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S- and P-wave fully strange tetraquark states from QCD sum rules
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We apply the QCD sum rule method to systematically study the S- and P-wave fully strange tetraquark
states within the diquark-antidiquark picture. We systematically construct their interpolating currents by
explicitly adding the covariant derivative operator. Our results suggest that the f,(2100), X(2063), and
£2(2010) may be explained as the S-wave ss33 tetraquark states with the quantum numbers J°¢ = 0+,
1=, and 27, respectively. Our results also suggest that both the X(2370) and X (2500) may be explained
as the P-wave ss35 tetraquark states of J°¢ = 0, and both the ¢(2170) and X(2400) may be explained as
the P-wave ss55 tetraquark states of J'¢ = 177 The masses of the ss35 tetraquark states with the exotic

quantum number JP¢ = 17F are extracted from two noncorrelated currents to be 2.45f8_‘§2 GeV and

2491071 GeV.

DOI: 10.1103/PhysRevD.106.014023

I. INTRODUCTION

In the past 20 years many exotic hadrons were observed
in experiments [1], which bring us the renaissance of the
hadron spectroscopy [2-22]. Some of them are good
candidates for the fully strange tetraquark states, which
contain many strangeness components. Experimentally,
their widths are possibly not too broad, so they are capable
of being observed. Theoretically, their internal structures
are simpler than other multiquark states due to the Pauli
principle  restricting identical  strangeness quarks/
antiquarks. This limits their potential number and makes
them easier to be observed.

There have been some rich-strangeness signals observed
at around 2.0 GeV, for example,

(i) In 2006 the BABAR Collaboration observed
the ¢(2170)/Y(2175) in the ete —¢f((980)
process [23].

(i) In 2010 the BESIII Collaboration observed the
X(2120) and X(2370) in the zzy' invariant mass
spectrum of the J/w — yzzy' decay [24]. Later in
2019 they confirmed the X(2370) in the KK7n'
invariant mass spectrum of the J /y — yKKpn' decay,
but they did not observe the X(2120) in this process
[25]. This suggests that the X(2370) contains more
strangeness components.
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(iii) In 2016 the BESIII Collaboration performed a partial
wave analysis of the J/yw — y¢¢ decay [26], where
they observed one scalar resonance f(2100), one
pseudoscalar resonance X(2500), as well as three
tensor resonances f,(2010), f,(2300), and f,(2340)
in the ¢p¢p invariant mass spectrum.

(iv) In 2018 the BESIII Collaboration observed the
X(2063) in the ¢’ invariant mass spectrum of the
J/w — ¢y decay [27].

With a large amount of the J/y sample, the BESIII
Collaboration is still carefully examining the physics
happening at around 2.0 GeV, and more rich-strangeness
signals are expected in the coming future. Such experi-
ments can also be performed by the Belle-II, COMPASS,
and GlueX Collaborations, etc.

In the past years we have applied the QCD sum rule
method to study the ss55 tetraquark states, separately for the
states with the quantum numbers J*¢ = 0=+ /1+= /17— /4~
[28-32]. Relevant QCD sum rule studies and quark model
calculations can be found in Refs. [33-42]. Especially, a
thorough quark model calculation was performed in Ref. [38]
to systematically study the 1S-, 1P-, and 2S-wave ss55
tetraquark states. We find it useful to perform a similar QCD
sum rule study, so in this paper we shall systematically study
the 1S- and 1P-wave ss55 tetraquark states using the QCD
sum rule method. For simplicity, we denote them as the
S- and P-wave states.

In this paper we shall work within the diquark-anti-
diquark picture, where the orbital angular momentum can
be between the diquark and antidiquark, or it can also be
inside the diquark/antidiquark, as depicted in Fig. 1. We
call the former A-mode excitation and the latter p-mode
excitation. As already classified in Ref. [38], there are
altogether four S-wave ss55 states, eight P-wave states of
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FIG. 1. Relative coordinates 1 and /p' for the diquark-anti-
diquark system. We use /; to denote the orbital angular momentum
between the diquark and antidiquark, and /, /1), to denote the orbital
angular momentum inside the diquark/antidiquark.

the A-mode, and 12P-wave states of the p-mode. We shall
systematically construct their interpolating currents by
explicitly adding the covariant derivative operator, based
on which we shall perform a systematical QCD sum rule
study. Note that the tetraquark currents without derivatives
were used in our previous QCD sum rule studies [28-31].

Before doing this, we note that the ss55 tetraquark states
are just possible explanations for the rich-strangeness
signals observed at around 2.0 GeV, and there exist many
other possibilities, for example,

(i) Thep(2170)/Y(2175) was explained in Refs. [43-48]
as a dynamically generated state in the ¢KK/¢prn
systems. Besides, it can also be explained as the 23D,
s5 meson [49-52], the hidden-strange baryonium
state [53-55], and the strangeonium hybrid state
[56], etc.

(i) The X(2370) can be explained as the fourth radial
excitation of #7(548)/1#'(958) [57], the pseudoscalar
glueball [58,59], and their mixing [60]. It can also
be explained as the compact hexaquark state of
I6JP€ = 0*0~* [61] and the hidden-strange baryo-
nium state [62], etc.

(iii) The X(2500) was explained in Refs. [63-67] as the
418, or 5'S, s5 state.

(iv) The X(2063) was explained in Ref. [68] as the second
radial excitation of &, (1380) with 1(J¥) = 0(17).

We refer to Refs. [69-75] for more lattice QCD studies and
Refs. [76-83] for some dynamical analyses.

Another relevant exotic state is the 7, (1855) recently
observed by BESIII in the 7’ invariant mass spectrum of
the J/yw — ynyy' decay [84,85]. This resonance has the
exotic quantum number /¢JP¢ = 0+ 17+, which can not be
accessed by conventional gg mesons. It may be explained
as the hybrid meson [86-90] and the KK (1400) hadronic
molecule [91-94], etc. Besides, the #7,(1855) may also
be explained as the gsgs (¢ = u/d) tetraquark state of
I16JP€ = 0*17" [95,96]. Based on this interpretation, one
naturally expects the existence of the ss35§ tetraquark state
with 19JP€ = 0" 1=, which we shall pay special attention
to in the present study.

This paper is organized as follows. In Sec. II, we
systematically construct the S- and P-wave fully strange
tetraquark states as well as their corresponding interpolat-
ing currents. We use these currents to perform QCD sum
rule analyses in Sec. III, and the obtained results are
summarized and discussed in Sec. IV.

II. PHENOMENOLOGICAL ANALYSES

In this section we follow Ref. [38] to construct the S- and
P-wave fully strange tetraquark states. We shall also
construct their corresponding fully strange tetraquark
currents by explicitly adding the covariant derivative
operator D, = d, + ig,A,, so that these currents behave
well under the Lorentz transformation. We shall work
within the diquark-antidiquark picture in the present study.

To start with, we investigate the ss diquark composed of
two identical strange quarks with the symmetric flavor
structure. According to the Pauli principle, the two strange
quarks should be totally antisymmetric. As depicted in
Fig. 2, we can construct two S-wave ss diquarks with the
symmetric orbital structure:

(i) Weuse >/, =35, to denote the S-wave ss diquark

of j¥ = 17 and the color representation 3,, where s,
[, and j are its spin, orbital, and total angular
momenta, respectively. The corresponding antidi-
quark is denoted as 27"“7; =385, where 5, [, and j are
its spin, orbital, and total angular momenta, respec-
tively. This 3S; diquark has the symmetric spin and
antisymmetric color structures, and its correspond-
ing diquark field is

Szyz‘cyltsbv (1)

where a and b are color indices, C = iy,y, is the
charge-conjugation operator, and the sum over
repeated indices is taken. The superscript 7 repre-
sents the transpose of the Dirac index only, while the
color index is not transposed.

(i) We use 'S, to denote the S-wave ss diquark of
j¥ = 0% and the color representation 6,. It has the
antisymmetric spin and symmetric color structures,
and its corresponding diquark field is

$aCr5Sp- (2)

As depicted in Fig. 2, we can construct four P-wave ss
diquarks with the antisymmetric orbital structure:
(i) We use 'P, to denote the P-wave ss diquark having
s = 0, j¥ = 17, and the color representation 3,.. It has
the antisymmetric spin and antisymmetric color
structures, and its corresponding diquark field is
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I=1@4) j=0 [P
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j=2 [P,
(a)
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(b)
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J=2 |X11;2—+>
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§=2[1xs®15(S®S)] J=2 | X327 7>
J=3 [ Xi25377>
(©)
J=0 | X3 & X155 07>
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3c®3c(A®A) —> §=110,® I5(A® S)] %J:l [ Xis & X205 17>
J=2 | X0 & X54527>

(d)

FIG. 2. Categorization of the S- and P-wave ss diquarks as well as the S-

and P-wave ss55 tetraquark states. One needs to further

reorganize the S- and P-wave diquarks/antidiquarks in order to obtain the two states |X3;J°¢ = 077) and |X5; J°C = 07F), as well as

all the other P-wave ss55 tetraquark states of the p-mode. (a) S- and P-wave s

s diquarks (b) S-wave [ss][55] tetraquark states (c) P-wave

[ss][55] tetraquark states of the A-mode (d) P-wave [ss][55] tetraquark states of the p-mode.

[sa CrsDyuss]. (3)

with [XD,Y] = X[D,Y] — [D,X]Y. Note that the
operator D, carries color indices, e.g.,

014023-3
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(i) We use 3P, to denote the P-wave ss diquark having
s =1, j¥ =07, and the color representation 6,. It
has the symmetric spin and symmetric color
structures, and its corresponding diquark field is

(52 Cr"Dyss). (5)

(iii) We use P, to denote the P-wave ss diquark having
s =1, j¥ =17, and the color representation 6,. It
has the symmetric spin and symmetric color
structures, and its corresponding diquark field is

sCr,Dys5s) — (<> v}. (6)

(iv) We use 3P, to denote the P-wave ss diquark having
s =1, j¥ =27, and the color representation 6,. It
has the symmetric spin and symmetric color
structures, and its corresponding diquark field is

S[sTCy,D,s,). (7)

where S denotes symmetrization and subtracting the
trace term in the set {uv}.

In the following subsections we shall use the above
S- and P-wave ss diquarks/antidiquarks to systematically
construct the S- and P-wave ss55 tetraquark states as well
as their corresponding interpolating currents. Their color
structure can be either

353 X 3§§ - l[ss][ifv] (8)
or

6ss ® 6?? - 1[\&][??] (9)

A. S-wave states

In this subsection we use the S-wave ss diquarks/
antidiquarks to construct the S-wave ss55 tetraquark states.
We denote them as |X;JPC) = [*H1[, Bt ).

As depicted in Fig. 2, we can construct four S-wave sss5
tetraquark states:

X150%%) = [180,! 5.7 = 0),
1X5;07F) = 5,3 8150 = 0),
X3 177) = S350 = 1
)=

>’
1X4;270) = 35,3 877 = 2). (10)
Their corresponding interpolating currents are
JI = T Cyss,5,75C50, (11)

I = sTCy,s5,3,"C5Y, (12)

‘Ié:x_ = SZC]/MSbEaG(lﬂYSCS‘Z
- Sgcaa/,tySShgayﬂcgg’ (13)

2++

J4 aa galugazug[sgcyﬂsbgayucsg]- (14)

We have used the tensor diquark field saCa JV58, to
In principle, this tensor

diquark field can couple to both the j” =17 and 1~
channels, but its positive-parity component saTCO'ijy5sb

construct the third current J} .

(i, j=1, 2, 3) gives the dominant contribution to J{lf
(i =1, 2, 3). Therefore, the tetraquark current J %: corre-
sponds to the state |X3;177).

B. P-wave states of the A-mode

In this subsection we use the S-wave ss diquarks/anti-
diquarks to construct the P-wave ss55 tetraquark states of the
A-mode. These states have the total orbital excitation L = 1
with /; = 1 and [, = 0, so we call them 1-mode excitations.
We denote them as |X; J7€) = |*F1[, 25*'17;; S, J,A).

As depicted in Fig. 2, we can construct eight P-wave
5555 states of the A-mode:

|X59 >_|351,%S1,S—1 J = 0/1>,
Xg: 177) = [180.155: 8 = 0.7 = 1..4),
|X7;177) = |3S1,3Si;S =0,J=1,4),
Xg; 177) = S,.351: 8 = 2,7 = 1, 4),
Xo: 174) = 28,388 = 1.7 = 1.2),
1X1052 >=|351,331;S=2 J=2,4),
X11:27) = 283838 = 1.J = 2.),

X12:377) = P58 S = 2,7 =3.4). (15)
Their corresponding interpolating currents are

JO | [ TC}, S},] [ aa;wySCEl];]

- [SZCG”V}/SS;)]DM[E“}’DCEZ], (16)

Joa = [54Crs5,]Dal5075C5}), (17)

Iy e = [55Crusp]Da[5,7"C5]) (18)

Jsa = Gau9pSlst Cris,) D [, C51]],  (19)
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<>

‘]9 a T [SECYaSb]Dﬂ [anﬂ(ﬁg]
- [SZCszb]D”[gayaCEZ]’
P = S[[sTCy"s,|D, [5,0"y5C5L
lo,a]az_galygazu [[su 4 sh] /)[Sug Vs sb]

+ [s5Co*yss,,]D,[5,7#C5} ).

— hag —_ -
J%ljra]az = g(llﬂg(lzus[[sgcypsb]Dﬂ [‘Sagw)},S ng]

- [SZ;CO'W]@Sb]D” [SaYpCEIY;H’

—_ <~ - —
Traaas = S 55 Cra,50)Da, [5a7a, C51 1),

where S’ denotes symmetrization and subtracting trace

terms in the set {oyaa3}.

C. P-wave states of the p-mode

JY = [sECyssy)[5.#CD,57)
(20) - [SzcyﬂDyshHEa},chg], (25)
Iy = [shCy*s,)[5,75CD, 5]
— [T CysDsy)[5ur*C51), (26)
21) - L
J(I)S = {SZCySSb][Sa}'ﬂCDﬂSZ;]
+ [s5Cy*D,sy)[3,75C51). (27)
(22) J(l); = [saCr''sy] [an5CDﬂ§£]
+ [s5CysD,sp) 5,7 C5}]. (28)
(23) J{;_a/i [s2Cyssp)[5.75CD,5}

- [SZC]//}D{IS/?] [EaYSCEZ] - {(Z <~ ﬁ}’ (29)

Jis.ap = [54Crpsp)[5arsCDaS})

—[s% C)’sD ) [5arpC5}] = {a <}, (30)

In this subsection we use the S- and P-wave ss diquarks/
antidiquarks to construct the P-wave ss55 tetraquark . _ <
. Jlo o= [sTCyssp)[5.75CD,57)
states of the p-mode. These states have the total orbital 19.0p a=r52blPal = ap

excitation L =1 with [; =0 and [, =1, so we call
them p-mode excitations. We denote them as |X;JC) =

|2‘Y+llj,2§+IZj;S, ]’ ,0>

+ [T CrpDasy)[5arsCsl) — fa < B}, (31)

_ <
As depicted in Fig. 2, we can construct 12 P-wave §s55 J 20,+aﬁ = [SaTCY/}Sb] (5475 CDaEZY;]

states of the p-mode:

1X13;0”
|X147
|X15’

7) = 1"S0.°P5; 1,0, p) = *P5,'55; 1,0, p),
") = PS1IPi1,0,p) — |'P135151,0, ),
) = 1180, °Pg; 1,0, p) + [*Po,'S5: 1,0, p),
[X16:07F) = 81, TPy3 1,0, p) + |'P1.,351:1,0, p),
Xi7:177) = [18,.3P1: 1. 1.p) = PPISg: 1. 1. p
X317 >—|351’P1,1’1,P>—|Pl,Spl Lp
X103 177) = [180.3P1: 1. 1. p) + P18 1. 1. p),
) )
)= )
)= )
) )
)= )

)
)
1X20:17F) = PS1LIP3; 1,1, p) + 1P, 3875 1.1, p),
|X51327
|X52527
|X23327
|X54327

|! SO,3P§;1 2,p) — |3P2, S5:1,2,p),
= P8P 1.2,p) = |'P1.383: 1.2, ),
=180, P53 1,2, p) + PP2.'85: 1, 2. p).
= >8,.1P7:1,2.p) + |'P, 357: 1.2, p).

Their corresponding interpolating currents are

+ [S7CysDysy)[5arsCT) — {a < B}, (32)

J%Ifllaz = galﬂgazy‘s[[sgcySSb] [EaVDCD”EJ{]
— [s7CrD¥s)[5ars S]], (33)

e, = JayuIanSlsE Cr*sp)[5aysCD*5})

— [sICysD"s,) 5,7 C51]], (34)

I3 aas = JaruIanSlsh Crssy) [y CDH5})

+ [sTCyDis,)[5,75C5L]), (35)

‘124 a,a, galﬂgazy‘s[[sgcyysb][anSCDﬂgg]

+ [sTCysD"s,) (5,7 C5} ). (36)

(24) The four currents J 172008 all have two antisymmetric
Lorentz indices a and S, so they actually contain both

JP =17 and 17 components. In the present study we shall
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use these currents to study the four J” = 1~ states
|X17...20; 1_i> through

(011520 apl X 17-20(€2 @) = ifx,, 2o€appo€”q®s  (37)

where ¢’ is the polarization vector, €,4,, is the totally
antisymmetric tensor, and fx —are the decay constants.
Note that these four currents can also couple to the four
JP =17 states |X};. 50; 17F) through

(O115.. 20451 X17..20(€: @) = ifx

17---20

(Qaeﬂ - Q/jea)‘ (38)

Technically, we can easily isolate | X ;7...,9; 1 7=) at the hadron
level by investigating the correlation function proportional to

<0|JI'7...20_Q/3|X17-~»20> <X17~-20|J.1”7T.20,(//," |O>
= f§(|7...zoeaﬁpt)’€pqaea’ﬁ’p’a’e*p/qm

=~ X ? Yo Gpp = Gap Gper) + -+ (39)

given that the correlation function of | X/, _,q; 17%) does not
contain the above coefficient.

III. QCD SUM RULE ANALYSIS

The method of QCD sum rules is a powerful and
successful nonperturbative method [97-103]. In this sec-
tion we apply this method to study the 24 currents given in
Egs. (11)-(14), Egs. (16)—(23), and Egs. (25)-(36).

The four currents Jy; ,,,s couple to the states
|X17..20; JPC€) through Eq. (37). The other 20 currents

S 1621, 240y of spin-/ couple to the states
|1X\...16/21...24: J7€) through
<O|J-1A:-~l6/21.4.24,(1|~-aj‘X1'~~16/21...24;JPC>
= le~--l(1/2|...24€”l“'(ll' (40)

Here fy is the decay constant, and €, ..., is the traceless and
symmetric polarization tensor, satisfying

€aya,€h,p, = S [Gap, * Tayp, ) (41)

where g, = g,, — 4,4,/¢* and 8" denotes symmetrization
and subtracting trace terms in the sets {a;---a;} and

{By -+ By}

We use the current J ?** as an example and study its two-
point correlation function

(g?) =i / d'xe ™ (O[T ()] 7(0)]]0).  (42)

at both the hadron and the quark-gluon levels.
At the hadron level we express Eq. (42) through the
dispersion relation as

M(q?) = A w )y (43)

2 .
6m?S — (" — 1€

where p(s) = ImIl(s)/z is the spectral density. We para-
metrize it as one pole dominance for the ground state
|X1;0%") and a continuum contribution:

Paven() = D805 = ML) (O |m) 7 7[0)
= f%8(s — M%) + continuum. (44)

At the quark-gluon level we apply the method of
operator product expansion (OPE) to calculate Eq. (42)
and extract the OPE spectral density popg(s). After per-
forming the Borel transformation at both the hadron and
quark-gluon levels, we approximate the continuum using
pope(s) above a threshold value sy and arrive at the sum
rule equation

S0

M(sg, M3) = fyeMx/Ms = /

16m?

e_x/Mé/)opE(S)dS, (45)

which can be used to calculate My through

% e Mispopg(s)ds

S0 —s/M?> '
16m§e / BpOPE(s)dS

M%((SO’ MB) =

In this study we take into account the Feynman diagrams
depicted in Fig. 3. The covariant derivative operator D, =
d, + ig,A, can be naturally separated into two parts, and we
depict the latter term using a green vertex; e.g., see the
diagrams depicted in Figs. 3(d)-3(i) and Figs. 3(g)-3(1). In
the calculations we have taken into account the perturbative
term, the strange quark mass m, the quark condensate (5s),
the gluon condensate (g>?GG), the quark-gluon mixed con-
densate (g,56Gs), and their combinations. We have assumed
the vacuum saturation for higher dimensional operators, e.g.,
(5s5s) ~ (55)? and (559,56Gs) = (55)(g,56Gs). Other con-
densates such as (g3G>) and (g,5D,G*"y,s) are not consid-
ered in the present study. We have taken into account all the
diagrams proportional to ¢¥=" and ¢g¥='. We find that the
D =6 term (5s)* and the D = 8 term (55)(g,56Gs) are
important. We have only partly calculated the diagrams
proportional to ¢g¥Z?, whose contributions are found to
be small.
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(a)
(b-1) (b-2) (b-3)
£ E3
(c-1) (c-2) (c-3) (c—4) (c-5) (c-6)
o &3
(d-1) (d-2) (d-3) (d-4) (d-5) (d-6)

(e-2) (e-3) (e—4)

=1 (f-2) (f-3) (=4 (f-5)

SER

(gD (g-2) (e-3) (&4 (g-5)

FIG. 3. Feynman diagrams for the fully strange tetraquark states, including the perturbative term, the strange quark mass m,, the quark
condensate (5s), the gluon condensate {g?GG), the quark-gluon mixed condensate {g,s6Gs), and their combinations. Diagrams (a) and
(b)—(i) are proportional to ¢¥=C; diagrams (c)—(i) and (d)-(i) are proportional to ¢g¥=!; diagrams (e)—(i), (f)—(i), and (g)-(i) are
proportional to ¢gVV22.
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The sum rule equation from the current J9™ is

4 2.3 2 3
S0 o s msis (9:GG)  my(Ss)
II,, = s/M* g _ _ _ 2
" Amge e [30720;16 7687z6+< 614475 487% )°
L (B3 _milgsoGs) (@G | (55){a,50Gs)  (RGGIm,(5s) _m3(ss)’
67> 167* 10247° 67> 384" 1272
. (9,50Gs)*  (53GG)(5s)*  (g5GG)m,{g;50Gs) 4m(5s)’
4872 28872 7687* 9
1 ((2GG)(55)(9,50Gs) | (ZGG)m(5s) _ mig,50Gs) _ 4m,(55)*{g,50Gs) .
M% 57672 115272 4872 9 '

Sum rule equations extracted from other currents are given
in the Appendix, which will be used to perform numerical
analyses using the following values for various QCD
parameters [1,104-110]:

m(2 GeV) = 937" MeV,

(*GG) = (0.48 £ 0.14) GeV*,
(3q) = —(0.240 £ 0.010)* GeV?,
(5s) = (0.8 £0.1) x (gq).
(950Gs) = —M} x (5s),
M3 = (0.8 £0.2) GeV>. (48)

We use the spectral density given in Eq. (47) as an
example to perform numerical analyses. It is extracted from
the current J9™ and corresponds to the state |X;;0%+) =
'Sy, S5;J = 0). As shown in Eq. (46), its mass My
depends on two free parameters, the threshold value s,
and the Borel mass Mpz. We analyze three aspects to
determine their working regions: (a) the convergence of
OPE, (b) the pole contribution, and (c) the mass depend-
ence on these two parameters.

First, we investigate the convergence of OPE and require
the D =12/10/8 terms to be less than 5%/10%/20%,
respectively:

Hﬁ:lz("O’M%)

< 5%,
Hll (007 M%})

CVGy, z' (49)

10 (co0, M3)

< 10%,
Hll(OO,M%;)

CVGy, z' (50)

H?lzg(oovM%;)

<20%.
H11(°°,M129)

CVGg E‘

(51)

This is the cornerstone of a reliable QCD sum rule analysis.
As shown in Fig. 4 using three dashed curves, we determine
the lower bound of the Borel mass to be M3 > 1.65 GeV>.
Since we have only partly calculated the diagrams

proportional to ¢¥=2, it is useful to see how large these
terms are

@ 2
IT M
‘Lﬁ < 31.0%, (52)
I}, (o0, M)
N>2
ng’ , MZ
‘Lﬁ < 4.7%. (53)
[T} (00, M)
Second, we investigate the one-pole-dominance

assumption and require the pole contribution to be larger
than 40%:

Iy (so. M%)

> 40%.
H11(°°,M%;)

Pole contribution = ‘ (54)

As shown in Fig. 4 using the solid curve, we determine the
upper bound of the Borel mass to be M3 < 1.77 GeV?,
when setting s, to be 5, = 6.5 GeV?. Altogether the Borel
window is extracted to be 1.65 GeV? < M3 < 1.77 GeV?
for s, = 6.5 GeV2. We repeat the same procedures by

40% : ; 80%
o . g
> 30% s ; 60% <
S s | g
8 ~_ i
£ 20% : : 2
1) ! ] =}
) I e
S 10% : L T 20%
O s : g £
[— :_—_: - - “'_l___—i—_— =—===
1.3 15 165 177 19 2.1

Borel Mass? [GeV?]

FIG. 4. CVGy, [long dashed curve defined in Eq. (49)], CVG,
[middle dashed curve defined in Eq. (50)], CVGg [short dashed
curve defined in Eq. (51)], and the pole contribution [solid curve
defined in Eq. (54)] as functions of the Borel mass Mp. These
curves are obtained using the current J9" with s, = 6.5 GeV?2.
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Mass [GeV]

FIG. 5.

321
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1.2

11.5
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287 28
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pEm s
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, as a function of the threshold value s, (left) and the Borel mass M (right).

In the left panel the short-dashed/solid/long-dashed curves are plotted by setting M% = 1.65/1.71/1.77 GeV?, respectively. In the right
panel the short-dashed/solid/long-dashed curves are plotted by setting s, = 5.5/6.5/7.5 GeV?, respectively.

changing s, and find that there are nonvanishing Borel
windows as long as s > st = 6.0 GeV?.

Third, we investigate the mass dependence on s, and M.
We show My in Fig. 5 with respect to these two parameters.
Its dependence on s, is moderate around s, ~ 6.5 GeV?, and

its dependence on Mp is weak inside the Borel window

1.65 GeV? < M% < 1.77 GeV?. Accordingly, we choose

the working regions of s, and My to be 5.0 GeV? < 5, <
8.0 GeV? and 1.65 GeV? < M% < 1.77 GeV?2, where the
mass of |X;07T) is evaluated to be

TABLE L. QCD sum rule results of the S- and P-wave fully strange tetraquark states, with possible experimental candidates given for
comparisons.

spin Working regions
Currents Configuration [GeV?] M3 [GeV?] 50 [GeV?] Pole [%] Mass [GeV] Candidate
JO+ 1X130H+) ~ |1 Sofio, J=0) 6.0 1.65-1.77 6.5+ 1.5 40-46 211505 f0(2100)
i 1X2:0%%) ~ S, 35737 = 0) 2.9 1.27-1.76 6.5+1.5 40-70 1.997077
N X3 177) ~ P81 3350 = 1) 5.4 1.69-1.96 65+15 40-53 2.061018 X(2063)
2 Xi52+4) ~ 5,387 = 2) 54 1.53-1.77  65+15 40-53 2091073 £2(2010)
J [X5:07%) ~ [35,.357:1,0, ) 3.5 1.48-1.99 8.5+2.0 40-70 231402 X(2370)
Ji |Xe:177) ~ 150,185 0.1, 2) 9.5 .
Ji [X7:177) ~ 813810, 1,2) 7.3 1.59-1.77 8.5+2.0 40-52 2.341023 $(2170)
Js 1Xg:177) ~ 35,.387:2,1, 2) 10.1
Jé’* ‘Xg 1- +>N‘3S1 351,1,1,/1> 10.5
Ty [X10:27) ~ [2S1.387:2.2,2) 6.0 1.38-1.76  85+2.0 40-66 2.3250%
e X11527) ~ 38,385 1,2, 2) 6.3 1.51-1.93 8.5+£2.0 40-64 2401030
3y 1X12:37) ~ 128,.381:2,3,2) 9.0 194-1.94  9.042.0 40-40 241402
J(l);’ |X13, >~|SO, P0,10p> 11.5 ..
7 1X14:07) ~ P8, 1P 1,0, p) 7.4 1.51-1.74 8.5+2.0 40-53 2.501054
J(l);+ ‘Xls’ >~|SO,3P0,1 0,0> 11.5
Jo 1X16:07F) ~ |351, P;:1,0,p) 8.1 1.63-1.73 8.6 +2.0 40-46 2.557 02 X(2500)
i X173 177) ~ 'S9P 1,1, p) 6.6 146-182  8.5+20 40-61 2431020 X(2400)
Jlg 1X15:17) ~ |351, p1,1, 1,p> 7.4 1.67-1.88 85+£20 40-51 244+g§g
Jhy 1X19:17F) ~ |180.3P1: 1.1, p) 8.0 1.68-1.77 85420 40-45 249102
Jh' 1Xp0:17F) ~ |?S1, Pi:1, 1,p> 7.9 1.75-1.87 85+20 4046 2,45jg'2250
J3, 1X:27) ~|! Soﬁpz, 1,2,p) 4.2 1.39-1.89 8.5+20 40-70 2.367030
J3, 1Xp:27) ~ 35, pl, 1,2.p) 8.1 1.75-1.85 8.6 +2.0 40-45 2.497939
3 X53:27) ~ [1S0.3P5; 1,2, p) 6.4 149-1.86 85420 40-62 2381020
I3 1X54:27%) ~ PS1. P11 1,2, p) 8.5 1.81-1.92 9.0£2.0 40-45 2.557939
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M|X1;O++) =2.1 ljgzl? GeV. (55)

Its central value corresponds to s, = 6.5 GeV? and
M2 = 1.71 GeV?, and its uncertainty comes from the
threshold value s, the Borel mass Mp, and various QCD
parameters listed in Egs. (48).

We repeat the same procedures to study the other 23
currents defined in Egs. (12)—(14), Egs. (16)—(23), and
Eqgs. (25)—(36). The obtained results are summarized in
Table I, where we choose s, = 6.5 GeV? for all the S-wave
555 5 tetraquark states, and s, = 8.5-9.0 GeV? for some of
the P-wave ss55 tetraquark states. We shall use these results
to draw conclusions in the next section. The minimum
threshold value sI" is larger than 9.0 GeV? for the
tetraquark currents Jgg 35, suggesting that their sum
rule results may not be very well. Therefore, we shall not
use them to draw conclusions, but note that this does not
indicate the nonexistence of their corresponding tetraquark
states |X5.0,13,15: 7).

IV. SUMMARY AND DISCUSSIONS

In this paper we apply the QCD sum rule method to
systematically study the S- and P-wave fully strange

tetraquark states within the diquark-antidiquark picture.
For the P-wave states, the orbital angular momentum can
be between the diquark and antidiquark, or it can also be
inside the diquark/antidiquark. We call the former 1-mode
excitation and the latter p-mode excitation. There are
altogether four S-wave ss55 states, eight P-wave states of
the A-mode, and 12 P-wave states of the p-mode. We
systematically construct their corresponding interpolating
currents by explicitly adding the covariant derivative oper-
ator. We use these currents to perform QCD sum rule
analyses, and the obtained results are summarized in Table I.
We compare our QCD sum rule results in Table II with
those obtained in Refs. [38—42] using various quark
models. Our QCD sum rule results are generally smaller
than, but still more or less consistent with, the quark model
calculation of Ref. [38]. Note that there can be significant
mixing among the states with the same quantum number.
This mixing effect has been systematically investigated in
Ref. [38] through the nonrelativistic quark model, and it has
also been partly investigated in Refs. [29-31,95] for the
JPC€ =07*/17* tetraquark states through the QCD sum
rule method. However, a complete QCD sum rule study of
the mixing effect is still not easy, so we do not system-
atically take it into account in the present study either.

TABLE II. Masses of the S- and P-wave fully strange tetraquark states, in units of MeV. Our QCD sum rule results are listed in the
third column, and the quark model calculations taken from Refs. [38—42] are listed in the fourth through eighth columns.
Currents Configuration QCD sum rules Ref. [38] Ref. [39] Ref. [40] Ref. [41] Ref. [42]
I 1X1:07) ~ [180.185:7 = 0) 2114009 2365 1925
i 1X,5;0) ~ PS,.385:7 = 0) 1.99+019 2293 1716 2203
I3 X3 157) ~ 38,3873 = 1) 206718 2323 1960 2267
i X4:274) ~ PS5y 38500 = 2) 20919019 2378 2255 2357
I X5:07) ~ [35,.351:1,0,2) 2311021 2576 2450
Ji 1Xe:177) ~ |1Sp. 150,0 1.4) 2889 2290 .
Jr 1X7:177) ~ P§1,381;0,1,2) 2.3410% 2636 2574 2188 2090/2333
Ji |X8,1——>N|3slﬁsl,2 1,2) 2584 2468 2000/2243
7 Xo: 174) ~ PS;381: 1,1, 4) 2633 2581
Ty 1X10:277) ~ [381.381:2.2,2) 232102 2665 2622
v 1X11:27) ~ 51.351:1,2,2) 2407020 2673 2619
U [X12:377) ~ 75,.387:2.3..4) 241102 2719 2660
% [X15:077) ~ 'S0, Pg: 1.0, p) : 2635
I [X14:077) ~ 381, 1P1:1,0.p) 250102 2694 2004
25 X15:07%) ~[185.2Pg: 1.0, p) 2616
s X16:07%) ~ °8,.1P: 1,0, p) 2.55+02] 2685 2004
e X175 177) ~ |180,3P; 1,1, ) 2431020 2585
s X153 1) ~ PSIP3 1,1, ) 2.44jg;2§;: 2694 2227
J}Z X103 17) ~ 18, 3Py: 1. 1. p) 249+§22§) o
jégi [Xp0: 17) ~ |3S],‘P1, 1.1,p) 245:())22% 2712 2227
T 1X215277) ~ 1807 P33 1,2, p) 2.363)%6 2620
T3 1X50:277) ~ [351,1P53 1,2, p) 2.491020 2725 2497
-+
T |X03;27%) ~ |180,3P3; 1,2, p) 23808 2638
I3 X545 27F) ~ 2817 P13 1,2, p) 2551020 2733 2497
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FIG. 6. Mass spectrum of the fully strange tetraquark states,
including the S-wave states (black lines) as well as the P-wave
states of the A-mode (red lines) and the p-mode (blue lines).

Generally speaking, our results suggest that the S-wave
ss55 tetraquark states lie in the mass range of 1.99-
2.11 GeV, and the P-wave states lie in the mass range
of 2.31-2.55 GeV, as depicted in Fig. 6. The S-wave ss55
tetraquark states decay into the #'n'/#'¢p/¢p¢ channels
through the S-wave, while the P-wave states decay into
these channels through the P-wave, so the widths of the
latter might be smaller than the former. As already
discussed in Sec. I, there are some rich-strangeness signals
at around 2.0 GeV, which are related to the fully strange
tetraquark states with the quantum numbers JF€ = 0,
27+, 177,07, 177, and 1~". We separately discuss them
as follows.

A. S-wave states of JF€=0** and 2**

The S-wave 5555 tetraquark states of J’¢ = 0*+ and 2*++
decay into the ¢p¢p channel through the S-wave. In 2016 the
BESIII Collaboration performed a partial wave analysis of
the J/yw — y¢p¢ decay, and observed one scalar resonance
f0(2100) as well as three tensor resonances f,(2010),
£2(2300), and f,(2340) in the ¢¢ invariant mass spectrum
[26]. Their masses and widths were measured to be

f0(2100): M =~ 2101 MeV,

I'~224 MeV;, (56)

f2(2010): M =~ 2011 MeV,
'~ 202 MeV; (57)

£>(2300): M ~ 2297 MeV,
'~ 149 MeV; (58)

f2(2340): M ~ 2339 MeV,
I'~319 MeV. (59)

As depicted in Fig. 6, there are two S-wave ss55
states of J¢ = 0T+, whose masses are calculated to be
1.99797 GeV and 2.117037 GeV. The latter one can be
used to explain the scalar resonance f(2100) as the S-wave
5555 tetraquark state of J*¢ = 07+, There is one S-wave 5555
state of J¢ = 2%+, whose mass is calculated to be 2.0903.
It can be used to explain the tensor resonance f,(2010) as the

S-wave ss55 tetraquark state of JP€ = 27+,

B. S-wave state of JF¢=1+"

The S-wave ss55 tetraquark state of JP¢ = 1%~ decays
into the ¢’ channel through the S-wave. In 2018 the
BESIII Collaboration observed the X(2063) resonance in
the ¢’ invariant mass spectrum of the J/y — ¢ny’ decay
[27]. Its mass and width were measured to be

X(2063): M =2062.8 + 13.1 £ 7.2 MeV,
T = 177 + 36 + 35 MeV. (60)

As depicted in Fig. 6, there is one S-wave ss55 state of
JP€ = 1%~ Previously in Ref. [30], we used the current
J%Z defined in Eq. (13) and applied the QCD sum rule

method to calculate its mass to be 2.001’868 GeV. In the
present study we use the same current and calculate its mass
to be 2.067078 GeV. These two results are well consistent
with each other, both of which support the interpretation of

the X(2063) as the S-wave ss55 tetraquark state of
JPC =1+

C. P-wave states of JF€C=0"+

The P-wave ss55 tetraquark states of J7¢ = 0~* decay

into the ¢¢ channel through the P-wave. In 2016 the
BESIII Collaboration observed the X(2500) resonance in
the ¢p¢ invariant mass spectrum of the J/y — y¢p¢ decay
[26]. Besides, in 2010 the BESIII Collaboration observed
two resonances X (2120) and X(2370) in the zzn’ invariant
mass spectrum of the J/w — yzry' decay [24]. Later in
2019 they confirmed the X(2370) in the KK#' invariant
mass spectrum of the J/y — yKKn' decay, but they did not
observe the X(2120) in this process [25]. This suggests that
the X(2370) contains more strangeness components. The
experimental parameters of the X(2370) and X(2500) were
measured to be

X(2500):M = 247015 9 MeV,
I'=2307% 135 MeV; (61)
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X(2370):M = 2341.6 + 6.5 £ 5.7 MeV,
=117+ 10+ 8 MeV. (62)

Previously in Ref. [31] we applied the QCD sum rule
method to study the ss55 tetraquark states of J¥¢ = 0=F by
investigating two independent currents without derivatives:

m = (s5Cs,)(5,75C5}) + (54 Crss,)(5,C5} ).
M = (SZCG”DSI,)(S'&GMD]/SCS‘Z). (63)

We took into account their mixing and further constructed
two noncorrelated currents, based on which we calculated
the masses to be 2.517)-3 GeV and 3.14703? GeV. The
former one can be used to explain either the X(2370) or
X(2500) as the P-wave ss35 tetraquark state of JF¢€ = 0=+,

In this study we use the ss55 tetraquark currents with
derivatives to perform QCD sum rule analyses. As shown in
Fig. 2, there are three P-wave ss55 tetraquark states of
JP€ = 0~*. We construct their corresponding currents, as
defined in Eqgs. (16), (27), and (28). Clearly, the use of the
covariant derivative operator when constructing interpolat-
ing currents gives us more possibilities, based on which we
can better describe the internal structure of multiquark
states.

The two currents, J?  defined in Eq. (16) and J;
defined in Eq. (28), lead to reasonable QCD sum rule
results. Their masses are calculated to be 2.31703 GeV
and 2.557021 GeV, respectively. These results can be used
to explain both the X(2370) and X(2500) as the P-wave
5555 tetraquark states of JP¢€ = 0.

D. P-wave states of J’/¢ =1~

The ¢(2170) was first observed in 2006 by the BABAR
Collaboration in the ¢f,(980) invariant mass spectrum
[23,111-113], and later confirmed in the BESII/BESIII
[114-124] and Belle [125] experiments. Besides, there
might exist another structure in the ¢fy(980) invariant
mass spectrum at around 2.4 GeV, whose evidences were
observed in the BABAR [111], BESII/BESIII [114,115],
and Belle [125,126] experiments.

Previously in Refs. [28,29] we applied the QCD sum rule
method to study the ss35 tetraquark states of J°¢ = 17~ by
investigating two independent currents without derivatives:

M3 = S5 Crs8p347,75C5) — 85 Cy,758,5,75C5}

Nay = S4Cy"$p3,0,,C5), — $5C0,,8,3,7° C5},. (64)

We took into account their mixing and further constructed
two noncorrelated currents, based on which we calculated
the masses to be 2.34 £0.17 GeV and 2.41 + 0.25 GeV.
The former one was used to explain the ¢(2170) as the
S-wave ss55 tetraquark state of J”¢ = 177, and the latter

one suggests that the ¢(2170) has a partner state with the
mass AM = 717,7* MeV larger [29].

In a recent BESIII experiment the partner state of the
$(2170), labeled as X(2400), was observed in the e*e™ —
¢t r~ process with a statistical significance of 8.5¢ [127].
The experimental parameters of the ¢(2170) and X(2400)
were measured to be [1,127]

$(2170): M = 2160 + 80 MeV,
I =125 + 65 MeV; (65)

X(2400): M = 2298"% + 6 MeV,
'=219"17 + 6 MeV. (66)

As shown in Fig. 2, there are as many as five P-wave
ss55 tetraquark states of JP€ = 17". In this study we
construct their corresponding currents by explicitly adding
the covariant derivative operator, as defined in Eqgs. (17),
(18), (19), (29), and (30). Three of them lead to reasonable
QCD sum rule results, and the masses are calculated to be
2.341033 GeV, 2.43103) GeV, and 244703 GeV. Similar
to our previous study of Ref. [29], these results can be used
to explain both the ¢(2170) and X(2400) as the P-wave
5535 tetraquark states of JP¢ = 17",

E. P-wave states of JP€=1"+

Very recently, the BESIII Collaboration studied the
J/w — yny' decay process and observed the #;(1855)
resonance with the exotic quantum number [9JPC =
0" 1~ in the sy’ invariant mass spectrum [84,85]. Its mass
and width were measured to be

n1(1855): M = 1855 £ 9% MeV/c?,
I =188 £ 18 MeV. (67)
Previously in Refs. [95,96] we applied the QCD sum rule
method to study the gsgs (¢ = u/d) tetraquark states of
I6JP€ = 0*1~* by investigating four independent currents
without derivatives:
My = ugcyysb(ﬁacgg + ﬁbCEZ)
+ ul Csy(i1,y,C5} + i1py, C5h) + {u/u — d/d},

(68)
oy = Uy Co,y55, (igy"y5CS), + iy ysCSh)
+ MZC}/UYSSb(ﬁaG;wySCEZ + ubgyvySCEZ)
+{u/i — d/d}, (69)

Ny = uzcsb(ﬁancgz{ - Ij‘by,uCEZ)

+ ul Cy,s,,(#,Cs} — 1, C5L) + {u/it — d/d}, (70)
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Mgy = MZCyDYSSb(ﬁaGﬂU75C§Z - ﬁbgﬂuJ/SCEZ)
+ g Coyssy(itay vsCsy — ipr'ysCs4)

+{u/u — d/d}. (71)
We took into account the mixing of 7s, and #7,, and
calculated the mass to be around 1.8-2.1 GeV. This result
can be used to explain the #,(1855) as the P-wave gsgs
tetraquark state of /9JP¢ = 0*1~*. Based on this inter-
pretation, one naturally expects the existence of the ss55
tetraquark state of 16JPC€ = 0+1-+,

As shown in Fig. 2, there are three P-wave ss55
tetraquark states of JP¢ = 1=F. We construct their corre-
sponding currents, two of which lead to reasonable QCD
sum rule results. The masses extracted from the two

currents, J},',; defined in Eq. (31) and J} ,, defined in

Eq. (32), are calculated to be 2.49f8"2251 GeV and

2.45%02 GeV, respectively.
These states have the exotic quantum number

JP€ =17+, which cannot be accessed by conventional

gq mesons, so they are of particular interest. We further
study the mixing effect by investigating the off-diagonal
correlation function

o|T[J,"

19,uv

(X)T30.,0(0)]0), (72)

which is calculated to be zero. Therefore, the two currents
Jioap and J}y, are noncorrelated, suggesting that there
might exist two almost degenerate ss55 tetraquark states
with the exotic quantum number J7¢ = 1=,

To end this paper, we propose to search for the S- and P-
wave fully strange tetraquark states in the future Belle-II,
BESIII, COMPASS, and GlueX experiments, etc. Besides
the two-body decay channels nn'/¢pn/dn'/Ppd/Pfo(980)
already investigated in experiments, we propose to
examine the two-body channels 7'’ /1f,(980) /%' f,(980)/
£0(980)£¢(980) and the relevant three-body channels.
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APPENDIX: SPECTRAL DENSITIES

In this appendix we list the QCD sum rule equations
extracted from the currents J5. ,,  defined in Egs. (12)-
(14), Egs. (16)—(23), and Egs. (25)—(36).

s 4 2.3 GG 3 2GG 2 ‘ 506G <c\2
e [* [ 100 60, (00 misseG) (52,
16m2 | 153607° 2567 30727 512x 32x 6r
ABGGIm(5s) | T (59){050Gs)] ., ((BGG)m050Gs) _(GGG)(5s)°
64r* 67 1272 384z 14472
| IS g50Gs) _am s\ | 1 (_(GGGmAs) | (#GG) (5)(g,50Gs)
872 3 M3 5767 28872
B 5m2(g,506Gs)> Tm(5s5)*(g,56Gs) ’ (A1)
4872 6
s 4 2.3 2 < 2 2 3
I, — / 0 s _mgs n (9;GG) 3 13m(5s) e _(gsGG>ms B 155m(g,56Gs)
; 16m2 122887°% 25607° 184327° 967 23047° 5767*
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