ)
and lower (−) kinks of the muon energy distribution Eμ,
defined as E�

μ . We start with the muon energy in the
laboratory frame:

Eμ ¼ γWð1þ c1βWÞ
�
Mð�Þ

W

2

�
; ðC8Þ

where we can substitute γð�Þ
W and βð�Þ

W variables in terms of
the upper and lower kinks of EW , defined as

γð�Þ
W ¼ Eð�Þ

W

Mð�Þ
W

; ðC9Þ

βð�Þ
W ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
Mð�Þ

W

Eð�Þ
W

�2

vuut : ðC10Þ

We substitute these into Eμ, Eq. (C8), and set c1 to �1 to

give the maximum and minimum muon energy kinks Eð�Þ
μ

in terms of Eð�Þ
W :

Eð�Þ
μ ¼ Eð�Þ

W

Mð�Þ
W

0
B@1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
Mð�Þ

W

Eð�Þ
W

�2

vuut
1
CA�Mð�Þ

W

2

�
: ðC11Þ

After simplifying this down, this gives

Eð�Þ
μ ¼ Eð�Þ

W

2
� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eð�Þ2
W −Mð�Þ2

W

q
: ðC12Þ
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3. Simultaneous equations procedure for finding M + and MD

In this section we present the derivation for the DM masses Mþ and MD, as a function of the muon energy upper and
lower bounds E�

μ , that can be determined independent of each other. Equations (36) and (40) are used to give two
simultaneous equations:

4EðþÞ2
μ þM2

W

4EðþÞ
μ

¼ E
Mþ

�
M2þ þM2

W −M2
D

2Mþ
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

M2þ
E2

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M4þ þM4

W þM4
D − 2M2þM2

W − 2M2þM2
D − 2M2

WM
2
D

p
2Mþ

�
; ðC13Þ

4Eð−Þ2
μ þM2

W

4Eð−Þ
μ

¼ E
Mþ

�
M2þ þM2

W −M2
D

2Mþ
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

M2þ
E2

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M4þ þM4

W þM4
D − 2M2þM2

W − 2M2þM2
D − 2M2

WM
2
D

p
2Mþ

�
: ðC14Þ

Performing the simultaneous equations procedure gives the equation of MD in terms of Mþ:

M2
D ¼ M2

W −M2þ

�
1

E

�
4EðþÞ2

μ þM2
W

4EðþÞ
μ

þ 4Eð−Þ2
μ þM2

W

4Eð−Þ
μ

�
− 1

�
ðC15Þ

and substituting this onto the first simultaneous equation (C13) results in the polynomial of Mþ:

−M4þðαþ βÞ2 þ 4M2þE2ðαβ þM2
WÞ − 4M2

WE
4 ¼ 0; ðC16Þ

where

α ¼ 4EðþÞ2
μ þM2

W

4EðþÞ
μ

; β ¼ 4Eð−Þ2
μ þM2

W

4Eð−Þ
μ

: ðC17Þ

This gives 4 roots for Mþ:

Mþ ¼ �
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E4ðα2 −M2

WÞðβ2 −M2
WÞ

p
þ αβE2 þ E2M2

W

ðαþ βÞ2

s
; ðC18Þ

Mþ ¼ �
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E4ðα2 −M2

WÞðβ2 −M2
WÞ

p
þ αβE2 þ E2M2

W

ðαþ βÞ2

s
: ðC19Þ

Two of these roots will be positive and the top equation will correspond to the physical mass of D�. By rearranging the
equation of MD in terms of Mþ we obtain the following equation for MD:

−
�
M2

W −M2
D

αþ β − E

�
2

ðαþ βÞ2 þ 4
M2

W −M2
D

αþ β − E
Eðαβ þM2

WÞ − 4M2
WE

2 ¼ 0; ðC20Þ

which gives two real and two complex roots for MD. Out of the two real roots, one is positive and gives the physical mass
for D.
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