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We present a calculation of the proton momentum and angular momentum decompositions using overlap
fermions on a 2 + 1-flavor RBC/UKQCD domain-wall lattice at 0.143 fm with a pion mass of 171 MeV
which is close to the physical one. A complete determination of the momentum and angular momentum
fractions carried by up, down, strange, and glue inside the proton has been done with valence pion masses
varying from 171 to 391 MeV. We have utilized fast Fourier transform on the stochastic-sandwich method
for connected-insertion parts and the cluster-decomposition error reduction technique technique for
disconnected-insertion parts has been used to reduce statistical errors. The full nonperturbative
renormalization and mixing between the quark and glue operators are carried out. The final results are
normalized with the momentum and angular momentum sum rules and reported at the physical valence
pion mass at MS(u = 2 GeV). The renormalized momentum fractions for the quarks and glue are (x)9 =
0.491(20)(23) and (x)? = 0.509(20)(23), respectively, and the renormalized total angular momentum
fractions for quarks and glue are 2J9 = 0.539(22)(44) and 2J9 = 0.461(22)(44), respectively. The quark
spin fraction is ¥ = 0.405(25)(37) from our previous work and the quark orbital angular momentum

fraction is deduced from 219 = 2J9 — X to be 0.134(22)(44).

DOI: 10.1103/PhysRevD.106.014512

I. INTRODUCTION

A quantitative understanding of the proton spin in terms of
its fundamental quark and gluon constituents is an important
and challenging question of hadron physics. Experiments
using polarized deep inelastic lepton-nucleon scattering
(DIS) processes show that the total helicity contribution
from the quarks is just about 25%-30% [1-8] of the proton
spin. The recent analyses [6,9] of the high-statistics 2009
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STAR [10] and PHENIX [11] experiments at the Relativistic
Heavy Ion Collider (RHIC) showed evidence of nonzero
glue helicity in the proton.

Lattice QCD provides the ab initio nonperturbative
framework to calculate the spin and momentum moments
of quarks and gluons constituents inside the proton directly
from the QCD action. The intrinsic spin carried by each
quark flavor was first studied by yQCD [12] in the quenched
approximation. Followup calculations with dynamical fer-
mions were carried out on multiple lattice spacings and
pion masses by yQCD [13], Extended Twisted Mass
Collaboration (ETMC) [14,15], and PNDME [16], and they
have provided results consistent with experiment with
Au = 0.777(25)(30), Ad = —0.438(18)(30), and As =
—0.053(8) as averaged by the Flavour Lattice Averaging
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Group (FLAG) [17]. It is worth noting that the current
prediction of As from lattice QCD is more precise than
the phenomenological determinations. The gluon spin was
determined in Ref. [18] to be 0.251(47)(16) at the physical
pion mass in the MS scheme at x> = 10 GeV2. We further
note that the anomalous Ward identity (AWI) was explicitly
verified with the overlap fermion which has chiral symmetry
[13]. The smallness of the quark spin contribution to the
proton spin had been the major source of mystification in the
“proton spin crisis.”” It is now understood that it is due to
the fact that the disconnected insertion is unexpectedly large
and negative which reduces the positive contribution from
the connected insertion [13]. In order to address the angular
momentum fractions, a first attempt to fully decompose the
proton spin was carried out by the yQCD Collaboration in
2013 [19] in the quenched approximation and a lot of
progress has been made with dynamical fermions for
Ny;=2[15], Ny=2+1+1 [20], and one preliminary
Ny =2+1 result with complete nonperturbative renorm-
alization, mixing and normalization [21].

In this paper, we use the nucleon matrix element of the
Belinfante energy-momentum tensor (EMT) to determine
the momentum and angular momentum fractions of the up,
down, strange, and glue constituents of the nucleon. The
quark orbital angular momentum can be obtained by
subtracting the spin component from the total quark angular
momentum. Overlap fermions are used on a 323 x 64 2 + 1-
flavor domain-wall fermion lattice at 0.143 fm with a pion
mass of 171 MeV which is close to the physical one. With a
multimass inverter, we are able to simulate several valence
pion masses and extrapolate the results to the physical pion
mass. We have utilized fast Fourier transform (FFT) on the
stochastic-sandwich method for connected-insertion parts
which enabled us to simulate O(100) combinations of the
initial and final nucleon momenta in the three-point function
(3pt) contraction. With the use of the cluster-decomposition
error reduction (CDER) technique [22], the statistical errors
for all disconnected-insertion parts are greatly reduced. Since
the EMT of each parton species is not separately conserved,
we summarize the final momentum and angular momentum
fractions by considering nonperturbative renormalization
and mixing at MS(u = 2 GeV) and use the momentum
and angular momentum conservation sum rules to normalize
them. The numerical approach of this work is based on
Ref. [23] with major improvements on the disconnected-
insertion parts.

The remaining sections of the paper are organized as
follows: The basic formalism is provided in Sec. II. In
Sec. III, we present the numerical details, such as details of
momentum projection on grid source and FFT on stochas-
tic-sandwich method in Sec. III A; discussions of CDER
fits and systematic estimations are in Sec. III B; and a short
description of the z-expansion fit is in Sec. III C. The details
of the 3pt fits and our final results are presented in Sec. IV.
A brief summary is given in Sec. V.

I1. BASIC FORMALISM

The nucleon matrix element of the Belinfante EMT can
be delineated by four gravitational form factors (GFFs)
[24-27] based on their associated spinor structures as

(p'.s| T35, s)
1 77 7 U 3
=5 up.s) T (q*)(r*p* + 7" P")

1
+ % TZ(qz)(iQa(pﬂava =+ pvaﬂa))

¢ - nq @9

+ D(q?) i + C(g*)Mn™ | u(p.s). (1)

where |p, s) is the nucleon initial state with momentum p
and spin s; (p’, 5’| is the nucleon final state with momentum
p’ and spin s; # and u are the final and initial nucleon
spinors; ¢ = p’ — p is the momentum transfer; p = (p’ +
p)/2 is the averaged initial and final momentum; and 7',
T,, D, and C are the four gravitational form factors. At the
g*> — 0 limit, one obtains [26]

159 = J17,(0) + T2(0)]%

in which J%9 is the total angular momentum fraction for
quarks and glue, respectively, and (x)79 is the second
moment of the PDF and is the momentum fraction of the
quarks and glue. We will focus on 7,; which is sufficient
for the evaluation of 7'(0) and 7(0) + T,(0). Following
from the conservation of EMT, the momentum and angular
momentum are conserved with sum rules

(x4 (x)? =T,(0)7 + T,(0) = 1.,

J1 409 = AT (00 + To(0)1] + [T,(0) + T(0))7)
_— (3)

One implication of these two sum rules is that the sum of
the 7,(0)’s for the quarks and gluons is zero [28], that is,

T5(0)7 + T»(0)¢ = 0. (4)

The vanishing of total 7,(0), the anomalous gravitomag-
netic moment, in the context of a spin-1/2 particle was first
derived classically from the post-Newtonian manifestation
of the equivalence principle [24]. More recently, this has
been proven [30] for composite systems from the light-
cone Fock space representation. C(0) is equal to the spatial
diagonal part of the stress EMT and is the pressure of
the system [31,32]. Due to the conservation of EMT, the
total pressure is zero, i.e., C?(0) + C9(0) = 0. This has

014512-2



PROTON MOMENTUM AND ANGULAR MOMENTUM ...

PHYS. REV. D 106, 014512 (2022)

implication on the confinement from the trace anomaly of
the EMT [32].

A. Quark and gluon operators

The Euclidean quark EMT component 7 ZSE) can be
written as

i—~_ . = - - -
T4 = (=03 0slrsDi+7iDa=raDi=yDalyy. ()
f

The left and right gauge covariant derivatives on the lattice
are

[UM(X)I//(X + aﬂ) - U;(x - aﬂ)W(x - aﬂ)]’

Dy (x) = %
§)D, = o9+ ) UL() — 9(x = 4, U x = a,).
(©

with each y being a quark field operator on the lattice
and each U a gauge link. The Euclidean gluon EMT

component 79 is
E AN
T4 = (+i) [_ZZ 2T (GG + Gy Gal [ (7)
k=1
in which G,,

is the Euclidean field-strength tensor

Gl (x) = ¢ (P (x) = Plu(x)), (8)

with P, being the “cloverleaf” link operator

P, = U, (x)U,(x + u)Ul(x + 1)U (x)
UL =+ UL (x = ) U (x = 1)
+ Ul(x —p)Uf (x = — U, (x—pu-v)U,(x-v)
+UL(x = 0)Uy(x =) U, (x = v+ u)Ui(x) (9

which is built from the hypercubic (HYP) smeared gauge
links. The difference between the bare matrix elements and
the HYP-smeared matrix elements will be compensated by
the nonperturbative renormalization procedure [33]. More
details of our convention of gamma matrices and operators
can be found in Ref. [19].

B. Three-point correlation functions

The EMT matrix element can be extracted from the
3pt along with the associated two-point correlation function
(2pt) as

G (P.1) = Y e PH0|T[zo(R. 1)74(0.0)][0), ~ (10)

X

with y,(x) = eupeu(x)%[u(x)?Cd(x)¢] the nucleon interpo-
lation field [34] and C=y,y, the charge conjugation

operator with C= Cys. In the ¢ > 1 limit, the unpolarized
nucleon 2pt Cpy(p. 1) is
= Tr[[,GYY (p. 1))

1 Z E +m
Z, ~r Tr
(La) E

C2pt (l_)" t)

E,}(I_t0> +A6_E})(t_t0)’ (] 1)
P

in which Iy =

P, = 1;74 is the unpolarized projection for
the nucleon, Zf, is the spectral weight, m is the nucleon rest
mass, E, and E}, are the ground-state energy and first
excited-state energy, respectively, and A is the spectral

weight associated with the excited-state contamination.
The 3pt of EMT is

q-9

Ga[} (tf’T Pt pl

E e~ iPr(%=7) piDiZ

Xz
X (01T [y (3. 1) T3 (2. 7)75(0.0)]0).
(12)
in which z = {Z, 7} is the current position, x; = {X, #;} is

the sink position, p; is the momentum of the final nucleon,
p; is the momentum of the initial nucleon, and the
momentum transfer is ¢ = py — p;. With the unpolar-
ized/polarized projection for the nucleon, we define Csy, as

C3ptF (i, 7. r. i) = TrT,G74 (1r. 7. pr. 1)), (13)

with @ € {0,1,2,3}, i € {1,2,3}, Ty = 5% the unpolar-
ized projection for nucleon and I';, = zFOySyk the polarized
projections. In order to extract T';, we take the ratios of 3pt
and 2pt functions,

Cipr, (167, Py, i)
Copi(Pr- 1)

« Cop(Pis tr = 7) Cope (g T) Cope (P )
C2pt(ﬁf’ Iy — T)CZpt(ﬁi’ T)CZpt(ﬁh [f)

T,(Q%) + a;T5(Q%) +a;D(Q%)
w=r>1 4\/E (Ey +m)E,(E, +m)

R (te,7, Py, ) =

>1 dy
—

(14)

where the a; are known coefficients which depend on the
momentum and energy of the nucleon, and Q% = (p’ — p)?
is the momentum transfer squared.

In this paper, we focus on the evaluation of the 7' and
[T\ + T,] form factors with 7, by choosing specific
momentum and polarization projection settings. We set
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Ti(7) 711(7)0

FIG. 1. [Illustration of the nucleon 3pts with (a) connected insertions (CI) and (b) disconnected insertions (DI).

the initial and final momentum of the nucleon to be the  in which the first two momentum settings have either the

same to target the 7' form factor, initial or the final momentum equal to 0, while the third
RA =S T (0 15 case sets the initial and final momentum of the nucleon in
Fo(tf’ ©.p.p) = piT1(0), (15) opposite directions which results in larger momentum

transfers.

Using Wick contractions, the evaluation of 3pt in
Eq. (12) on the lattice gives two topologically distinct
i [E +m contributions: connected insertions (CI) and disconnected
T I;E € jxPk[T1 + 1) (0%), insertions (DI), which are shown in Fig. 1. In the case of CI,

P the y/y from current 7 4; is contracted with the /y from
the source/sink nucleon interpolating field, whereas, in the

with i € {1,2,3}. The following settings are used to
calculate the [T + T,] form factor:

Rii’j’_(tf, t,p,0) =

-1 |[E,+m

et

Ritf (tg. 1, 6 p) = €ijiP T+ T,) (0%), case of DI, the y/y from the current 7 4; is self-contracted
! P at current position z to form a loop. For the DI case, the
"y . 5 gauge-averaged 3pt can be written as
Ry (t.1.p.—p) = ?ei,j,kpk[Tl +T,](0°%), (16)

Ciour, (10,7, Prs Pi)pr = Ze_iﬁ‘";feiq'z x (O|Tr[C o (Xr. 16)2(0, 0)] x [T 4i(Z,7)]|0)

Z.%
= (Te[C, G (B tr: U)] x L¥[z. G; U]) = (Te[LoG™Y (Br. 1 U)]) x (L¥[r. G2 U]),  (17)
in which (- - ) denotes the gauge average and GMV (p, t; U) is the nucleon propagator under gauge field U and L* [z, g; U] is

the current loop of quark/gluon. We have subtracted the uncorrelated part of the loop and of the nucleon propagator. The
quark loop L = L4fi[t, ¢; U] is constructed from the propagator of quark flavor f as

o i o B .
Ljfl (t,q;: U] = @Ze’q ZTr{Dfl (z+a;,z;0)y4U;(z) — Dfl(z —a;,z;U)y,Ul (z - a;)
z

+ D5 (z. 2= a3 U)yaUi(z - a;) = D7 (z. 2 + a3 U)rsU](2)

+ D7z + a4, z;U)y;Us(2) = D7 (2 — ag, U)yiUy(z — as)

+ D7 (2.2 — ag; U)yUs(z — ag) = D7 (z. 2 + ax: U)y:Uj(2) ), (18)
in which the trace Tr is the trace over color and spin, and D;l (z+ a,, z; U) is the quark propagator from point z to point

z + a, under gauge field U with flavor f. In the case of the gluon 3pt, only DI contributes as in Eq. (17) with the current
loop L = Lg'[t,q; U] as

Ly'[t,q; U] = (‘i)zei‘ﬁ X [Z Treo Gy (2)Gri(z) + G (2)Gra(2)] ] (19)

with the field-strength tensor G, defined in Eq. (8).
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C. Operator renormalization, mixings and
normalization

Although the total form factors 7'y, 75, D, and C, such as
T(Q%) = i—ya. ,T'(Q?), are renormalization and scale
invariant, the quark and gluon pieces are not separately
scale independent and conserved. We renormalize our
results at MS(u = 2 GeV) with a nonperturbative renorm-
alization procedure. Since we only consider the operator
T ,; in this paper, a purely multiplicative and linear mixing
renormalization procedure is involved for the 7|, T,, and
D form factors and their linear combinations such as

T,(Q?) + T»(Q?), namely,
AR NS dL
TG = 285 (W) T

d/s MS d/s,.L MS L L
T = Z9 T+ oz Y [TeE 4 T

q=u.d,s
MS L
+ chs; (ﬂ)TiJ)I J
R MS L L MS ~9,L
Ty = Z%“S (w) Z |:ng1 + Tty } + Zl(\;/[gT%I ) (20)
q=u,d,s

in which T%%" and T&?" are the CI and DI bare form
factors under the lattice regularization, respectively.
Reference [35] has done a complete calculation of the
nonperturbative renormalization constants on the 32ID
lattice which are shown in Table I. More precisely, we
calculated the renormalization and mixing coefficients of
both the quark and glue operators under the regularization
independent momentum subtraction scheme (RI/MOM)
scheme nonperturbatively, and then used the perturbative
matching (3-loop for the quark operator renormalization
and 1-loop for the other cases) to convert the RI/MOM
renormalization/mixing coefficients to those under the MS
scheme at 2 GeV. It turns out that the quantum corrections
of the glue operator with either quark or gluon external state
under the RI/MOM scheme are at a few-percent level with
the dimensional regularization used by the MS scheme, but
they are sizeable with the lattice regularization we used.
Particularly, the value of Zg, is 0.57 when the lattice
spacing is as large as 0.14 fm. Thus we would like to
emphasize here that the nonperturbative renormalization
and mixing calculation is essential to obtain reliable
momentum and angular momentum fraction results.
Since there are no conserved EMT operators on the
lattice due to the lack of infinitesimal translational and
rotational symmetries, we have to normalize the final
results with Eq. (3). A way of normalizing the momentum

TABLE 1. The nonperturbative renormalization and mixing
constants on the 32ID lattice.

Lattice Zoo
321D

1.25(0)(2) 0.018(2)(2) 0.017(17) 0.57(3)(6) 1.29(5)(9)

and angular momentum fractions is proposed in Ref. [19],
in which the normalization constants for quarks and glue
N%L and N9L satisfy

NOE(x)aR 4 NoL(x)9R =1,
1
NaLjaR 4 NoL joR — 3 (21)
and the normalized quantities are given by

(1)1 = N (),
Ji = N¢LjaR,

(x)9 = NoE(x)ok,
J9 = No-LJoR (22)

By solving Eq. (21) we get N%L and N9L as

Nl —2J9F 4 (R -1k
2Jq,R <x>g.R _ 2Jg,R <x>q,R Tg.RT_(l],R _ T‘g.RTKII’R ’
L O L T4k
= R/N\GR _ 5 J9R R~ R gR Rq.R’
2J9R(x)9K — 298 (x)4 T8I — 19811

(23)

in which T9%F and 79" are the nucleon form factors
from the local current after renormalization. However, the
T, form factors, which are required in the numerator of
the normalization, are small and have almost no signal
under our current statistics. Given the current situation, we
assume N1 = N9 = N9L and use joint fits to get N* from
the momentum and angular momentum fractions sum rules

NE(x)4R 4+ NE(x)9R =1, NEJ9R 4 NLJoR :%. (24)

Note that when the results at several lattice spacings
are available, one can compare the continuum limits of the
quark and gluon momentum and angular momentum
fractions with or without the above normalization, and
take the difference as a systematic uncertainty.

ITII. NUMERICAL DETAILS

We use overlap fermions on a 323 x 64 ensemble (32ID)
of HYP smeared 2 + 1-flavor domain-wall fermion con-
figurations at a = 0.143 fm and m, = 172 MeV, gener-
ated by RBC/UKQCD with Iwasaki plus the dislocation
suppressing determinant ratio (DSDR) gauge action
(labeled with ID) [36]. The effective quark propagator of
the massive overlap fermion is the inverse of the operator
(D.+ m) [37,38], where D.=D,,/(1—D,,/(2p)) is
chiral, i.e., {D.,ys} =0 [39]. In the expression of D,
the overlap Dirac operator D,,, = p(1 + yse(ysD,,(=p))) is
defined through the sign function of ysD, (—p), where
D,,(—p) is the Wilson fermion operator with p = —1.5.
A multimass inverter is used to calculate the propagators
on 200 gauge configurations with 6 valence quark masses
which correspond to valence pion masses, 173.76(17),
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232.61(17), 261.34(17), 287.11(17), 325.47(17), and
391.11(17) MeV. Gauge invariant box smearing [40,41]
with box half size of 1.0 fm is applied to have a better
overlap with the nucleon ground state. On each of the
configurations, three source propagators D~!(y|G) are
computed, with G the smeared Z;-noise grid source [42]
with {2,2,2,2} equally spaced points in the {x,y,z, 7}
directions, respectively.

For the CI, we use the stochastic-sandwich method [13,43]
with FFT described below in Sec. III A 2 to calculate the 3pt.
Low-mode substitution (LMS) on a grid source has been used
to improve signals of the nucleon. In order to estimate the
propagators between current positions and sink positions (at
time slice ¢'), we generate n,; sets of high-mode propagators
Dy (2. n;) defined in the following Eq. (37). Four source-
sink separations ¥ =7,8,9,10(a)=1.0,1.14,1.29,1.43 (fm)
are used to control the excited-state contamination with
nhei = 2,3,4,5, respectively.

For the DI, we use smeared Z;-noise grids to calculate
the nucleon correlation functions with the spatial location
of the grid chosen randomly on different source time slices.
And we repeat the calculation for 16 different source time
slices on each configuration to have good statistics.
The gluon operator Lj[z,Z; U] is constructed on all the
current positions z to have full statistics. The quark loop
L{ [z, 4; U] with flavor f is calculated based on the point
source propagators D;l (y|z) withy = z+ a,.,a, ora,. The
low-mode part of this propagator is calculated exactly using
the 900 pairs of low-lying eigenvectors of the overlap Dirac
operator. The high-mode part is estimated with 8 sets of a
4-4-4-2 space-time Z4-noise grid with even-odd dilution.
Each set has a different spatial grid location and an
additional time shift. The 6 valence quark masses used
in the construction of the quark loops vary from light quark
masses to the strange quark region. For the strange quark
DI contributions, we use bare valence strange quark mass
mga = 0.08500 with the nonperturbative mass renormali-
zation constant [44] Z,, = 0.8094(26) which gives m, =
94.83(55) MeV. This is consistent with our global-fit value
101(3)(6) MeV at 2 GeV in the MS scheme calculated
in [45]. References [46—48] contain more details regarding
the DI calculation.

The total number of propagators we generated is 3 (grid
source propagators) +14 (sink noises propagators) +16
(grid source propagators for the nucleon correlation func-
tions) +8 (propagators for quark loops) = 41 on each of the
200 configurations.

A. Connected insertions

1. Momentum projection on grid source

In order to have good signals for the rest of the nucleon
correlation functions, we have developed the grid source
with Z; noises [42] along with the low-mode substitution

(LMS) method [13,41,43,46,49]. In addition, for 2pts and
3pts with finite source momenta, we have developed the
use of mixed momenta [13,43] to accommodate Z; noise
grid source and momenta. However, such a mixed-
momenta method has worse signals at certain momenta
and higher computational cost. In this section, we will
describe our new way of applying momentum projection on
a grid source with LMS.

In order to introduce the modification of LMS for source
momentum projection, we start with the fact that contribu-
tions from high-mode, low-mode, and their mixture parts of
the correlation functions can be measured independently
using different source positions and statistics for each
contribution. This has been applied to meson [50-55] and
nucleon [56] correlation functions to improve signals. More
specifically, the quark D~!(y|x) propagator from x to y can
be split into its high-mode and low-mode parts defined as

D' (ylx) = D' (y|x) + D' (y|x).

D) = 3 ()] (), (25)

Ui
Li<h. li + m

with 1; the low lying overlap eigenvalue and wv; the
eigenvector of the ith eigenmode of D.. 4., the highest
eigenvalue in LMS, is in the range of twice the pion mass
which is much larger than the quark mass m with the number
of eigenmodes n, ~ 1800 on 32ID. D7 (y|x) is calculated
with deflation of the overlap operator using low-mode
eigenvectors v;. Consider the nucleon correlation function
from a point source x = {X, 7y} with finite momentum p,

Cx(P.1) =Y e PO ((y)7(x)), (26)

y

with y = {¥,#,} and 7 = t; — ;. This nucleon correlation
function can be split into four contributions as

Cy(P.t) = Cnrrr(Pot) + Cniru(Pot) + Cyoun (P, 1)
+ Cnuun(P. 1) (27)

in which L(H) denotes the low-mode (high-mode) of the
propagators involved in contractions. Since the ensemble
average of each contribution is translationally invariant, we
can measure each piece independently. We can focus on
increasing the signal-to-noise ratio on the most noisy parts
with a different number of sources/statistics for each part.
Combining this idea with LMS under grid source, we first
calculate the first three parts with grid source propagator.
The random Z; grid source used in LMS is defined as

n
G(iwg) = S mV (i),
i
1’_{/i € (xO + mxAm Yo + myAy’ 20 + mzAz) (28)

where V(w;) is the smeared source centered at w;, 7; is a Z3
noise on each of the grid points w;, wy = (X, ¥o, Zo) is the
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starting point of the grid, A, , . = L/2or L/3or L/4---is
the offset in the spatial direction respectively, m, . €
{0.1,...,L;/A, .} is the offset number in each direction

for each grid point, and n =

. A . is the number of grid

points of the grid source. As the Dirac operator is a linear
operator, the grid source propagator can be written as

~H(y[G (%)) Zm 'y lw)
- Zm \3li) + DR 61G)). (29)
with D~!(y|w;) the propagator from each of the grid points

w; and D' (y|G(Wy)) the high-mode part of the noise grid-
source propagator. As shown in Ref. [49], nucleon corre-
lation functions from D! (y|G(w,)) directly will have worse
signals and we can approach an intermediate propagator
coming from the grid source point w; (noting that the high-
mode part is the full noise grid-source propagator) as

(¥1G(wo)).  (30)

The partial nucleon correlation function constructed from
this propagator, but without the portion with all three quarks
in the H modes, is

Dg' (y|w;) = m;D;" (y|w;) + D!

Dg' (yIw,), Dg' (yIW,), Dg' (y1%,))

Dy (y16(%)))))
(31)

= C(Dy' (¥1G(%0)). Dy (v|G(i%0)).

where (...) denotes the ensemble average and C(D~!,
D7',D7!) denotes the nucleon contractions with three
propagators. Since the pure high-mode parts in Eq. (31)
will not give the correct phases for different momenta under
grid sources, we have subtracted them out from the
correlator. With gauge invariance and noise averaging
(i) z, = ;,j0;4)s it is easy to show that

C]g\fwi(ﬁ, 1) = Cnrre(Pst) + Cnrru(Pst) + Cnruu(Ds 1),
(32)

which gives us the first three terms in Eq. (27). Furthermore,
we shall average the contributions from different w; as
1S Clg\,‘w" (P, t) to have better statistics. The remaining pure
high-mode part C## (5, 1) of Eq. (27) could be calculated
with a point source high-mode propagator D! (y|xp) start-
ing from any position xp. In summary, the new method is

G 7.) = e P SICDG! (1), 05 (0175 517) = (D5 51907). D 4161670)). D5 01805

i

+ Ze—iﬁ(f—fp) (c(D
y

In this construction, the momentum projection for the source
need not be carried out at the propagator level. Instead, it is
implemented at the correlator level, which saves inversion
and contraction time for multiple momenta.

2. FFT on stochastic-sandwich method

In order to approach different current and sink momenta

combinations under the stochastic-sandwich method with
|

7 Olxp).DE! (v]xp). D' (y]xp))). (33)

LMS [13,43], we utilize the fact that the low and high
modes for the propagator D~'(z|x;) between the current
and sink can be well separated into multiplication of
functions of sink position x; and current position z. This
facilitates FFT usage on the momenta projection of py and
p on x; and z, respectively [57]. Such FFT on the
stochastic-sandwich method can be applied to the CI part
of nucleon 3pts

Cgll" (t,7. Pt Di) = <Z€_mf Tl % 5 Tr[C g (X, 1) 0"z ))?(6 0)]> (34)

X2

which shares the same variables as in Eq. (12) and Eq. (13) and O%/ 4(z) is any local current for an up/down quark. We use a

point source at (6 0) in the following instead of a grid source for illustrative purposes. Then the evaluation of the CI part of

Eq. (34) for the up/down quark part can be written as

Ou/d -
Cerr, (.7, Pr. Pi)

X.2

Ze‘”’f Trei? x Tr[MS" (x¢]0) D,

Ja(x¢|2) 0/ 4(2)D; ] (2]0)]- (35)
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. d
We can write MY as

(M) (vlx) =

Bp €abc€d'b'! ([D;1 (y|x)a a]

with the quantity Q =
Oli aa/
(MY )y (¥
(M) (
(M50 (
M) (

(401

X) = €apc€a'b'c ’[

=
=

OM
3a yx
OM

)iy
)iy

y

The low-mode part of the propagator D~ (x¢|z) between
the current and sink is calculated exactly and its high-mode
part is calculated with the noise-estimated propagator

DHlnm(Z’ 77/') as

D7'(zx;) = D' (z|x;) + D' (z|xp).
1
Dy'(z|x;) = Ui(Z)”lT(xf)’
h<, /11' +m
1 nnol —;_
Dy () = — Dbz npm)(x).  (37)
noi “j—|

in which #;(x;) is a Z5 noise and n,; is the number of
noises at the sink position x;. Then, we can decompose C¢y
into factorized forms within the sums of the eigenmodes for
the low modes and the n,,; number of noises #; for the high
modes,

cov — < Tr[ GL ould FL ou/d 1 }
CLT, ; 2 +m ( ) (Pf f)

Mnoi

+>° ! e[GO (g.7) (F!

=1 Npoi

u/(l

(7 tf>]>,

(38)
|

5 THCD (V)] + Tr(Dy! (v]0) T Dy (y16)]

(CQC™MT for a matrix Q defined in Dirac space and MS" = M¢"

)=
)= e D GO DF 0101,
)=
)=

»h (9

+MS, + M5, + MS,, with

1l,a

2 (010)""] TelCe Dy (3]0)].

144

= €abc€a'b/c ’Tr[Dd (y|0)h/bD (y|0)a’a] [Fa}yy”
X) = €abc€d'b'c ’[Dd (y|0)b/hD (y‘o)a’ur‘a]

i

where

GE o g Ze“’”vJr YO D1(z]0),

Lo
Fiy (Prate)

Ze"”f*fM”/"<xf|0> {(x)

u/d . ~
GH © Zelq ~75 Hn01 Z 77;))[75(9”/‘1[) 1(Z|0),

FILO" (Bpty) Ze TS M (e 0)n(xr), (39)

X

in which we have defined D~!(z]0) = D;!(z]0) =
D;'(z]0) to be the light quark propagator, and used
D~(x¢|z) = ys(D~'(z|x¢))Tys for the high-mode propaga-
tor Dy .(z.n;). It is also straightforward to replace the

point source at (6 0) with a grid source LMS described in
Sec. (IITA 1).

With these implementations, we can have any combi-
nation of ¢ and p; without much additional cost. This
property is essential for EMT calculations as it enables us to
approach different parts of 7, which require different
nucleon kinematics. Also the averaging over all equivalent
momenta setups gives much higher statistics compared to
the traditional stochastic-sandwich method with similar
computational cost.

B. Disconnected insertions

We have applied the CDER technique [22] to have better control of the statistical uncertainties for the quark and glue DI

parts. The associated 3pts are rewritten as

CDIr (t¢, 7, P PisR) = < Z e~ Pr % ol DTy (R, 1) O(X + 7, T))?(é, 0)]>
X.|FI<R DI

= > (TelerPritel@GnT GV (xp; G)O(F; + 7. 7)), (40)

olFI<R
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with GMV(x4; G) the grid source nucleon propagator with
LMS from position G = (é, 0) tox; = (X;, ;). The cutoff R is
the distance between the current position and the sink position
and (O(2)0(xp)), = (O(2)0(x7)) — (O(2)){O(xp)) is the
vacuum-subtracted correlation function. It is shown [58]
that, under the assumptions of translation invariance, stability
of the vacuum, existence of a lowest nonzero mass and local
commutativity, (O(z)O(x;)), satisfies
(O(x)O(xp)), < Arie™” (41)
for large enough spacelike distance r = |7 — x;|, with M the
smallest nonzero inverse correlation length for the correlator
and A a constant. This exponential falloff in distance r is
known as the cluster decomposition theorem [58,59]. As
demonstrated in Ref. [22] and utilized in Ref. [13,33], the
signal of the summed correlation function in Eq. (40) for the
DI will saturate at some R which is larger than the corre-
sponding correlation length. But the noise will keep growing
as the two operators fluctuate independently due to the fact
that the variance of the two disconnected operators has a
vacuum insertion. Examples of the correlators in Eq. (40) as a
function of the current-sink separation r for the source-sink
separation 4 (in lattice unit) for the glue DI and strange quark
DI are shown in the left panels of Fig. 2. The correlators fall off
exponentially as expected and go to zero at around 1.5 fm. In

view of cluster decomposition behavior in Eq. (41), we plot
the effective mass M as a function of distance r in the middle
panels of Fig. 2 and the fitted values of M and A are shown in
the legend. We find that the glue and quark DI for 7', (0) and
[T + T,] form factors have different correlation lengths
(1/M) and they are treated separately during CDER fits.

Let us first focus on the glue DI and the strange quark DI
for the case with momenta setup p; = p; and ¢ = 0 which
gives T(0). Constant fits have been done with different
Fmin With fit range [rpi,, 4.0 fm]. The fit results are shown in
red points as a function of r, in the right panels of Fig. 2
and we have chosen r;, > ro = 1.5 fm. We note that the
fit errors for those r,;, close to r., are much smaller than
that of the total accumulated sum, the blue line at 4.0 fm.
The latter is the conventional approach with independent
sums of 7 and X;. This is the essence of the CDER
technique. In order to estimate the systematic errors
from different fits, we use the Akaike information criterion
(AIC) [60] to average the fit results from different fit ranges
with a weighting factor

1
one=ew|-3 (-2 (@2)

where n4, is the number of degrees of freedom. The
prediction of the central value is

T
0.301
soeoad 1! | (0(2)0(xA)s B Mass 0.43(12), A 0.000034(16) AIC, 0,195(25)
| 1.0 , data, Vpmax = 0.20(10)
25e-044 4| 0.25 il
0.8
2.0e-04 { | 0.201 ”‘H””
| 0.6 ||
1.5e-04 1 0.15 1
| H
1.0e-04 1 | 04 H 0.10
| J
5.0e-05 4 | 02 | | 0.05
ly
4 [RNRAN} 4
0.0e+00 et veere 0.0 0004
00 05 10 15 20 25 30 35 40 00 02 04 06 08 10 12 14 00 05 10 15 20 25 30 35 40
r (fm) r (fm) r (fm)
1.2 0.035
300051 II| | {O2)0(xf)s mm Mass 0.68(14), A 0.00058(31) -
2.5e-05 4 I | Lo
0.025 4
2.0e-054 1 | 087
| 0.0201
1.5-05 4 | 0.6 ‘ 0.015 4
1.0e-05 1 | 0.4 0.0101
I |
5.06-06 { ||I 024 | 00051 AIC, 0.0283(37)
I 0.000{ data, Vinax = 0.011(14)
0.0+00 I||I iy III|||||IIIII|||||||||||. | | L
Mnm 001 ~0.005 min
OTO 0?5 1?0 1.5 2.4 0 2.5 3.0 3?5 4?0 0.0 DTZ 0t4 076 0.8 1:0 1t2 1t4 OTO 0?5 1?0 1?5 270 2?5 3?0 3?5 4?0
r (fm) r (fm) r (fm)

FIG. 2. Example plots for glue (upper panels) and strange quark (lower panels) 3pts at f; = 4, ¢ = 2 with valence pion mass 174 MeV.
The left panels correspond to the correlation functions in Eq. (40) as a function of the current-sink separation r. The middle panels
correspond to the associated effective mass plots and the bands are the fit results using Eq. (41). The right panels correspond to the
accumulated correlation functions as a function of r. The red lines are fits with errors explained in the text. The gray band is the result of

AIC averages in Eq. (42).
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WAIC,i

P
X:ZW»x-' W= —p—— (43)
7 o l Zf) wAIC,i’

with P the total number of fits and w,;c; the weight factor
for fit i. The errors will be propagated with Jackknife
resampling. The AIC averaged values are shown in gray
bands and given in legends in the right panels of Fig. 2.

Since we have gotten M and A from fitting the correlator,
we could try to estimate a residue by the sum of the
correlator after rg, as

r<rmax 3
Res = g Ar~2e ™Mr,

r>rcul

(44)

in which the sum is over discrete points of the 3D volume and
rmax ~ 4 fm for the current lattice. For the glue DI, we get
Res = 0.0053(45) with r., = 1.5 fm which gives the upper
bound of the residue to be Res, =0.0053+0.0045=
0.0098. This is smaller than the AIC error 0.025. And for

Glue [T;1*

0.275 1 =7 2

52 =/0.141 GeV
02501 4 9 |1° 2 FP ; :Iecs
0.225
0275 52 =10.208 GeV?
02501 th oA LA » }4»
0.225
02737 BZ=10.273 GgV?
02509 | PR A o }0
0.225

P = 3293 GeVv?2
02501 4o ‘+ 1 IL H

0.225

T T T T T T T
0.04 0.06 0.08 0.10 0.12 0.14 0.16

m2 (GeV)
Strimge Quark [T;1*

p%=0.141 GeV? L AC
00251 f* |‘ 4 +‘ {4» ® Res
0.020 '
0.030 R p? =0.208 GeV?
0.025 1 *‘ ’ +‘ {«D }4,
0030 | p? =0.273 GeV?

<3 .

0025 | |‘ }4’ *' *“b }4»

- 2
ST S
0.025 b

T T T T T T T
0.04 0.06 0.08 0.10 0.12 0.14 0.16

FIG. 3.

the strange quark DI, we get Res = 0.00068(95) which gives
Res . = 0.00068 +0.00095 = 0.00163. This is also smaller
than the AIC error 0.0035.

We have gathered similar results for the glue DI and
strange quark DI for both 7' and [T + T,] (light quarks DI
have been omitted as they have similar behavior to the
strange quark DI) at different pion masses, source
momenta, and sink momenta in Fig. 3. The blue points
are the AIC averaged values and the red points are plotted
with the same central values as the blue points with error
bounds equal to Res,,. It can be seen that all of the
residues are much smaller than the AIC errors except for a
very few cases at small pion masses which are due to
unstable fits of M and A. This confirms that our current way
of estimating systematics for CDER with AIC is reliable.

C. z-Expansion fit

In order to fit the [T, + T»](Q?) form factor and extrapo-
late it to Q2 =0, we have done a model-independent z-
expansion [61] fit using the following equation with k,, > 2:

Glue [T]_ + Tz]L

27— 2
o] | ~07-0141GeV T
0.175 A h *“:’ H’ h ¢ Rif
0:200 Q7 =0.208 GeV?
s 1 .
0.175 b b F, *@ +¢
0.175 - OZ = 0273 GeVZ
v
0.150 - }“ *‘D }" +° jo
Q?=0.293 GeV?
01751 leo F
0.150 , , +® }@ , +® , , i ,
004 006 008 010 012 014 0.6

m2 (GeV)

Strange Quark [T; + Tp1*

2 _ 2
T 02=0.141 GeV —c
1P th |¢ *Q }qp ¢ Res
0.015 i
0:020 Q%=0.208 GeV?
0.015{ ¢ A4 }' }0 *«b *.D
0.0175 4 02 = 0273 GevZ
0.01504 g lo *. |@
0.0125 1 +® *Q
00201 | 0?=0.293 GeV?
0.015 }6 +O fo | o
0.04 006 008 010 012 014  0.16

m?2 (GeV)

Comparison of AIC averaged values and Res,,, for [T]F and [T} + T,]* of glue (upper panels) and strange quark (lower

panels) 3pts at #; = 4, 7 = 2 at different valence pion masses. The different subplots correspond to different nucleon momenta p?> for

[T]F and different Q? for [T, + T~
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kmax

T(Q%) = Zakzk
k=0

_ \/tCUt_t_\/tcul_tO
\/tcul_t+\/tcut_to

Z(t’ [cuhtO) ’ (45)

where T (Q?) represents a nucleon form factor such as 7'y, T,
D and their linear combinations such as [T} + T5]; t = —Q?;
tew = 4m2 correspond to the two-pion production threshold
with m, = 172 MeV chosen to be the sea pion mass; and 7,

is chosen to be its “optimal” value 7" (Q%a) = feu(1 —

V1 + Q2.«/tew) to minimize the maximum value of |z, with

2  the maximum Q7 under consideration. And we adopt
the Gaussian prior proposed in [61] with |a;/ag|,.. = 5 [use
ay/ag = “0(5)” (a Gaussian prior with central value 0 and
width 5) for all a;(k > 1) in the fits].

IV. ANALYSIS AND RESULTS

A. Three-point correlation function fits

We adopt the two-state fit formula to fit the quark/gluon

ratio R (, 7, py, p;) in Eq. (16)
R (tr.7. . i) = A+ B *Fne (=7 4 Bre~2En(®)
+ B3€_AE”i (1)—AE,,‘_ (tf_'f)’ (46)

where A is the ground-state matrix element, the terms with
B, B,, and Bj; are the contributions from the excited-state

[T1144(0% = 0.0 GeV?)

[T1151(Q2 = 0.0 GeV?)

contamination, and AE, = E}, — E, is the energy differ-
ence between the nucleon ground-state energy E, and that
of the first excited-state Ell,. In order to stabilize the fit, we
use AE, from the fit of the 2pt as a prior for the 3pt fit with
AE, € [300,800] MeV. The top panels of Fig. 4 show
sample plots for 7% (0) for up quark CI, strange quark DI,
and glue components. We treat up and down quark DI
contributions to be the same since we have exact isospin
symmetry in the current simulation. We have used the
energy difference AE from 2pt to constrain our fits of
Eq. (46). The source-sink separations 7 = 7, 8, 9, 10 and
'=4,5,6,7,8,9 are used for CI and DI fits, respectively.
And 4 points are dropped (2 points close to the source t = 0
and 2 points close to the sink #;) for each separation. The
gray bands are the fitted results of 7%.

To check the convergence of the ground-state matrix
elements, we also calculate the differential summed ratio as

SR(t;) — SR(t; — Ar)
At

R(1) = (47)

with SR(#) = >, .oy R(t,7),1. =2 and fit R(¢;) with
a constant, given current statistics. It has been shown
that excited-state contamination is better suppressed com-
pared to the above two-state fit [62—-64]. The corresponding
sample fits are shown in the lower panels of Fig. 4. Simple
linear fits are used to extrapolate ground-state matrix
elements which are marked as gray bands. We observe

[T1194(Q? = 0.0 GeV?)

0500
0450 2st 0.266(24) 0150 2st 0.032(13) 2st 0.41(12)
. 4 v=7 . 4 r=a 0001 L g
0400{ Y t'=8 Yy t'=5 Y t'=5
t'=9 0.100 t=6 0600 t=6
030 t'=10 t'=7 t'=7
0.400
o 0.300 ¢ 4 4 + o 0.050 t'=8 o t'=8
+ * * * + E=e Lo 0.200 =9 + \
0250 -
0.000
0.200 0.000
0.150 -0.050
-0.200
0.100 L+ . . - r r r . .
-3 -2 -1 [} 1 2 3 -2 -1 0 1 2 3 -2 -1 [ 1 2 3
T—t T—tf T—tf
ulin2 — 2
. [T11¢"(Q% = 0.0 GeV?) [T1151(Q%=0.0 GeV?) [T1]95(Q2 = 0.0 GeV?)
0.298(36) 0.0311(63) 0.278(49)
0450 0.150 0.800
0.400
0.100 0600
0350
0.400 + +
W 0.300 WL 0.050 s
L * + 0.200 *
0250
0.000
0.200 0.000
0.150 -0.050
-0.200
0.100

7 8 9 4 5

tr

te t;

FIG. 4. The ratio R(z, t;) (top panels) and R(#;) (bottom panels) defined through Eq. (46) and Eq. (47), respectively. The data of up
quark CI, strange quark DI, and glue components with valence pion mass 174 MeV are shown in the left, middle, and right panels,
respectively. The gray bands are the fit predictions of the ground-state matrix elements T';(0) of each component.
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that the error of the gray band shown in the lower left panel
for the up quark CI component is significantly smaller than
that of each data point, whereas for each of the strange
quark DI and glue components (shown in the lower middle
and right panels, respectively) the final fit error is similar
to that of the smallest #;, which has the best statistics
compared with larger ;. The difference comes mainly from
the fact that the data is negatively correlated for the lower
left panel and positively correlated for the lower middle and
right panels. To understand this intuitively, consider a
simple correlated data-averaging model in which

1< 1 1
X =- i l=0¢2—(1+——b]), (48
X an, 0% an( +n—1 > (48)

where all x; have variance 62 and the data correlation
between different x; is chosen to be b. For a negative value
of b, the final variance % is smaller than o2 with an
additional enhancement factor 1 + nljb compared to the
average of uncorrelated data. On the other hand, a positive
value of b increases the final variance compared to the
uncorrelated case. This partially explains the observed
difference, although we are using correlated fits instead
of direct averaging.

The final predictions of the two-state fits and the
differential summed-ratio fits are labeled on each panel

and they agree very well with each other within errors.
Similar behaviors are observed with different valence
pion masses for the down quark CI and up/down quark
DI components and [T + T,]*(Q?) form factors at differ-
ent Q2. This confirms that we have good control of excited-
state contamination under our current statistics. We will
focus on the two-state fits for the following discussions and
estimate systematic uncertainty from excited-state contami-
nation based on the difference between the final predictions
from the two-state fit results and the differential summed-
ratio fit results.

B. Form factor fits

We repeat the above procedure for all of the other cases.
The results of 7% (0) for up quark CI, down quark CI, u/d
quark DI, strange quark DI, and glue components as a
function of nucleon momenta p? are shown in Fig. 5. As
shown in Eq. (15), the calculation of the Tf form factor

using the operator 7 4; can only be done at p # 0. This is
why there is not a point at 5> = 0 in each of the panels of
Fig. 5. It can be seen that the results for 74(0) from
different p> are consistent with each other within uncer-
tainty. Thus we use a simple constant fit of the data points
to give the final predictions which are marked as blue
bands. The fits of the [T + T,]*(Q?) form factors are

u,L d, L u/d, L
[T11g [T1]g [T1]D/| '
0.600 0.600 0.600
0.500 0.500 0.500
0.400 0.400 0.400
0.300 0.300 0.300
0.200 0.200 0.200
0.100 0.100 **H#%;* 0.100 ; ;
¥
0.000 0.000 0.000
-0.100 -0.100 -0.100
00 01 02 03 04 05 06 00 01 02 03 04 05 06 000 005 010 015 020 025 030
P? (GeV?) p? (GeV?) p? (GeV?)
s, L ,L
[Tl]D| [Tl]g
0.600 0.600
0.500 0.500
0.400 0.400
0.200 0.200
0.100 0.100
4
¥
0.000 0.000
-0.100 -0.100
000 005 010 015 020 025 030 000 005 010 015 020 025 030
p? (GeV?) p? (GeV?)

FIG. 5. Plots of T%(0) for the up quark CI, down quark CL, u/d quark DI, strange quark DI, and glue components as a function of
nucleon momenta p> with valence pion mass 174 MeV. In each plot, the blue band corresponds to a constant fit of the data points with

each final result marked with a dashed line at p*> = 0.
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FIG. 6. Plots of [T1+ T2]%(Q?) form factors for the up quark CI, down quark CI, u/d quark DI, strange quark DI, and glue
components as a function of Q> with valence pion mass 174 MeV. In each plot, the band corresponds to the z-expansion fit with
kmax = 2 to extrapolate to Q% = 0 which is marked with a dashed line.

shown in Fig. 6. As shown in Eq. (16), the calculation of the
[T, + T,]* form factor using operator 7 4; can also only be
done at p # 0. Thus, we use the z-expansion defined in
Eq. (45) to fit the data points and extrapolate to Q* = 0 to
get [T} + T,]*(0) for each component.
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C. Final results

Repeating the analysis for different valence pion masses,
we gather the results of 7%(0) and [T| + T,]*(0) at
different valence pion masses without renormalization
and normalization in Fig. 7. We see clear signals for all

0.800
L , E
or00] ¥ [Ti+T205" W [T+ T4 ¢ [T+ T8¢
oeood Y [T+t TLIHEE A [T+ Tl
0.500 -
| |
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¥ v v v v w
0.000 M B o .
-0.100 : : : : : : :
004 006 008 010 012 014  0.16
m2 (GeV2)

FIG. 7. Plots of the T%(0) (left panel) and [T + T,]*(0) (right panel) at different valence pion masses without renormalization and
normalization. Different colors correspond to up quark CI, down quark CI, up/down quark DI, strange quark DI, and glue components.
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FIG. 8.
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Plots of the TX(0) (left panel) and [T + T,]®(0) (right panel) at different valence pion masses after renormalization but

without normalization. Different colors correspond to the up quark CI and DI, down quark CI and DI, strange DI, and glue DI. The bands
are linear fit of the data points to extrapolate to the physical pion mass marked with a dashed line.

components. The renormalized results of 7X(0) and
[T, + T,]R(0) at MS(u = 2 GeV) with Eq. (20) are shown
in Fig. 8. The T%(0) after renormalization calculated with
[T, + T,])%(0) — T®(0) are shown in Fig. 9. It can been

seen that T‘ZI’R and T%’R have almost no signals. However,
the total 7', is consistent with zero without normalization.
Since the normalization condition Eq. (21) is proportional
to the T§ form factor which will lead to unstable results, we
choose to use the same normalization for the quarks and the
glue in Eq. (24) to normalize our final results under current
statistics. Also, it can be seen that all components are quite
linear in m2; thus we perform a joint fit as

0.300
0.200
b '
0.100
0.000 - Y' Al S v
-0.100
l t 'y : . .
-0.200 | LI W [LIER ¢ [TI4F
Y (T2IE0F [T215F [T21%:1,
-0.300 : : : : : . .
0.04 006 008 010 012 014 0.6
mZ (GeVv?)

FIG. 9. Plot of the TX(0) at different valence pion masses after
renormalization but without normalization. Different colors
correspond to the up quark CI, down quark CI, u/d quark DI,
strange quark DI, and glue components.

TV = af +amd, [Ty + T2 = b + b2, (49)
with i denoting each component (up quark CI, down quark
CL u/d quark DI, strange quark DI, and glue components)
and the a’s and b's are free parameters for fitting and the
sum of the TX and [T, + T,|R satisfy the constraints from

Eq. (24) as

ZiTli’R o

NE 4+ NEm2

STy + 1) R

= 1’
NY + Nim?2

(50)

)

with N and N also free parameters for fitting. The joint fit
results are shown in Fig. 8 with y?/d.o.f. ~ 1.1. It can be

C e 1 1
int fit
0.750 4 Jo ¢ Sum[T, R . Sum[Ty + TR
i
0.700 A + L
|
Z 0.650 A r
0.600 -
0.550 -
0.'02 0.'04 0.66 0.'08 0.'10 0.;I.2 0.214 0.216
m?2 (GeV?)

FIG. 10. Plot of the inverse of the sum of TR®(0) and
[T, + T,)®(0) which is the normalization factor that we apply
to the T®(0) and [T + T,]®(0). The bands are linear fit of the
data points to extrapolate to the physical pion mass marked with a
dashed line.
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TABLE II.

Renormalized and normalized values of momentum fractions (x) and angular momentum fractions 2J at MS(u = 2 GeV)

on a 32% x 64 domain wall lattice with lattice spacing a = 0.143 fm and m, = 171 MeV. “Sum¢” in the table is the sum of all the quark
CI and DI contributions. “Sum” in the table is the sum of all the quark and glue contributions. The quark spin g, is from Ref. [13] at
MS(u = 2 GeV). The orbital angular momentum fractions 2L are calculated with 2L = 2J — g,.

u(CI) d(CI) u/d(DI) s(DI) Sum4 glue Sum
(x) 0.233(12)(26) 0.085(5)(3) 0.065(6)(2) 0.043(6)(4) 0.491(20)(23) 0.509(20)(23) 1.0
2J 0.319(22)(63) 0.017(9)(23) 0.075(7)(16) 0.052(6)(10)  0.539(22)(44) 0.461(22)(44) 1.0
T, 0.086(22)37)  —0.067(9)(26) 0.010(7)(14) 0.010(6)(14)  0.048(22)21)  —0.048(22)(21) 0.0
ga [13]  0917(13)28)  —0.337(10)(10)  —0.070(12)(15)  —0.035(6)(7)  0.405(25)(37)
2L —0.598(22)(63) 0.354(9)(23) 0.145(7)(16) 0.087(6)(10) 0.134(22)(44)

seen from the right panel of Fig. 10 that the sum of
momentum fractions and angular momentum fractions are
consistent with each other within current uncertainty which
confirms our assumption in Eq. (24) of using one nor-
malization constant N* at the present stage.

The final renormalized and normalized momentum
fractions (x) and angular momentum fractions 2J are listed
in Table II. We have performed fits using the two-state fits
in Eq. (46) and the differential summed-ratio fits in
Eq. (47). They give similar statistical errors and agree with
each other within uncertainty. Thus, we choose the central
value and statistical error to be given by the results from
two-state fits in Eq. (46) which we believe to have better
control of excited-state contamination under current sta-
tistics. The systematic uncertainties only include the con-
tributions from the excited-state contamination estimated
by taking the central value difference of the results from
the two different fits. Our predictions of the momentum
fractions (x), , and iso-vector momentum fraction
(x)R_, are 0.298(12)(24), 0.150(7)(5), 0.043(6)(4), 0.509
(20)(23), and 0.148(10)(29), respectively, which are con-
sistent with the preliminary results from Ref. [33] on the

. o,
Au: 85(4)% M 13(5)%

g: 46(5)%

As: -4(1)%

Ad: -41(2)%

FIG. 11. Summary plot of the quark spin g, from Ref. [13], the
quark orbital angular momentum fraction, and glue angular
momentum fraction.

same ensemble, but with much smaller errors due to the
application of CDER for the DI. Extrapolations of all the
predictions of the momentum fractions to the continuum
and infinite-volume limits are needed in order to be
compared to phenomenological global fits at MS(u =
2 GeV) such as the CT14 [65] values (x)X = 0.348(5),
(x)R =0.190(5), (x)X =0.035(9), <x>’; =0.416(9), and
(x)R_, = 0.158(6). Our predictions of the angular momen-
tum percentage fractions (2J >{f dsg are 0.394(20)(47),
0.092(10)(7), 0.052(6)(10), and 0.461(22)(44), respec-
tively. We have also listed the quark spin g, from
Ref. [13] at MS(u = 2 GeV) along with the orbital angular
momentum percentage fractions 2L calculated with 2L =
2J — g4 which are summarized in Fig. 11. We see that the
quark orbital angular momentum fraction at 0.134(22)(44)
has a relatively small error and is not negligible.

V. SUMMARY

In summary, we have carried out a complete calculation of
proton momentum and angular momentum fractions
at several overlap valence pion masses on a 323 x 64
domain-wall lattice with lattice spacing a = 0.143 fm and
m, = 171 MeV. We report the renormalized, mixed, and
normalized momentum fractions for the quarks and glue to
be 0.491(20)(23) and 0.509(20)(23), respectively, and the
renormalized and normalized total angular momentum
percentage fractions for quarks and glue to be
0.539(22)(44) and 0.461(22)(44), respectively. The energy-
momentum tensor three-point function (3pt) calculations
include both the connected insertions for up and down
quarks and the disconnected insertions for up/down quark,
strange quark, and glue. We have used complex Z; grid
sources to increase signals of the nucleon correlation
functions and Z, noise to estimate the quark loops. We
have also used FFT on CI 3pts along with low-mode
substitution on both the source and sink nucleon. The
new sandwich method of constructing the 2pts and 3pts
with LMS has direct projection of nucleon momentum for
the source, and FFT helps the statistics by averaging different
kinematic configurations having the same Q2. The errors of
DI 3pts for up/down quark, strange quark, and glue are
greatly reduced through the use of the cluster-decomposition
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error reduction technique [22,33], especially for the unnor-
malized glue improved by a factor of 3. With the full
nonperturbative renormalization, mixing, and normalization
using momentum and angular momentum sum rules, we
find the momentum fractions and angular momentum
percentage fractions listed in Table 1T at MS(u = 2 GeV).
Finally, we should note that this work should be extended to
include other lattices with different volumes and lattice
spacings to control systematic errors from finite volume and
lattice spacing, and the mixed action effects in our current
result can also be eliminated during the continuum
extrapolation.
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