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We apply the QCD sum rule method to systematically study the S- and P-wave fully strange tetraquark
states within the diquark-antidiquark picture. We systematically construct their interpolating currents by
explicitly adding the covariant derivative operator. Our results suggest that the f0ð2100Þ, Xð2063Þ, and
f2ð2010Þ may be explained as the S-wave sss̄s̄ tetraquark states with the quantum numbers JPC ¼ 0þþ,
1þ−, and 2þþ, respectively. Our results also suggest that both the Xð2370Þ and Xð2500Þ may be explained
as the P-wave sss̄s̄ tetraquark states of JPC ¼ 0−þ, and both the ϕð2170Þ and Xð2400Þmay be explained as
the P-wave sss̄s̄ tetraquark states of JPC ¼ 1−−. The masses of the sss̄s̄ tetraquark states with the exotic
quantum number JPC ¼ 1−þ are extracted from two noncorrelated currents to be 2.45þ0.20

−0.25 GeV and

2.49þ0.21
−0.25 GeV.

DOI: 10.1103/PhysRevD.106.014023

I. INTRODUCTION

In the past 20 years many exotic hadrons were observed
in experiments [1], which bring us the renaissance of the
hadron spectroscopy [2–22]. Some of them are good
candidates for the fully strange tetraquark states, which
contain many strangeness components. Experimentally,
their widths are possibly not too broad, so they are capable
of being observed. Theoretically, their internal structures
are simpler than other multiquark states due to the Pauli
principle restricting identical strangeness quarks/
antiquarks. This limits their potential number and makes
them easier to be observed.
There have been some rich-strangeness signals observed

at around 2.0 GeV, for example,
(i) In 2006 the BABAR Collaboration observed

the ϕð2170Þ=Yð2175Þ in the eþe−→ϕf0ð980Þ
process [23].

(ii) In 2010 the BESIII Collaboration observed the
Xð2120Þ and Xð2370Þ in the ππη0 invariant mass
spectrum of the J=ψ → γππη0 decay [24]. Later in
2019 they confirmed the Xð2370Þ in the KK̄η0

invariant mass spectrum of the J=ψ → γKK̄η0 decay,
but they did not observe the Xð2120Þ in this process
[25]. This suggests that the Xð2370Þ contains more
strangeness components.

(iii) In 2016 the BESIII Collaboration performed a partial
wave analysis of the J=ψ → γϕϕ decay [26], where
they observed one scalar resonance f0ð2100Þ, one
pseudoscalar resonance Xð2500Þ, as well as three
tensor resonances f2ð2010Þ, f2ð2300Þ, and f2ð2340Þ
in the ϕϕ invariant mass spectrum.

(iv) In 2018 the BESIII Collaboration observed the
Xð2063Þ in the ϕη0 invariant mass spectrum of the
J=ψ → ϕηη0 decay [27].

With a large amount of the J=ψ sample, the BESIII
Collaboration is still carefully examining the physics
happening at around 2.0 GeV, and more rich-strangeness
signals are expected in the coming future. Such experi-
ments can also be performed by the Belle-II, COMPASS,
and GlueX Collaborations, etc.
In the past years we have applied the QCD sum rule

method to study the sss̄s̄ tetraquark states, separately for the
states with the quantum numbers JPC ¼ 0−þ=1þ−=1−−=4þ−

[28–32]. Relevant QCD sum rule studies and quark model
calculations can be found in Refs. [33–42]. Especially, a
thoroughquarkmodel calculationwas performed inRef. [38]
to systematically study the 1S-, 1P-, and 2S-wave sss̄s̄
tetraquark states. We find it useful to perform a similar QCD
sum rule study, so in this paper we shall systematically study
the 1S- and 1P-wave sss̄s̄ tetraquark states using the QCD
sum rule method. For simplicity, we denote them as the
S- and P-wave states.
In this paper we shall work within the diquark-anti-

diquark picture, where the orbital angular momentum can
be between the diquark and antidiquark, or it can also be
inside the diquark/antidiquark, as depicted in Fig. 1. We
call the former λ-mode excitation and the latter ρ-mode
excitation. As already classified in Ref. [38], there are
altogether four S-wave sss̄s̄ states, eight P-wave states of
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the λ-mode, and 12P-wave states of the ρ-mode. We shall
systematically construct their interpolating currents by
explicitly adding the covariant derivative operator, based
on which we shall perform a systematical QCD sum rule
study. Note that the tetraquark currents without derivatives
were used in our previous QCD sum rule studies [28–31].
Before doing this, we note that the sss̄s̄ tetraquark states

are just possible explanations for the rich-strangeness
signals observed at around 2.0 GeV, and there exist many
other possibilities, for example,

(i) Theϕð2170Þ=Yð2175Þwas explained inRefs. [43–48]
as a dynamically generated state in the ϕKK̄=ϕππ
systems. Besides, it can also be explained as the 23D1

ss̄ meson [49–52], the hidden-strange baryonium
state [53–55], and the strangeonium hybrid state
[56], etc.

(ii) The Xð2370Þ can be explained as the fourth radial
excitation of ηð548Þ=η0ð958Þ [57], the pseudoscalar
glueball [58,59], and their mixing [60]. It can also
be explained as the compact hexaquark state of
IGJPC ¼ 0þ0−þ [61] and the hidden-strange baryo-
nium state [62], etc.

(iii) The Xð2500Þ was explained in Refs. [63–67] as the
41S0 or 51S0 ss̄ state.

(iv) TheXð2063Þwas explained in Ref. [68] as the second
radial excitation of h1ð1380Þ with IðJPÞ ¼ 0ð1þÞ.

We refer to Refs. [69–75] for more lattice QCD studies and
Refs. [76–83] for some dynamical analyses.
Another relevant exotic state is the η1ð1855Þ recently

observed by BESIII in the ηη0 invariant mass spectrum of
the J=ψ → γηη0 decay [84,85]. This resonance has the
exotic quantum number IGJPC ¼ 0þ1−þ, which can not be
accessed by conventional q̄q mesons. It may be explained
as the hybrid meson [86–90] and the KK̄1ð1400Þ hadronic
molecule [91–94], etc. Besides, the η1ð1855Þ may also
be explained as the qsq̄s̄ (q ¼ u=d) tetraquark state of
IGJPC ¼ 0þ1−þ [95,96]. Based on this interpretation, one
naturally expects the existence of the sss̄s̄ tetraquark state
with IGJPC ¼ 0þ1−þ, which we shall pay special attention
to in the present study.

This paper is organized as follows. In Sec. II, we
systematically construct the S- and P-wave fully strange
tetraquark states as well as their corresponding interpolat-
ing currents. We use these currents to perform QCD sum
rule analyses in Sec. III, and the obtained results are
summarized and discussed in Sec. IV.

II. PHENOMENOLOGICAL ANALYSES

In this section we follow Ref. [38] to construct the S- and
P-wave fully strange tetraquark states. We shall also
construct their corresponding fully strange tetraquark
currents by explicitly adding the covariant derivative
operator Dα ¼ ∂α þ igsAα, so that these currents behave
well under the Lorentz transformation. We shall work
within the diquark-antidiquark picture in the present study.
To start with, we investigate the ss diquark composed of

two identical strange quarks with the symmetric flavor
structure. According to the Pauli principle, the two strange
quarks should be totally antisymmetric. As depicted in
Fig. 2, we can construct two S-wave ss diquarks with the
symmetric orbital structure:

(i) We use 2sþ1lj ¼ 3S1 to denote the S-wave ss diquark
of jP ¼ 1þ and the color representation 3̄c, where s,
l, and j are its spin, orbital, and total angular
momenta, respectively. The corresponding antidi-
quark is denoted as 2s̄þ1̄lj̄ ¼ 3̄S̄1̄, where s̄, l̄, and j̄ are
its spin, orbital, and total angular momenta, respec-
tively. This 3S1 diquark has the symmetric spin and
antisymmetric color structures, and its correspond-
ing diquark field is

sTaCγμsb; ð1Þ

where a and b are color indices, C ¼ iγ2γ0 is the
charge-conjugation operator, and the sum over
repeated indices is taken. The superscript T repre-
sents the transpose of the Dirac index only, while the
color index is not transposed.

(ii) We use 1S0 to denote the S-wave ss diquark of
jP ¼ 0þ and the color representation 6c. It has the
antisymmetric spin and symmetric color structures,
and its corresponding diquark field is

sTaCγ5sb: ð2Þ

As depicted in Fig. 2, we can construct four P-wave ss
diquarks with the antisymmetric orbital structure:

(i) We use 1P1 to denote the P-wave ss diquark having
s ¼ 0, jP ¼ 1−, and the color representation 3̄c. It has
the antisymmetric spin and antisymmetric color
structures, and its corresponding diquark field is

l   

l 

l 

ss

ss

ss

ss

FIG. 1. Relative coordinates λ⃗ and ρ⃗=ρ⃗0 for the diquark-anti-
diquark system.We use lλ to denote the orbital angular momentum
between the diquark and antidiquark, and lρ=l0ρ to denote the orbital
angular momentum inside the diquark/antidiquark.
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½sTaCγ5D
↔

μsb�; ð3Þ

with ½XD↔μY� ¼ X½DμY� − ½DμX�Y. Note that the
operator Dα carries color indices, e.g.,

Dαsa ¼ ∂αsa þ igsAαsa

¼ ∂αsa þ igsAn
α
λnab
2

sb: ð4Þ

For simplicity, we shall still use the notationDαsa so
that Dα½sTaCγμsb� ¼ ½Dαsa�TCγμsb þ sTaCγμ½Dαsb�.

flavor (S)

l = 0 (S)

l = 1 (A)

[ P1]j = 1 

j = 2 

S = 2 

flavor (S     S)  (A     S) 

S = 1 

J = 0

J = 1 

J = 2 

| X13 & X15 ; 0
-- >

J = 0 

J = 1 

J = 2 

[ P1]

[ P0]

[ P2]

[ S1]

     | X17 & X19 ; 1
-- >

     | X21 & X23 ; 2
-- >

l   = 1ρ

6C 6C (S     S) [1ss     0ss             ] (S     A)       

3C 3C (A     A) S = 1 [0ss     1ss             ] (A     S)      

| X14 & X16 ; 0
-- >

     | X18 & X20 ; 1
-- >

     | X22 & X24 ; 2
-- >

flavor (S     S)  (S     S) l   = 1λ

S = 0 6C 6C (S     S) J = 1 | X6 ; 1-- -- >[0ss     0ss              ] (A     A)       

3C 3C (A     A) 

S = 0 [1ss     1ss             ] (S     S)      J = 1 | X7 ; 1-- -- >

S = 1 

J = 0

J = 1 

J = 2 

| X5 ; 0-- + >

     | X9 ; 1
-- + >

     | X11 ; 2-- +>

[1ss     1ss             ] (S     S)      

[1ss     1ss             ] (S     S)      

| X8 ; 1-- -- >

     | X10 ; 2
-- -- >

     | X12 ; 3-- -- >

flavor (S     S) L = 0 (S     S) 

S = 0 6C 6C (S     S) J = 0 | X1 ; 0+ + >[0ss     0ss              ] (A     A)       

3C 3C (A     A) 

S = 0 

S = 1 

S = 2 

[1ss     1ss             ] (S     S)      

[1ss     1ss             ] (S     S)      

[1ss     1ss             ] (S     S)      

J = 0 

J = 1 

J = 2 

| X2 ; 0+ + >

| X3 ; 1+ -- >

| X4 ; 2+ + >

3C (A) s = 1 (S) j = 1 

6C (S) s = 0 (A) j = 0 [ S0]

3C (A) s = 0 (A) j = 1 

6C (S) s = 1 (S)

j = 0 

J = 1

J = 2 

J = 3 

(a)

(b)

(c)

(d)

FIG. 2. Categorization of the S- and P-wave ss diquarks as well as the S- and P-wave sss̄s̄ tetraquark states. One needs to further
reorganize the S- and P-wave diquarks/antidiquarks in order to obtain the two states jX13; JPC ¼ 0−−i and jX15; JPC ¼ 0−þi, as well as
all the other P-wave sss̄s̄ tetraquark states of the ρ-mode. (a) S- and P-wave ss diquarks (b) S-wave ½ss�½s̄s̄� tetraquark states (c) P-wave
½ss�½s̄s̄� tetraquark states of the λ-mode (d) P-wave ½ss�½s̄s̄� tetraquark states of the ρ-mode.

S- AND P-WAVE FULLY STRANGE TETRAQUARK STATES … PHYS. REV. D 106, 014023 (2022)

014023-3



(ii) We use 3P0 to denote the P-wave ss diquark having
s ¼ 1, jP ¼ 0−, and the color representation 6c. It
has the symmetric spin and symmetric color
structures, and its corresponding diquark field is

½sTaCγμD
↔

μsb�: ð5Þ

(iii) We use 3P1 to denote the P-wave ss diquark having
s ¼ 1, jP ¼ 1−, and the color representation 6c. It
has the symmetric spin and symmetric color
structures, and its corresponding diquark field is

½sTaCγμD
↔

νsb� − fμ ↔ νg: ð6Þ

(iv) We use 3P2 to denote the P-wave ss diquark having
s ¼ 1, jP ¼ 2−, and the color representation 6c. It
has the symmetric spin and symmetric color
structures, and its corresponding diquark field is

S½sTaCγμD
↔

νsb�; ð7Þ

where S denotes symmetrization and subtracting the
trace term in the set fμνg.

In the following subsections we shall use the above
S- and P-wave ss diquarks/antidiquarks to systematically
construct the S- and P-wave sss̄s̄ tetraquark states as well
as their corresponding interpolating currents. Their color
structure can be either

3̄ss ⊗ 3s̄s̄ → 1½ss�½s̄s̄� ð8Þ

or

6ss ⊗ 6̄s̄s̄ → 1½ss�½s̄s̄�: ð9Þ

A. S-wave states

In this subsection we use the S-wave ss diquarks/
antidiquarks to construct the S-wave sss̄s̄ tetraquark states.
We denote them as jX; JPCi ¼ j2sþ1lj; 2s̄þ1̄lj̄; Ji.
As depicted in Fig. 2, we can construct four S-wave sss̄s̄

tetraquark states:

jX1; 0
þþi ¼ j1S0;1̄ S̄0̄; J ¼ 0i;

jX2; 0
þþi ¼ j3S1;3̄ S̄1̄; J ¼ 0i;

jX3; 1
þ−i ¼ j3S1;3̄ S̄1̄; J ¼ 1i;

jX4; 2
þþi ¼ j3S1;3̄ S̄1̄; J ¼ 2i: ð10Þ

Their corresponding interpolating currents are

J0þþ
1 ¼ sTaCγ5sbs̄aγ5Cs̄Tb ; ð11Þ

J0
þþ

2 ¼ sTaCγμsbs̄aγμCs̄Tb ; ð12Þ

J1
þ−

3;α ¼ sTaCγμsbs̄aσαμγ5Cs̄Tb

− sTaCσαμγ5sbs̄aγμCs̄Tb ; ð13Þ

J2
þþ

4;α1α2
¼ gα1μgα2νS½sTaCγμsbs̄aγνCs̄Tb �: ð14Þ

We have used the tensor diquark field sTaCσμνγ5sb to
construct the third current J1

þ−

3;α . In principle, this tensor
diquark field can couple to both the jP ¼ 1þ and 1−

channels, but its positive-parity component sTaCσijγ5sb
(i, j ¼ 1, 2, 3) gives the dominant contribution to J1

þ−

3;i

(i ¼ 1, 2, 3). Therefore, the tetraquark current J1
þ−

3;α corre-
sponds to the state jX3; 1

þ−i.

B. P-wave states of the λ-mode

In this subsection we use the S-wave ss diquarks/anti-
diquarks to construct theP-wave sss̄s̄ tetraquark states of the
λ-mode. These states have the total orbital excitation L ¼ 1
with lλ ¼ 1 and lρ ¼ 0, so we call them λ-mode excitations.
We denote them as jX; JPCi ¼ j2sþ1lj; 2s̄þ1̄lj̄; S; J; λi.
As depicted in Fig. 2, we can construct eight P-wave

sss̄s̄ states of the λ-mode:

jX5; 0
−þi ¼ j3S1;3̄S̄1̄; S ¼ 1; J ¼ 0; λi;

jX6; 1
−−i ¼ j1S0;1̄S̄0̄; S ¼ 0; J ¼ 1; λi;

jX7; 1
−−i ¼ j3S1;3̄S̄1̄; S ¼ 0; J ¼ 1; λi;

jX8; 1
−−i ¼ j3S1;3̄S̄1̄; S ¼ 2; J ¼ 1; λi;

jX9; 1
−þi ¼ j3S1;3̄S̄1̄; S ¼ 1; J ¼ 1; λi;

jX10; 2
−−i ¼ j3S1;3̄S̄1̄; S ¼ 2; J ¼ 2; λi;

jX11; 2
−þi ¼ j3S1;3̄S̄1̄; S ¼ 1; J ¼ 2; λi;

jX12; 3
−−i ¼ j3S1;3̄S̄1̄; S ¼ 2; J ¼ 3; λi: ð15Þ

Their corresponding interpolating currents are

J0
−þ
5 ¼ ½sTaCγνsb�Dμ

↔ ½s̄aσμνγ5Cs̄Tb �
− ½sTaCσμνγ5sb�Dμ

↔ ½s̄aγνCs̄Tb �; ð16Þ

J1
−−

6;α ¼ ½sTaCγ5sb�D
↔

α½s̄aγ5Cs̄Tb �; ð17Þ

J1
−−

7;α ¼ ½sTaCγμsb�D
↔

α½s̄aγμCs̄Tb �; ð18Þ

J1
−−

8;α ¼ gαμgνρS½½sTaCγμsb�Dρ
↔ ½s̄aγνCs̄Tb ��; ð19Þ
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J1
−þ

9;α ¼ ½sTaCγαsb�Dμ
↔ ½s̄aγμCs̄Tb �

− ½sTaCγμsb�Dμ
↔ ½s̄aγαCs̄Tb �; ð20Þ

J2
−−

10;α1α2
¼ gα1μgα2νS½½sTaCγμsb�D

↔

ρ½s̄aσνργ5Cs̄Tb �
þ ½sTaCσνργ5sb�D

↔

ρ½s̄aγμCs̄Tb ��; ð21Þ

J2
−þ
11;α1α2

¼ gα1μgα2νS½½sTaCγρsb�Dμ
↔ ½s̄aσνργ5Cs̄Tb �

− ½sTaCσνργ5sb�Dμ
↔ ½s̄aγρCs̄Tb ��; ð22Þ

J3
−−

12;α1α2α3
¼ S0½½sTaCγα1sb�D

↔

α2 ½s̄aγα3Cs̄Tb ��; ð23Þ

where S0 denotes symmetrization and subtracting trace
terms in the set fα1α2α3g.

C. P-wave states of the ρ-mode

In this subsection we use the S- and P-wave ss diquarks/
antidiquarks to construct the P-wave sss̄s̄ tetraquark
states of the ρ-mode. These states have the total orbital
excitation L ¼ 1 with lλ ¼ 0 and lρ ¼ 1, so we call
them ρ-mode excitations. We denote them as jX; JPCi ¼
j2sþ1lj; 2s̄þ1̄lj̄; S; J; ρi.
As depicted in Fig. 2, we can construct 12 P-wave sss̄s̄

states of the ρ-mode:

jX13; 0
−−i ¼ j1S0;3̄P̄0̄; 1; 0; ρi − j3P0;1̄S̄0̄; 1; 0; ρi;

jX14; 0
−−i ¼ j3S1;1̄P̄1̄; 1; 0; ρi − j1P1;3̄S̄1̄; 1; 0; ρi;

jX15; 0
−þi ¼ j1S0;3̄P̄0̄; 1; 0; ρi þ j3P0;1̄S̄0̄; 1; 0; ρi;

jX16; 0
−þi ¼ j3S1;1̄P̄1̄; 1; 0; ρi þ j1P1;3̄S̄1̄; 1; 0; ρi;

jX17; 1
−−i ¼ j1S0;3̄P̄1̄; 1; 1; ρi − j3P1;1̄S̄0̄; 1; 1; ρi;

jX18; 1
−−i ¼ j3S1;1̄P̄1̄; 1; 1; ρi − j1P1;3̄S̄1̄; 1; 1; ρi;

jX19; 1
−þi ¼ j1S0;3̄P̄1̄; 1; 1; ρi þ j3P1;1̄S̄0̄; 1; 1; ρi;

jX20; 1
−þi ¼ j3S1;1̄P̄1̄; 1; 1; ρi þ j1P1;3̄S̄1̄; 1; 1; ρi;

jX21; 2
−−i ¼ j1S0;3̄P̄2̄; 1; 2; ρi − j3P2;1̄S̄0̄; 1; 2; ρi;

jX22; 2
−−i ¼ j3S1;1̄P̄1̄; 1; 2; ρi − j1P1;3̄S̄1̄; 1; 2; ρi;

jX23; 2
−þi ¼ j1S0;3̄P̄2̄; 1; 2; ρi þ j3P2;1̄S̄0̄; 1; 2; ρi;

jX24; 2
−þi ¼ j3S1;1̄P̄1̄; 1; 2; ρi þ j1P1;3̄S̄1̄; 1; 2; ρi: ð24Þ

Their corresponding interpolating currents are

J0
−−

13 ¼ ½sTaCγ5sb�½s̄aγμCD
↔

μs̄Tb �
− ½sTaCγμD

↔

μsb�½s̄aγ5Cs̄Tb �; ð25Þ

J0
−−

14 ¼ ½sTaCγμsb�½s̄aγ5CD
↔

μs̄Tb �
− ½sTaCγ5D

↔

μsb�½s̄aγμCs̄Tb �; ð26Þ

J0
−þ

15 ¼ ½sTaCγ5sb�½s̄aγμCD
↔

μs̄Tb �
þ ½sTaCγμD

↔

μsb�½s̄aγ5Cs̄Tb �; ð27Þ

J0
−þ

16 ¼ ½sTaCγμsb�½s̄aγ5CD
↔

μs̄Tb �
þ ½sTaCγ5D

↔

μsb�½s̄aγμCs̄Tb �; ð28Þ

J1
−−

17;αβ ¼ ½sTaCγ5sb�½s̄aγβCD
↔

αs̄Tb �

− ½sTaCγβD
↔

αsb�½s̄aγ5Cs̄Tb � − fα ↔ βg; ð29Þ

J1
−−

18;αβ ¼ ½sTaCγβsb�½s̄aγ5CD
↔

αs̄Tb �

− ½sTaCγ5D
↔

αsb�½s̄aγβCs̄Tb � − fα ↔ βg; ð30Þ

J1
−þ
19;αβ ¼ ½sTaCγ5sb�½s̄aγβCD

↔

αs̄Tb �

þ ½sTaCγβD
↔

αsb�½s̄aγ5Cs̄Tb � − fα ↔ βg; ð31Þ

J1
−þ
20;αβ ¼ ½sTaCγβsb�½s̄aγ5CD

↔

αs̄Tb �

þ ½sTaCγ5D
↔

αsb�½s̄aγβCs̄Tb � − fα ↔ βg; ð32Þ

J2
−−

21;α1α2
¼ gα1μgα2νS½½sTaCγ5sb�½s̄aγνCDμ

↔
s̄Tb �

− ½sTaCγνDμ
↔
sb�½s̄aγ5Cs̄Tb ��; ð33Þ

J2
−−

22;α1α2
¼ gα1μgα2νS½½sTaCγνsb�½s̄aγ5CDμ

↔
s̄Tb �

− ½sTaCγ5Dμ
↔
sb�½s̄aγνCs̄Tb ��; ð34Þ

J2
−þ

23;α1α2
¼ gα1μgα2νS½½sTaCγ5sb�½s̄aγνCDμ

↔
s̄Tb �

þ ½sTaCγνDμ
↔
sb�½s̄aγ5Cs̄Tb ��; ð35Þ

J2
−þ

24;α1α2
¼ gα1μgα2νS½½sTaCγνsb�½s̄aγ5CDμ

↔
s̄Tb �

þ ½sTaCγ5Dμ
↔
sb�½s̄aγνCs̄Tb ��: ð36Þ

The four currents J���17���20;αβ all have two antisymmetric
Lorentz indices α and β, so they actually contain both
JP ¼ 1− and 1þ components. In the present study we shall
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use these currents to study the four JP ¼ 1− states
jX17���20; 1−�i through

h0jJ���17���20;αβjX17���20ðϵ; qÞi ¼ ifX17���20ϵαβρσϵ
ρqσ; ð37Þ

where ϵρ is the polarization vector, ϵαβρσ is the totally
antisymmetric tensor, and fX17���20 are the decay constants.
Note that these four currents can also couple to the four
JP ¼ 1þ states jX0

17���20; 1
þ�i through

h0jJ���17���20;αβjX0
17���20ðϵ; qÞi ¼ ifX0

17���20
ðqαϵβ − qβϵαÞ: ð38Þ

Technically, we can easily isolate jX17���20; 1−�i at the hadron
level by investigating the correlation function proportional to

h0jJ���17���20;αβjX17���20ihX17���20jJ���;†17���20;α0β0 j0i
¼ f2X17���20ϵαβρσϵ

ρqσϵα0β0ρ0σ0ϵ�ρ
0
qσ

0

¼ −f2X17���20q
2ðgαα0gββ0 − gαβ0gβα0 Þ þ � � � ; ð39Þ

given that the correlation function of jX0
17���20; 1

þ�i does not
contain the above coefficient.

III. QCD SUM RULE ANALYSIS

The method of QCD sum rules is a powerful and
successful nonperturbative method [97–103]. In this sec-
tion we apply this method to study the 24 currents given in
Eqs. (11)–(14), Eqs. (16)–(23), and Eqs. (25)–(36).
The four currents J���17���20;αβ couple to the states

jX17���20; JPCi through Eq. (37). The other 20 currents
J���1���16=21…24;α1���αJ of spin-J couple to the states

jX1���16=21…24; JPCi through

h0jJ���1���16=21…24;α1���αJ jX1���16=21…24; JPCi
¼ fX1���16=21…24

ϵα1���αJ : ð40Þ

Here fX is the decay constant, and ϵα1���αJ is the traceless and
symmetric polarization tensor, satisfying

ϵα1���αJϵ
�
β1���βJ ¼ S00½g̃α1β1 � � � g̃αJβJ �; ð41Þ

where g̃μν ¼ gμν − qμqν=q2 and S00 denotes symmetrization
and subtracting trace terms in the sets fα1 � � � αJg and
fβ1 � � � βJg.
We use the current J0þþ

1 as an example and study its two-
point correlation function

Πðq2Þ ¼ i
Z

d4xeiqxh0jT½J0þþ
1 ðxÞJ0þþ;†

1 ð0Þ�j0i; ð42Þ

at both the hadron and the quark-gluon levels.
At the hadron level we express Eq. (42) through the

dispersion relation as

Πðq2Þ ¼
Z

∞

16m2
s

ρðsÞ
s − q2 − iε

ds; ð43Þ

where ρðsÞ≡ ImΠðsÞ=π is the spectral density. We para-
metrize it as one pole dominance for the ground state
jX1; 0

þþi and a continuum contribution:

ρphenðsÞ≡
X
n

δðs −M2
nÞh0jJ0þþ

1 jnihnjJ0þþ;†
1 j0i

¼ f2Xδðs −M2
XÞ þ continuum: ð44Þ

At the quark-gluon level we apply the method of
operator product expansion (OPE) to calculate Eq. (42)
and extract the OPE spectral density ρOPEðsÞ. After per-
forming the Borel transformation at both the hadron and
quark-gluon levels, we approximate the continuum using
ρOPEðsÞ above a threshold value s0 and arrive at the sum
rule equation

Πðs0;M2
BÞ≡ f2Xe

−M2
X=M

2
B ¼

Z
s0

16m2
s

e−s=M
2
BρOPEðsÞds; ð45Þ

which can be used to calculate MX through

M2
Xðs0;MBÞ ¼

R s0
16m2

s
e−s=M

2
BsρOPEðsÞdsR s0

16m2
s
e−s=M

2
BρOPEðsÞds

: ð46Þ

In this study we take into account the Feynman diagrams
depicted in Fig. 3. The covariant derivative operator Dα ¼
∂α þ igsAα can be naturally separated into two parts, and we
depict the latter term using a green vertex; e.g., see the
diagrams depicted in Figs. 3(d)–3(i) and Figs. 3(g)–3(i). In
the calculations we have taken into account the perturbative
term, the strange quark massms, the quark condensate hs̄si,
the gluon condensate hg2sGGi, the quark-gluon mixed con-
densate hgss̄σGsi, and their combinations.We have assumed
the vacuum saturation for higher dimensional operators, e.g.,
hs̄ss̄si ≈ hs̄si2 and hs̄sgss̄σGsi ≈ hs̄sihgss̄σGsi. Other con-
densates such as hg3sG3i and hgss̄DμGμνγνsi are not consid-
ered in the present study. We have taken into account all the
diagrams proportional to gN¼0

s and gN¼1
s . We find that the

D ¼ 6 term hs̄si2 and the D ¼ 8 term hs̄sihgss̄σGsi are
important. We have only partly calculated the diagrams
proportional to gN≥2

s , whose contributions are found to
be small.
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(a)

(b–1) (b–2) (b–3)

(c–1) (c–2) (c–3) (c–4) (c–5) (c–6)

(d–1) (d–2) (d–3) (d–4) (d–5) (d–6)

(e–1) (e–2) (e–3) (e–4)

(f–1) (f–2) (f–3) (f–4) (f–5)

(g–1) (g–2) (g–3) (g–4) (g–5)

FIG. 3. Feynman diagrams for the fully strange tetraquark states, including the perturbative term, the strange quark massms, the quark
condensate hs̄si, the gluon condensate hg2sGGi, the quark-gluon mixed condensate hḡssσGsi, and their combinations. Diagrams (a) and
(b)–(i) are proportional to gN¼0

s ; diagrams (c)–(i) and (d)–(i) are proportional to gN¼1
s ; diagrams (e)–(i), (f)–(i), and (g)–(i) are

proportional to gN≥2
s .
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The sum rule equation from the current J0þþ
1 is

Π11 ¼
Z

s0

16m2
s

e−s=M
2

ds ×

�
s4

30720π6
−

m2
ss3

768π6
þ
�
−
hg2sGGi
6144π6

−
mshs̄si
48π4

�
s2

þ
�hs̄si2

6π2
−
mshgss̄σGsi

16π4
þ hg2sGGim2

s

1024π6

�
sþ hs̄sihgss̄σGsi

6π2
þ hg2sGGimshs̄si

384π4
−
m2

shs̄si2
12π2

�

þ
�hgss̄σGsi2

48π2
−
hg2sGGihs̄si2

288π2
þ hg2sGGimshgss̄σGsi

768π4
−
4mshs̄si3

9

�

þ 1

M2
B

�hg2sGGihs̄sihgss̄σGsi
576π2

þ hg2sGGim2
shs̄si2

1152π2
−
m2

shgss̄σGsi2
48π2

þ 4mshs̄si2hgss̄σGsi
9

�
: ð47Þ

Sum rule equations extracted from other currents are given
in the Appendix, which will be used to perform numerical
analyses using the following values for various QCD
parameters [1,104–110]:

msð2 GeVÞ ¼ 93þ11
−5 MeV;

hg2sGGi ¼ ð0.48� 0.14Þ GeV4;

hq̄qi ¼ −ð0.240� 0.010Þ3 GeV3;

hs̄si ¼ ð0.8� 0.1Þ × hq̄qi;
hgss̄σGsi ¼ −M2

0 × hs̄si;
M2

0 ¼ ð0.8� 0.2Þ GeV2: ð48Þ

We use the spectral density given in Eq. (47) as an
example to perform numerical analyses. It is extracted from
the current J0þþ

1 and corresponds to the state jX1; 0
þþi ¼

j1S0;1̄ S̄0̄; J ¼ 0i. As shown in Eq. (46), its mass MX
depends on two free parameters, the threshold value s0,
and the Borel mass MB. We analyze three aspects to
determine their working regions: (a) the convergence of
OPE, (b) the pole contribution, and (c) the mass depend-
ence on these two parameters.
First, we investigate the convergence of OPE and require

the D ¼ 12=10=8 terms to be less than 5%/10%/20%,
respectively:

CVG12 ≡
����Π

D¼12
11 ð∞;M2

BÞ
Π11ð∞;M2

BÞ
���� ≤ 5%; ð49Þ

CVG10 ≡
����Π

D¼10
11 ð∞;M2

BÞ
Π11ð∞;M2

BÞ
���� ≤ 10%; ð50Þ

CVG8 ≡
����Π

D¼8
11 ð∞;M2

BÞ
Π11ð∞;M2

BÞ
���� ≤ 20%: ð51Þ

This is the cornerstone of a reliable QCD sum rule analysis.
As shown in Fig. 4 using three dashed curves, we determine
the lower bound of the Borel mass to beM2

B > 1.65 GeV2.
Since we have only partly calculated the diagrams

proportional to gN≥2
s , it is useful to see how large these

terms are

����Π
gN¼1
s
11 ð∞;M2

BÞ
Π11ð∞;M2

BÞ
���� ≤ 31.0%; ð52Þ

����Π
gN≥2
s
11 ð∞;M2

BÞ
Π11ð∞;M2

BÞ
���� ≤ 4.7%: ð53Þ

Second, we investigate the one-pole-dominance
assumption and require the pole contribution to be larger
than 40%:

Pole contribution ≡
����Π11ðs0;M2

BÞ
Π11ð∞;M2

BÞ
���� ≥ 40%: ð54Þ

As shown in Fig. 4 using the solid curve, we determine the
upper bound of the Borel mass to be M2

B < 1.77 GeV2,
when setting s0 to be s0 ¼ 6.5 GeV2. Altogether the Borel
window is extracted to be 1.65 GeV2 < M2

B < 1.77 GeV2

for s0 ¼ 6.5 GeV2. We repeat the same procedures by

10%

0

20%
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40%

20%

40%

60%

80%

0
1.3 1.5 1.9 2.11.65 1.77
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FIG. 4. CVG12 [long dashed curve defined in Eq. (49)], CVG10

[middle dashed curve defined in Eq. (50)], CVG8 [short dashed
curve defined in Eq. (51)], and the pole contribution [solid curve
defined in Eq. (54)] as functions of the Borel mass MB. These
curves are obtained using the current J0þþ

1 with s0 ¼ 6.5 GeV2.
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changing s0 and find that there are nonvanishing Borel
windows as long as s0 > smin

0 ¼ 6.0 GeV2.
Third, we investigate the mass dependence on s0 andMB.

We showMX in Fig. 5 with respect to these two parameters.
Its dependence on s0 is moderate around s0 ∼ 6.5 GeV2, and

its dependence on MB is weak inside the Borel window
1.65 GeV2 < M2

B < 1.77 GeV2. Accordingly, we choose
the working regions of s0 and MB to be 5.0 GeV2 < s0 <
8.0 GeV2 and 1.65 GeV2 < M2

B < 1.77 GeV2, where the
mass of jX1; 0

þþi is evaluated to be

1.5 3.5 5.0 6.5 8.0 9.5 11.5

as
s

[G
eV

]
M

s0 [GeV2]

1.2

1.6

2.0

2.4

2.8

3.2

1.2

1.6

2.0

2.4

2.8

3.2

2.11.3 1.5 1.65 1.77 1.9

Borel Mass2 [GeV2]

1.2

1.6

2.0

2.4

2.8

3.2

1.2

1.6
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2.4

2.8

3.2

as
s

[G
eV

]
M

FIG. 5. Mass of jX1; 0
þþi extracted from the current J0þþ

1 , as a function of the threshold value s0 (left) and the Borel massMB (right).
In the left panel the short-dashed/solid/long-dashed curves are plotted by settingM2

B ¼ 1.65=1.71=1.77 GeV2, respectively. In the right
panel the short-dashed/solid/long-dashed curves are plotted by setting s0 ¼ 5.5=6.5=7.5 GeV2, respectively.

TABLE I. QCD sum rule results of the S- and P-wave fully strange tetraquark states, with possible experimental candidates given for
comparisons.

smin
0

Working regions

Currents Configuration ½GeV2� M2
B ½GeV2� s0 ½GeV2� Pole [%] Mass [GeV] Candidate

J0þþ
1 jX1; 0

þþi ∼ j1S0;1̄S̄0̄; J ¼ 0i 6.0 1.65–1.77 6.5� 1.5 40–46 2.11þ0.19
−0.21 f0ð2100Þ

J0
þþ

2 jX2; 0
þþi ∼ j3S1;3̄S̄1̄; J ¼ 0i 2.9 1.27–1.76 6.5� 1.5 40–70 1.99þ0.19

−0.24 � � �
J1

þ−

3 jX3; 1
þ−i ∼ j3S1;3̄S̄1̄; J ¼ 1i 5.4 1.69–1.96 6.5� 1.5 40–53 2.06þ0.18

−0.20 Xð2063Þ
J2

þþ
4 jX4; 2

þþi ∼ j3S1;3̄S̄1̄; J ¼ 2i 5.4 1.53–1.77 6.5� 1.5 40–53 2.09þ0.19
−0.22 f2ð2010Þ

J0
−þ

5 jX5; 0
−þi ∼ j3S1;3̄S̄1̄; 1; 0; λi 3.5 1.48–1.99 8.5� 2.0 40–70 2.31þ0.21

−0.26 Xð2370Þ
J1

−−

6 jX6; 1
−−i ∼ j1S0;1̄S̄0̄; 0; 1; λi 9.5 � � � � � � � � � � � � � � �

J1
−−

7 jX7; 1
−−i ∼ j3S1;3̄S̄1̄; 0; 1; λi 7.3 1.59–1.77 8.5� 2.0 40–52 2.34þ0.23

−0.30 ϕð2170Þ
J1

−−

8 jX8; 1
−−i ∼ j3S1;3̄S̄1̄; 2; 1; λi 10.1 � � � � � � � � � � � � � � �

J1
−þ

9 jX9; 1
−þi ∼ j3S1;3̄S̄1̄; 1; 1; λi 10.5 � � � � � � � � � � � � � � �

J2
−−

10 jX10; 2
−−i ∼ j3S1;3̄S̄1̄; 2; 2; λi 6.0 1.38–1.76 8.5� 2.0 40–66 2.32þ0.23

−0.30 � � �
J2

−þ
11 jX11; 2

−þi ∼ j3S1;3̄S̄1̄; 1; 2; λi 6.3 1.51–1.93 8.5� 2.0 40–64 2.40þ0.20
−0.25 � � �

J3
−−

12 jX12; 3
−−i ∼ j3S1;3̄S̄1̄; 2; 3; λi 9.0 1.94–1.94 9.0� 2.0 40–40 2.41þ0.25

−0.30 � � �
J0

−−

13 jX13; 0
−−i ∼ j1S0;3̄P̄0̄; 1; 0; ρi 11.5 � � � � � � � � � � � � � � �

J0
−−

14 jX14; 0
−−i ∼ j3S1;1̄P̄1̄; 1; 0; ρi 7.4 1.51–1.74 8.5� 2.0 40–53 2.50þ0.21

−0.24 � � �
J0

−þ
15 jX15; 0

−þi ∼ j1S0;3̄P̄0̄; 1; 0; ρi 11.5 � � � � � � � � � � � � � � �
J0

−þ
16 jX16; 0

−þi ∼ j3S1;1̄P̄1̄; 1; 0; ρi 8.1 1.63–1.73 8.6� 2.0 40–46 2.55þ0.21
−0.23 Xð2500Þ

J1
−−

17 jX17; 1
−−i ∼ j1S0;3̄P̄1̄; 1; 1; ρi 6.6 1.46–1.82 8.5� 2.0 40–61 2.43þ0.20

−0.24 Xð2400Þ
J1

−−

18 jX18; 1
−−i ∼ j3S1;1̄P̄1̄; 1; 1; ρi 7.4 1.67–1.88 8.5� 2.0 40–51 2.44þ0.20

−0.25
J1

−þ
19 jX19; 1

−þi ∼ j1S0;3̄P̄1̄; 1; 1; ρi 8.0 1.68–1.77 8.5� 2.0 40–45 2.49þ0.21
−0.25 � � �

J1
−þ

20 jX20; 1
−þi ∼ j3S1;1̄P̄1̄; 1; 1; ρi 7.9 1.75–1.87 8.5� 2.0 40–46 2.45þ0.20

−0.25 � � �
J2

−−

21 jX21; 2
−−i ∼ j1S0;3̄P̄2̄; 1; 2; ρi 4.2 1.39–1.89 8.5� 2.0 40–70 2.36þ0.20

−0.26 � � �
J2

−−

22 jX22; 2
−−i ∼ j3S1;1̄P̄1̄; 1; 2; ρi 8.1 1.75–1.85 8.6� 2.0 40–45 2.49þ0.20

−0.24 � � �
J2

−þ
23 jX23; 2

−þi ∼ j1S0;3̄P̄2̄; 1; 2; ρi 6.4 1.49–1.86 8.5� 2.0 40–62 2.38þ0.20
−0.27 � � �

J2
−þ

24 jX24; 2
−þi ∼ j3S1;1̄P̄1̄; 1; 2; ρi 8.5 1.81–1.92 9.0� 2.0 40–45 2.55þ0.20

−0.24 � � �
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MjX1;0
þþi ¼ 2.11þ0.19

−0.21 GeV: ð55Þ

Its central value corresponds to s0 ¼ 6.5 GeV2 and
M2

B ¼ 1.71 GeV2, and its uncertainty comes from the
threshold value s0, the Borel mass MB, and various QCD
parameters listed in Eqs. (48).
We repeat the same procedures to study the other 23

currents defined in Eqs. (12)–(14), Eqs. (16)–(23), and
Eqs. (25)–(36). The obtained results are summarized in
Table I, where we choose s0 ¼ 6.5 GeV2 for all the S-wave
sss̄ s̄ tetraquark states, and s0 ¼ 8.5–9.0 GeV2 for some of
the P-wave sss̄s̄ tetraquark states. We shall use these results
to draw conclusions in the next section. The minimum
threshold value smin

0 is larger than 9.0 GeV2 for the
tetraquark currents J���6;8;9;13;15, suggesting that their sum
rule results may not be very well. Therefore, we shall not
use them to draw conclusions, but note that this does not
indicate the nonexistence of their corresponding tetraquark
states jX6;8;9;13;15; JPCi.

IV. SUMMARY AND DISCUSSIONS

In this paper we apply the QCD sum rule method to
systematically study the S- and P-wave fully strange

tetraquark states within the diquark-antidiquark picture.
For the P-wave states, the orbital angular momentum can
be between the diquark and antidiquark, or it can also be
inside the diquark/antidiquark. We call the former λ-mode
excitation and the latter ρ-mode excitation. There are
altogether four S-wave sss̄s̄ states, eight P-wave states of
the λ-mode, and 12 P-wave states of the ρ-mode. We
systematically construct their corresponding interpolating
currents by explicitly adding the covariant derivative oper-
ator. We use these currents to perform QCD sum rule
analyses, and the obtained results are summarized in Table I.
We compare our QCD sum rule results in Table II with

those obtained in Refs. [38–42] using various quark
models. Our QCD sum rule results are generally smaller
than, but still more or less consistent with, the quark model
calculation of Ref. [38]. Note that there can be significant
mixing among the states with the same quantum number.
This mixing effect has been systematically investigated in
Ref. [38] through the nonrelativistic quark model, and it has
also been partly investigated in Refs. [29–31,95] for the
JPC ¼ 0−þ=1−� tetraquark states through the QCD sum
rule method. However, a complete QCD sum rule study of
the mixing effect is still not easy, so we do not system-
atically take it into account in the present study either.

TABLE II. Masses of the S- and P-wave fully strange tetraquark states, in units of MeV. Our QCD sum rule results are listed in the
third column, and the quark model calculations taken from Refs. [38–42] are listed in the fourth through eighth columns.

Currents Configuration QCD sum rules Ref. [38] Ref. [39] Ref. [40] Ref. [41] Ref. [42]

J0þþ
1 jX1; 0

þþi ∼ j1S0;1̄S̄0̄; J ¼ 0i 2.11þ0.19
−0.21 2365 � � � 1925 � � � � � �

J0
þþ

2 jX2; 0
þþi ∼ j3S1;3̄S̄1̄; J ¼ 0i 1.99þ0.19

−0.24 2293 1716 � � � � � � 2203

J1
þ−

3 jX3; 1
þ−i ∼ j3S1;3̄S̄1̄; J ¼ 1i 2.06þ0.18

−0.20 2323 1960 � � � � � � 2267

J2
þþ

4 jX4; 2
þþi ∼ j3S1;3̄S̄1̄; J ¼ 2i 2.09þ0.19

−0.22 2378 2255 � � � � � � 2357

J0
−þ

5 jX5; 0
−þi ∼ j3S1;3̄S̄1̄; 1; 0; λi 2.31þ0.21

−0.26 2576 2450 � � � � � � � � �
J1

−−

6 jX6; 1
−−i ∼ j1S0;1̄S̄0̄; 0; 1; λi � � � 2889 � � � 2290 � � � � � �

J1
−−

7 jX7; 1
−−i ∼ j3S1;3̄S̄1̄; 0; 1; λi 2.34þ0.23

−0.30 2636 2574 2188 2090=2333 � � �
J1

−−

8 jX8; 1
−−i ∼ j3S1;3̄S̄1̄; 2; 1; λi � � � 2584 2468 � � � 2000=2243 � � �

J1
−þ

9 jX9; 1
−þi ∼ j3S1;3̄S̄1̄; 1; 1; λi � � � 2633 2581 � � � � � � � � �

J2
−−

10 jX10; 2
−−i ∼ j3S1;3̄S̄1̄; 2; 2; λi 2.32þ0.23

−0.30 2665 2622 � � � � � � � � �
J2

−þ
11 jX11; 2

−þi ∼ j3S1;3̄S̄1̄; 1; 2; λi 2.40þ0.20
−0.25 2673 2619 � � � � � � � � �

J3
−−

12 jX12; 3
−−i ∼ j3S1;3̄S̄1̄; 2; 3; λi 2.41þ0.25

−0.30 2719 2660 � � � � � � � � �
J0

−−

13 jX13; 0
−−i ∼ j1S0;3̄P̄0̄; 1; 0; ρi � � � 2635 � � � � � � � � � � � �

J0
−−

14 jX14; 0
−−i ∼ j3S1;1̄P̄1̄; 1; 0; ρi 2.50þ0.21

−0.24 2694 2004 � � � � � � � � �
J0

−þ
15 jX15; 0

−þi ∼ j1S0;3̄P̄0̄; 1; 0; ρi � � � 2616 � � � � � � � � � � � �
J0

−þ
16 jX16; 0

−þi ∼ j3S1;1̄P̄1̄; 1; 0; ρi 2.55þ0.21
−0.23 2685 2004 � � � � � � � � �

J1
−−

17 jX17; 1
−−i ∼ j1S0;3̄P̄1̄; 1; 1; ρi 2.43þ0.20

−0.24 2585 � � � � � � � � � � � �
J1

−−

18 jX18; 1
−−i ∼ j3S1;1̄P̄1̄; 1; 1; ρi 2.44þ0.20

−0.25 2694 2227 � � � � � � � � �
J1

−þ
19 jX19; 1

−þi ∼ j1S0;3̄P̄1̄; 1; 1; ρi 2.49þ0.21
−0.25 2628 � � � � � � � � � � � �

J1
−þ

20 jX20; 1
−þi ∼ j3S1;1̄P̄1̄; 1; 1; ρi 2.45þ0.20

−0.25 2712 2227 � � � � � � � � �
J2

−−

21 jX21; 2
−−i ∼ j1S0;3̄P̄2̄; 1; 2; ρi 2.36þ0.20

−0.26 2620 � � � � � � � � � � � �
J2

−−

22 jX22; 2
−−i ∼ j3S1;1̄P̄1̄; 1; 2; ρi 2.49þ0.20

−0.24 2725 2497 � � � � � � � � �
J2

−þ
23 jX23; 2

−þi ∼ j1S0;3̄P̄2̄; 1; 2; ρi 2.38þ0.20
−0.27 2638 � � � � � � � � � � � �

J2
−þ

24 jX24; 2
−þi ∼ j3S1;1̄P̄1̄; 1; 2; ρi 2.55þ0.20

−0.24 2733 2497 � � � � � � � � �
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Generally speaking, our results suggest that the S-wave
sss̄s̄ tetraquark states lie in the mass range of 1.99–
2.11 GeV, and the P-wave states lie in the mass range
of 2.31–2.55 GeV, as depicted in Fig. 6. The S-wave sss̄s̄
tetraquark states decay into the η0η0=η0ϕ=ϕϕ channels
through the S-wave, while the P-wave states decay into
these channels through the P-wave, so the widths of the
latter might be smaller than the former. As already
discussed in Sec. I, there are some rich-strangeness signals
at around 2.0 GeV, which are related to the fully strange
tetraquark states with the quantum numbers JPC ¼ 0þþ,
2þþ, 1þ−, 0−þ, 1−−, and 1−þ. We separately discuss them
as follows.

A. S-wave states of JPC = 0+ + and 2+ +

The S-wave sss̄s̄ tetraquark states of JPC ¼ 0þþ and 2þþ
decay into the ϕϕ channel through the S-wave. In 2016 the
BESIII Collaboration performed a partial wave analysis of
the J=ψ → γϕϕ decay, and observed one scalar resonance
f0ð2100Þ as well as three tensor resonances f2ð2010Þ,
f2ð2300Þ, and f2ð2340Þ in the ϕϕ invariant mass spectrum
[26]. Their masses and widths were measured to be

f0ð2100Þ∶M ≈ 2101 MeV;

Γ ≈ 224 MeV; ð56Þ

f2ð2010Þ∶M ≈ 2011 MeV;

Γ ≈ 202 MeV; ð57Þ

f2ð2300Þ∶M ≈ 2297 MeV;

Γ ≈ 149 MeV; ð58Þ

f2ð2340Þ∶M ≈ 2339 MeV;

Γ ≈ 319 MeV: ð59Þ

As depicted in Fig. 6, there are two S-wave sss̄s̄
states of JPC ¼ 0þþ, whose masses are calculated to be
1.99þ0.19

−0.24 GeV and 2.11þ0.19
−0.21 GeV. The latter one can be

used to explain the scalar resonance f0ð2100Þ as the S-wave
sss̄s̄ tetraquark state ofJPC ¼ 0þþ. There is oneS-wave sss̄s̄
state of JPC ¼ 2þþ, whosemass is calculated to be 2.09þ0.19

−0.22 .
It can be used to explain the tensor resonance f2ð2010Þ as the
S-wave sss̄s̄ tetraquark state of JPC ¼ 2þþ.

B. S-wave state of JPC = 1+ −
The S-wave sss̄s̄ tetraquark state of JPC ¼ 1þ− decays

into the ϕη0 channel through the S-wave. In 2018 the
BESIII Collaboration observed the Xð2063Þ resonance in
the ϕη0 invariant mass spectrum of the J=ψ → ϕηη0 decay
[27]. Its mass and width were measured to be

Xð2063Þ∶ M ¼ 2062.8� 13.1� 7.2 MeV;

Γ ¼ 177� 36� 35 MeV: ð60Þ

As depicted in Fig. 6, there is one S-wave sss̄s̄ state of
JPC ¼ 1þ−. Previously in Ref. [30], we used the current
J1

þ−

3;α defined in Eq. (13) and applied the QCD sum rule
method to calculate its mass to be 2.00þ0.10

−0.09 GeV. In the
present study we use the same current and calculate its mass
to be 2.06þ0.18

−0.20 GeV. These two results are well consistent
with each other, both of which support the interpretation of
the Xð2063Þ as the S-wave sss̄s̄ tetraquark state of
JPC ¼ 1þ−.

C. P-wave states of JPC = 0− +

The P-wave sss̄s̄ tetraquark states of JPC ¼ 0−þ decay
into the ϕϕ channel through the P-wave. In 2016 the
BESIII Collaboration observed the Xð2500Þ resonance in
the ϕϕ invariant mass spectrum of the J=ψ → γϕϕ decay
[26]. Besides, in 2010 the BESIII Collaboration observed
two resonances Xð2120Þ and Xð2370Þ in the ππη0 invariant
mass spectrum of the J=ψ → γππη0 decay [24]. Later in
2019 they confirmed the Xð2370Þ in the KK̄η0 invariant
mass spectrum of the J=ψ → γKK̄η0 decay, but they did not
observe the Xð2120Þ in this process [25]. This suggests that
the Xð2370Þ contains more strangeness components. The
experimental parameters of the Xð2370Þ and Xð2500Þ were
measured to be

Xð2500Þ∶M ¼ 2470þ15
−19

þ101
−23 MeV;

Γ ¼ 230þ64
−35

þ56
−33 MeV; ð61Þ

FIG. 6. Mass spectrum of the fully strange tetraquark states,
including the S-wave states (black lines) as well as the P-wave
states of the λ-mode (red lines) and the ρ-mode (blue lines).
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Xð2370Þ∶M ¼ 2341.6� 6.5� 5.7 MeV;

Γ ¼ 117� 10� 8 MeV: ð62Þ

Previously in Ref. [31] we applied the QCD sum rule
method to study the sss̄s̄ tetraquark states of JPC ¼ 0−þ by
investigating two independent currents without derivatives:

η1 ¼ ðsTaCsbÞðs̄aγ5Cs̄TbÞ þ ðsTaCγ5sbÞðs̄aCs̄TbÞ;
η2 ¼ ðsTaCσμνsbÞðs̄aσμνγ5Cs̄TbÞ: ð63Þ

We took into account their mixing and further constructed
two noncorrelated currents, based on which we calculated
the masses to be 2.51þ0.15

−0.12 GeV and 3.14þ0.39
−0.26 GeV. The

former one can be used to explain either the Xð2370Þ or
Xð2500Þ as the P-wave sss̄s̄ tetraquark state of JPC ¼ 0−þ.
In this study we use the sss̄s̄ tetraquark currents with

derivatives to perform QCD sum rule analyses. As shown in
Fig. 2, there are three P-wave sss̄s̄ tetraquark states of
JPC ¼ 0−þ. We construct their corresponding currents, as
defined in Eqs. (16), (27), and (28). Clearly, the use of the
covariant derivative operator when constructing interpolat-
ing currents gives us more possibilities, based on which we
can better describe the internal structure of multiquark
states.
The two currents, J0

−þ
5 defined in Eq. (16) and J0

−þ
16

defined in Eq. (28), lead to reasonable QCD sum rule
results. Their masses are calculated to be 2.31þ0.21

−0.26 GeV
and 2.55þ0.21

−0.23 GeV, respectively. These results can be used
to explain both the Xð2370Þ and Xð2500Þ as the P-wave
sss̄s̄ tetraquark states of JPC ¼ 0−þ.

D. P-wave states of JPC = 1− −
The ϕð2170Þ was first observed in 2006 by the BABAR

Collaboration in the ϕf0ð980Þ invariant mass spectrum
[23,111–113], and later confirmed in the BESII/BESIII
[114–124] and Belle [125] experiments. Besides, there
might exist another structure in the ϕf0ð980Þ invariant
mass spectrum at around 2.4 GeV, whose evidences were
observed in the BABAR [111], BESII/BESIII [114,115],
and Belle [125,126] experiments.
Previously in Refs. [28,29] we applied the QCD sum rule

method to study the sss̄s̄ tetraquark states of JPC ¼ 1−− by
investigating two independent currents without derivatives:

η3μ ¼ sTaCγ5sbs̄aγμγ5Cs̄Tb − sTaCγμγ5sbs̄aγ5Cs̄Tb ;

η4μ ¼ sTaCγνsbs̄aσμνCs̄Tb − sTaCσμνsbs̄aγνCs̄Tb : ð64Þ

We took into account their mixing and further constructed
two noncorrelated currents, based on which we calculated
the masses to be 2.34� 0.17 GeV and 2.41� 0.25 GeV.
The former one was used to explain the ϕð2170Þ as the
S-wave sss̄s̄ tetraquark state of JPC ¼ 1−−, and the latter

one suggests that the ϕð2170Þ has a partner state with the
mass ΔM ¼ 71þ172

−48 MeV larger [29].
In a recent BESIII experiment the partner state of the

ϕð2170Þ, labeled as Xð2400Þ, was observed in the eþe− →
ϕπþπ− process with a statistical significance of 8.5σ [127].
The experimental parameters of the ϕð2170Þ and Xð2400Þ
were measured to be [1,127]

ϕð2170Þ∶ M ¼ 2160� 80 MeV;

Γ ¼ 125� 65 MeV; ð65Þ

Xð2400Þ∶ M ¼ 2298þ60
−44 � 6 MeV;

Γ ¼ 219þ117
−112 � 6 MeV: ð66Þ

As shown in Fig. 2, there are as many as five P-wave
sss̄s̄ tetraquark states of JPC ¼ 1−−. In this study we
construct their corresponding currents by explicitly adding
the covariant derivative operator, as defined in Eqs. (17),
(18), (19), (29), and (30). Three of them lead to reasonable
QCD sum rule results, and the masses are calculated to be
2.34þ0.23

−0.30 GeV, 2.43þ0.20
−0.24 GeV, and 2.44þ0.20

−0.25 GeV. Similar
to our previous study of Ref. [29], these results can be used
to explain both the ϕð2170Þ and Xð2400Þ as the P-wave
sss̄s̄ tetraquark states of JPC ¼ 1−−.

E. P-wave states of JPC = 1− +

Very recently, the BESIII Collaboration studied the
J=ψ → γηη0 decay process and observed the η1ð1855Þ
resonance with the exotic quantum number IGJPC ¼
0þ1−þ in the ηη0 invariant mass spectrum [84,85]. Its mass
and width were measured to be

η1ð1855Þ∶M ¼ 1855� 9þ6
−1 MeV=c2;

Γ ¼ 188� 18þ3
−8 MeV: ð67Þ

Previously in Refs. [95,96] we applied the QCD sum rule
method to study the qsq̄s̄ (q ¼ u=d) tetraquark states of
IGJPC ¼ 0þ1−þ by investigating four independent currents
without derivatives:

η5μ ¼ uTaCγμsbðūaCs̄Tb þ ūbCs̄TaÞ
þ uTaCsbðūaγμCs̄Tb þ ūbγμCs̄TaÞ þ fu=ū → d=d̄g;

ð68Þ

η6μ ¼ uTaCσμνγ5sbðūaγνγ5Cs̄Tb þ ūbγνγ5Cs̄TaÞ
þ uTaCγνγ5sbðūaσμνγ5Cs̄Tb þ ūbσμνγ5Cs̄TaÞ
þ fu=ū → d=d̄g; ð69Þ

η7μ ¼ uTaCsbðūaγμCs̄Tb − ūbγμCs̄TaÞ
þ uTaCγμsbðūaCs̄Tb − ūbCs̄TaÞ þ fu=ū → d=d̄g; ð70Þ
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η8μ ¼ uTaCγνγ5sbðūaσμνγ5Cs̄Tb − ūbσμνγ5Cs̄TaÞ
þ uTaCσμνγ5sbðūaγνγ5Cs̄Tb − ūbγνγ5Cs̄TaÞ
þ fu=ū → d=d̄g: ð71Þ

We took into account the mixing of η5μ and η7μ, and
calculated the mass to be around 1.8–2.1 GeV. This result
can be used to explain the η1ð1855Þ as the P-wave qsq̄s̄
tetraquark state of IGJPC ¼ 0þ1−þ. Based on this inter-
pretation, one naturally expects the existence of the sss̄s̄
tetraquark state of IGJPC ¼ 0þ1−þ.
As shown in Fig. 2, there are three P-wave sss̄s̄

tetraquark states of JPC ¼ 1−þ. We construct their corre-
sponding currents, two of which lead to reasonable QCD
sum rule results. The masses extracted from the two
currents, J1

−þ
19;αβ defined in Eq. (31) and J1

−þ
20;αβ defined in

Eq. (32), are calculated to be 2.49þ0.21
−0.25 GeV and

2.45þ0.20
−0.25 GeV, respectively.

These states have the exotic quantum number
JPC ¼ 1−þ, which cannot be accessed by conventional
q̄q mesons, so they are of particular interest. We further
study the mixing effect by investigating the off-diagonal
correlation function

h0jT½J1−þ19;μνðxÞJ1
−þ;†

20;ρσ ð0Þ�j0i; ð72Þ

which is calculated to be zero. Therefore, the two currents
J1

−þ
19;αβ and J1

−þ
20;αβ are noncorrelated, suggesting that there

might exist two almost degenerate sss̄s̄ tetraquark states
with the exotic quantum number JPC ¼ 1−þ.
To end this paper, we propose to search for the S- and P-

wave fully strange tetraquark states in the future Belle-II,
BESIII, COMPASS, and GlueX experiments, etc. Besides
the two-body decay channels ηη0=ϕη=ϕη0=ϕϕ=ϕf0ð980Þ
already investigated in experiments, we propose to
examine the two-body channels η0η0=ηf0ð980Þ=η0f0ð980Þ=
f0ð980Þf0ð980Þ and the relevant three-body channels.
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APPENDIX: SPECTRAL DENSITIES

In this appendix we list the QCD sum rule equations
extracted from the currents J���2���24;… defined in Eqs. (12)–
(14), Eqs. (16)–(23), and Eqs. (25)–(36).

Π22 ¼
Z

s0

16m2
s

�
s4

15360π6
−

m2
ss3

256π6
þ hg2sGGi

3072π6
s2 þ

�
−
3hg2sGGim2

s

512π6
−
mshgss̄σGsi

32π4
þ hs̄si2

6π2

�
s

þ hg2sGGimshs̄si
64π4

þ 7m2
shs̄si2
6π2

þ hs̄sihgss̄σGsi
12π2

�
e−s=M

2

dsþ
�hg2sGGimshgss̄σGsi

384π4
−
hg2sGGihs̄si2

144π2

þ 5m2
shs̄sihgss̄σGsi

8π2
−
4mshs̄si3

3

�
þ 1

M2
B

�
−
hg2sGGim2

shs̄si2
576π2

þ hg2sGGihs̄sihgss̄σGsi
288π2

−
5m2

shgss̄σGsi2
48π2

þ 7mshs̄si2hgss̄σGsi
6

�
; ðA1Þ

Π33 ¼
Z

s0

16m2
s

�
s4

12288π6
−

m2
ss3

2560π6
þ
� hg2sGGi
18432π6

−
13mshs̄si
96π4

�
s2 þ

�
−
hg2sGGim2

s

2304π6
−
155mshgss̄σGsi

576π4

þ 25hs̄si2
36π2

�
s −

13m2
shs̄si2
8π2

þ 31hs̄sihgss̄σGsi
48π2

�
e−s=M

2

dsþ
�
11m2

shs̄sihgss̄σGsi
48π2

−
14mshs̄si3

9

þ hgss̄σGsi2
18π2

�
þ 1

M2
B

�
−
hg2sGGim2

shs̄si2
576π2

þ 13m2
shgss̄σGsi2
96π2

þ 11mshs̄si2hgss̄σGsi
36

�
; ðA2Þ
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Π44 ¼
Z

s0

16m2
s

�
s4

86016π6
−

m2
ss3

2880π6
þ
�
−
11hg2sGGi
122880π6

−
3mshs̄si
320π4

�
s2 þ

�
5hg2sGGim2

s

9216π6
−
7mshgss̄σGsi

288π4

þ hs̄si2
18π2

�
sþ 11hg2sGGimshs̄si

6912π4
þ 5m2

shs̄si2
24π2

þ 7hs̄sihgss̄σGsi
144π2

�
e−s=M

2

dsþ
�
−
hg2sGGihs̄si2

432π2

−
4mshs̄si3

9
þ hg2sGGimshgss̄σGsi

1152π4
þm2

shs̄sihgss̄σGsi
4π2

�
þ 1

M2
B

�
5hg2sGGim2

shs̄si2
3457π2

þ 5m2
shgss̄σGsi2
288π2

þ 5mshs̄si2hgss̄σGsi
54

�
; ðA3Þ

Π55 ¼
Z

s0

16m2
s

�
7s5

307200π6
−

m2
ss4

2560π6
−
mshs̄si
32π4

s3 þ
�
−
hg2sGGim2

s

512π6
þ hs̄si2

4π2
−
mshgss̄σGsi

16π4

�
s2

þ
�hg2sGGimshs̄si

96π4
−
19m2

shs̄si2
8π2

−
hs̄sihgss̄σGsi

4π2

�
sþ hg2sGGihs̄si2

36π2
−
hg2sGGimshgss̄σGsi

96π4

−
3m2

shs̄sihgss̄σGsi
2π2

−
hgss̄σGsi2

4π2

�
e−s=M

2

dsþ
�
−
hg2sGGim2

shs̄si2
48π2

þ 7hg2sGGihs̄sihgss̄σGsi
288π2

þ 17mshs̄si2hgss̄σGsi
6

−
5m2

shgss̄σGsi2
16π2

�
; ðA4Þ

Π66 ¼
Z

s0

16m2
s

�
s5

358400π6
−

m2
ss4

7680π6
þ
�
−

hg2sGGi
61440π6

−
mshs̄si
480π4

�
s3 þ hg2sGGim2

s

6144π6
s2

þ
�hg2sGGimshs̄si

1152π4
−
m2

shs̄si2
36π2

−
hs̄sihgss̄σGsi

6π2

�
sþm2

shgss̄σGsihs̄si
3π2

−
hgss̄σGsi2

8π2

�
e−s=M

2

ds

þ
�hg2sGGim2

shs̄si2
576π2

þ hg2sGGihs̄sihgss̄σGsi
288π2

þ 4mshs̄si2hgss̄σGsi
9

þm2
shgss̄σGsi2

6π2

�
; ðA5Þ

Π77 ¼
Z

s0

16m2
s

�
31s5

3225600π6
−

m2
ss4

1152π6
þ
�hg2sGGi
9216π6

þmshs̄si
160π4

�
s3 þ

�
−
23hg2sGGim2

s

9216π6
þmshgss̄σGsi

192π4

�
s2

þ
�hg2sGGimshs̄si

108π4
þ 7m2

shs̄si2
12π2

−
hs̄sihgss̄σGsi

6π2

�
s −

hgss̄σGsi2
12π2

�
e−s=M

2

ds

þ
�hg2sGGim2

shs̄si2
432π2

þ hg2sGGihs̄sihgss̄σGsi
144π2

þ 4mshs̄si2hgss̄σGsi
3

−
m2

shgss̄σGsi2
24π2

�
; ðA6Þ

Π88 ¼
Z

s0

16m2
s

�
19s5

5734400π6
−

23m2
ss4

92160π6
þ
�
7hg2sGGi
737280π6

þ 23mshs̄si
7680π4

�
s3 þ

�
25hg2sGGim2

s

147456π6
−
hs̄si2
72π2

þ 37mshgss̄σGsi
9216π4

�
s2 þ

�
−
7hg2sGGimshs̄si

6912π4
þ 11m2

shs̄si2
192π2

−
25hs̄sihgss̄σGsi

216π2

�
s

−
m2

shs̄sihgss̄σGsi
64π2

−
17hgss̄σGsi2

384π2

�
e−s=M

2

dsþ
�
−
13hg2sGGim2

shs̄si2
6912π2

þ 13hg2sGGihs̄sihgss̄σGsi
6912π2

þ 10mshs̄si2hgss̄σGsi
27

−
55m2

shgss̄σGsi2
1152π2

�
; ðA7Þ
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